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ABSTRACT: Transverse-momentum-dependent parton distribution functions (TMDs) can be
studied from first principles by a perturbative matching onto lattice-calculable quantities:
so-called lattice TMDs, which are a class of equal-time correlators that includes quasi-TMDs
and TMDs in the Lorentz-invariant approach. We introduce a general correlator that
includes as special cases these two Lattice TMDs and continuum TMDs, like the Collins
scheme. Then, to facilitate the derivation of a factorization relation between lattice and
continuum TMDs, we construct a new scheme, the Large Rapidity (LR) scheme, intermediate
between the Collins and quasi-TMDs. The LR and Collins schemes differ only by an order
of limits, and can be matched onto one another by a multiplicative kernel. We show that
this same matching also holds between quasi and Collins TMDs, which enables us to prove
a factorization relation between these quantities to all orders in «,. Our results imply that
there is no mixing between various quark flavors or gluons when matching Collins and quasi
TMDs, making the lattice calculation of individual flavors and gluon TMDs easier than
anticipated. We cross-check these results explicitly at one loop and discuss implications for
other physical-to-lattice scheme factorizations.
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1 Introduction

Nuclear and particle physicists have striven to ascertain the full three-dimensional structure
of hadrons for decades, through a combination of experimental measurements and their
theoretical description via parton distribution functions (PDFs). The study of PDFs
in the longitudinal momentum direction has reached a high level of maturity within
many frameworks, such as global fitting efforts [1-8], lattice QCD calculations using
moments [9-11], quasi-distributions in large-momentum effective theory (LaMET) [12-14],
and various other techniques [15-22]. A major thrust of current research is to extend
this progress to transverse-momentum-dependent PDFs (TMDs). In principle, TMDs can
be extracted from experiments using global fits [23, 24], but due to limited data these
extractions have not yet yielded the same precision as PDFs. However, ongoing and planned
experiments such as the Electron-Ton Collider [25, 26] will have enhanced capabilities to
probe TMDs, and it is important to complement them with theoretical insight.

TMDs are intrinsically nonperturbative at small transverse momenta and so lattice
QCD provides the only practical method for their first-principles calculation. Unfortunately,
TMDs are defined along nonlocal lightlike or close-to-lightlike Wilson line paths, which
depend explicitly on a real-valued time variable and thus lie outside the reach of current
lattice techniques due to a sign problem, the speculated non-deterministic non-polynomial
hard issue of numerically averaging over complex weights in a Euclidean path integral. To
circumvent this obstacle, one can construct equal-time correlators that are calculable on the
lattice, which we collectively dub “Lattice TMDs”. We can then extract information from
lattice calculations by relating a lattice TMD to a physical continuum TMD (that appear in
cross sections) through a so-called factorization formula, which forms the focus of this paper.

There exist several approaches for defining continuum and lattice TMDs. The first
lattice TMD studies used the Lorentz-invariant approach of refs. [27-32], which we refer to
as the Musch-Hégler-Engelhardt-Negele-Schéfer (MHENS) scheme. This approach defines
TMDs which are calculated with lattice QCD using spacelike Wilson line paths, and then uses
Lorentz invariance to relate them to the path considered for the continuum TMD definitions,
which is spacelike but close to the light-cone. This method has so far primarily been used
to calculate ratios of physical TMD moments. Later on, LaMET motivated the study
of quasi-TMDs [33-42], which are Euclidean distributions defined using boosted hadron
matrix elements of somewhat different spacelike Wilson line paths. Since the quasi-TMD
obeys the Collins-Soper evolution [33], one can extract the nonperturbative Collins-Soper
(CS) evolution of TMDs using ratios of quasi-TMDs at different hadron momenta [35], and
first lattice results were obtained in refs. [43-48]. Methods to calculate the so-called soft
function have also been proposed [38] and implemented on the lattice [46, 47].

To relate lattice TMDs and physical continuum TMDs one should derive a factorization
formula that demonstrates that these TMDs agree in the infrared, and perhaps differ in
the ultraviolet by perturbative matching coefficients [33, 34, 36, 39, 41, 49]. In this work,
we set up a unified notational framework for lattice and continuum TMDs and derive the
factorization formula between the physical Collins TMD and quasi-TMD to all orders in
as, for both quark and gluon TMDs. Up until now, no lattice-to-continuum factorization



formlula has been proven, but a matching between the quasi-TMD and Collins-TMD for
the non-singlet quark case has been verified at one-loop order.! In our analysis here we also
fully account for lattice renormalization, soft function subtractions, and finite Wilson line
lengths; items that are important to account for in analyses for lattice-QCD-friendly TMDs.

1.1 Statement of factorization

Factorization formulae that relate the non-singlet quark quasi-TMD and physical TMD
have been proposed in refs. [35, 36, 38, 39]. The objects we are interested in here include
both a naive quasi-TMD fr?fi"e that can be directly calculated with lattice QCD, but whose
infrared structure differs from the physical TMD, and a proper quasi-TMD fns whose infrared
structure agrees. The factorization theorem for both of these quasi-TMDs can be expressed as

o . _ _ 1 .
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Here ns = u — d for non-singlet flavor, and C) is a perturbative matching coefficient which
does not depend on spin [40, 49]. In eq. (1.1) z is the fraction of the hadron’s longitudinal
momentum carried by the parton, by with by = \Bﬂ is the Fourier conjugate of parton
transverse momentum, and p is the MS renormalization scale. The quasi-TMD depends
on the hadron momentum P?, while the TMD depends on the CS scale (; also, vg is the
anomalous dimension for (-evolution, which is often referred to as the CS kernel [50-52].
Since we are interested in nonperturbative by ~ AééD, for the proper quasi-TMD fns we
must have g& = 1, while for the naive quasi-TMD f22¥¢ the function g%(br, u) is nonper-
GR

turbative and arises from using a naive quasi-soft function S

aives but can be calculated

from the reduced soft function with the methods proposed in ref. [39]. The definition of
the proper quasi-TMD we use here is not the same as earlier literature, see section 2.3.1
for more details. This factorization is valid at large but finite P*, with power corrections
suppressed by the parton momentum 2 P? as shown in eq. (1.1).

In this work, we prove eq. (1.1) at all orders in o and generalize it to the quasi-TMDs
of all partons 4, including light quark flavors (u, d, s) and gluons. Specifically, for the TMDs
for hadron h we find

1, ¢
57 (p, br) In J
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n ref. [39] arguments for the factorization based on an analysis of leading regions were suggested.
The presentation of such an analysis will be an important complement to the proof given here. We note
that the collinear, soft and hard leading regions, respectively correspond to the collinear beam function,
soft factor and the perturbative matching coefficient considered here. Ref. [49] analyzes factorization
for lattice-friendly correlators. The transverse distribution that they study there is not the same as the
quasi-TMD in refs. [33, 34, 36, 39, 41] and this work.



where [s] denotes the choice of spin-polarization for the hadronic state and operator, and
C; and fyé depend only on the choice of fundamental or adjoint color representations, so
Ci=C, and 'yé = ¢ for all quarks, and C; = Cy and 'yé = Vg for gluons. The quasi-TMD
in eq. (1.2) differs from eq. (1.1) by the soft factor,

QR
#1s] 7 5 Pz _ flslnaive 7 Dz Snaive (bT7 :u’)
@b, P ) = f z,br, u, xP , 1.3

where SE(br, 1, 2yn, 2yp) is the soft function in the Collins scheme [53], R = ¢, g for
quarks in the fundamental or gluons in the adjoint representation, and ¥, and yp are two
different rapidities (see section 2.2.1). Notably, the quasi-TMD depends on a new variable
(= x2m%e2(yﬁ+95 ~¥n) with hadron mass my, and rapidity Yp, which is equivalent to a CS
scale. Comparing egs. (1.1)—(1.3), we also show that g% can be calculated as a ratio of soft
functions, in agreement with the definition of the reduced soft function in ref. [39].

Two key results of this work are that eq. (1.2) holds for both quark and gluon quasi-
TMDs, and there is no mixing between the quark and gluon channels or quarks of different
flavors. This differs from the case of the factorizations of quark and gluon longitudinal
quasi-PDFs [54]. The matching coefficient C; takes different values for the two different
cases ¢ = ¢, ¢, but is independent of quark flavor and spin.

1.2 Strategy for proving factorization

We begin by developing a unified notational framework that is applicable to both lattice and
continuum TMDs. This framework brings to the forefront the common underlying structural
features of different TMD schemes, allowing one to more easily construct factorization
formulae relating them to one another. We can write every lattice and continuum TMD
as the product of a proton matrix element (beam function), vacuum matrix element (soft
factor), and appropriate renormalization factors. In the cases studied in the literature,
we show that the beam function can be expressed as the Fourier transform of a generic,
common correlator €2. Each scheme manifests as a special case of the correlator, encoded
by a choice of ’s arguments and of the order in which we take parameter limits needed for
proper TMD regularization and renormalization. More details are provided later, and we
summarize the choices needed for various schemes in tables 1 and 2.

Having a unified notational framework is useful for constructing relationships between
continuum TMD schemes that can be connected to physical observables, with schemes
that can be computed on the lattice. From the structure of the correlator €2, we observe
that the Collins and quasi-TMDs are closely related. To relate these schemes we begin
by constructing a new TMD scheme that is intermediate between the quasi and Collins
TMDs: the Large-Rapidity (LR) scheme. The LR scheme uses the same ingredients as the
Collins scheme, but performs UV renormalization at large but finite Wilson line rapidities.
Using Lorentz invariance, we show that the quasi- and LR scheme TMDs are equivalent,
up to terms suppressed at large proton rapidity. We then show that we can relate the LR
and Collins TMDs simply by a perturbative matching kernel, which is flavor-diagonal and
spin-independent for both quarks and gluons. Combining the quasi-to-LR and LR-to-Collins
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Figure 1. An overview of schemes and their relationships, including the LR scheme introduced in
this work. See section 3 for details.

relations leads to eq. (1.2). We summarize relationships between a number of common
TMD schemes in figure 1.

This proof is a beautiful application of the fundamental principle underlying LaMET [12—
14]: partons encode the internal degrees of freedom of a highly energetic hadron, with the
hadron momentum limit P? — oo taken prior to UV renormalization. In contrast, on the
lattice one must carry out UV renormalization prior to the large-momentum limit. This
different order of limits in an asymptotically free theory like QCD induces a nontrivial
matching kernel between a parton observable and its corresponding lattice construction.

Peculiarly, in TMDs this noncommutativity of orders of limits appears naturally, since
at intermediate steps of the calculation one must regulate so-called rapidity divergences [50,
53, 55—64], usually by choosing to deviate from lightcone kinematics or by introducing
an additional regulator on the lightcone. These divergences cancel when combining the
hadronic and soft matrix elements, allowing one to take the lightcone limit (or infinite
rapidity-regulator limit), but also forcing one to decide whether to take this limit before or
after UV renormalization. Many schemes for constructing TMDs take the lightcone limit
first, e.g. the Collins scheme [53]; others, such as the Ji-Ma-Yuan (JMY) scheme, do the
opposite [56]. Once again, exchanging these orders of limits is a UV effect, and thus induces
a nontrivial matching relation between Collins and JMY TMDs.

This paper is structured as follows: section 2 introduces our new notational framework
for defining TMDs. We then provide an overview of the definitions of common physical and
lattice TMD schemes. Section 3 presents the proof of the factorization statement in eq. (1.2).
We then discuss the physical implications of this proof, in particular the lack of flavor
mixing in the matching and utility for calculating ratios of TMDs. We also confirm the
momentum evolution RGE equation for the hard matching coefficient, and give a complete
solution for it with next-to-leading-logarithmic resummation. From our proof, we also gain
intuition for factorization relations between other lattice and continuum TMD schemes, in



particular for the MHENS and Collins schemes which differ due to the presence of Wilson
line cusp angles in the former that are not in the latter, and by the need for different soft
factors in these two TMDs. We make concluding remarks and outline future directions in
section 4. In the appendices, we verify our quasi-to-Collins factorization results analytically
at one-loop order, present a one-loop comparison of the continuum JMY and Collins TMDs,
and also discuss Wilson line self-energies.

2 Definition of TMDs
Let us consider the process of hard hadron-hadron scattering:
hl(Pl) + hg(PQ) — L(q) + X, (2.1)

where h1 2 are colliding hadrons with momenta P o, L is a detected color-singlet final state
with momentum ¢* (such as L = Z/~*, which decays to leptons), and X denotes additional
final-state particles. Let L have invariant mass @), rapidity Y, and transverse momentum

— .

gr with gr = |¢r|. For ¢r < @, we can factorize the cross-section of eq. (2.1) as [50-53]

dO' dng id- E - -
m = O'OZEJ:H”(Q, . )/(27[_)26 ar Tfi/hl ($1,bT,. . ')fj/hg(x27bT7 . ) . (22)

Here, og is the Born cross-section; the sum runs over all parton flavors 4, j contributing to the
Born process ij — L; H;; is the hard function, which encodes virtual corrections to the Born
process; and f;/; are the TMDs, functions which describe the dynamics of partonic quarks
and gluons inside the parent hadron h. A struck hadron carries a fraction z1 2 = Qeiy /Eem
of its parent hadron’s longitudinal momentum, with E.,, = m the center-of-mass
energy of the incoming hadrons. The ellipses in eq. (2.1) denote additional parameters
related to UV and rapidity renormalization, whose precise forms are scheme dependent.
Note that we suppress indices related to spin-dependent processes and contributions.

The literature is rife with schemes for defining TMDs, each of which has different
strengths for different types of calculations. This section reviews schemes relevant for lattice
studies; in particular, we only discuss schemes based on off-lightcone Wilson lines. Schemes
with intrinsically lightlike Wilson lines [58, 60, 62—65] are not accessible on a Euclidean
lattice, but many are equivalent to the Collins scheme once limits needed to obtain TMD
PDFs are taken; see refs. [36, 66] for an overview. Because each scheme in the literature
employs its own conventions and notation, in section 2.1 we begin by introducing new unified
TMD Lorentz-invariant correlators for which all schemes follow as special cases. Then, we
provide definitions of physical and lattice schemes in sections 2.2 and 2.3, respectively.

