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1 Introduction

Solvable irrelevant deformations of two-dimensional CFTs [1–3] and their holographic
dualities [4–9] have recently attracted a lot of attention. Irrelevant deformations are in
general difficult to deal with due to their nonrenormalizability. Nevertheless, in [1, 2] a
class of irrelevant deformations built from the bilinear product of the stress tensor, namely
the T T̄ deformation [10], was found to be solvable in the sense that the spectrum on the
cylinder can be expressed in terms of the undeformed spectrum. Remarkably, the S-matrix
of T T̄ -deformed QFTs is related to the undeformed S-matrix by an energy-dependent phase
factor which remains well defined at arbitrarily high energies, suggesting that T T̄ -deformed
QFTs are UV complete [11, 12]. The T T̄ deformation can be reformulated in various ways,
e.g. as coupling the undeformed theory to random geometry [13], as flat Jackiw-Teitelboim
gravity [14, 15], or, when the undeformed theory is a CFT, as a (non)critical string [11, 16].

These features of T T̄ -deformed QFTs are not exclusive to this class of irrelevant
deformations. Similar results have been found for the JT̄ deformation [3] which is generated
by the product of a U(1) current and the stress tensor. In particular, the spectrum of
JT̄ -deformed QFTs was worked out in [3] while the deformed S-matrix was obtained in [17],
where JT̄ -deformed QFTs were also reformulated as QFTs coupled to dynamical gauge
fields and gravity. Both the T T̄ and JT̄ deformations are generated by bilinear products of
Noether currents, which we refer to as bi-current deformations. More generally, a linear
combination of the T T̄ , JT̄ , and T J̄ deformations dubbed the T T̄ + JT̄ + T J̄ deformation
has been studied in [18–21]. For other studies on irrelevant deformations see e.g. [22–29].

The aforementioned bi-current deformations are by definition double-trace deformations.
A single-trace version of these deformations can be obtained from the product of double-
trace deformed theories. For instance, the single-trace T T̄ deformation of a symmetric
orbifold CFT is a symmetric orbifold whose seed theory is the T T̄ deformation of the seed
CFT [5]. Consequently, there are two kinds of holographic dualities for irrelevant bi-current
deformations depending on the double or single-trace nature of the deformation.

In the double-trace version, T T̄ -deformed CFTs are holographically dual to Einstein
gravity in asymptotically AdS3 spacetimes with a finite cutoff [4], or alternatively, to
AdS3 gravity with modified boundary conditions [9]; whereas JT̄ -deformed CFTs are
holographically dual to Einstein gravity with Chern-Simons matter fields in asymptotically
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AdS3 spacetimes with modified boundary conditions [6]. On the other hand, in the single-
trace case, T T̄ -deformed CFTs are holographically dual to (the long string sector of) string
theory on a background interpolating between AdS3 in the IR and a flat spacetime with a
linear dilaton in the UV [5]; while JT̄ -deformed CFTs are holographically dual to (the long
string sector of) string theory on warped AdS3 spacetimes [7, 8].

There are several differences between the double and single-trace versions of holography
for bi-current irrelevant deformations: (i) the double-trace deformation is universal and can
be defined for any two-dimensional CFT whereas the single trace version has so far only been
defined for symmetric orbifold CFTs; (ii) the cutoff AdS3 proposal applies only to one sign
of the T T̄ deformation parameter whereas the single-trace version applies to both signs; and
(iii) the double-trace deformation does not change the local bulk geometry (instead it can
be understood as changing the boundary conditions) while the single-trace version deforms
the bulk geometry itself. The last property makes single-trace holography particularly
interesting, as it provides a way to construct holographic dualities for spacetimes that are
not asymptotically AdS3. In fact, a special example of the T T̄ black string backgrounds
found in [30] was studied previously in [31] with the motivation of understanding black
holes in asymptotically flat spacetimes; while the warped AdS3 backgrounds dual to the JT̄
deformation [7, 32] have also been studied in [33] with the goal of understanding quantum
gravity near the horizon of extremal Kerr black holes [34].

In the examples of single-trace holography described above, a solution-generating
technique known as a TsT transformation (T-duality, shift, and T-duality) [35], has been
used to generate the aforementioned non-AdS3 backgrounds [7, 30, 32, 36]. This suggests
a deep connection between TsT transformations, non-AdS holography, and irrelevant
bi-current deformations. Let us assume that the long string sector of type IIB string
theory on AdS3 ×M7 supported by NS-NS flux is holographically dual to a symmetric
orbifold CFT [37–42], and let Xm and Xm̄ denote two bulk directions with translational
or rotational symmetries. It was conjectured in [30] that performing the following TsT
transformation on the string theory is holographically equivalent to deforming the seed of
the dual symmetric orbifold,

TsT(Xm,Xm̄;µ̌) ⇐⇒
∂SMµ

∂µ
= −4

∫
J(m) ∧ J(m̄), (1.1)

where TsT(Xm,Xm̄;µ̌) denotes T-duality on Xm, shift Xm̄ → Xm̄ − 2µ̌Xm, and T-duality
on Xm, SMµ is the action of the deformed seed, µ(µ̌) is the dimensionful(less) deformation
parameter, and J(m), J(m̄) are the Noether currents generating translations along Xm, Xm̄.
It is interesting to note that from a purely worldsheet perspective, a TsT transformation
is equivalent to a marginal bi-current deformation of the worldsheet action, the latter of
which can be shown to be equivalent to a gauged (SL(2, R)×U(1))/U(1) WZW model [30].

For individual T T̄ or JT̄ deformations, evidence supporting the conjecture (1.1) has
been given in [30, 32]. In this paper, we find that this connection still holds between multiple
TsT transformations and multiple bi-current deformations. More concretely, we use three
successive TsT transformations to construct backgrounds of type IIB string theory that are
holographically dual to states in single-trace T T̄ + JT̄ + T J̄-deformed CFTs. While the
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background dual to the Ramond vacuum has been studied in [19, 43] using other methods,
our construction enables us to obtain more general backgrounds including black holes with
arbitrary mass, angular momentum, and two U(1) charges, as well as the spacetime dual to
the Neveu-Schwarz (NS) vacuum of the dual field theory.

We refer to the finite-temperature backgrounds obtained by the aforementioned sequence
of TsT transformations as tri-TsT black holes.1 These black holes are 7-parameter solutions
of type IIB supergravity with NS-NS flux that describe the most general class of black holes
in the space of single-trace T T̄ , JT̄ , and T J̄ deformations. From the seven parameters
characterizing these solutions, three parameters are identified with the action of the T T̄ , JT̄ ,
and T J̄ deformations, while the other four correspond to phase space variables controlling
the energy, angular momentum, and two U(1) charges. As a result, the space of tri-TsT
solutions constructed herein contains the T T̄ and JT̄ black holes found previously in [30]
and [32], as well as generalizations of the latter that include additional U(1) charges.

Evidence for the correspondence between a sequence of TsT transformations and
single-trace T T̄ + JT̄ + T J̄ deformations given in this paper consists of:

• The spectrum of long strings winding on tri-TsT transformed backgrounds. In particular,
we show that the spectrum of strings with one unit of winding matches the spectrum
of untwisted states in a single-trace T T̄ + JT̄ + T J̄-deformed CFTs. Furthermore, we
argue that the spectrum of strings with more than one unit of winding corresponds to
the spectrum of twisted states in the deformed symmetric orbifold.

• The entropy (and thermodynamics) of tri-TsT black holes which matches the density
of high-energy states in single-trace T T̄ + JT̄ + T J̄-deformed CFTs.

• The ground state geometry obtained by requiring a smooth tri-TsT background without
a horizon. In particular, we show that the conserved charges of this background match
the corresponding quantities of the NS vacuum in the dual theory.

In addition, we study geometric properties of the tri-TsT backgrounds in different regions
of parameter space. We find that there exists a region of parameter space that yields
geometries free of CTCs and curvature singularities. For solutions featuring curvature
singularities, it is possible to find tri-TsT backgrounds where the three-dimensional Ricci
scalar in the Einstein frame is positive in a smooth region outside the horizon before reaching
any pathologies.

This paper is organized as follows. In section 2 we briefly review the relationship
between single TsT transformations and single bi-current deformations and propose a
sequence of three TsT transformations that are holographically dual to the single-trace
T T̄ + JT̄ + T J̄ deformation in the dual CFT. In section 3 we use this sequence of TsT
transformations to construct neutral and charged tri-TsT black holes, as well as the ground
state geometry. The geometric properties of the tri-TsT backgrounds are studied in section 4
where we discuss possible singularities, CTCs, and regions of positive curvature. In section 5

1The black holes reported in this paper were referred to as “black strings” in [30] since the topology of
the spacetime at infinity is R(1,1) × S1 instead of R(1,2), as appropriate for asymptotically flat spacetimes.
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we derive the spectrum of winding strings on arbitrary tri-TsT backgrounds and discuss its
relationship to the spectrum of single-trace T T̄ + JT̄ + T J̄-deformed CFTs. The charges
and thermodynamics of the tri-TsT black holes are derived in section 6 where we match the
entropy and ground state energy to the corresponding quantities in the dual field theory.
Additional results are collected in appendices A–D. In appendix A we derive a general
formula for the spectrum of winding strings on backgrounds obtained from multiple TsT
transformations; in appendix B we construct additional tri-TsT backgrounds and derive the
spectrum of strings winding on these backgrounds; in appendix C we collect the formulae
used for the computation of gravitational charges; and in appendix D we comment on
properties of the charged BTZ black hole that is used in the construction of the charged
tri-TsT black holes.

2 TsT and irrelevant deformations

In this section we describe the triality [30, 32] between TsT transformations in IIB super-
gravity with NS-NS flux, marginal deformations on the string worldsheet, and irrelevant
deformations of two-dimensional CFTs. In [32] we have demonstrated how a specific single-
trace irrelevant deformation — for instance the T T̄ , JT̄ , or T J̄ deformation — is related
to a specific TsT transformation. We further propose that a linear combination of the
aforementioned three deformations corresponds to a sequence of TsT transformations in
string theory.

2.1 Irrelevant deformations from TsT

Let us begin by reviewing the relationship between TsT transformations and single-trace
irrelevant deformations of two-dimensional CFTs described in [30, 32], which can be
summarized by the triangle diagram in figure 1.

2.1.1 The inner layer: triality before the deformations

The inner triangle of figure 1 describes three equivalent descriptions of IIB string theory prior
to any deformations. String theory on AdS3 ×M7 backgrounds supported by NS-NS flux
admits a spacetime description in terms of supergravity (the left vertex), a weakly-coupled
worldsheet description in terms of a WZW model (the top vertex), and a holographic
description as a symmetric orbifold CFT [37–42].

In this paper we will focus on the bosonic sector of string theory on AdS3 × S3 × T 4

spacetimes. In this case the CFT dual to the long string sector is a symmetric orbifold
SympM, where the seed CFT M has central charge 6k and (p, k) are the number of
coincident (NS1, NS5) branes sourcing the background. We expect the symmetric orbifold
structure, as well as the relationship between TsT transformations and irrelevant deforma-
tions we are about to describe, to hold for generic choices of the internal manifold M7 and
not to depend on the details of the seed CFT.
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AdS3 CFT2

WZW

∂λSWS = − 2
k ∫ j(m) ∧ j(m̄)

∂μSℳμ
= − 4∫ J(m) ∧ J(m̄)TsT black strings,


Ramond & NS vacua Entropy

Perturbative spectrum

Figure 1. The holographic correspondence between string theory on AdS3 ×M7 backgrounds and
two-dimensional CFTs (inner triangle), and its relationship to the conjectured duality between TsT
transformations of AdS3 ×M7 spacetimes, bi-current deformations of the worldsheet action, and
single-trace irrelevant deformations of two-dimensional CFTs (outer triangle).

2.1.2 The outer layer: triality after the deformations

The outer layer of figure 1 describes deformations on the spacetime geometry, the worldsheet
theory, and the symmetric orbifold CFT that are generated by two U(1) symmetries.2

The right vertex of the outer layer describes the deformation on the dual CFT side: a
single-trace irrelevant deformation of the symmetric orbifold SympM→ SympMµ that is
obtained by deforming each copy of the seed CFTM→Mµ. The action of the deformed
seed satisfies the following differential equation

∂SMµ

∂µ
= −4

∫
J(m) ∧ J(m̄), (2.1)

where µ is a dimensionful parameter and the Noether currents J(m) and J(m̄) generate two
U(1) transformations on the deformed seedMµ. The simplest examples of such irrelevant
deformations are the T T̄ [1, 2, 10] and the JT̄ [3] deformations where the Noether currents
are given by

T T̄ : J(x) = Tµxdx
µ, J(x̄) = Tµx̄dx

µ,

JT̄ : J(m) = Jµdx
µ, J(x̄) = Tµx̄dx

µ,
(2.2)

where (x, x̄) are lightcone coordinates, Tµν is the stress tensor, and Jµ is a U(1) current of
the deformed seedMµ.

The top vertex in the outer layer of figure 1 describes the deformation of the string
worldsheet theory. Generalizing previous studies [5, 7, 8], the authors of [30] proposed that

2Here U(1) may refer to a compact (internal) U(1) symmetry or a non-compact (translational) one.
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the holographic description of single-trace deformations generated by two U(1) currents (2.1)
corresponds to an instantaneous deformation of the worldsheet action that is given by

∂SWS
∂µ̌

= −4
∫
j(m) ∧ j(m̄), (2.3)

where µ̌ is a dimensionless parameter, while j(m) and j(m̄) are the Noether currents that
generate the U(1) symmetries on the deformed worldsheet action SWS. The worldsheet
currents j(m) and j(m̄) are in one-to-one correspondence with the Noether currents J(m) and
J(m̄) of the deformed field theory, since they generate the same U(1) symmetries.

For example, in the T T̄ deformation, the Noether current J(x) generates a translation
along the boundary coordinate x. Using the holographic dictionary, x corresponds to a target
space coordinate u in the AdS3 part of the bulk spacetime. Hence, the worldsheet Noether
current j(u) generates shifts of the target space coordinate u. Similarly, the boundary
lightcone coordinate x̄ is identified with the ū coordinate of AdS3 such that J(x̄) in (2.1)
corresponds to j(ū) in (2.3). We can also consider a shift along one of the coordinates Xn

of the internal manifold S3 × T 4 which is generated by the worldsheet current j(n). In the
dual field theory side, this worldsheet current corresponds to a Noether current J(n) that
generates a global U(1) transformation. The dictionary relating the field theory (2.1) and
worldsheet (2.3) deformations is thus

T T̄ : `J(x) ↔ j(u), `J(x̄) ↔ j(ū), µ = `2µ̌,

JT̄ : J(n) ↔ j(n), `J(x̄) ↔ j(ū), µ = `µ̌,
(2.4)

where ` is the AdS scale. Note that in this identification the normalization of the currents
should be fixed appropriately. In particular, the U(1) current J(n) in the boundary field
theory is assumed to be canonically normalized such that the coordinate Xn in the bulk
satisfies Xn ∼ Xn + 2π. Furthermore, we note that the factor of ` between the field
theory and worldsheet currents in (2.4) comes from our conventions where the boundary
coordinates (x, x̄) are dimensionful while those in the bulk (u, ū) are dimensionless so that
(x, x̄) = (`u, `ū).

Finally, the left vertex on the outer layer of figure 1 describes a new solution of IIB
supergravity with NS-NS flux that is generated by a TsT transformation along two U(1)
isometries generated by ∂Xm and ∂Xm̄ . This follows from the fact that the differential
equation (2.3) corresponds to an exactly marginal deformation of the worldsheet action to
leading order in α′ that is equivalent to a TsT transformation of the undeformed background.
In order to see this let Mαβ = Gαβ + Bαβ where Gαβ and Bαβ are the ten-dimensional
deformed string frame metric and Kalb-Ramond field. The differential equation (2.3) can
then be written as

∂M

∂µ̌
= −2`−2

s MΓM, Γαβ = δmα δ
m̄
β − δm̄α δmβ , (2.5)

where `s is the string length. The solution of (2.5) is given in terms of the undeformed
background field M̂αβ by

M = M̂
(
I + 2µ̌`−2

s ΓM̂
)−1

. (2.6)
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We recognize (2.6) as a TsT transformation of M̂αβ that yields the deformed background
Mαβ and consists of

TsT(Xm,Xm̄; µ̌) : T-duality on Xm, shift Xm̄ → Xm̄ − 2µ̌Xm, T-duality on Xm.

(2.7)

In particular, if one of the U(1) symmetries corresponds to an isometry of AdS3, the resulting
background will no longer have a locally AdS3 factor. We refer to the solutions obtained
from (2.7) as TsT backgrounds.

In this section we have described the relationship between deformations generated by a
single pair of U(1) symmetries and a single TsT transformation of the background geometry.
Evidence for the correspondence between TsT transformations and irrelevant deformations
has been provided in [30, 32] and includes: (i) matching the worldsheet spectrum of
long strings to the (untwisted sector) spectrum of single-trace irrelevant deformations of
the symmetric orbifold SympM; and (ii) matching the thermodynamics of TsT black
holes/strings with the thermodynamics of the dual field theory. In the next subsection we
generalize this relationship and propose that linear combinations of several pairs of U(1)
symmetries — specifically a linear combination of the T T̄ , JT̄ , and T J̄ deformations —
corresponds to a sequence of TsT transformations of the background geometry.

