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ABSTRACT: We present a new strategy for the dispersive evaluation of the hadronic light-by-
light contribution to the anomalous magnetic moment of the muon a,. The new approach
directly applies in the kinematic limit relevant for a,: one of the photons is treated as an
external electromagnetic field with vanishing momentum, so that the kinematics corresponds
to a triangle. We derive expressions for the relevant single-particle intermediate states, as
well as the tensor decompositions of the two-pion sub-processes that appear in addition to
those needed in the established dispersive approach. The existing approach is based on a
set of dispersion relations for the hadronic light-by-light tensor in four-point kinematics. At
present it is not known how to consistently include in this framework resonant intermediate
states of spin 2 or larger, due to the appearance of kinematic singularities that can be traced
back to the redundancy of the tensor decomposition. We show that our new approach
circumvents this problem and enables dispersion relations in the limit of triangle kinematics
that are manifestly free from kinematic singularities, paving the way towards a data-driven
evaluation of all relevant exclusive hadronic intermediate states.
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1 Introduction

Achieving a stringent comparison between an accurate Standard Model evaluation of the
muon g — 2 [1-21] with robust theory uncertainties and its increasingly precise experimental
measurements [22, 23] is a key goal in particle physics. Hadronic contributions play a
central role in this context since they are responsible for the bulk of the theory uncertainty.
According to the current consensus [1], a substantial part of this uncertainty is due to
the hadronic light-by-light contribution (HLbL) [13—20, 24-38], which is the subject of
the present study. In the framework of a data-driven determination of HLbL based on
dispersion relations, achieving control over the contributions from intermediate states
with masses between 1 and 2 GeV is crucial to reduce the theory error to the size of the
projected precision of the final experimental results at Fermilab [1, 39]. A model-independent
evaluation of these effects is not available yet, also due to the fact that it is not known
how to unambiguously include contributions from resonant intermediate states of spin
two or larger within the standard dispersive representation of HLbL in general four-point
kinematics [15, 40, 41]. In this paper, we introduce a novel formalism that overcomes this
issue. Our framework employs dispersion relations formulated directly in the limit of a
soft external photon (triangle kinematics), which is free of the aforementioned ambiguities.
Compared to the established approach, contributions from different intermediate states
get reshuffled, unitarity relations become more involved, and the dispersive reconstructions
of additional hadronic sub-processes, most importantly v*v*y — 7w and 77w — w7y, are
required. Here we explicitly derive analytic expressions for the single-particle intermediate
state contributions to HLbL in triangle kinematics, including tensor resonances, as well as
Lorentz decompositions for the two-pion sub-processes v*vy*y — nm and 7m — 7y leading
to scalar functions free of kinematic singularities. This opens a path towards the first
complete data-driven evaluation of all exclusive hadronic contributions to HLbL that are
relevant at an accuracy adequate for the comparison with the forthcoming measurements of
the muon g — 2.

The paper is organized as follows. After a brief review of the Lorentz decomposition
of the HLbL tensor and the master formula to extract the HLbL contribution to the
muon anomalous magnetic moment (Section 2), we discuss the dispersion relations in
triangle kinematics and highlight similarities, differences, and advantages with respect
to the established dispersive approach to HLbL in section 3. Unitarity relations, also in
comparison with four-point kinematics, are the subject of section 4. Our results for the
single-particle intermediate states are collected in section 5. Section 6 is devoted to the
tensor decompositions for the two-pion sub-processes required to solve two-pion unitarity
and to the discussion of the relevant soft-photon limits. Conclusions are drawn in section 7.

2 The HLDbL tensor

In this section, we briefly review the Lorentz decomposition of the HLbL tensor and the
master formula for the HLbL contribution to a,, in the notation of refs. [15, 41].



2.1 BTT decomposition of the HLbL tensor

The HLbL tensor is defined as the hadronic Green’s function of four electromagnetic currents
in pure QCD:

2 (g1, g0, ) = —i [ dlad'yd'z e ORI OT ()2 ()20 (2T O}10).

(2.1)
where the electromagnetic current includes the three lightest quarks:
. _ ) 2 1 1
e = qQV"q,  q=(u,d,5)",  Q=diag (3’ —3 —3> : (2.2)

The hadronic contribution to the helicity amplitudes for (off-shell) photon-photon scattering
is given by the contraction of the HLbL tensor with polarization vectors:

* * v
Hyposn = 6 (q)e? ()63 (—a3)ea (qa)T1" (g1, g2, 3) , (2.3)

where g4 = q1 + g2 + q3. We use rescaled helicity amplitudes that remain finite in the
limit ¢ — 0:
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where &; refers to the normalization of the longitudinal polarization vectors, see ref. [15].
The usual Mandelstam variables

s = (q1 + @), t:=(q1 +q3)?, u = (g2 + q3)* (2.5)

fulfill the linear relation

4
s—{—t—{—u:Zq?::E. (2.6)
i=1
Gauge invariance requires the HLbL tensor to satisfy the Ward-Takahashi identities
{Q?aqgﬂé‘aQZ}HW/\U(QlaQQ,%) =0. (27)

Based on a recipe by Bardeen, Tung [42], and Tarrach [43] (BTT), in ref. [41] a
decomposition of the HLbL tensor was derived:

54
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where the tensor structures are given by
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and all remaining ones are crossed versions of the above structures [41]. The BTT de-

composition has the property that on the one hand all the Lorentz structures fulfill the
Ward-Takahashi identities, i.e.,

{q‘fchSvqéan—}T;’il/}\o‘(Qqu%QZﬂ) = 07 Vi € {17 . '754}7 (210)

on the other hand the scalar coefficient functions II; are free of kinematic singularities
and zeros.

Since the number of helicity amplitudes for fully off-shell photon-photon scattering is
41, the set of 54 structures {T}" A7 does not form a basis, but exhibits a 13-fold redundancy,
as discussed in detail in ref. [41]. While 11 linear relations hold in general, two additional
ones are present in four space-time dimensions [44, 45]. They can be derived most easily

using the relation
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(2.11)

which holds because the bracket vanishes in D = 4 space-time dimensions due to the
Schouten identity. After expanding the right-hand side of eq. (2.11) and expressing the
products of Levi-Civita tensors in terms of metric tensors, the projection onto the BTT set
gives a linear relation between the Lorentz structures, while a second independent relation
is obtained from a crossed version of eq. (2.11).

Away from D = 4 space-time dimensions, a subset of 43 Lorentz structures forms
a basis:

43
e = 3" BAIL (2.12)
=1

where the basis-coefficient functions II; are no longer free of kinematic singularities. However,
the explicit structure of their kinematic singularities follows from the projection of the BTT
decomposition onto this basis in D dimensions.



2.2 Master formula for the HLbL contribution to a,

Based on projection techniques in Dirac space, one can extract the HLbL contribution to
a, = (9 —2),/2 from the following expression [46]:

HLbL _ _ el / d'qr d*q 1 1 1
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X Tr ((p+ m) [0, 771 + M)V (B -+, + m) 7V (B = dy + )

54
9
Xy (pT;w)\cr(QMQL q4a—q1 — QQ))
dq,

i=1

a
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There are only 19 independent linear combinations of the structures T A7 that contribute
to (9 — 2)u, hence we can make a basis change in the 54 structures

54 54
[[HvAe — Z fTiMVAUHZ. — Z ’f’i”l’AUﬁi ) (214)
i=1 i—1

in such a way that in the limit ¢4 — 0 the derivative of 35 structures 7" A7 Ganishes. For
the non-vanishing derivatives with indices {g;} = {1,...,11,13,14,16,17,39,50,51,54},
we define

(2.15)
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The 13-fold redundancy in the set of HLbL tensor structures {7} V’\U} implies ambiguities
in the scalar functions II; in general kinematics and results in kinematic singularities in
the basis elements II;. In contrast, in the limit ¢4 — 0 the 19 scalar functions I1; that
contribute to (g — 2), are free from ambiguities and kinematic singularities. This follows
from the BTT construction and the fact that the 19 x 19 matrix

Aij(Q%vq%7qg) = Téﬁ”)‘a;p(m’Q2)Tg,i/\g;p(Q1,QQ) (2.16)

is invertible and allows one to obtain a set of 19 projectors P! AT that fulfill

A

waip [0
(g1, 92, —q1 — q2) = P! Aip <anHW,\a) (2.17)

q4=0
Due to gauge invariance, the projectors are not unique. A possible choice has been given in
ref. [47].

The set of 19 scalar functions that contribute to (¢ — 2), is defined by the six
representatives

I, =1 + q1 - golly7

Iy =TIy — g1 - g3 (Thg — Tlu2) — g2 - g3 (Tao — Tag) + @1 - g3q2 - q31Ta1

Il; = Iy — Iig + g2 - g31I31

7 = 7 + Mo + Myz — Iz,

Il39 = g9 + Mag + I4g

M5y = Ty — Tz + 154, (2.18)



together with the crossed versions

[y =Cos[I],  M3=Cy3[IL], 15 = Cos [I14] Il =Ci5[IL4],
s =Ci2[I;],  Ig=Ci2[Ci3[I7]], Mo =Cas[Il7], 3 =Cis[I7], Thu=Ci2[Cos[II7]],
i1 =Ci3[Ili7], Tlie=Cos[Ili7], Il50 = —Ca3[I54], Iy =Cis[Ils4], (2.19)

where the crossing operators C;; exchange the photons 7 and j [15]. Crossing symmetry in
addition implies the intrinsic symmetries [15]

= Cio[I14], Ty = Cia[114], Iy = C12[Il17]
Tl39 = C12[IT30] = Ca3[II30] = . .., M54 = —Cio[Tl54] . (2.20)

After applying a Wick rotation, using Gegenbauer polynomial techniques [48, 49] to
perform five of the eight integrals, and employing the crossing symmetries under ¢; <+ —qo,
one arrives at the master formula for the HLbL contribution to (g — 2),, containing a sum
of only 12 terms [15, 41]:

gL — 37T2/ dQl/ sz/ dT\/ﬁQlezT (Q1,Q2, MIL(Q1,Q2,7),
(2.21)

where Q1 := |Q1]| and Q2 := |Q2| denote the norm of the Euclidean four-vectors. The 12
scalar functions II; are a subset of the functions H and need to be evaluated for the reduced
(9 — 2), kinematics

s=q3=—Q3=—Q1—2Q1Q:r—Q3, t=g3=-0Q5, u=¢=-Qf, ¢=0.
(2.22)

3 Dispersion relations in triangle kinematics

3.1 Summary of the existing approach

The framework worked out in refs. [15, 41] consists of dispersion relations for the HLbL
tensor in general four-point kinematics, which can be derived from the Mandelstam double-
spectral representation. The photon virtualities are treated as fixed external variables,
while dispersion relations are written in terms of the Mandelstam variables. In particular,
in ref. [15] a basis of scalar functions I1; was derived that is suitable for dispersion relations
in the singly-on-shell limit ¢? = 0. For t = ¢3, the scalar functions are free from kinematic
singularities in the Mandelstam variables s and u, enabling fixed-¢ dispersion relations. The
representation is also manifestly free from contributions of unphysical helicity amplitudes.
After writing the dispersion relation, the limit g4 — 0 is taken to arrive at the kinematics
relevant for (g —2),.

One of the major difficulties in this approach is the fact that the BTT tensor decompo-
sition does not directly provide a tensor basis free from kinematic singularities, but rather
a redundant set of structures. Although the singly-on-shell basis functions II; derived in



ref. [15] are free from singularities in the Mandelstam variables, the redundancies in the
tensor basis result in spurious kinematic singularities in the photon virtualities. The residues
of these apparent singularities vanish due to a set of sum rules: these follow directly from the
fact that the tensor decomposition involves structures of different mass dimension and they
guarantee that the result of the dispersion relation for the entire HLbL tensor is independent
of the choice of tensor basis. At the same time, they imply that the apparent kinematic
singularities drop out for contributions that satisfy the sum rules. This is guaranteed to
happen only for the entire HLbL contribution, i.e., the sum over all intermediate states in
the unitarity relation. In contrast, individual intermediate states do not necessarily satisfy
the sum rules. These sum-rule violations make the contributions of individual states depend
on the chosen basis [1, 50, 51] and suffer from kinematic singularities [51].