2.1 Unified TMD notation

A TMD f;/), generally contains two pieces: a hadronic matrix element (called the beam
function or unsubtracted TMD), which encodes partonic radiation associated with the
initial hadrons; as well as a vacuum matrix element (the soft function). These matrix
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Figure 2. Generic staple-shaped Wilson line defined in eq. (2.4). Black double-lines extend along
nv, and the blue segment along b — ¢ closes the staple. For certain choices of §, red points can be
cusps. Edges may extend along the conjugate direction P, which is not shown.

elements involve open and closed staple-shaped Wilson lines, for which we develop a generic
notation. Let us first define a Wilson line along a path v in color representation R as:

WEy] = Pexp [ig/vdx“AZ(x) TR

: (2.3)

where R = ¢ in the fundamental and R = ¢ in the adjoint representation. It is useful to
define a general class of Wilson lines using the three-sided staple shape shown in figure 2,

Wg(b,nv,é):WRB — g—l—nv—g — —g+7711+g —>—g}, (2.4)
where b* is the separation of the quark or gluon fields in the beam function, v* is a
dimensionless vector, and nv £ §/2 are the paths of Wilson lines attached to the fields.
Different choices of b, v, and § constitute different, equally valid ways of defining a TMD.
Continuum and lattice TMDs are distinguished by the length parameter, n, which may be
infinite or finite. The length of the staple is relevant for its renormalization properties; here
we have

Lgtaple = [nv —6/2| + [nv+6/2| + |b — 4], (2.5)

where the length of a four-vector is given by |X| = /| X?|. At the red points in figure 2,

the staple has cusp angles v+, which can be computed from

(nv+6/2) - (b—9)
Inv+48/2||b—48]

coshyy = (2.6)
where for space-like separations v4 € [—i,in].? Generic quark and gluon beam function
correlators take the form

Qlrl

won [, Py, 8] = (R(P)

i (5) 5W30.0.00a (~5 ) [1P)).

b) W (b, v, 8)GP7 (-2) ne)). @

QU b, P, 8] = (h(P) & (5

2Note that we develop our generic TMD framework with a three-sided staple. Adding more than three
sides will induce extra Wilson line cusps, that create additional complications for renormalization.



Figure 3. Wilson line structure of the soft function, eq. (2.8) for n,7 < 0. Figure adapted from
ref. [63].

In eq. (2.7), ¢;(x) is a quark field of flavor 4, and G*(x) is the gluon field strength tensor.
The quark and gluon fields are spatially separated by b, which is Fourier-conjugate to
the momentum of the struck parton. In the quark correlator, I' denotes a generic Dirac
structure, while for the gluon correlator yu, v, p, and o are Lorentz indices. See refs. [40, 67]
for decompositions of different choices of I' into independent spin structures for quark
TMDs, and refs. [68, 69] for the decomposition for gluon TMDs. In both cases, h denotes
the struck hadron with momentum P, € is the UV regulator, and nv and ¢ characterize the
longitudinal and transverse segments of the Wilson line, which we illustrate in figure 2.
We define the generic soft vacuum matrix element as

SR(b, e, v, 7v) = le<o\Tr (58, mo.79)][0) . (2.8)

where the trace is over color. The color averaging factor dgr takes values d, = N. and
dg = N2 — 1. The soft Wilson line is given by

b b b b

R N _wR|? 0 s 0 0

S (b, mu,nv) =W [2—>2+m}—> 2+7}v—> 5

b b b
—>—§+nv—>§+m}—>§ , (2.9)

as shown in figure 3. Sy consists of two beam function staples glued together at the points
+b/2; the long sides of the staples run along the nv and nv directions. The dependence
on two conjugate directions arises from the appearance of two TMDs in the physical cross
section in eq. (2.2). The length of the soft function path is Ly = 2|70| + 2|nv| + 2|b|.

We define the transverse direction with respect to the plane spanned by P and v, taking
P =wv; = 0. Formally, this can be expressed as b/| = ¢/"b, with

1 vHy?  PEPY & . v-P
HY = g — - PryY + 0P PY) |, = 2.10
g, =9 | e + 5 +P~v( v + vt PY) ¢ TP (2.10)



We always take v and P to span the same plane as v and v. It follows that v, = v, = 0.
Our unified notation facilitates the comparison of different TMD schemes, particularly
when we examine their Lorentz invariants. In the most generic case, the beam function
correlator in eq. (2.7) is specified by four independent vectors: b*, P* nv*, and §*. From
these vectors we can construct ten independent Lorentz invariants, which we choose to be

P (nv) b- (1v)
P27 b27 772@27 Pb7 9 )
VPH(u)R T VIR (v)?
2 b6 P& 5-(n)
— . 2.11
2’ 2 P-b’ b (n) (2.11)

None of the TMD schemes we study in this paper contains a vector 8 that is linearly
independent of b*, P*, and nv*; thus, these schemes have six independent Lorentz invariants.
However, the quasi and MHENS TMDs do not follow from the same correlator defined
with six invariants, since they fix 6* in different ways, as we will see below. Hence, even
if the first six invariants in eq. (2.11) are fixed to be the same, the two approaches have
different values for the last four invariants, and thus the quasi- and MHENS TMDs belong
to distinct schemes.

2.2 Continuum TMD schemes

In this section, we provide an overview of physical TMD schemes, which are defined on a
continuous spacetime and have infinitely long Wilson lines, with |n| = |77] = cc.

Lightcone coordinate conventions. It is convenient to work in a frame where the
hadron momenta P 5 in eq. (2.1) are close to the lightlike unit vectors

1 1
V2 V2

which obey n? = ng = 0 and n, - np = 1. We define the lightcone decomposition of an

ng = (17070’ 1)7 n/lj (170707_1), (212)

arbitrary four-vector p* as
pr= (T p) =pnl Ty + (2.13)

where p* = (p” £p*)/v/2 and p/| = (0, ps,py,0) = (0,r,0). Here p| is a Minkowski vector,
and pr is the corresponding transverse Euclidean vector with magnitude pr = (ﬁQT)l/ 2 =
(—pi)l/ 2. In lightcone coordinates, the incoming hadrons in eq. (2.1) have momenta

Pl =P (1,e72,0,), Py =Py (et2,1,0,), (2.14)
where y1 2 are the hadron rapidities.

2.2.1 Collins scheme
In the Collins TMD scheme [53], the factorization formula in eq. (2.1) takes the form

do
dQ2dY d2gr

26y o 7 . .
:UOZHH(Q’M)/(Q&GWT O £y (21,07, 18,C1) £y (22,07, 1, C2) . (2.15)
ij



where p is the renormalization scale, and the CS scales [50, 51] are
¢ = 2(xy Py)%e 2 Co = 2(xo Py )2etm (2.16)
Here, y, is an arbitrary scheme-dependent parameter that cancels in eq. (2.15). In particular,
we have that (1(o = (2x1x2PfP2+)2 = Q2.
The Collins scheme is characterized by spacelike Wilson lines with directions
nh(ya) = nll — e_2yAné‘ =(1,—e " 24,0,),
nt(yp) = nlf —e*Bnt = (—e*¥5,1,0,), (2.17)

parametrized by the rapidities y4 and yg. The Collins TMD for a hadron h moving along
ng with rapidity yp is

) BS, (x,br,¢,yp — yB)
T, Brops€) = T Z5 (60, Q) lim =
e— ypTrTee \/Sg(bTa €, 2yn7 QyB)

where th is the beam function and SE is the soft function. ZE absorbs e-poles that result

: (2.18)

from working in d = 4 — 2¢ dimensions to regulate UV divergences. ZE and Sg depend
on the color representation R of the parton ¢ (fundamental R = ¢ for quarks and adjoint
R = g for gluons) but are independent of parton flavor. We emphasize that in eq. (2.18)
the lightcone limit yp — —oo is taken before UV renormalization.

The Collins beam and soft functions for quarks and gluons are defined as

Bg/h(xv bT,E,yP —?JB) = /76 b7 P+)Q[7 ][bv P,E, —OO’I’LB(yB),b nb]a

27 a/h
. db~ e—ib‘(xP‘*‘)
Cpo —p—0 _
Bg/?z ($, bTaﬁny - yB) = FTQQ/IZ [b, P, 6,—OOTLB(yB),b nb] ,
Sg(bTv 6>yA7yB) = SR[bJ_v €, —OOTLA(:I/A), —OOTLB(yB)] ) (219)

where €, and S* are the correlators in egs. (2.7) and (2.8). The beam function path is
b=(0,b",b1), 0=(0,0",0), v=np(yg) with |y — co. (2.20)

This implies that b—§ = b, and hence the Wilson line’s tranverse segment is perpendicular
to its longitudinal segments. This transverse segment is important in singular gauges [70].
Note that the transverse segment is often not specified in the literature: in nonsingular gauges
such as Feynman gauge, a Wilson line at lightcone infinity does not make contributions,
and its self-energy cancels against the corresponding piece in the soft function [53]. The
longitudinal Wilson line segments extend along nv + g = (ne®B,n+ g, 0, ) and thus only
depend on the rapidity yp in the limit |n| — oco. The limit 7 — —oo taken in eq. (2.19)
applies to Drell-Yan kinematics, whereas SIDIS kinematics uses n — oc.

Finally, we remark that due to taking the lightcone limit prior to UV renormalization, the
Collins scheme is equivalent to schemes defined with rapidity regulators on the lightcone [58,
60, 62—65] that are often employed in higher-order perturbative calculations and higher-order
resummed phenomenological analyses, see e.g. ref. [66] for a discussion. Such equivalence can
be derived from the TMD factorization formula eq. (2.2), where the Feynman diagrams and
leading-power contributions are identical for off-the-light-cone and lightcone schemes [66].



2.2.2 Ji-Ma-Yuan (JMY) scheme

The JMY scheme [56] was introduced for the semi-inclusive deep-inelastic scattering (SIDIS)
process, e”p — e~ hX. The factorization theorem eq. (2.2) for Drell-Yan-like processes
takes the form

do
—_— = E H;;(Q, u, 2.21
szd} dQ(ﬁ—‘ 70 ij ]( : p) ( )

dQET ign-b - 7
/(277')2 equ br fZJ/I\}/LllY(xla bTa valcvap) f](]/l\}/{}v(x27 bTv,ua 1:24-17?:0) .

This scheme is characterized by timelike Wilson lines with directions

ot =vtnl ol = (v v7,00), vT >0t >0,

o =vtnl + 00l = (01,97,00), 7t >0 >0. (2.22)

The definitions below always use these hierarchies, but not as strict limits; for simplicity we
leave them implicit. The offshellness of Wilson lines is encoded in the parameters

W= SAR N G= T SEBR T s T S
(2.23)
We define the JMY scheme TMD as
B (2, br, 1, Co)
- h ’ s My Sv
flf]/hfi[Y(vaT7M7$Cv7p) = i/ . (224)

S?MY(bTu s p)

Here Bfl\gy and Spy are renormalized beam and soft functions. This is a crucial distinction
from the Collins scheme, in which we first combine the beam and soft functions, then take
the lightlike limit p — oo, and only thereafter carry out renormalization, cf. eq. (2.18).

For a hadron moving in the n, direction, the JMY quark beam and soft functions are

B (., G) = [Se POl

o a/h [ba P?/J'7 —OO’U,b_le} )

SﬁMY(bTﬁl’ﬂp) = SR[bL,M,—OOU,—OOf}] s (225)

where €;/;, and S% are the renormalized generic correlators in eqs. (2.7) and (2.8). Just as
in the Collins scheme, we take b* = (0,b7,b,) and § = (0,67,0,) (note that this is usually
not specified in the literature). The JMY correlator differs from the Collins correlator in
eq. (2.19) by the presence of timelike (v? > 0) rather than spacelike (n% < 0) Wilson lines.
We can perturbatively match the JMY and Collins scheme TMDs, see appendix B.

JMY gluon TMDs are not explicitly defined in the literature; nonetheless, one can
define them in an analogous manner to the quark TMDs through eq. (2.7).
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2.2.3 Large Rapidity (LR) scheme

Finally, we introduce a new continuum TMD scheme, the LR scheme. The LR scheme uses
the same beam and soft functions as the Collins scheme, but a different order of carrying
out UV renormalization and approaching the lightcone. Specifically,

. (2.26)

BY, (x,br,e,yp — yB)
., ) . h b] i)
Flin (@, bry i, ¢ yp — yB) = _limg lim ZER (e, 1, yn — yp)—L —
yB \/SC(bT, €,2Yn, 2yB)

where ¢ — 0 implements UV renormalization. The UV counterterm ZLE does not depend
on the rapidities in the beam function because the beam function does not involve nontrivial
cusp angles, and the renormalization of its staple-shaped Wilson line and quark operators
are rapidity-independent. It does however explicitly depend on the Wilson line rapidity
difference y,, — yp through the renormalization of the soft function. In particular, the
UV renormalization constant ZL® is the product of those of the bare beam function and
soft factor. As will be shown in section 3.1.2, the bare beam function at large, but finite,
(—yp) is equal to the quasi-beam function in a hadron state with momentum given by
yp — yp. Using the auxiliary field formalism of the Wilson lines, one can show [37, 71-73]
that renormalization of the quasi-beam function is multiplicative in coordinate space and
independent of the external hadron momentum. Therefore, ZLE is independent of yp — yg,
and only depends on y, — yp due to the renormalization of the soft factor. This should be
contrasted with the Collins scheme, where Z& depends on ¢ oc €2WP=¥n) cf. eq. (2.18).

We note that the renormalized LR scheme TMD depends on yp — yp; hence, the limit
—yp > 1 is to be understood as taking (—ypg) large but finite instead of taking the limit
yg — —oo. The LR and Collins TMDs use the same ¢ = (2xmpe¥? )2 to encode ¥y,
dependence. We can also view the LR scheme as the JMY scheme defined with spacelike
instead of timelike Wilson lines. See section 3.1 for further elaboration on and derivation of
LR scheme properties.

2.3 Lattice TMD matrix elements

Next, we provide a brief overview of TMD functions that are amenable to calculation
using lattice QCD. Unlike the continuum schemes in section 2.2, lattice TMDs are defined
using finite-length Wilson lines. We can obtain their matrix elements from paths involving
equal-time spacelike Wilson lines.

2.3.1 Quasi-TMDs
Quasi-TMDs are objects that share the same infrared physics as TMDs, but have finite-
length spacelike Wilson lines and are computable on the lattice [34, 36]. The general
structure of a quasi-TMD looks quite similar to a TMD:

Fyon(@,br, G e PP, i) = lim ZU (4, f1:€) Zuv(a, i, yo — y)

x By, (@, by, 0,7, 2P%) A§(br,a, 7,y yp) . (2:27)
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where B; is the quasi-beam function; Ag is the quasi-soft factor; Zyy(a, fi, 5 ) implements a
lattice renormalization with the corresponding scale fi; Z! ., (u, f, ¢ ) implements a conversion
to the MS scheme with the MS scale u; 7 is the extent of the Wilson lines in the quasi-beam
and soft functions; and the dependence on ¢ and the rapidities yn,B Oof the Wilson lines is
explained below. As |ij| — oo, the leading term in f; /n becomes independent of 7,

Jin(@,brs i, CwP?) = lim fiyn (. br, i, G o P2, 7). (2.28)

with corrections of O[br /7, 1/(P*7)].
The quasi-beam functions for quarks and gluons can be expressed using the generic
correlator in eq. (2.7) as
g ~ dgz e Dz 3
(z,br,a,7,rP*) = Nf/Te‘b @P?) ol
™

A
B(h’/ h
dl;z eiEZ (zP?)