2.2 T T̄ + JT̄ + T J̄ from multiple TsT transformations

We now deform the symmetric orbifold SympM by a linear combination of the single-trace
T T̄ , JT̄ , and T J̄ deformations, namely by the so-called T T̄ + JT̄ + T J̄ deformation.

Let µ0, µ+, and µ− parametrize the T T̄ , JT̄ and T J̄ deformations such that µ0
has dimensions of length squared, while µ± have dimensions of length. A single-trace
T T̄ + JT̄ + T J̄ deformation of the symmetric orbifold SympM amounts to deforming the
seed CFTM→Mµ such that

∂SMµ

∂µ0
= −4

∫
J(x) ∧ J(x̄),

∂SMµ

∂µ+
= −4

∫
J(n) ∧ J(x̄),

∂SMµ

∂µ−
= −4

∫
J(x) ∧ J(n̄),

(2.8)

where J(n̄) and J(n) are Noether currents generating internal U(1) transformations in the
deformed seedMµ, while J(x) and J(x̄) generate spacetime translations and can be written
in terms of the stress tensor Tµν as in (2.2).

In order to discuss the deformation on the string theory side, we first need to find the
corresponding Noether currents. Before the deformation, translations along x and x̄ in the
boundary CFT correspond to isometries of the locally AdS3 spacetime in the bulk, while
internal U(1) transformations correspond to isometries of the internal manifold S3 × T 4.
Following the discussion in section 2.1, we propose that the string theory description of
single-trace T T̄ + JT̄ + T J̄ deformations corresponds to an instantaneous deformation of
the worldsheet action SWS such that

∂SWS
∂µ̌0

= −4
∫
j(u) ∧ j(ū),

∂SWS
∂µ̌+

= −4
∫
j(n) ∧ j(ū),

∂SWS
∂µ̌−

= −4
∫
j(u) ∧ j(n̄). (2.9)
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The worldsheet Noether currents in (2.9) are in one-to-one correspondence with the Noether
currents of the field theory via the dictionary (2.4); similarly, the µ̌i parameters of the
worldsheet are related to the µi parameters of the field theory via (2.4). As a consistency
check, we note that when the three-dimensional part of the background is the zero mass BTZ
black hole, (2.9) reduces to chiral current-current deformations of the Ramond vacuum [5].

The instantaneous deformations of the worldsheet action (2.9) can also be interpreted
geometrically as a sequence of TsT transformations of the AdS3 × S3 × T 4 background.
This can be made manifest by writing each of the differential equations in (2.9) in terms of
the deformed background field Mαβ , namely

∂M

∂µ̌i
= −2`−2

s MΓiM, (2.10)

where the Γi matrices read

(Γ0)αβ = δuαδ
ū
β − δūαδuβ , (Γ+)αβ = δnαδ

ū
β − δūαδnβ , (Γ−)αβ = δuαδ

n̄
β − δn̄αδuβ . (2.11)

The general solution to the differential equation (2.10) can be succinctly written as

M = M̂
[
I + 2`−2

s

∑
i µ̌iΓiM̂

]−1
. (2.12)

Using (2.6) it is not difficult to show that (2.12) corresponds to a sequence of three TsT
transformations that consist of

TsT(u,ū; µ̌0), TsT(Xn,ū; µ̌+), TsT(u,Xn̄; µ̌−). (2.13)

In particular, it is clear from (2.12) that the we can perform this (or any other) sequence of
TsT transformations in any order and obtain the same deformed background.

We thus propose that states in T T̄ + JT̄ + T J̄-deformed CFTs are dual to backgrounds
obtained from a sequence of TsT transformations of AdS3 × S3 × T 4 spacetimes. This
sequence of TsT transformations is described in (2.13) and is compactly written in (2.12).
In particular, depending on the choice of TsT coordinates on the internal manifold, we can
obtain different backgrounds that are characterized by the kinds of the internal J and J̄
currents featured in the T T̄ + JT̄ + T J̄ deformation, as summarized in table 1.

In this paper we will focus on the first case in table 1 where the internal U(1) currents
of the T T̄ + JT̄ + T J̄ deformation are associated with the same isometry of T 4. In the next
section we will construct black hole backgrounds that are generically dual to thermal states
in this class of T T̄ + JT̄ + T J̄-deformed CFTs but include other states like the Ramond
and Neveu-Schwarz vacua after an appropriate choice of parameters. We refer to these
backgrounds as tri-TsT black holes. The other cases listed in table 1 are also interesting. In
appendix B we discuss the TsT-transformed backgrounds corresponding to the second and
fourth cases, and derive the spectrum of strings winding on these backgrounds.

3 Tri-TsT black holes

In this section we construct black hole solutions that are generically dual to thermal states
in single-trace T T̄ + JT̄ + T J̄-deformed CFTs. We classify these solutions by the absence
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AdS3 S3 T 4
internal worldsheet currents

u ū r θ ψ φ y7 y8 y9 y10

× × × j(n) = j(n̄) = j(y7)

× × × × j(n) = j(y7), j(n̄) = j(y8)

× × × × j(n) = j(ψ), j(n̄) = j(y7)

× × × × j(n) = j(ψ), j(n̄) = j(φ)

Table 1. Different choices of TsT coordinates corresponding to the single-trace T T̄ + JT̄ + T J̄

deformation. Two of the TsT coordinates are always taken along the lightcone u and ū coordinates
of AdS3 as these correspond to the T and T̄ parts of the deformation.

or presence of U(1) charges before any TsT transformations. When these charges vanish,
we obtain special black hole solutions that are dual to thermal states whose deformed U(1)
charges also vanish. On the other hand, when the undeformed background has additional
U(1) charges, we obtain the most general class of charged tri-TsT black holes with arbitrary
values of the deformed U(1) charges. Finally, we construct the background that is dual to
the NS vacuum in the dual T T̄ + JT̄ + T J̄-deformed CFT.

3.1 Neutral tri-TsT black holes

Let us first consider a simpler class of black hole solutions that are dual to neutral thermal
states in single-trace T T̄ +JT̄ +T J̄-deformed CFTs. We will accomplish this by performing
a sequence of TsT transformations on a generic BTZ×S3 × T 4 background where the TsT
coordinates are identified as shown in the first entry of table 1.

We begin by describing the BTZ×S3 × T 4 background and setting up our conventions.
For convenience, we write this background in terms of the three-dimensional fields of
the dimensionally reduced theory which are related to the ten-dimensional fields via (see
appendix C for more details)

ds2
(10) = ds2 + `24e

−ω(dy +A(1))2 + dΩ2
3 + `24

∑10
i=8dy

2
i ,

B(10) = B + `24A
(2)∧ dy +BΩ3 ,

e2Φ(10) = k2
4e

2Φ.

(3.1)

Here ds2, B, and Φ are the three-dimensional line element, Kalb-Ramond field, and
dilaton; while A(1), A(2), and ω are the additional three-dimensional gauge fields and
dilaton that result from the dimensional reduction. The constant k4 in the definition of
the ten-dimensional dilaton is given by k4 = `24/`

2
s where `4 is the scale of T 4. We use

xµ ∈ (u, v, r) for the coordinates of the three-dimensional fields, (θ, ψ, φ) for the coordinates
of the 3-sphere, and (y, y8, y9, y10) for the coordinates of the four-torus. For convenience,
we have introduced v ≡ ū and y ≡ y7, as these coordinates are featured prominently in
what follows.
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The BTZ black hole is characterized by the following three-dimensional fields

ds2 = `2
[

dr2

4
(
r2 − 4T 2

uT
2
v

) + rdudv + T 2
udu

2 + T 2
v dv

2
]
,

B = `2r

2 dv ∧ du, A(1) = A(2) = 0, e2Φ = k

p
, ω = 0,

(3.2)

where k = `2/`2s and ` denotes the scale of AdS. The contributions from the three-sphere
to the ten-dimensional metric and the B-field can be written as

dΩ2
3 = `2

4
(
dθ2 + dψ2 + 2 cos θdφdψ + dφ2

)
, BΩ3 = `2

4 cos θ dφ ∧ dψ, (3.3)

where the (θ, ψ, φ) coordinates satisfy θ ∈ [0, π) together with

ψ ∼ ψ + 4π, (ψ, φ) ∼ (ψ + 2π, φ+ 2π). (3.4)

In our conventions, each of the coordinates of T 4 are identified as

yi ∼ yi + 2π, (3.5)

while the (u, v) coordinates of AdS3 satisfy

(u, v) ∼ (u+ 2π, v + 2π), (3.6)

such that the dual CFT lives on a cylinder of size 2π`. We refer to each of the circles
in (3.5) as an internal circle while (3.6) corresponds to the so-called spatial circle.

The constants k and p in the definition of the dilaton (3.2) correspond to the background
magnetic and electric charges that count the number of coincident NS5 and NS1 branes
supporting the background

Qm ≡
1

(2π`s)2

∫
S3
dB(10) = k, Qe ≡

1
(2π`s)6

∫
S3×T 4

e−2Φ(10) ?10 dB(10) = p, (3.7)

where ?10 denotes the Hodge dual in the ten-dimensional string frame. It is also convenient to
spell out the relationships between k, p, the dilaton eΦ(10) , and the ten and three-dimensional
Newton’s constants G(10)

N and G(3)
N , which read

G
(10)
N = 8π6g2

s`
8
s, G

(3)
N = G

(10)
N e2Φ(10)

VS3VT 4g2
s

, (3.8)

where VS3 is the volume of S3, VT 4 is the volume of T 4. In addition, the central charge c of
the dual CFT is given by

c = 6kp = 3`
2G(3)

N

. (3.9)

The black hole (3.2) features left and right-moving energies that are given by

Qu = c

6`T
2
u , Qv = c

6`T
2
v , (3.10)
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where Qu and Qv are the gravitational charges associated with the Killing vectors `−1∂u
and −`−1∂v. Furthermore, note that Tu and Tv parameters are related to the left and
right-moving temperatures of the BTZ black hole via

TL = Tu
`π
, TR = Tv

`π
. (3.11)

Let us now perform the sequence of TsT transformations (2.13) on the BTZ black hole
described by (3.1) and (3.2). This allows us to generate backgrounds that are generically
dual to neutral thermal states in single-trace T T̄ + JT̄ + T J̄-deformed CFTs. We are
interested in the case where both the J and J̄ currents are associated with the same
isometry of T 4 (see appendix B for other choices). Consequently, we perform the following
TsT transformations,

TsT(u,v; µ̌0), TsT(y,v; µ̌+), TsT(u,y; µ̌−). (3.12)

At this stage, it is convenient to introduce another set of dimensionless deformation
parameters that are related to the µ̌i and µi parameters by

λ0 ≡ 2kµ̌0 = 2
`2s
µ0, λ± ≡ 2

√
kk4 µ̌0 = 2`4

`2s
µ±. (3.13)

Using (2.12) and (3.13) we find that the deformed background can be written as in (3.1)
where the three-dimensional fields are given by

ds2 = `2dr2

4(r2−4T 2
uT

2
v ) +`2h

[(
r+2λ+λ−T

2
uT

2
v

)
dudv+

(
1+λ2

+T
2
v

)
T 2
udu

2 +
(
1+λ2

−T
2
u

)
T 2
v dv

2

+ (r+2λ0T
2
uT

2
v )2(λ+du+λ−dv)2

4(1+λ0r+λ2
0T

2
uT

2
v )

]
,

B = `2h

2
(
r+2λ0T

2
uT

2
v

)
dv∧du, e2Φ = kh

ηp
, e−ω = h

(
1+λ0r+λ2

0T
2
uT

2
v

)
,

A(1) =− `h

2`4
eω
(
r+2λ0T

2
v T

2
u

)(
λ+du+λ−dv

)
,

A(2) = `h

2`4
[(
λ+r−2λ−T 2

u

)
du−

(
λ−r−2λ+T

2
v

)
dv
]
,

(3.14)

and the coordinates satisfy the identification (3.6). The dilaton in (3.14) is determined up
to a constant η using Buscher’s rule [44, 45] while the function h is given by

h−1 ≡ det(I + 2`−2
s

∑
i µ̌iΓiM̂)

= 1 + (λ0 − λ+λ−)r + λ2
−T

2
u + λ2

+T
2
v + λ2

0T
2
uT

2
v ,

(3.15)

where the Γi matrices are defined in (2.11) and M̂αβ = Ĝ(10)αβ + B̂(10)αβ refers to the
ten-dimensional undeformed background fields (3.1) and (3.2). We refer to h as the flow
function, as it interpolates between the locally AdS3 region near the horizon at r = 2TuTv
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in the IR and a deformed asymptotic region in the UV. In particular, when λ0 6= λ+λ− the
UV is described by a linear dilaton background.

The background described by (3.1) and (3.14) is a solution to the ten-dimensional
supergravity equations of motion for any constant value of η. The latter can be fixed by
requiring the values of the magnetic and electric charges (3.7) to be preserved after the
deformation. Preserving the values of the magnetic and electric charges (3.7) then yields

η−1 = 1− λ2
0T

2
uT

2
v . (3.16)

Since η guarantees quantization of the magnetic and electric charges, we refer to this
constant as the quantization parameter of the black hole. Note that in order for the dilaton
to be real, the λ0, Tu, and Tv parameters are constrained to satisfy η−1 = 1− λ2

0T
2
uT

2
v > 0.

This bound only depends on the T T̄ deformation parameter, and it reproduces the bound
on the product of the left and right-moving temperatures in single-trace T T̄ -deformed CFTs,
as first observed in [30]. This suggests that neutral tri-TsT black holes mimic the behavior
of thermal states in T T̄ -deformed CFTs, as described in more detail in section 6.3.

Let us briefly discuss the asymptotic behavior of the TsT background (3.14) as r →∞.
A more detailed analysis of a generalization of this background is given in section 4.3.
The leading order behavior of the metric near the asymptotic boundary depends only
on the TsT parameters λ0, λ+, and λ−, consistent with the fact that they are identified
with irrelevant deformations in the dual field theory. On the other hand, the Tu and Tv
parameters appear at subleading order and are therefore identified with the phase space
variables of the background, as is also the case before the deformations. In particular, when
Tu > 0 and Tv > 0, the solutions (3.14) describe black holes that are dual to a special class
of thermal states in single-trace T T̄ + JT̄ + T J̄-deformed CFTs, namely states where the
deformed U(1) charges associated with the J and J̄ currents vanish. We will justify these
statements in section 6, where we study the thermodynamics of this background and the
charged generalization constructed in the next section. Finally, when Tu = Tv = 0, the black
hole (3.14) reduces to the Ramond vacuum studied in [19] where our deformation parameters
are identified with the parameters used there via (λ0, λ+, λ−) = (λ,−2ε+,−2ε−).

3.2 Charged tri-TsT black holes

The TsT backgrounds (3.14) are characterized by the three fixed deformation parameters
(λ0, λ+, λ−) and two free phase space variables (Tu, Tv) that parametrize the mass and
angular momentum of the black hole. On the other hand, a state in a T T̄ + JT̄ + T J̄-
deformed CFT is characterized by two additional quantum numbers that correspond to
the zero mode charges of the J and J̄ currents. In order to describe charged states it is
necessary to turn on two arbitrary U(1) charges in the bulk. This can be achieved by
first adding U(1) charges to the BTZ×S3 × T 4 background (3.2) and then performing the
sequence of TsT transformations (3.12).

The simplest way to add U(1) charges to the BTZ black hole (3.2) is to perform a
spectral flow transformation to the ten-dimensional solution via the following change of
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coordinates and gauge transformation

y → y − `

`4
(αuu+ αvv), B(10)→ B(10)+ `2αuαvdv ∧ du+ ``4(αudu− αvdv) ∧ dy.

(3.17)

This spectral flow transformation turns on the gravitational charges associated with mo-
mentum and winding along the y coordinate. Furthermore, it guarantees that the metric
and B-field satisfy the same condition on M̂αβ as the BTZ background (3.2), namely,

M̂uy = M̂yv = M̂uv = 0. (3.18)

As described in [30], constant values of M̂uy, M̂yv, and M̂uv are necessary for the existence
of chirally conserved currents in the worldsheet theory that are related to translations along
u, v, and y. These chiral currents play an important role in the derivation of the spectrum
and imply that the instantaneous deformations of the worldsheet action (2.9) are related to
the current-current deformations associated with gauged WZW models [30].

