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optimized perturbation theory in a fixed gauge to singlet scalar extensions of the Standard
Model in order to calculate a one-loop effective potential that is real by construction. We
test this computational scheme by comparing such a potential obtained in Landau gauge to
that derived based on the Higgs pole mass. We carry out the latter construction by imposing
physical renormalization conditions, which yields a potential without residual regularization
scale dependence. We use our effective potential to study the parameter dependence of the
critical temperatures in a two-step phase transition of the form (0,0) — (0,w') — (v, w)
that occurs for decreasing temperature in scalar extensions of the SM with two vacuum
expectation values v and w.
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1 Introduction

We know from measurements of anisotropies in the cosmic microwave background [1, 2],
Big Bang nucleosynthesis [3], and direct searches [4] that the Universe contains baryons
and trace amounts of anti-baryons as ordinary matter. From the value of the baryon-
to-photon ratio 7 ~ 6 - 10719 [5] we know that in the early Universe there should have
been approximately one extra baryon for a billion baryon and anti-baryon pairs. These
pairs could annihilate leaving the extra baryons to survive and form the Universe we know
today. This observation cannot be explained by the Standard Model of particle physics
(SM), as it does not predict sufficiently large violation of the CP symmetry [6, 7] required
by baryogenesis [8]. Nevertheless, it is an intriguing question whether the known baryon
asymmetry can be explained by a suitable extension of the SM.



There are two main directions to explain generation of baryon asymetry in particle
physics. One is the mechanism of baryogenesis [9, 10] in which sphalerons provide the
necessary baryon number violating processes. Baryogenesis requires a first order phase
transition as part of Sakharov’s conditions [8], which is strong enough to prevent the washout
of the created baryon number. Another one is the mechanism of leptogenesis [11, 12], which
seeks to create a lepton number asymmetry by involving heavy neutral leptons (singlet states
under the SM gauge group), then turns this lepton asymmetry into a baryon asymmetry by
standard processes [13]. For leptogenesis one needs to know the temperature range where
the relevant phase transition or transitions happened and follow the thermal evolution of
the masses within this range.

Beyond the SM theories may provide a solution to the baryon asymmetry as they
generally incorporate new degrees of freedom. In particular, models with extended scalar
sectors have interesting phenomenology regarding phase transitions in the early Universe [14—
17]. A first order phase transition requires a potential barrier between the symmetric and
the symmetry breaking ground states that can either be generated already at tree level
by a suitable Lagrangian [14], or at loop level by the thermal contributions of bosonic
degrees of freedom [18]. It is known that in the SM, the thermal effects do not produce a
sufficiently strong first order electroweak phase transition (EWPT) as the physical Higgs
boson is too heavy [19, 20]. In extensions of the SM, additional bosons coupled to the
Brout-Englert-Higgs (BEH) field can strengthen this transition [21].

The simplest scalar extension of the SM adds one gauge singlet scalar. For a Zs
symmetric scalar a tree-level potential barrier is excluded between the electroweak mini-
mum and an additional minimum with a non-vanishing singlet vacuum expectation value
(VEV) [14], while thermal effects are generally too weak to strongly affect the thermally
generated symmetry breaking. In these extensions a strongly first order phase transition is
only possible if the singlet VEV vanishes in the 7' = 0 broken phase (see e.g. refs. [15, 22]
for a real singlet and ref. [16] for a complex one). Hence, baryogenesis is ruled out if the
second VEV is also nonzero. Nevertheless, leptogenesis is still possible in such models if
heavy neutral leptons (HNLs) exist. For example, in the superweak extension of the SM
(SWSM) [23] the HNLs are the right-handed neutrinos, which receive their masses from
the finite VEV of a singlet scalar through the BEH mechanism. To study such scenarios of
leptogenesis, we have to find the critical temperatures of the phase transition of the model.

In quantum field theory the effective potential is the relevant tool for thermodynamic
calculations and the study of phase transitions. Evaluated at homogeneous field configuration
from the Legendre transform of the generating functional, it is convex, infrared (IR) finite,
and real.! Some functional approaches used to compute the effective potential indeed
satisfy these expectations [25]. However, for models with non-convex (double-well) classical
potentials the effective potential obtained by loop expansion at a fixed order is not convex in
general [26]. Additionally, beyond leading order the effective potential is complex for small
field values, and even worse, in the presence of massless modes it becomes infrared divergent

'In field theory the imaginary effective potential is usually associated with the decay of the metastable
vacuum [24], which does not concern our study.



starting at three-loops (and its derivatives already at lower loops [27, 28]). In this case the
elimination of IR divergences from the effective potential can be achieved by resummation
of the Goldstone self-energy [28, 29]. In the SM the calculation of the effective potential
was carried out recently at two-loop [30] and even at three-loop order [30-33]. Furthermore,
the infrared instabilities can also be treated with dimensional reduction, where the heavy
modes in the theory are integrated out and the problematic low energy theory is studied
nonperturbatively on the lattice [34, 35]. For recent applications of the method in scalar
extensions of the SM see refs. [36, 37].

The origin of the imaginary part of the effective potential arising in between its minima
within the conventional loop expansion is a consequence of the non-convexity of the classical
potential [38]. In ref. [39] the authors interpreted the imaginary part of the one-loop result
as the decay rate of a specific Gaussian state centered about field values where the classical
potential was concave. Indeed, there are no stable homogeneous equilibrium states in this
region [40]. However, the loop expansion of the effective potential is reliable only when the
defining path integral is dominated by a single saddle point, which is the case for convex
classical potentials. For models with a non-convex classical potential the usual expansion
fails to correctly approximate the exact effective potential as competing saddle points are
usually not taken into account [41, 42]. Mathematically the issue can also be formulated
as the non-interchangeability of the loop expansion and the analytic continuation of a
parameter that controls the convexity, as illustrated in section 13.5 of ref. [42]. A modified
loop expansion, which takes into account two saddle points, was considered in ref. [38].
This procedure leads to an effective potential that is convex and real. Also, a generalized
effective potential that is real and that can be computed perturbatively was constructed in
ref. [43] by coupling the external current to a polynomial of the field.

Motivated by the above considerations, our aim in this paper is to study the tempera-
ture-driven phase transition of scalar extended models with Zo symmetry as a first step in
a phenomenological investigation of leptogenesis. In particular, we plan to find the ranges
of the critical temperatures in a two-step phase transition where the singlet acquires a
non-zero VEV at high temperature, and remains finite even at temperatures below the
EWPT (for vanishing singlet VEV, see e.g. ref. [44]).

In order to calculate the one-loop effective potential, which is enough to estimate the
range of the critical temperature available in a given model, we employ the optimized
perturbation theory (OPT) of ref. [45]. This computational scheme was applied mainly
in scalar models where it was shown to preserve Ward identities (Goldstone theorem)
and renormalizability even at higher orders in the loop expansion [46] as it preserves the
symmetries of the Lagrangian. For an application of the method to describe the BEC-BCS
crossover in a non-renormalizable fermionic model, see ref. [47]. The OPT scheme yields an
infrared finite and real effective potential in a sufficiently wide, relevant region of the scalar
fields involved. The reality of the OPT potential is ensured by the convexity of the classical
potential, which in turn ensures that the conventional loop expansion is reliable. Thus the
application of the OPT solves the problem of the conventional loop expansion which does
not give a real effective potential at vanishing field value, even at high temperature when it
becomes the stable ground state of the system.



Parameters V0 M;, M; M My
Values 246.22 GeV | 125.25 GeV | 172.69 GeV | 91.188 GeV | 80.377 GeV

Table 1. Collection of SM mass and VEV values taken from ref. [5]. At leading order the VEV is
obtained from the value of the Fermi constant as vy = (v2Gr)~1/2.

The paper is organized as follows. In section 2 we deal with the SM one-loop effective
potential at zero temperature. Using Landau gauge, we construct an IR finite effective
potential which is used as a benchmark for the effective potential calculated with the OPT
method. We also discuss the physical parametrization of these potentials. In section 3
we discuss the tree-level potential and construct at zero temperature the one-loop OPT
effective potential in a complex scalar extension of the SM. The parametrizations of the
one-loop OPT potential of this and the SWSM model are discussed in section 4. In section 5
we provide the one-loop thermal corrections to the OPT potential and investigate the
phase transition of the SWSM model. We present several auxiliary computations in the
appendices: the Higgs self-energy needed for the benchmark potential in appendix A and
steps of the construction of the benchmark potential in appendix B, while the derivation of
the thermal masses is discussed at length in appendix C.

