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ABSTRACT: Integrable string sigma models on AdS3 backgrounds with 16 supersymmetries
have the distinguishing feature that their superisometry group is a direct product. As a
result the deformation theory of these models is particularly rich since the two supergroups
in the product can be deformed independently. We construct bi-n and bi-A deformations
of two classes of Z, permutation supercoset sigma models, which describe sectors of the
Green-Schwarz and pure-spinor string worldsheet theories on type I AdSs backgrounds
with pure R-R flux. We discuss an important limit of these models when one supergroup is
undeformed. The associated deformed supergravity background should preserve 8 super-
symmetries and is expected to have better properties than the full bi-deformation. As a
step towards investigating the quantum properties of these models, we study the two-loop
RG flow of the bosonic truncation of the bi-A deformation.
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1 Introduction

Integrable string sigma models on AdSs backgrounds with 16 supersymmetries and sup-
ported by pure R-R flux have received considerable attention in recent years (for some re-
cent developments and further references, see [1-6]). One of their distinguishing features is
the direct product structure of their superisometry group and, as a result, their deformation
theory is particularly rich. For type II superstrings on AdS3xS3 x T* and AdS3 x S? xS3 x S!
supported by R-R flux, the superisometry groups are PSU(1, 1|2) x PSU(1, 1|2) x U(1)* and
D(2,1; ) x D(2,1;) x U(1) respectively. For the curved part of the geometry, the asso-
ciated worldsheet theories in the Green-Schwarz (GS) [7-10] and pure-spinor (PS) [11, 12]

formalisms contain sectors described by sigma models on Z4 permutation supercosets’
GxG ’ (1.1)

Go

where G is a Lie supergroup and Gy is the diagonal even subgroup of the direct product.

In the AdSs x S% x T* and AdSs x S® x S% x S! cases, the relevant Z, supercosets capturing the curved
part of the geometry are
PSU(1, 1]2) x PSU(1, 1]2) D(2,1;a) x D(2, 1; )
SU(1,1) x SU(2) ’ SU(1,1) x SU(2) x SU(2) °




In both formalisms, the Z,4 supercoset sigma models take the form
T 2 -1 -1
S:—g/d zSTr (¢~ 049 P-g " 0_g), (1.2)

where T is the string tension, g(z¥) € G x G is a supergroup-valued field and STr is
an invariant bilinear form. The linear operator P_ is a sum of projectors onto the Z4
graded subspaces of the Lie superalgebra g & g = Lie(G x G). In the Green-Schwarz
(GS) formalism, P- = P; + 2P, — P [13, 14], while in the pure-spinor (PS) formalism,
P_ = P; + 2P, + 3P; [15, 16] (henceforth referred to as the GS and PS cases). For both
choices of P_ the action (1.2) is classically integrable — the equations of motion can be
written as the zero-curvature of a Lax connection [17, 18] and the Poisson bracket of the
Lax matrix is a Maillet bracket of twist form [19-21], ensuring that the conserved charges
extracted from the monodromy of the Lax matrix are in involution [22-25]. Recalling
that Py and P, project onto Grassmann-even subspaces of g @ g, and P; and P; onto
Grassmann-odd subspaces, the bosonic truncation of both the GS and PS sigma models is
the symmetric space sigma model on the Zy permutation coset

GxG
G )

(1.3)

which is equivalent, upon gauge fixing, to the principal chiral model (PCM) on the group
G (where G is now an ordinary Lie group).

In this paper we explore integrable deformations of Z4 permutation supercoset sigma
models. Integrable deformations are typically associated with deformations of the underly-
ing symmetry group. In this case the direct product structure of the superisometry group
allows us to deform each copy of G independently. In particular, our goal will be to con-
struct bi-deformations of these models, with the two copies of G deformed with different
strengths. Constructing the bi-deformed models is important since it allows us to take the
limit where one copy of G is undeformed. The resulting model still has half the supersym-
metry of the original model, so can have “nicer” properties than if the symmetry is fully
deformed. One such example was recently studied in detail in [26]; starting from the bi-n
deformation of the AdSz x S? x T* superstring [27, 28], in the limit where only one copy
of PSU(1,1|2) is deformed, the geometry becomes smooth and the dilaton is constant.

The first type of bi-deformations that we discuss are the bi-n deformations. The 7
deformation, or Yang-Baxter deformation, was introduced by Klimc¢ik as an integrable
deformation of the PCM [29], and later generalised to the symmetric space [30] and Z4
supercoset sigma models [31-34]. There are three classes of 77 deformations: homogeneous,
split inhomogeneous or non-split inhomogeneous, depending on whether the operator R
defining the deformation solves the unmodified, split modified or non-split modified clas-
sical Yang-Baxter equation. For a given model, the symmetry algebra determines which
of these are possible and the full space of 1 deformations. The bi-n, or bi-Yang-Baxter
deformation, of the PCM [35] was an early example of a bi-deformation, which coincides
with the two-parameter deformation of the O(4) sigma model [36] for G = SU(2) [37].
It was subsequently generalised to the GS sigma model on Z4 permutation supercosets



in [27]. In section 2 we review and further generalise this construction, and derive the bi-n
deformation of the PS sigma model on Z4 permutation supercosets. In particular, we will
allow the two copies of G to be deformed in different ways, which will be useful when we
discuss Poisson-Lie duality in section 4.2

In section 3 we construct the bi-A deformations of the GS and PS Z, permutation
supercoset sigma models. The A deformation of the PCM and the symmetric space sigma
model was first constructed in [48, 49] generalising the G = SU(2) model of [50]. The
deformed model interpolates between the non-abelian T-dual of the original model [51]
and the (gauged) Wess-Zumino-Witten model [38-40, 52]. It was later generalised to both
the GS Z4 case [53] and the PS Z, case [34]. As mentioned above, the bosonic truncation
of both the GS and PS Z4 permutation supercoset sigma models is the PCM. The bi-A
deformation for this model was introduced in [54] and a Lax connection was constructed
in [55]. Therefore, the models we construct should give an embedding of this bosonic model
into string theory for G = PSU(1,1|2) or D(2,1;a). A potentially important limit, which
we discuss in some detail, is when one copy of G becomes undeformed. In this limit, undoing
the non-abelian T-duality in the undeformed copy of G, the resulting model is expected to
describe an embedding of the A deformation of the PCM into string theory. Therefore, in
the limit A — 0 the bosonic truncation is just the WZW model. This deformation still has
half the supersymmetry of the undeformed model and, just as for the bi-n deformation,
the associated supergravity background may thus have “nicer” properties.

The split 1 deformation is known to be the Poisson-Lie dual [56, 57] of the A deforma-
tion [34, 58], while the non-split 7 deformation is also dual up to analytic continuation [59—
62]. In section 4 we show that the bi-n and bi-\ models that we construct in sections 2
and 3 are similarly related by Poisson-Lie duality. This is achieved by showing that both
models follow from a first-order model, the £ model [46, 62-64], on the Drinfel’d double,
generalising the duality-invariant action of [65, 66] underlying abelian T-duality. Starting
from this £ model it is then possible to construct further bi-deformations. This includes
the n—\ deformation, where the 7 deformation is associated to one copy of G and the A
to the other. The bosonic truncation of this model was earlier constructed via Poisson-Lie
duality and analytic continuation in [60]. Again, the Z, generalisation is expected to define
an embedding into string theory.

Having constructed classical integrable bi-deformations, it is interesting to explore the
quantum properties of these models. In the context of string theory, a key question is
whether or not the deformations preserve Weyl invariance. Typically, the A deformation
of Z4 supercosets leads to Weyl invariant string sigma models, while this is only the case
for the n deformation when the operator R is unimodular [67]. Examples of such unimod-

21t is known that WZ terms can be added to the PCM [38-42] and the GS Z4 permutation supercoset
sigma model [43] while preserving their classical integrability, and this should also be possible in the PS
case too as suggested in [11]. Doing so corresponds to supporting the AdSs backgrounds by a mix of R-R
and NS-NS flux. Bi-n deformations in the presence of these WZ terms can still be constructed [44-46],
however, the operator R needs to satisfy an additional compatibility condition [47]. On the other hand,
Poisson-Lie duality in the presence of a WZ term is more subtle. While it is still possible to construct an
€ model and integrate out degrees of freedom to obtain the (bi-)n deformation (with WZ term), it appears
that there is no isotropic subalgebra of the Drinfel’d double that gives a generalisation of the (bi-) A model.



ular operators for string sigma models have been studied for homogeneous [67, 68] and
non-split modified [28, 69] deformations. Weaker conditions that can be investigated are
renormalisability [36, 50, 60, 70] and scale invariance [71, 72], both of which are generically
preserved by these deformations. Much is known about the one-loop properties of the
bi-deformations — the bi-n and bi-A deformations of the PCM are renormalisable [55, 60],
while the bi-deformations of the Z, permutation supercoset string sigma models are ex-
pected to be scale and Weyl invariant (assuming unimodularity in the bi-n case) [28]. At
higher loops, less is known about the bi-deformations. Therefore, in section 5 we study
the renormalisation group flow of the bi-A deformation of the PCM using the “tripled”
formulation introduced in [73, 74]. We show that, in this formulation, the model is renor-
malisable to all orders due to its manifest symmetries and the decoupling of certain fields.
We explicitly compute the two-loop beta function in a standard minimal scheme [75].
We conclude in section 6 with comments on our results and future directions.

2 Bi-n models

In this section we review the integrable bi-n deformation of the GS sigma model on Z,4 per-
mutation supercosets [27]. We also write down an integrable action for the bi-n deformation
of the PS sigma model, generalising the one-parameter deformation of [33, 34].

As outlined in the “Introduction” (section 1), Z4 permutation supercosets take the form

GxG
Go '
where G is a Lie supergroup and G is the diagonal even subgroup of F = G x G. The Lie

(2.1)

superalgebra f = g @ g = Lie(G x G) admits a Z4 automorphism

U(XL)XR) = (XRa (pO _Pl)XL) s XL,R €g, (2'2)

where pg and p; project onto the Grassmann-even and Grassmann-odd subspaces of g
respectively. This leads to a Z4 grading of g & g with the projectors P; onto the grade-i
subspaces given by?