After the shift of coordinates and gauge transformation (3.17), the resulting background
can be written in the form (3.1) where the three-dimensional metric, B-field, gauge fields,
and dilatons are given by

ds2 = `2
[

dr2

4(r2−4T 2
uT

2
v ) +rdudv+T 2

udu
2 +T 2

v dv
2
]
, B = `2

(
r

2 +αuαv

)
dv∧du,

A(1) =− `

`4
(αudu+αvdv) , A(2) = `

`4
(αudu−αvdv) , e2Φ = k

p
, ω= 0, (3.19)

where the identifications of the coordinates remain the same as in (3.6), namely (u, v) ∼
(u+ 2π, v + 2π). By construction, the spectral flow parameters αu and αv do not affect the
magnetic and electric charges, which are given by (3.7), such that the central charge of the
dual CFT is still given by c = 6QeQm = 6pk. Although (3.19) is locally equivalent to (3.2),
these backgrounds are physically distinct solutions that carry different gravitational charges.
Indeed, the energies of the charged BTZ black hole are now given by

Qu = c

6`
(
T 2
u + α2

u

)
, Qv = c

6`
(
T 2
v + α2

v

)
. (3.20)

The background also features additional left and right-moving U(1) charges that read

QL = −p
√
kk4αu, QR = p

√
kk4αv, (3.21)

where pk4 is the total level of two U(1) affine symmetry algebras in the dual CFT. The
derivation of these charges, and their role in the thermodynamics of the undeformed
background (3.19), is discussed in appendix D. In that appendix we also provide a holographic
interpretation of the charged BTZ black hole in the three-dimensional reduced theory.3

The charged BTZ black hole (3.19) describes thermal states in the dual CFT with
energies Qu,v and U(1) charges QL,R. In order to construct backgrounds dual to charged

3From a three-dimensional perspective, the background (3.19) can be obtained from (3.2) by the gauge
transformations A(1) → A(1)− `

`4
(αudu+αvdv), A(2) → A(2)+ `

`4
(αudu−αvdv), and B → B+`2αuαvdv∧du.
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thermal states in single-trace T T̄ + JT̄ + T J̄-deformed CFTs, we perform the sequence of
TsT transformations (3.12) on the background described by (3.1) and (3.19). In terms of
the λi parameters defined in (3.13), the charged tri-TsT black hole is characterized by the
following three-dimensional fields

ds2 = `2dr2

4(r2−4T 2
uT

2
v ) +`2h

{[
r+2(αu−λ−α2

u−λ−T 2
u )(αv−λ+α

2
v−λ+T

2
v )
]
dudv+ 1

heω
(
A(1))2

+(α2
u+T 2

u )
[
(1−αvλ+)2+λ2

+T
2
v

]
du2+(α2

v+T 2
v )
[
(1−αuλ−)2+λ2

−T
2
u

]
dv2

}
,

B= `2h

[
r

2 +αuαv−αvλ−(α2
u+T 2

u )−αuλ+(α2
v+T 2

v )+λ0(α2
u+T 2

u )(α2
v+T 2

v )
]
dv∧du,

A(1) =− `h

2`4
eω
{[
λ+r+2αu(1−αvλ+)−2λ0(αv−λ+α

2
v−λ+T

2
v )(α2

u+T 2
u )
]
du

+
[
λ−r+2αv(1−αuλ−)−2λ0(αu−λ−α2

u−λ−T 2
u )(α2

u+T 2
u )
]
dv
}
,

(3.22)

A(2) = `h

2`4

{[
λ+r+2αu(1−αvλ+)+2(αvλ0−λ−)(α2

u+T 2
u )
]
du

−
[
λ−r+2αv(1−αuλ−)+2(αuλ0−λ+)(α2

v+T 2
v )
]
dv
}
,

e2Φ = kh

ηp
, e−ω =h

[
λ0r+(1−αuαvλ0)2+(α2

vT
2
u+α2

uT
2
v +T 2

uT
2
v )λ2

0
]
,

where the quantization parameter η and the flow function h read

η−1 = (1− αuλ−)(1− αvλ+)−
[
αuλ+ + λ0(α2

u + T 2
u )
][
αvλ− + λ0(α2

v + T 2
v )
]
, (3.23)

h−1 = (1− αuλ− − αvλ+ + αuαvλ0)2 + (λ− − αvλ0)2T 2
u + (λ+ − αuλ0)2T 2

v

+ (λ0 − λ+λ−)r + λ2
0T

2
uT

2
v .

(3.24)

As described earlier, the value of η is determined by requiring that the electric charge is
preserved after the TsT transformations such that (3.7) still holds. Requiring the dilaton
to be real then implies

η−1 > 0. (3.25)

This condition imposes physical constraints on the phase space variables which translate
into constraints on the thermodynamic potentials of the dual field theory.

Note that the charged (3.22) and neutral (3.14) tri-TsT black holes share the same
asymptotic behavior, and hence describe states in the same T T̄ + JT̄ + T J̄-deformed CFT.
The charged black holes are characterized by additional phase space variables which, as
described in section 6.1, lead to nonvanishing values of the deformed U(1) charges.

The charged tri-TsT black hole (3.22) is a 7-parameter solution to the supergravity
equations of motion that describes a variety of backgrounds that are dual to thermal
states in two-dimensional CFTs deformed by single-trace irrelevant operators. For example,
when λ± vanish, the black hole (3.22) describes a generalization of the finite-temperature
backgrounds dual to thermal states in T T̄ -deformed CFTs described in [30]. Similarly, when
λ0 and λ− vanish, the black hole (3.22) describes thermal states in single-trace JT̄ -deformed
CFTs with extra U(1) charges, generalizing the backgrounds constructed in [32].
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In this paper we will focus on the charged tri-TsT black holes with arbitrary values
of the deformation and phase space parameters. As described in the next section, the
background (3.22) can also be used to construct the spacetime dual to the NS vacuum
by analytic continuation of the phase space variables. The geometric properties of the
charged tri-TsT black holes, including their curvature and the asymptotic behavior of
their background fields, are considered in section 4. The gravitational charges, entropy,
and thermodynamics of these backgrounds are studied in detail in section 6, where we
also show that the neutral and charged tri-TsT black holes describe thermal states in
T T̄ + JT̄ + T J̄-deformed CFTs.

3.3 The Neveu-Schwarz vacuum

In this section we construct the background dual to the NS vacuum or ground state
in T T̄ + JT̄ + T J̄-deformed CFTs, i.e. the analog of global AdS3 in the AdS3/CFT2
correspondence. Generalizing the method used in [30] for T T̄ deformations, our strategy is
to find a unique point in the parameter space of charged tri-TsT backgrounds (3.22) where
the solution is nonrotating and smooth everywhere without the appearance of a horizon
or singularities.

We begin by noting that when the Tu and Tv parameters of the TsT backgrounds (3.22)
are real, the solutions describe rotating black holes with at event horizon at r = 2TuTv.
In order to construct the NS vacuum, we must first analytically continue Tu and Tv to
purely imaginary values, and then choose phase space variables that guarantee a smooth
background. Let us perform the following coordinate transformation

r = 2|TuTv|(1 + 2ρ2), ρ ∈ [0,∞). (3.26)

For generic values of the phase space parameters, the aforementioned analytic continuation
introduces conical singularities as well as divergences in the norms of the gauge fields at
the origin ρ = 0. In three dimensions, conical singularities can be interpreted as the result
of adding point particles whose masses are proportional to the deficit angle. However, we
are interested on the empty (vacuum) spacetime which is not rotating, and where both
the metric and the gauge fields are regular at the origin. These conditions can be used to
determine the values of the phase space variables Tu, Tv, αu and αv.

The NS vacuum is required to satisfy the following conditions

gtϕ|ρ=0 = 0, gϕϕ
gρρ

∣∣∣
ρ→0

= ρ2, A(1)
ϕ |ρ=0 = A(2)

ϕ |ρ=0 = 0, (3.27)

where (u, v) = (ϕ+ t, ϕ− t). The first condition turns off the angular momentum so that the
solution is not rotating, the second condition translates into the absence of conical defects,
and the third one imposes a trivial holonomy on the gauge fields. The last condition is
equivalent to requiring the norm of the gauge fields to be finite at the origin. Imposing the
above conditions we obtain

Tu = Tv = ir0, r0 = 1
2 −

λ0
[
2− λ0 −

√
4− 4λ0 + (λ+ + λ−)2 ]

2
[
(λ+ + λ−)2 − λ2

0
] ,

αu = αv =
(λ+ + λ−)

[
2− λ0 −

√
4− 4λ0 + (λ+ + λ−)2 ]

2
[
(λ+ + λ−)2 − λ2

0
] .

(3.28)
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Note that in order for the background to remain real the values of αu and αv should also
be real. As a result, the deformation parameters must satisfy

λ0 −
1
4(λ+ + λ−)2 ≤ 1. (3.29)

This condition (3.29) generalizes a similar condition found for the deformation parameter
in T T̄ -deformed backgrounds [30] and, as described in section 6.4, it also guarantees that
the energy of the vacuum is real.

The phase space parameters (3.28) determine the bulk solution that is dual to the
NS vacuum in the T T̄ + JT̄ + T J̄-deformed CFT. In particular, setting λ± = 0 yields
αu = αv = 0 and the corresponding background reduces to the NS vacuum in single-
trace T T̄ -deformed CFTs [30]. For general T T̄ + JT̄ + T J̄ deformations, the spectral flow
parameters αu and αv are generically nonvanishing. As shown in 6.4, the choice (3.28)
guarantees that the undeformed U(1) charges of the analytically continued background
vanish, which is consistent with the spectrum of the T T̄ + JT̄ + T J̄-deformed CFTs.

Let us further elaborate on this point with another special example: the JT̄ deformation
where λ0 = λ− = 0. From (3.28) we obtain r0 = 1/2, which is the same value of r0 found
in global AdS3. On the other hand, the spectral flow parameters are given by

JT̄ : αu = αv = 2−
√

4 + λ2
+

2λ+
. (3.30)

Hence the NS vacuum for JT̄ -deformed CFTs is dual to the following smooth solution

ds2
0 = `2

{
dρ2

ρ2 + 1 + ρ2
(
ρ2 + 1

)
du2 − 1

4

[
dv −

(
1 +

√
4 + λ2

+ ρ
2
)
du

]2
}
,

B0 = `2

2

(
ρ2 + 2

√
4 + λ2

+ − 4
λ2

+

)
dv ∧ du, e2Φ0 = k

√
4 + λ2

+
2p , ω0 = 0,

A
(1)
0 = −A(2)

0 = − `

2`4

[
λ+ρ

2du+
√

4 + λ2
+ − 2

λ+

(
du− dv

)]
.

(3.31)

The non-vanishing spectral flow parameters (3.30) play a crucial role in the construction
of the NS vacuum for the JT̄ deformation, since without them the TsT transformation of
global AdS3 [32] would not satisfy all of the requirements (3.27) that guarantee a smooth
geometry. It is interesting to note that the three-dimensional metric in (3.31) corresponds
to a timelike warped AdS spacetime, in contrast to the Ramond vacuum (null warped AdS),
and a generic black hole solution (spacelike warped AdS) [46].

We also note that (3.28) implies that the phase space variables depend on the deforma-
tion parameters after the TsT transformation. This means that the phase space variables
Tu, Tv, αu, and αv should not be interpreted as the same variables parametrizing the
space of solutions before the deformation, except in the limit where all of the deformation
parameters vanish. A similar behavior is observed in the backgrounds dual to both single
and double-trace T T̄ and JT̄ deformations [6, 9, 30, 32]. Nevertheless, we note that letting
the phase space parameters depend on λ0, λ+, and λ− does not affect the matching of
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the worldsheet spectrum or the microcanonical entropy to the spectrum and entropy of
T T̄ + JT̄ + T J̄-deformed CFTs described in sections 5 and 6.

To summarize, the values of the phase space parameters given in (3.28) determine the
background dual to the NS vacuum in single-trace T T̄ +JT̄ +T J̄-deformed CFTs, the latter
of which is characterized by smooth background fields free of conical defects or singular
gauge fields. We will derive the gravitational charges of this background in section 6.4,
where we will show that these charges match the energies and U(1) charges of the vacuum
in single-trace T T̄ + JT̄ + T J̄-deformed CFTs.

4 Geometric properties

In this section we describe geometric properties of the charged tri-TsT black hole (3.22) in
different regions of parameter space. In particular, we describe the behavior of the Ricci
scalar in the Einstein frame, the potential existence of CTCs and curvature singularities,
and the asymptotic behavior of the background fields.

4.1 Singularities and CTCs

The three-dimensional Ricci scalar of the tri-TsT black holes (3.22) can be written in the
string and Einstein frames as4

R(s) = f
(s)
reg

`2h−1(e−ωh−1)3 , R(E) = e4Φ f
(E)
reg

`2h−1(e−ωh−1)3 , (4.1)

where f (s)
reg and f (E)

reg are regular but cumbersome functions of the radial coordinate, the
deformation parameters, and the phase space variables. For example, for the T T̄ deformation
with αu = αv = 0, the f (s)

reg and f (E)
reg functions are given by

f (s)
reg
∣∣
λ±=αu=αv=0 = −2h−2

[
3− 22λ2

0T
2
uT

2
v + 3λ4

0T
4
uT

4
v − 4λ0r

(
1 + λ2

0T
2
uT

2
v

)]
, (4.2)

f (E)
reg
∣∣
λ±=αu=αv=0 = −2h−2

[
3 + 26λ2

0T
2
uT

2
v + 3λ4

0T
4
uT

4
v + 12λ0r

(
1 + λ2

0T
2
uT

2
v

)
+ 4λ2

0r
2
]
.

(4.3)

Note that for generic values of the deformation parameters the f (s)
reg and f (E)

reg functions do
not feature inverse powers of the flow function h, in contrast to the special case considered
above. In what follows we will be concerned with the factors of eω and h in the Ricci scalar,
but we will have more to say about f (E)

reg in section 4.2.
The Ricci scalar in the string and Einstein frames (4.1) diverges at the zeroes of the

denominator, namely when e−ωh−2 = 0. From the expressions for e−ω and h−1 given
in (3.22) and (3.24), we see that these functions are strictly positive for positive values of
the radial coordinate provided that

λ0 > 0 and λ0 − λ+λ− > 0. (4.4)

4In three dimensions the string (Gµν) and Einstein frame (gµν) metrics are related by gµν = e−4Φ−ωGµν .
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Consequently, the condition (4.4) guarantees that the tri-TsT black holes (3.14) and (3.22)
are free of curvature singularities.

When λ0 < 0 the equation h−1e−ω = 0 is satisfied at a positive value of the radial
coordinate, namely at

r∗ω = (1− αuαvλ0)2 + α2
uλ

2
0T

2
v + α2

vλ
2
0T

2
u + λ2

0T
2
uT

2
v

|λ0|
, (4.5)

where the dilaton ω becomes singular and the Ricci scalar (in either frame) diverges. On
the other hand, when λ0 − λ+λ− < 0, the equation h−1 = 0 has a solution at a positive
value of the radial coordinate that is given by

r∗h = (1− αuλ− − αvλ+ + αuαvλ0)2 + (λ− − αvλ0)2T 2
u + (λ+ − αuλ0)2T 2

v + λ2
0T

2
uT

2
v

|λ0 − λ+λ−|
,

(4.6)

where the Ricci scalar and both of the dilatons diverge. In particular, we have the following
special cases:

• when λ± = 0 and either αu or αv vanish, the singularities at r∗ω and r∗h merge as in the
uncharged T T̄ -deformed background discussed in [5, 30] (see figure 2b);

• since e−ωh−1 = 1 when λ0 vanishes, only the second singularity (4.6) at r∗h is present
in the case where λ0 = 0 and λ+λ− > 0;

• there are no curvature singularities in the JT̄ or T J̄ cases where only λ+ or λ− are
nonvanishing.

CTCs. Let us now discuss the possiblity of having closed timelike curves (CTCs) in the
charged tri-TsT black holes (3.22). CTCs are possible in this class of spacetimes due to the
identification of coordinates (3.6). In order to see this, we first note that the norm of the
spatial circle (3.6) generated by ∂ϕ = 1

2(∂u + ∂v) is given in the Einstein frame by

∂ϕ ·∂ϕ = gϕϕ = η2`2p2

k2

{[
λ0−

1
4 (λ+ +λ−)2

](
r2−4T 2

uT
2
v

)
+rurvr+r2

uT
2
v +r2

vT
2
u

}
, (4.7)

where ru and rv are defined by

ru = 1− αu(λ+ + λ−) + λ0(α2
u + T 2

u ), rv = 1− αv(λ+ + λ−) + λ0(α2
v + T 2

v ). (4.8)

Thus, the tri-TsT backgrounds (3.22) are free of CTCs when the deformation parameters
satisfy

λ0 −
1
4(λ+ + λ−)2 ≥ 0, (4.9)

since this guarantees that ru > 0 and rv > 0 such that each term in (4.7) is positive outside
of the horizon at rh = 2TuTv. In particular, when restricted to the Ramond vacuum, the
constraint (4.9) reduces to that of [19].
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Since (4.9) is stronger than (4.4), we find that (4.9) guarantees the existence of black
hole solutions without CTCs or curvature singularities outside of the event horizon. Thus,
the space of tri-TsT backgrounds (3.22) contains a real ground state and black holes free of
pathologies for the following choice of deformation parameters

0 ≤ λ0 −
1
4(λ+ + λ−)2 ≤ 1. (4.10)

The condition (4.10) is also reflected on the perturbative spectrum of winding strings and,
consequently, on the spectrum of single-trace T T̄ + JT̄ + T J̄-deformed CFTs. Indeed, as
we will see in sections 5.2 and 6.4, the first inequality in (4.10) guarantees a real spectrum
for generic values of the energy above the Ramond vacuum (i.e. for real and nonvanishing
values of Tu and Tv); while the second inequality in (4.10) is necessary for the energy of the
vacuum to be real.