B;/phﬂg(xa br,a, 7, xpz) = NOép,BO' g W le/pga [Z), ]5, a, ﬁﬁ, 522} . (229)

Here, I' is a Dirac structure, « and § are generic Lorentz indices, p and o are transverse
indices, and Ny and NV apBo are normalization factors. To enable calculations on the lattice,
we use equal-time paths

b=(0,b%,b%,0°),  fuv=ni2=(0,0,0,7), J=0b%=(0,0,0,b%), (2.30)

as illustrated in figure 4. This choice of § guarantees that the transverse Wilson line
segment is perpendicular to the longitudinal segments and that the total length of the staple
¢ = 2ij + by is independent of b%. Therefore, the cusp angles in the quasi-beam function are
always trivially 7 /2, so that the UV renormalization factor is independent of b* and can be
pulled out of the Fourier integral in eq. (2.29) [37]. This is a key difference to the MHENS
scheme discussed in section 2.3.2.

The construction of the quasi-beam function in eq. (2.29) is guided by the observation
that by boosting the operator and taking |77| — oo, one recovers eq. (2.19). In contrast,
the soft function depends on two almost-lightlike directions and thus cannot be obtained
by boosting an equal-time operator [36]; several potential (quasi-)soft functions have been
proposed [33, 34, 36] despite the fact that these proposals cannot recover eq. (2.19) under
any Lorentz boost. Here, we construct the lattice soft function as a finite-length version of
the Collins soft function in eq. (2.19),

na(ya) q ng(yB)
na(ya)l” "Ins(ys)|

SR(bTa a)ﬁ?.yAvyB) = SR bJ_7 a, _ﬁ| (231)

Here the length of the soft function path is Ly = 2(27 + by) = 2Lgtaple- The choice of
the minus sign in the last two arguments, nv and 7v, allows Lorentz-invariant products
obtained from these choices to be more easily related to continuum schemes.
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Figure 4. Wilson line structure of (left) the quasi-beam function in eq. (2.29), and (right) the
MHENS scheme in eq. (2.39). Quasi-TMD staple legs extend along the z direction and are closed
by a perpendicular segment, whereas MHENS staple legs extend along a generic spacelike direction
v* and are closed by a segment with nontrivial cusp angle ~.

Combining eqgs. (2.29) and (2.31) as required by eq. (2.27) gives

T B! (z,br, a, 7, 2P?)
f e ~ Dz : ~ ~ +/h 9 s Yy s
fl[;—‘}}l,(x7 bTa H, Cv xP ) = lim lew(,u, /L)ZUV(CL, LyYn — Y ) /

J B o~
ey SE(br,a, i, 2yn, 2yB)
a—0 T; 41, 2Yn, 2YB
B[ﬁ (xagT’Ma ﬁ,xpz)
= lim —2" . (2.32)
7]—00

SR (b, w7, 2Yn, 2yB)

Here ¢ = (zmpe¥ptys _y")2 = (2:5]5263“5* ~¥n)2_ and the second equality holds for large P*.

In practice, calculating (quasi-)TMD soft functions poses a significant challenge for the
lattice. It is possible to construct the quasi-soft function indirectly through the spacelike
meson form factor and quasi-wavefunction [38]; promising first results using this approach
have been reported in refs. [46, 47].

Prior to this work, the literature has studied different proposals of the quasi-soft
function which are constructed from equal-time Wilson lines [33-36, 38, 39]. The naive
quasi-soft function features a rectangle-shaped Wilson loop along the z direction,

Srll%aive(bT7a7ﬁ) = gF [bL,a, nz, _ﬁé} > (233)
whose renormalized continuum version with 7 = oo in the MS scheme is denoted

Sk o(br, 1) = SB[b1, 1,002, —003] . (2.34)

naive

However, it has been shown at one-loop level [36] that S;%. .(br, 1) does not have the
correct IR physics for the quasi-TMD to be perturbatively matchable to the Collins TMD.
Although refs. [34, 36] proposed a bent quasi-soft function that works at one-loop order, it
was argued that the factorization utilizing this function will break down at two loops [38].
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Nevertheless, the naive quasi-soft function S&, = can still serve a useful purpose for
lattice calculations, where it can be used to cancel linear power divergences proportional to
71 and by. For this reason it is useful to define the naive quasi-TMD as

~[T° : — ~ B[] xng7/j’7ﬁ7xpz
fi[}—‘llnalve(x7bTaua sz) = Jim Z/h( ) :
—00

(2.35)
Snaive(bTv M, 77/)

This can then be compared to the quasi-TMD f; /n defined with a quasi-soft function SR
that yields the correct infrared structure. Since the n-dependence cancels exactly between
the quasi beam and soft functions, we have

Snalve(bT’ M, 77) _ S’Iﬁ,ive(bTv :LL) (2 36)

1 )
fi—oo SR(bTa,ua m, 2yn72yB) Sg(bT7M72yn72yB)

which leads to the relationship between f{‘aive and f; in eq. (1.3). A further discussion of
the equivalence in eq. (2.36) is provided in section 3.1.2.
Moreover, at large rapidity the Collins soft function behaves as [50-52]

hm SC (br, i, 2yn, 2yp) = S1(br, 1) 2=y (brp) , (2.37)
—YyB>
where Sy(bp, i) is a rapidity-independent component of the soft function. Although the
entire Sg exponentiates due to the non-Abelian exponentiation theorem for Wilson line
operators [74, 75], the important aspect of eq. (2.37) is the particular dependence on rapidity.
Using eq. (2.37), the multiplicative factor relating fm’“"e and f; can be simplified as

lim Saive(b7: 1) = Mg(yn*w)wg(bmu)
Yp—r—o0 Sg(anua 2yn,2y3) SI(bTvu)
- 1 22 P%)?
= [g&(br, )]~ exp [273(6% p) In (C) ;o (2:38)

Plugging eq. (2.38) into eq. (1.2) gives the original factorization formula eq. (1.1) proposed
in refs. [35, 36, 38, 39]. We identify g%(br,p) as the same factor introduced in ref. [36],
which is equivalent to the square root of the reduced soft function Sy(br, ) in refs. [38, 39].

2.3.2 Musch-Héagler-Engelhardt-Negele-Schifer (MHENS) scheme

TMDs were first studied on the lattice in refs. [27-32] using a Lorentz-invariant approach.
We discuss this scheme as formulated in ref. [29], and name it after the authors as the
MHENS scheme. The goal of this scheme is to calculate the beam function

[b, P, a,nv, 0] (2.39)

gMHENS [F](x,l;T,P,a,n, ) = Nr/db o—i(Pb) T
b+=0

qi/h 2 qi/h

using lattice QCD. Here, Q([;]h is our usual correlator defined in eq. (2.7), supplemented
with the special choice § = 0 that reduces the number of Lorentz invariants in eq. (2.11) to
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six. Note that the MHENS scheme is based on a Lorentz-invariant formulation of the TMD
correlator in the § = 0 case. Their correlator ® is related to our 2 by

(b, P,a,nv) = Ol

7]
o qi/h

unsubtr.

[b, P,a,nv,0] . (2.40)

To make the connection between Minkowksi and Euclidean spaces for the correlator in
eq. (2.39), ref. [29] decomposes it for generic choices of b, P and v as

9°"¢i/h

vb v?

~ b v2
Loty p —Prdy (020 P Y P
[7 ,G,T]U,O] 2 . Pu( P)Q)T/v
Py - 2

where the ellipses stand for other spin-dependent and higher-twist structures. For the full
parametrization and similar decompositions for all T', see ref. [29].

The scalar amplitudes As and B; depend on all six Lorentz invariants, though we leave
implicit dependence on the hadron mass P? = m3?. For the beam function in eq. (2.39), it
remains to specify b* = 0 and v, = P; = 0, which in a Lorentz-invariant fashion reads [29]

v-b bP
voP

A

R(C(Y, R((YH)=1-\/1+(2. (2.42)

Thus, the third argument of flz and Bj in eq. (2.41) is not independent of the other
arguments, and on the lattice one is forced to choose b and v such that eq. (2.42) is fulfilled.
The CS-like parameter ¢ entering eq. (2.42) is defined as

v-P

VI[P

Parameterizing P and v by their rapidities shows that f essentially is a rapidity difference,

(= (2.43)

mp,
V2

Note the minus sign for v~ is required for spacelike v? < 0; thus, ¥, is not an actual rapidity.

Pt = (P P 0.), o' o (e¥,—e¥.0,) = (=sinh(y, —yp). (2.44)

To connect to the continuum TMDs one considers the large rapidity limit, equivalent to
v- P — oo with P? fixed, soé—>oo.

Inserting eq. (2.42) into eq. (2.41) and specifying I' = v as required for the unpolarized
TMD, at leading twist we obtain

v-b b-P_ . v2

1 .
=PTAyp <62 b-P,—- R(¢?), (U'P)Q,m;-P> . (2.45)

[v*]
igqj-/h [b,P,a,mJ,O] ‘be

v-P P?

where Asp = Ay + R(éQ)Bl. Inserting this result into eq. (2.39), the unpolarized MHENS
beam function is given by

,UQ

efix(P-b)AQB <b2 b-P, 7R(C2) WP )2’77@ P)
(2.46)

d(b-P)

MHENS [v+], 7 B
QBQZ/h ('CE’ bT7 P7 CL, 77”) - / 27'('
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One can obtain other leading-twist and spin-dependent beam functions in a similar fashion.
Due to its Lorentz-invariant formulation, eq. (2.46) can be evaluated in any frame so long as
eq. (2.42) is satisfied. This includes a frame where b = v% = 0, as required on the lattice.

The above method has been applied to calculating the moments of TMDs. Since
integrating over x sets P-b = 0, the moments can be calculated in a frame where b = (0,0, ).
In this case the beam functions QL[]W/;] agree between the MHENS and Collins schemes since
we have § = 0 in both cases. We elaborate on this further in section 3.2.4.

To calculate the z-dependence, one must evaluate eq. (2.46) for generic P-b # 0. In this
case, the MHENS and Collins staples are shaped differently, and thus their beam functions
are not equivalent. There are two key differences. First, the Collins staple is closed along
b— 60 = by, and thus its tranverse and longitudinal Wilson line segments are perpendicular
to one another. In contrast, the MHENS staple closes along b — d = b, which for v-b# 0
induces a (P - b)-dependent cusp angle according to eq. (2.42). Second, in the frame where
b = 0, the MHENS staple length is not b*-independent, leading to nontrivial Wilson-line
self-energies that depend on b* or P -b. Overall, this leads to a nontrivial Wilson line
renormalization that depends on P - b which cannot be factored out of the Fourier integral.
We demonstrate this at one-loop order in appendix C, and discuss the relation between the
MHENS and Collins TMDs in depth in section 3.2.4.

3 Factorization between physical and lattice TMDs

This section proves the factorization between the quasi- and Collins TMDs, eq. (1.2). Our
proof of factorization takes two steps, as depicted in figure 1: first connecting the quasi-TMD
to the intermediate LR scheme, then connecting the LR and Collins schemes.

We begin with a bird’s eye view of various TMD schemes and their relationships to one
another. By using the general correlator €2 that we introduced in eq. (2.7), in table 1 we
see that TMDs take on a similar form in all schemes. Key differences manifest in the order
of limits taken to form the TMD, as well as the specific arguments of the beam function
correlator €. Notably, we can express ) in terms of Lorentz-invariant combinations of its
arguments. Comparing the values that these Lorentz invariants take on in each scheme, as
shown in table 2, provides a useful way of relating different schemes to one another. These
tables are central to our proof, which we present in section 3.1. We discuss implications of
our results in section 3.2.

3.1 Proof

We now present a proof of the quasi-to-Collins TMD factorization in detail for the unpolarized
quark TMD case. The proof of factorization for other leading-twist TMDs follows naturally
using the same framework, with only minor, straightforward modifications for gluon TMDs
or other spin structures. We also remark that our proof employs dimensional regularization
and the same UV regulator for the quasi and LR schemes.

We begin our proof in section 3.1.1 by considering the correlator 2 as a function of
Lorentz invariants, and examining the values that these Lorentz invariants take on in various
schemes. In section 3.1.2, we see that the quasi and LR scheme Lorentz invariants are
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TMD Beam function Soft function

Collins lgn ZUV v E)H—IOO is/,; Q[q’}h [ba Pa €, —OONnp (yB)a b~ nb} SR [bla €, —OANA (yA)7 —Ooong (UB)}
i/h

LR —ZI/IBH;>1£1—I>I(1)ZUV\/L QE;;,L] [b, P,e, —oconp(yg), b ny) | ST[bL,e, —cona(ya), —conp(ys)]
Qz/h

IMY | lim lim ZE, NG Q[]/;] [b, P, j1, —oov, b=y SE by, 1, —oov, —o0]
e

Qisn B4 - na(ya) _mna(ya)
uasi lim Z Qb Vb PLa, iz, b s SE by, a,—i 7]

Q Jim Zov— o b Pras 2 2] L0t Tty
MHENS all, b, P,a,mv,0]

Table 1. Overview of TMD schemes, as presented in section 2. The correlator €2 is a function of
Lorentz invariants constructed from its arguments. See table 2 for a comparison of parameter values,
Wilson line definitions, and Lorentz invariants in each scheme.

identical at large proton momenta by evaluating the quasi-TMD in a boosted frame. We
thus can move from the quasi to the LR scheme through a large rapidity expansion. In
section 3.1.3 we demonstrate that reversing the renormalization and lightcone limits to go
from the LR to the Collins scheme gives rise to a perturbative matching coefficient. The
combination of expansion and matching leads to the desired factorization relation.