1
PO(XL; XR) = §(p0(XL + XR);pO(XL + XR)) >

1 . .
1AL, Ar) = (D1 AL —1AR),DI(AR T 1AL)),
P (X, Xg) 2( (X Xr),p1(Xg+iXy))

(2.3)
1
Py(Xy, XR) = i(pO(XL — Xg),po(Xr — X1)),
1 . )
P3(XL7 XR) = §<P1(XL + ZXR)7P1(XR - ZXL)) .
To write down the deformed action it will be useful to introduce the operator
W =P, — Pg, WPRy2 =P oW, WP 3= P W, (2.4)

3Note that, strictly speaking, for this to be a Z4 grading of the real form, one needs different matrix
realisations of the superalgebra for each copy. Equivalently, we can modify the reality conditions obeyed
by the Grassmann-odd fields accordingly.



where P, and Py project onto the left (first) and right (second) copies of g, along with the
Zo-symmetric bilinear form

STr (X1, Xr) (Y, Yr)) =str(X, Y,) + str(XgYz), (2.5)

with str an ad-invariant bilinear form on g. For linear operators O on g@® g we denote their
transpose with respect to this bilinear form as

STr (uOv) = STr ((O'u) v) . (2.6)
Note that we have
Pit:P4—i mod 4 » Pz,R:PL,Rv wWh=w. (2'7)

Action and equations of motion. The action of the bi-n deformation of the Z4 super-
coset sigma model (1.2) is of the form

T [ 1 1 -1
== T P— PP ) 2
Snrmr 9 /d z ST (‘q O+g 1 — Ry(n Py + nrPr) -7 0 g) 2

The two-dimensional base manifold is parametrised by 2° = 7 and 2! = ¢ and we use
the light-cone coordinates z* = %(xo + ') and 0+ = 9y + 0. The action is for the
supergroup-valued field g(2*) € G xG and depends on three real parameters: T is an overall
constant (the string tension in the context of string theory), while 7, and 75 parametrise the
strength of deformation of the left and right copies of G respectively. The dressed operator
R, = Ad;1 R Ad, is defined in terms of the deforming linear operator R : g g — g @ g.
Note that while P, and Pr commute with Adg, they do not necessarily commute with
R.* We take the operator R to have the following symmetry property with respect to the
bilinear form STr

R' = —(n; Py + 15 Pr)R(nu Py + 1 Pr) | (2.9)

and to satisfy the (modified) classical Yang-Baxter equation
[RX,RY] — R([RX,Y]+[X,RY]) = — (2P, + &APp)[X,Y], X, Yeg@g. (2.10)

Without loss of generality, the constants ¢, and ¢ can be either 0 (homogeneous), 1 (split)
or i (non-split). We treat all these cases on an equal footing, in particular allowing for
different classes of deformation for the two copies of G. Finally, the constant linear operator
P_ (as well as its transpose P4 = PL) depends on the projectors P; defined in (2.3). Its
explicit form, fixed by requiring the classical integrability of (2.8), is discussed below.

In terms of the auxiliary currents

Ag: !

—1
= 0+g9, 2.11
1+ Rg(nLPL + nRPR)Pig +9 ( )

4In [27], R was taken to be of factorised form, i.e., R = R.. & Rgr, in which case P, and Pr commute
with R.



the equations of motion following from the action (2.8) and the zero-curvature equation
for g710.g take the form

O (P_A )+ 0_(PrAL) + A, P A+ A, PLA] =0,  (2.12)
Oy A — Ay +[Ay, A_] — ((comn)? Py + (cann)*Pa) [Py A, P A =0.  (2.13)

It is also insightful to define the quantities
By = Ad, P+ AL, (2.14)
in terms of which the equations of motion take the manifestly Poisson-Lie symmetric form®
0. B_ +0_By = ([R(1.Py +nePa)By, B-] + [By, Rp Py +nuPr)B_]).  (2.15)

In section 4 we will show that the Poisson-Lie duals of the bi-n deformations constructed
here are the bi-A deformations constructed in section 3.

Integrability and solutions for Pi. The Gg gauge invariance of the model requires that
Pi =pP +at Py + ax P+ B+W P+ 5_WP;s. (2.16)

We would now like to find constant parameters a, S1 and p such that the equations (2.12),
(2.13) can be recast as the zero-curvature condition of a Lax connection, which gives a
strong indication that the model is classically integrable.® A way to ensure this is if, upon
redefining the currents as J = O+ AL where O4 are constant invertible linear operators,
the equations take the following form

Op(P-J-) + 0_(PyJy) + [J, P-J_ |+ [J-,PLJ4] =0,

(2.17)
Oy J —0_Jy+[Jp,J =0,

where P, = P! with P_ = P + 2P, — P3 in the GS case and P_ = P; + 2P, + 3P; in the
PS case. In both cases, the equations (2.17) follow from a Lax connection. In the GS case
the Lax connection is given by

Ly =J9 200 47250 4 179 (2.18)
where Jj(:j) = P;J4 for j =0,1,2,3, while in the PS case it is

Li=J0 45270 4 7250 4 a5250) (2.19)

SFrom (2.10) it follows that R= R(nw Pr +nrPr) solves the (modified) classical Yang-Baxter equation
[RX,RY] - R(RX,Y] + [X,RY]) = —(cini Pu + inaPr)[X,Y], XY €g@g.

5The final step to prove Hamiltonian integrability would be to demonstrate that there are infinitely
many local conserved charges in involution. One way to do this is to show that the Poisson bracket of the
Lax matrix takes the form of a Maillet bracket governed by a twist function [22-25].



In terms of the auxiliary currents Ay, the equations (2.12), (2.13) depend only on the
combinations (c;n;)? and (cznz)?, so this will also be true for P.. For brevity, we define

! S S (2.20)

Let us start with the GS case, for which it is known [27] that the solution is given by
eq. (2.16) with

ap =

p=2arar, a+r=Fl, [B+=0. (2.21)
The currents appearing in the Lax connection are

JO = 4D 4 (@2 —adywal, I = (e +a} - 1)AD,

1 1 3 3 3 1
10— @AY WA D). D D v aD) o)
W — ar — Qg = (a;1+agl)2(a%+a%—l)
a,+ag’ 4 .
In the PS case, we find the coefficients determining P+ to be
+a.)2 2 _ 2
p= 2a’LaR7 a4 = (aL aR) + 17 /B:t = aL aR (223)

apag(3 —a? —a?) arap(3 —a? —a?)’

The bosonic currents Jio), f) are the same as the GS case (2.22). For the fermions,

we have
T = ePAD +wwaD), I =gl veewal)),  224)
with
w+:w w_:aL—aR3—|—a%—|—4aLaR+a%
ap+ag’ ar+ar3+a?—4daap+a3’

_ (ag' +az")*(a] +af—1)°

¢ = (a;' +azt)?(a? + a2 —1)(3+a? —dapag +a?)?
4(3—a? —a?)? ’ '

4(3—a? —a2)?

=

(2.25)

Limits and truncations. In both the GS and PS cases the bosonic truncation of the
bi-n deformation gives the bi-n (or bi-Yang-Baxter) deformation of the PCM [35]. When
both n, — 0 and 1z — 0 we find the undeformed sigma model (1.2) with P_ — P_ =
P, + 2P, — P53 in the GS case and P_ — P_ = P; + 2P, + 3P5 in the PS case as expected.
The symmetric deformation c,n, = cgnr = ¢n corresponds to the standard 1 deformation
of the Z4 supercoset, with thg lgnown result P_ = P+ ﬁPg — Ps3 in the GS case [31, 32]
and P_ = Py + 7 +022772 + 13++30c2nn2 P5 in the PS case [33, 34].

Another interesting limit is when one deformation parameter is set to vanish, e.g.

Nr = 0. In this limit one copy of G is undeformed and the deformation preserves half the
supersymmetries of the original model. This limit (also including a WZ term) was studied
in detail for the AdS3 x S3 x T* background [26], where it was observed that the deformed
background has particularly “nice” properties, including a smooth geometry and constant
dilaton.



3 Bi-\ models

In this section we present the construction of the integrable bi-\ models on Z4 permutation
supercosets and their Lax connections.

Action and equations of motion. Recalling the construction of the standard A-mod-
els [48, 53], the action of the integrable bi-A models on Z, permutation supercosets is
expected to take the form

k:LSG/G(g[M AL7 Str) + kRSG/G(gR) AR, Str) + bﬂinear ((AL+7 AR+)7 (AL—7 AR—)) , (31)

where g, r are fields valued in the supergroup G, A; r+ are valued in the superalgebra g,
4tk r arve (integer-quantized) levels and Sg /i (g, 4;str) denotes the action of the gauged
WZW model

Sc/alg, Asstr) = —%/d% str(g~' 01997 ' 0_g) + Swz(g; str)
+ /d%; Str(A g l0_g — 0,99 A+ Arg ' Ag— ALAL). (32)
Here Sy (g;str) denotes the Wess-Zumino term
Swz(g;str) = é/d?’x P str(g~ ' Diglg™10i9, 97 Okg)) (3.3)

Given the form of (3.1) it is convenient to introduce a second bilinear form on § (in addition
to the one defined in (2.5)), which takes account of the different levels:

= STr (X., Xr)(kLPy + knPr)(Yy, Yz)) - (34
We denote the transposes with respect to this new ad-invariant bilinear form as
STr (uOv) = STr (0T u) v), (3.5)
for linear operators O on g ® g. Note that we have
OT = (k7' P, + k' PR)O! (kP + krPr) . (3.6)

Written using the bilinear form (3.4), our ansatz (3.1) for the actions of the bi-A models is
8(g, A) = Seuc (g, A;STr) - /de STr(A4(Q — 1)A_), (3.7)

where g = (91,9r) € G X G, Ay = (AL, Ars) € g@ g and Q is a constant linear operator
on gdg. Sexc (g, A;STr) denotes the action of the 8§g gauged WZW model, which takes
GxG

the form (3.2), with the bilinear form (3.4). Starting from the action (3.7), the equations
of motion for the gauge fields take the simple form

97 0_g+g ' Ag=0A_, 0,997 +gA,g ' =Q"A,, (3.8)



while the equation of motion for ¢ = (9., 9z) € G x G is
0:(97'0-g+g A g)—0- Ay +[Ay, g0 g+g A g]=0,
= (3.9)
0y A =0 (0199 " +9A197") + 0199 +9Arg A ] =0.