The basis dependence affects all single-particle intermediate states in the unitarity
relation apart from the pseudoscalar contributions, as these do not contribute to the sum
rules. The sum rules are exactly fulfilled by the pion box [15]. Scalar intermediate states or
two-particle S-wave contributions are in general basis dependent, but they are not affected
by spurious singularities, see ref. [50]. In the basis of ref. [15], axial-vector contributions
are affected by singularities, but there exists an alternative basis, where this problem is
absent, as discussed in ref. [51]. By making use just of the minimal set of sum rules that
are necessary to render the entire HLbL contribution basis independent, it is impossible
to fully remove the spurious kinematic singularities from the contribution of tensor-meson
resonances or two-particle D- and higher partial waves. Whether this can be achieved by
making use of additional sum rules remains to be studied.

As long as no representation is available that is manifestly free of any kinematic
singularities, the spurious singularities need to be subtracted as described in ref. [15]. The
same subtraction scheme needs to be applied in all contributions that are affected by the
singularities. In the sum over all intermediate states, the subtraction again vanishes due
to the sum rules. The subtraction scheme introduces an ambiguity in the contribution of
individual intermediate states that is in addition to the general basis dependence. Due to
these ambiguities, one cannot expect to obtain a meaningful result for these contributions
unless the sum of included states fulfills the sum rules. This is one of the reasons why to
date no evaluation of the tensor-resonance contributions within the dispersive framework is
available [1].

3.2 Dispersing in the photon virtualities

Instead of fixing the photon virtualities, writing dispersion relations in the Mandelstam
variables, and finally taking the limit ¢4 — 0, here we propose to take a different approach: we
first take the limit g4 — 0 and then write dispersion relations for the functions ﬁi(q%, q%, q%)
entering the master formula, exploiting the analytic structure in the variables ¢?. This
alternative set of dispersion relations has been briefly discussed in ref. [19]. As explained
there, these new dispersion relations have the disadvantage that the original cuts in the
Mandelstam variables and in the photon virtualities are no longer separated.

However, this approach has an important advantage over the dispersion relations for
the four-point function: all the redundancies of the BTT set disappear in the (g — 2), limit.



The functions I1;(¢3, ¢3,¢3) in the (g — 2),, kinematic limit are free from any kinematic
singularities. Working directly with them removes the problem of spurious divergences.
Hence, this alternative is a promising approach for the model-independent evaluation of the
contributions of D- and higher partial waves, or narrow tensor-meson resonances such as

the f(1270) [52].

A potential pitfall is the fact that for the new dispersion relations in triangle kinematics,
we need to reconstruct additional hadronic sub-processes, in particular v*y*y — 27 as
well as 7 — wmy. These sub-processes require their own tensor decomposition, which
could potentially re-introduce the problem of redundancies and kinematic singularities. In
the following, we derive the BTT tensor decompositions for these sub-processes and we
show that in the limit of (¢ — 2), kinematics, all but a single redundancy in y*v*y — 27
disappear, which under the assumption of a uniform asymptotic behavior of the tensor
amplitude can be traded for one kinematic constraint. This enables dispersion relations for
scalar functions free of kinematic singularities.

In the case of dispersion relations in triangle kinematics, the objects under consideration
are the functions II; in eq. (2.14), which in (g — 2)  kinematics depend on the three photon
virtualities, ﬂi(q%, 43, q3). For the contribution to (g — 2),, only a restricted domain of the
three virtualities belongs to the physical region, as determined by the master formula (2.21),
but analytic continuation allows us to treat the three virtualities as independent variables
and to continue the function beyond the physical region. We start by writing a dispersion
relation for ﬂi(q%, 43,¢3) in ¢3, while keeping the other two virtualities q%Q fixed:

N 1 [o° 1 N
(g7, 435, 43) = ;/ dslmlmﬂi(Q%,qgaS,), (3.1)
S0 3

where the imaginary part is obtained from

Ii(gf, g3, 8 + ic) — Mi(q?, g3, 8' — i)

Imﬁi(Q%aqgﬂsl) = %

(3.2)

and the lowest threshold is sy = Mgo. We now demonstrate how to obtain this imaginary
part by taking the appropriate limits of imaginary parts in four-point kinematics.

In ref. [15], a basis of 27 scalar functions II; for HLbL scattering was derived, which
applies to four-point kinematics at fixed ¢ = ¢5 and in the limit ¢7 = 0. The 19 functions
I1; relevant for (9 — 2), can be obtained from a subset of the I1; functions,

~

I = Thy, + (s — G3) A + (s — 63)° A, (3.3)
i.e., by denoting the arguments as ﬁi(s; 43,43, q3), the limit of (g—2), kinematics is given by

My, (¢}, 63, 43) = (g3 43, 43, 43) - (3.4)



The imaginary part (3.2) can be written as

Hi(sl + ’LE, Q%aCI§7Q§ + Zf) — Hi(sl - 167 q%7q§7Q§ - ZE)

ImIL, (62, ¢2.s') = lim
PACIRSIES) B %
ﬁi(s’ +i€,4%, 63, 43 + i€) — ﬁi(s’ —i€q3, 43,43 + ie)
21
I1i(s' — i€; g2, g2, g2 + ie) — ILi(s' — i€ q2, ¢2, ¢2 — ie)}
21
IL;(s' + i€; g3, g3, g2 + ie) — I;(s' — ie; qF, 43, ¢4 + ie)
21
N . . ~ . . *
N (Hi(s’ +i€; 42,63, q3 + ie) — I (s’ +ie; 42,3, g3 — ze)) }
23
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_.I_
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q§—>s’

= q%iiil {Imsﬁi(sl; Q% qga qg + i€) + (Im3ﬁ’i(8/ + t€; Q%v qgv qg))*} . (3.5)
3

Here, we denote by Img the s-channel discontinuity in four-point kinematics, analytically

continued in the third photon virtuality to ¢3 + ie, while Img denotes the discontinuity

in the variable ¢2, again in four-point kinematics and now analytically continued in the

Mandelstam variable to s’ + ie. Due to the analytic continuation, these discontinuities Img

and Img3 in general are complex quantities.

Before taking the limit g3 — s', the expression contains kinematic singularities of the
form 1/(q? +¢3) and 1/X\(¢?, 3, ¢3), which are present in the quantities A; and A; [15], with
A denoting the Kéllén triangle function. In the original s-channel dispersion relations [15],
the residue of these kinematic singularities vanishes due to the presence of sum rules for the
scalar functions II;. Since individual partial waves or single narrow resonances violate the
sum rules, the residues of the kinematic singularities had to be subtracted “by hand.” The
basis II; was then chosen in a way that leads to a simple form of kinematic singularities
and at the same time optimizes the convergence of the partial-wave-expanded pion box.
The alternative basis of IT; functions discussed in ref. [51] contains singularities that are
products of 1/¢? and 1/(¢} + ¢3).

We note that the limit of each of the two discontinuities (3.5) may be singular: if the
soft photon is emitted from an external leg of the sub-process, the limit ¢4 — 0 puts an
internal propagator on shell. With the additional derivative in eq. (2.13), this potentially
leads to a double-pole in 1/(s’ — ¢3). However, analogous poles exist in both discontinuities
Imsfll- and Imgfll- and they are guaranteed to cancel in the sum of the two discontinuities
because the HLbL tensor is free of such singularities. The two leading terms in the expansion
around g4 = 0 are related to the non-radiative process by Low’s theorem [53] and the same
is true for the poles in higher-orders in the expansion using dispersion relations as will be
demonstrated in a future publication [54]. Due to this absence of poles in the sum of the
two discontinuities, the contributions from A; and A; vanish in the limit g3 — §', so that
Imﬁgi does not contain any kinematic singularities. For this reason, the contribution of a
single partial wave or a narrow resonance to (g —2), can be defined without relying on
a sum rule that is violated by this particular contribution alone. The cancellation of soft



Figure 1. Unitarity cuts contributing to the discontinuity of HLbL with respect to ¢3 in triangle
kinematics. The static external electromagnetic field is denoted by a crossed circle.

Figure 2. The contribution of different intermediate states to the s-channel and ¢3-channel discon-
tinuities.

singularities is illustrated for a simplified situation with single poles in scalar toy examples
in appendix A. The cancellation in the realistic case of HLbL and its sub-processes will be
presented in ref. [54].

Writing a dispersion relation in ¢ and fixing qu in eq. (3.1) is an arbitrary choice:
crossing symmetry requires that dispersion relations in any of the other virtualities lead to
the same result. In the final dispersive representation this symmetrization needs to be taken
into account, in a way that avoids any double counting. In the present article, we will show
how this is achieved for single-particle intermediate states: we add the crossed versions of
the contributions that are generated from the first term in eq. (3.5), corresponding to ¢- and
u-channel discontinuities. These contributions have discontinuities in 3, which accordingly
must be excluded from the dispersion relation in qg, in order to avoid a double counting. The
explicit symmetrization for the complete vector-meson and two-pion contribution is more
involved and is left for future work. The resulting representation will fulfill by construction
all constraints from crossing symmetry. Furthermore, it will satisfy single-variable dispersion
relations in any of the three virtualities and include the leading intermediate states in the
unitarity relations of all channels.

4 Unitarity relations

According to eq. (3.5), the relevant imaginary part that is needed in the new dispersion
relations can be obtained from the sum of the discontinuities in the s-channel and the g¢3-
channel in four-point kinematics, illustrated in figure 1. Unitarity of the S-matrix provides
these discontinuities in the form of two different relations. The first one is the s-channel



unitarity relation that has already been employed in the established dispersive approach:
Im, (e*(27m)16™ —q)H
my (€ (27)°0"Y (q1+q2+¢3—q4) Hxyao A5 0

:Z% (H/@i) (s {pi |7 (=3, A3)v(qa, M) (3 {pi 7" (a1, M)7" (g2, A2)),  (41)
n ™ \i=1

where S,, denotes the symmetry factor for the intermediate state |n). The Lorentz-invariant
- 3

measure is abbreviated by dp := (2:)73’;‘”0. Similarly, the discontinuity in the virtuality ¢3

can be obtained from the unitarity relation, where the fourth photon is crossed to the

initial state:

Imjs (64(27r)45(4) (@1 +q2+q3— Q4)H>\1>\2>\4,>\3)

= (ﬁ / @) (i (=8, )" (0 (i} b (s A a2, ) (=0, M)
n ™ \i=1
(4.2)

The general strategy of the dispersive evaluation of the HLbL contribution to (g — 2),
amounts to summing up individual contributions to the unitarity relations (4.1) and (4.2).
Of course, in practice it is not possible to resum the whole tower of intermediate states and
one needs to truncate the sum. The remainder is assumed to be small at low energies, where
the lightest intermediate states dominate, but it becomes more important at higher energies
and in the end it needs to be taken into account by a proper matching to asymptotic
constraints [1, 13, 18, 19, 47, 51, 55-60].