3.1.1 Beam correlators as a function of Lorentz invariants

Let us begin by examining the structure of the quasi-TMD. In dimensional regularization,
the quark quasi-beam function in eq. (2.29) reads

Bl

ai/h (b, P, e, 12,072 (3.1)

- _ db?
~ Z\ _ AT 1bz(:er) T
(z,bp,€,m,xP?) = NF/ 5, qu/h
where b = (0,bp,b?). To study an unpolarized Collins TMD, we must set I' = 4 in
eq. (2.19). To compare this to the quasi-TMD, we must take I' = 4° or 4*, which require
normalization factors
pP* yp>1

N, =1, Ny = B0 = tanh(yp) = 1. (3.2)

We can decompose the coordinate-space correlator with arbitrary b, P,v and § into Lorentz-

covariant structures as®

("] ~ b v §
Qy /h [b, P, €, 7jv, 6] = P,/ + —p2 —738%,/n T ]2 g, /n + jﬂqu‘/h
= P"Qg, /, + higher twist, (3.3)

3For the full parameterization including spin-dependent terms, see e.g. ref. [29]. Note however that they
work with the correlator 2 where § = 0. The more general analysis carried out with our Q at § # 0 gives

rise to additional terms.
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Collins / LR JMY Quasi MHENS

b (0,b=,b1) (0,b=,b1) (0,b%,6%.,b%) (0,b%,b%.,0%)
vH (—e2¥5.1,0,) (v*ezy%,v*,OL) (0,0,0,—1) (0,v%,vY,v7)
- (0,6,0,) (0,67,0.) (0,0,0,b%) (0,0,01)
PH %(eyP,e’yP,OJ_) m—;(eyP,e’yP,OJ_) myp (coshyp,0,0,sinhyz) mh(coshyp,%,%,sinhyp)
b? ~b7 ~b% —b%.— (b%)? —b%.— (b%)?
(7]'0)2 727]2623/5 27]2(’1)_)262933 7772 7722,5‘2
Mhp, _ Mhp, _ = . =
P-b —b~e¥r —b~e¥r —mpb*sinhy mp,sinhypb? + P*b% + PYbY
\/i \/i h Yp h yp T T
b-(nv b e¥B b~ eV b* bE VT +bY Y + b 0?
L ) | TeRa) | sy |
(7)) 4 4 (b)2+ 07 G0 b+ (5)?
P-(nv) Prv* 4 PYvY+mypv* sinhyp

—mr— sinh(yp—yp)sgn(n) | cosh(yp—yp)sgn(n) sinhy 5 sgn(n)
VP2 v7.+(v*)2/m} + P2+ P?

(52 Ez 2
— 0 0 _r 0
b b2+ (b%)2
) (b%)?
- 0 0 _ 0
& b+ ()2
P-6
— 1 1 1
P-b 0
J-
b-(nv)
P2 m,% m,% m% m%

Table 2. Overview of the Lorentz invariants entering the generic TMD correlator as specified by
eq. (2.11). Note that the Collins and LR schemes use the same four-vectors.

where the dimensionless form factors €2 on the right-hand side are functions of the 10 Lorentz

invariants in eq. (2.11), which we suppress for brevity. The prefactors share the same mass

dimension and are finite as § — 0 or b-v/+/[v2b2] — 0. In the second line, we neglect terms

that are suppressed at large momentum P, which do not contribute at leading power.
Combining egs. (3.1) and (3.3) and using P, = 0, we have

B (4 B e 2P 4. P
BY) (@, br, €1, 2P) :/(gw)

Note that the integration measure, the Fourier phase, and €, /, are Lorentz invariants. We

e—ie®-P) Qq./n [E,P,e,ﬁé, Bzé} . (3.4)

can write the LR/Collins beam function similarly:

- d(b-P) _ir. -
B(i/h(iU;bTaf,yP —yB) = / (27r e~ i2(P) Qg /n[b, P, e, —oconp(yp),b ny) . (3.5)
The only differences between egs. (3.4) and (3.5) lie in the beam function parametrization,
as well as the gauge link’s direction, length, and closure at infinity, as seen in table 2:
mp

Quasi-TMD: b = (0,b%.,b%.,b%) 15#:7( vP e7YP 0,), #5"=(0,0,0,77), (3.6)
LR scheme: " =(0,b",b,), P“:%(eyp,e_yP,OL), nnly =n(—e*¥5,1,0,).
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Note that we distinguish quasi components by tildes. Both schemes have the same transverse
components b/| = (0,b%,b%.,0).

3.1.2 Relating LR and quasi-TMDs

As we saw in section 2.1, we can express the quasi-, LR, and Collins TMDs in terms of
the same Lorentz-invariant function 2 in eq. (2.7), albeit with different parametrizations
for its arguments. We can relate the LR and quasi-TMDs to one another by considering
Lorentz-transforms of their arguments. Boosting the quasi-TMD four-vectors in eq. (3.6)
by a rapidity yp, we have

7 7 b* b* boost b*evs bre VB
B = (0,05, b8, 0°) = [ 2=, ———.b oo - by,
(0.7 b, ) (ﬁ V2 L) (\/5 N L)

pr="0(evp emvp 0)) boogt %( UptuB o~Uptus) ()
%] Pe " YB
iz = (0,0,0,1) = %(1,—1,%) boost —%(—&/B,LOL),

Bz boost Ezein
1,-1,0,) 2o _
( J_) \/§

where we recall that d encodes the geometry of the transverse Wilson line. We use lightcone

ot =b*2* = (0,0,0,b (—e®2.1,0,), (3.7)

coordinates to make the boost manifest. Comparing eq. (3.7) to eq. (3.6), we can match all
but one component of the boosted-quasi and LR schemes if we take

) =yp+ y - ;
\/i yP yP yB 77 \/i

that is, except for b of the boosted b*. Fortunately, this does not hold us back: to make
the correspondence we need to fix the parameters b—, yp, and 7 to their LR scheme values

hZe— VB fle~YB

b =—

(3.8)

in eq. (3.8), whereas bt is a derived quantity. Additionally, in the large rapidity limit we
can neglect b

- hZeVB _
bt = \e@ = —bes  VEZSE . (3.9)
In this limit, we also have that
b= —vV2b~evr VPS5 g, Yp =YP — YB VBZR® oo, (3.10)

so at large P? and small b* relative to by, the quasi-correlator is equivalent to the LR
correlator.

Note that we could have alternatively demonstrated the equivalence of the quasi- and
LR/Collins Lorentz invariants by transforming b?, yp, and 7 from the values in table 2 to
those in eq. (3.8), and then applying the limit yp — —oo. For example,

P.b=—myb*sinhyp = myv/2e¥2b" sinh(yp — yz) vpsee Mhy— yp

\/5 )

52 1 1 YB——00
BT /bR | (mem)? — 0 (8:11)
1+ ( V2b~ )
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By definition, the Lorentz invariants of a TMD remain unchanged by Lorentz boosts.
If we expand the quasi-TMD invariants in the boosted frame at large —yp around those of
the LR/Collins scheme, we can write a relationship between correlators:

~n T2ZA _ 7 B ~A T2 A
Qo [ et 2] | =B Peazbel| o (312)
lim Q b, P.e iz, b°2 = lim Q,,,[bP b- .
Jm qz/h{ , P, iz, z] boosted quasi — ya ai/h [0, Pre;nmp(yB), b~ ny) Colling /Lt

Making the parameterizations of b and P in both schemes explicit and shifting y — yp—ynB
(this is not a boost, but rather a change in the parametrization of the proton’s momentum)
we obtain
lim Qg { —(0,bp, —v/2b~evr), P=""1 (evr—v5 o~(p=v5) () ¢ 72, bz}
yp<kL— 2
. _ mp, _ ne Y8 _
:y;1<1<r£19qi/h [b:(o,b ,b1), PZT(eyP,e YP01), €, —an(yB), b nb] . (3.13)
Here, the first correlator yields the quasi-beam function at the shifted proton momentum,
while the second correlator is that of the Collins/LR scheme at finite length

Note that n and 7 always have opposite signs, and that 1 < 0 corresponds to the TMD

PDF for Drell-Yan, while > 0 corresponds to the TMD PDF for SIDIS.
Next, we supplement eq. (3.13) with a soft subtraction and UV renormalization. On

(3.14)

the lattice we cannot take the strict limit yp — —o00, so we must keep yp large but finite.
The Collins scheme entails taking the lightcone limit of B/ /S prior to UV renormalization,
but here we must renormalize at finite yp. Up until this point, all statements we made hold
for both the bare Collins and LR schemes, but for the remainder of this subsection, we only
compare the renormalized quasi- and LR TMDs. Let us now write the renormalized quasi-
and LR TMDs as

fqi/h(l'a gTa Ky é:a zpz’ 77’)
Qg /h [z;, P, e,ﬁz,ézz}

= [ XD ety 78 (1, 1~ ) - SENCEE)
=0 V/54(br, €77, 2yn. 2y1)
and
f;;f/{h(xv 5T7 M, C) Yyp — YB, 77)
_ / d(P'b) e—im(P-b) lim Z4 (M €, Yn — yB>qu'/h[b’ P, E’UnB(yB)’b_nb] (3 16)
27'[' e—0 uv P \/Sq(bT) 6; 777 2yTL’ 2yB) . .

Here we define the five argument S? by

SUbr, €1, 2yn, 2yp) = S9(br, €, 71, 2yn, 2y5) - (3.17)
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The parameter y, governs the amount of soft radiation absorbed into the TMDs and gives
rise to the CS scales

(=2(zPteyn¥n)2 = $2m}2162(yp+y3—yn) . (=2(xPte )= $2m262(yp—yn) . (3.18)

In eq. (3.15), following standard notation for quasi-TMDs, we encode dependence on yp —yp
in P* = my, sinh(yp — yp), whereas in eq. (3.16) we state this dependence explicitly. The
constraint of yp = yp — yp leads to ¢ = C. For both TMDs, we use the finite-length soft
function in eq. (2.31), repeated here for convenience:

st ~ - n - n
SR(bT7€7777yA7yB) = SR bJ_7€7 -n A(yA) , N B(yB)
[na(ya)l” " Ins(ys)|

(3.19)

The geometric length of the soft function Wilson line is twice of that of the quasi-beam
function, so that all linear divergences from Wilson line self-energies cancel in eq. (3.15).*
Since the hadronic matrix elements in egs. (3.15) and (3.16) are related by a boost, we
naturally also employ this soft function for the finite-length LR scheme.
Finally, we discuss the form of the UV counterterm Z9, which is simply the ratio of the
individual counterterms Z2 and Z3, for the beam and soft functions,

Zfi, , €
29 (11, €, yn — yB) = (1 ©) . (3.20)
\/Zflgv(:uv €, 2yn - QyB)

Here, we use that in the MS scheme, the UV divergences of the quasi-beam and soft functions

are multiplicative and xP*-independent, according to the auxiliary field formalism [40, 73].
Using eq. (3.13), we can now relate the renormalized finite-length quasi-TMD and LR

TMD defined in egs. (3.15) and (3.16),

e, Cyp — yB) - (321

V2

y;i<l<{1fqi/h(337gT,Mﬂ?,C,ﬂ?PZ) = y;ggilf;;l/%h (m,gT,/ia -
Here, we have accounted for the change of Wilson line length in the LR scheme and used ¢
as the common CS scale.

The final step is to take the limit 7 — oo to relate this result to the continuum TMD.
In the continuum TMD, this limit is taken prior to UV renormalization (or € — 0), while
on the lattice one is forced to extrapolate to infinite 7} after renormalization. Thus, we must
show that the limits 77 — oo and e — 0 commute. First, for 7 > by > b* the Wilson-line
self-energy contributions cancel exactly in the ratio ©/v/S, which is not affected by the
order of the 77 — oo and € — 0 limits. The reason is that the staple geometry in the
correlator € is one half of that of the quasi-soft function S, and the exchange of gluons
between the two halves in S is exponentially suppressed due to the spacelike separation and

4Recall that in dimensional regularization considered here, these linear divergences appear as poles in
1/(d —3), and hence are absent in the MS scheme where only poles in 1/(d — 4) are subtracted. Hence, these
linear divergences are set to zero for perturbative calculations in the MS scheme, but it is important to take
them into account for a definition amenable to lattice calculations.
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large 7. Second, after the subtraction of Wilson-line self-energy diagrams, the remaining
diagrams will include the eikonal propagators

1— e:l:i(nB~(k:ti£)ﬁ/|nB\

np-k+ie (3.22)
which have a singularity at np - k = 0. Such a singularity can be regulated either with a
finite 77 and without the imaginary part ie, or if we keep ie and throw away the second
term in the numerator. For both regulators, the results are the same and independent of 7
if one takes the 77 — 0o or € — 0 limit in the end, which we have also verified explicitly at
one-loop order. Therefore, the 7 — oo and € — 0 limits also commute for these diagrams.

In summary, this commutativity leads to the equivalence of the quasi- and LR TMDs

with infinite Wilson lines:

fqi/h(xa Z_;T,,U, 57 xpz)

. d(P-b i (PB) 1. . qu/h 5715’677727522
= lim | (2)6 PO lim 78, (1, €, yn — i) Jim —= | |
e m K \/Sq(bT767ﬁ72yn72y3)
— lim /d(Pb) e_ix(p.b) lim 29 (,U € Un — yB) lim qu/h[bv PaﬁannB(yB%binb]
—yp>1 2 e—0 W »oIn n——00 \/SQ(bT7 €,1, 2yn7 QyB)
= qI;l;{h('wa bTa M, Ca yp — yB) . (323)

Here we used the commutativity of the e — 0 and 7 — oo limits in first step, used eq. (3.21)
in the second step, and used that the » — —oo limit naturally gives the continuum LR
TMD defined in eq. (2.26) in the last step. Note that we could equally well have obtained
the LR TMD with n — +00 by choosing to consider the quasi TMD with the limit 77 — —ooc.
This choice of obtaining the limits 7 — 400 is physically relevant for the time reversal odd
TMD PDFs, namely the Sivers and Boer-Mulders functions, which are known to differ by
an overall sign in Drell-Yan and SIDIS.

3.1.3 Matching LR and Collins TMDs

We now know that the quasi and LR schemes are equivalent in the large P#, large rapidity,
and 77 — oo limits. The next step is to derive the relation between the LR and Collins
schemes. According to egs. (2.18) and (2.26), the only difference between these schemes is
the order of their ¢ — 0 and yp — —oo limits. In the LR scheme, large (—yg) corresponds
to a momentum scale

CLR = 4:62777% sinh2(yp — yB) y (3.24)

so the limit yg — —oo corresponds to (1r — oo.