If we integrate out the auxiliary field Ay in the action (3.7) we find the sigma model
action
1 — +Ad;? __
S(g)=—= /d21: STr g_18+ggiglg_la_g + Swz(g; STr) . (3.10)
2 Q- Ad,
This action is invariant under the formal Zs transformation
g9—=9g " kir——kr, Q—Q". (3.11)

Integrability and solutions for Q. Since we are interested in constructing models on
the Z4 permutation supercoset (2.1), we require that the action (3.7) is invariant under the
Gg gauge symmetry

(92, 9r) = (9 '9290> 9 '9r%s),  9o(2) € Go, (312)
(AL:b AR:I:) — (Q(TIALﬁ:QO + 9518i907 g(;lARj:go + ngaigo)-
The most general Q built from Fp 123 and W consistent with gauge invariance is
Q=1+ (k;'P,+ k' Pr)((a1 + BiW) P+ aaPy + (a3 + B3W) P3) (3.13)

QT =1+ (k' Py + k' Pr)((as + B1W) Py + aa Py + (a1 + BsW)P3) .

Substituting the equations of motion for A4 (3.8) into the equations of motion for

g (3.9) we find
04(QA-) —0-Ay +[A4,QA_] =0,
O A -0, (QTA ) +[QTA, A ] =0.

Making the ansatz J+ = OLAL where Oy are constant invertible linear operators, we

(3.14)

would now like to find for which parameters «;, ; in (3.13) these equations are equivalent
to the zero-curvature ones (2.17). The resulting models can be understood as bi-A models
with both copies of g being A deformed with different strengths.

The models we are constructing will depend on three parameters. In the following
discussion we use two different sets of parameters {k., kr,v} and {k, A, x}, related to each

other as
L—A x+2A L= A X+ 1=A
b= e — oA T =k—= 3.15
TS Sy S S e S A o S
and
y = Wk +kr) =2+ FE) (77 + FF)
V2 —kpkg ’
_ 21 k2)(~2 + k2
Xzy(kL kr) +V/(2 + k) (y +kR)’ (3.16)
’72+kLkR
p_ kb =+ + (7 £ RR)
ki + kg '



Requiring k., kr and k to be positive leads to the following two regimes

-1

ML x>, )
Al >1, A< x <A, v <0.

The coupling k£ only appears as an overall coefficient rescaling the action, so drops out of
the equations of motion. The classically integrable choices for the linear operator Q, i.e.,
the values of the coefficients in (3.13), and the operators Oy defining the Lax connection
will then be determined in terms of the remaining couplings A and x.

We find the following solution” corresponding to the GS case

Q- i (POW2 FATZWER 4 AW P+ AW W )
2 (3.18)
of — o (POW2 FATZWER, £ AW PIW, + AT W P W )
with
2
Oy = =25 (RWZ+ A P+ M PW, + A 2R,
Ltx (3.19)
) .
O_ = 1+X (P0W2+/\ 1P+ AP+ AT P )
Here we have defined the operator
ol x+ (1 -x)W 1 1 ¢ T
W, = 2,/X K L VX Pr, W, =W, wi=wl=w,.
(3.20)
We note the relation
QN x) P =00 X, (3.21)

meaning, in combination with (3.11), that the resulting sigma model action is invariant
under the following Zo transformation acting on fields and parameters

g—g ', k— —k, A=A X —x !, (3.22)
or equivalently, in terms of the parameters {k., kg, v} (3.16),
1

g—=9 ", kp — —kp, kr — —kg, vy, (3.23)

In terms of the parameters {k.,kg,v} we find that Q in (3.18) has the form (3.13) as
required, with the parameters a2 3 and ;3 given by

oy = Volen + k) + 2k Ky O G G AL
: kikr — 7 ’ kikr —~2 ’
_ Avkikr(Y(k + k) +V(7 + R £ FR)) By — gy = LUk~ kn)
(kLkR - '72)2 ’ kLkR - '
(3.24)

"We have checked that (3.18) is the unique solution in the GS case perturbatively around x = 1. This
solution can be found assuming the ansatz (3.13) for Q, along with a similar one for O+ and solving the
resulting equations. In section 4 we show that it also follows from PL dualising the bi-n model of [27].

~10 -



In the PS case we find the following solution® for Q

2
Q=- +Xx2 (RWZ+A2W2P, + X TW RIS + AT WERW, )
’ (3.25)
=1 (ROWZ + NT2WEPy + ASWEPW, + AT W R )
with
2
O) = 5 +XX2 (PWZ+ 27 P+ A TSP, + ATE R
3.26
- X (PW2+A7'Py + ATE P + AT P o
- 1 + X2 0 X 2 1 X 3 X .

Again this solution satisfies the relation (3.21) implying that the resulting sigma model
action is invariant under the Zs transformation (3.22), or equivalently (3.23). Furthermore,
again writing in terms of the parameters {k., kr,y} we find that it takes the form (3.13)
as required.

Bosonic truncation. The bosonic truncations of the GS and PS cases both give the
same bi-\ model on the Zo permutation coset
GxG
G Y

where G is now an ordinary Lie group. This model was introduced in [54] and shown to

(3.27)

be classically integrable in [55] — its Lax connection follows from the bosonic truncation
of (2.18) or (2.19). Explicitly, the action is given by

8(9, 4) = Sgec (9, 4;Tr) ~ / A2z Tr(AL PoA_), (3.28)

where the coupling h is given by

Aykikr(v(ks + kr) +V (72 +K)(4% + k7))
h= 55 , (3.29)
(krkr —~2)
9=(91,9r) € GXG, Ay i(AL:I:aAR:I:) € g®gand Po(X,, Xp) = %(XL — Xp, Xp — X1).
The bilinear forms Tr and Tr are defined analogously to the superalgebra counterparts STr
and STr in (2.5), (3.4),
TI‘ ((XL7 XR)(YL7 YR)) - tI‘(XLYL) + tI‘(XRYR) 5

:_[\‘} ((XL’ XR)(YL7 YR)) = kL tI‘(XLYL) + kR tI‘(XRYR) 5

(3.30)

in terms an ad-invariant non-degenerate bilinear form tr on g, and k; and kg.
The action (3.28) has a G gauge symmetry acting as in eq. (3.12) with g, € G, and is
also invariant under the Zs transformation (3.23), under which the coupling h transforms as
R 2hk, kg .
2k kr + h(k, + kg)
We will investigate this bosonic model further in section 5 when we discuss its two-loop
RG flow.

8 Again we have checked that this is the unique solution perturbatively around y = 1.

(3.31)
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3.1 Limits

Symmetric A model. The symmetric limit x — 1, or equivalently k, — kr = k, corre-
sponds to the standard A deformation of the Z4 supercoset (with deformation parameter

A= % and WZ level k). Since the two levels are equal in this limit, the left and right

symmetries are deformed in the same way and with the same deformation parameter. The
resulting action takes the form

8(9, 4) = kSgzc (g, A;STr) — k / A2 STr (A4 (Q — DA). (3.32)

In this limit the formulae (3.18), (3.25) above for the operator Q reproduce the known
ones for A deformed Z4 cosets in the GS and PS formalisms. We obtain in the GS case [53]

Q=P+ AP, + A\ 1P, + \P3, (3.33)
and in the PS case [34]
Q=P+ AP+ AP+ 2P (3.34)

NATD-A model. A second interesting limit is to take x — A, or equivalently kr — oo,
while zooming in on gr = 1 according to

v

gr = €xp (;) ,  wr€g, (3.35)
R

which, as we will argue, gives the non-abelian T-dual (NATD) of the single-sided -
deformation. Under the Gy gauge symmetry (3.12) vy transforms as

Vp — go_lngO. (3.36)

After taking the limit, the resulting gauge-invariant action is

S(9r,vr, Arr) = krSayc(gr, Ap;str) + /de str (v Fy—(Ag)) — /dzx STr (A+@A_) ,
(3.37)
where F_(Ap) = 01 Ap_ —0_Apy +[Ary, Ap_] and Q = limy, o0 ((k Po4+krPr)(Q—1)).
In the limit kz — oo we have (3.16)

1— )2
v =kg T (3.38)
and in terms of the parameters k;, and A we find in the GS case
~ 1— )2 — A2
Q=k; (2)\_1132 + P — P3+ PR(Pl + P3)) , (3.39)

and in the PS case

3+ 22 14+ M2
TPR(Pl"’P?,)‘"T

1— )2

Q:kL 2

<2>\‘1P2 — AP - Ps) + P,(Py + P3)> .

(3.40)
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From the action (3.37) we can obtain two integrable sigma models. The first is given
by integrating out the auxiliary fields A,+ and Agzy. This is the same procedure that
gives the sigma model (3.10) from (3.7), hence it follows that the resulting action is a
limit of (3.10). Moreover, this model is the non-abelian T-dual, with respect to Gy, of the
second sigma model, which is obtained by instead integrating out the auxiliary field A,+
and the Lagrange multiplier vg, i.e., imposing Azt = §~ 104§ where § € G. Under the G
gauge symmetry (3.12) the field g transforms as

9= 99 - (3.41)

To interpret this second model let us just integrate out the Lagrange multiplier vy
to give

S(9r, AL, 3) = kLSG/G(gL)AL;Str) - /d2$ STr ((AH_’g—la+§)Q(AL_7§—1a_g)) - (342)

As discussed above, the bosonic truncations of the GS and PS cases both give the same
model. Since in the truncated model Gy = G, we can use the gauge symmetry (3.41) to
fix g = 1, while 0= —2k; (1 — A=2) Py. Therefore, the action of the bosonic truncation is

(g0 Ar) = kuSc (g0 Aus tr) + ki (1 — A72) / 2z tr(A A, ), (3.43)

which we recognise as the well-known A deformation of the PCM [48] with level k. It
follows that the action (3.42) can be interpreted as the single-sided A\ deformation of the
Z4 supercoset sigma model (1.2).