When the deformation parameters of the charged tri-TsT black hole satisfy

λ0 −
1
4(λ+ + λ−)2 < 0, (4.11)

closed timelike curves appear in the region r > rc where rc is given by

rc =
rurv +

√(
r2
u +

∣∣4λ0 − (λ+ + λ−)2
∣∣T 2
u

)(
r2
v +

∣∣4λ0 − (λ+ + λ−)2
∣∣T 2
v

)
2
∣∣λ0 − 1

4(λ+ + λ−)2
∣∣ . (4.12)

It is useful to compare the locations of the CTCs (rc), the horizon (rh), and the curvature
singularities (r∗h, r∗ω). From (4.5), (4.6), and (4.12), it is not difficult to show that

r∗ω ≥ rc ≥ rh, r∗h ≥ rc ≥ rh. (4.13)

As a result, we find that CTCs are encountered before or at the location of either one of the
singularities and that all of these pathologies are located in the exterior of the black hole.
Note that the relative positions of the curvature singularities is the same in the string and
Einstein frames but depends on the choice of parameters. For example, for the Ramond
vacuum where Tu = Tv = αu = αv = 0 we find that r∗ω ≥ r∗h ≥ rc > 0 if λ+λ− ≥ 0 and
r∗h > r∗ω > rc > 0 if λ+λ− < 0.

In the region of parameter space (4.11), the perturbative string spectrum becomes
complex at high energies (see section 5), which suggests the necessity of a cutoff in the bulk
at large radius. It would be interesting to directly relate the maximum value of the real
energy, a cutoff in the bulk, and the location of the CTCs.

4.2 A region of positive curvature

Let us now consider the curvature of the charged tri-TsT black holes in more detail.
As described in section 4.1, the Ricci scalar in the Einstein frame can be written as
R(E) = `−2e4Φe3ωh4f

(E)
reg where f (E)

reg is a quartic polynomial on the radial coordinate that
depends on the deformation parameters and the phase space variables. Interestingly, we
find that there are regions where the curvature of the spacetime becomes positive before
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we reach any singularities or CTCs. We will illustrate the emergence of these regions of
positive curvature quantitatively in the case of the T T̄ deformation, as well as qualitatively
in the most general case where none of the deformation parameters or phase space variables
vanish. We note that the string frame Ricci scalar and other curvature invariants have also
been studied for the Ramond vacuum in the pure T T̄ case with λ0 > 0 in [47].

4.2.1 The T T̄ case

Let us first consider the αu = αv = 0 case where the Ricci scalar is given by

R(E) = −2`−2e4Φh2
[
3 + 26λ2

0T
2
uT

2
v + 3λ4

0T
4
uT

4
v + 12λ0r

(
1 + λ2

0T
2
uT

2
v

)
+ 4λ2

0r
2
]
. (4.14)

We see that the Ricci scalar vanishes asymptotically such that

R(E) = − 8k2

(`ηp)2
1

λ2
0r

2 +O(r−3). (4.15)

When λ0 > 0 the factor in the square bracket of (4.14) is always positive outside the
horizon which results in a Ricci scalar that is always negative. The negative curvature and
asymptotic behavior of the T T̄ -deformed backgrounds persists when we turn on the αu and
αv parameters as illustrated in figure 2a.

Interestingly, when λ0 < 0 the Ricci scalar (4.14) has positive roots at

r± =
3 + 3λ2

0T
2
uT

2
v ±

√
6− 8λ2

0T
2
uT

2
v + 6λ4

0T
4
uT

4
v

2|λ0|
. (4.16)

Since the curvature is negative in the IR, the Ricci scalar becomes positive in the region
r− < r < r+. Furthermore, the first root at r− is located before the region with CTCs and
singularities, that is

r− < rc = r∗h = r∗ω = 1 + λ2
0T

2
uT

2
v

|λ0|
. (4.17)

This means that the bulk solution interpolates between an AdS3 region in the IR and a
region of positive curvature at r− < r < rc before reaching the threshold of CTCs and
the location of the singularity (see figure 2b). This is similar to the interpolating two and
three-dimensional geometries described in [48, 49].

Note that since r− scales inversely with |λ0|, the region of positive curvature is pushed
away to infinity as we take the limit |λ0| → 0. In addition, we note that the region of
positive curvature can be made arbitrarily large by making |λ0| small, namely

rc − r− ∼
√

6− 1
2|λ0|

+O(λ0), (4.18)

such that the proper distance in the radial direction scales as − log |λ0|.
The existence of a smooth region with positive curvature outside the horizon is a generic

feature of T T̄ -deformed backgrounds with λ0 < 0 and arbitrary values of the αu and αv
parameters. In this more general case, the behavior of the Ricci scalar when only αu or αv
vanishes is shown in figure 2c while its behavior when neither of them vanish is illustrated
in figure 2d.
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(a) λ0 > 0 (b) λ0 < 0, αu = αv = 0

(c) λ0 < 0, αu = 0 or αv = 0 (d) λ0 < 0, αu 6= 0, αv 6= 0

Figure 2. The Ricci scalar for T T̄ backgrounds with generic values of the Tu and Tv parameters
and different choices of αu and αv (not drawn to scale). When 0 < λ0 < 1, the curvature is negative
everywhere and the spacetime is smooth and free of CTCs. When λ0 < 0 the background has
a region of positive curvature that is found before any CTCs (the shaded region) or curvature
singularities (dashed lines) are reached.

4.2.2 The general case

Let us now consider the most general class of charged tri-TsT black holes where none of the
deformation parameters or phase space variables vanish. For these backgrounds, the Ricci
scalar in the Einstein frame is asymptotically flat but approaches zero from above or below
depending on the choice of the deformation parameters

R(E) = − 8k2

(`ηp)2
1

λ0(λ0 − λ+λ−)r2 +O(r−3). (4.19)

We observe from (4.4) and (4.19) that R(E) → 0+ when the black hole has one singularity
while R(E) → 0− when the black hole has two or no singularities.

Whenever a singularity is present, namely when λ0 < 0 and/or λ0 < λ+λ−, there is
always at least one region of the spacetime with positive curvature that is found before
reaching the first singularity, as illustrated in figures 3c and 3d. Depending on the parameters,
the region of positive curvature may be found before encountering any CTCs. When the
spacetime has one singularity there is an additional region of positive curvature found after
the singularity, see figure 3c. Furthermore, when there are two singularities it is possible
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(a) λ0 − 1
4 (λ+ + λ−)2 > 0 (b) 0 < λ+λ− < λ0 <

1
4 (λ+ + λ−)2

(c) 0 < λ0 < λ+λ− (d) λ0 < 0 < λ+λ−

Figure 3. The Ricci scalar for generic values of the phase space variables and different choices of
the deformation parameters of the charged tri-TsT black hole (not drawn to scale). In these plots
we have assumed that λ+λ− > 0 but a similar behavior is found when λ+λ− < 0 provided that the
inequalities in (4.4) are handled appropriately.

to find yet another region of positive curvature that lies between r∗ω and r∗h, as shown in
figure 3d.

When λ0 − 1
4(λ+ + λ−)2 > 0, the Ricci scalar is negative and the spacetime is free of

CTCs and curvature singularities (see figure 3a). This is the same behavior observed for the
T T̄ backgrounds in the previous section. Similarly when 0 < |λ+λ−| < λ0 <

1
4(λ+ + λ−)2

the curvature remains negative everywhere but the spacetime develops CTCs as shown in
figure 3b. This situation — CTCs but no singularities — is not possible for T T̄ backgrounds.
On the other hand, this is generically the case for JT̄ or T J̄ backgrounds which feature
CTCs and a constantly negative curvature for any choice of parameters; and is the best case
scenario for JT̄ + T J̄ backgrounds which also feature CTCs for all values of the parameters.

4.3 Asymptotic behavior

We conclude this section by describing the asymptotic behavior of the charged tri-TsT
black holes. Let us first consider the gauge fields and dilatons. In contrast to the
charged BTZ black hole (3.19), the gauge fields A(1), A(2), B, and dilaton ω of the TsT-
transformed background (3.22) approach constant ratios of the deformation parameters at

– 22 –



J
H
E
P
0
4
(
2
0
2
2
)
1
7
7

the asymptotic boundary,

B = `2

2(λ0−λ+λ−)dv∧du+O
(1
r

)
, A(1) =− `

2`4

(
λ+
λ0
du+ λ−

λ0
dv

)
+O

(1
r

)
,

eω = λ0−λ+λ−
λ0

+O
(1
r

)
, A(2) = `

2`4

(
λ+

λ0−λ+λ−
du− λ−

λ0−λ+λ−
dv

)
+O

(1
r

)
.

(4.20)

On the other hand, the dilaton Φ, which is constant for the charged BTZ black hole, becomes
a linear dilaton for the tri-TsT background

Φ = 1
2 log

[
k

pη(λ0 − λ+λ−)r

]
+O(r−1). (4.21)

Let us now describe the behavior of the metric near the asymptotic boundary. For
generic values of the deformation parameters, the three-dimensional metric in the string
frame is flat near the boundary since the Ricci scalar vanishes there. More explicitly, the
line element behaves as

ds2 ∼ λ0`
2dr2

4(λ0−λ+λ−)r2 + ds2
b

(λ0−λ+λ−)2 , ds2
b = `2

[
λ0dudv−

1
4 (λ+du+λ−dv)2

]
. (4.22)

Note that the asymptotic expansion of the metric depends only on the deformation param-
eters λ0, λ+, and λ−. This is compatible with the interpretation of the sequence of TsT
transformations (2.13) as describing irrelevant deformations of the dual CFT.

The determinant of the boundary metric (4.22) is given by5

det gb = −`
2λ0(λ0 − λ+λ−)

4 . (4.23)

It is interesting to note that the boundary metric becomes degenerate when λ0 = 0
or λ0 = λ+λ−, mirroring the behavior of the metric in models of holography without
Lorentz invariance, such as the flat3/BMS field theory correspondence [50] and the (warped)
AdS3/warped CFT correspondence [46, 51]. For these choices of the deformation parameters,
the bulk metric is asymptotically flat since R(s) → 0 at infinity, except in the JT̄ and T J̄
cases where the Ricci scalar is constant and negative everywhere, and is given by

JT̄ : R(s) = −6`−2(1− αvλ+)2 − 8`−2λ2
+T

2
v , (4.24)

T J̄ : R(s) = −6`−2(1− αuλ−)2 − 8`−2λ2
−T

2
v . (4.25)

Note that whenever the boundary metric becomes degenerate, the bulk spacetime necessarily
features CTCs, since λ0 = 0 and λ0 = λ+λ− are both in the region (4.11).

4.4 Summary of the phase space

Let us conclude this section by summarizing the phase space of charged tri-TsT black holes:

• in the region 0 ≤ λ0− 1
4(λ+ +λ−)2 ≤ 1 the tri-TsT backgrounds have negative curvature

everywhere, are free of any pathologies, and their phase space includes the NS vacuum
and the charged rotating black holes described in sections 3.3 and 3.2, respectively;

5In the Einstein frame the additional factor of (λ0 − λ+λ−)−2 in (4.22) cancels, so that the determinant
of the boundary metric is still proportional to (4.23).
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• for λ0 − 1
4(λ+ + λ−)2 > 1 the black holes are free of CTCs and curvature singularities

outside of the event horizon, the curvature remains negative, but the NS vacuum
becomes complex;

• when 0 < |λ+λ−| < λ0 <
1
4(λ+ + λ−)2 the charged tri-TsT backgrounds have negative

curvature and CTCs, but no singularities;

• finally, when λ0 < 0 and/or λ0 < λ+λ− the black holes have one or two singularities as
well as CTCs. In these cases the Ricci scalar is negative near the horizon and becomes
positive at a finite value of the radial coordinate before reaching the first singularity.
By an appropriate choice of the phase space variables it is always possible to find the
region of positive curvature before encountering any CTCs.

5 The perturbative spectrum

In this section we derive the spectrum of strings winding on the TsT-transformed backgrounds
described in section 3 where two of the TsT coordinates are identified with the same isometry
of T 4. We then interpret the worldsheet spectrum from the point of view of single-trace
T T̄ + JT̄ + T J̄-deformed CFTs. In particular, we show that the spectrum of strings with
one unit of winding matches the spectrum of states in the untwisted sector of the symmetric
orbifold SympMµ. The spectrum of strings winding on TsT-transformed backgrounds with
other choices of the TsT coordinates is considered in appendix B.

5.1 The spectrum of winding strings

The spectrum of strings winding on TsT-transformed backgrounds can be obtained from
a spectral flow transformation that relates the values of the worldsheet stress tensor
before and after the TsT transformations [30]. In this section we delineate the main steps
necessary in the derivation of the spectrum of the tri-TsT backgrounds described by (3.1)
and (3.22) satisfying the identification of coordinates (3.4)–(3.6). A more general but
technical derivation of the spectrum is given in appendix A.

Let us denote the target space coordinates before and after the TsT transformations
respectively by X̃α and Xα. The X̃α coordinates satisfy periodic boundary conditions,
while some of the Xα coordinates satisfy winding boundary conditions where Xα(σ+ 2π) =
Xα(σ) + 2πw(α). The main steps necessary in the derivation of the spectrum are:

step 1: find a (nonlocal) field redefinition X̂α[Xβ ] such that X̂α satisfies, locally, the same
equations of motion and constraints as the undeformed fields X̃α;

step 2: read off the boundary conditions X̂α(σ + 2π) = X̂α(σ + 2π) + 2πγ(α) where γ(α)

may depend on the winding and/or the momentum along the TsT coordinates;

step 3: implement the boundary conditions by a spectral flow transformation X̂α = X̃α +
γ(α)(ζz + ζ̄ z̄) where ζ and ζ̄ are constants determined by the background geometry;

step 4: use the X̂α found in step 3 to relate the values of the worldsheet stress tensor and
other currents before and after the TsT transformations;
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step 5: impose the Virasoro constraints and express the deformed quantum numbers in
terms of the undeformed ones.

Let us now go through these steps and derive the spectrum of the worldsheet theory.
The first step follows from the fact that TsT transformations can be realized by a nonlocal
field redefinition that is given by [52–54],

∂X̂ = ∂X − 2`−2
s

∑
i µ̌i ∂XMΓi,

∂̄X̂ = ∂̄X − 2`−2
s

∑
i µ̌i ΓiM∂̄X,

(5.1)

where Mαβ = G(10)αβ + B(10)αβ and the Γi matrices are defined in (2.11). For the TsT-
transformed backgrounds considered in section 3, the TsT coordinates X̂u = û, X̂v = v̂,
and X̂y = ŷ mix with each other after the TsT transformations while the other coordinates
are identified directly without any mixing, i.e. X̂i = Xi for i 6∈ {u, v, y}.

One of the crucial ingredients in the derivation of the spectrum are the nonlocal boundary
conditions satisfied by the target space coordinates X̂α. These boundary conditions, which
are described in step 2, are captured by the so-called γ parameters that are sensitive to the
winding boundary conditions of the strings under consideration. We are interested in strings
that wind |w| times along the spatial circle (3.6) of the deformed background. In order to
distinguish between the left and right-moving U(1) charges associated with translations
along y, it is also convenient to introduce winding w(y) along this coordinate. Hence, the
deformed target space coordinates satisfy the following boundary conditions

(u, v) ∼ (u+ 2πw, v + 2πw), y ∼ y + 2πw(y). (5.2)

For the class of tri-TsT backgrounds described in section 3, the nonlocal boundary conditions
satisfied by the X̂α coordinates can be read off from (5.1) and are given by (see (A.3) for
the general formulae)

û(τ, σ + 2π) = û(τ, σ) + 2πγ(u), γ(u) = w + 2µ̌0p(v) + 2µ̌−p(y),

v̂(τ, σ + 2π) = v̂(τ, σ) + 2πγ(v), γ(v) = w − 2µ̌0p(u) − 2µ̌+p(y),

ŷ(τ, σ + 2π) = ŷ(τ, σ) + 2πγ(y), γ(y) = w(y) + 2µ̌+p(v) − 2µ̌−p(u),

(5.3)

where (τ, σ) denote the worldsheet coordinates while p(α) is the momentum conjugate to
Xα which is defined in terms of the worldsheet Noether currents in (A.4).

The worldsheet fields X̂α obey the same equations of motion and constraints as the
undeformed fields X̃α, but satisfy twisted boundary conditions (5.3). This allows us to carry
out step 3, namely to generate new solutions satisfying nontrivial boundary conditions by
a spectral flow transformation. Our background fields satisfy conditions (A.8) and (A.11)
which guarantee that the hatted fields given by

û = ũ+ γ(u)(τ + σ), v̂ = ṽ − γ(v)(τ − σ), ŷ = ỹ + γ(y)σ, (5.4)

are solutions to the equations of motion provided that the tilded fields are also solutions to the
equations of motion. This shift of coordinates induces a spectral flow transformation of the
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affine left and right-moving SL(2, R)×U(1) parts of the symmetry algebra of the worldsheet
theory. Note that the equations of motion allow for one extra parameter in the shift of ŷ,
namely ŷ = ỹ + γ(y)(σ + ντ) (see appendix A for details). After the TsT transformations,
this parameter changes the target space momentum and winding of the string along the
y coordinate. On the other hand, the identifications (3.5) and (5.2) guarantee that these
charges are quantized and hence unchanged by any continuous deformation. As a result,
for the tri-TsT backgrounds constructed in section 3, charge quantization requires ν = 0.