The contributions of the lightest intermediate states to the unitarity relations in the
s- and g3-channels are illustrated in terms of unitarity diagrams in figure 2. In order
to evaluate the discontinuities, input for the sub-processes is required. In the case of
the s-channel discontinuities, the input is identical to the one in the familiar dispersion
relations, although evaluated for a different kinematic configuration: the evaluation of the
one-particle intermediate state requires the pion (and 7, n') transition form factor as input.
For two-pion intermediate states, the helicity partial waves for v** — 27 are the required
input. The formalism for the full inclusion of three-particle intermediate states in the
s-channel is currently not available. This contribution contains axial-vector resonances,
which are expected to be numerically relevant [1, 13, 26, 56, 57, 61]. In a first step, these
effects can be described in a narrow-width approximation (NWA), replacing the three-pion
intermediate state by a narrow resonance. The required input in this approximation are the
axial-vector transition form factors, v*v* — A. The effect of two-pion intermediate states
gets enhanced close to scalar or tensor resonances. In this case, the two-pion unitarization
can be compared to a NWA, which is used to include scalar and tensor resonances in
different isospin channels [50]. Again, the respective transition form factors are required
as input.

The input for the discontinuities in the qg—channel are given by the pion vector form
factor (VFF) and v*y*y — 27 in the case of two-pion intermediate states. In the case
of three-pion intermediate states, the sub-processes are v* — 37 and v*y*y — 3w, with
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Figure 3. Unitarity cuts for v*y*y — 27 for a soft external on-shell photon. The first cut on
the r.h.s. denotes the soft divergence, the second diagram denotes the left-hand cut. The last two
diagrams are the two s-channel cuts. Crossed diagrams are not shown.

Figure 4. The contribution of different intermediate states to the discontinuities in v*vy*y — 2.
The last diagram denotes w7 rescattering: the process yv*v*~y — 27 itself reappears as a sub-process.

potentially non-negligible effects due to the narrow vector resonances w and ¢.! Therefore,
compared to the established dispersion relations in four-point kinematics, the dispersion
relations in triangle kinematics require the processes v*v*y — 27 and v*y*y — V as new
inputs, where V denotes a vector resonance.

The new inputs required for the dispersion relations in triangle kinematics should be
reconstructed again dispersively. For v*y*y — V', much can be taken over directly from
HLbL: in particular, this sub-process will be linked to the iso-scalar vector resonances in the
pion transition form factor (TFF) reshuffled from the pion pole in the established dispersion
relations [16]. We discuss the tensor decomposition and kinematics in section 5.3.

The second new input is the sub-process v*v*y — 27 needed for the two-pion interme-
diate state in the g3-channel cut. The different unitarity cuts for v*y*y — 27 are shown
in figure 3. The soft limit is understood after taking the derivative with respect to ¢4 in
eq. (2.13). Only terms that are singular or finite in this limit are required. The singular
terms can be expressed in terms of v*y* — 27 via dispersion relations [54]. The finite

'In the case of the pion pole in the dispersion relations in four-point kinematics, the three-pion cut is
included in the dispersive treatment of the pion transition form factor [16, 28, 62].
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remainder is not directly determined by v*vy* — 27 and needs its own dispersion relation.
The relevant intermediate states of the different unitarity cuts are illustrated in figure 4: if
the photon virtualities are kept fixed, the original five-particle process reduces to four-point
kinematics in the (g —2), limit. The complexity again increases with the multiplicity of the
intermediate states. The formalism for a fully dispersive reconstruction of the three-pion
intermediate state is not available, but resonant contributions to the three-particle channel
can be estimated in a NWA. Therefore, the main unknown sub-process is 7w — 77 for a
soft photon.

Any dispersion relation allows one to split up the entire HLbL contribution into a sum
over intermediate states in the unitarity relation. However, the notion of the contribution
of an individual intermediate state, obtained by inserting one term of the unitarity sum into
the dispersion integral, depends on the dispersion relation under consideration. This is true
for basis changes in the existing approach, as explained in section 3.1, but also if one uses
dispersion relations in a different kinematic variable. Only the result for the sum over all
intermediate states is unique. In particular, this means that, e.g., the pion pole as defined in
the established dispersive approach [16, 41] does not coincide with the pion pole in triangle
kinematics, as discussed in ref. [19]. When comparing the two approaches, one finds that a
reshuffling happens between the contributions of different intermediate states. Since each
dispersive approach requires some truncation of the unitarity sum, the correspondence is
not exact, but the remainder needs to be covered by the uncertainties in the matching to
an inclusive asymptotic contribution. We compare the two dispersion relations in table 1:
the splitting by intermediate states in the established approach corresponds to columns,
while the rows correspond to the contributions in the new dispersion relations in triangle
kinematics. Therefore, if asymptotic constraints are included for the sub-processes, the
established dispersion relations perform a resummation of columns, while the new approach
would correspond to a resummation of rows. Crosses in the table denote the absence of a
contribution. This sketch illustrates that the most promising strategy will be to combine
the two approaches, which however requires some care in avoiding any double-counting. A
detailed analysis of the reshuffling and the matching to asymptotic constraints is left for
future work and will be illustrated for the simpler case of the VVA three-point function in
a forthcoming publication [63].

In section 5, we consider single-particle intermediate states in triangle kinematics, while
two-pion intermediate states will be discussed in section 6.

5 Single-particle intermediate states

As shown in figure 2 and table 1, the s-channel cut receives single-particle contributions from
pseudoscalar poles, as well as from resonances in the NWA. The q%—channel discontinuity
receives single-particle contributions only in the NWA due to vector-meson resonances.

In section 5.1, we work out the explicit expression for the pion-pole contribution in trian-
gle kinematics and compare the result to the pion pole in the established dispersion relations
in four-point kinematics. Similar results follow immediately for the other pseudoscalars 7
and 7. In section 5.2, we derive analogous expressions for resonance contributions in the
NWA. In section 5.3, we discuss vector-meson resonances in the g3-channel.

- 12 —



‘ DR in four-point kinematics

triangle-DR ‘ 70 n,n 27 S A T

.0 W x x x x X

s |t mition bt pitlon “pibine s

Table 1. Comparison of different unitarity contributions in the established dispersive approach
and the proposed dispersion relations in triangle kinematics. The soft external photon is denoted
by a crossed circle. The longer dashed line is the primary cut in triangle-kinematics dispersion
relations. Cuts through gray blobs denote even higher intermediate states that need to be covered
via the implementation of asymptotic constraints. Some scalar and tensor resonances correspond
to a NWA of two-pion contributions. Depending on the dispersion relation for the sub-processes,
the diagrams in the first row of the V intermediate state only contribute to normalizations. The
light-gray diagrams are already taken into account by implementing crossing symmetry (which is not
shown explicitly), hence these topologies should be excluded in order to avoid a double counting.
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5.1 Pion pole

The contribution of a single neutral pion in the s-channel unitarity relation is given by [41]

Im] (64(27T)45(4)(Q1 +q2+ g3 — Q4)H>\1>\2,>\3>\4)

=3 [ B a5 2970 A0 GO @M (@) (5D)
The matrix element of the sub-process is reduced according to
(T (P) (a1, M7 (g2, X)) = =2 (2m) 6 (0 — 1 — @2)ep! (1)) (a2)
/ dlz e (1 () Tl (@) (O}I0) (52
relating it to the pion transition form factor (TFF)
i / d'z e (10 (p)| T {jlhn (2) e (0)HO) = € qappFroers (a2, (a — 1)), (5:3)

with €923 = +1. Tt should be stressed that the TFF F 04+« 18 a scalar function of two
independent scalar variables (the photon virtualities)—it does not explicitly depend on
the four-vectors. E.g., momentum conservation is not part of the TFF but appears in the
form of the delta function in eq. (5.2). Inserting the pion TFF into eq. (5.1) allows one to
perform the phase-space integral, leading to

Iy po0sn = —T 60 (01)62(02)63 (—as)ea® (qa)
X 5(5 - Mﬁo)Elul/aﬂE}\cw&QlQQ25QS»}IQ46~F7TOV*7* (Q%a qg)‘FﬂO'y*'y* (QZ’%: 0) . (5'4)

This expression can be evaluated for fixed-t kinematics. In ref. [15], the basis change from
s-channel helicity amplitudes to the fixed-t singly-on-shell tensor coefficient functions is
provided, leading to the single-pion discontinuity of the functions IL;:

7 111 (53 3, 43, 43) = —78(s" — M20)Fromers (@3, 63) Froers (43, 0)
Im? (s, ¢f,03.43) =0, i#1. (5.5)

Since there is no one-pion intermediate state in the q%—channel, the one-pion discontinuity
of the II; functions follows by taking the limit (3.5):

Im™ 111 (g7, g3, 8) = —m(s" — M20) Fronene (a3, G3) Frpopene (M2, 0)

™

Im™ [1;(¢%,¢3,8) =0,  ie€{2,...,11,13,14,16,17,39,50,51, 54} . (5.6)

Inserting this imaginary part into the dispersion relation (3.1) leads to a pion-pole contri-
bution just in I1; and no pole contribution in any other function. However, due to crossing
symmetry it is clear that 121273 contain pion poles in the ¢3- and ¢?-channels, respectively.
Those contributions could be reconstructed in the dispersion relation in ¢3 from higher
intermediate states due to cuts through the pion TFF, starting with a two-pion cut, which
correspond to the light-gray diagrams of the first column of table 1:

W:W+W+j@@. (5.7)
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However, in practice it is simpler to directly include these contributions by imposing crossing
symmetry, i.e., by adding the terms that appear in the crossed unitarity relations. These
topologies then need to be omitted from the reconstruction of the cuts in ¢3, in order to
avoid a double counting. The same applies to the remaining topologies in the dispersion
relation in ¢%, which need to be symmetrized accordingly. This prescription leads to the
final result for the pion-pole contribution in triangle kinematics:

‘FWO’Y*’Y* (q%, q%)fwov*,y* (M7%07 0)
q§ - MTQI.O ’
7 (¢}, 43,03) =0,  i€{4,7,17,39,54}, (5.8)

7 (7, 43,43) =

written in terms of the six representatives (2.18), while the remaining 13 functions follow
from the crossing relations (2.19). Explicitly, they are given by

i ) = Zer O 8O0

Q% *Mfro ’

A ‘FO * *(q%,qg)f"o * *(MQO,O)

05(af 63,03) = =" 55—, (5.9)
q71 70

and there are no further pion-pole contributions to the remaining functions. The pion-pole
contribution fulfills the intrinsic crossing symmetries (2.20) due to the symmetry of the
pion TFF, Fro (g1, 63) = Froyeqs (g3, 4F).

The result for the pion pole (5.8) differs from the expression for the pion pole that
follows from the dispersion relations in four-point kinematics [41], which is

Fr0eye (i, C]%)]:frov*v* (qi’%’ 0)
a5 — M7 7
072, q3,63) =0, i€ {4,7,17,39,54} . (5.10)

A —0_ 1
07 P(qt, 45, 43) =

This mismatch led to some confusion in the literature [64, 65], although the reason for it
was already explained in ref. [19]: the different expressions (5.8) and (5.10) do not put
the validity of either dispersion relation into question. Both, the dispersion relations in
four-point kinematics and the ones in triangle kinematics can be used to describe the HLbL
contribution to (g — 2),. They reconstruct the same function if the tower of intermediate
states in the unitarity relation is resummed. However, since the limit g4 — 0 changes the
meaning of the kinematic invariants, writing dispersion relations before or after taking
this limit does not lead to the same expressions. In particular, the contributions of one
particular intermediate state do not need to agree in the two formalisms. As discussed in
ref. [19], the difference between eqgs. (5.8) and (5.10) is regular at ¢§ = M?Z:

(M72r(170)

2
L0 ol - F 0y (43,0) = Frroyns
077°7%(qt, 63, 03) — T (at, 43, 43) = Frogeye (0, 03) =" 5 — 15— '
43 — Mo
(5.11)

As shown in table 1, this quantity can be identified with contributions from higher in-
termediate states in the dispersion relation in triangle kinematics [51], which needs to
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be considered when combining the two approaches: the q%—channel pole f[’f(q%, a3, qg) in

eq. (5.8) corresponds to the first row of the table (for the case of a 7¥) and consists only of
w0-pole

the upper left entry, while ﬁ1 (¢?,63,43) in eq. (5.10) contains all the diagrams of the
first column that are not shown in light-gray.?
5.2 Narrow resonances in the s-channel

In complete analogy to the single-pion (or, more generally, single-pseudoscalar) contribution
in the s-channel, we can consider single-particle scalar, axial-vector, and tensor intermediate
states, describing the contribution of resonances in the NWA.