In contrast with the symmetric A deformation (3.32)—(3.34), which has no global sym-
metries, the action (3.42) has a global G symmetry acting as’

g—1lg, (eG. (3.44)

Therefore, for the AdSs Z4 permutation supercosets in footnote 1, the corresponding su-
pergravity backgrounds are expected to preserve 8 supersymmetries. As discussed in the
“Introduction” (section 1), it is natural to expect that as a result they will have “nicer”
properties than the generic deformations that preserve no supersymmetries [26]. As we
will discuss in section 4, it is also possible to 1 deform the left copy of G, instead of A
deforming, to give an n—A model generalising that of [60].

Bi-NATD model. Starting from either of the above limits it is then possible to take a
further limit to give the bi-NATD model. In the symmetric A model (3.32) we take k — oo
and A — 1, while zooming on ¢ = 1. On the other hand, starting from the NATD-A
model (3.37), we take k;, — oo, while zooming in on g, = 1. The resulting model is

S(v,A) = /d2x STr (vFy_(A) —2vAyP_A_),
(3.45)
Fo (A)= 044 —0 A, + Ay, 4],

9 After using the gauge symmetry to fix § = 1 in the bosonic truncation, this global symmetry acts as
gr — LgplY, Ay — LA, 07 in the action (3.43).
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where v = (v, vg) € gBg, Ar = (Ap+, Art) € gDg, and we recall that P_ = P, +2P,— P

for the GS case and P = Py + 2P, + 3P5 for the PS case. The bi-NATD model is given

by integrating out the auxiliary field A4 in the action (3.45), while instead integrating

out the Lagrange multiplier v gives A4 = g~ '0+g and we recover the Z4 supercoset sigma
T

models (1.2) if we set v = 7.

A — 0 limit. The final limit we discuss is A — 0, which is equivalent to v — vk, kr (3.15)
or h — o0 (3.29). In this limit we are left with the parameters {x, k} or {k., kr} related as

[k
X = ig k=vkpkg . (3.46)
R

We can see the importance of this limit by taking it in the bosonic truncation (3.28).
Doing so, the coefficient of the final term diverges, hence the equation of motion for P, A+
simply becomes P, A+ = 0, which we can solve by setting A, = Ar+ = B4. Substituting
this into (3.28) gives the action of the (Gi, x Gg,)/Gk, +k, gauged WZW model

S(91,9r, B) = kLSG/G(gLu B;str) + kRSG/G(gm B;str), (3.47)

which, as we discuss in section 5, is a fixed point of the RG flow. Further taking kp — oo
while zooming in on g = 1 according to (3.35), the second gauged WZW action in (3.47)
becomes a flatness constraint on the gauge field By and we can use the G gauge symmetry
to fix By = 0. Therefore, we find the WZW action with level k., which we can also recover
as the A\ — 0 limit of (3.43), i.e., the two limits commute.

Taking the A\ — 0 limit in the Z, supercoset bi-A model (3.7), we similarly observe
that the operators Q and QT diverge, due to the negative powers of \ in their expres-
sions (3.18), (3.25). It again follows that the equations of motion (3.8) will set certain
components of the gauge fields to vanish. In the GS case, however, due to the positive
powers of A in (3.18) it is not clear if the A — 0 limit will be well-defined. The PS
case (3.25) behaves more straightforwardly like the bosonic truncation and we find

PAL =0, PAL=0, PAL=0. (3.48)

We thus obtain the action of the (Gi, x Gg,)/(Go)k,+ky gauged WZW model. It would
then be interesting to investigate the further limit krz — oo and whether it agrees with the
A — 0 limit of (3.37) in the PS case (3.40) (and also in the GS case (3.39) assuming the
A — 0 limit exists).

3.2 ~k-symmetry in the GS case

Z4 permutation supercoset sigma models are of interest in the context of string theory [10],
e.g., those mentioned in footnote 1. In this context, the GS string sigma model should
be invariant under a local fermionic k-symmetry to ensure that the theory describes the
correct number of fermionic degrees of freedom [76-78]. The k-symmetry of the model
ensures that the deformed background satisfies a set of generalised supergravity equations
of motion [79], which should also imply scale invariance [72]. Moreover, due to the lack of

— 14 —



isometries we expect the bi-A deformations to be Weyl invariant, similarly to the symmetric
A deformation limit [67].

Here we show that the bi-\ deformation in the GS case (3.7), (3.18) has a local fermionic
k-symmetry.'’ To do so, we follow the construction given in [53] for the symmetric A
deformation. We start by considering a local G, x Gy symmetry acting infinitesimally on
the fields as

5g:ELg_g€R7 6A+:[€L,A+]_8+€L, 614_:[53,14_]_8_53, €1,ERE Q.

(3.49)
The action (3.7) transforms as

58 = / A2 STr (QTe, — en)0s A — (1 — Qen)O_As +e,[Ar, QA_] — £4]QT AL, A_]) .

(3.50)
Requiring that the derivative terms vanish we have
8R:QT5L, SL:QSR- (351)
In the GS case
1— 2
Q0T =070 =14+A1=1)P+ (1 + 1 72)? - §2 WPy, (3.52)
hence the compatibility of the two equations (3.51) implies that Poe;, = Pyep = 0.
We are left with the variations
bg=¢eqg—gQTe, bAL =[e,A ] —0re  6A_=[QTe, A | —0_QT¢,
(3.53)

0S = /degvTr (e([Ay,QA_] — Q[QT AL, A)), e€g, Pe=0.

When € = Pye the variation of the action vanishes demonstrating the invariance of the
action under the Go gauge symmetry (3.12).

For k-symmetry we instead require that the variation vanishes for some Grassmann-
odd quantity e = (P; + P3)e = e 4+ £G). Using the explicit form of the operators Q and
QT in the GS case (3.18), we find that the variation of the action is proportional to

55 ~ [ ST . 0] A )
(3.54)
~ / A2z STr (e([J, 72 — 12, 79,

ONote that this is not the full xk-symmetry of the GS string sigma model on AdSs x S® x T* and
AdS3 x S3 x $% x S! since the Z; permutation supercoset sigma model only describes a sector of the
theory. Nevertheless, the undeformed supercoset model has a x-symmetry in the GS case and we expect
any deformation consistent with string theory to preserve this.

1n the PS case, we also have that Pie = Pse = 0 follow from the compatibility of the two equa-
tions (3.51). Therefore, the only local symmetry with infinitesimal action (3.49) is the Go gauge symme-
try (3.12).
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where e= %(Pl Wy+A"1PsW1)e. On the other hand, considering the sigma model (3.7)
on a curved background, we find that the non-vanishing components of the energy-momen-
tum tensor are proportional to

Toy ~ STr[AL(QQT — 1)AL] ~ STe[J P 7], (3.55)

in the GS case. Therefore, after writing in terms of the auxiliary currents J1 and redefining
e, we find that both the variation of the action and the energy-momentum tensor are
independent of A\ and x (up to constants of proportionality). It follows that the variation
of the action (3.54) vanishes on the Virasoro constraints T4 = 0 if either ¢(}) = [J£2), rM]
with k() = Pis(M) or €®) = [JS_Q),E(g)]+ with (3 = P3k(® [13, 80].'2 In the first case we
have € = 0, which implies ¢ = er(l) and the infinitesimal transformations of the fields
are given by

dg = er(l)g - g)\Wx_le(l) , M = [J(_2), My, k) = P )
0Ay = Wy([eW, Ay — 0,eM), sA- = 2W (W, A-] — 9_€W).
(3.56)

In the second case, e() = 0, hence £ = AW 1¢3) and the infinitesimal transformations of
the fields are given by

5g = AW le®g - GWye® (B3 — [Jf)’ RO kB = Py®
SAL = AW ([€®), AL = 00e¥), 0A- = Wy ([P, A_] — 0_e®)).
(3.57)

4 Poisson-Lie duality

In this section we show that the bi-A models introduced in section 3 are the Poisson-Lie
duals of the bi-n deformed GS and PS models defined in section 2, with R solving the
split modified classical Yang-Baxter equation,'® and parameters related by (T,7.,1r) =
(47, %, %) This provides an explicit construction of the bi-\ models.

Poisson-Lie duality is a generalisation of abelian and non-abelian T-duality to sigma
models that do not necessarily have global symmetries, but whose currents K1 € f obey
the Poisson-Lie symmetric equation of motion

6+K_+8_K++[K+,K_] :O, (41)

f
where [, -]; denotes the Lie bracket on a dual Lie algebra % The presence of the two algebraic
structures f and f makes it possible to construct an £ model, with degrees of freedom in
the Drinfel’d double Lie(D) = d = § + f. Provided there exists an ad-invariant bilinear
form on 0 with respect to which the two Lie algebras are isotropic, one can construct two

2Here [, -]+ denotes the anticommutator.
13They are also the Poisson-Lie duals of the bi-n deformed models with non-split operator R upon analytic
continuation.
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sigma models by integrating out the degrees of freedom associated to the dual Lie algebra:
integrating out the degrees of freedom in ? one gets a sigma model on F\D = F, while
integrating out the degrees of freedom in f one obtains a sigma model on F\D = F. The
two sigma models produced through this procedure are then said to be Poisson-Lie dual to
each other.' Introducing a gauge field it is also possible to obtain Poisson-Lie dual sigma
models on coset spaces.

The n deformation of the GS and PS Z, cosets are indeed characterised by equations
of motion of the form (4.1), see (2.15). Choosing the £ model and the two subalgebras
f and § appropriately, this will lead to respectively the  and A deformations of the GS
and PS Z4 model. In this section we extend this to the case of the bi-n deformations and
find their dual bi-A models. We also construct hybrid deformations, with one copy of the
symmetry algebra 7 deformed and the other A deformed.