We can now follow step 4 and use (5.4) to relate the worldsheet stress tensor before and
after the deformations. For general backgrounds and choices of the TsT coordinates, the
zero modes of the deformed stress tensor are given in (A.19) and (A.20). For our tri-TsT
backgrounds, the zero modes of the stress tensor before (L̃0,

˜̄L0) and after (L0, L̄0) the TsT
transformations are given by

L0 = L̃0 + p(u)γ
(u) + 1

2p(y)γ
(y) + k4

4
(
γ(y)

)2
,

L̄0 = ˜̄L0 − p(v)γ
(v) − 1

2p(y)γ
(y) + k4

4
(
γ(y)

)2
.

(5.5)

In order to discuss the flow of the U(1) charges, we also need to keep track of how the
deformed chiral U(1) currents (A.9) associated with linear combinations of translations and
winding along y are related to the undeformed currents. Plugging our background into the
general expressions given in (A.15), we obtain

K̂0 = K̃0 + k4
2 γ

(y), ˆ̄K0 = ˜̄K0 −
k4
2 γ

(y), (5.6)

where (K̃0,
˜̄K0) are the zero modes before, and (K̂0,

ˆ̄K0) are the zero modes after, the TsT
transformations. It is natural to identify the zero modes K̂0 and ˆ̄K0 with the deformed
U(1) charges qL(µ̌i) and qR(µ̌i) in the dual T T̄ + T J̄ + JT̄ -deformed CFT. Using the γ
parameters (5.3) and the expressions for the zero modes (5.6), we find that the deformed
U(1) charges are given by

qL (µ̌i) ≡ K̂0 = 1
2
(
p(y) + k4w

(y)
)

+ k4µ̌+p(v) − k4µ̌−p(u),

qR (µ̌i) ≡ ˆ̄K0 = 1
2
(
p(y) − k4w

(y)
)
− k4µ̌+p(v) + k4µ̌−p(u).

(5.7)

The last step in the derivation of the spectrum amounts to imposing the Virasoro
constraints before and after the deformation. From the dictionary relating the bulk and
boundary coordinates, it is natural to identify the worldsheet Noether charges associated
with `−1∂u and −`−1∂v with the left and right-moving energies EL and ER associated with
∂x and −∂x̄ in the boundary theory. As a result, we have

p(u) = `EL (µ̌i) , p(v) = −`ER(µ̌i). (5.8)

Furthermore, it is convenient to express the zero modes of the deformed stress tensor in
terms of the undeformed U(1) charges which are given via (5.7) by

qL (0) = 1
2
(
p(y) + k4w

(y)
)
, qR (0) = 1

2
(
p(y) − k4w

(y)
)
. (5.9)
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Note that the momentum p(y) and the winding w(y) are integers since y is a compact
coordinate identified modulo 2π. Consequently, the undeformed U(1) charges (5.9) are
quantized and hence unchanged by the deformation, a fact that makes them useful in the
parametrization of the deformed spectrum.

Finally, in terms of the energies EL,R(µ̌i) and the U(1) charges qL,R(0), we find that the
spectrum of strings winding on the TsT-transformed backgrounds constructed in section 3
can be written as

EL(0) = EL(µ̌i) + 2
w

Π(µ̌i), ER(0) = ER(µ̌i) + 2
w

Π(µ̌i), (5.10)

where Π(µ̌i) is given by

Π(µ̌i) = µ̌−qR(0)EL(µ̌i)− µ̌+qL(0)ER(µ̌i)− `µ̌0EL(µ̌i)ER(µ̌i)

+ `k4
2
[
µ̌+ER(µ̌i) + µ̌−EL(µ̌i)

]2
. (5.11)

The expressions for the deformed energies (5.10) are valid for strings winding on the spatial
and internal circles of the tri-TsT backgrounds of section 3 for any values of the phase
space parameters Tu, Tv, αu, and αv. In particular, this spectrum agrees with the spectrum
computed in [19] for strings winding on the Ramond vacuum where all of the phase space
parameters vanish.

The worldsheet spectrum is also characterized by the values of the deformed U(1)
charges qL,R(µ̌i), which can be written in terms of the deformed energies (5.8) and the
undeformed U(1) charges (5.9) as

qL(µ̌i) = qL(0)− k4µ̌+`ER(µ̌i)− k4µ̌−`EL(µ̌i),
qR(µ̌i) = qR(0) + k4µ̌+`ER(µ̌i) + k4µ̌−`EL(µ̌i).

(5.12)

Note that both of these charges depend on the energies in such a way that the momentum
along y, namely qL(µ̌i)+qR(µ̌i), is unchanged by the deformation. As a result, the deformed
U(1) charge qR(µ̌i) differs from the undeformed one even when the T J̄ deformation parameter
µ̌− vanishes, contrary to what may have been otherwise expected.

5.2 The spectrum of the symmetric orbifold

In this section we interpret the worldsheet spectrum in terms of the symmetric orbifold
structure of single-trace T T̄ + JT̄ + T J̄-deformed CFTs. In particular we will show that
the spectrum of strings with winding |w| = 1 matches that of the untwisted sector of the
symmetric orbifold, namely the spectrum of the T T̄ + JT̄ + T J̄-deformed seed CFT.

5.2.1 The twisted sector

We begin by recalling that a single-trace deformation of the symmetric orbifold SympM
consists of deforming each copy of the seed M → Mµ such that the deformed theory
remains a symmetric orbifold, namely SympMµ. As a result, each state in the single-
trace T T̄ + JT̄ + T J̄-deformed CFT can be thought of as a composite state that consists
of r single-particle states satisfying ∑r

a=1na = p where na is the length of a Zna cycle
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and r is the total number of cycles that make up the state. In our conventions, na = 1
corresponds to a state in the untwisted sector of SympMµ, i.e. a state in the T T̄ +JT̄ +T J̄-
deformed seed CFT. We can label the states in the deformed theory by the choice of na
coefficients {na} ≡ {n1, n2, . . . , np} such that, for example, {1, 1, . . . , 1} describes a state in
the untwisted sector while {p, 0, . . . , 0} describes a state in the maximally-twisted sector of
the symmetric orbifold.

The total energies and U(1) charges of a state in SympMµ can be written as

EL,R(µi) =
r∑

a=1
E

(na)
L,R (µi), qL,R(µi) =

r∑
a=1

q
(na)
L,R (µi), (5.13)

where E(na)
L,R (µi) and q(na)

L,R (µi) are the energies and U(1) charges of a single particle state.
For single-trace T T̄ + JT̄ + T J̄-deformed CFTs, we expect the energies E(na)

L,R (µi) to satisfy
the same formulae for the spectrum of strings with winding w = −na, where the minus sign
follows from our conventions.6 Using (5.10), (5.12), and the dictionary (2.4), the energies
and U(1) charges of a twisted state in the deformed theory can be written as

E
(na)
L (0) = E

(na)
L (µi)−

2
na

Π(na)(µi), E
(na)
R (0) = E

(na)
R (µi)−

2
na

Π(na)(µi),

q
(na)
L (0) = q

(na)
L (µi) + k4µ+E

(na)
R (µi) + k4µ−E

(na)
L (µi),

q
(na)
R (0) = q

(na)
R (µi)− k4µ+E

(na)
R (µi)− k4µ−E

(na)
L (µi),

(5.14)

where k4 is the U(1) level of the undeformed seed and Π(na)(µi) is given in (5.11) with
EL,R → E

(na)
L,R , qL,R → q

(na)
L,R , and µ̌i is written in terms of µi using (2.4).

The general solution for the deformed energies of a twisted state can be written as

E
(na)
R (µi) = −B −

√
B2 + 4AC
2A , J (na)(µi) = J (na)(0) (5.15)

where J = `(EL − ER) is the angular momentum, while A, B, and C are defined by

A = 2µ0 − k4 (µ+ + µ−)2 ,

C = na`E
(na)
R (0)− k−1

4 q
(na)
R (0)2 + k−1

4

[
q

(na)
R (0) + `−1k4µ−J

(na) (0)
]2
,

B = na`+ 2µ+q
(na)
L (0)− 2µ−q(na)

R (0) + 2`−1
(
µ0 − k4µ+µ− − k4µ

2
−

)
J (na) (0) .

(5.16)

In particular, the spectrum of twisted states is real for states above the Ramond vacuum,
namely for states satisfying na`k4E

(na)
R (0)− q2

R(0) ≥ 0, provided that

A = 2µ0 − k4(µ+ + µ−)2 > 0. (5.17)

This is the same constraint (4.9) that guarantees the absence of closed timelike curves in
the space of TsT transformed backgrounds, in agreement with the results obtained for the
Ramond vacuum in [19].

6It would be interesting to confirm this directly from a field theoretical calculation.
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5.2.2 Matching the spectrum in the untwisted sector

Let us now consider the spectrum of single-particle states in the untwisted sector of
the symmetric orbifold SympMµ. The latter should correspond to the spectrum of the
T T̄ + JT̄ + T J̄-deformed seed CFTMµ. It is not difficult to verify that the spectrum of
strings with one unit of winding — obtained by setting na = −w = 1 in (5.14) or (5.15) —
matches the spectrum of (double-trace) T T̄ + JT̄ +T J̄-deformed CFTs on a cylinder of size
2πR = 2π` [18, 20]. The matching between the worldsheet and the field theory spectrum
in the untwisted sector is a first indication of the correspondence between states in single
trace T T̄ + JT̄ + T J̄-deformed CFTs and backgrounds obtained from a sequence of TsT
transformations of AdS3 × S3 × T 4 spacetimes.

The NS vacuum of the deformed theory is made up of the ground states from each
copy of the symmetric orbifold, hence it is state in the untwisted sector of SympMµ. As a
result, the left and right-moving energies of the vacuum are given by

EL,R(µi) =
p∑
a=1

E
(a)
L,R(µi) = pE

(1)
L,R(µi), (5.18)

where E(1)
L,R(µi) are the energies of the vacuum in the deformed seedMµ, the latter of which

can be obtained from the undeformed energies E(1)
L,R(0) via (5.15). In the undeformed seed,

the ground state is characterized by an energy and angular momentum that are given by

`E(1)(0) = −k2 , J (1)(0) = 0. (5.19)

Then, using (5.15) and (5.18), we find that the energy and the angular momentum of the
NS vacuum in single-trace T T̄ + JT̄ + T J̄-deformed CFTs is given by

Evac (µi) = − c6

[
`−
√
`2 − 2kµ0 + kk4(µ+ + µ−)2

2kµ0 − kk4(µ+ + µ−)2

]
, Jvac(µi) = 0, (5.20)

where we recall that c = 6kp is the total central charge of the undeformed symmetric
orbifold. Since the NS vacuum has vanishing U(1) charges before the deformation, the
undeformed U(1) charges qvacL,R(0) vanish, and the deformed U(1) charges read

qvacL (µi) = −k4
2 (µ+ + µ−)Evac(µi), qvacR (µi) = k4

2 (µ+ + µ−)Evac(µi). (5.21)

Note that the vacuum energy (5.20) differs from the energy of the vacuum in the deformed
seedMµ only by a factor of p. In addition, we note that

2kµ0 − kk4(µ+ + µ−)2 ≤ `2 (5.22)

guarantees the energy and the deformed U(1) charges of the vacuum are real and that
this is the same constraint (3.29) that leads to a real vacuum solution in the bulk side of
the correspondence.
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6 Gravitational charges and thermodynamics

In this section we study the thermodynamics of the TsT-transformed backgrounds described
in section 3. We begin by computing the gravitational charges, entropy, and thermodynamic
potentials of the charged tri-TsT black holes, the latter of which are shown to satisfy the
first law of thermodynamics. We then derive the density of high energy states in single-trace
T T̄ + JT̄ + T J̄-deformed CFTs and show that this quantity matches the entropy of the
black holes constructed in section 3.2. Finally, we compute the energies and U(1) charges
of the TsT-transformed background obtained in section 3.3 which match the charges of the
NS vacuum in the dual T T̄ + JT̄ + T J̄-deformed CFT.

6.1 Thermodynamics of charged tri-TsT black holes

In this section we use the covariant formulation of charges to derive the energies and U(1)
charges of the charged TsT black hole (3.22), and determine its thermodynamics potentials,
entropy, and the first law of thermodynamics. For convenience, we carry out this analysis
in three dimensions, where the computation of the gravitational charges and the analysis of
the thermodynamics simplifies significantly.

6.1.1 Conserved charges

The charged tri-TsT black hole is a 7-parameter solution to the equations of motion of
(the bosonic sector of) type IIB supergravity. We have written the black hole in (3.22) in
terms of three-dimensional variables, as the computation of its gravitational charges and
thermodynamics simplifies in lower dimensions. In three dimensions, the TsT black hole
is characterized by the metric, Kalb-Ramond field, gauge fields A(1) and A(2), as well as
the dilatons Φ and ω given in (3.22). By construction, the backgrounds considered in this
paper have fixed values of the magnetic and electric charges (3.7). Moreover, as argued
in section 3, the variables λ0, λ+, and λ− parametrize the deformed theory, instead of
the phase space of solutions, and are therefore fixed constants. As a result, the charged
tri-TsT black holes are characterized by four independent charges corresponding to linear
combinations of the energy and angular momentum, as well as two U(1) charges associated
with the gauge fields A(1) and A(2).

In the covariant formulation of gravitational charges [55–57], the infinitesimal charge
associated with a symmetry generated by the Killing vector ξ can be written as

δQξ ≡
`3

4π`4s

∫
∂Σ
χξ, (6.1)

where ∂Σ is the boundary of a codimension-1 spacelike surface and the one-form χξ is
determined from the action of the theory (see appendix C for details). The left and right-
moving energies of the black hole (3.22), denoted by Qu and Qv, are the gravitational
charges associated with the `−1∂u and −`−1∂v Killing vectors. Using the covariant formalism,
we find that the left and right-moving energies are integrable in the space of solutions
parametrized by Tu, Tv, αu, and αv with fixed values of the deformation parameters. This
is consistent with our interpretation of λ0, λ+, and λ− as deformation parameters instead
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of phase space variables. The left and right-moving energies of the charged tri-TsT black
holes are given by

Qu = cη

6`
(
α2
u + T 2

u

) [
1− αv (λ+ + λ−) + λ0

(
α2
v + T 2

v

)]
,

Qv = cη

6`
(
α2
v + T 2

v

) [
1− αu (λ+ + λ−) + λ0

(
α2
u + T 2

u

)]
.

(6.2)

In addition to the gravitational charges (6.2), the charged tri-TsT black holes have
electric charges associated with the A(1) and A(2) gauge fields that are defined by

Q(1) = − `
3`24

4π`4s

∫
e−4Φ−2ω ? dA(1) − e−8Φ−2ωA(2) ∧ ?dB,

Q(2) = − `
3`24

4π`4s

∫
e−4Φ ? dA(2) − e−8Φ−2ωA(1) ∧ ?dB,

(6.3)

where ? denotes the Hodge dual in the three-dimensional Einstein frame. In ten dimen-
sions, these charges correspond to the momentum and the electric charge along the y
coordinate, namely

Q(1) = Qy, Q(2) = k4Q
(y)
e , Q(y)

e = 1
(2π`s)6

∫
C
e−2Φ(10) ?10 dB(10), (6.4)

where Qy is the gravitational charge associated with the Killing vector ∂y, Q(y)
e is the

electric charge along y, C is the spatial surface transverse to (r, y), and ?10 is the Hodge
dual in the ten-dimensional string frame. In addition, we note that the factor of k4 in the
definition of Q(2) in (6.4) comes from our ansatz for the dimensional reduction (3.1).

It is convenient to write the U(1) charges in terms of the following linear combinations

QL ≡
1
2
(
Q(1) −Q(2)), QR ≡

1
2
(
Q(1) +Q(2)). (6.5)

These definitions mimic the definitions of the undeformed U(1) charges (5.9) obtained in
the derivation of the worldsheet spectrum. This follows from the fact that Qy corresponds
to the momentum conjugate to y while −Q(y)

e corresponds to the winding along y, where
the sign follows from our conventions on the worldsheet. Since the coordinate y is compact,
these U(1) charges are quantized and preserved by any kind of continuous deformation.
As a result, it is natural to identify the U(1) charges (6.5) with the undeformed left and
right-moving U(1) charges of the bulk spacetime.

For the charged tri-TsT black hole (3.22) the U(1) charges are explicitly given by

QL = −cη`46` αu
[
1− αv (λ+ + λ−) + λ0

(
α2
v + T 2

v

)]
+ `4

2 (λ−Qu + λ+Qv) ,

QR = +cη`4
6` αv

[
1− αu (λ+ + λ−) + λ0

(
α2
u + T 2

u

)]
− `4

2 (λ−Qu + λ+Qv) .
(6.6)

We observe that the αu and αv parameters are necessary to describe TsT-transformed
backgrounds with independent U(1) charges. Otherwise, when αu = αv = 0, the U(1)
charges become proportional to the left and right-moving energies, as considered previously
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in [32]. It is also important to note that these charges are still identified with the undeformed
U(1) charges of the black hole despite their dependence on the deformation parameters.7

Motivated by the definition of the deformed U(1) charges (5.12) obtained in the
derivation of the perturbative spectrum, we can define the following U(1) charges in
the bulk

QλiL ≡ QL −
`4
2 (λ−Qu + λ+Qv) = −cη`46` αu

[
1− αv (λ+ + λ−) + λ0

(
α2
v + T 2

v

)]
,

QλiR ≡ QR + `4
2 (λ−Qu + λ+Qv) = +cη`4

6` αv
[
1− αu (λ+ + λ−) + λ0

(
α2
u + T 2

u

)]
.