2 Standard model effective potential at one loop

The SM scalar sector includes an SU(2), doublet, the BEH field, that in the spontaneously
broken phase is parametrized in terms of real scalar fields as:

1 [ ¢3(x) +iga()
o(z) = V2 <U + h(z) + i¢2($)> ' (2.1)

Here ¢i(z) and h(z) are the Goldstone and Higgs boson fields and v is the constant
background field about which the Higgs field oscillates.
The associated scalar potential

V(¢) = 1’6l + Algl* (2.2)

depends on the mass parameter p? and self-coupling A\. The classical potential is obtained
upon neglecting all oscillating fields in the BEH doublet, and taking the potential to be a
function of the homogeneous background field v:
2
Ve (v; %) = %UQ + %v“ : (2:3)
Here we explicitly indicated the dependence on the mass squared parameter for later
convenience. In order for this potential to have a non-trivial minimum, we require that
p? < 0and A > 0. These tree-level parameters are determined by the VEV vy and the mass
Mj, of the Higgs boson (cf. table 1): p? = —M7?/2 and A = M?/(2v3). The positivity of A
also implies that the resulting classical potential is bounded from below.
The full effective potential is a sum of the classical potential and loop corrections, which

we write formally as
n
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In particular, the first order correction is given by the sum of various one-loop contributions
VO (v; u?) = ZniVCW (m?(v; 1)), (2.5)
i

where each individual mode ¢ with multiplicity n; has the Coleman-Weinberg (CW) form

simy (v; %) (1 m; (v; %)

Vow (m?(v; NQ)) = 6472 Q2

Here m?(v; u?) is the tree-level background-dependent mass squared, and the overall sign
is s; = —1 for fermions and s; = 1 for bosons. The CW form (2.6) is obtained using
dimensional regularization (DR) and modified minimal subtraction scheme (MS), with @
as the regularization scale. The UV divergence proportional to Dy = —e 1+ 95 — In(4n)
is canceled by appropriate counterterms. The value of the constant ¢; appearing in (2.6) is
3/2 for fermions and scalars and 5/6 for massive gauge bosons.?

In the SM all massive particles obtain their masses through the BEH mechanism. In
principle every particle with a mass contributes to the effective potential, but we can safely
neglect all but the heaviest ones. Working in Landau gauge (£ = 0), in which the ghosts

are massless, the background-dependent tree-level masses of the relevant particles are

2,2 2 | 2.2 2 2
grv (9L + 9y)v° _ gzov
iy () = L m(v) = WLTINT _ I (2.72)
2,,2
m; (v) = yt; , (2.7b)
ma (v; u?) = p? + 3 02, méi(v;;ﬁ) =mZ(v; p?) = p® + \?, fori=2,3,4,
(2.7¢c)

where g1, and gy are the SU(2)r, and U(1)y couplings and y; is the Yukawa coupling of
the top quark. The multiplicities of these particles are ng = 3ny, = 3, nw = 2nz = 6
and n; = 12.

There are two issues regarding the effective potential that need to be addressed. First,
the second derivative of the one-loop effective potential, which is the curvature mass of
the Higgs boson, is IR divergent in the minimum vy due to the massless Goldstone modes.
Secondly, as p? < 0, the Goldstone mass squared becomes negative for v < \/—u2/\ = vg
(cf. eq. (2.7¢)). This makes the effective potential complex for field values v < vp. A complex
potential would indicate instability, which we know is not the case, thus this feature is
understood to be an unphysical artifact of the loop expansion of the effective potential. We
discuss these issues in detail in the following two sections.

2.1 Effective potential with parametrization based on the Higgs pole mass

If one tries to construct the one-loop effective potential using renormalization conditions
that preserve the tree-level values of the minimum and the curvature mass of the Higgs

*The value is different as there are d — 1 transverse modes and (d — 1) Dyz = 3Dy + 2 + O(e).



boson [21], one encounters a logarithmic IR divergence caused by the massless Goldstone
modes, collectively denoted by G. This is because, although the one-loop potential (2.6) is
finite for a vanishing mass, its second derivative is not: the bubble integral at vanishing
external momentum B(p? = 0; mg) is IR divergent for mg(vo; u?) = 0. The standard way to
avoid the appearance of this logarithmic divergence is to impose a renormalization condition
on the pole mass M, = M), (see e.g. [48-50]) instead of the curvature mass of the Higgs
boson. At the minimum vg of the effective potential the pole mass is given in terms of the
self-energy II of the Higgs boson as [51, 52]

Mg =m3 (vo; p?) + I (p* = MS; v0) - (2.8)

With this procedure, the bubble integral appearing in the curvature mass is replaced by
B(p? = Mg;mg), which is finite for a vanishing mass because p?> = Mg acts as an IR
regulator.
In order to formulate the pole mass based parametrization of the one-loop effective
potential, we add the following term to the tree-level Lagrangian of the Higgs field
2
§Lsn D 57Z8ﬂh(x)6“h(:v) - %(v +h(z))® - %(v + h(x))*, (2.9a)

which contains through the decomposition
6Z =65+ AZ, 5p° = 6,2 + Ap®, SX =0y + A, (2.9b)

infinite counterterms and finite corrections to the tree-level couplings, both nonvanishing and
scheme-dependent beyond tree level. Then, the usual relations between the bare couplings
Ao, 12 and the renormalized ones are 3 = MQR +0,2, Ao = Ar + 90y, with MQR = 12+ Ap? and
AR = A+ AX. Here p? and A are finite couplings that satisfy the tree-level relations given
below (2.3) by construction and enter into the expression of the tree-level masses, while 0z
and AZ represent the infinite and finite part of the wave function renormalization factor.

Working in a strict perturbative expansion, we choose the finite corrections to the
tree-level parameters, AZ, Au?, and A\, such that they remove all finite one-loop quantum
corrections from the Higgs one- and two-point functions. This treatment ensures that
the pole mass, the residue at the pole, and the minimum of the potential do not change
compared to their respective tree-level values. The counterterms dz, 6,2 and Jy, which
remove UV divergences in the MS scheme, are determined based on the Higgs self-energy
given in appendix A. They cancel the divergences in the potential introduced in (2.5).

The renormalized one-loop effective potential obtained with the above procedure,
presented in details in appendix B, is (my,)¢(v) = my i (v; 12))

V() = 0+ 20? = )2 + 5 ST L2 fm (00)) (0% — oB)?
4 4 1#G

2
nG 4 mg(v) | 3
1 i
* 647r2mG(v) (n m3 (vg) 3

DIF = [mm) <1n mi©) ;) ng@o)mg(v)} . (210)
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where ) = — Z 1982 is an uninteresting finite constant, while the functions l;(r) are
iz 128
9\ /B
Ih(r=1) = 1672 (ﬁ - )7
3yg (7
() = 10 (5 - 3+ 3F()A() )
4 2 2702 (2.11)
g1 r 1 12 — rF=(r)
= —r——1 —(r*=12)F(r)A(r) - ——————A
by (r) = AL [9 P inr 02 12)F0)AR) - A
4
A
lZ r)= 7lW ),
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with F(r) = \/=1+4/r and A(r) = arctan (1/F(r)). These functions encode what
remained from Ap? and A\ after using them to bring the contributions of the modes into
the form seen in the last two terms of (2.10). Without finite wave function renormalization
(AZ = 0), the functions were computed in ref. [48] for regularization scale @ = M;. We
provide a comparison of our formulae to those in ref. [48] in appendix B.

The requirement of the unit residue of the Higgs propagator leads to an improved
one-loop effective potential in eq. (2.10) as compared to the one presented in ref. [48],
because the function VI (v) is explicitly independent of the regularization scale. We also
mention that we obtained V[l](v) through IR finite counterterms, as opposed to those
appearing in eq. (91) of [53] where the problem posed by the massless Goldstone mode was
not addressed.

The Higgs curvature mass can be determined from the potential given in (2.10). It
turns out that the values given in table 1 result in a Higgs curvature mass that is about
5% smaller than the pole mass. This gives an idea on the size of the possible deviation if
one parametrizes the effective potential based on the curvature mass instead of the pole
mass as we do in the OPT approach in the next subsection.

2.2 Optimized perturbation theory approach

In this subsection we apply the OPT procedure [45] to the SM scalar potential in order
to prevent the one-loop effective potential from becoming complex at small values of the
background field, which occurs due to the presence of x? < 0 in the tree-level mass squared
formulae of the scalars. We do not discuss the renormalization of the OPT scheme, which
can be done as in ref. [45]. Here, we simply drop the divergent piece Dyg in the expression
of the CW potential given in eq. (2.6).