4.1 & model

We start by summarising the construction of the £ model on the Drinfel’d double. For
additional details the reader is referred to the review [34], from which most of the notation
is taken.

The action of the £ model for the group-valued field [ € D, with gauge field A € h =
Lie(H),' is

Se = /d% (11o,1,1710,1) +1/d3xeijk<<ll(9il, (110,01, 1710kl
0 (4.2)
- 2/d2x (A, 1710,1) — /d%; (171051 — Ay), E(171 0,1 — Ay))) .

The operator £ : 0 — 0 satisfies £2 = 1 and is symmetric with respect to the invariant
bilinear form ((-,-)) on 9, so that (£X,Y)) = (X, €Y")) for any two elements X,Y € 0. Let
us now consider a subalgebra b C 0 that is isotropic, i.e., (X,Y)) = 0 for any two elements
X,Y € b. We call B the associated Lie group. Sending [ — bl where b € B, and integrating
out the degrees of freedom associated to b,'% one gets the following model on B\D/H,

S = ;/d% (P04l — AL, EP(E+ 1)1 01— AL)))
_ % /d% (01— A_),EP(E — 1)1 04l — AL)) (4.3)
+ /d%ew«z—lauz,A,,» + é/d?)xeijk((l_l&l, (710,01, 171 0,1))) -

We recall that we use light-cone coordinates & = %(Tia), 0+ = 0-£0, and our convention
for the antisymmetric Levi-Civita symbol is €7~ = —e~+ = —1/2. The projector P satisfies

4One can also consider other decompositions d = fi + f2, where only f» is an isotropic subalgebra.
Integrating out the associated degrees of freedom generates new Poisson-Lie dual models.

5The Lie algebra b is required to be isotropic with respect to the invariant bilinear form (-,-)). For the
purposes of recovering the bi—n and bi-A deformations, the Lie group H will be identified with Gg in (2.1),
see eq. (4.11).

16This is possible as long as Adl_1 band £ Adl_1 b have trivial intersection.
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im[P] = £Ad; ' b (im denotes the image, not the imaginary part) and ker[P] = Ad; ' b.
By virtue of the condition £2 = 1 also EP(€ + 1) are projectors, with

im[EP(E+1)] =Ad; b,  ker[EP(E+1)] = ex, (4.4)

where e are the eigenspaces of £ with eigenvalues F1. All this ensures that the action (4.3)
has a gauge symmetry

1 — blh, Ar = h'ALh +h7toLh, (4.5)

with b(z) € B and h(x) € H.

Choosing the operator &, as well as the Drinfel’d double 0 and its isotropic algebra b,
appropriately, the action (4.3) gives the bi-n, bi-A and -\ deformations. We discuss these
choices below.

Drinfel’d double. The 7 deformation is governed by an antisymmetric linear operator
R satisfying the (in)homogeneous Yang-Baxter equation (2.10), which for convenience we
rewrite in the form

(R+O)[X,Y]p=[(R£&)(X),(R+)(Y)], [X,Y]r=I[R(X),Y]+[X RY)], (46)

with é = ¢, P, 4+ cgPr. At this point we already see the emergence of a dual Lie algebra f,
which as a vector space is the same as f, but endowed with the Lie bracket [-,-|r, known
as the R-bracket. In what follows we restrict to the case ¢, = cr = ¢ € Ry, so that the
operator R satisfies the split inhomogeneous Yang-Baxter equation in both the left and the
right copy, and without loss of generality we fix ¢ = 1. More general cases of ¢ can then be
obtained simply through rescalings of R.
Then, we define
fdiag - {((XvX))a X € f}a (4'7)

as well as

f={((R+1)X,(R-1)X)), X €f}. (4.8)
Both fgiag and % are Lie algebras. This is obvious for the former, while for the latter it is
a consequence of the inhomogeneous Yang-Baxter equation. Moreover, they are isotropic
with respect to the bilinear form

(X1, 1), (X2, Y2))) = STr [X1X2] — STr [V1Y9) (4.9)
where STr was defined in (3.4). Again, for fgiag this is obvious, while for f one needs to use
the antisymmetry of R with respect to STr. We then construct the Drinfel’d double

0 = fdiag + - (4.10)
Notice that the Drinfel’d double is the same as in the one-parameter case, the only modi-
fication lies in the bilinear form (4.9).
For general Z, supercosets F/Fy, we take the Lie algebra h to be
b ={(X, X)), X €% = Lie(Fo)}, (4.11)

and write Ay = (A, A1) with Ay € {0 where f(°) denotes the grade-0 subalgebra of
the Z4 graded superalgebra f. For the Z, permutation supercosets (2.1) in which we are
interested, we have f = g + g and f(o) = go is the diagonal bosonic subalgebra.
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Operator £€. We define

Pg=~k! (Po +5(P-+ P+)) ., Pg= %1%—1(73_ ~P),  k=k,P,+kpPg,
(4.12)
where Py are the quantities appearing in the 1 deformed action, defined in (2.16), with
coefficients given by (2.21) for the GS case and in (2.23) for the PS case. We also make

the identification

gl gl

— = — 4.13
kL 9 77R kR ) ( )

so that Pg and Pp depend only on v, k., kr. We then introduce the £ operator which acts
n (X,Y)) €0 as!’

N =

E(X,Y) = (—((PH™" = PHTH((PH T+ PHX —2v),

(PY)~L = PYY((PY) + PY)Y — 2X))), (4.14)

where P} are defined implicitly through the relations

(Pe) ' Pg— Po+Pp(Pe) ' Pg— (Po) ' — Pg(Pe) ™' = =2((P) " = P) N (P)) 1+ PY),
(Pe) 'Pp — Pg+ Pp(Pg) ' P+ (Pg) ' + Pp(Pg) ' = +4((P}) 1 —=PH7 !,
(Pg)~ 1PB+PG Pp(Pg)'Pp— (Pg) '+ Pp(Pg) ' = —4((P)) ' —=P) !,
(Pg) 'Pp+ P — Pp(Pg) *Pp+ (Po) ! — Pp(Pe) ™t = +2((P))L = PY)"H(PM) 1+ P).

(4.15)
Important identities are P} = (PL\)T, where T denotes the transpose with respect to STr
of (3.4), as well as

Pp=Ps+Pg=(1+P) 1 -PY)=—-(1-(PHHa+@PHH, (4.16)
and
ker [fP(€ +1)] = {(X, (P)*'X) , X €} (4.17)
It is possible to check that in the symmetric case k;, = kz = k one recovers
A 2 -1 k—~
P =APy+ AN Po+ AP+ X\ " Ps, A= —— (4.18)
k4~
in the GS case, and
PN = APy + NPy + APy + AP, (4.19)

in the PS case. These are the usual combination of projectors arising in the action of the
(one-parameter) A deformation, with the relation P* = Q=1 4 (A — 1) R.

17This is the same type of ansatz as for the one-parameter A deformation. With respect to the notation
in [34] we remove the tilde P3 — P2. This definition of & is such that

E(X, X)) = Pg' Po(X, X)) — (Pe — Ps(Pg ") Pp)(X,~X)).
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4.2 Bi-n models

To obtain the action of the bi-n deformation we take b = § and fix the gauge [ = (g,9) €
Faiag. An ansatz for EP(E€ £+ 1) with image and kernel satisfying (4.4) is given by

EPEL)(X.Y) = ((Ry+ 1) feKs,(Rg—1)feKy), Ki=Y —(PH)F'X, (4.20)

where R, = Ad;1 R Ady. The functions f4 are fixed by requiring that (4.20) is a projector,
leading to

-1
fe= (= (PR, — (14 (P)H) . (4.21)
Plugging into (4.3) and using the identities (4.16) one arrives at the action

1
1— Ryyk=1(Py+P-)

S = —2/d2x STr [(gla+g—A+)’ylA€1(Po +P) (g7lo_g—A)| .

(4.22)
At this point we would like to integrate out the gauge fields AL € gg in order to obtain
the action in sigma-model form. The equation of motion for A, reads

1

PC_=0, C_=(Py+P_ - lo_g—-A), 4.23
; (ot P 0 00— A 4
from which we can deduce that
cC_=7P - 19 (4.24)
ST TRl |
Replacing in the action gives
S = —27/d2x STr |g 1o, gP_ ! g to_g| . (4.25)
1 — Ryvk=1P_
Therefore, upon identifying the parameters
g v
v Ui kL ’ Nr kR ’ ( )

we recover the two-parameter n deformation (2.8) of the GS and PS sigma model respec-
tively (P+ take different forms in the two models). Note however that this construction
assumed that R satisfies the split inhomogeneous Yang-Baxter equation in both left and
right copy.

4.3 Bi-\ models

To obtain the action of the dual A-model we take b = fgiag. An arbitrary element of D can

be parametrised as | = (¢'g,¢")) = (¢',9')(9,1)), with (¢',¢") € Faiag and ((g,1)) € F4.
The gauge freedom of (4.3) then allows to choose I = ((g,1)).