(6.7)

Although these charges lack a geometrical interpretation, they are still useful in the
characterization of the tri-TsT black holes and can be identified with the deformed U(1)
charges of the T T̄ + JT̄ + T J̄-deformed CFT. Note that the deformed U(1) charges (6.7)
are proportional to the spectral flow parameters αu and αv. Hence, the tri-TsT black holes
constructed in section 3.1 are neutral with respect to the deformed U(1) charges, while the
tri-TsT black holes constructed in section 3.2 are charged with respect to these charges.

The conserved charges (6.2) and (6.7) allow us to express the tri-TsT black hole directly
in terms of the physical charges Qu,v and QλiL,R. In order to accomplish this we note that
the phase space parameters Tu, Tv, αu, and αv can be written in terms of the gravitational
charges as

α2
u + T 2

u = `Qu
c
6 + λ0`Qv − `λ−

`4

(
QλiL +QλiR

) , αu = −QλiL
c
6 + λ0`Qv − `λ−

`4

(
QλiL +QλiR

) ,
α2
v + T 2

v = `Qv
c
6 + λ0`Qu + `λ+

`4

(
QλiL +QλiR

) , αv = QλiR
c
6 + λ0`Qu + `λ+

`4

(
QλiL +QλiR

) .
Interestingly, the factors appearing in the denominator of these equations are also featured
in the entropy of the charged tri-TsT black holes described below.

6.1.2 Thermodynamic potentials, entropy, and the first law

The charged TsT black hole (3.22) features a horizon at rh ≡ 2TuTv whose location is
not affected by the TsT transformations. In particular, the horizon generator for this
background is given by the following Killing vector

ξh = ∂t − Ω∂ϕ. (6.8)

The inverse Hawking temperature β and the angular potential Ω featured above can be
written as

β = 1
2

( 1
TR

+ 1
TL

)
, Ω = 1

2β

( 1
TR
− 1
TL

)
, (6.9)

7As discussed in [30], there is a subtlety in trying to relate the deformed and undeformed spectra directly
from the expressions for the conserved charges computed in the bulk. In particular, (6.6) suggests that
the undeformed U(1) charges QL,R depend on the deformation parameters, but this is ultimately a result
of our choice of variables. Instead, in order to determine the nature of the deformed background in a
gauge-independent way, we should consider the relationship between different physical observables.
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where TL,R denote the left and right-moving temperatures which are given by

1
TL

=
`π
[
Tv − λ−(αvTu + αuTv) + λ0Tu(α2

v + T 2
v )
]

TuTv
,

1
TR

=
`π
[
Tu − λ+(αvTu + αuTv) + λ0Tv(α2

u + T 2
u )
]

TuTv
.

(6.10)

The temperatures (6.10) are thermodynamically conjugate to the left and right-moving
energies (6.2). They can be alternatively determined from the thermal identification
(u, v) ∼ (u+ i/`TL, v − i/`TR) which guarantees that the Euclidean continuation of (3.22)
is free of conical singularities.

In addition to the temperatures (6.10), there are two chemical potentials µL and µR
that are conjugate to the U(1) charges QL and QR in (6.6). These chemical potentials can
be determined from the values of the gauge fields at the horizon via (see e.g. [58])

µL ≡ ξµh
(
A(1)
µ −A(2)

µ

)∣∣
rh
, µR ≡ ξµh

(
A(1)
µ +A(2)

µ

)∣∣
rh
. (6.11)

For the charged tri-TsT black hole (3.22) the chemical potentials read

µL = −
π`2

[
2αuTv + λ+Tu(α2

v + T 2
v )− λ−Tv(α2

u + T 2
u )
]

`4βTuTv
,

µR = +
π`2

[
2αvTu − λ+Tu(α2

v + T 2
v ) + λ−Tv(α2

u + T 2
u )
]

`4βTuTv
.

(6.12)

In particular, note that µR − µL is independent of the deformation parameters and is thus
unchanged by the sequence of TsT transformations. In the ten-dimensional theory, the
chemical potential 1

2(µR + µL) is conjugate to the momentum along y while 1
2(µR − µL) is

conjugate to the winding charge. Hence, the chemical potentials can also be determined
from the ten-dimensional horizon generator ξh(10) and from the value of the ten-dimensional
B-field at the horizon, namely

ξh(10) = ∂t − Ω∂ϕ −
1
2(µR + µL)∂y,

1
2(µR − µL) = `−2

4 ξαh(10)(∂y)βB(10)αβ
∣∣
rh
. (6.13)

The entropy of the charged tri-TsT black hole can be obtained from the area A of the
horizon and is given by

SBH = A
4G(3)

N

= πηc

3
{
Tu
[
1− αv(λ+ + λ−) + λ0(α2

v + T 2
v )
]

+ Tv
[
1− αu(λ+ + λ−) + λ0(α2

u + T 2
u )
]}
,

(6.14)

where η is given by (3.23), which we reproduce here for convenience,

η−1 = (1− αuλ−) (1− αvλ+)−
[
αuλ+ + λ0

(
α2
u + T 2

u

)] [
αvλ− + λ0

(
α2
v + T 2

v

)]
.

In particular, it is not difficult to verify that the tri-TsT black hole satisfies the first law of
thermodynamics, which can be written as

δSBH = 1
TL
δQu + 1

TR
δQv − `−1β(µLδQL + µRδQR). (6.15)
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Note that the contribution of the λ± parameters to the entropy (6.14) is multiplied by
the αu and αv variables. As a result, when αu and αv vanish, the entropy (6.14) takes
the same form as the entropy of the black holes dual to thermal states in single-trace
T T̄ -deformed CFTs [30]. This is also a feature of thermal states in T T̄ +JT̄ +T J̄-deformed
CFTs with vanishing values of the deformed U(1) charges, as described in more detail in
the next section.

The entropy (6.14) takes a simple form in terms of the phase space variables but it
is not suitable for comparison with the entropy in the field theory as it is not written in
terms of the physical charges. Furthermore, the regime where (6.14) is well defined is not
manifest in terms of the phase space variables. For these reasons, it is more convenient to
write the entropy in terms of the conserved charges such that

SBH = 2π
{√

`Qu
[
c

6 +λ0`Qv−
`λ−
`4

(QL+QR)
]
− `

2

`24

(
QL−

`4
2 λ−Qu−

`4
2 λ+Qv

)2

+
√
`Qv

[
c

6 +λ0`Qu+ `λ+
`4

(QL+QR)
]
− `

2

`24

(
QR+ `4

2 λ−Qu+ `4
2 λ+Qv

)2}
.

(6.16)

6.2 The entropy of single-trace T T̄ + JT̄ + T J̄-deformed CFTs

In this section we derive the asymptotic density of states in single-trace T T̄ + JT̄ + T J̄-
deformed CFTs following the lines of [30] (see also [5]).

The states in the symmetric product SympMµ obtained from a single-trace T T̄ +
JT̄ + T J̄ deformation consists of composite states made of the product of twisted and
untwisted states.8 As described in section 5.2, these states can be labeled by a set of integers
{na} = {n1, n2, . . . , np} that correspond to the lengths of each of the Zna cycles that make
up the state. In a symmetric orbifold the log of the density of {na} states at fixed values of
the total energies EL,R(µi) and deformed U(1) charges qL,R(µi) is given by

S{na} (EL,R, qL,R) =
r∑

a=1
S(na)

(
E

(na)
L,R , q

(na)
L,R

)
, (6.17)

where expS(na)(E(na)
L,R , q

(na)
L,R ) is the density of single particle states with energies E(na)

L,R (µi)
and U(1) charges q(na)

L,R (µi). The latter are related to the total energies and charges of a
state in the symmetric orbifold via (5.13).

Since the energy levels do not cross under the T T̄ + JT̄ + T J̄ deformation, the density
of states is preserved by the deformation. As a result, the Cardy formula for each twisted

8The results of this section rely on the assumption that the deformed theory is a symmetric orbifold.
As discussed in section 2.1, the symmetric orbifold structure has been conjectured to exist, before the
deformation, only for the long string sector of the bulk theory.
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sector can be written in terms of the deformed energy using (5.14) such that

S(na) = 2π
{√

nak`E
(na)
L (0)− k

k4
q

(na)
L (0)2+

√
nak`E

(na)
R (0)− k

k4
q

(na)
R (0)2

}

= 2π
{√

kE
(na)
L (µi)

[
na`+2µ0E

(na)
R (µi)−2µ−

[
q

(na)
L (µi)+q(na)

R (µi)
]]
− k

k4
q

(na)
L (µi)2

+
√
kE

(na)
R (µi)

[
na`+2µ0E

(na)
L (µi)+2µ+

[
q

(na)
L (µi)+q(na)

R (µi)
]]
− k

k4
q

(na)
R (µi)2

}
.

(6.18)

The entropy formula (6.18) is valid in the Cardy regime where

E
(na)
L (0)− q

(na)
L (0)2

nak4
� k

na
. (6.19)

Furthermore, it is not difficult to verify that the following partition of the energies and U(1)
charges extremizes the entropy (6.18)

E
(na)
L,R (µi) = na

p
EL,R(µi), q

(na)
L,R (µi) = na

p
qL,R(µi). (6.20)

Using the partition of the energies and the U(1) charges (6.20), we find that the total
entropy (6.17) is independent of the choice {na} of the Zna cycles and is given by

S(EL,R,qL,R) = S{na}(EL,R, qL,R)

= 2π
{√

c

6EL (µi)
[
`+ 2µ0

p
ER (µi)−

2µ−
p

[qL (µi) + qR (µi)]
]
− k

k4
qL (µi)2

+
√
c

6ER (µi)
[
`+ 2µ0

p
EL (µi) + 2µ+

p
[qL (µi) + qR (µi)]

]
− k

k4
qR (µi)2

}
,

(6.21)

where c = 6pk is the total central charge of the symmetric orbifold before the deformation.
The regime of validity of the deformed Cardy formula (6.18) depends on the twisted
sector. In particular, it is clear from (6.19) that maximally twisted states have the lowest
threshold and dominate the entropy at lower energies (see [30] for more details). In addition,
using (6.20) we find that the total energies and U(1) charges of the states contributing
to (6.21) satisfy

EL,R(0) = EL,R(µi)−
2
p

Π(µi),

qL(0) = qL(µi) + k4µ+ER(µi) + k4µ−EL(µi),
qR(0) = qR(µi)− k4µ+ER(µi)− k4µ−EL(µi),

(6.22)

where Π(µi) is given in (5.11) with µ̌i expressed in terms of µi via the dictionary (2.4).
The entropy (6.21) generalizes the expression found in [30] for single-trace T T̄ -deformed

CFTs by including the contributions from the JT̄ and T J̄ deformations. In particular, up
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to corrections proportional to the deformation parameters, the entropy takes a similar form
as Cardy’s formula for a CFT with additional U(1) charges.

We note that the entropy (6.21) has been derived in the microcanonical ensemble where
the energies and U(1) charges are held fixed. We can express the entropy in the canonical
ensemble in terms of the conjugate temperatures and chemical potentials defined by

1
TL,R

≡ ∂S

∂EL,R(µi)
, µL,R ≡

∂S

∂qL,R(0) . (6.23)

In this way we can find the relationship between the deformed thermodynamic potentials
and the deformed charges, expressions which can be compared to the ones found for the
tri-TsT black holes in section 6.1. In particular, from the entropy (6.21) it is not difficult to
derive the Hagedorn temperature TH of single-trace T T̄ + JT̄ + T J̄-deformed CFTs. For
fixed values of the undeformed U(1) charges qL,R(0), the Hagedorn temperature can be
obtained by letting 2EL,R(µi)→ E(µi)→∞ in (6.21) such that

S(EL,R, qL,R) ∼ βHE(µi), βH = 1
TH

= 2π
√

2kµ0 − kk4(µ+ + µ−)2. (6.24)

We observe that the Hagedorn temperature is real provided that (5.22) is satisfied. This is
to be expected since (5.22) guarantees the existence of real vacuum energies in single-trace
T T̄ + JT̄ + T J̄-deformed CFTs. Up to conventions, (6.24) agrees with the expression for
double-trace T T̄ + JT̄ + T J̄-deformed CFTs with fixed U(1) charges derived in [21]. This
is compatible with the fact that the Hagedorn temperature is not an extensive quantity
and should be given by the Hagedorn temperature of the seed theory.

It is also interesting to note that (6.21) differs from the entropy of double-trace
T T̄ +JT̄ +T J̄-deformed CFTs by the additional factors of p accompanying the deformation
parameters. In particular, since p counts the number of copies making up the symmetric
orbifold, when p = 1 we recover the entropy of double-trace T T̄ + JT̄ + T J̄-deformed CFTs.

6.3 Matching the thermodynamics

In this section we show that the asymptotic density of states in single-trace T T̄ + JT̄ + T J̄-
deformed CFTs matches the entropy of the charged tri-TsT black holes computed in the
previous section. We will also show that the neutral black holes (3.14) constructed in
section 3.1 correspond to a special class of thermal states whose deformed U(1) charges
vanish and whose thermodynamics share several similarities with thermal states in T T̄ -
deformed CFTs.

The holographic dictionary (2.4) implies that the bulk and boundary charges are
identified via

Qu,v ↔ EL,R(µi), QL,R ↔ qL,R(0). (6.25)

In addition, the flow equation (5.12) guarantees that the bulk U(1) charges (6.7) are identified
with the deformed U(1) charges, namely QλiL,R = qL,R(µi). It is then straightforward to see
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that the entropy of the charged tri-TsT black holes (6.16) matches the asymptotic density
of states (6.21), namely

SBH = S(EL,R, qL,R). (6.26)

Similarly, the thermodynamic potentials (6.10) and (6.12) of the black hole match the
corresponding expressions derived from the field theory side via (6.23). We thus conclude
that the charged tri-TsT black holes (3.22) are dual to thermal states in T T̄ + JT̄ + T J̄-
deformed CFTs with arbitrary values of the deformed energies and U(1) charges.

As a consistency check we note that if we assume that the entropy (6.16) of the tri-TsT
black holes is unchanged before and after the deformation, we can reproduce the relationship
between the deformed and undeformed energies of a maximally twisted state in single-trace
T T̄ + JT̄ + T J̄-deformed CFTs given in (6.22). We can obtain the deformed energies
from (6.16) because the angular momentum and the undeformed U(1) charges are quantized,
and hence preserved by the deformation. The reason (6.16) only reproduces the spectrum
of maximally twisted states is that they dominate the entropy at low energies.

It is important to note that the matching of the entropy holds for all values of the defor-
mation parameters, including the T T̄ and JT̄ limits. In particular, when the λ± parameters
vanish and the U(1) charges are turned off, our tri-TsT black holes, their perturbative
spectrum, and the matching of their entropy with the field theory side reproduces the T T̄
results obtained in [30]. On the other hand, in the JT̄ case where λ0 = λ− = 0, our results
generalize the finite-temperature analysis of [32] in the following ways: (i) by constructing
a more general class of black hole solutions with arbitrary values of the deformed U(1)
charges; and (ii) by showing that their entropy still matches the density of high-energy
states in single-trace JT̄ -deformed CFTs.

We conclude with comments on the entropy of the neutral tri-TsT black holes (3.14).
Recall that the latter are TsT-transformed backgrounds characterized by vanishing values
of the αu and αv parameters. This means that the U(1) charges vanish before the TsT
transformation, i.e. that the undeformed background is just the BTZ black hole. From
the values of the deformed U(1) charges given in (6.7), we see that these charges also
vanish for this class of backgrounds. As a result, the entropy of the neutral tri-TsT black
holes becomes9

SBH
∣∣
αu=αv=0 = 2π

{√
c

6EL
(

1 + 2µ0
p
ER

)
+
√
c

6ER
(

1 + 2µ0
p
ER

)}
. (6.27)

In addition, we note that when the αu and αv parameters vanish, the energies (6.2) and
the physical temperatures (6.10) of the tri-TsT black holes also reduce to the energies and
temperatures characterizing the T T̄ -deformed backgrounds constructed in [30]. As a result,
we find that the neutral black holes describe special states in the dual T T̄+JT̄+T J̄-deformed
CFT that mimic the behavior of thermal states in T T̄ -deformed CFTs.