Following the approach outlined in ref. [45], we change the classical potential by adding
and subtracting a mass term in the Lagrangian

Lo D —p*|o* — —m?|gf® — (u? — m?)|g|, (2.12)

where m? > 0. The second term is treated as an interaction term (or a finite part of the
counterterm) [54] that contributes first at one-loop order. The new scalar potential takes the
same expression as given in (2.2) with u? changed to m?2. Therefore, within the OPT scheme



we employ the replacement y? — m? in the tree-level mass squared formulae for the scalars
in eq. (2.7), making the Goldstone masses positive for any value of the background field v.
When writing the effective potential at one-loop order in the OPT scheme, the interac-

2

tion term (u? — m?)|4|? is added to the classical potential that contains now m? instead of

12, resulting in
1
V(v 2,m?) = Va(v; 1) + VO (0;m2). (2.13)
Note that the original p? mass parameter is restored in the classical part, but in the

2 mass parameter appears. Thus, if we

genuinely one-loop contributions only the new m
find a physical parametrization with m? > 0, then the potential will be real for all v.

The one-loop effective potential has three unknown parameters: p?, m?, and A. In
order to determine their values we need to impose three conditions on the form of the
effective potential. In the SM, the two unknown parameters p? and A are determined by

fixing the value of the VEV (minimum of the potential) and the value of the Higgs mass:

(2 m2
Condition 1:  2VoPL(ViHZ M) |, (2.14)
ov S ’
2V (12 m2
Condition 2: OPT;Z;” ™) = M}, (2.15)
v=1vg

Here we used the approximation that the Higgs pole and curvature masses are equal. In
section 2.1 we saw that the latter is smaller by about 5 %. For the VEV and Higgs boson
mass we take the values given in table 1. To fix the third parameter, we employ the principle
of minimum sensitivity (PMS), namely that the potential at the minimum (physical point)
should not depend on the value of m?:

OVl (v; u2, m?)
om?

Condition 3: =0. (2.16)

v=v0
Choosing @ = M; for the regularization scale, with the value of M; given in table 1, the
solution of the three conditions is

m? =69 094GeV?,  A=0.12861, pu®>=—8847.9GeV2. (2.17)

Since m? > 0, it is guaranteed that the OPT one-loop effective potential is real for all
values of v, as shown in figure 1. As a comparison we have also plotted the classical scalar
potential and the real part of the potential in eq. (2.10) obtained in the previous subsection.

3 Effective potential in the singlet extension

Scalar extensions of the SM have been popular in the past decades [55-58] as they provide
an interesting phenomenology from a particle physics as well as from a cosmological point of
view. The differences between particular models lie in the number of new scalars introduced,
as well as in their transformation properties. Two very well studied models are the two
Higgs doublet model (2HDM) [59] and the scalar singlet extension of the SM [17, 57]. In
this paper we are going to investigate the one-loop effective potential of the latter.
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Figure 1. Comparison of SM effective potentials. The OPT potential (black, solid) is compared
to the real part of the potential obtained from parametrization via the pole mass (red, dotted),
and the classical potential (blue, dashed). The OPT potential matches the one obtained from
the parametrization via the pole mass to good accuracy: less than 1% relative difference below
the minimum.

3.1 Classical potential
We consider the model where we add a single complex scalar field y to the SM:

(z) = \}ﬁ(w +s(2) +ixe(x)) . (3.1)

Similarly to the BEH doublet, we allow the singlet scalar to have a non-vanishing vacuum
expectation value w. The fluctuations around the constant background are described by
the scalar fields s(z) and x2(x) (the new Goldstone boson).

To allow for non-trivial phenomenology (i.e. having a not completely decoupled scalar),
we allow mixing between the BEH doublet ¢ and the singlet y, and we consider the potential

V(. X) = gl + Aoldl* + i x* + Aclx|* + N o x [, (32)
from which the classical scalar potential is obtained via averaging over all fluctuating fields:

2 2 !

A A A
Var(v, w; g, 1) = %vQ + ot %wz + et + ot (3.3)
As the classical potential is now a function of two background fields, the conditions for
having a potential that is bounded from below, and has a non-trivial minimum are more

involved. For Ay, > 0 the requirement is [60]
N> =24 /AN (3.4)

The boundedness condition in itself does not constrain positive values of .



The background-dependent Goldstone masses are obtained as

mil (v, w; ui) = Gl 8vu¢ ) = M?b + Ap0® + 5102 , fori=2,3,4 (3.5a)
1 Ve (v, w; 3, 1) N
2 L2y VO Pe X 2 2 2
my, (v, w; ) = P Em = py + Aw” + 5 (3.5b)

Due to the mixing of scalar fields, the states h(z) and s(x) are not mass-eigenstates. The
curvature masses for the Higgs boson and the singlet scalar are obtained by diagonalizing
the Hessian of the classical potential:

(3.6)

2 2, MN,.2 /
ws + 3 pv° + Fw Now
le(v,w;u%,ﬂi) = ( ¢ ¢ 2

Now By + 3\ w? + ’\7/1)2

The general formulae for the eigenvalues mgL 4 (v, w; pi, ui) are complicated, but they can
be simplified at the minimum (vg,wp) of the potential. In this case the Goldstone masses
in eq. (3.5) vanish and we can eliminate the u%}x parameters in favour of the vacuum
expectation values:

Mé = =AU — S Wy s /Ji = —)\Xwg —5%:- (3.7)

Exploiting the relations in eq. (3.7), the classical mass squared eigenvalues of eq. (3.6) in
the minimum of the potential are

2
2 (vo,wos 13, 12) = Agud + Awd £/ (ord — Awd)® + (Voowo)?. (3.8)

Requiring that both classical scalar masses are real leads to a constraint on the mixing \:

‘)‘/| S 2\/ AX)‘ ) (39)

which extends the already existing boundedness condition of eq. (3.4) to positive values of
N as well.

In our investigation of the singlet extension of the SM we set the smaller eigenvalue to
be equal to the observed Higgs mass squared, and the larger one to be the yet unknown
mass of the singlet:

mi (vo,wo;ui,ui) = My, ma y (vo,wo;ui,ui) =M. (3.10)

Experimental constraints exclude the possiblity of the opposite assignment [61, 62]. The
expressions for the masses in egs. (3.8) and (3.10) are satisfied by two separate parameter
points {Ag, A\ } for any physical X'. This double covering of the same physical observables
is removed by requiring that the Higgs mass is dominantly due to the vacuum expectation
value of the ¢ field. This requirement is satisfied when

)\/

max |

Agv < Mwg,  forany N € | — X,

max’

(3.11)

~10 -



Indeed, at A = 0 the lighter mass is then given by mgly_ = 2)\¢vg as in the SM. The
limiting value A, is determined for a given set {Mj,wo} by the condition Ayvg = A\ wd,
which gives

_ Mg - M

for M? > M? . 12
QUOMO ) or s > h (3 )

/
)‘max

!/

There are no solutions to the parametrization if N[ > A/ ...

This constraint on the mixing
N is stricter than that of eq. (3.9), thus any parametrization in terms of non-negative
squared scalar masses that results in real parameter values will yield a real potential bounded

from below.

3.2 One-loop corrections

The tree-level treatment described in the previous subsection is general, that is, it holds for
any theory in which the extension includes a singlet scalar. However, the corrections to it
incorporate loops involving all fields in the model. We describe the general approach to
the one-loop parametrization in this subsection, and present the formulae obtained in the
minimal singlet extension and in a more complete model in the following section.

The singlet extended scalar potential in eq. (3.2) has 5 unknown parameters: ui, ,ui, Ag,
Ay, and X. In order to fix them, we extend the procedure applied to the SM in section 2.2.
In addition to the known mass M}, of the Higgs boson and the vacuum expectation value vg
of the ¢ field, we pick a fixed value for the mass M, of the s scalar and another one for the
vacuum expectation value wg of the y field. These give 4 conditions for the 5 parameters of
the potential. We investigate the parametrization by treating \ as a free parameter.

In general the one-loop effective potential is

1
Vi (0, w; 12, 12) = Vi (v, w3 13, 12) + Zchw(m?(v, w; pds 1y)) (3.13)

(2

where the sum is over all fields present in the given model. The background-dependent
masses in the one-loop correction depend in general on both vacuum expectation values.

The singlet extended potential suffers from the same problem as that in the SM, it
becomes complex in a certain region of {v,w}. To deal with this problem, we proceed as
in section 2.2 and introduce new mass parameters for both scalars (cf. eq. (2.12)) denoted
with mgs and mi:

20412 2.2 2 412 20,12 2 24412 2 231,12

£ |6 = 2 — —m36l — m2|x|* — [(u] - m3) + (12 — md)|x?] . (3.14)

The terms in square brackets are treated as interactions, first appearing in a one-loop level
calculation of the effective potential. These terms restore the original mass parameters ui /x
in the classical part of the one-loop level OPT effective potential, as in eq. (2.13), while the
genuinely one-loop part added to this contains the new mass parameters mi I

1
V([)P})T(v, w; ,ué, ui, mi, mi) = Va(v, w; /“‘35’ ,ui) + Z n;Vow (m? (v, w; mi, mi)) . (3.15)

(2
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The conditions to fix the parameters in the effective potential eq. (3.15) are similar to

those used in the SM. First of all, vy and wq are imposed as minima of the bivariate potential:
1

OV (v, w; 13, 12 m3, m?)