From the conditions (4.4) it follows that the image of EP(£ % 1) should be Ad; ' b =
(Ad; ", 1))fdiag, which motivates the ansatz (the kernel remains the same)

EPE+D(X.Y) = (Ady' foKe, fiKy),  Ke=Y —(P)*X.  (427)
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Requiring that these are projectors further selects

1
1— (P2)*Ad;

f= (4.28)

Plugging this into (4.3) gives

l 1+ Ad,"' P
[
[

S = —*/dz.’L' STr 16—{-9 A++Ad A+)m( _18_9 A_ +Ad A )‘|

4= /dzm STr |A(97'0-g +0-g97") — A(g7' 019+ 01997")]

45 [ ST (A4 ALg — AcgA g™ + Swalg: STY).
(4.29)
The final step to obtain the bi A-model consists in integrating out the gauge fields A+ € go.
For this we follow but slightly modify the procedure used in the previous subsection for
the n deformation. The equation of motion for A4, reads

1

PyC_=0, C_=(k,P,+kpPy)(1 PA)m

(7'0-g— A +Ad," A).
(4.30)

A complication arises because of the presence of the (k, P, +krPr) term in C_. We however
observe that the auxiliary operator

Q=(1-P) Q' - PY), (431)
with Q defined in (3.18) for the GS case and (3.25) for the PS case satisfies, in both cases,
QU — P Yk ‘P + kgtPy)P =0,  i=1,2,3. (4.32)

From (4.32) if follows that the equation of motion (4.30) can be rewritten

N A 1
PHIC_ =0 C.=P— (g0 g— A +Ad;' A 4.33
Q(P2) : _1_Ad;1P5(g g +Ad,; A, (4.33)
from which we deduce that
1
C_ =0 ' ——  (¢'o_g—A_+Ad;TA). 4.34
Q 1_Adg_lg,l(g g +Ad,; " A-) (4.34)
Injecting into the action (4.29) leads to
1 e + Ad;!
S = -3 /d23: STr [(g_lfhg)gAdgl(g_lag - A_+ Ad;1 A)]
] (4.35)

1 o - __
-5 /dQZL‘ STr [g Yo g(1 + Ad, 1).A,} + Swz(g; STr) .

Finally, one can check that the terms involving A_ cancel, owing to condition Q~'Py = P,
and the action of the A-model, without gauge fields, becomes
Q+Ad,!

= (9_139)] + Swz(g; STr) . (4.36)

IR N S Sl
S = 2/d:pSTr[(g 8+g)QfAdgl
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This is precisely the action of the bi-A deformation in sigma model form as obtained
in (3.10). Therefore, the bi-A deformation is the Poisson-Lie dual of the bi-n deformation
for operators R satisfying the split inhomogeneous Yang-Baxter equation.

4.4 n—X\ deformation

Let us now take advantage of the £-model formulation to derive new hybrid deformations,
with one copy of the symmetry algebra 7 deformed, and the other A deformed. We write
f = 9. D gr, where we keep track of the two different copies of g with the labels “L” and “R.”
Any element X € § can therefore be written X = (X, Xp) where X, € g, and X € gx.
Clearly, also the diagonal algebra (4.7) takes this direct sum structure,

fdiag = {(((XLv XR)7 (XLa XR)))} = Qdiag,L ©® diag,R » (4.37)

where
gdiag,L - {((XL7 XL))} y (438)

and similarly for the right copy. It is clear that ggiag,; and gdiag,r are algebras on their own.
For operators R of the form R = R, ® Ry, with R,  : g, — ¢..» (this is in particular
true if the operator R is of Drinfel’d-Jimbo type), also the algebra f defined in (4.8) takes
this direct sum structure, with

f=((((R, + DX, (Rr +1)Xz), (R, — DX, (Rr — DXR)) = . @ §r (4.39)

gL = (((RL + 1)XL7 (RL - 1)XL)) ) (4-40)

and similarly for the right copy. Due to the requirement on R also g, and g are algebras.
These are then four subalgebras of the Drinfel’d double

0 = fdiag @ } = Gdiag,z D Odiag,r D 92 D Or - (4.41)

They are all isotropic with respect to the bilinear form (4.9).

We have seen in the previous two sections that integrating out the degrees of freedom
associated to f = §, @ §r one gets the (bi-)n deformation, while integrating out the degrees
of freedom associated to fgiag = Gdiag,r. © Gdiag,r OnE gets the (bi-)A-model instead. But
one can do more. In particular, one can integrate out the degrees of freedom associated to
f1 = 9diag,. P Or OF fo = g1 P diag,r- Lhis is possible because both f; and f2 are subalgebras
of ® which are isotropic with respect to the bilinear form (4.9). The resulting models will
be hybrid n — A deformations.

Without loss of generality (it is always possible to relabel the left and right copies),
let us consider the case where we integrate out

fQ =g.® Odiag,r = b, ®br=0. (442)

Naively the resulting model should be n deformed in the left copy and A deformed in the
right copy, with additional non-trivial coupling terms between the two copies. An arbitrary
element [ € D can be decomposed into

1 =0b.((92: 9r9r), (92, 9%)) = bo((1,9%), (1, gr) ) (92, 9r), (92, 1)) , (4.43)
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where b, € B, and (((1,9%), (1,¢%)) € Bg. After gauge fixing the left-acting B symmetry
we are left with the representative

l=((9z,9r),(92,1))) - (4.44)

Let us now turn to the definition of the projectors EP(E + 1), satisfying the two
constraints (4.4). In particular, the image should be im[EP(€ £1)] = Ad; ' b. From (4.44)
it follows that Ad, ' = (((Ad; ! Adg_Rl), (Ad; 1, 1)), and we recall that b is defined in (4.42).

gL’ gL’
An ansatz with the correct image is therefore given by

EP(E+1)(X,Y) = (( (RL’Q(L) 1 A§_1> f+K+, (RL’Q(L) ! ?) fﬂ:Kj:>> ;o (445)

9dRr

and we recall the (unmodified) kernel
K=Y —(P)7'X, X=(X,Xn), Y=(V,Ys). (4.46)

We use a vector/matrix notation where the first component is in the left copy and the
second component is in the right copy. The unknown fi can be seen as 2 x 2 matrices,
and are fixed by requiring that EP(E + 1) are projectors. We find

-1
N ESTN EST AN R4, —10 TS Rog,+1 0
fe = (f:l:,RL fi,m) B (( 90 1) (P) ( go Ang)) : (4.47)

Then, the gauge field A € b is as before, A = (A, .A)) with A € go. While it is possible
to further decompose A = (A,, Ag), from the definition of the diagonal subalgebra g it
follows that A, = Apg.

Using the definition of the inner product ((-,-)) of (4.9), and after some manipulation
explained in appendix A, the action of the hybrid model can be put in the form

1 . B SN B
§=-3 /d% STr [T (2P, + Pa(1+ Ady P)(1—=P) ) 071 (T = A+ Py Adyt A )]
1 __ _
-5 / d% ST [T, (14 Ady ) PrA-] + Swa(gn: STr)

+ [ @2 STe [A071 (1= Ao+ Paadl AL)]

(4.48)
where
o=1p (Pg' = Rp,,) + Pa(1—Ad; L PYY(1 — P! (4.49)
- 9 L\L' g L,gL R gr T — — 9 .
and
Jr = g_laig, 9= (91,9r) € G x Gg. (4.50)
The action is invariant under the gauge symmetry
9L = 990, 9r = 9o 'gngo, Asr — gy Asgo+9, 0sge, go(x) €Go. (451
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5 Renormalisability and scale invariance

In this section we discuss quantum aspects of the bi-deformed models. Our main focus will
be the RG flow for the bosonic bi-A model, demonstrating its all-loop renormalisability in
a “tripled” formulation and explicitly computing its two-loop beta function in a particular
subtraction scheme.

Before we turn to the bosonic truncation, let us briefly comment on the deformed Z,
permutation supercoset models. For these to define consistent string sigma models, we re-
quire that they are Weyl invariant,'® hence at one-loop the background fields solve the type
IT supergravity equations. We will return to this in the “Conclusions” (section 6). However,
it follows from the results of [81], that, in the PS case, the bi-n model (2.8), (2.16), (2.23)
and bi-\ model (3.10), (3.25) are one-loop renormalisable, and if the superalgebra g has a
vanishing Killing form (as is the case for both psu(1,1|2) and 9(2, 1; «)) they are one-loop

scale invariant, a necessary condition for Weyl invariance.!?

5.1 RG flow for the bosonic bi-A model

The bosonic bi-A model (3.28) on €XE is not scale invariant, but it was observed in [55] to
be renormalisable at one loop with only the coupling h running. Thus it provides a further
example of the general expectation that integrable sigma models are renormalisable, or
stable under RG flow [82, 83].

Here, following the approach used in [73] for the standard A deformation, we will make a
path integral transformation to a “tripled” formulation, after which certain fields decouple,
leaving a model that is manifestly renormalisable to all orders due to its symmetries. The
key transformation is to exchange the auxiliary fields A, z+ for Lorentz scalars

Ay =h; 0, hy, Aim =hio_h;t, hi,hi € G, i=L,R. (5.1)

Applying the Polyakov-Wiegmann identity [84], a certain combination of fields g; = h; g; h;

decouples leaving the Lagrangian?®
E == ]{31 EG(gl) + [/, El == —k?i (;Cg(hl) + ﬁg(ﬁz)) + Tr[aij Ji+[_(jf] y (52)
k,+3h —1ih . _ -
a] ( 7%}1 k;R + %h y + + ( )

Here we are summing over repeated indices ¢,j = L, R and L denotes the Lagrangian of
the WZW model for the group G. The resulting sigma model has a “tripled” target space

1811 the context of the pure-spinor worldsheet theory in conformal gauge, the action should have conformal
symmetry, zero central charge and a nilpotent fermionic operator.

19This follows since the theories have a Go gauge invariance, under which the Lax connection transforms
as a connection, and satisfy a “Bianchi completeness” condition [81]. A sufficient condition for the latter
is that the currents J1 appearing in the Lax connection (2.19) are of the form J+ = O+(g)g™'0+g, where
the linear operators O+(g) : g — g are invertible.

20Note that here we take S = = fde L, hence the couplings kr,z and h in this section are equal to

4o’

those in section 3 and section 4 multiplied by 47. o is understood as a loop-counting parameter, which
may be set to one for convenience.
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(G x G)3. The decoupled Lagrangian for §; is conformal on its own, leaving the “truncated”
model £’ to determine the RG flow of the bi-A model.
Since the transformation (5.1) is non-local it gives rise to a finite one-loop determinant

AL = —2cq(La(hih) + qTr[J 4K -]) (5.4)

where the local ambiguity parametrised by ¢ should be fixed to ¢ = 0 to preserve the G
gauge symmetry

h; — h;g, }_lz — gilf_li, g(a:) cG. (55)
This has the effect of shifting the WZ levels k; — ki = ki + 2¢q in L'
- . y - N kp4+ih  —lh
L=~k (EG(hi) + EG(hi)) + Trfai; Jiv (R)K;—(R)], Qij = ( L_%ﬁ ];R _i %h) y :
(5.6)

The Lagrangian £’ (5.6) can be viewed as a degenerate gauge-invariant limit of a coupled
G* model of the type studied in [85].