9One may wonder how (6.27) is compatible with the fact that the neutral tri-TsT black holes have
nonvanishing undeformed U(1) charges (6.6) and chemical potentials (6.12). This can be understood by
noting that the charges and chemical potentials satisfy QL = −QR and µL = µR, so that their contribution
to the first law of thermodynamics (6.15) vanishes.
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6.4 Matching the ground state

Let us now revisit the ground state geometry constructed in section 3.3. Therein, we argued
that the NS vacuum can be obtained from analytic continuation of the charged tri-TsT
black hole, where the values of the phase space variables are determined by requiring a
smooth non-rotating background free of conical defects or singular gauge fields. Plugging
the vacuum parameters (3.28) into the gravitational charges (6.2) we find that the deformed
energy and angular momentum of this background are respectively given by

Qvact = − c

3`

2−
√

4− 4λ0 + (λ+ + λ−)2

4λ0 − (λ+ + λ−)2

 , Qvacϕ = 0, (6.28)

where Qvact and Qvacϕ are the gravitational charges associated with the Killing vectors `−1∂t
and ∂ϕ. Similarly, plugging (3.28) into (6.6), we find that the undeformed U(1) charges
QL,R vanish, which is consistent with the fact that the vacuum must have vanishing U(1)
charges before the deformation. As a result, the deformed U(1) charges defined in (6.7) are
given by

Qλi,vacL = −`44 (λ+ + λ−)Qvac∂t , Qλi,vacR = `4
4 (λ+ + λ−)Qvac∂t . (6.29)

Using the holographic dictionary (6.25), the above energy, angular momentum, and deformed
U(1) charges match the corresponding quantities for the NS vacuum in single-trace T T̄ +
JT̄ + T J̄-deformed CFTs given in (5.20) and (5.21).

The matching of the vacuum energies provides additional evidence, beyond the spectrum
and the thermodynamics, that the charged tri-TsT backgrounds (3.22) describe a general
class of backgrounds that are dual to states in single-trace T T̄ + JT̄ + T J̄-deformed CFTs.
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A Spectrum for multiple TsT transformations

In this appendix we derive general expressions for the spectrum of strings winding on
TsT-transformed backgrounds supported by NS-NS flux.

Let us consider IIB string theory on a TsT-transformed background with NS-NS flux.
The worldsheet action can be written as

SWS = − 1
2`2s

∫
d2z

(√
−γγabGαβ + εabBαβ

)
∂aX

α∂bX
β = 1

`2s

∫
d2zMαβ∂X

α∂̄Xβ , (A.1)
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where Gαβ and Bαβ denote the ten-dimensional string frame metric and Kalb-Ramond field,
Mαβ = Gαβ + Bαβ, z = τ + σ and z̄ = τ − σ are the worldsheet coordinates, ∂ ≡ ∂z and
∂̄ ≡ ∂z̄, and the worldsheet metric and Levi-Civita symbol satisfy γzz̄ = −1/2 and εzz̄ = 1.
A special feature of TsT transformations is that the equations of motion and Virasoro
constraints of the deformed theory (A.1) can be mapped to those of an undeformed theory
with twisted boundary conditions by a nonlocal change of coordinates [52–54]. This fact
continues to be true for backgrounds obtained from multiple TsT transformations. In this
case, the nonlocal change of coordinates mapping the deformed and undeformed theories
can be written in matrix notation as

∂X̂ = ∂XMM̂−1 = ∂X − 2`−2
s

∑
i µ̌i ∂XMΓi,

∂̄X̂ = M̂−1M∂̄X = ∂̄X − 2`−2
s

∑
i µ̌i ΓiM∂̄X,

(A.2)

where X̂α denote the twisted target space coordinates of the undeformed background M̂αβ .
The change of coordinates (A.2) introduces twisted boundary conditions on the coordi-

nates involved in the TsT transformations. In order to see this, let Xm and Xm̄ denote the
target space coordinates satisfying winding and/or twisted boundary conditions, and let Xi

denote the rest of the coordinates which are assumed to satisfy trivial boundary conditions.
Using the nonlocal map (A.2) we find that the X̂m, X̂m̄, and Xi coordinates satisfy

X̂m(σ + 2π) = X̂m(σ) + 2πγ(m), γ(m) = w(m) + 2∑i µ̌i(Γi)mn̄p(n̄),

X̂m̄(σ + 2π) = X̂m̄(σ) + 2πγ(m̄), γ(m̄) = w(m̄) + 2∑i µ̌i(Γi)m̄np(n),

X̂i(σ + 2π) = X̂i(σ),
(A.3)

where w(α) denotes the winding along Xα while p(α) is the momentum conjugate to Xα.
The latter is defined by

p(α) = 1
2π

∮
jτ(α) = 1

2π

∮
jz(α) + j z̄(α), (A.4)

where j(α) is the worldsheet Noether current generating shifts of Xα that is given by

j(α) ≡ jz(α)∂ + j z̄(α)∂̄ = `−2
s

(
Mαβ ∂̄X

β∂ + ∂XβMαβ ∂̄
)
. (A.5)

In particular, using (A.2) it is not difficult to verify that the Noether currents of the
deformed and undeformed backrounds satisfy j(α) = ĵ(α).

It is also instructive to write the winding number as a conserved charge on the worldsheet.
The Noether current associated with the gauge transformation δB = dΛ reads

θ(α)
w = ∂̄Xα∂ − ∂Xα∂̄. (A.6)

The conserved charge associated with this current corresponds to the winding number along
the Xα direction and is given by

q(α)
w ≡ 1

2π

∮
θ(α),τ
w = 1

2π

∮
∂σX

α = w(α). (A.7)
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Once the boundary conditions of the X̂α coordinates have been determined, the
worldsheet spectrum can be obtained from spectral flow of the underlying symmetry algebra.
Following [30], let us assume a general undeformed background M̂αβ satisfying

∂[αM̂|m|β] = 0, ∂[αM̂β]m̄ = 0. (A.8)

This constraint implies the existence of chiral and anti-chiral currents associated with shifts
of the X̂m and X̂m̄ coordinates that are respectively defined by

ĥ(m) = `−2
s Ĝmα∂X̂

α∂̄ = 1
2 ĵ(m) −

1
2`2s

M̂mαθ̂
(α)
w ,

ˆ̄h(m̄) = `−2
s Ĝm̄α∂̄X̂

α∂ = 1
2 ĵ(m̄) −

1
2`2s

M̂αm̄θ̂
(α)
w .

(A.9)

Consequently, the chiral currents are equivalent to the Noether currents associated with a
combination of a translations and gauge transformations.

The boundary conditions (A.3) can then be implemented by a shift of the target space
coordinates such that

X̂m = X̃m + γ(m)z, X̂m̄ = X̃m̄ − γ(m̄)z̄, (A.10)

where X̃m and X̃m̄ satisfy trivial boundary conditions and are interpreted as the target
space coordinates of the undeformed theory. The shift (A.10) is responsible for a spectral
flow transformation of the symmetry algebra generated by the currents (A.9). Further-
more, (A.10) is guaranteed to be a solution to the equations of motion provided that X̃α

satisfies the equations of motion and that the constraint (A.8) holds.
A subtlety arises when the undeformed background features a Tn factor such that

one or more of the target space coordinates corresponds to a free field in the undeformed
theory. For these coordinates, which we denote by X̂ ǎ, the corresponding components of
the undeformed background field M̂αβ satisfy a stronger condition than (A.8), namely

∂αM̂ǎβ = 0, ∂αM̂βǎ = 0, (A.11)

which implies the existence of chiral and anti-chiral currents ĥ(ǎ) and ˆ̄h(ǎ) associated
with shifts of the same coordinate X̂ ǎ. Consequently, for this kind of coordinates the
twisted and/or winding boundary conditions (A.3) can be implemented by the following
generalization of the spectral flow transformation

X̂ ǎ = X̃ ǎ + γ(ǎ)(σ + ντ). (A.12)

The ν variable affects the relationship between the chiral currents of the undeformed
theory and the Noether currents of the deformed one. This can be seen by writing the
undeformed chiral currents h̃(ǎ) and ˜̄h(ǎ) in terms of the deformed ones ĥ(ǎ) and ˆ̄h(ǎ). The
former are defined in (A.9) with all hats replaced by tildes, namely

h̃(m) = `−2
s Ĝmα∂X̃

α∂̄, ˜̄h(m̄) = `−2
s Ĝm̄α∂̄X̃

α∂. (A.13)
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Using the shift of coordinates (A.12) we then find

h̃(ǎ) = ĥ(ǎ) −
1
2(1 + ν)`−2

s Ĝǎǎ′γ
(ǎ′)∂̄, ˜̄h(ǎ) = ˆ̄h(ǎ) + 1

2(1− ν)`−2
s Ĝǎǎ′γ

(ǎ′)∂. (A.14)

Note that the deformed chiral currents ĥ(ǎ) and ˆ̄h(ǎ) depend on the Noether currents (A.5)
and the γ(α) parameters characterizing the TsT transformations but are independent of ν.
The physical implication of this is that different choices of ν correspond to different choices
of circles in the deformed background along which the conjugate momenta are quantized.
The reason for this is that the undeformed chiral currents (A.14) must be independent of
the deformation parameters. This is possible for different values of ν provided that linear
combinations of the momenta featured in (A.14) are quantized and hence preserved by the
deformation. As a result, different choices of ν lead to slightly different spectra due to the
corresponding changes in the global properties of the deformed spacetime. In particular, in
terms of the zero mode charges K̂0 = 1

2π
∮
ĥǎ and ˆ̄K0 = 1

2π
∮ ˆ̄hǎ, the relationship between

the deformed and undeformed chiral currents (A.14) becomes

K̃0 = K̂0 −
1
2(1 + ν)`−2

s Ĝǎǎ′γ
(ǎ′), ˜̄K0 = ˆ̄K0 + 1

2(1− ν)`−2
s Ĝǎǎ′γ

(ǎ′), (A.15)

where K̃0 and ˜̄K0 are the undeformed zero mode charges.
Let us now derive general formulae for the spectrum of strings winding on backgrounds

obtained from multiple TsT transformations where some of the TsT coordinates may
be taken from Tn factors of the undeformed spacetime. In this case, the spectral flow
transformations associated with the TsT transformations can be implemented in different
ways via (A.10) or (A.12), leading to more general expressions for the spectrum than the
ones obtained in [30].

We first note that under the shifts of coordinates (A.10) and (A.12), the left-moving
component of the deformed stress tensor T̂ ≡ T̂zz = −`−2

s Ĝαβ∂X̂
α∂X̂β transforms as

T̂ = T̃ − 2`−2
s Ĝmα∂X̃

αγ(m) − (1 + ν)`−2
s Ĝǎα∂X̃

αγ(ǎ) − `−2
s Ĝmm′γ

(m)γ(m′)

− (1 + ν)`−2
s Ĝmǎγ

(m)γ(ǎ) − 1
4(1 + ν)2`−2

s Ĝǎǎ′γ
(ǎ)γ(ǎ′),

(A.16)

where T̃ denotes the stress tensor in the undeformed theory. Next, using the definition of
the chiral currents (A.9) together with eqs. (A.10) and (A.12) we find that

1
2π

∮
2G̃mα∂X̃α = `2sp(m) +

(
M̂mm′ − 2Ĝmm′

)
γ(m′) +

[
M̂mǎ − (1 + ν)Ĝmǎ

]
γ(ǎ)

+ M̂mm̄γ
(m̄) + 1

2π

∮
M̂mi∂σX̂

i,
(A.17)

1
2π

∮
2G̃ǎα∂X̃α = `2sp(ǎ) +

(
M̂ǎm − 2Ĝǎm

)
γ(m) +

[
M̂ǎǎ′ − (1 + ν)Ĝǎǎ′

]
γ(ǎ′) + M̂ǎm̄γ

(m̄)

(A.18)

where we used the fact that M̂mm′ , M̂mm̄, M̂m̄m̄′ , M̂ǎα, and M̂αǎ are all constant, a result
that follows from the constraints (A.8) and (A.11) imposed on the undeformed background.
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The equations above imply that the zero mode L0 = L̂0 = − 1
2π
∮
T̂ of the left-moving

component of the stress tensor satisfies

L0 = L̃0 + p(m)γ
(m) + 1

2(1 + ν)p(ǎ)γ
(ǎ) + `−2

s M̂mm̄γ
(m)γ(m̄) + 1

2(1− ν)`−2
s M̂mǎγ

(m)γ(ǎ)

+ 1
2(1 + ν)`−2

s Mǎm̄γ
(ǎ)γ(m̄) + 1

4(1− ν2)`−2
s M̂ǎǎ′γ

(ǎ)γ(ǎ′) + γ(m)

2π`2s

∮
M̂mi∂σX̂

i,

(A.19)

where L̃0 denotes the zero mode before the deformation. Similarly, following the steps
described above, we find that the right-moving zero mode of the stress tensor L̄0 = ˆ̄L0 =
− 1

2π
∮ ˆ̄T is related to its undeformed value ˜̄L0 by

L̄0 = ˜̄L0 − p(m̄)γ
(m̄) − 1

2(1− ν)p(ǎ)γ
(ǎ) + `−2

s M̂mm̄γ
(m)γ(m̄) + 1

2(1 + ν)`−2
s M̂ǎm̄γ

(ǎ)γ(m̄)

+ 1
2(1− ν)`−2

s M̂mǎγ
(m)γ(ǎ) + 1

4(1− ν2)`−2
s M̂ǎǎ′γ

(ǎ)γ(ǎ′) + γ(m̄)

2π`2s

∮
M̂im̄∂σX̂

i.

(A.20)

Finally, imposing the Virasoro constraints before and after the deformation, we can express
the spectrum of the deformed theory in terms of the undeformed one.

Note that eqs. (A.19) and (A.20) generalize the expressions for the zero modes of the
stress tensor derived in [30] in two ways: first, by including the effect of multiple TsT
transformations; and second, by allowing the TsT coordinates to be taken from a Tn factor
of the undeformed spacetime. In particular, we note that when ν = 1, (A.12) reduces to the
first equation in (A.10), while it reduces to the second equation in (A.10) when ν = −1. In
both of these cases, the shift of coordinates affects only one component of the stress tensor
such that (A.19) and (A.20) take the same general form derived in [30]. In contrast, for any
other values of ν the spectral flow transformation induced by (A.12) affects both of these
zero modes. As a result, the worldsheet spectrum depends on the choice of ν, in addition to
the choice of the TsT/winding coordinates, and the choice of the undeformed background.

B More tri-TsT backgrounds

In this appendix we describe two additional kinds of TsT-transformed backgrounds where
the internal U(1) currents in the T T̄ + JT̄ + T J̄ deformation are associated with two
isometries of T 4 or two isometries of S3. We also derive the spectrum of strings winding on
these backgrounds and show that it differs slightly from the spectrum derived in section 5.

B.1 J and J̄ associated with two isometries of T 4

Let us first consider the case where the J and J̄ currents in the T T̄ + JT̄ + T J̄ deformation
are associated with two different isometries of T 4. This case corresponds to the second
entry of table 1.
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B.1.1 Neutral black holes

We begin by considering the simpler class of neutral tri-TsT black holes obtained by
performing the following sequence of TsT transformations on the undeformed BTZ×S3×T 4

background

TsT(u,v; µ̌0), TsT(y,v; µ̌+), TsT(u,y8; µ̌−). (B.1)

The resulting TsT-transformed background is more complicated than (3.14), where J and
J̄ were taken from the same isometry of T 4, and can be written in ten dimensions as

ds2
(10) = `2dr2

4(r2 − 4T 2
uT

2
v ) + `24

∑10
i=9 dy

2
i + dΩ2

3 + h
[
`2rdudv + `2(1 + λ2

+T
2
v )T 2

udu
2

+ `2(1 + λ2
−T

2
u )T 2

v dv
2 − ``4(r + 2λ0T

2
uT

2
v )(λ+dudy + λ−dvdy8) + `24λ+λ−rdydy8

+ `24(1 + λ0r + λ2
−T

2
u + λ2

0T
2
uT

2
v )dy2 + `24(1 + λ0r + λ2

+T
2
v + λ2

0T
2
uT

2
v )dy2

8

]
, (B.2)

B(10) = BΩ3 + h

2
{

(r + 2λ0T
2
uT

2
v )(`2dv ∧ du+ `24λ+λ−dy ∧ dy8) + ``4

[
λ+r du ∧ dy

− λ−r dv ∧ dy8 − 2λ−T 2
u (1 + λ2

+T
2
v )du ∧ dy8 + 2λ+T

2
v (1 + λ2

−T
2
u )dv ∧ dy

]}
,

e2Φ(10) = k2
4kh

ηp
,

where we used the definition of the λi parameters introduced in (3.13), while the quantization
parameter η and the flow function h are given by

η−1 = 1− λ2
0T

2
uT

2
v , (B.3)

h−1 = 1 + λ0r + λ2
−T

2
u + λ2

+T
2
v + λ2

+λ
2
−T

2
uT

2
v + λ2

0T
2
uT

2
v . (B.4)

There are several similarities between (B.2) and the netural tri-TsT background (3.14)
constructed in section 3.1. We first note that both backgrounds satisfy the same identification
of coordinates as the undeformed BTZ×S3 × T 4 spacetime, namely (3.4)–(3.6). Similarly,
the quantization parameter η, which is determined by requiring the magnetic and electric
charges to remain quantized after the TsT transformations, is the same for both of these
backgrounds. Importantly, both (B.2) and (3.14) describe neutral black holes (with a
horizon at rh = 2TuTv) whose deformed U(1) charges vanish. Although (B.2) cannot be
used to describe the NS vacuum for this class of TsT-transformed backgrounds — we will
discuss how this can be done in the next section — we note that when Tu = Tv = 0 in (B.2)
we obtain the Ramond vacuum found in [19].