5.2.1 Scalar resonances

The contribution of a scalar resonance to the s-channel unitarity relation is given by

Im? (64(277)45(4) (@1 + g2+ g3 — (I4)H/\1)\2,>\3>\4>

1 I * * * *
= Q/dp (S(P)7*(—a3, A3)v(qa; M) (S(P) V" (a1, M) (g2, A2)) - (5.12)
The matrix element of the sub-process can be decomposed according to [66]

(S (a1, M)V (g2, o)) = i€ (2m)* 60 (p — g1 — q2)ep (q1) €0 (g2) MM (q1, 02 = p)
M (q1,00 =) = 1 [ d'a e (ST (2)5 O} 0)

F(d,¢3) Fy(q},q3)
= — =T 4+ 3

hsd 5.13
ms m?, 2 ( )

where the Lorentz structures are given by

" = q1 - 29" — ¢hqf
TS = 359" + a1 - dids — didbds — di'at (5.14)

and F; and Fs are the scalar TFFs. For fixed-t kinematics, one obtains the following
discontinuity of the functions IT; [50]:

" ]:’S 27 2 S,-i- 2+ 2
1§ 114 (' a7, 3. ) = —a(s/ —m3) ( vana) A ED) 5z ) 7GR0,
mg mg
. fS 2’ 2 ]:'S 2,0
Imf H15(s/;q%,q§,q§) = —1o(s' — m%) 5 (g1 QQ)4 i (q3,0) ’
mg
Im? 11;(s'; 47, 43,43) = 0, i ¢ {4,15}. (5.15)

2Note that this reshuffling of the pion pole is not related to the implementation of crossing symmetry
discussed above: eq. (5.11) does not contain any pion pole in the qig channels.
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The discontinuity of the II; functions follows as:

Ims H4(Q%7qgas/) = _776(5/ - m%) ( ! 53]/12 qz) - ( = 2,,3;4 qQ)]:ég(Q%vqg) Ff(m%,O),
S S

F5(q3,43)F¢ (m%,0)

Im® ﬂn(Q%, @,8) = —mo(s' — m%) Z
mg

)

Im® IL(¢?, ¢2,') =0, ie{1,2,3,5,...,11,13,14,16, 39,50, 51, 54} . (5.16)

Inserting this imaginary part into the dispersion relation (3.1) leads to

ﬁS(qQ q2 q2) — ff(m%,()) ]:ig(Q%Q%) _ (m%+q% +q§)}'s(q2 q2)
4 \Y1> 42543 qg_m% m% 2771% 2 \41> 42 )

] FP(m2,0) F5 (g2, 43
Hf7(q%7Q%aqg) = 12( S 2( 1 2)

g3 —m?% m
(g}, q3.43) =0, i€{1,7,39,54}. (5.17)

The six representative functions do not contain any scalar-meson poles in the crossed
channels. However, the implementation of crossing symmetry in analogy to the pion pole
implies that some of the remaining scalar functions contain scalar-meson poles in the crossed
channels, as follows directly from eq. (5.17) and the crossing relations (2.19). E.g., the
contribution to ﬁ5 reads

R ]:S(m2 0) ]_-S(qz q2) (m2 4 q2 + q2)
HS q2’q2’q2) _ 71 S» 1\491,493/) S 1 3 ]_—S(q2’q2 ’ 518
5( 1-425 43 q%—m% m% 2mi1s' 2 \41 3) ( )

and a double counting needs to be avoided by omitting from the g3-dispersion relation the
light-gray diagrams in the S column, which correspond, e.g., to two-pion and vector-meson
intermediate states in the scalar-meson TFF in eq. (5.18). The result (5.17) can be obtained
from the scalar contribution in four-point kinematics [50] by keeping only the pure pole in
q3. Tt differs from it by a piece regular at ¢3 = m%, which corresponds to the entries in the
“S” column of table 1 that do not belong to the “S” row and are not light-gray diagrams.

5.2.2 Axial-vector resonances

Next, we consider the contribution of an axial-vector resonance to the s-channel:

Im? (64(27r)45(4)((h +atas— CI4)H/\1>\27/\3>\4>

= ;Z/%(A(p, A7 (—=a3, A3)v(qa; A1) (Ap, Aa) v (g1, M)Y* (g2, A2)) - (5.19)
Aa

17 -



The matrix element of the sub-process can be decomposed into Lorentz structures accord-
ing to

(AP, A )Y (a1, A1)7 (g2, A2)) = ie?(2m) 0™ (p—q1 —g2) ) (@) en? (@2) M (1,2 — {p, Aa})
M (q1,q2 = {p,Aa}) :i/d49€ e T (Ap, M) | T{ Gt ()54 (0)}]0)

=) (p) MM (—q1,—qa),
MP (g1, q2) = — MM (—q1,—q2)

.3
(]

=—5 2 T F il 6d), (5.20)
A =1

where the Lorentz structures are given by [66]

T{“’Of = E,U/Vﬁ’quﬁq}y(q‘ll - q(QX) )

Tz;woz _ eay57 auvf

qlﬁqg,yqf +e€ QQBQ% )
Téwoz _ Eauﬁ'yqlﬁquqg + EOéMVBqIBq% , (521)

and F! are the axial-vector TFFs. For fixed-t kinematics, the discontinuity of the functions
II; in the basis of ref. [15] is rather complicated and contains kinematic singularities
proportional to s’ — ¢2, which drop out when we take the limit g3 — s’. This leads to

mi—ai—g3

I Aﬁ 2 2 / — 5 I 2
m” 15(q7,q3,5") =m0(s"—my) Qmi

(2FMai, a3)+F3H (a3, 43)) Fs' (m%,0),
m4—qi—q3
2m4

ImA ﬂg(‘]%a qza 8/) = 7ImA ﬁlS (Q%a q%, 8/)

Im* 6 (q7, 43, 8') = —md(s' —m?%) (2FMai. 63) +F3' (a3, q3)) Fi' (m4.,0),

1
= —mo(s'=m3) — (2FMat.a3) +F3 (a5, a3)+ F5' (. q3)) F3'(m?,0),
A

. 1
Im* 1110(q3, 43,5 :7?5(8'*7%31)”74 (2FMat,43)+F5H (a3, 43)) Fs' (m%,0),
A

Im? 1111 54(q3,¢%,5') = —Tm* Ti6(¢7, 43, 5")

1
=—mo(s'=mA) 5 (4FMat. 3) + T3 (d3,a3) + F5 (a7, 43)) F3'(m%,0)

A
. 1
Im™ IT14(q7,¢3,8') = _”5(8/_”1124)777; (2FMat.a3) +F5 (a3, a3)) F3H(m%,0),
. 1
IHlAH17,39,50,51(Q%,Q§’5/) 275(5/*”13‘)% (]:54@%,(]5)*]:34((1%7‘13)) F3t(m3,0),
A
Im” I1;(¢?,¢2,5') =0, i€{1,2,3,4,7,8}. (5.22)

Plugging these imaginary parts into dispersion relations in ¢3 leads to axial-vector contribu-
tions in only the g3-channel. In analogy to the pion-pole and scalar-resonance contributions,
crossing symmetry implies that there are also axial-vector poles in the ¢3- and g3-channels.
Therefore, we write the full axial-vector contribution as

4 = oM 4+ 02 4 e, (5.23)
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which fulfills all constraints of crossing symmetry. Explicitly, it is given in terms of the six
representative functions (2.18) as

A3 2 2 i F3(m3, 0) F4'(af, 43) — F3'(af . 43)
0t 63 a3) =155° (41, 63, 3) = pr— py
3 A A

115;%(¢2, 43, ¢3) = F3t(m?,0) 477 (¢, 63) + F3' (a7, 43) + F5' (4, 63)
1> 42543 q%—m% Qmj

1°(¢%,d3,¢3) =0, ie{1,4,7}, (5.24)

i

)

for the axial-vector contributions in the g3-channels, while the contributions in the other
two channels are

A
1_[1 ’l(q%qg?qg) =0,

Y

AAL 2 2 o _
I (a1, 42. 43) = (mA @ — q) 2m4

2 _ 2
1 —my
}-A<mA7 )2-7{4((127 ?2,) f (QQ7QS) +‘7:A(CI2>Q3)

Al
H’? (q%a QQ7CI?2))

ql 2 mﬁx
AL 2 2. o2 ~7'—2 (mAa 0) 471 (43, 43) + F5'(a3. a3) + T4 (a3, 43)
17 (QI7q2’q3) 2 ;
q1 QmA
A A2 2 A2 2
~ A fm70f 9,93) — F3 (43,9
135 (0303, ) = 14" (a2 3 ) = 72 Ag) ) “F @) (5 95
Q1 2my
as well as
~ A
11%(q}, 63,43) =0,
~A2, 2 9 9 2 2 Fs'(m?,0) 2F (¢}, 43) + F5' (a3, 43)
H k] — p— —_
2 (a1, 455 43) (mA a0 3) & —m} 2m? ’
aA22 2 oy T (mh,0) 271 (af, 43) + Fil(af, aB)
7 (q17Q27QS)_ 2 3 1 s
a3 — My my
. Fi (m?,0) 4FMN 3, ¢2) + Fiad, 3) + Fi a3, ¢3)
HA’2 2 2 2\ _ 2 A» q1,43 Q17Q3 q1,93
17 (61,43, 43) = — 2, 2 9 )
qy — My mA
A A2 A
A2 A2 'F (m ) )]: (q7Q) ]: (qvq)
H39 (QIaQ2vq3) H54 (QI>QQ7Q3) q Ag - 32m —— (5-26)
2~ A

The axial-vector contribution to the remaining 13 functions follows from the crossing
relations (2.19). This implementation of crossing symmetry is analogous to the pion pole or
scalar resonances, but in the case of axial-vector resonances most of the scalar functions
receive contributions from multiple channels. We also note that due to the symmetries of
the axial-vector TFFs [66], the intrinsic crossing symmetries (2.20) are manifestly fulfilled.
Similarly to the pion pole and scalar contribution, the added crossed-channel axial-vector
contributions contain two-pion, vector-meson, and higher intermediate states in the qg—
channel, due to the singularity structure of the TFFs that depend on q%. This needs to be
considered when taking into account these cuts in q%, in order to avoid a double counting,
again in complete analogy to the pion-pole or scalar-meson contributions.
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With the modified basis of IT; functions discussed in ref. [51], axial-vector contributions
can be taken into account in the dispersion relation in four-point kinematics without
introducing spurious kinematic singularities. The results (5.24), (5.25), and (5.26) differ
from the results in four-point kinematics [50] only by non-pole pieces. As before, this
difference is given by the entries in the “A” column of table 1 that do not belong to the “A”
row and are not light-gray diagrams.