Condition 1: X =0, 3.16
ondition 5 (3.16)

V=00, W=wW0

1
ow o '

V=00, W=w0

Condition 2:

Secondly, we require that the curvature masses at the minimum of the potential are equal
to the Higgs boson mass M} and the new scalar mass M. Due to mixing between the
physical states, one has to look at the eigenvalues of the Hessian

1 1
%%&~&%%%>

1 1 (3.18)
0u0Vopr 0 Vopr

M (o, 03 2, 2, 2, ) — (

and relate those to the masses. Let these eigenvalues be given by m2 (v, w; ,u?b, ui, mi, mi),

with my > m_ > 0. We assumed that the Higgs boson is the lighter scalar, thus the
conditions for the masses are:

Condition 3: m%(vo,wg;ui,pi, mé,mi) = M2, (3.19)
Condition 4: m%r(vo, wo; ui, ,ui, mé, mi) = M2, (3.20)
Thirdly, we have two stationarity conditions based on the PMS,

3V[1] v, w; u2, w2, m2, m?
Condition 5: orr( M¢2HX o ™) =0, (3.21)
8m¢

V=00,W=wWo

1
aV([)llT(vﬂ w; /‘53)7 ﬂi? mgba m?()
om2

Condition 6: =0. (3.22)

V=v0,W=wWq
We use these six conditions to fix the values of mi 0 ui /x and Ay y, while N is kept as a
free parameter.

For a given model, the existence of a real solution to the parametrization conditions is not
guaranteed due to the presence of logarithmic contributions involved [63]. While an estimate
for the region of validity can be given in any model based on tree-level considerations, in
general the loop contributions may be significant enough that the parameter regions where
a solution exists are only available through trial and error.

4 Parametrization of SM extensions with a singlet scalar

In this section we are going to showcase the parametrization outlined in the previous section
in two models. In both cases the potential V(¢, x) in the Lagrangian is the same, given in
eq. (3.2). First, we are going to present the parametrization of a model that is the SM plus
a complex singlet scalar only. Second, we take a look at the so-called super-weak extension
of the standard model that includes a complex singlet scalar among other non-scalar new
degrees of freedom.

- 12 —



4.1 SM with a singlet scalar

This model involves no new fields apart from y(x), parametrized as in eq. (3.1), thus the
loop corrections to the effective potential will be the same as those in the SM, plus the
contribution of the scalar s(x) and the Goldstone xa(z). In this model the background-
dependent tree-level masses of the gauge bosons and the top quark remains those given in
egs. (2.7a)—(2.7b). All Goldstone and scalar masses are modified due to the mixing. The
Goldstone masses were given in eqs. (3.5a)—(3.5b), while the scalar masses are understood
as the eigenvalues of the Hessian in eq. (3.6).

We show an example parametrization in figure 2 with a scalar mass Mz = 260 GeV,
x(z) vacuum expectation value wy = 10vg, and regularization scale @ = M;. The figure
shows all 6 fitted parameters as functions of the quartic mixing \. Solutions exist for a
narrow range of \', symmetric around A\ = 0 in rough agreement with the conclusion we
drew in eq. (3.12) from a tree-level analysis. The characteristic feature of the figure is the
elliptic shape of all parameter curves: there are two solutions at any value of X’ that can be
related to each other by a simple reflection. As discussed around eq. (3.11), this doubling
is expected and we can select the physical solution as that with the lighter scalar mass
(i.e., the Higgs boson) mostly given by the vacuum expectation value of the ¢ field. As
the scalar sectors completely decouple at A’ = 0, the left-hand side plots in figure 2 should
reproduce the SM result in eq. (2.17) (shown with red stars). The physical selection in
eq. (3.11) is equivalent to choosing the half of the elliptic curve on which the SM point lies.

The reason for parametrizing the model using the OPT approach was to obtain an
effective potential that is real for any value of v, w. In the SM this was shown to be possible
in section 2.2, however the SM is a theory with enough observables to uniquely fix all
of its parameters. Any extension to the SM will have new degrees of freedom, thus yet
unobserved values for certain physical quantities. However, there is no guarantee in the
parametrization conditions that the potential will remain fully real for any solution. In
figure 2 the parameter value mi becomes negative above® a certain value of )’ indicated by
the dotted blue line. At these parameter values, the potential is complex in a given region
centered at the origin of {v,w}, however it is real at the minimum.

The parametrization depends on the values of M, and wgy. For a particular choice,
a generic solution is shown in figure 2. In fact, a real parametrization does not always
exist. The characteristic features of the parametrization can be understood mostly using
tree-level relations detailed in section 3.1. In what follows we explore the effects of changing
the (mostly) arbitrary input values for My and wy. From eq. (3.12) we determine that the
non-trivial sector for these parameters is when M, and M), do not coincide, and wq is not
much larger than the scales set by the masses.

Changing the vacuum expectation value wg while keeping the mass M, fixed will result
in parameter ranges shown in figure 3. In all plots we see the changing of the physical \
domain, as described by eq. (3.12). For ui and mi (and less obviously for ,ui and mi)
we see a change in the tilt of the elliptical curves with changing VEVs. From tree-level

3The tilt of the elliptical parameter curves of ui /x and mi /x 1s negative if the new scalar is heavier than
the Higgs, which is our choice.
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Figure 2. Parametrization of the singlet extended SM for My, = 260 GeV, wyg = 10vy, and
regularization scale Q = M;. The circular shapes indicate the possible real solutions to the
parametrization conditions. The unphysical solutions are shown in light gray. The blue dotted part
of the physical parameters corresponds to solutions where the effective potential becomes complex
for some region satisfying v < vy and w < wp, but the minimum remains real. Additionally, at
X = 0 the SM sector and the singlet are completely decoupled, and they can be parametrized
separately (as in section 2.2), leading to the points shown with red stars and green crosses.

relations one can find the difference between the values of ,u(% /x for the two extreme values

for N = +£N ..,

M2 — M2 w

2 2 s h Y0
— o~ 4.1
R 2w’ b

M2 — M2 v

2 2 ~ s h Y0
R T B (42)

As a base assumption we have My > Mp, thus for an increasing wg we expect the solution
curves for ui and ui to rotate clockwise, which is confirmed by figure 3.

The solutions for A, in figure 3 shift upwards with decreasing vacuum expectation
values wg. The border between the physical and unphysical solutions at tree-level satisfies
the simple relation Ayv3 = A\ w? (see eq. (3.11)). In particular, the minimum value of the
physical A, is expressed as
_ M+ M

)\(min)
4w8

X ) (4.3)

which describes the effect we see in the last plot of figure 3.
Next, we look at the parametrization of the singlet scalar extended SM for a fixed
VEV wqy with varying the M, scalar mass. The resulting parameters are shown in figure 4

for wg = 10vy and singlet scalar masses in the domain M, € [200, 300] GeV. We see an

2
X

around X' = 0, as indicated by the dotted lines in figure 4. This is not necessarily an

interesting new feature when M; is varied: mZ can become negative for a symmetric region
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Figure 3. Parametrization of the singlet extended SM for My = 260 GeV at various values of VEV
wg. The solid curves indicate physical solutions where the potential remains real for all values of the
background fields. The light solid curves are the unphysical solutions, while the dotted lines indicate
parameter values where the potential becomes complex in some region of v < vy and w < wy.
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Figure 4. Parametrization of the singlet extended SM for wy = 10vy at various values of the scalar
mass M. The solid curves indicate physical solutions where the potential remains real for all values
of the background fields. The light solid curves are the unphysical solutions, while the dotted lines
indicate physical parameter values where the potential becomes complex in some region of v < v
and w < wg.
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issue, as the minimum point of the potential is still real (i.e., the parametrization exists).
The largest singlet scalar mass for which the potential remains real at A = 0 (i.e., at the
completely decoupled scalar sector limit) is approximated by setting the values of ui and
Ay to their tree-level expressions and solving the PMS condition,

2 o2 2 2 2 2
3Vcw(mcl7+(v,w,m¢,mx)) n OVCW(me (va’mqb’mx)) -0 (4.4)

2 2
amx amx

to obtain mi The upper bound for having a real solution is independent of the vacuum
expectation value wg, and we find the condition for having a real potential at \' = 0 to be

M8<\/%

o <y (4.5)

Larger M values are still compatible with the parametrization, but the resulting potentials
will become complex for an increasing range in A’. The parametrization breaks down (i.e.,
we would require complex parameters to satisfy the conditions at the minimum of the
potential) for Ms/Q 2 1.74.