Due to asymptotic freedom in QCD, changing the order of limits ¢ — 0 and (g — o0
should only affect the UV region while leaving infrared (IR) physics intact. Using the
LaMET formalism [12-14], behind which is the general principle for effective field theories
(EFTs), we can relate the two different orders of limits with a factorization formula or
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perturbative matching,® which takes the form

fqi/h(xa gTaM? C) = C’q_l(\/ <LR/27M) f;;l;{h(xv gTv.“a C’yP - yB) + O(y%eyB) ) (325)

where we have expanded at large (—yp) or in AéCD /CLr. Here, y% captures logarithms
of (rr where k is a positive integer. At large (—yp), the matching coefficient C cancels
the overall yp dependence in the renormalized beam and soft functions through its (1r
dependence. By dimensional analysis, C;; could depend on the logarithm of (i,r/ p? or the
rapidity difference (y, —yp). However, according to eq. (2.37), the dependence on (y, —yp)
implies dependence on the CS kernel vg(bT, ), which at by ~ 1/Aqcp is nonperturbative
and hence infrared sensitive. Therefore, C, can only depend on (1 r/u? and as(p), and so
the factorization formula for the LR-TMD is

£ @, b, 1, Coyp — yB) = Co(VCLR /2 1) foun(@, br, 1, ) + O(yke?”),  (3.26)

where (g is given by eq. (3.24). Combining this with the relation derived above in egs. (1.3)
and (2.38) for the quasi-TMD, with (g = (22P%)?, we have

fqi/h(xng7M757 xpz) = Cq(xpz7ﬂ)fqi/h(xagT7N7 é:) + (f)(gﬁe*gP) (327)
~ 1 - pnd - o~
— CyaP?, ) exp [272(/% br) In g] Fan (@B, 1,€) + O(he 7).

where ¢ can be of any value. All the steps in our analysis work equally well for gluons,
simply replacing subscripts ¢; — ¢. Thus, this completes our proof of the factorization
formula in eq. (1.2).

3.2 Implications

Next, we discuss implications of the factorization relation. In section 3.2.1, we show how the
factorization implies that in the matching quarks and gluons do not mix, nor do different
quark flavors. In section 3.2.2 we derive the momentum evolution of the quasi-beam function
and hard matching coefficient. In section 3.2.3 we discuss using ratios of quasi-TMDs or
quasi-beam functions to extract ratios of TMDs. In section 3.2.4 we examine implications
of our analysis for the MHENS scheme, outlining the additional steps that need to be
considered to derive a complete relation to the Collins scheme.

3.2.1 Absence of mixing

Our derivation of the factorization formula has not specified the quark flavor, and the result
actually implies that mixings between quarks of different flavors or quarks and gluons do
not exist. This lack of mixing is a generic feature for quasi-TMDs of all parton species.
The LR and Collins schemes differ only in the order of their ¢ — 0 and yg — —oo limits.
When matching the schemes, mixing between quark and gluon channels could only occur if

®The impact of exchanging these limits has also been pointed out in the discussion of the Sudakov form
factor in ref. [53], in particular eq. (10.97) therein. The EFT argument for the matching would also be
reinforced by an order-by-order diagrammatical analysis [76] following ref. [39].

~ 93 -



yp — —oo leads to a UV-divergent counterterm that contracts the flavor indices of the quark
fields in the nonlocal bilinear operator. This cannot happen because these quark fields are
always spacelike separated, and thus their exchange of intermediate particles in a Feynman
diagram is exponentially suppressed and does not generate a new UV divergence. As a result,
the yp — —oo limit can only change UV divergences locally at quark-Wilson line vertices
and in Wilson line wavefunction renormalization, which leaves the parton flavor intact.

In contrast to the quasi-TMDs, the quark quasi-PDFs are defined from bilinear operators
with a straight Wilson line along the z direction. In the infinite boost limit, the spacelike
separated quarks will approach the light-cone, thus inducing a nonlocal UV divergence that
contracts the quark flavor indices and allows mixing with the gluon quasi-PDF [54].

There is another perspective from which we can understand the lack of mixing. The LR
and JMY schemes are related to each other by analytic continuation between space- and
timelike Wilson lines. Thus, the JMY scheme should factorize similarly to eq. (3.26), as
we check at one-loop order in appendix A.1. If there were quark-gluon or flavor mixing in
the Collins-to-JMY matching, then such mixing would manifest in the TMD factorization
formula for the Drell-Yan or SIDIS cross-section in either scheme; but it does not. Therefore,
no mixing should occur in the Collins-to-JMY or Collins-to-LR matching.

Note that this factorization relation holds for quark and gluon quasi-TMDs with all
spin-dependent structures [40, 49], so we can use it to compute the ratios of spin-dependent
TMDs from the quasi-TMDs or quasi-beam functions, an approach that has been proposed
and used in refs. [27-32]. In summary, all quark and gluon quasi-TMDs should satisfy the
factorization relation in eq. (1.2). We cross-check our all-orders analysis above by explicit
one-loop order calculations in appendix A.2.

3.2.2 Resummed result for the matching coefficient

From eq. (2.32) we can write In fqi/h = Inlimgsp, Bg}h — %ln limzs.p. 549, and then using

eq. (3.27) in the form In fQi m =InCy+1Inf, , we can derive the momentum evolution
equation of the quasi-beam function [33]:

d i

In lim B

m b éi/h(x’ br, i, 77737PZ) = “Yg(b:r, M) + 7%(293152,@ . (328)

Here the limit % > by should be understood as expanding in large 7}, where the quasi-beam
function has a divergent dependence on 7 which is however independent of 2P?, and hence
drops out. In taking the In(22P?) derivative we hold yp —y, fixed, so there is no contribution
from the S% term. We also used the large momentum formula ¢ = 2(zPte¥s—¥n)2 ~
(2zP#e¥8=Y)2 to convert the In( derivative of fq./n to give dfy, /p,/d In(2zP?) = 'yg(bT, ).
The other anomalous dimension appearing in eq. (3.28) is

3 d 3
L2xP? p) = ———=—InCy(xP? ). 3.29
V6 (22P%, ) d1n(22P?) nCo(zP?, 1) (3.29)

Since the quasi-beam function Bg}h has a local UV counterterm ZZ (u,¢) according to

the auxiliary field formalism, the sum of anomalous dimensions in eq. (3.28) must be
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independent. The known perturbative structure of the CS kernel fyg(bT, ) then implies that

'7%’(2‘%]527 :u) = A)/g(bTa ,u) = 2Fgusp[as(u)] . (330)

dlnp _dlnu

It follows that ¢, can be written to all orders as [39]

- Hoodu! -
7e(2eP ) =2 | ﬁz% Tuplas ()] + ¢ [as(22P7)] . (3.31)

Here, I'Y, o, and ’y% are the cusp and noncusp anomalous dimensions, whose series expansions

are given by

. i g\ 1 . q i g\t q
Fcusp[as] = Z (E) Fn? 70[0(5] = Z (E) Yo (332)
67 2 20
with TY=4Cp, r‘{:wpKQ—g) CA—QTan]

Here ny is the number of light quark flavors and for QCD Cr =4/3, C4 =3, and Tr = 1/2.
We also expand the QCD S-function, das(p)/dIn p = Blas(u)] as

oo Qs n+1
B[O‘s] = —2a; Z <4) Bn (3.33)
n=0 &
11 4 34 20
with ﬁOZ?CA_gTana 51:3Ci—<3CA+4CF)Tan,

Solving eq. (3.29) gives the general all-orders resummed result

ZxPzd
’ ] (3.34)

Cq(l'pz’/l) = Cq [as(:u)] €xp [L 7 72‘(7-7 M)

— Oy [as ()] exp [ /

Oés(QfoZ) do </O¢S(N) do/
— 2 o [o] + v [ )] :
o (1) B[Ol] [ ] C’[ ]

o M cusp

where the boundary condition is given by Cy [as(p)] = Cq(p/2, ). Explicit results at a given
order can be obtained by substituting fixed order series for Teusplc!], v [a], and Clov].
Using the known one-loop results [33, 35] we have

—1In

V(2w P ) = a(/jT)CF( (2x]zz)2 + 1) +0(a3), (3.35)

- asCF 7T2 2
Cylas) =1+ o= ( 2+12> + O(a3),

which is consistent with I'§ = 4Cr and allows us to identify v},, = 4Cp. To obtain results
for eq. (3.34) at next-to-leading-logarithmic (NLL) order for the double logarithmic series
present in Cj, we can utilize Cylas(p)] = 1 together with the two-loop cusp anomalous
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dimension, and one-loop regular anomalous dimension. Using the notation of ref. [77] for
evolution kernels, the matching coefficient at NLL is then

Cy(zP?, ,u)NLL = exp { — 2K (2P, 1) — K,%(Qa:]f’z, u)} , (3.36)
Fq 41 1 Fq ,81 ,8
K (po, pt) = ——% <1——lnr>+(1—)1—r—|—lnr + 22y
rlo: ) 483 {as(ﬂo) r IS Bo ( ) 260
700
K4 = |
7(/’607“’) 250 nr,

where 7 = () /as(po). Expanding we find agreement with an earlier O(a?) analysis for
the terms we can predict at NLL, given by all the O(a?2 In’ M) terms with 7 =2,3,4 in
egs. (25,26) of ref. [39]. Equation (3.36) can be expanded to hlgher orders in «ay, and then

ol In/*+! 2$P and o In/ QIP for any j.

predicts the terms in In C,(xP?, u) of the form

Results for C,(zP?, 1) beyond NLL can be obtained from eq. (3.34) by substituting
in higher order results for the anomalous dimensions and boundary condition. (Results
for K{. and K% in terms of anomalous dimensions can be found in many places in the
literature to order N3LL, see also ref. [78] for an exact solution.) An RGE equation in the
form in eq. (3.28) will also hold for the zP? anomalous dimension for the gluon TMD, so a
resummed formula for its matching coefficient C’g(ajpz, 1) is given by the above expressions

with ¢ — g and replacement by the gluon cusp and non-cusp anomalous dimensions.

3.2.3 Ratios of quasi-TMDs

The lack of mixing in the factorization formula eq. (1.2) for quasi-TMDs allows us to
calculate ratios of TMDs of all flavor and spin structures more easily since there are
cancellations between the numerator and denominators. This approach of studying ratios
was pioneered in the Lorentz-invariant method of refs. [27, 28] using the MHENS scheme.
This has been shown to have great utility for exploring ratios involving an integral over x
and different spin and flavor choices [28-32]. We return to discuss the prospects for including
renormalization and matching corrections in the MHENS scheme approach in section 3.2.4.

For quasi-TMDs the ability to more easily calculate ratios of spin dependent structure
functions was observed for quark non-singlet distributions in refs. [40, 41], and occur due
to the universality of the quasi-TMD to Collins-TMD matching coefficient. Our result in
eq. (1.2) enable us to extend these observations to all orders in ag, and include singlet
quark distributions and gluon distributions. Since the quasi soft factor A in eq. (2.27)
and the matching coefficients Cy 4 in eq. (1.2) only depend on the color representation, we
can formulate ratios of quark or gluon quasi-TMDs where these components cancel, and
thus immediately can be related to the analogous ratios for the quark and gluon TMDs in
the Collins scheme. In particular we have

FuhlarBrw &ePy By b w1, 2PY) f B Q) (337)

b Cab) T B b aP?) @b’
f " b CaP?) B G B P B )
U by, i, CoaPe) Ao BURRRO (B gy P2 f[”wzm”](%g%#ao ‘
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Here ¢; and ¢; can be different quark flavors, h and A’ can be different hadrons, and the
superscripts can be different spin structures with Dirac matrices I'!, T'? for quark (quasi-)
TMDs and Lorentz indices py, vk, pk, o with k= 1,2 for gluon (quasi-)TMDs.

To calculate the ratios in eq. (3.37) as a function of x, one must first compute the
matrix elements for the quasi-beam functions at all b*, then take the Fourier transform.
Because UV divergences in the bare quasi-beam function matrix elements are b*-independent,
they factor out of the Fourier integral. So, in principle we can skip renormalization and
matching to the MS scheme when calculating TMD ratios, if there are no b*-dependent
finite operator mixings on the discretized lattice. However, in the presence of such mixings,
lattice renormalization is necessary, as studied in refs. [43, 73]. Also, in numerical analyses
it can be advantageous to consider the 77 — oo limit separately for the numerator and
denominator of eq. (3.37) separately. This can be accomplished by utilizing the naive
quasi-soft function or quasi-beam function at b* = 0 to cancel the large 7-dependence.

3.2.4 Matching MHENS and continuum TMDs

We now consider the relation between the MHENS lattice TMD and Collins continuum
TMD, focusing again on the quark case. In the literature, the MHENS scheme has primarily
been used to study matrix elements evaluated at P -b = 0 [27-32]. In this case, the
equal-time-restricted Wilson line path in the MHENS beam function is the same as that of
the quasi-beam function. This is easily seen by comparing the integral over x of the MHENS
beam function in eq. (2.39), with the integral over x of the quasi-beam function in eq. (2.29),

and noting that both give the same correlator Q([;]h [5}, P,a, Nz, 0} = éﬂsnbtr. {ET, P.a, 772}
times a factor of Ny /P?. For the integral over x we define
7 7 F D2 7 z 7 D2 ~
/d$ flgz/]h(:na br, p, ¢,z P7, ) = fgl/]h(b =0,br, 1, P*,yn — yB, 77) (338)

T'|MHENS /; » 7 = ~
:fq[l/]h (b :O7bT7:U’7P 7yn_yBan)'

The first quasi-TMD here has x-dependence in three of its arguments (two written explicitly
and the other in 5 ), S0 it is convenient to write the z-independent result as a new function,
whose distinction is tagged by the first 6* = 0 argument. The results on the right hand side
correspond to the hadronic matrix element of the operator with b* = 0. We adopt the same
notation for the MHENS TMD, as shown. Given this correspondence, we can simply adopt
the same terms used in defining the quasi-TMD in eq. (2.27) to define a renormalized and
soft subtracted MHENS TMD for P-b =0, ° = 0, and v = 2, giving

I''MHENS /; » N o ~
Lo ES 0 = 0,57, 1, P,y — y, ) (3.39)
. ~ ~ Nr = i/h 7 I ~ A\ A ~
= iy 200 o — ) S5 B (B, P 72) B0 )

The limit 77 — oo of eq. (3.39) gives a finite result independent of 7, since the Wilson line
self-energy power law divergences cancel between @E;l]subtr. and AY. With this definition for

the MHENS TMD, our result in eq. (1.2) relating the quasi- and Collins TMDs also yields
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a relationship between the MHENS and Collins TMDs:

(bz - OugT),UﬂP;yn va /dl? C xpzuu) fq /h(xungu’u C)

110 —2 Agen (3.40)

(o (PoR)f
Here, the MHENS TMD (or quasi-TMD) on the Lh.s. is calculated with states involving
proton momentum P, while the Collins TMD on the r.h.s. utilizes states with proton

iy FTIMHENS
7j—00 ai/h

momentum P. We have chosen to relate these two momenta by the rapidity relation
yp = yp + yp that appeared in our proof of factorization. In the large P? limit, we have
¢ = (2zP%e Yn)? = (20P%e¥8~¥)2 = (, which eliminates the In(¢/¢)-dependent term in
eq. (1.2), which would otherwise appear in the integrand in eq. (3.40). Note that for large
P* we also have ( — oo, where ¢ was defined in eq. (2.43).