In addition to the G gauge symmetry (5.5), the Lagrangian £’ (5.6) is invariant un-
der a (G(x~) x G(z™))? chiral gauge symmetry, which is an artefact of the change of
variables (5.1)

hi — wi(x™ ) hi, hi — hivi(zT), ((up,vr), (ug,vg)) € (G(z™) x G(x+))2. (5.7)

Crucially, up to the definition of the WZ levels and the coupling h, the theory £’ is the
unique one with these symmetries. As such, it must be renormalisable to all orders with
only h running (since the WZ levels do not run).

We shall explicitly demonstrate the two-loop renormalisability of the truncated
model (5.6) using a particular “GB subtraction scheme” [75] (see also the discussion in [74]
and references therein), in which a general bosonic sigma model

1 . . o
1 (5.8)
- 4o/ /dzx (G(SO) + B(SO))mn OrpmO_p"
has the two-loop beta function®!
d
%(Gmn + an) = 67(717)1 + a’? ﬁg}l +... (5'9)

=da Ryn + o? 5 (Rklanmklp - iRlpkanklp + 2kaankqulpq> +....

Here Hyng = 30, By and R is the curvature of the generalized connection Tk, =
kan(G) — %H kom and o is understood as a loop-counting parameter that we will set
to one.

Let us now compute the Riemann tensor and H-flux corresponding to the La-
grangian (5.6). To account for the gauge symmetry, we first introduce a “regulator” explic-
itly breaking it. We do this by simply taking the matrix a;; in eq. (5.6) to be a generic 2 x 2

2Tn the beta function (5.9) we have dropped possible diffeomorphism terms Lx (G + B)m» and exact
terms O}, Y, since here they are fixed to zero by global symmetry.
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matrix. We then compute the Riemann tensor and H-flux for the regulated theory before
projecting out the “pure gauge” direction and taking the regulator to zero, i.e., setting a;;
to its value in eq. (5.6). This is equivalent to the proper gauge-fixing procedure explained
in footnote 38 of [74].

Choosing a convenient frame to diagonalise the metric G,

2 o
ds? = Gndp™dg™ = ?f Te[ETE], I=(i7), i=L,R, i=1L,R,
E' = JZ'—I-CZ']'K]', Eizdmkj, Ji = ;ldhi, K; :df_llil;l,
Cij = % : ki dijdix = k050, — kicijea
(5.10)

where we take d;; to be symmetric and denote its inverse by ¢ = d~', and expanding
the frame field in terms of generators T4 of the Lie algebra g, Ef = EAIT,, the H-flux
H =dB = Harpx,cLEM NEPE AN ECL s given by

Z ~
H o ol = _§fABC kidi,  Happic fABc Z Qijkl s

i B
H i prcr =0, H i prct = =5 apc ki ((CQ)z‘k(CQ)z‘l + Z Cijqjkqjl) ;
J

ikl = k;j <jSijle + 2(cq)ji(cq) jr(cq)ji — Z[(CQ)jcr(i)cijmo(k)chr(l)]) :
m,o
(5.11)
Here we have indicated sums over indices explicitly, o are the three cyclic permutations of
{i,k,l}, (cq) = ¢+ q denotes the usual matrix product and d;; is 1 when ¢ = k =1 and 0
otherwise.
From Cartan’s structure equation dEM +5M y EN = TM with torsion T = JHM yp EN A

EF (here with M = A, I) we can compute the torsionful spin connection

oY =" AiafapcEPF Y=Y BinfacE", oY ;=" CiufapcEPF,
Bk Bk Bk
Ajrg = —i04(cq)ik Birg = i [(cq)in(cq)i Zcuqﬂcqﬂ
Cit = (kidijqixq51 — krdijqigqi + kidiqjrgsi + qijr) -

i
(5.12)
The torsionful Riemann curvature tensor is defined by %ITEM N PQEP ANEQ = doM y+oM p A
&F n. Rotating from E?, E* back to the basis J;, K, fixing the gauge hy = 1, projecting
out the corresponding directions, and setting a;; to its value in eq. (5.6), we obtain the
following non-zero components

(=) ik (h 4 2k, ) (h + 2kg)3

pAi_ . _ pA B " . _ : i,l=L,R,
ci,pi,er = " Bcf DE 2Aley i + Wy, + hlin)?
~an —DYh + 2kL) (h + 2kg) (2k kg + hk kR)
AL _ A e | L) 2n) U0 2 I=LR,
cupr.pr = f"Bof " DE 2(4kpkn + hky + hkg)?
(5.13)
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and the remaining components of the H-flux become

]

i 5 5
H 4i Brot = *§fABC ki 6ina Hyp picr = *ifABc kyr,

Z Z (5.14)

H pi Br,cr = *ngBC ki ik cir, Hai prcr = *ifABc kicip .

Substituting egs. (5.13), (5.14) into the beta function (5.9), we find that the Lagrangian
L' is indeed renormalisable with only the coupling h running according to

ih =92 (h+ 21}L)<h+ 2%R)(2]~€LIER +h(];7L + ];R))
e (4k ki + h(k, + Fr))2
Ca 7.37.3 7272 (7 7 4,5 = .9
X |14 s 32k, k3 + 64hk; k3 (kp, + kg) + 3h* (k, + k
< h(4kLkR+h<kL+kR))3< e Lk (ke + k) (k. + kr)

A0 (o + Fo) (2 + Fo) (o + 2F) -+ 8h2Fo o (5F2 + OF o + 5;;;>)) |
(5.15)

The leading term in eq. (5.15) agrees with the one-loop result of [55], with the coupling of
that paper identified as Ao = (l;:L + l;:R)/(Qh + Kk, + IQ:R).

The two-loop fixed points h = —2]::L,—2I~CR,—21~§LI~€R/(§:L + /;:R) and h — oo are the
same in this scheme as those at one loop up to the correction k; — k;. At the fixed points
h = —2k, and h = —2kj, (related by the Zy transformation (3.23)), the bi-A model becomes
the (G, —kg X Gip)/Gr, and (Gi, X Ggp—k, )/Gry gauged WZW models respectively [55].
This may be seen by explicitly integrating out the gauge fields and substituting h = —212172.
The fixed point h = —2% is related by the Zg transformation (3.23) to the fixed
point h — oo, which, as discussed in section 3, gives the (Gj, x Ggj)/Gk,+k, gauged
WZW model.

In the symmetric limit k, = kr = k when the bi-\ deformation reduces to the standard

A-deformation of the coset GéG, the two-loop beta function (5.15) matches the known one

in the same scheme [73],%2

d d Ca ca(1—3)\2) 1
—k= —A=——A|1- ———= A
dt 0, dt k. [ 2k(1—N2) |’

h
—+1. (5.16)
Ky

In the limit k; — oo, which corresponds to the NATD of the A\-model, the result (5.15)

reproduces the two-loop beta function of the A-model in the same scheme as [73] (see
also [86])

d d 2 [ A )2 2ccA2(1 — 2)) ., _ h
—k, =0 —A=—(— — A= —+41.
" dt ki, (1+)\> l EL(1—MN(1+N)3]" %,
(5.17)
2 As explained in appendix A of [73], the correct result (5.16) for the A model on the coset £ = SX€ is

obtained by substituting cr = c2(G) and ce = %cz (G) in the general formulae of that paper, where c2(G)

is the dual Coxeter number of G.
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Further taking the limit k£, — oo (holding h = 2k, (A — 1) fixed), which corresponds to the
bi-NATD of the PCM, reproduces the scheme-invariant two-loop beta function of the PCM

d 1 _
Th=ce+ 5céh L (5.18)
Finally, let us note that there is a curious weak-coupling limit
— 4k, k -
ki kr — 400, h— —oo, h=-h— ——= fixed, k=ky—k;fixed, (5.19)
kr + kg

in which the two-loop beta function (5.15) becomes that of the PCM with WZ term in the
same subtraction scheme (extending the one-loop observation of [55])

d - k2 I 3k? d -
dth:cc<1—hz> 1+ ~cch (1-)], —k=0. (5.20)

2 dt
It remains to be understood if there is a first-principles explanation of this fact.

6 Conclusions

In this paper we have constructed and investigated integrable bi-deformations of Z4 per-
mutation supercoset sigma models with superisometry group G x G. These are ex-
pected to define integrable deformations of type II superstrings on AdSz x S? x T4 and
AdS3 x S% x S3 x S!. Starting from the classically integrable GS and PS sigma models (1.2),
with P_ = P 4+ 2P, — P3 and P_ = P; 4+ 2P, + 3P5 respectively, we constructed their bi-n
and bi-\ deformations in section 2 and section 3. In section 4 we showed that these models
are related by Poisson-Lie duality, with each obtained by integrating out different degrees of
freedom from the same £ model on the Drinfel’d double. This also allowed us to construct
an -\ deformation, with one copy of G 1 deformed and the other copy A deformed.

The particular form of the bi-n and bi-A models suggests an underlying pattern in
the deformations. It would be interesting to uncover this by extending the construction
to general Zoy permutation (super)cosets, generalising the results of [34]. Moreover, in
addition to PS and GS type models, it is known that for N > 2 there are other choices
of P_ that define classically integrable sigma models [87] and these should also admit bi-n
and bi-A deformations.

An important open problem is the explicit construction of the type II supergravity
backgrounds for the bi-deformations of AdSs x S3 x T4 and AdSs x S3 x S% x S'. The type
II supergravity equations of motion imply one-loop Weyl invariance, a basic consistency
condition for string sigma models. Below we summarise what is known in the literature
for deformations of AdSs x S® x T and its non-abelian T-duals.