The choice of the regularization scale @) influences the existence of real solutions to
the parametrization, but their actual value is unphysical. From eq. (4.5) we see that larger
values for the unphysical scale () can accommodate heavier singlet scalars while the potential
remains real. In figure 5 we compare two parametrizations done with different regularization
scales, Q = M; and Q = v/2M,. The value of the quartic coupling depends logarithmically
on the regularization scale, which is a standard result, while the mass squared parameter
ui /x is independent of it. The shifted mass parameters mé Ix introduced in the OPT scheme
only appear in the one-loop part of the effective potential, thus their values depend heavily
on the regularization scale. It is seen in figure 5 that a parametrization done at a larger
@ results in larger positive mass squared parameters mi /0 thus a real potential even for
heavier scalars, in accordance with eq. (4.5).

4.2 Super-weak model

In this section we apply the OPT formalism to a model which includes extra massive
fermionic degrees of freedom. The model chosen here is the SWSM [23]. This model is an
economic U(1), extension of the SM focusing on experimentally reachable light new physics,
and probing the parameter space for various BSM scenarios. The spectrum of the model
extends that of the SM by a complex singlet scalar field x, 3 generations of right-handed
neutrinos N; (RHN), and a massive gauge boson of the new U(1), symmetry Z’'. The U(1),
symmetry is spontaneously broken by the non-zero VEV of x, generating mass for Z’ and
the RHNs through the Higgs mechanism. In refs. [64, 65] it was shown that the model is
capable of explaining MeV scale sterile neutrino dark matter if the coupling g, ~ O(107?)
is tiny, and the VEV of x is comparable to the SM VEV, 2vy < wg < 100vg. We use this
region of the parameter space in the following.

The effective potential depends mostly on the heavy particles (Mmheavy 2 Mw ) in the
spectrum. For the parameter space outlined above Z’ and the DM candidate RHN N; are
light, and their small contribution to the effective potential is neglected. The masses of the
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Figure 5. Comparison of parametrizations of the singlet extended SM with wy = 10vg and

M, = 200 GeV for two values of the regularization scale (). Larger regularization scale leads to
larger values of the m? parameters. Positivity of m? is required for a fully real effective potential,
and larger @) can accommodate heavier scalar masses M, as given by the bound eq. (4.5).

heavier neutrinos only depend on the VEV of the x field (SM contribution is neglected due
to the see-saw mechanism):

2], N for j =2,3. (4.6)
Each RHN carries ny, = 2 degree of freedom (particle and antiparticle), and the Yukawa
couplings yn; are free parameters of the model. The masses of the remaining SM degrees of
freedom remain approximately unchanged: the gauge boson masses were given in eq. (2.7a)
(an O(gg / g%o) correction to the Z boson mass is neglected), and the top quark mass
is (2.7b). The scalar sector is the same as that detailed in section 3.1, in particular see
eq. (3.5) and eq. (3.6) for the Goldstone and scalar masses.

The addition of RHNs to the spectrum only affects the singlet direction in the effective
potential, as their masses only depend on w. Additional fermions decrease the one-loop
value of the mass squared parameter, but increase that of the quartic coupling. Assuming
that in the SWSM the two heavy RHNs have approximately the same mass, the one-loop
corrections to the parameters at A = 0 are approximately (neglecting all contributions
apart from the RHNs)

4,2
~ _YNnWp

N=0 1672’

4 2.2
~ YN YnWo
Mz = Acreelivn ¥ 5,7 108 ( 2 ) |

2 2
MX’X:O - Nx,trcc
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Figure 6. Parametrization of the SWSM in the OPT scheme. We used wg = 10vg, Mg = 200 GeV,
and ) = M, and for simplicity we set yn, = yn,. Only heavy RHNs are shown, as lighter ones
do not significantly alter the parameter values. On the SM side (left panels) the parameters are
unaffected by changing the RHN masses and only the My = 0 plot is shown, i.e., when the SWSM
effective potential reduces to the complex singlet one.

As wy is constrained to be larger than the BEH VEV, the contribution of RHNs is largely
negligible unless their masses lie well above the electroweak scale.

An example parametrization is shown in figure 6 for various RHN masses for a given
value of the scalar mass My and VEV wq. The figure shows that the SM sector parameters
(ué,mi, and \y) are indeed independent of the choice for the RHN masses. The RHNs
shift the singlet scalar sector parameters as described by eq. (4.7). The SWSM does not
change the parametrization significantly as compared to the singlet scalar extension, and
we refer to the previous subsection, section 4.1, for the qualitative picture of the effects of
varying the scalar mass M or the VEV wy.

In this section, we have shown the OPT parametrization of the SWSM effective potential.
The tiny gauge coupling renders the description shown here essentially equivalent to any
extension which includes extra fermions and a complex singlet scalar.

5 Effective potential at one loop and finite temperature
The finite temperature corrections to the effective potential are given by [66]
T4
VOT,m}) = Y i e (md.T) | (5.1)
7
where mf is the background dependent tree-level mass. The sum involves in principle all

particles in the theory. Similarly to the zero temperature case, we can safely neglect the
contribution of the light modes, and only consider the heavy degrees of freedom.
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To cure the IR divergency produced by the static (n = 0) Matsubara mode, it is
costumary to perform a daisy resummation on the bosonic modes, which then adds a
thermal Debye mass to their zero temperature one [18]. Note that for the gauge bosons
only the longitudinal masses are modified, since at high temperature the leading order
of the transverse part of the self-energy is o« m1 whereas for the longitudinal part it is
o T? [67]. Following standard notation, we denote the mass eigenvalues including the
thermal contributions (i.e. the thermal masses) as m;. We give the thermal masses in
appendix C. In the Arnold-Espinosa approach [68] the thermal functions Ji(m?,T) are

given by
2 me 3
T (Zj;) — % (7;; - 7;;)) , if ¢ = scalars, longitudinal modes,
2
J (mZ , T) .
7y <T5> , if i = fermions/transverse modes.
(5.2)

For example, in the SM the longitudinal modes would correspond to Wy, Z1,, and ~1,, the
scalars are the Higgs and the Goldstone bosons, while W, Z1 are the transverse modes.
Even though the photon is massless at zero temperature, its longitudinal component (which
does not even exist in the vacuum) gets a non-zero contribution at finite temperature. We
introduced Z as the fermionic (+) or bosonic (—) integral

Ty (aQ) =F /0Oo dz z?log {1 +eV $2+“2] . (5.3)

The numerical evaluation of this integral for any T and background field value is computa-
tionally expensive, so we use the semi-analytic method described in section 2.2 of ref. [69]
to approximate its result. The idea of this approximation is to expand the integral for
small and large positive values of a? [21], then connect the two series continuously at some
particular intermediate point ag where the derivatives match. Using sufficiently many terms
in both expansions, the analytic result matches that of the numerical one to great accuracy.

With increasing temperature the minimum position of the potential changes, and
at sufficiently large temperatures the system eventually settles in its symmetric phase,
i.e. all VEVs become zero. The order of the phase transition from the broken phase to
the symmetric one and the transition temperature 7. can be estimated by analyzing the
potential at finite temperature. As described in the introduction, a strongly first order phase
transition from tree level effects is excluded in a singlet scalar extension of the SM where
the broken phase has a non-zero singlet VEV. Then only thermal effects create a barrier
between the degenerate symmetric- and broken-phase minima, and two competing effects
have to be considered for the EWPT. On one hand, requiring large couplings of the singlet
to the Higgs boson results in heavy (M > T¢) singlets that do not have any significant
effect at EWPT due to decoupling. On the other hand, a lighter scalar (M; = O(T¢)) is
not decoupled, but consequently it has a small coupling to the Higgs and its contributions
are negligible. A strongly first order EWPT is thus not expected in our investigations
of the singlet extension, and we will not consider it. We emphasize however, that the
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OPT approach can be employed straightforwardly in models displaying a strong first order
EWPT, such as singlet extensions of the SM with vanishing singlet VEV.

In order to be able to track the evolution of the temperature dependent minimum of
the effective potential, we need the potential to be real at any value of the background fields.
In the symmetric phase (at high temperature) the vacuum expectation values of the scalar
fields vanish and the minimum of the potential is at the origin. However, in conventional
calculations the mass squared parameter is negative and the potential is complex below
the zero temperature minimum (see eq. (2.10)), and minimization of the potential is not
defined here unless the real part is taken. Without such a procedure the symmetric phase
cannot be recovered.

In the OPT scheme the masses of the scalars and Goldstone bosons could be made
real for all values of the background fields at 7= 0. Consequently the effective potential
is generally real and its minimzation is well defined. In the leading order of the high
temperature expansion (HTE) the thermal corrections to particle masses are given in
appendix C. For fields where the mass eigenstates differ from those originally in the
Lagrangian (gauge eigenstates), thermal masses need to be calculated by diagonalizing
the full temperature-dependent mass matrix. However, the thermal contributions to the
scalar mass squared may be negative if X' < 0, leading to an imaginary mass (and effective
potential) at sufficiently high temperatures. Imaginary thermal masses are unphysical and
the requirements for their reality can be viewed as constraints on the parameter space.
These constraints are tenuous as there is nothing inherently wrong with having negative
contributions in the thermal mass [70]. The appearance of the imaginary masses can be
interpreted in two ways: either the given parameters are unphysical and should be excluded,
or the model in question is not sensible at these temperatures (which sets the energy scale).