5.2.3 Tensor resonances

We finally consider the contribution of a tensor resonance to the s-channel:
Im! (64(27T)45(4)(Q1 +q2+q3— Q4)H)\1>\2,)\3/\4)
1 I * * * *
=3 Z/dp (T(ps A7) 7" (— a3, A3)7(qa, M) (T(p AT) |7 (g1, M) (92, A2)) - (5:27)
Ar

The matrix element of the sub-process can be decomposed into Lorentz structures accord-
ing to

<T(p,)\T)|’Y*(Q1,)\1)7*(612,)\2)):i€2(2ﬂ)45(4)(p—Q1—Q2) Ha)e? (g2)M™ (qr,q2 = {p,\r}),
M (q1,q2 = {p, A\r}) :z‘/d“xe”‘”ﬂT(p,AT)!T{jﬁm(w)jzm(O)}!())
= 625*(19)/\/1“”&6(*%7*(12)’

MHB (g q) = MPYP (—qy, —qo)

- ZTWW m Fl(at63), (5.28)

with n; = 1 and the other n; = 3 and where the Lorentz structures are given in ref. [66].
The polarization sum is

1 1
Sgﬂalﬁl Z € ’3' (p) = B (Saﬁlsalg + Saa1855/) — gsaﬁsalﬁ/, (5.29)
where
PaPa’
Sao = — | aor — . (5.30)

The projection onto the functions II; leads to the following imaginary parts:

> ‘F]T(q%’Q%) T, 9 T, 9
IIIl H(Ql)QQ: )_7T58 _mT Zt,j Q17Q2 mﬁ (‘Fl (mT70)+‘F5 (mTvo)) 3
j=1 T

(5.31)

where the coefficients ¢; ; are defined in appendix B. In analogy to the axial-vector con-
tributions, we combine dispersion relations in all three virtualities in order to arrive at a
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tensor-meson contribution that respects crossing symmetry. The full tensor-meson contri-
butions is given by

nr =aht a2 a3 (5.32)

which fulfills all constraints of crossing symmetry and can be defined in terms of the six
representative functions (2.18):

Fl(ai,63) FT(m2 )+}'T(mT, )
)= . ,
T 3 T

i€{4,7,17,39,54}

5
S T3

=1
S T3
11, " (q7,45,43) = 0. (5.33)

The crossed-channel contributions to the six representative functions are obtained as

AT 1
I, (a1, 43, 43) = 0,

f(qwzg)ﬂ( 0)+fT( ,0)

13 (41, 63, a3 t5,4(
4 1542 3 Z NI mg Q1 % )
f (43,43) FT (m2 )+]~"T( ,0)
T1 2:43
H’7 (q%JQQ7QB ZtQ,j 6 2 y
mp ql mp
fT(q2 @) FT (m%,0) + FL(m2.,0)
T1 2,43
H17 (Q1aQ2a‘I3 Ztlﬁ,J Q2a‘I3 : 6’ ! L 2 5’ r )
mp gy —mp
FF(@3,43) FI (mZ,0) + FL(m2,0)
2 2743 1 ) 5 )
' (43,43, ¢3) = Zt39,g B, q3) 6 L PR) =,
=1 mr ¢ —mr
F (@3, 43) Ff (m3,0) + FE (m,0)
T1 2543 1 y 5 y
H54 (q%aQZ7Q3 ZtBO,] q27q3) J m6’ T 2 _m2 L (534)
j=1 T a1 T
and
~T,2
0y (Q%ﬂqqug) =0,
T2, 2 ]: (47, 43) Ff (m2 )+.7:T( ,0)
1_14 (CI1,(I2,‘I3 Zt5,j mo m2 )
T q2 mp
J-'-T(q% a3) Ff (m3.,0) + F¥ (m3,,0)
HT2 ¢ J ) 1 T> 5 T>
7 (qlaQquS Z 10,7 qlaQS m{61“ q%_m% )
fT(Ql 3) Ff (m2,0) + F& (m2,0)
1117, 63, 63) = tie4(qi, B ’ r oI
17 15492 3 Z J\41 3 m% q2_m%
fT(ch a3) FI (m3 )+J—“T(m2 0)
11422 ¢ ’ T 5 T
39 (qlaQqu?) Z 39,5 QIv 3 mﬁ} q2 _mgT )
J-“- (¢}, 43) FT (m%,0) + FL (m2.,0
12,2 (a1, 45, 43) Zt50,j e L (my 2)7 25( 1.0) (5.35)
mp 43 —mp
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while the contribution to the remaining 13 functions again follows directly from the crossing
relations (2.19). The same comment regarding double counting with two-pion, vector-meson,
and higher cuts in ¢3 applies as for the other resonances.

To the best of our knowledge, there is no alternative basis of I1; functions that would
allow dispersion relations in four-point kinematics for the tensor-meson contributions that
are manifestly free from spurious kinematic singularities if no additional sum rules compared
to the ones of ref. [15] are invoked. The modified basis discussed in ref. [51] reduces the
spurious kinematic singularities in the tensor-meson contribution to simple poles of the
type 1/¢3 for fixed-t kinematics.

5.3 Vector resonances in the qg-channel

In the g3-channel, single-particle intermediate states only appear in the NWA, in particular
the iso-scalar vector-meson resonances w and ¢ (the prominent iso-vector p resonance is
best described in terms of two-pion P-wave rescattering). The unitarity relation reads

ImY ((34(277)45(4)((]1 +aq2+4q3— Q4)H/\1/\2/\47>\3)

=33 [ A VA (a5 X)) (V0 AP (a1, A7 @2 Ay (- M) . (5:36)
Ay

The matrix element of the first sub-process is simply given by
(V(p, W) (a3, X)) = —ie )*(—gs)el (p)*(2m)*6™ (p + gs)my fv (5.37)
where the vector-meson decay constant fy is defined as
017k (@) |V (P, Av)) = my fre (p)e™ P (5.38)

For the matrix element of the second sub-process y*vy*y — V', we define

(V(p, \) 7 (a1, )Y (g2, M)y (—aa, M) = i(2m) 6@ (g1 + g2 — g4 — p)e®

A A
x e (q)e? (q2)ex' (—qa)ey” (p)* T

(5.39)
where
(0 T (q1,02.p) = [ dady e O (p, )Ty () (1) O)H0).
(5.40)

and we perform the BTT tensor decomposition [42, 43] for H’(/MU (q1,42,p) in close analogy
to the case of HLbL scattering [41]. We first impose transversality for the three photons by
making use of gauge projectors

Moy d
I{/‘2V =g — 42491 7 IZU’ _ gaa’ _ QZQQZ ’ (541)
q1 - g2 qa

and we remove kinematic singularities in the projected tensor structures according to the
BTT recipe. This leads to a highly redundant generating set of 72 tensor structures. For
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the dispersion relations in triangle kinematics, we can immediately take the derivative
with respect to the external photon momentum and put g4 — 0. After this step, only 26
linear combinations of tensor structures are non-vanishing. In a final step, we note that in
any observable (in particular in (g — 2),) the tensor H’(/”)‘U appears contracted with the
vector-meson polarization sum

* DPADN
Y e ey () =- <gw — 2 ) : (5.42)
Ay m

Vv

This implies that out of the 26 derivative tensor structures, only 19 linear combinations
enter (g — 2),, which can be chosen to be identical to the HLbL tensor structures 7“7
in eq. (2.15): the contraction with the polarization sum has the same effect as imposing
the QED Ward identity, with the difference that factors of m%, in the denominator should
not be regarded as kinematic singularities. Choosing the HLbL structures instead of the
ones that naturally come out of the BTT construction with a vector meson only amounts
to a basis change that does not introduce kinematic singularities but involves factors of
1/ m%, The ideal basis for a dispersive reconstruction of the scalar functions depends on
the asymptotic behavior, which will require a dedicated analysis. Here, we decompose the

tensor as
D) \ 19 \
THIXL/V J(q17 QQ7p) - Z 1‘;,“«1’ UVp(qh QQ)flV<Q%7 QS) ) (543)
94p =0 =1

dropping directly the unphysical contributions that vanish upon contraction with the
polarization sum. Hence, the unitarity relation leads to

Imvﬂgi (q%a qgv S/) = 7”;(5, - m%/)meVEV (Q%a qg) 5 (544)
and therefore
- my fv
(a7, 05,43) = —F (41, )5 - (5.45)
g3 —my

Analogous expressions hold for the contributions in the two crossed channels. Again, when
writing a representation that is manifestly crossing symmetric, a double counting must be
avoided. E.g., the crossed pion-pole contributions already contain the vector-resonance

contribution that corresponds to the pion pole in F, in the ¢?- and ¢3-channels.

6 Tensor decomposition for two-pion sub-processes

Apart from single-particle intermediate states, we are mainly interested in two-pion contribu-
tions in the new formalism: in the D-wave of 77 scattering, we find the f5(1270) resonance.
In order to compare the description of this resonance in terms of a NWA with the two-pion
representation (in analogy to the comparison for scalar resonances performed in ref. [50]), we
need to reconstruct the two-pion sub-processes appearing in the unitarity relations for HLbL.
The main missing input is the five-particle process v*v*y — 27, up to the first non-trivial
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order in the soft-photon expansion. As a nested sub-process, the process mm — 77wy appears.
In the following subsections, we present the Lorentz decomposition for these sub-processes,
which are key to set up a dispersive treatment. The dispersive reconstruction itself, which
solves two-pion unitarity, will be the subject of a future publication [54].

6.1 The process 7w — 7wy
6.1.1 Kinematics and matrix element

We consider 77 scattering with the emission of an additional soft photon, 7w — 77y, with
polarization A. We define the process via the matrix element

(m¢(=p3)m (=pa)y (=g, M) |7 (p1)7" (p2))

— —ice)" (=q) [ @ e (w1 (—po)n (= pa) )| (o) ()

— —ie(2m) '8 (p1 + pa + py + pa+ )€ (@) (—pe)r(—pa) 8 O)7° (p1) 7 (p2)

=: —ie(2m)*0W (p1 + p2 + p3 + pa + Q)€ (—q)M" (p1,p2,p3,P1) - (6.1)

In the end, we will be interested in the limit of a soft on-shell photon. Via Low’s theorem [53],
the first two terms, i.e., the divergent and finite pieces in an expansion in the soft-photon
momentum are determined in terms of w7 scattering. These terms need to be defined in
a gauge-invariant way that does not introduce kinematic singularities and such that the
remainder is non-singular in the soft-photon limit, see also ref. [67] for a related discussion.
The part of the remainder that is linear in the soft-photon momentum still contributes to
(9 —2),. It is not fixed by Low’s theorem and needs to be reconstructed dispersively [54].
Possible input could also be provided by lattice QCD [68-70]. In the following, we will
derive the Lorentz decomposition for this contribution.

6.1.2 BTT decomposition

In a first step, we consider the decomposition of the matrix element into gauge-invariant
Lorentz structures. Applying the BTT [42, 43] recipe to the matrix element M*(p1, p2, ps, pa)
is a trivial exercise. Ome starts with four independent four-vectors and applies gauge
projectors, which leave three independent structures. However, these structures become
degenerate in certain kinematic limits, requiring the introduction of three redundant Tarrach
structures. This is equivalent to including the crossed Lorentz structures. The decomposition

then reads
MH(p1,p2,p3,p4) = ZG:Tsz, (6.2)
i=1
where
T{ = pl'(p2- q) — Ph(p1 - q) (6.3)

and the remaining structures are related by crossing:

Ty =Cos[TV'], T§=CulTY], Ti'=-Cis[T{], T5'=-Cu[TY], T§=Cis[CaalTH]].
(6.4)
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Here, we define the crossing operators C;; to exchange momenta (and isospin indices) of the
pions ¢ and j. There is one internal crossing symmetry,

T = —Cp [TV . (6.5)

Crossing symmetry of the full amplitude implies that the scalar functions M; fulfill the
same crossing relations as the Lorentz structures.
Gauge invariance is manifestly fulfilled by the Lorentz structures,

qMTiM =0, (6'6)

and at the same time the scalar functions M; are free of kinematic singularities. The three
Tarrach redundancies read

(p3- Q)T — (p2- QT8 + (pr- @) T4 =0,

(pa-@)T{ — (p2- QTS + (p1- q)TL =0,
(pa- )T — (p3- @)T5 + (p1- )T =0 (6.7)

Eliminating redundant structures introduces kinematic singularities into the scalar coeffi-
cient functions.
Finally, we perform a basis change