We now consider the implications of the factorization in eq. (3.40) for computing Collins
TMD ratios. Taking ratios of MHENS TMDs with different choices of spin structures I', we
see that the UV renormalization factors Z|, and Z,, and soft factor A% all drop out. Thus,
ratios of MHENS beam functions give us information about the ratios of Collins-TMDs,

- TR s r .

. 0y Poartinr. (b, Pya,72) [ dz Colal )i @ by, s ) (3.41)
sC2ai/h (7 B ~» 5. r > ' :

a0 Np, @200 by, Pa,i2) [ da Co(aP?, w) o5 (2, by, s O)

albeit with an integration over the matching coefficient Cq(xf)z, ). Here there is power law
sensitivity to 7 in the numerator and denominator of the L.h.s., but this sensitivity cancels
in the ratio, as does the dependence on a (assuming that there is no mixing amongst spin
structures for the lattice fermion discretization chosen [43, 73, 79, 80]). As explained in
section 3.1.3, Cy arises precisely because of the different orders in which renormalization and
the large rapidity limit are taken to be performed between the MHENS and Collins TMDs.
Equation (3.41) reduces to the relation between MHENS beam functions and the moment
of the Collins TMDs discussed in earlier literature [28-32] if one sets Cy = 1 + O(ay),
i.e. works to tree level in the matching coefficient. Beyond tree-level, the convolution becomes
nontrivial. Nevertheless, one can plug the TMDs from global analysis into eq. (3.41) to
compare with the lattice ratio of the MHENS beam function. It is worth noting that the
CS evolution for the ¢ dependence is multiplicative and independent of x, and hence the
ratio of Collins TMDs on the r.h.s. is independent of { as long as the same value of ( is
used in the numerator and denominator.

By constructing lattice TMD ratios with the same spin structures but different momenta
P? in the numerator and denominator, one can extract the CS kernel v¢(u, br) [35]. Once
again one cannot avoid the need to include the matching coefficient whether working in
longitudinal momentum or position space [37]. Thus a formula for obtaining ~¢ that does
not explicitly rely on a truncation of the «s expansion always requires calculation of the
full b* dependence of lattice beam functions. When the series expansion in «y is utilized, a
broader range of extraction techniques are possible, see for example ref. [45].

Next we consider the use of the MHENS correlator for obtaining z-dependent informa-
tion about Collins TMDs. There are two complications in this case relative to the use of
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quasi-TMDs. The first is that the MHENS staple-shaped Wilson line path for the beam
functions has non-trivial cusp angles (v, b), which from eq. (2.6) is given by
v-b

cosh[y(v,b)] = iw , (3.42)

where the sign is determined by + = sign(7). For b* # 0 we have v -b # 0, and the UV
renormalization factor ZMHENS will depend on (v, b) irrespective of whether or not we
extrapolate towards infinitely long staples, |7j| — oco. This complicates the analysis because
the UV renormalization is now b* dependent and hence will not cancel in ratios formed
from correlators with the same x.

The second complication for z-dependent MHENS calculations is that the length of
the Wilson line path becomes b*-dependent, since using eq. (2.5) we have

Ltapie > = 2lijv] + |b] - (3.43)

This implies that if we do a Fourier transform in b - P to obtain xz-dependent correlators,
then the power law dependence on the staple length does not cancel for ratios taken at
finite 77, where the |b| term can not be neglected.

To make these issues more transparent, we consider the generalization of the MHENS
TMD definition in eq. (3.39) that is needed to include b*-dependence. Working in an
equal-time configuration with b° = 0 and v = 0 that is suitable for lattice calculations, we
expect that the definition would take the form

T (b, P, ) =l ZL (1) 20N i, 0,8, (0,D), (3.44)
H a —
|i]—o00

Nr za/h ;, 5 . ~ \ AqMHENS L
x ﬁ (I)Enﬂgu{)tr.(bv P,a, 77U) A% (bv a, 7711777“) .

Although ZMHENS depends on the cusp angle (v, b) this is unlikely to be a fundamental
road block, since this renormalization can be carried out perturbatively (for example,
four-loop results for the related cusp-anomalous dimension are now available in MS [81]). Tt
also seems likely that a non-perturbative method of carrying out the calculation of Z}}/\[,HENS
on the lattice could also be formulated. A greater difficulty will be determining a suitable
soft factor A%MHENS = (SI[\I/[HENS)A/ 2 which itself must satisfy three non-trivial constraints.
In particular, it should be constructed from a soft function SY;png Which is a vacuum

matrix element of a closed Wilson loop that has a total length 2LMUENS with eq. (3.43).

staple
This ensures that the |7j| — oo limit for fg/]hMHENS will exist. An additional constraint is

that it should include dependence which compensates for the mismatch in the Lorentz
invariants in the 12th and 13th rows of table 2. Finally, it must have the proper infrared
dependence on by such that fg}zﬁHENS correctly reproduces the infrared structure of the
Collins TMD. This last constraint is necessary for a factorization formula relating the
MHENS TMD and Collins TMD to exist. The construction of a suitable A%MHENS involves
two steps: finding an operator definition for this quantity satisfying the above constraints,

and then developing a method by which this factor can be computed with lattice QCD. The
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A%MHENS in eq. (3.44) should be a suitably chosen

argument ¥ that we have written for
space-like vector. The ellipses in ZMHENS in eq. (3.44) denote any further arguments needed
due to UV renormalization for the soft factor (like additional cusp angles).

Let us assume that a suitable AqSMHENS has been determined. In this case the factor-

ization formula for the MHENS TMD to Collins TMD should take the form
IMHENS , 7 = d(b-P) _i,(ps) L[TIMHENS,, = .
ft;/}h (flf,bT,,LL,P,’U,'U) E/(2ﬂ_)€ lx(P b) f,gl/]h (b7 P,M,U,U)

1 —
_ C}]\/IHENS(xU P, ... ,M) exp lzﬂyg(luj bT) In ] fq[p (.1', br, u, C)

S AéCPQH, (3.45)
(zv-Pbp)” (zv-P)

I

x{l—l—(’)

where based on results from the JMY scheme we expect ¢ = 2(zP - v)2\/[v2[[82]/(v? v - ).
Our notation anticipates the fact that the matching coefficient C}]VIHENS is likely to differ
from the Cj in the quasi-TMD factorization. This is expected due to the fact that the UV
behavior of AQSMHENS can differ from Aqs, and the fact that Z}}/\I,HENS differs from Z,.

Instead of directly trying to match the MHENS-TMD onto the Collins-TMD as in
eq. (3.45), one can consider determining the z-dependence of ratios. For example, taking
ratios with potentially different Dirac structures, flavors ¢; and ¢;, and hadrons h and A/,
but the same z and P we have

féf/l}]L(l‘agTvﬂaC) o Cgf/l]]lMHENS(x’gTauapvvvﬁ) (3 46)
fyhe@ e ) N @ by, Pro,6)

[d(b- P)e~ia(Pb) gMHENS (YN TG0 G B g sy AAMEENS (3 o s i)

— lim ~ _ - unsubtr.l - — )
220 [d(b- P) et (PO ZMHENS (0, ) Np, & 200 (b, P, a,i2) AEMN (b, a, 0, 70)

In taking ratios using eq. (3.45) the C’}IVIHENS and CS kernel terms drop out, giving the
first equality in eq. (3.46). Using eq. (3.44) then gives the second equality. For finite 7 the
soft factors A%MHENS(b, a,nv,nv) do not cancel out from the numerator and denominator,
due to their dependence on the integration variable, namely the component of b that is
parallel to P.% In addition the UV counterterms ZMUENS(q . ~(b,v),...) depend on the
integration variable through their dependence on the cusp angle (b, v), and the dependence
on these variables remains regardless of how large 7 is.” Equation (3.46) can be contrasted
with the ratios involving quasi-TMDs in the first line of eq. (3.37). The situation is simpler
for the quasi-TMDs because of the simpler dependence of the UV counterterm and soft

factor, which cancel out in the ratios at finite 7.

STt is possible that one may be able to construct AQSMHENS such that the dependence on the component
b- P/my, is subleading as |ij| — oo, just like it is in LYENS,
out in the ratio in eq. (3.46) as |7j| — oo.

"It is possible that one may be able to define the soft factor A%MHENS so as to cancel the UV dependence
ZMHENS

in which case these soft factors can be canceled

on the cusp angles, and thus make independent of (b, v). However, this makes it more probable

that A%MHENS will not cancel between the numerator and denominator of eq. (3.46) as |7j| — oo.
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4 Conclusion

The central focus of this paper was to derive the factorization formula eq. (1.2) that relates
the lattice-calculable quasi-TMD to physical TMD schemes through a simple perturbative
matching coefficient. This formula is valid at all orders in ayg up to power corrections for
any light quark flavor and for gluons.

We began our derivation by developing a generalized TMD notational framework
applicable to both continuum and lattice TMDs, enabling us to unify various choices used
in the literature and thus more easily unpack the relationships between various physical and
lattice TMD schemes. Comparing the operator structures and Lorentz invariants appearing
in each scheme, we observed a close relation between the Collins and quasi-TMDs. We
then constructed a new continuum TMD scheme intermediate between the Collins and
quasi-TMDs, which we called the large rapidity (LR) scheme. The LR and Collins schemes
differ by the order of UV renormalization and the lightcone limits, so they are related by a
perturbative matching in the spirit of LaMET. Meanwhile, using Lorentz invariance we
showed that the quasi- and LR TMDs are equivalent. This enabled us to prove the full
factorization relation between the Collins and quasi-TMDs. For any quark flavor ¢; and for
gluons g, the relations are

_ o - - 1 - o
fqi/h<x7bT7M7<7xPZ) = Cq(a}PZ“u,> exp [272(M7 bT) In g] fqi/h(x7bT7M7 C) Ty (41)
fg/h(x,gT,u,f, xP?) = Cy(xP?, p) exp Evg(u, br)In ﬂ fg/h(a:,gT,u, O+..., (42

where the ellipses indicate power corrections. The quark matching coefficient C;, and CS
kernel yg are both independent of the quark flavor.

The factorization formula has many implications. First, when matching quasi- and
continuum TMDs, there is no mixing between quarks and gluons, nor is there flavor mixing.
This means that lattice calculations of TMDs for various flavors and for gluons should be
easier than anticipated. We confirmed the momentum renormalization-group evolution for
the matching coefficient, and solved it to obtain a explicit result at NLL, confirming it agreed
with earlier fixed-order results in the literature. Finally, our proof has implications for
factorization formulas matching the Lorentz-invariant approach (MHENS scheme) to lattice
TMDs. It implies that ratios of MHENS TMDs with b = ET give direct access to information
about the ratio of Collins TMDs integrated against the matching coefficient Cq(aspz, @) in
the numerator and denominator. The treatment of factorization for z-dependent ratios of
MHENS correlators is a bit more complicated, and we identified the additional ingredients
as being from cusp anomalous dimensions in the lattice renormalization and the need for a
different soft factor subtraction in the relation to the Collins TMD.

Our results are an important step in pushing forward the knowledge we can extract
from the lattice about TMD observables, yet much remains to be done. We have derived a
factorization formula at leading power to all orders in as. However, the perturbative quasi-
to-Collins matching coefficient Cj is only known at one-loop, except for certain logarithmic
terms constrained by its RGE, see section 3.2.2. Recently there has been renewed interest
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in TMDs at subleading power, with for example a derivation of the necessary form of the
factorization formula for polarized SIDIS at subleading power [82, 83]. Finding continuum-
to-lattice factorization formulas for subleading power TMDs would be interesting.

As experiments come online that promise to push our knowledge of hadronic structure to
new depths, the need for corresponding first-principles predictions becomes ever more clear.
The challenges faced in calculating TMDs on the lattice give us a roadmap for efficiently
deriving other key hadronic properties. Constructing a generic operator encompassing
all possible physical and lattice scheme choices for a specific distribution is useful for
understanding the space of possibilities. Comparing the quasi-to-Collins and MHENS-
to-Collins factorizations, we see that we must walk a fine line between perturbative and
numerical challenges when choosing a lattice observable. From the lattice standpoint, unless
headway is made on the sign problem, matrix element correlators from which distributions
are constructed must employ Wilson lines on equal-time paths. Wilson lines should have
as few sides and cusps as possible to minimize difficulties with renormalization. From the
start, it is also important to account for lattice renormalization, soft function subtractions,
and finite Wilson line lengths. One must also be careful with different orders of limits and
renormalization, which can often lead to additional perturbative matching kernels.

In the case of TMDs specifically, it is clear from the phase space of possible lattice
correlators that there are additional freedoms in the definitions that could still be exploited.
Quasi-TMDs and MHENS TMDs provide two examples of how things can differ due to these
choices, and we have advocated for some of the benefits of the quasi-TMD approach. The
calculation of MHENS TMDs has an excellent track record, and it will be important to con-
tinue to carry out calculations with various lattice TMDs, and confirm consistency amongst
the results. Ultimately, this program has the potential to lead to precise determinations
of the full functional dependence of the eight leading-power spin-dependent TMDs.
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A Perturbative cross-checks

A.1 Matching unpolarized quark TMDs in different schemes at NLO

In this section, we perturbatively test our results from section 3 by first constructing the
matching between the Collins and JMY TMDs at next-to-leading order (NLO), and then
deriving the same matching between the Collins and LR TMDs. The latter immediately
yields the matching between the quasi- and Collins TMDs.