We present the thermal evolution of the minimum of the potential in the SWSM in
figure 7. A benchmark point was chosen with My = 200 GeV, My = 150 GeV, and wg = 5vg
where the absolute value of the mixing was fixed to approximately its maximal value,
|| = 0.0394. Mixing indicates that the scalar fields that appear in the Lagrangian are not
mass eigenstates, and we have to diagonalize the thermal mass matrix at every temperature
to obtain the real masses as eigenvalues. The sign of the mixing also matters, as the
evolution at late times (at low temperatures) is qualitatively different: positive mixing (left
panel) implies that w(T") approaches its 7' = 0 value from above, while for negative mixing
(right panel) wq is approached from below as T — 0 [17].

While the overall shape of the thermal evolution of the minimum of the effective
potential remains the same as that shown in figure 7, the value of the critical temperature
for each phase transition depends on the model parameters. The critical temperatures in
the SWSM depend on four parameters: the masses of the singlet scalar and the RHN Mj
and My, the singlet scalar VEV wq, and the scalar mixing . The )\ parameter takes

values in a finite interval given by eq. (3.12). Thus by fixing the masses we can study

!/

tax) (we focus

the critical temperatures as functions of only wy while varying \" € [0, A
on positive X for simplicity to avoid possible imaginary thermal contributions). We show
one such dependence in figure 8 for My = Q) = 300 GeV and My = 150 GeV. The phase

transitions happen within a temperature band depending on the value of \'. The EWPT
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Figure 7. Thermal evolution of the minimum of the effective potential in the SWSM. In the figure
My =200GeV, My = 150 GeV, wg = bvg, and |N'| = 0.0394. With these parameters and within the
OPT scheme the effective potential is real. The two panels differ in the sign of the mixing: in the left
panel X' > 0 and wy is approached from above, while in the right panel A’ < 0 and wyq is approached
from below as T' — 0. Note that apart from the qualitative difference at low temperatures, there is
also a quantitative difference between the critical temperatures.

critical temperature TV depends weakly on wq even for larger values of the scalar sector

TCSWSM changes roughly linearly

mixing \’. On the contrary, the SWSM phase transition
with increasing wg. The observation of phenomenological relevance depicted in the right
panel of figure 8 is that the SWSM phase transition had to happen at or above temperatures

of O(1) TeV even for a light (but heavier than M},) new scalar.

6 Conclusions

In this paper we applied the OPT scheme for the construction of a one-loop effective potential
that is real for all values of the background field or fields. We first showed the viability
of this approach on the SM effective potential by comparing it to a benchmark potential,
then explored BSM scenarios. In particular, we studied in detail the parametrization of the
SM with an additional singlet scalar, and looked at the finite temperature behavior of the
effective potential in the SWSM. It is straightforward to extend the OPT method for other
models with multiple scalar fields.

We constructed the benchmark SM potential in Landau gauge by revisiting the method
presented in ref. [48] to tackle the infrared divergence in the second derivative of the SM
one-loop effective potential at zero temperature. In our approach we not only imposed the
value of the pole mass of the one-loop Higgs propagator at the minimum of the potential,
but also required that the pole should have a unit residue. As a result of the finite wave
function renormalization, this procedure provides an IR finite one-loop effective potential
without residual dependence on the regularization scale of the dimensional regularization
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(TSWSM | yight panel) for fixed singlet scalar mass M, and RHN mass My = 150 GeV. The blue
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temperatures at constant values of the scalar mixing parameter X', while the blue dashed line shows

/
max?

the critical temperatures calculated at A which is a function of wy (cf. eq. (3.12)).

scheme used, as opposed to the case when the unity of the residue is not imposed. The
OPT potential reproduces this benchmark potential to high relative accuracy (within 1 %)
even for temperatures where the EW phase transition takes place. We expect that after
fixing the gauge, it is safe to use the OPT approach for the calculation of the effective
potential in order to estimate the critical temperatures in phase transitions occurring also
in scalar extensions of the SM.

We have explored phase transitions with the finite temperature effective potential of
the SWSM via the OPT approach. By restricting our search to two-step phase transitions
(0,0) = (0,w') = (v,w) with w # 0, we found that for a light (but heavier than M})
new singlet scalar the EWPT depends only slightly on the BSM scalar sector parameters,
whereas the singlet phase transition happens at temperatures at or above T'= O(1) TeV.
Moreover, the EWPT is first order (as in the SM) but too weak to provide baryogenesis in
any region of the parameter space of the SWSM, as expected from general considerations of
singlet extensions. However, the relatively high scale of the SWSM phase transition may
provide ample time for leptogenesis. This will be investigated in a forthcoming work.
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A One-loop Higgs self-energy in the Landau gauge

The Higgs self-energy can be expressed in terms of d-dimensional tadpole and bubble
integrals. Using the propagator D(q;m) =i/(¢?> — m? —i07), these integrals are defined as

d d
e B0 ) =54 [ mDly — ).

(A1)

Tim) =@ [
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Keeping only those degrees of freedom of the SM that are relevant for the EW phase
transition, the self-energy of the Higgs boson gets contributions from the massive gauge
bosons, fermions, Goldstone bosons, and through self-interaction:

I(p% v) = Hyaq(v) + Mpup (p%;0) (A.2a)
2

o) = BAIT ) + Tme)] — 642 Tme) + (d — ) [T ) + 227 0mz)|,

(A.2b)
My (p?;0) = 23202 [9B(p?; my) + 3B(p?;my)] — 3yi(4m? — p*)B(p?; my)
p?
+{ i (@ = DB ) (2B mi) + Bosmy 0))
4

+ Zl];b%vAmlS’(pQ;mw)} } + {gL — % , mwy — mz} ) (A.2¢)

Here we introduced B(p?;m) = B(p?;m,m) and A,,B(p*;m) = B(p*;m) — B(p?;0) for the

finite difference. The v-dependence of the tree-level masses was not indicated in order to

alleviate the notation. Cancellation occurred between contributions from bubble diagrams

involving momentum-dependent vertices and those containing non-derivative interactions.
In the MS scheme one obtains the following expansions in ¢ for d = 4 — 2e:

2 2 m?
1677 (m)=m <D 1+an >+(9( )s (A.3)
167r28(p2;m,M)—DMS—|—/Oldxln [(1—30)22 3:1522—10+—Q23:(1 x)|+0(e),
(A.4)

where Dy, representing the UV divergence, is given below eq. (2.6).
The p-dependent divergence of Il is produced by contributions of the top quark and
gauge bosons in which the bubble integral is multiplied by p?. These are removed by

9 div D 2 3 3 2
0z = 8 QHbub(p ) ) 167 ) (3 - igL 4gzo>- (A5)

The p-independent divergence of Il is proportional to v?, hence it can be removed by
2026, (see eq. (B.2)), with the coupling counterterm

Dsis ) 3 3
(5)\ = _1671'2 (12)\ Syt + SQL + — 16 ) (AG)

One can check using egs. (A.3) and (2.7c) that d) consistently cancels also the v-dependent
divergence of Il;,q. Its remaining divergence is removed by the mass counterterm

Di
2 = —6Ap2 M (A7)

d 1672

o

Using the correspondence Dyg — 1+ In(M?/A?) (see e.g. [71]) where M and A are
the renormalization and regularization (here cutoff) scales, and egs. (12.50) and (12.53) of
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ref. [72], namely

(W) _ a0 A 1) _ 40 s
6)\ —MW<—(5)\+425Z), /BMQ _MW —(5#2+2?5Z 5
(A.8)

one can verify that the above counterterms give the correct expression of the one-loop ~
and f functions, appearing for instance in eqs. (A34), (A35), and (A36) of ref. [28].

186
1y _ 1, 90z
i s Manr

B Construction of the SM potential based on the Higgs pole mass

In this appendix we work out the procedure outlined in section 2.1, giving the ingredients
needed to reproduce the effective potential (2.10).

With the notation introduced in eq. (2.9), the one- and two-point functions of the Higgs
field have the following form at one-loop level

O:U[u%—i—/\RvQ—FHtad(v)—i—duz +025A} , (B.1)
iG,(p%v) = p* — 2X\0% — [H%: + Ar0? + Tiaq(v) + 0,2 + 1)25/\}
— [21}2A)\ — PPAZ + Ty, (p?50) + 20260y, — p25z} , (B.2)

where we used that the one-loop self-energy is a sum of tadpole and bubble diagrams.
We also used that the contribution of the 1PI tadpole diagrams appearing in the two-
point function multiplied by v is the corresponding tadpole contribution to the one-point
function. The infinite counterterms are used such that each individual square bracket is
finite, which can be explicitly checked using the formulae of appendix A. The finite part of
any contribution to the self-energy is denoted in what follows by the superscript F, e.g.,

M (p%;v) = P (p%;0) + M, (0% 0) - (B.3)

Such a decomposition is scheme dependent and we use the MS subtraction scheme, as
in appendix A.