6 6
MH*(p1,pa,p3,pa) = > TIM; => TI'M;, (6.8)
i=1 i=1
where
=T, T¥=-TF, T¢=TF, TV=TF4+TV4+TH,
T¢ =-T{+ T+ T, Tf=-T¢-T¢+T}, (6.9)
explicitly
[t =ph(p3-q)—ph(p2-q), T4 =php1-q)—pips-q), T4 =pp2-0)—ph(p1-q),
T4 =q"(p1-q)—pi'd®, TV =q"(p2-q)—p5q°, T =q"(p3-q)—phq*.
(6.10)
The Tarrach redundancies eq. (6.7) imply that the shifts
My = My + (p1- @)A1,
Ma = Ma + (p2 - ) A1 + ¢* Az,
M = Mz + (p3 - q)A1 + ¢*As,
My = My + (p2 - 9)As — (p3 - 9) A3,
M = Ms — (p1 - q)As,
Me = Mg+ (p1 - 9)A3 (6.11)

with arbitrary non-singular A; leave the amplitude unchanged.
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6.1.3 Soft-photon limit

In the soft-photon limit, ¢ — 0, the scalar coefficient functions M, contain double and
single poles, which are determined by 77 scattering alone. We assume a gauge-invariant
separation of these soft singularities that respects crossing symmetries and leaves a regular
remainder, which can be achieved by using a dispersive definition as will be discussed
in ref. [54]:

Mi _ M?oles + M?on-pole . (612)
We are only interested in the leading non-pole term, i.e., in the limit lin%) M?On'pde. Defining
q—
NP 1
M (pr,pa, p3,pa) = > TIMGPOe (6.13)

i=1
we obtain the desired contribution by taking the following derivative:

6
_ 9 g
=3 (5.7)

A~

Mpon—pole(q _ O)

0
7M#eg(p17p27 p37p4)

gy =0 =1 =0
> - 1
= Y anppy M (g =0), (6.14)
i7j7k:1

with the antisymmetric tensor €193 = 1. The first three coefficient functions ./\>lZ contain a
Tarrach redundancy of the form

M= M+ (pi-A, i=1,2,3, (6.15)

with arbitrary non-singular A, which, however, drops out in the limit ¢ — 0.

0.0 +

In the following, we will focus on the mixed-charge channel 7°71° — 777~ : in the

isospin limit, the fully charged process "7~ — 77~ can be related to this amplitude [71,
72]. Bose symmetry implies

MH* = Cqy [MM] = —Csy [M“] = —612[034 [M”” . (6.16)

Since the scalar coefficient functions only depend on the scalar invariants, in the limit ¢ — 0
they are invariant under simultaneous crossing of the two neutral and the two charged pions:

Mi(q = 0) = Cia[Csa[Mi(g = 0)]] (6.17)

Assuming that the definition of MfOIGS respects crossing symmetry, not all three scalar
functions are independent at ¢ = 0, but one finds

MG (g = 0) = — M (g = 0). (6.18)

Thus, we define the new tensor decomposition

a v U\ A, v U\ A,
94 Mo (p1,p2,p3,04)| = (PsPY — Piyps) M + (P'ps — phpT) Mo (6.19)
v q:O
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where
My = MR = 0), My = MEP(g = 0). (6.20)

In the limit ¢ — 0, the five-particle process reduces to four-point kinematics. The scalar
functions M7 and My are functions of the Mandelstam variables s = (p1+p2)2, t = (p1+p3)?,
and u = (p1 + p4)?, fulfilling s 4+t +u = 4M?. Crossing symmetry further implies that M
is symmetric and My is antisymmetric under ¢ <+ u. These functions will be reconstructed

dispersively in ref. [54].

6.2 The process v*v*vy — 27
6.2.1 Kinematics and matrix element

As a sub-process in the new dispersion relations in triangle kinematics, we require the
(unphysical) process v*y*y — 27 with two off-shell photons as input. C-symmetry of the
strong interaction implies that the two-pion state is odd under charge conjugation and
hence pure isospin I = 1, i.e., only charged pions contribute. We define the process via the
matrix element

(m (p1)7 (p2) |7 (g1, A)7* (g2, A2)7v (g3, A3))
=ie*(2m) 16D (p1 +po — @1 — g2 — Q3)€,/>1 (q1)€)? (2)€3* (g3)

X / d'zdy e eVt (p)n (p2) | Tk (%) e (¥) e (0)10)

=:ie3(2m)" 0 (p1 + p2 — @1 — g2 — @3)ep (@1)ep? (02)€3* (a3) MM (p1, p2, a1, 2) . (6.21)

We are interested in the case where the on-shell photon with q% = 0 is soft and we will need
terms up to linear order in gs.

6.2.2 BTT decomposition

We start from the BTT decomposition [42, 43] for the process y*y*y* — 7w 7~ with three
off-shell photons. The construction is of considerable complexity, since the rank-3 tensor
structures depend on four independent four-momenta. In the construction, we keep photon-
crossing symmetry manifest. We define the momenta ¢4 := p1 + p2, g5 := p1 — p2, hence
q1 + q2 + q3 = g4 The BTT construction starts off with the following 76 naive rank-3

tensor structures:?

LM = Lt avad, a g™, ¢ g™, g gH . 22
(i {ql G 4G9 9G9I }ie{2,3,4,5},je{1,3,4,5},ke{1,2,4,5} (6.22)
The application of projectors
®ov v, A M
IfQV — g,ul/ . 9241 Ié/3>\ — VA 9392 I?i\lu — g)\,u o 4193 (623)

QI‘QQ7 Q2'QS7 q1 43

3 Although for five-point kinematics, the 64 structures that do not contain the metric tensor already form
a basis in 4 space-time dimensions [73], we keep all structures as we are interested in the degenerate soft
limit, which corresponds to four-point kinematics.
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maps 40 structures directly to zero. The remaining structures map to structures with
kinematic singularities, which are removed following the BTT recipe. In the end, the set of
structures has to be enlarged again to account for Tarrach degeneracies. We end up with
a highly redundant set of 74 off-shell structures, split into 20 distinct equivalence classes
under photon crossing;:

74
MU (py,pa, g1, 2) = D TIAA,;. (6.24)
i=1
The 20 photon-crossing classes of tensor structures are defined in appendix C.1. There
are 38 Tarrach redundancies, leading to 36 independent structures in D dimensions. In
4 space-time dimensions 9 additional relations due to the Schouten identity reduce the
basis to 27 elements. This agrees with the number of helicity amplitudes for three off-shell
photons, 3% = 27. In contrast to n-particle processes with n < 4, such as y*v* — 7w
or HLbL [15, 41], parity does not reduce the number of independent helicity amplitudes
for a five-particle process [73]: in this case, the contraction of the tensor structures with
polarization vectors leads to angular dependences of the helicity amplitudes that can be
expressed as a non-trivial dependence on the parity-odd invariant eW,\gq’f a5 qg\qg.

6.2.3 Soft-photon limit

In analogy to mm — m7my, we assume an appropriate gauge-invariant splitting of the
amplitude into soft-singular and regular pieces,

Ai _ Ag)ole + A?on—pole7 (625)

where the scalar functions A?Ole contain double and single poles in the soft-photon limit
pon—pole

i are regular in

g3 — 0 and can be expressed in terms of v*y* — 777 ~, whereas A
the limit g3 — 0. Defining

74

v\ snon-pol
Mﬁ‘e'?(php%%,%) = THATPOE (6.26)
=1

we are interested only in the leading non-pole term, which is obtained from

o 74 o R |
—— MM (py,p2, g1, g2 = (T-W ) AP (g3 =0
s, o ( )quo ; a1 e ( )
74 N )
= 3TN (g1, g2, g5) AT (g5 = 0). (6.27)
=1

With a basis change that does not introduce any kinematic singularities, it is possible to
express the soft-photon limit of the regular part in terms of 34 structures

0 LN R
B—M{fe’?(m,pmql,qz) =Y 1M (q1, 42, 05) Ai (6.28)
430 3=0 =1

The soft-photon limit of the five-particle process corresponds to four-point kinematics and
we define Mandelstam variables

s=(q1 +q)?, t=(q—m)?, u= (g1 —p2)?, (6.29)
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fulfilling s + ¢ +u = ¢% + g3 + 2M?2. The matrix

MUV Ao
T;

Cij(s,t —u, 47, 3) = (1,42, 85) T 00 (a1, G2, 05) (6.30)

has rank 27: the set of structures T/ A% otill contains six Tarrach redundancies and the
Schouten identity implies one additional linear relation in 4 space-time dimensions.

In order to further reduce the redundancies, we consider crossing symmetry, in analogy
to the case of v*v* — 7w [41, 74]. We define Ci2 as the crossing operator exchanging the
two off-shell photons and Cs as the crossing operator for the two pions, exchanging p; and
po or, equivalently, g5 — —g5. The amplitude is even under photon crossing, but odd under
pion crossing, since the two pions are in the isospin I = 1 state:

A A
Mfelfg = Ci2 [M#el:g)\] =—Cs [M/rLeVg ] =—Cs [612 [Métel:g/\” . (631)
In the limit g3 — 0, the crossing operations act on the scalar functions as
C5 [./2(2'(8, t— U, Q%v qg)} = Ai(sa u— t7 q%a q%) ’
C5 [C12 [Ai(sa t— u, Q%a q%)” = ./47;(3, t— u, qgv q%) . (632)
Ti;w o

It is possible to choose the basis in such a way that all the elements have definite

crossing properties:

TZ!LWA;U = —Cs [Tiuv)\;a = —Cs [612 [Tim/)\;a” for i € {1’ o ,9} ’

[ —

THXe — _Cs[TH0] = Cs[Cra [T for i € {10,...,18},
Trede — g [THA] = —C5[Caa [T for i € {19,...,28},
THAT = C [T = C5 [Cya [T for i € {29,...,34} . (6.33)

This implies that the scalar coefficient functions contain kinematic zeros of the following form:

Ai(svt_u7Q%7q§) :ﬁiAi(S,t_U7q%,q%)7 (634)
where

ki =1 forie {1,...,9},

ki =q — ¢ for i € {10,...,18},

ki =t—u for i € {19,...,28},

ki = (g} —g3)(t—u)  forie{29,...,34}, (6.35)

and the functions A; are still free from kinematic singularities. The kinematic zeros that
follow from the crossing symmetries allow us to remove all but a single redundancy in the

tensor basis, hence we only need to keep a subset of 28 structures ;7" YA and write
0 N N i 2 2
vo
86]3 M#eyg (pl,pZ»(h,QZ) = Z,I'@lu (Q17Q2aQ5)~Az’(5,t - uvqlaQZ) 3 (636)
4 3=0 =1
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where the tensor structures 7" A% have mass dimensions between 4 and 10. They are given

in appendix C.2. We express the scalar functions A; in terms of the 74 coefficient functions
Apon-pole(qg o 0)
i =0):

74
Ai(s,t —u,qf,a3) = ag AT (g5 = 0), (6.37)
=1

where the matrix a;; contains poles of the form 1/(¢? — ¢3) and 1/(t — u), which are
cancelled in A; by kinematic zeros due to crossing symmetry. The matrix a;; is provided
as supplementary material, together with a Mathematica notebook that makes use of
FeynCalc [75-77].