The bi-n deformation has been studied in detail [28] in the case where the opera-
tor R is built from two psu(1,1]2) Drinfel’d-Jimbo solutions of the non-split inhomoge-
neous Yang-Baxter equation. When both Drinfel’d-Jimbo solutions are associated to the
fermionic Dynkin diagram of psu(1,1]|2), the background solves the type II supergrav-
ity equations. For other Dynkin diagrams, the background instead solves the generalised
equations of [72, 79] (see also [88]). This follows the general pattern that supergravity back-
grounds are associated to unimodular operators R [67], which in turn define unimodular
Lie (super)algebras f (4.10) through the R-bracket. It would be interesting to understand
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the precise form of the unimodularity condition for the bi-n deformation, in particular for
operators R that mix the left and right copies of the symmetry algebra.

Less is known for the bi-A deformation. It is expected that the corresponding back-
ground will solve the type II supergravity equations since the lack of isometries means
that the generalised supergravity equations are equivalent to the standard supergravity
equations. Moreover, the degrees of freedom that are integrated out in the £ model are
associated to the unimodular Lie (super)algebra fqiag (4.10). For the symmetric A deforma-
tion, a candidate supergravity background has been written down in [89]. An alternative
dilaton and set of R-R fluxes supporting the same metric and B-field was given earlier
in [54]. This second background is expected to be the bosonic Poisson-Lie dual?® of the
symmetric 1 deformation. This is in contrast to the first background, corresponding to
the symmetric A deformation [53], which is the Poisson-Lie dual with respect to the full
superisometry algebra. It would be interesting to construct the generalisation of both these
backgrounds for the bi-deformed A models. The two bi-deformed backgrounds would have
the same metric (and no B-field) [55] as each other, but would be supported by different
dilatons and R-R fluxes.

To gain a better understanding of the bi-A deformations, and A deformations more
generally, it is informative to take the A — 0 limit. As recalled in section 3, taking this
limit in the bosonic truncation gives the (Gj, % Gg,)/Gr,+k, gauged WZW model. This
is a CFT, hence the associated metric and B-field can be completed, with the requisite flat
directions and a non-trivial dilaton, to a supergravity background, i.e., there are no R-R
fluxes. By analogy with the AdSs x S? x T% case [54, 59, 90, 91], we expect this NS-NS
background to be the A — 0 limit of the bosonic Poisson-Lie dual background, while for
the bi-\ deformation we expect R-R fluxes and a more complicated dilaton. In addition to
taking the A — 0 limit at the level of the supergravity background, it would be important
to understand it abstractly in the sigma model (3.7), particularly in the GS case (3.18)
given the simple form of the k-symmetry transformations (3.56), (3.57) in this limit.

Similarly, very little is known about the n-A deformation. We again expect that
the backgrounds will solve the type II supergravity equations assuming that the operator
R satisfies a unimodularity condition, or equivalently the Lie (super)algebra fo (4.42) is
unimodular. The -\ deformation can be understood as the single-sided Poisson-Lie dual
of the bi-n deformation, and in the n — 0 limit becomes the single-sided A deformation. On
general grounds, it is expected that this single-sided A deformation is the same as (3.42)
(up to interchanging the two copies of G), which is found by first taking kr — oo in the
bi-A model to give the NATD-A model (3.37) and then undoing the non-abelian T-duality.
However, this remains to be confirmed.

A supergravity background embedding the A deformation of the PCM, i.e., the bosonic
truncation of the single-sided A\ deformation, is given in [54]. By a similar logic to before,
this should correspond to the single-sided bosonic Poisson-Lie dual of the single-sided 7
deformation. We note however, that this background has imaginary R-R fluxes. Super-

2By this we mean Poisson-Lie dualising the symmetric 7 deformation (n, = 7z) with the operator R
built from the Drinfel’d-Jimbo solution associated to the distinguished Dynkin diagram with respect to the
bosonic subalgebra. For a discussion of Poisson-Lie dualities with respect to subalgebras see [61].
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gravity backgrounds for a different type of n—A deformation were discussed in [92]. These
are based on (super)cosets of the form F/Fy and formally both 1 and A deforming the
(super)isometry group F at the same time [60]. Trying to do this puts a strong constraint
on the operator R defining the 1 deformation, which implies that the extra deformation
acts trivially in many cases of interest.

The single-sided A deformation is particularly interesting since it has global G sym-
metry, so describes supersymmetric string backgrounds. The presence of supersymmetry
may mean the resulting supergravity backgrounds have certain “nicer” properties, as hap-
pened for the single-sided 7 deformation in [26]. Moreover, the WZW model appears as
the bosonic truncation in the further limit A — 0.

Beyond one-loop Weyl invariance, it would also be interesting to investigate the higher-
loop properties of these models. In section 5 we investigated the higher-loop renormalisabil-
ity of the bosonic truncation of the bi-A model. We showed that in a “tripled” formulation
certain fields decouple and the bosonic bi-A model becomes manifestly renormalizable to
all orders due to the symmetries. Therefore, it could be insightful to try to use a similar
approach to study the bi-\ deformations of Z, permutation supercosets.
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A Action of the n—\ deformation

Using the definition of the bilinear form ((-,-)) as in (4.9), together with the projectors
EP(P £ 1) of (4.45), the action (4.3) can be expanded into®*

I — R +1 0 ~
S = §/ST1“ (Jot = Avt, Jpt — Ary) ( L’Q(L) Adgp}) f+K+]
1 [ Ry, —10) , —
B §/ST1" [(JH —Apt, —Apy) ( L’g(L) 1) f+K+]
1 [ R +1 0 ~
35Tt (M ) ]

24In this appendix we use the shorthand notation f = f d2z.
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Aol

1
_ §/STr (ot Tos) (Ars An) /STr (e To) (Aves Ant)]
1 . r
5 [ST [0 (A Ae)] - 5 / ST (T 0)(Avr, Ant)]
+ Swz(gs; STr) ,
(A.1)
where . \ \
Ky =(P,—PM)J_—(1-PMA_,
Rom(RooP)L-(0-PhA, "
K_=(P,—(PY) " )Je — (1= (P{))A+.
Adding the first two lines together, as well as the third and fourth line, gives
2 0 ~
S — /STI‘ JL+ - AL+7 JRJ,_ - AR+ + Ad ARJ,_) —1 f+K+
0 Adg,
]. o _1 2 0 g
- 5 /STI' (JL_ - AL_, JR_ - AR_ + Ang AR_) 0 Ad_l f_K_
_Z /STr [0, Tns) (A Arc) /STr [0, Ju) (A Ars)'] + Swzlgn: STr)
(A.3)
Using the explicit expression of K+ in (A.2) and deﬁning
2

this becomes

S = /Sﬁ (Jy = A+ PaAdyt AOM, (P = P — (1= P)A )]
-3 / STr [(J- — A-+ P Ady} AM_ (P — (P) ™) — (1= (P) )AL

1 [~ 1 [~ __
b / STr[J, PrA_] + 3 / STr [J_PrAy] + Swz(gr; STr) .

(A.5)
Grouping the terms of the form JJ, JA, AJ and AA together gives
S = ;/ST‘T} S M (P = P2 ] - ;/STT} [T M(P, = (PD) )T
-3 / ST [Je ML (1 - PYA ] - & / STr [J, PeA_]
1 1 [~
+ ,/Sﬁ [ToM_(1 = (P HAL] + —/STr [J_PrAy]
2 2 (A.6)

- 1/STr (AL (1 = PrAdy )My (P, — P — (1 - P)AL)]
- /STr [AZ(1 = Pe Adg)M_ (P — (P ™) T = (1 - (P) )AL

+ SWZ(gR, STT)
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Now, recall that Pﬁ and P? are transpose to each other with respect to STr so one can write

S = ;/s’ﬁ (7 (M (P = PY) = (P, — (P HMT) 1]

+ % /s”ﬁ e (=M1 = P2) = Pat (P = (PY)THMI(1 = P Ad ) A

5 [ ST [ (0= (P OMT 4+ P = (1= Py Adyy) M. (P, = PY)) ]

- % /éVTr [A+ ((1 — PrAdg, )M (1—PY) — (1— (PY) " HME(1 - Py Ad;Rl)) A_}

+SWZ(gR;§VTT).

To make progress we note the useful identities

(A7)

Mo (P = PN+ (1+Ad, (1 —Ad, ) Py = (M+(1—Pi)+PR) (P + Pp(1—Ady )7,

and

(1~ PaAdy )M (P, — PX) = Pr= (1~ PaAdg )M (1 — PY)((1 — PaAd;)”

=—(1—(PHHMmT
= (P, — (P HYMT - poMT .

From this we deduce that
My (P, — PN — (P, — (P HMT
= (_sz — Pp(1+ Ady} PY)(1 - Pﬂ)’l) (1— (P HML.

Finally, the action becomes

1 STh - - - p—
S = —§/STr [T (2P + Pa(1+ A} P21 = P27 ) O (- = A+ Py Ady)

_ ;/s’ﬁ [T (14 Ady) PrA_ | + Swalge; STY)
+/§VT1~ (A0 (T — A+ Paadgl A )]

where )
o= 5PL(P; ~ Ryg,) + Pa(1— Ad T PY)(1 - P
Using the identities
(2P, + Pa(1+ Adg! PY)(1— PY)71) 07!
—2 (PL + Pa(1— Pﬁ)—l) o1 _ p,
=2 (P + PeAdy PX(1 = P71 ) O 4 Py,
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(A.8)

(A.9)

(A.10)

A,

(A.11)

(A.12)

(A.13)
(A.14)



we provide two alternative formulations of the action. The first is
S—=-— / STe [T, (P + Pa(1 = P O (- — A+ PaAd,) AL)]

- ;/S”ﬁ (TP (T = A+ Ad A

o o (A.15)
- / STr [ (1+ Ady ) PrA_| + Swa(gs: STY)
+ [ ST [A.07! (1 - A+ Paadl ALY
while the second is
S= —/ﬁ [T (Po+ Po Ayt PX (1= P21 071 (1 — A+ Py Ady L A )]
_ ;/S’VTr [P (12— A+ AQy AL
(A.16)

— 5 [ ST 70+ A PA] + Swalge: ST
+ / STr [ALO (J- — A+ PaAd;} AL)]
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