The requirement that the minimum of the one-loop potential remains where it was in
the tree-level one is equivalent to the requirement that vy, satisfying p? + Avg = 0, is the
nontrivial solution of (B.1), which implies that

Ap? + AN+ TIE 4 (v) = 0. (B.4)

Two more relations between the finite parameters can be obtained from the Higgs propagator
evaluated at the minimum vg of the potential. We use Taylor expansion

ngb(pQ; UO) = ngb(Mi%; UO) + (p2 - Mf%)ﬂl/cib(Mgv UU) + ﬁgub(pz’ Mf%’ UO) ) (B5)
with ﬁgub defined by the equality, and exploit the tree-level relation M, }% = 2)\1)3 to obtain
Gy (% 00) = [p? = M) [1 = (I, (M7 v0) — AZ))]

— (2880 + I, (M v0) — MEAZ) =TI, (07, M7 vo). (B.6)
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Then, the requirement that the expressions in the two parentheses vanish, that is

1
and AN = — I} (M7?;v0) + AAZ,

p2:M}2L 21)8 (B 7)

guarantees that p?> = M, f% is a pole of the Higgs propagator with unit residue due to the limit
2hm , T(p?, My;v0)/(p? — M) = 0. In writing AZ we expressed TI[E | (p?;vg) from eq. (B.3)

p*—M;

and used the definition of dz in eq. (A.5). Conditions similar to those in (B.7) were used in

_ 9 2. 2
AZ = aT)Q[Hbub(p ,UO) -Dp 52}

ref. [73] for the renormalization of the Abelian-Higgs model. We note that while ¢z receives
contribution only from the top quark and gauge bosons, all modes contribute to the finite
wave function renormalization factor AZ.

The renormalized one-loop potential can be constructed using Ap? and A\, given in
egs. (B.4) and (B.7), and the infinite counterterms §,2 and dy, but bringing the result in
the form presented in eqgs. (2.10) proves difficult. A better strategy is to work with bare
couplings. The classical potential written in terms of bare couplings reads

M5 o Ao 4

Vero(vs ) = Qo + ST (B.8)

where we separated a (bare) constant {2y for convenience. We fix g from the condition

VI (vg) = 0, which results in
2 M(Q) 2 2 Ao, 4 4 (1) 2
Varow ) = £2(62 — o) + 22 (0 — ) — VO (w0 ). (5.9)
Our goal is to express the bare couplings pZ and \g and bring the sum of (B.9) and (2.5)
into the form (2.10). The equations determining 3 and )\ are

1 d -
(2 + Movd + G 4 (vo) + ——V W (v; p?) = 0, (B.10a)
Vo d’UO

_ 2
™ M2 (B.10b)

0
115 + 3Xovg + (M5 vo) — MﬁangHbub(PQ; Vo)

The first equation is (B.1), written in terms of bare couplings. We separated in it the

contribution of the Goldstone bosons. The contribution of all the other modes is written

using the comment below (B.2) and is denoted with a bar on the quantity they contribute

to, e.g. VW(v,p?) = ZniVé%(v,m?(v,ﬁ)). The second equation is obtained from
i#G

iG;, 1(M2;v9) = 0, using the first equation of (B.7) and the relations in (and below)

eq. (2.9b) on the right hand side of eq. (B.2).

In order to relate (B.10b) to the effective potential without introducing IR divergences,
one should separate the contribution of the Goldstone modes. Using that the one-loop
contribution of each non-Goldstone mode to the Higgs curvature mass squared is equal to
its contribution to the one-loop self-energy evaluated at vanishing external momentum, one
has the identity

dz _ _ _
II(MZ; vg) = I (M7; v0) + d—vgv(l)(vo; %) + [I(MZ; vg) — T1(0;v0)], (B.11)
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in which all terms are IR finite. Note that the contribution of the tadpoles cancels in the
square bracket: l:I(M,%; vg) — I1(0;vg) = I:Ibub(M}%; vg) — Mpup(0;v9). We denote this finite
difference by AIlyu, (M ,%; v0)-

Using the relation M? = 2\v2 and eq. (B.11), one can solve the equations in (B.10) for
the bare couplings and find

1| d? 3 d |- 1
2_ 2 G = . (1) L2 =
= II —_— = — B.12
MO /’L tad(vo) + 2 dvg /UO d'UO‘| V (UO7N ) 207 ( a‘)
1 | d? 1 d |- C
N=A— — | — — —— | VD (pyg: ?) — = B.12b
0 203 ldvg g dvol V2 (wo; ) 208’ ( )

where T1¢ ;(v9) = 0 in DR and C' = C(M?; ) is a particular value of the function

0 _ 0 =
C(p*vo) = (1 - M2W>H§ub(p2;vo) + Allpyp (M7 vo) — M;%(aT?QHbub(pZ;vo) :
(B.12c¢)

Having determined the bare couplings, one can use the explicit expression of the Higgs
self-energy given in appendix A to perform the final step of the calculation. Adding (B.9)
to (2.5) and using the contribution of each mode to u and \g given in (B.12), a straight-
forward calculation leads to (2.10), showing that all UV divergences and dependencies on
the regularization scale cancel. In the absence of a finite wave-function renormalization a
dependence on the regularization scale () would remain from the contributions of the top
quark and gauge bosons to Allp,,(MZ; vg). The derivatives V(1) and V(1) appearing in the
expression of g and )\ are to be rewritten as mass derivatives for each mode involved. They
combine with V(l)(v; u?) — V(l)(vo; ©?), giving the expression appearing in the last term
of (2.10). This finite contribution of a non-Goldstone mode corresponds to the subtraction
of the first three terms of the Taylor expansion of In(p? + m2(v)) about In(p? + m?2(vp)) in
the defining integral of Vew (m?2(v)).

The functions listed in (2.11) are obtained from the term proportional to C' in (B.12).
Considering only the divergent part of the self-energy when taking the derivative in (B.12c¢)
corresponds to AZ = 0, which is the case considered in ref. [48]. A detailed comparison
shows that for the top quark and the gauge bosons the result given there in (Al) is not
in line with the Higgs self-energy computed e.g. in ref. [51], with which we agree. Namely,
the last term in the contribution of the top quark appearing there should be 47, while
concerning the real part of the gauge boson’s contribution only the first term seems correct.?

A final remark concerns the imaginary part of the self-energy that appears when
contribution of individual modes is considered. As shown in [51], the imaginary parts
produced by bubble integrals with vanishing mass add up to zero in the self-energy evaluated
for vg and p?> = M?. In other words, the coefficient of B(Mp;0) coming both from the
Goldstone boson contribution and the last term in the contribution of gauge bosons in (A.2c)

2
4We obtain 2Refw (r) = (12 — 4r + r?)F(r) arctan (1/F(r)) — 12 + 5r — 3rlnM—’§ — ﬁlnr, where
4 rQ 2

r = M} /m3, (vo) and F(r) = y/—144/r.

— 96 —



vanishes:

2na A2

M} M} M} 1
2 - h[”G ]: . (B.13)

*g — gzo =
L4mw( 0) 20 8mZ( V) U(Q)

Other bubble integrals do not produce an imaginary part when evaluated with physical
masses at vg and p? = M. ,% Therefore, only the real part of the bubble integral has to be
considered when working with the contribution of individual modes to the self-energy.

C Thermal masses

In this appendix we give the thermal masses of various types of fields, calculated at leading
order in HTE. First, general formulae are given for the different contributions, then these
formulae are applied to the SM fields. Similar discussions can be found in refs. [16, 74].
For relations regarding the SU(NV) algebra we take the notation and formulae presented
in ref. [75].

We take the following general Lagrangian for a fermion v that transforms under some
local gauge group:

L = hiy" (10,055 — gTH AL )b; — 4F5VF;” — ypo (C.1)

where T? are the generators of the group in the fundamental representation and g is the
corresponding generic coupling between the fermions and the gauge fields.
The SM is a gauge theory with SU(3).®SU(2),®U(1)y local symmetries where the
gauge covariant derivative of a field f(z) is
igr,

. S i o oo
D, fia = [%5@5@1) —igy0ij0ar Y B, — ?(U “Wi)ij0ab — %5@'()\ ' A,u)ab} fib s (C.2)

where & denotes the vector of Pauli matrices, X is the vector of the 8 Gell-Mann matrix,
1,7 =1,2,3,and a,b=1,2,...,8.
The heaviest particle in the SM is the top quark, for which the Yukawa term is

£ = = tont i indat = oV [b(14+95) (—ds +io)t— 1 =) (9 +ida)t] . (C3)

In the terms involving the fields ¢3 4 the bottom quark field b appears (we neglect mixing
present in the d-type quarks as we focus only on the top-bottom quark doublet). The mass
of the top quark m; = y;v/v/2 is generated by the Higgs mechanism when ¢; acquires a
non-zero vacuum expectation value v (cf. first term in the Yukawa Lagrangian).