The remaining redundancy only involves structures of dimension 8 and 10 and has
the form

0=(t—u)?T™ — (¢ — @ — )@} — @3+ )TN 4 (@ + g3 — )TN . (6.38)

We can write the soft-photon limit in terms of a basis:

0 2T _
5 M pr,pa, a1, @) =D BN (g1, 42, 05) Ai(s, t —u, a3, 63) (6.39)
430 =0 =1
where
Bul/)\;a _ #Tﬁwk;a B/ﬂ/)\;a _ #T,uu)\;a
22 q%_’_qg_s 22 ’ 27 q%—kq%—s 27 )
Ao VAo .
BT =T forie {1,...,21,23,...,26}. (6.40)

The redundancy is traded for the following kinematic constraint:

Azy = (¢ + 5 — 8)Azy — (t — u)? Asg,
Agr = (qf + @5 — ) Aoz + (6§ — &5 — 9)(qf — & + 5)Ass,
Ai=A; forie{l,...,21,23,...,26}, (6.41)

which ensures that the spurious kinematic singularities in eq. (6.40) drop out in eq. (6.39).
We note that in contrast to HLbL in four-point kinematics, the assumption of unsubtracted
dispersion relations for the basis coefficient functions A; does not require sum rules for the
functions A; beyond the ones that guarantee basis independence for the regular tensor in
the soft-photon limit. In addition, the spurious singularities in eq. (6.40) are harmless: their
cancellation in the imaginary part of the HLbL scalar functions I1; is numerically uncritical,
because the imaginary part in the dispersion relation (3.1) is evaluated only for qiz <0
and s > 4M?2.

This shows that dispersion relations in triangle kinematics, together with the derived
tensor decompositions for the sub-processes, open up a path towards the dispersive evaluation
of two-pion contributions beyond S-waves, including tensor-meson resonances in the D-wave:
the new formalism is not affected by ambiguous singular subtractions that require the exact
fulfillment of sum rules by the HLbL tensor.
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7 Conclusions and outlook

In this paper, we introduced a novel dispersive framework for HLbL which directly applies in
the kinematic limit relevant for a,,. We showed in detail how this allows us to overcome issues
with kinematic singularities that affect intermediate states of spin two and higher present
in the established dispersive approach in four-point kinematics. In the new framework, a
reshuffling of intermediate-state contributions takes place and further sub-processes enter the
two-pion unitarity relations. These can be dispersively reconstructed without introducing
kinematic singularities nor ambiguities. Our results pave the way for a first complete
data-driven evaluation of all contributions to HLbL that are described in terms of exclusive
hadronic intermediate states and that are required to reach an accuracy matching the final
precision goal of the E989 experiment at Fermilab.

We stress that the goal of our new dispersive formalism is not to replace the established
one but rather to extend and complement it. The dispersive reconstruction of the sub-
processes needed to solve two-pion unitarity in triangle kinematics will allow us to obtain
numerical results for two-pion contributions to HLbL beyond the S-wave, including the
f2(1270) resonance in the D-wave. Once a description of all relevant sub-processes is
available, a detailed analysis of the reshuffling of intermediate-state contributions with
respect to the established approach will be possible yielding more robust estimates of
suppressed effects. Therefore, while the new formalism offers a path towards a dispersive
treatment of higher-spin resonances, we expect that the detailed comparison of the two
approaches will be very useful even for contributions that can be included in the established
approach, such as scalar and axial-vector contributions. Moreover, the new approach
provides new perspectives on the matching onto asymptotic constraints [19, 78]. A suitable
combination of the two dispersive approaches to HLbL will enable a precise data-driven
determination of this contribution with reliable uncertainties, compatible with all theoretical
and experimental constraints.
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A Scalar toy examples

A.1 Triangle diagram

As an illustration of the cancellation of soft singularities between s- and g3-channel unitarity
cuts in HLbL, we consider the simple example of a scalar three-point function. We define
the triangle function by
d*l i i i
Cold?. 2. a2 — / .
O(Q17q27QS) (27[_)4 12— M2 (l _ q2)2 — M2 (l + q3)2 — M2

(A1)
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The Feynman parametrization reads

(l—z—y—=z
CO(Q%a qga q%) 16 162 / d:pdydz ( Alggy )

For values of q%73 that avoid anomalous thresholds [79], the Cp function fulfills the following
dispersion relation:

1 [ A1 Cy (s, 2’ 2
Cold i3, 43) = A 452100545, 95)

M2 5 —qi — i€

00(5+Z€ QQ,(];J,) CO(S_i€7Q%aQ§)
21

1 1 —s(s—q5 —q3) +/s 3—4M2)\1/28
= Tom 125 8 2 (s
A5 (8) —s(s—q5 — q3) — /s(s —AM?)N\57(s)
Xij(s) = A(s, 47, q7) - (A.3)
Consider now the scalar triangle diagram for degenerate kinematics g3 — 0:

1L dv 1 1 1
Co(q?, 42,0 :*/ '
O(Q17Q17 ) i (27T>4l2—M2 (l+q1)2—M2l2—M2

Explicit evaluation of the integral gives

2(,2 _ 4M2 2M2 2
Co(q?.q7,0) = —161 5 L log< il 2M)2+ ql) . (A5)
™ \Jat(af - 4M?)

AlCO(S ‘Z2a(J3)

This function satisfies a dispersion relation

1 [ A
CO(Q%:Q%7O) = */ ds CO(S). )
T Javz 8 — qF — e

Co(s + i€, s +i€,0) — Co(s —ie,s —i€,0) 1 1

A S S
Co(s) = 2 167 \/s(s — 4M?)

(A.6)

This representation can also be obtained by starting from the dispersion relation (A.3):

1 A
Colg?.4}.0) = f/ 45 21C0 (5,1, 0)
T JaM?2

J

s—ql—ze
1 1 s—/s(s —4M?)
A1Co(s,q?,0) = — 1 . A7
1 O(S q ) 167T8—q% 0g <S+ 8(8—4M2)> ( )

The double pole can be written as a derivative of the Cauchy kernel:

1

o0 o 1 -1 s — (s —4M?)
2 2y — = ds— <> —1
Colar, 41, 0) WAMQ *Ds s—q}) 167 ©8 s+ +/s(s —4M?)

1 /"O gs L 1 01 1, s—/s(s —4M?)
= 0
T Jaz s —q2 s 167 8 s+ +/s(s —4M?)

1 [ 1 -1 1
= — d — , A8
WAM2 ss—q% 167 /s(s — 4M?) (A4.8)
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where we integrated by parts. However, this trick only works because g3 appears in
A1Co(s,¢3,0) as a pure pole. More generally, we can derive the imaginary part in analogy
to eq. (3.5):

AC(s) = Co(s + i€, s + i€, 0) - Co(s — i€, s — i€, 0)

2
) [C’o(s + i€, t +i€,0) — Co(s —ie, t — ie,())]
= lim ;
t—s 2
_ 1 Co(s +ie, t +1i€,0) — Co(s — i€, t +i€,0)
~ s 2i
Co(s —ie, t +i€,0) — Co(s — i€, t — i, 0)}
+ -
21
i Co(s + i€, t +1i€,0) — Co(s — i€, t + i€,0)
~ i 2i
N <C’0(s +ie, t +i€e,0) — Co(s + i€, t — e, O))?
29
~ lim [Ang(s,t +i6,0) + (AaCh(s + ie,t,O))*} , (A.9)

where we made use of the Schwarz reflection principle. Note that the limits of the individual
terms in the bracket do not exist due to the soft singularities in the discontinuities. However,
these poles cancel in the sum of the two discontinuities. The explicit calculation gives

ACo(s) = lim |:AIC()($, t +1i€,0) + AoCo(s + ie, t, 0)*]

1 1 1 1
= Tor o [3 — f(s) + — Sf(t)} =151 5) (A.10)
where
. s —/s(s —4M?)
f(s) =log (s " m) ; (A.11)
i.e., indeed

(A.12)

A.2 Box diagram

Similarly to the triangle diagram, we consider the scalar box integral with equal internal
masses, defined by

Dol odBos.) 1/d4l 1 1 1 1

S = -

0 QI7q2ﬂq3?Q47 ) Z (271_)4 l2—M2 (l+q1)2—M2 (l+q1+q2)2—M2 (l_q4)2_M27
(A.13)
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where s = (g1 +¢2)? and t = (g2 + ¢3)?. This loop function satisfies the following dispersion
relation in the Mandelstam variable s:

L[ ADol(g?, 3, a3 @3, 5t
DO(q%’q%aqgaqzvs)t)zi/ dS/ : O(Q1’q2 40, ’)

7 Janr? s — s — i€ ’

DO q25q27q27q2 8+i67t 7D0 q2 q2aq2aq2757i67t
BD B s, 0) = DAL o 2T D) = Dol o 1)

1 4M? 1 1
= ——1/1— Q2 A.14
642 | s / l(l+q1)2—M2(l—q4)2—M2’ ( )

where in the phase-space integral, [ = M?, |l_[ = 7”_24]\42. The phase-space integral can

be evaluated explicitly by using a Feynman parametrization for the two propagators. It

can also be converted into a second dispersion integral, which leads to the double-spectral
representation [41, 80].

Alternatively, the Dy function satisfies a dispersion relation in the virtuality ¢3 for fixed
Mandelstam variables:

1 [~ AsDo(qi,q3,w,q3,5,1)
D22,22st:—/ dw b
O(QquQ q3,945 S, ) 7 a2 w_qg_z‘G

Do(q3,q2,q% + i€, g3, s,t) — Do(q?, 43, g3 — i€, g2, s, t
AsDo(. 2162 . 5.1) = 041,92, 45 + 7€ 41 5, t) — Dolai, 43,43 — i€, i 5, 1)

21
1 402 1 1
=——/1— ds}
6472 a3 / l(l—ql—q4)2—M2 (1 —qq)%— M2’
(A.15)
where 12 = M2, |I] = M.
We now consider the box diagram in the kinematic limit g4 — 0:
1 [ dh 1 1 1 1
Do(a? 0. a2.0. 02 a2 — / ‘
o(d1, 92,45, 0,43, q1) i) @mA—M2(I+q)?— M?*(I+q +q)? — M2 12 — M?
(A.16)

This function satisfies the following dispersion relation in ¢3:

)

1 /> ADy(¢?, ¢3,5)

2 2 2. 2 2 0191, 92

DO(Q1;Q2;Q3707Q37Q1) = %AMQ dsﬁ
3

DO q2)q258+i€)0)8+i67q2 _DU q25q275_i67058_i6)q2
ADO(Q%,Q%,S): ( 1542 1) ( 1542 1)

27
_ b 1 2M*(s —qi +43) — 565 (A7)
167 \/s(s — 4M?2) M3 io(s) + sqiq3 '

Similarly to the case of the triangle diagram, this discontinuity can be obtained from the
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discontinuities for non-degenerate kinematics:

ADO(q%aqg)S) = &Jlm

—S

[Dg(q%,q%,s—l—ie,O,w+ie,q%)—Do(q%,qg,S—i—ie,O,w—z'e,q%)
2

+

Do(q%,q%,s+z‘e,0,w—z‘e,q%>—Do<q%,q%,s—z‘e,o,w—z’e,q%)]
21

Do(q?,q3,5+1€,0,w+ie, qf) — Do(q?, 43, s+ie,0,w—ie, ¢} )
21

= lim

w—S

+

<D0(q%7(J%38+i6707w+i€7Q%)
21

. . *
—Do(q%,qg,s—ze,O,w—{—ze,q%)) ]

= &)linm l:AsDO(Q%q%’S+i6a07w7q%)+A3D0(q%7qgv8707w+i67q%)*:| ) (Alg)

where again the limit of the individual terms does not exist due to soft singularities in the
discontinuities, which cancel in the sum. By explicitly calculating the discontinuities AgDg
and AsgDy using Feynman parameters, we indeed reproduce (A.17).