A.1.1 Matching Collins and JMY TMDs

We first relate the Collins and JMY TMDs. Since the physical cross-section is scheme-
independent, we have

do
—_— Al
d02dy 24, (A-1)
d25 i-’ ._’ - -
= UOZHij(QaM)/ (27526(” Y £ ny (1,07, 11, C1) £ (22,07, 1, C2)

ihj

&2or o ~ ~
:UOZHzJ(Q7M7P)/ (27_‘_)26qu beiJ/l\]'/Llle(mlabTalu’axlcv7:0>fj]/l\}/IL2Y(‘r27bT7ﬂa xQC’fI?p)?
7:7j

where the first and second lines employ the Collins and JMY schemes as given in egs. (2.15)
and (2.21), respectively. We want to choose a frame where the TMDs appear symmetrically,
such that there is no CS evolution from an asymmetric split of soft radiation. This can be
ensured by choosing ¢; = (3 and x1(, = x2(s, which using their definitions implies®

G=0G=Q", (2160)* = (225)* = pQ*. (A.2)
The last equality fixing p results from the definition in eq. (2.23). Eq. (A.1) then implies
fJ/l\}/L[Y(xlv bTa My \/ﬁQa P) = C’Z]MY(Qa M, p)fz/h (xla bTa My Qz) 3 (A3)

where CyMY is a perturbative kernel which is defined as

Here, we set j = i because this relation must hold for the simplest cases of flavor-diagonal

CZJMY(QHua p) = (A4)

Drell-Yan scattering. The hard function is independent of quark flavor, so the matching is

also flavor-independent.? We can write an asymmetric form of eq. (A.3) using CS evolution,
IMY IMY L, Q*
fz‘/h (ZL‘, bT7M7 \/ﬁva) = Cz (Qa/%ﬂ) €xXp 5’7{(5%#) IDT fi/h('rvbTa,u7C) . (A5)

8The one-loop expressions for eq. (A.1) only agree if one fixes £1¢, = 22(s. This may simply be a result

of using this particular frame when calculating the NLO ingredients in ref. [56]; the factorization theorem in
ref. [56] does not make a definite statement on this. For more details, see appendix B.

9This is violated starting at three loops due to closed quark loops that couple to the vector current. In
order for eq. (A.1) to be true, such contributions must precisely cancel in the ratio in eq. (A.4).
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Here, C’ZJMY and fyé differ for quarks and gluons, but do not depend on quark flavor.

Appendix B verifies eq. (A.5) at one loop; here, we only show one-loop results for the hard

function,
sC 2
Hyq(@Q, u)—1+a F[12Q+31 % G 8}+O(a§)v (A.6)
2m 2 6"
2
Hqé(Q,M,P)=1+as2?[—l 2Q +31In Q—2+1 2'05_21 p5+277 — 4|+ 0@a?),

see eqs. (B.2) and (B.12). We stress that the second line only holds in the frame defined by
eq. (A.2). Inserting eq. (A.6) into eq. (A.4), we obtain the one-loop quark matching kernel

aSCF

1 5
CMY(Q, ) =1 + <_2L,z L, 2 z) +0(a2), (A7)

12

where we abbreviate the logarithm as

pQ* _ | (201Pr-v)?
7 — 1 2,2

M w2

A.1.2 Matching Collins and LR /quasi TMDs

The LR and JMY TMDs differ only by the direction of their Wilson lines, so the LR-to-
Collins and JMY-to-Collins matchings should be equivalent, up to accounting for the Wilson

L,=1In (A.8)

line change. First, we make the choice
v =nlp(yp) = (e%2,1,01), o =nli(ya) = (1,e7,0), (A.9)

which are the timelike versions of the Wilson line directions defining the LR scheme; we
will address the continuation to the spacelike case soon. Note that here, y, is a parameter
in the LR scheme, not in Collins scheme. Also note that ¥ does not obey the hierarchy

T > ¢~ assumed in the JMY scheme. As long as we only consider the v-collinear TMD,
this does not matter, as the hierarchy v~ > v™ ensures the validity of the expressions for
(v and p as given in eq. (2.23),

(21‘1P1 . ’())2
V2

4(v - 9)?
= (V2w Pfe¥)?,  pP= (;’2;;) = e2Wn—yB) - (A.10)

(x1<U)2 =

So far, yp and y, are not fixed, as the LR scheme is well defined as long as —yp > 1.
However, to use the results that can be perturbatively matched to the physical scheme in
appendix A.1.1, we have to work in the symmetric frame as specified by eq. (A.2), namely
(216,)? = pQ?. Thus, we find

2
p=e¥n B 2 (wé;;’) — 2(Y—yB) - yn =2Y —yp, (A.11)

where the dependence on the final-state rapidity Y arises through \/§le1+ = QeY. Here
we choose to treat yp as the independent parameter, since it specifies the geometry of the
Wilson line in the hadronic matrix element, while y, only enters through the soft function
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and thus is considered a derived quantity. With this special choice of y,, we can make use
of eq. (A.5) to obtain

(xICv)2
Q*

To obtain the corresponding result for the LR scheme, we have to replace the timelike

f@"]/l\}i[Y(xabT7u7x1vap) = C{]MY(Qnua p)fi/h(vaTa,uv QQ) ) P = (A12)

Wilson lines in eq. (A.9) by spacelike ones,

= (6295, 1,01) — (—ezyB, 1,01),

o= (1,e72,0,0) = (1,—e #",0,). (A.13)
The Lorentz invariants in eq. (A.10) then change to

Py -v)? Py -v)? v)?
ng(z :)21}) _>_(2 ‘;2‘1}) = -1, p:(leCQ) = =ll. (A.14)

Note that the sign change of p is not directly obvious from eq. (A.10), which only fixes p?,

but immediately follows from eq. (A.11). Applying these transformations to eq. (A.12), we
obtain the matching between the LR and Collins scheme,

fiL/II}(x7bT>NaC = Q27yP - yB) = C}R(Q7N,p)fi/h(l',bT7/~l,< = Q2) ; (A15)

where fgﬁ{ arises from the appropriate analytic continuation of the JMY TMD at operator
level. Due to the symmetry constraints both TMDs are evaluated at ¢ = Q2, and the
matching coefficient is given by

CH(Q, 1) = CIMY(Q, 1, —p) - (A.16)

Since CYMY depends on p only through L, = In(pQ?/1?), we need to analytically continue
p to —p to make use of eq. (A.16),
2 02
Lp:hl% — L_p:hlpig2 :L|p‘ +im. (A17)
0 I

The sign of this phase induced by the spacelike v? < 0 cannot be easily reconstructed a
posteriori, but is fixed by the i0 prescription in perturbation theory. Fortunately, we do not
need to fix this sign for our purpose, as the hard function is the squared magnitude of a
complex amplitude, so at NLO we deduce that the spacelike version of eq. (A.7) is

Cq (Q,/.L, p) =1 + o §R <_2(Lp + 17'(') + (L‘p‘ + 171') — ETF — 2) + O(Oés)
o OZSCF 2 7'(-2 2

Using eq. (A.11), the logarithm can be expressed as

plQ* . (221P1 - v)?
;- =In 21,2
1 [v?|p
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To complete our derivation, we first replace Q2 with ¢, corresponding to a simple relabelling,
and employ that the hard coefficient only depends on the combination

pQ? = (2951’];’ v)? = e2n=vB)¢ = 322 e2WPYB) (g | (A.20)
where the &~ indicates equality for the large —yp limit. We can then rewrite eq. (A.12) as
Fiim (@, b, 1, G yp — yB) = CilCur, 1) fign (2, b1, 11, C) (A.21)

where (g is given by eq. (3.24) and we have defined
Ci(pQ% 1) = CI™(Q, 1, p) - (A.22)

Eq. (A.21) reproduces eq. (3.26), with the one-loop conversion given by eq. (A.18). This
provides a one-loop confirmation of one of the key parts of our all orders factorization analysis.

For the quasi-TMD, where v = (0,0,0,1) and (g = (20P%)?, eq. (A.18) exactly
reproduces the matching coefficient for quasi-TMD obtained in refs. [35, 37]; see also
refs. [34, 49] for an independent calculation.

A.2 NLO results for quark-gluon mixing

We next calculate quark-gluon mixing in TMDs and quasi-TMDs at O(as). We work in
coordinate space to obtain matrix elements as a function of the Lorentz invariants b? and
p - b, where p* is the on-shell momentum of the external parton (p? = 0). As expected from
the factorization theorem, the TMD and quasi-TMD will turn out to be identical at fixed
b? and p - b, so there is no mixing.

A.2.1 Mixing of quarks into gluon distributions

We first study mixing of quarks into gluon distributions. At O(ay), we have two Feynman
diagrams, shown in figure 5. These diagrams do not suffer from a rapidity divergence, so
we can work without a rapidity regulator. For the quasi-TMD, we take 77 — oo.

In figure 5, the Feynman rule for the insertion of gluon field strength tensor in the
gluon beam function in eq. (2.7) is

k
02090090090 GHY (b
a,a

)= (—ikt g™ + k¥ ghe)§oe e T kb, (A.23)

Therefore, the two diagrams have values

d% —1

vo € . a » a . an ik- 1
fH77 (b, p) = /Wu(p)(zg%ﬁ )75 (kP gH™ — ikt gP )eth?

p—Fk
.0 U GV O —1 ik-0/; a
x (—ik%g B +ik g 5)ﬁek0(zg757 Ju(p) , (A.24)
— . a —1 1.0 Vo GV O ik- i
a(p) (ig7a7") 15 (k79" — k" g77)e™?

p—F
x (= ikPghP  ikH gPP) ;—;e*ik'b(ig’ygTa)u(p) . (A.25)

f{ﬁwyg(b’p) = :U’ge/ (27T)d
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Ga(0)  Ggr(b) Ggr(0)  GEr(b)

Figure 5. Mixing of quark TMDs into gluon TMDs at lowest order, i.e. O(ca;). The Lorentz indices
correspond to the gluon TMD operator, while p is the momentum of the external on-shell quark.

Let us pull all coefficients out of the integrals:

SC . o o o v v o
f(/;pua(b,p) — o ,n.FTr {%(}M—la)%ﬂ (899“ — a,u,gp )(6 g - 0 g ﬂ)IU(b2,p- b)a

4 2
S bup) = £ (b ~p) = 12" (b)) (4.26)
where as in ref. [40] we define the integral
d?k elkb (mud)€ 1 +ip-b—eP?
IvbQ -b) = —4i 25/ — — 0 ' (-1 — ——b21+6.

( » D ) ) (27T)d_2 k4(p I k)z 4 ( 6) (pb)2 ( )

(A.27)
Let us examine the first derivative of Z,(b) for use in eq. (A.26),
0L 0T

9°T, (b2, p - b) = 20 =2 o A.28
(0%,p-b) 203 T a0 0) (A.28)

Eventually, we will need to specify the directions associated with free Lorentz indices (n,,
ny, 71 ). Doing so early on streamlines our work with power counting. Examining all
derivative terms that arise when we contract indices relevant at leading power, we have

L,
. 2 p.b) = Lhv
ng - 0ZL,(b*,p-b) = 2n, b@(b2) ,
0T,
. 2 0. h) = Y
07,
fe’ 2 i —_ a v

Quasi-TMD factorization gives us p-b~ 1, 1/b% < (np - p)?, and ng - b < |by|. This leads
to a power counting of

(np - 0,nq-0,01) ~ (1,2, \)np - p, (A.30)

where A ~ 1/(bpny - p) < 1. This is the same power counting as for the momenta of
particles created by n-collinear fields in SCET [84-87].

We now obtain leading-power results. We start with the TMDs, for which we must
contract p and v with n}’ and ny, as well as take p,o to be transverse Lorentz indices:

)
w—wfwﬂ (07 — 97" ny-0) (np 0] —g7"ny-0) To(~b).  (A.31)

n n SC . e} 16} o o
poees = STy [ww)w’” } (n§ 0% — g1 my-0) (ny 0T — 97" np-0) To(0).

'r_'LO'LT_ZpL — aSCF;I\r
Ty 4
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The Dirac traces lead to the following tensor structures

9ap P 0y PaPp; PaOp + pp0a - (A.32)

When we contract the indices o and 8 with the remaining parts of each Feynman diagram,
both diagrams have a nonvanishing contribution at leading power of order

p- 0y - 0)°¢7 ~ (my - p)*9 7 ~ O(N2(my - p)*) (A.33)

To obtain the corresponding quasi-TMDs, we contract g and v with 7} and 7%, and
we take p, o to be transverse Lorentz indices. Here we are free to pick each of n; and ns to
be in the time direction or z-direction, ie. n12 = ny or —n.. This leads to

~ = SC . — o — — loa op —

fmounzes %Tr [ya(p + z@)%@g] (nf aﬁ - gi ny - 0) (ngal — gfng . 8) Zy(b),
Fn10 No asC . —_aao oo — _ _

fyr7erert = STy |ya(p Za)’mg] (307 — g7z - 0) (WY} — g°Rr - 0) T,(~b).

(A.34)

Because ny = (nq +np)/v2 and n, = (n, — np)/+/2, the contributions from n,/v/2 either
vanish due to n, - p = 0 or are power suppressed by O(A\?) after contracting with the Dirac
trace. Therefore, the leading power contribution to the quasi-TMD can be reduced to

~= = 1 OZSC . e (67 lea o

G T = o 47TF Tr {w(sz - za)wﬁ (nf 97— gny - 9) (ng0F — 977my - 9) T,(0),
10 T 1 asc . o Qo oo
FmoinapL 5 47TFTr Yalp — Za)”yﬁg} (nyd] — g7%nyp - 0) (ngaf_ - gﬁﬁnb : (9) Zy(=b),

(A.35)

which is the same as the Collins TMD in eq. (A.31) except for the overall factor of 1/2.
After taking into account the Fourier transform in the definition of the quasi-TMDs in
eq. (2.29), this 1/2 factor is cancelled by the change of the integration measure, so the
results are equal between quasi- and Collins TMDs in this channel.

A.2.2 Mixing of gluons into quark distributions

Next, we consider the mixing of gluons into quark distributions. This process first receives
corrections at O(ay), as shown in figure 6. The sum of these diagrams yields

_ o [ d%k 1 N T
f+d2192TF5 b/ (QW)dTr ll“kfyip_k’uk] [e kb—l—ekb}, (A.36)

where p and ¢ are transverse Lorentz indices because they contract with on-shell gluon
polarization vectors. f.,4 reduces to a form expressible in terms of derivatives of Z,(b):

= aﬁf;” {Te [0, (p + i@y T 9| Zo(b) + Tx[D@Y, (p — i1 H|Tu(-b) } . (A.37)
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Figure 6. Mixing of gluon TMDs into quark TMDs at lowest order, O(«a;). The quark fields of the
TMD operator are denoted by ®.