The scalar potential of the BEH field ¢ (parametrized as in eq. (2.1)) in the SM involves
a quartic term in the scalar fields

Voum(e) D A|gig)* = Z 6t 3 ¢> 3 . (C.4)
Zsﬁj
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C.1 Scalar thermal mass

The thermal mass of scalar fields is obtained from the self-energy diagrams with fermion,
scalar, and gauge boson loops [18]. For a real scalar field with a Yukawa coupling to a
fermion such as that in eq. (C.1), the thermal contribution is
272
20) _ Yol
Amy " = o

In the SM, the Yukawa Lagrangian for the top quark is given in eq. (C.3). It is seen, that

(C.5)

@12 and ¢34 have different vertices, nevertheless their thermal contribution is the same

22

T
Amift):yt4 . i=1,2,34. (C.6)

Given a scalar potential for a real field ¢ of the form V(¢) = A¢*/4, the two point
function gets contributions from scalar self-interactions and yields the thermal contribution

to the mass:
() _ AT?

2
Amy ™ = T (C.7)
In the SM the potential is given in eq. (C.4). The self-energy for any ¢; (i =1, 2, 3, 4) is a
sum of a tadpole involving the same field ¢; and the 3 tadpoles involving ¢;; in the loop.
The thermal contribution is

2 (¢) T2 T2 B T2

The gauge boson contributions to the self-energy are due to the kinetic term of the
bosons (cf. eq. (C.2)). The couplings between the scalar field and the gauge boson is
proportional to the gauge boson mass M. Let M?(¢) = g>¢?/4, then

2 (gb. M?(v)T?
In the SM, only the W* and Z° gauge bosons are massive, thus

272 2 2

2 (gb. 2 (gb. 2 (gb. giT* 97T
Am(b(g ) = 2Am¢(g )(m%y) + Am¢(g )(mQZ) = 7L8 + Z16 : (C.10)

In total, the SM Higgs gets the following thermal contribution to its mass:

2 A 2 2

Ami =Y 4 24 9L 920 ) 2 C.11
h <4+2+8+16 (C11)

In the SWSM there exists a mixing term between the scalar fields Luyix = N|¢[?|x|?
which induces new diagrams to the self-energy. These contributions are calculated the
same way as the ones in the SM where we put a ¢;»; into the tadpole of the one-loop ¢;
propagator. The BEH field is a doublet, it involves 4 real scalar fields, whereas the complex
singlet has 2 real scalars, thus the thermal contributions to the self-energy are

NT?  NT? and | TI09 — NT?  NT?

(mix)
g =2 24 12 X 24 6

(C.12)
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In order to calculate the thermal masses of the physical scalar states, we need to add
the one-loop self-energy to the mass matrix and find the eigenvalues. We mention that
the thermal contribution of the Z’ gauge boson is negligible due to Mz < My, or put
differently due to the feeble coupling O(g?/g%,) < 1.

C.2 Gauge boson thermal mass

The gauge boson thermal masses are calculated in e.g. refs. [18, 67, 76]. The gauge boson
self-energy gets contributions from self-interactions (non-Abelian gauge fields only), fermion
loops, and scalar loops. In the following we present the Debye masses (corresponding to
taking the limit |q| — 0 at gy = 0) of the longitudinal modes of gauge fields [77], obtained
at leading order in the HTE.

The contribution due to self-interaction (derivative cubic and quartic vertices) and
ghosts is
_C Ag>T?
==
where C} is the quadratic Casimir of the given SU(N) group for the adjoint representation,

s (9) (C.13)

and g represents either gy, or g5 for the SU(2), and SU(3). groups respectively. For a group
with N > 2 the Casimir is C'a = 27w N, with T being the normalization of the generators
in the fundamental representation, for which we use the conventional value Ty = 1/2 for
any N.

For the fermionic contribution we have to sum over all fermion states that can enter
the loop. We will relate the self-energy contributions of fermion fields to the well-known
QED result

22
ED e“T
P = = (C.14)

Since QED is a non-chiral theory, the above self-energy is twice the corresponding contribu-
tion of an explicit chirality field. The interactions between gauge fields and fermions can be
read from the covariant derivative in eq. (C.2).

The only fermions that transform non-trivially under the SU(3). group are the quarks.
Given Ng = 3 fermion generations (quarks and leptons) there are Ny = 2Ng = 6 quark
and lepton flavours. The quark contribution to the gluon self-energy is

S
Mop oy = Ne tr(tats) I (€ = g2) = dapg2T?, (C.15)

where t, = A\s/2 (a =1,2,...,8) are the half Gell-Mann matrices, and tr(tgtp) = %6(11,.
To the SU(2);, gauge boson self-energies only the left-handed fermions contribute.
Denoting the number of colors by N,, the SU(2)y, self-energy is

sue) 1 ED
Mooy, = 5(NeNG + Na)tr(T )G (e = g) = 856772, (C.16)

where T; = 0;/2 (i = 1,2, 3) are the half Pauli matrices, and tr(T;T;) = ¢;;/2. The factor
of 1/2 in eq. (C.16) appears because only left-handed fermions contribute.

To the U(1)y gauge boson self-energy all fermions with non-zero hypercharge contribute.
We denote the hypercharges of any field ¢ by Y;. Left- and right-handed fields differ under

~ 99 —



the U(1)y group, thus we sum over the specific modes (each separate chiral mode will have
a contribution half that of eq. (C.14)) of all fermions and find

) = ZNYQHQEDe — %)

[N NeY§ + NiYE + NeNg(Y2 + V) + No Y2 T (e — 6})

_E)gYT2
=5

(C.17)

Here Y (Y1) is the hypercharge of the left-handed quark (lepton) doublets, while Y¢, Yy, Yy
denote the hypercharges of the respective right-handed fields.

The scalar contributions only appear for the SU(2);, and U(1)y gauge fields, as the
BEH field is a color singlet. The self-energy due to scalars is

g2T2

Mg (9) = 5~ (C.18)
where ¢ indicates the coupling corresponding to the given gauge field.
In summary the gauge boson self-energies are as follows:
v — Hgo(l) + Héﬁ) (gy) = %Q%TZ, (C.19a)
O — 1 1) + I 4 1) ) = M (c.190
ISue) — H(()%b )(gs) + Hoo C(m) = 26°T2. (C.19c¢)

In order to obtain the full thermal Debye masses for the longitudinal mode of the gauge
bosons, we have to diagonalize their mass matrix with the temperature dependent self-
energies included:

9 gva 1lng2

mWL 4 -+ T s (C20a)
m2 = L2 (3v% + 2272) + \/9 1004+ 44T2 (g2 — g2)2(302 + 11T2) (C.20b)
71 Y gzo0 970 a1, — 9y ) .
1
m2, = i 970 (307 +22T%) — \/99%01)4 +44T2%(g? — g3)2(3v2 + 11T2)} . (C.20c)

In the SWSM, the U(1), gauge boson B’ weakly mixes with W3 and B. This mixing modifies
the SM thermal masses for Zy, and 71, only at the level of O(g%/g%,) < 1. Furthermore,
the new mass eigenstate Z’ receives a thermal mass correction of order g2, and thus its
contribution to the effective potential is negligible.

C.3 Fermion thermal mass

For completeness we also present the fermion thermal masses. For chirally invariant gauge
theories they were calculated at high temperature in ref. [78].
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For a general SU(N) gauge group with a coupling ¢ to the fermions (cf. eq. (C.1)), the
contribution of gauge fields to the thermal mass is

2(eb)  9°CrT?

where CR is the eigenvalue of the quadratic Casimir operator in the representation R of the
fermion field. In the SM, all fermion fields transform in the fundamental (F) representation.
For a U(1) group Cf = 1, and for SU(N) it is given by Cp = (N2 — 1)/2N. Note that left-
and right-handed fields couple differently to gauge fields, hence their respective thermal
masses will differ.
The scalar contribution from a single real scalar field ¢ with a Yukawa interaction given
in eq. (C.1) is -
T
Ami? = %. (C.22)
The left- (L) and right-handed (R) top quark thermal masses in the SM are

2 g%/T2 3gI%T2 ggT2 n thT2

Am2 = 2

ML = 7983 32 6 16 (C.23a)
2T2 2T2 2T2

A tQR:g‘;g +956 +yt8 : (C.23b)
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