B Tensor-meson contributions

The contribution of tensor mesons in the NWA to the s-channel unitarity relation is given
by egs. (5.33), (5.34), and (5.35), with the following coefficients:

t4,1(q%7 95) = T )
tio(at,@3) = < (mh + (¢ + @B)m? — 2(a} - 63)?) |

3mi — 2} — i)?) ,

Wl W N

tas(qt,@5) = = (mp — (qf +

)

taa(ai, a3) = tas(a3, af) = %(m‘% @mi— (¢t - 63)?) .

ts1(qi,53) = te1(q7,q3) = —mp(mi — ¢ — ¢3),

ts3(qi,3) = t55(Q17Q2) = t6,3(a3,41) = —t6.4(3,47) = (M7 + @3) (M7 — ¢i — @3) ,
t5.4(q7, 43) = to5(q7, 43) = %(m% —qi — @),

tra(q?,43) = tr5(q7,43) = —tra(ai, ¢3) = —tr3(ai, 63)

= tsa(5,q7) = t3,5(a3,q1) = —ts2(03, 47) = —ts3(¢5, 47) = 2(mF — ¢i +¢3) ,
to,3(q1,43) = t101(47,63) = t133(af, 43) = t1a1(q7, 43)

=t501(q%,43) = t511(q5, 43) = —ts0.1(q5,43) = —2m7,
to5(q7,45) = tr0,4(q7,¢3) = t13.4(q7,43) = tra5(qi, 43)

= —t9.a(q7,¢3) = —t135(q7,93) = m¥ — 4i — G,
t103(q1, 43) = —t10,5(a1, ) = t143(63, 1) = —t1aa(g3, ai) = 2(m7 + 3) ,
ti1,3(at, 43) = tsa3(d7, 43) = ti63(a3, 47) = & — 43,

2
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t114(q%,43) = tsaa(q}, @3) = —t16.4(q1, @3) = t165(d3, a7)

1
—t11 5(612,%) t545(Q27Q1) (m%—Q%-HI%),

2
t1771(qf7q§) =- 10;71T ;
ti73(qi,q3) = %(2?%% +5(¢f +43)),
tira(qt, 43) = tir5(a3, q1) = é(7m% —7q} —13¢3),
t303(q7,43) = 2my — ¢ — G5 ,
t30.4(q7, 43) = ts0,5(q3, q1) = %(—3771% +3¢1 +43),
ts0,3(q7. 43) = ts1,3(d5.43) = 4 + G5 »
ts0a(a?. ) = 151,002, ) = 10563, ) = 151563, 67) = 5 (m — % — 363) (B.1)

and all other ¢; ; vanish.

C Tensor decomposition for v*vy*y — 27w

C.1 Off-shell tensor structures
The 20 photon-crossing classes of tensor structures for the off-shell process v*v*~v* — 27

are defined by the following representative elements:

A v v v v
T = (q1-02) (5 9™ — a5 g™) +(q1-a3) (65 9" — b g™)
+f ((q2°¢3)9™ —qéqg)+QT(QQ’Q§—(Q2'Q3)9“") :

T = (g (q1-02) — b (q1°03)) (63 05 — (q2-03)9™) |
T = (¢ (a1 ¢2) — d (a1-a4)) (a5 — (a2-a3)9™) ,
Tﬁw\ (qg(fh “q2)— qg(Ql %))(ngg (%'%)9”),
T = (g (qr-a0) —df (ar- q5))(q%q§ (22:03)9™),
T =g [(a2-08) (a1-05)9™ — a0 a8) + a3 (a5 (a1 -05) — (a1 -a5)) |

)
+(q2-q4) _qg(Qi\qg—(Qr%)g V- (q1-05) (g 9™ — qgg’\“) ,

T3 = [(010) (6505 — (02°02)9") 5 (a1 (a2 02) — ¢ (1 2)]

A
T = a3 [(q1-43) (24 d% — (q2-q5) 9™ )+ (¢4 (q2-q5) — & (qu - Q2) ]

9

)
+(a5-00) [} (a1-02)9™ =} 5) + (@2 a2) (a2 g™ — ¥ ™) .

)

")

+(a3°a5) |08 ((a1-a2)9™ —a}ab) +(a2-a5) (4 9" —
T =2(a1-02) (a1-03)a 9™ — (- @1) | (a1-02) (5 9™ a5 )+(q1-q3)(q2“g” 29")|

—at [ 1) (g2 3)9™ +3 (20} (a1 a3) —d (1)) |

— a1 [(a2-05) ((q1-04)g"" 24 ) +45 (24} (1-42) — @& (q1-aa))]
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DN
T =2(q1-q2) (q1-43) g5 9™ + (q1-g5) [ql @) (5™ —d ™) +(q1-a3) (639" — “9”)}

+qf [QZ (a5 (q1-05) =205 (q1-43)) — (q1-g5 (Q2'Q3)g)‘”}

+a1 [(02-a3) (2l a — (a1-95) 9" ) + a5 (a5 (q1-a5) —2¢E (q1-42))]
T = (¢ (a1-a3) — s (a1-q0)) [(a3-a0) ((a2-a5) 9™ — a5 ¢%) + a3 (a& (a2-a3) — @5 (42-a5))] ,
T = (¢ (q1a3)— 5 (a1-q0)) [(a3-05) ((q2-05) 9™ — @5 ¢%) + & (a% (q2-a3) — @5 (42-a5))] ,
T = (f (q1-qa) —df (a1-65)) [(2-04) ((g3-05) 9 — B 8) +5 (43 (a2-03) — @3 (a3°45))]
T = (g (q1-q1) —d (a1-05)) [(a3-a5) ((92-a5) 9 — a5 0%) + a2 (4% (q2-a3) — @5 (42-45))] ,
T = (¢ (q1-aa) — i (a1-05)) [(a3-aa) ((g2-04) 9™ — @5 ¢%) + a3 (af (q2-a3) — @5 (q2-q4))] ,
T = ¢ {(fn -qa) [(q2-94) ((q1-43)9"" + a5 q7) — a4 (a5 (q1-q2) + 5 (q1-43)) ]

+244 (q1-3) (04 (a102) — 0} (2 )]
+(g3-01) a4 [(a1-91) ((a1-02) 9™+ d5) — 2070} (1)
+(a2-q1) 200 da} — (- a0) (@ ™ +a29™) | ]
T =6} (g2 a0) [(015) ((01-3) 9™ + 5 aF) — 208} (a1-3)]
+ay [2(1?((11'Q2)((J1'Q3)—(Q1'Q5)(Q§(Q1~Q2)+QQ(Q1'(B))]}
+(a3-01) |f [(@1-05) (91-02) 9™+ ah) — 2014 (a1 o)
+(g2-a0) (205t — (a1-a5) (aY o™ +a2g™) ) |,
T = (@1-a1) |43 [(a2-05) ((q1-3)9™ +4 aY) — a5 (05 (- @2)+ 05 (1 -a3)) ]
+(a3-95) |65 ((01°42) 9™+ 0b) — (42-05) (aF ™+ 9") ||
+24} (45 (a1-a3) — 42 (43°45)) (45 (91-42) =41 (@2-05)) ,
T4 = g8 {(ql'%) [(g2-45) ((q1-a3)9™ +d507) — a5 (a5 (q1-q2) +¢5 (1-43))]
+28 (q1-3) (05 (a1°02) — 0} (2°05))]
+(a505) @ [(a1-05) (- 02)9™ + a1 ¢8) —20705 (a1 -02) |
+(a205) [ 200 a5} — (@ -a5) (@ ™ +a29™) ||
= (a5 (a3 0a) — 2 (43°05)) (5 (q1-04) @& (a1-05)) (45 (42°04) — @4 (q2-05)) - (C.1)

2N
T74

The remaining 54 structures in eq. (6.26) can be obtained from the given ones by applying
the following photon-crossing operations:

T ¢ [T‘“”\] A~ [T‘“”\} ,

T — ¢y, [T;w/\] TN 0y [T;w)\} 7 [TS;W)\] T =y [Tg“”\] LTI ey [T%w,\] 7

Tfy* = Caa[TH] . TH ™ = Caa[TH] L TH = Con[TH] T = Caa[TH ] T = Caa [T,
A C), T ,u,u/\] THA _C), [T{?J}\} ’
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T — ¢y i uw\] T — ¢y T ;WA} T G [T%”\] T — ¢y, I w/)\] T ¢y, i ;WA] 7
T2#7V/\ =Cua T3] TWA =Cis[T3g"]
T ¢y, [T;gm] T 0y [T;gu)\} 7
T — €1 [T, T = Coa [T |
T ), [T3“5V/\] LTI —pg [T;E)V)\} ’
T = Caa[ T4 TWA Cus[Ths ], T = Cos [Th], Ty = Coa [TH], T = Cua [T357]
Ti = Caa[ i) TH = Cas[T45] T = Cos [T4] TH = Caa T4 ] Tl = Caa [T
T4 = Cia [T257], T’M =Cis[T4"] T’m Cos [T, T = Caa[Th], T = Cia [T,
A ), [ng')‘] T —yy [T;GV)\} ’

T — €1 [T, T = Coa [T
T4 = Caa[ T ] T = Cas [T
T — ¢y, Er /\] T 0y [ng’*} 7

T — €y [T, T W,\ Cis[T],

;w/\ — [T ,u,u/\] ,w/\ — [T ;w)\} (C.2)

The tensor structures T} YA can also be found in the supplementary material.

C.2 Tensor structures for the soft-photon limit

We express the 28 tensor structures in the soft-photon limit in terms of the derivatives of
the 74 off-shell structures defined in appendix C.1:

VA, a vV
THN (g1 4o, 45) = ( T A) (C.3)

035 *

q3=0
They are given by

HSUVN; O UV 0 UV O FUV;O LU0 LU0 HUVN; O UV O VAo
1] =T7, 7" +175 15 =T33 +T1g T3 =TV 4TI,

)

T,ul/)\,a Tp,l/)\ o +T;u/A o T,uu)\ o T,uw\ o T;w/\ o
4 ’ 5

?

T,uu)\,o' T,uu)\ U—G—T’W}\ He
6

j%%w)\;a _ (t_u)TiuV)\,o

FUVA;O 2N 2N
T3 =T """ +1Tys

Y

T,ul//\ o T,ul/)\ o T;U/)\ o Tw/)\ o T/u/)\ o

) )

(ql uu/\ o (q2 ) (T;u/)\ o T;u/)\ 0')

2 ,ul/)\ o ,uu)\ O’> ;w/\ o _ /J,l/)\ o ,ul/)\ o

ot -a3) (T ). ) (T4 ).
). i) (
=
=

)

T/u//\ o ) (T;u/)\ o /U/)\ o

/J,l/)\ o

1
q% q)(TW’)\U_T/w)\U Tuw\o: THV)\U TMVAU)

= (
=
WAJ —(t—
= (
= (4i

Tp,u)\ o ql

Tuw\ o : /u/)\ o r u) ( /u/)\ o ;U/)\ o

)

u

,ul/)\ o ,uZ//\ o ,uz/)\ o

) ).
‘e u) : ‘e U) ( ,uu)\ o ,uu)\ a) ,ul/)\ o ( )T;w/\ 0 :

T;w)\ o e q )T;w)\ el ( %—qg—l—s)T“V’\ o : TQ;JZ,SV)\,U _ (q% ) (T;w)\ el T;Ll/)\ a) :

DY t—u A A; A; A; A A;
TQ;Z/ cr:(q q2)< . 3/)101/ 0 T,LLI/ o %l/ U)7 Téu; ;0 (t u) (Tglbl/ o éulz/ 0’)’
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Tuuz\ o (ql qz)( ) (Tuuz\ o Tuu)\ 0) ,

Tul/)\ o _ (q%+q% ) (Tw/)\ 0'+T,u1//\ o‘) (q2 )Tuu)\ o'+( % )T,uu)\ 0
1
() [T AT (- >T“"“+5<q%—q%+2 Ty
+ (8*4M7%) (STI;W)\;U+T;W)\ 0 Tw/)\ o T,uw\ O’):|
+ (t_u)Q ( T,ul/)\ o T,uu)\ o Tw//\ o Tw/)\ o T/u/)\ o Tw/)\ o')
T = (t—u) ((af — B =) T + (6]~ +9)TH™) (C.4)

The tensor structures T

A can also be found in the supplementary material.
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