To obtain the TMD, we take I' = 74,. The trace in eq. (A.37) has leading-power contributions

T [ 37 (D £ i)y D] ~ (g 7 - 0P, gy - 90,y - p Oy - DO O} ~ O(N (s - p))
(A.38)

To obtain the quasi-TMD, we choose I' = 4, or 7_, where ny = (n, + ny)/v/2 and n, =
(ng — np)/v/2. The contribution from n,/v/2 is once again suppressed by O(A\?). Therefore,
after Fourier transform we find that mixing graphs in figure 6 have identical values for the
TMD and quasi-TMD at the same p - b and b.

B One-loop comparison of JMY and Collins TMDs

Next, we validate the compatibility of the Collins and JMY schemes defined in section 2.2.1
and section 2.2.2, respectively. Let us write eq. (2.15) for each of these schemes:

d d%br B T T
I EE = UOZHij(Qaﬂ)/(%)Tge T fphy (21,00, 18,C1) f phy (22,07, 1, C2) (B.1)
2

Pbr g - -
=00 ZHU(Qvﬂvp)/ (27T)Tz elT bei/hl (xlvbTaMax1CU7p)fj/h2 ($2,bT,M,$2<ﬂ,p) .
2
Since perturbative results in the JMY scheme are only known for quark TMDs matched
onto quark PDFs; we accordingly restrict our study to the Drell-Yan process. We first
collect perturbative results in both schemes and then compare them to one other.

B.1 NLO results in the Collins scheme

The Drell-Yan hard function can be obtained from the corresponding vector form factor,
which is known to three loops [88-96]. At one loop, we have

aCr (1
Hyg(Qu ) = 1+ =5 T Hig (Qun) + 0(a),

2 2

6h) 29 Q
H,(Q,pn) = +3ln——|—f — 8. B.2
ptean s g (5.2)

The TMD is matched onto collinear PDFs as
T

fz/h €T bT,,LL C Z/ Zj y') bTa,u C)fj/h ( ) + O<bTAQCD)7 <B3)
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The matching kernel Cj; is also known at three loops [97-106], and we expand it as

a,Cr

Cij (b, 1, Q) = 88(1 = @) + =5 =Cf (w,br, 1. ) + O(ad) (B4)

At one loop, the quark-to-quark kernel reads

qu (x,bT,,u,C):—Lquq(:l:)+(1—x)+(5(l—x) _§Lb+Lb 5"‘111? —E y (B5)

where we use the standard expressions

1+ a2 b2 12
Pyy(z) = | Ly=1n 71;3 (B.6)
+

for the quark-quark splitting kernel and the standard logarithm, respectively.

B.2 NLO results in the JMY scheme

Ref. [56] calculates the JMY hard function and TMD at NLO using a version of MS in
which one absorbs the factor SIMY = (47)¢/T'(1 — ¢€) in the subtraction, as opposed to
the standard scheme with SiVTS = (4me~ 7)€, These schemes only begin to differ at O(e?),
so there is no impact on one-loop calculations, which have a single pole in e. (It does
affect on-lightcone calculations, for which the bare hard function and TMD have double
poles.) Ref. [56] examined SIDIS, whereas we consider Drell-Yan; thus we must analytically
continue from ¢? = —Q? < 0 (SIDIS) to ¢*> = Q? > 0 (Drell-Yan).
In this section, we abbreviate

2 )2
AR CILT) M (B.7)
1t [
Using eq. (2.23) and noting that (2¢2 = E4 p?, where E2 = (P; + P»)?, we have
o @ 2
Ly+ Ly =2In— +1Inp~, (B.8)
o
where Q? = 122 E?2,, is the invariant mass of the produced color-singlet final state.
We expand the hard function in the JMY scheme similar to eq. (B.2) as
_ 14 %CF 2
qu(Qa Hy :0) =1 + o Hq(j (Qa K, p) + O(Oés) . (BQ)
The NLO result in SIDIS kinematics is given by [56]
SIDIS(1) 2 2 2,199
97 (Q,u,p):(lﬂnp)lnﬁ—lnp + et =4
Q° Q 1
= —In? 2 +31n? + (Lo + L) — (Ly+ L) + 7% —4, (B.10)
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where in the second line we used eq. (B.8). To recover the corresponding result for Drell-Yan,
we need to analytically continue Q? — —Q?, which is achieved by

QQ_%[12 2—10
2

_q2 _j 2
- R [m? ‘1210] = In? g — 2. (B.11)
p p?
q27 QQ +Q2

The single logarithm of Q? is unaffected, as are logarithms of the fixed parameters v? and
#2. Applying this to eq. (B.10), we obtain the Drell-Yan hard function in the JMY scheme,

2@2 Q2 2 2
2 +31n M—Jr (LU+L1~,) — (Ly + Lp) + 277 — 4. (B.12)

(1)
H, (Q/u)) 1

In ref. [56] the TMD was originally defined as ¢; = B;/S, which is distinguished from
the definition f; = B;/V/S in eq. (2.24). Both ¢; and f; can be matched onto collinear PDFs
similar to eq. (B.3),

o d T -
Q’i/h(xabT7M7x€Ua Z/ yC (y?anu’a CCCU:ﬂ) f]/h(ymu’) + O(bTAQCD) 5
- dy T -
fi/h(wa bT7M7va7 Z/ C (y> bTa,ua xCUaP) fj/h(ymu) + O(bTAQCD) ) (B13)

where C~’ij and Cj; are the corresponding matching kernels. We expand both in the same
fashion as eq. (B.4), and the one-loop result of C’ij can be read off from ref. [56] as

CSV (@, br, t,2C0, p) = — Ly Pyg() + (1 — ) (B.14)

+0(1—ux)

1 1 2
—§(Lb+L) +Lb< —I—lnp)—i—Lv—Q—g] )

To obtain the result for C. (1)

5; » we first need the one-loop result for the soft function [56]

a,Cr

S(br,pp) = 1+ = =80 (br, . p) + 0(a2), S (br,p.p) = (2= mp*)Ly.  (B.15)

Using the relation between ¢; and f;, we then obtain

1
CiN (@, br, 1, 2Cv, p) = CSP (@, b1, 1, 2C0, p) + 55(1)(%#,[))
= —LyPyy(z) + (1 —x) (B.16)

1 3 1
+6(1 —x) —§(Lb+Lv)2+Lb <2+21an> +Lv—2—W] :
B.3 Comparison at NLO
Using egs. (B.3) and (B.13), at the perturbative level we recast eq. (B.1) as

’L](Q /'L) 2! (ylabT7M7 Cl) 77’ (y27bT7/'L CQ)
Hij(Q, 11, p)Ciir (Y1, br, 11, 1Co, p)Cjo (Y2, b, 11, £9Cs, p)

!
1=

: (B.17)
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where i, j are flavors of the underlying Born processes; ¢, j’ are flavors summed over in
egs. (B.3) and (B.13); and y; 2 are the corresponding convolution variables. We restrict our
attention to the gg channel, using egs. (B.2) and (B.5) for the numerator and egs. (B.12)
and (B.16) for the denominator:

! a,Cp Q' 1 2 2
1=1+ Lyln — 4+ - (L, — L))" | + O(af) . B.18
o Lt L4 (20— Lo + O (B.18)

Equality of schemes enforces the conditions
GG&=Q" and L,=1L;. (B.19)

The first constraint on the CS scale is trivially obeyed by eq. (2.16), while the latter is
a nontrivial restriction of JMY Wilson line paths. This implies that the one-loop results
given in ref. [56] are only valid in the reference frame where eq. (B.19) is fulfilled. It may
be possible to get a more generic result for the hard function without requiring L, = L.
From eq. (B.7), we see that eq. (B.19) is equivalent to x1(, = 22(s, which implies that

oot _ <gclpl+>2 S GG (UCICv)2 _ (332@5)2 (B.20)

—_ — p= = =
v x2P2 Egm Q2 Q2

where E2, = (P1 + P,)? = 2P, P, , and Q? = m129E?,, and Y are the invariant mass and
rapidity of the final state, respectively.

It is also instructive to compare ratios of hard functions and TMDs in the two schemes.
For the hard function, from eqs. (B.12) and (B.2) we obtain

HDY(QyNa P) asCr [1 5 1 5 o 2
IOY ) Ly +L3)* — ~(Ly + L) + — 2| + 0(a?
Hoy(Q. 1) + o 8( + Lp) 2( + Ls) + Tl +2| +0(a3)
B.19) . asCp [1 5 5 o ] 2
=1 Ly — L, + — 2 . B.21

In the second step, we used L, = Lj as required by eq. (B.19). For the TMDs, comparing
egs. (B.16) and (B.5) yields

qu(xlabTaM;l"lCmP) asCp { (1 (1 9 5 >} )
=1 Lyln 20 — (SL2— Ly + =% +2) | + 0(ad).
qu(xl,bT,/.L,Cl) + 2T b x%Cg 2 v + 127T + + (as)

(B.22)

Note that the bp-independent terms are exactly the negative of those in eq. (B.21). The
leftover by dependence implies that eq. (B.22) is nonperturbative when by 2 AEQICD' However,
since it is directly proportional to {3 and (,, it can be eliminated for a certain choice of
the evolution parameters. Demanding that the L; term vanishes to have a perturbative

++
1L B8 o [V (B.23)
xle vv

relation, we obtain
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Here, we used (; = 2($1P1+ )2e~2Y». In conclusion, we find that a perturbative matching
requires the specific combination

U+ﬁ+

dyn
= ¢ yn (B.24)
The corresponding requirement for the conjugate TMD is the same as eq. (B.24). The
appearance of y, in this condition is not surprising, as y, # 0 implies that soft radiation is
not split uniformly between the two TMDs in the Collins scheme, and the same asymmetry
must be reflected in the JMY scheme to obtain a perturbative relation.

Note that egs. (B.20) and (B.24) only agree if y, = Y. For this specific choice, we
have that 21(, = 22(s and (1 = (o = Q?, i.e. the evolution variables appear symmetrically
in both the Collins and JMY scheme. This symmetric choice was already enforced in
appendix A.1.1 on more general grounds.

We are interested in the matching relation between a single JMY and Collins TMD
PDF, for which we now limit ourselves to the case of the n-collinear PDF. In this case, we
have to use eq. (B.24) to fix the value of p in the JMY TMD as

_ _ 2
2 = Li — lv€2yn‘| — (',I;%C’l%)2 . (B25)
vt 0T gay [T G
At this particular value, we have the relation
fqi/h(xa br, Ky Jme Pv) = CEI]MY(Q? K, p’U) fqi/h('x: br, Ky Cl) ) (B26)

where (at least to one loop) the matching kernel is identical to the ratios of hard functions,

Haq(Q, 1)
CMY(Q, py po) = | |
i "N Hoal Q) i
=1 L2 4L, —2— = . B.2
+ = ( ks 5T ) +0(0d) (B.27)

The logarithm on the right-hand side is given by

22 Py - v)? /v? | pr@Q?
=1In :
I T

L,=1In ( (B.28)
To obtain the final relation between the JMY and Collins TMDs at generic p and (, we can
use the ( evolution to obtain

1, 2G)*/p
fi(xa bTa My va’ p) = CgMY(Qv 22 p) €xp 57&(/”’7 bT) In (1)2/ fl(x7 bT7 My C) . (B29)
To obtain this result we have replaced (; using eq. (B.25), which allows us to express
the result using a generic value of p. The scheme conversion relation in eq. (B.29) can
be compared to the factorization formula relating the quasi-TMD and Collins TMD in
eq. (3.27), which has a very similar form.

43 —



C Wilson line self-energy at one loop

A key consideration for lattice TMDs is the cancellation of Wilson line self-energies. Here,
we examine the self-energy of the Wilson staple in eq. (2.4). Using the auxiliary field
formalism, the renormalization of an open, piecewise-smooth Wilson loop reads [107]

W] =z et [H Zz (%)1 whe] (C.1)

where Z, and Zz, are counterterms for the linear and quadratic operators of the auxiliary
z field, dm, is the mass counterterm, ¢ is the length of the Wilson loop, and the product
runs over all cusps ~; arising on the Wilson line path «. The cusp angles are given by

cosh; = Pi 4 (C.2)

9
\/Pig?

where p; and g; are the unit vectors at the cusp. In the Euclidean case, one has

i = 10; , cosd; = p_f : C_],Z . (C.3)
19|
At one loop in the MS scheme and in Feynman gauge, the counterterms are [107]
« CF 1
Z.=1+— - +0(a3),
Cr1l
Z- (7215):1+0‘; F 2 (1= 5cotd) + O(a?). (C.4)
T €

Here, we take § € [0, 7); straight angles § = 7 are mapped back onto § = 0, where Zz, = 1.
For two-loop results, see ref. [108]. §m vanishes in dimensional regularization with the MS
scheme, but is important to take into account on the lattice.

We now restrict our discussion to purely Euclidean paths, with vanishing time compo-
nent. The Wilson loop in eq. (2.4) has total length and cusp angles

SR N T 4
Ej—’nv—§‘+’b—5’+‘nv+§
5. (G 519G
cos 0y = (17 =3) ), cos 6 __(7711—#—2) ( ) (C.5)

5 + 816 — bl

with the appropriate mapping into [0, 7). By construction, d; + d2 = 7, as seen in figure 2.

At one loop in the MS scheme, it follows that the self-energy is

asCr 1
o €

Quasi-beam function. Using § = (0,0,b%) and 77 = (0,0, 7) from eq. (2.30), we have

Z-=1+ [3 — 81 cot 61 — d9 cot da) + O(a?). (C.6)

Cr3
(=2 +bp, S=6 =2, Zo=1+4+2E2
2 T €

This UV divergence agrees with the result of the one-loop calculation in ref. [36]. Further-

+0(a?). (C.7)

more, we see that Z- is independent of any kinematic variables, as the staple was constructed
to involve only perpendicular angles. The mass divergence dm ¢~ is independent of b* due
to our choice of having the staple sides have lengths n £ % /2, such that b* dependence
cancels in the sum.

— 44 —



MHENS scheme. The MHENS scheme in eq. (2.39) has arbitrary ¢ and 5 =0, s0

7 -
0y = 2n|0] + /b3 + (b%)2, €08 012 ::F\_'Hg\ . (C.8)
U
For illustration, we make the simplification v = 0, which gives

o i b
EJ_ = 27]|UZ‘ + b% + (bZ)Q, 61 =T — 52 = tanfl ’bZ’ s

ey 5 (1t b2 7] 4 o
= 3 2bT tan 5 2 + O(ag) . (C.9)

S

Zj:1+

We see here b*-dependence of the Wilson line self-energy, which must be removed by a
b*-dependent counterterm.
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any medium, provided the original author(s) and source are credited.
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