There is one important difference between the tri-TsT black holes (B.2) and (3.14)
regarding the range of parameters for which the metric is free of pathologies. We find that
the black holes (B.2) are free of curvature singularities and CTCs provided that

λ0 > 0, (B.5)

which is more constraining than the condition (4.4) where λ0 can be negative. When λ0 < 0,
there is a curvature singularity at h−1 = 0 which corresponds to the following value of the

– 43 –



J
H
E
P
0
4
(
2
0
2
2
)
1
7
7

radial coordinate

r∗h = 1 + λ2
−T

2
u + λ2

+T
2
v + λ2

+λ
2
−T

2
uT

2
v + λ2

0T
2
uT

2
v

|λ0|
. (B.6)

This is also the location beyond which CTCs appear in the deformed background (B.2).
The difference between (4.4) and (B.5) is related to the different spectra of T T̄ + JT̄ + T J̄-
deformed CFTs when the J and J̄ currents are taken from the same or different U(1)
symmetries of the undeformed theory. This is described in more detail in section B.1.3
where we derive the spectrum of strings winding on (B.2). In particular, we note that (B.5)
guarantees that the spectrum of both neutral and charged thermal states in the dual
T T̄ + JT̄ + T J̄-deformed CFT is always real.

B.1.2 Charged black holes

In order to construct charged black holes for this class of TsT-transformed backgrounds, we
first need to turn on a left and right-moving U(1) charges along the ∂y and ∂y8 isometries of
the BTZ×S3 × T 4 spacetime. This can be accomplished by a spectral flow transformation
that is given by

y → y − `

`4
αuu, y8 → y8 −

`

`4
αvv, B(10) → B(10) + ``4

(
αudu ∧ dy − αvdv ∧ dy8

)
.

(B.7)

Note that we impose the same identifications of coordinates (3.4)–(3.6) after the gauge
transformations (B.7), which guarantees that the new solution differs from the BTZ×S3×T 4

background. The resulting background features left and right-moving energies that are
given by (3.20), and the same left and right-moving U(1) charges (3.21) (although the
latter are now associated with the isometries along y and y8). The reason why the change
of coordinates (B.7) yields a black hole with U(1) charges can be understood from a
three-dimensional perspective, since (B.7) turns on additional gauge fields associated with
translations along the y and y8 coordinates in the three-dimensional theory. In addition,
we note that the gauge transformation (B.7) preserves the same boundary conditions on
M̂αβ = Ĝ(10)αβ + B̂(10)αβ as the undeformed BTZ×S3 × T 4 background, namely

M̂uy = M̂y8v = M̂uv = 0. (B.8)

Performing the sequence of TsT transformations (B.1) on the charged background
described above yields black hole solutions that are dual to general thermal states in the
class of T T̄+JT̄+T J̄-deformed CFTs under consideration. These black holes are 7-parameter
solutions to the supergravity equations of motion that are characterized by three deformation
parameters (λ0, λ+, λ−) and four phase space variables (Tu, Tv, αu, αv) parametrizing its
mass, angular momentum, and two U(1) charges. In particular, after analytic continuation
of (Tu, Tv), and an appropriate choice of (αu, αv), the resulting background can be used to
describe the NS vacuum in this class of T T̄ + JT̄ + T J̄-deformed CFTs.
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B.1.3 Perturbative spectrum

The spectrum of strings winding on backgrounds obtained from a sequence of TsT trans-
formations was derived in appendix A. The main ingredients in this derivation are the
undeformed background and the directions along which we perform the TsT transformations.

For the charged tri-TsT backgrounds considered in this section, the undeformed back-
ground is described by the charged BTZ×S3×T 4 background obtained from (3.1) and (3.2)
together with the spectral flow transformation (B.7). Let us recall that TsT transformations
induce twisted boundary conditions on the target space coordinates of the undeformed
background, the latter of which are characterized by the so-called γ parameters (A.3). For
the sequence of TsT transformations (B.1), the γ parameters are given by

γ(u) = w + 2µ̌0p(v) + 2µ̌−p(y8), γ(y) = w(y) + 2µ̌+p(v),

γ(v) = w − 2µ̌0p(u) − 2µ̌+p(y), γ(y8) = w(y8) − 2µ̌−p(u),
(B.9)

where w denotes the winding along the spatial circle ϕ = 1
2(u + v), while w(y) and w(y8)

denote the winding along the y and y8 coordinates. Note that in contrast to (5.3), we must
impose additional twisted boundary conditions along the ŷ8 coordinate, which follows from
the fact that this is one of the TsT directions in (B.1).

The zero modes (L0, L̄0) of the worldsheet stress tensor for this class of TsT-transformed
backgrounds are given in terms of the undeformed values (L̃0,

˜̄L0) by

L0 = L̃0 + p(u)γ
(u) + 1

2
(
p(y)γ

(y) + p(y8)γ
(y8)
)

+ k4
4
[(
γ(y))2 +

(
γ(y8))2],

L̄0 = ˜̄L0 − p(v)γ
(v) − 1

2
(
p(y)γ

(y) + p(y8)γ
(y8)
)
− k4

4
[(
γ(y))2 +

(
γ(y8))2], (B.10)

where we used (A.19) and (A.20) with ν = 0, which is compatible with the identification of
coordinates (3.5). The momenta featured in (B.10) are related to the deformed energies
EL,R(µ̌i) and the undeformed U(1) charges qL(0) and q′R(0) of the string via

p(u) = `EL (µ̌i) , p(v) = −`ER (µ̌i) , (B.11)

qL (0) = 1
2
(
p(y) + k4w

(y)
)
, q′R (0) = 1

2
(
p(y8) − k4w

(y8)
)
. (B.12)

Thus, imposing the Virasoro constraints before and after the deformation, we find that the
spectrum of strings winding on this class of tri-TsT backgrounds can be written as

EL(0) = EL(µ̌i) + 2
w

Π2(µ̌i), ER(0) = ER(µ̌i) + 2
w

Π2(µ̌i), (B.13)

where Π2(µ̌i) is given by

Π2(µ̌i) = µ̌−q
′
R(0)EL(µ̌i)− µ̌+qL(0)ER(µ̌i)− `µ̌0EL(µ̌i)ER(µ̌i)

+ `k4
2
[
µ̌2

+ER (µ̌i)2 + µ̌2
−EL (µ̌i)2

]
. (B.14)

Additionally, the deformed U(1) charges for strings on these backgrounds can be obtained
from the zero modes of the chiral currents given in (A.14) and satisfy

qL(µ̌i) = qL(0)− k4µ̌+`ER(µ̌i), q′R(µ̌i) = q′R(0) + k4µ̌−`EL(µ̌i). (B.15)
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The deformed U(1) charges allow us to write the deformed energies in a more compact way
where the effect of the JT̄ and T J̄ deformations is captured entirely by the deformed U(1)
currents

w`EL,R(0) + qL(0)2 + q′R(0)2

k4
= w`EL,R(µ̌i) + qL(µ̌i)2 + q′R(µ̌i)2

k4
− 2`2µ̌0EL(µ̌i)ER(µ̌i).

(B.16)

The spectrum described by (B.13) and (B.15) is valid for strings winding on TsT-
transformed backgrounds obtained from the charged BTZ×S3 × T 4 background via (B.1),
and includes deformed versions of the NS vacuum and charged rotating black holes. The
spectrum (B.13) differs slightly from the T T̄ + JT̄ + T J̄ spectrum given in (5.10) where
the J and J̄ currents are taken from the same isometry of T 4. From the field theory side,
this is a result of having J and J̄ currents that are the chiral and antichiral components of
different U(1) currents in the deformed theory. We also note that (B.13) reduces to the
spectrum derived for the Ramond vacuum in [19] using a different approach.

B.2 J and J̄ associated with two isometries of S3

Let us now consider the case where the J and J̄ currents are associated with two isometries
of S3 (the fourth entry in table 1). This case corresponds to a T T̄ + JT̄ + T J̄ deformation
where the left and right-moving U(1) currents J and J̄ are part of a larger SU(2)L×SU(2)R
symmetry group before the deformation.

B.2.1 Neutral black holes

In this case the deformed neutral black holes can be obtained by performing the following
sequence of TsT transformations on the undeformed BTZ×S3 × T 4 background

TsT(u,v; µ̌0), TsT(ψ,v; 2µ̌+), TsT(u,φ; 2µ̌−). (B.17)

The factors of 2 accompanying the deformation parameters µ̌± are necessary to account for
the normalization of the Noether currents associated with translations along ψ and φ, which
follows from the identification of coordinates given in (3.4). The TsT transformation (B.17)
of the BTZ×S3 × T 4 background is described by the following ten-dimensional metric,
B-field, and dilaton

ds2
(10) = `2dr2

4(r2−4T 2
uT

2
v ) +`24

∑10
i=7 dy

2
i + `2

4 dθ
2+ `2h

4

{(
4r+8λ+λ− cosθT 2

uT
2
v

)
dudv

+4
(
1+λ2

+T
2
v

)
T 2
udu

2+4
(
1+λ2

−T
2
u

)
T 2
v dv

2−2
(
r+2λ0T

2
uT

2
v

)
(λ+dudψ+λ−dvdφ)

−4cosθ
(
r+λ0T

2
uT

2
v

)
(λ+dudφ+λ−dvdψ)−4cosθ

(
λ−T

2
ududψ+λ+T

2
v dvdφ

)
+
(
1+λ0r+λ2

−T
2
u+λ2

0T
2
uT

2
v

)
dψ2+

(
1+λ0r+λ2

+T
2
v +λ2

0T
2
uT

2
v

)
dφ2

+
[
2
(
1+λ0r+λ2

0T
2
uT

2
v

)
cosθ+λ+λ−r

]
dψdφ

}
, (B.18)
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B(10) = `2h

4

{
2
(
r+2λ0T

2
uT

2
v −2λ+λ−T

2
uT

2
v cosθ

)
dv∧du+

(
λ+r−2λ−T 2

u cosθ
)
du∧dψ

−
(
λ−r−2λ+T

2
v cosθ

)
dv∧dφ+2

[
λ+
(
r+λ0T

2
uT

2
v

)
cosθ−λ−T 2

u

(
1+λ2

+T
2
v

)]
du∧dφ

−2
[
λ−
(
r+λ0T

2
uT

2
v

)
cosθ−λ+T

2
v

(
1+λ2

−T
2
u

)]
dv∧dψ

−
[(

1+λ0r+λ2
0T

2
uT

2
v

)
cosθ−λ+λ−

(
r

2 +λ0T
2
uT

2
v

)]
dψ∧dφ

}
e2Φ(10) = k2

4kh

ηp
,

where the deformation parameters λi are related to µ̌i via λi = 2kµ̌i, while the quantization
parameter η and the flow function h satisfy

η−1 = 1− λ2
0T

2
uT

2
v − λ2

+T
2
v − λ2

−T
2
u + λ2

+λ
2
−T

2
uT

2
v ,

h−1 = 1 + (λ0 − 2λ+λ− cos θ)
(
r + λ0T

2
uT

2
v

)
+ λ2

+T
2
v + λ2

−T
2
u + λ2

+λ
2
−T

2
uT

2
v .

(B.19)

Unlike the neutral backgrounds (3.14) and (B.2), we see that in this case the flow function
acquires dependence on θ in addition to its dependence on the radial coordinate. Further-
more, we note that a real value of the dilaton requires η−1 > 0, which leads to constrains
on the thermodynamic potentials of the dual T T̄ + JT̄ + T J̄-deformed CFT.

For this class of TsT-transformed backgrounds, the identification of coordinates is
different after the TsT transformations and is given by (3.5) and (3.6) together with

(v, ψ) ∼ (v − 2πλ+, ψ + 4π) , (u, v, ψ, φ) ∼ (u− πλ−, v − πλ+, ψ + 2π, φ+ 2π). (B.20)

The identification of coordinates (B.20) differs from (3.4) and is necessary for a smooth
background geometry. The identification (B.20) affects the definition of spacelike surfaces
and, consequently, the values of the conserved charges. In particular, (B.20) guarantees that
the magnetic charge in this class of backgrounds is always given by Qm = k for any values of
the temperatures. Similarly, the quantization parameter in (B.19) is sensitive to the global
properties of the spacetime and guarantees that the electric charge is also preserved after
the deformation and given by Qe = p. Relatedly, the background (B.18) features several
compact U(1) isometries associated with the circles described by (3.5), (3.6), and (B.20).
Translations along these circles are generated by the Killing vectors

∂u + ∂v, 2∂ψ − λ+∂v, 2∂φ − λ−∂u, ∂yi , (B.21)

and their gravitational charges — which correspond to the angular momentum and several
internal U(1) charges — are quantized and hence preserved by the deformation.

The backgrounds obtained via the sequence of TsT transformations (B.17) are dual
to states in T T̄ + JT̄ + T J̄-deformed CFTs where the J and J̄ currents belong to an
SU(2)L × SU(2)R symmetry group before the deformation. In particular, when the Tu and
Tv parameters are real and nonvanishing, the tri-TsT backgrounds (B.18) describe rotating
black hole solutions that are dual to a special class of thermal states in T T̄ + JT̄ + T J̄-
deformed CFTs characterized by vanishing values of the deformed U(1) charges. On the
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other hand, when Tu = Tv = 0, the background (B.18) describes the Ramond vacuum of
the dual field theory.

In analogy with previous cases, the black holes in this class of TsT-transformed
backgrounds are free of curvature singularities and CTCs provided that h−1 > 0. This
means that the deformation parameters must satisfy

λ0 − 2|λ+λ−| > 0, (B.22)

where the expectation value is needed since the value of h−1 depends on θ. When (B.22) is
violated, there is a curvature singularity at h−1 = 0 which is located at a θ-dependent value
of the radial coordinate

r∗h =
1 +

(
λ0 − 2λ+λ− cos θ

)
λ0T

2
uT

2
v + λ2

+T
2
v + λ2

−T
2
u + λ2

+λ
2
−T

2
uT

2
v∣∣λ0 − 2λ+λ− cos θ

∣∣ . (B.23)

Closed timelike curves also appear in the region r > r∗h when (B.22) is not satisfied.
It is interesting to note that at fixed θ = π/2, the finite-temperature generalization

of (B.18) is locally equivalent to the black hole (B.2) considered in section B.1 up to
a constant shift of the dilaton. This can be seen by exchanging the (ψ, φ) coordinates
with (2y1, 2y2). The global properties of these spacetimes differ, however, due to the
identification (B.20). This is the reason why these backgrounds are locally equivalent only
up to a shift of the dilaton, since the latter is sensitive to the global properties of the
spacetime through the quantization parameter η.

B.2.2 Charged black holes

We can construct charged TsT black holes for this class of T T̄ + JT̄ + T J̄ deformations by
turning on U(1) charges associated with the ψ and φ coordinates of the 3-sphere. This can
be achieved by performing the following spectral flow transformation on the BTZ×S3 × T 4

background before the deformation

ψ → ψ − αuu, φ→ φ− αvv, B(10) → B(10) + `2
(
αudu ∧ dψ − αvdv ∧ dφ

)
. (B.24)

As discussed previously, we must also impose the identification of coordinates (3.4)–(3.6)
after the gauge transformation (B.24). The resulting background is globally inequivalent to
the BTZ×S3 × T 4 background and features the same left and right-moving energies given
in (3.20), and the same values of the left and right-moving U(1) charges shown in (3.21),
although the latter are now associated with translations along the ψ and φ coordinates.
In addition, we note that the spectral flow transformation (B.24) preserves the following
boundary conditions on M̂αβ = Ĝ(10)αβ + B̂(10)αβ

M̂uψ = M̂φv = M̂uv = 0. (B.25)

The tri-TsT holes obtained from the sequence of TsT transformations (B.17) describe
charged thermal states in single-trace T T̄ + JT̄ + T J̄-deformed CFTs where the J and J̄
currents are part of a larger SU(2)L × SU(2)R symmetry group before the deformation.
These black holes generalize the special solutions described in section B.2.1 and feature
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arbitrary values of the deformed U(1) charges. In particular, in the pure JT̄ case where λ0
and λ− vanish, these solutions generalize the neutral black holes constructed in [32]. In
addition, we note that the NS vacuum of the dual T T̄ + JT̄ + T J̄-deformed CFT can be
obtained by an appropriate choice of the phase space parameters.

B.2.3 Perturbative spectrum

Let us conclude this section by deriving the spectrum of strings winding on this class of
TsT-transformed backgrounds. The γ parameters characterizing the twisted boundary
conditions induced by the sequence of TsT transformations (B.17) are given by

γ(u) = w + 2µ̌0p(v) + 4µ̌−p(φ), γ(ψ) = 4µ̌+p(v),

γ(v) = w − 2µ̌0p(u) − 4µ̌+p(ψ), γ(φ) = −4µ̌−p(u).
(B.26)

These γ parameters take a similar form as (B.9), except that (i) we have not included
winding for the ψ and φ coordinates since it is not necessary to distinguish between chiral
and antichiral currents (ψ leads to a chiral current while φ leads to antichiral one); and (ii)
there is a rescaling of µ̌± which, as described previously, is necessary to account for the
normalization of the Noether currents generating translations along ψ and φ. Using (A.19)
and (A.20), the deformed zero modes of the worldsheet stress tensor are given by

L0 = L̃0 + p(u)γ
(u) + p(ψ)γ

(ψ), L̄0 = ˜̄L0 − p(v)γ
(v) − p(φ)γ

(φ), (B.27)

where (L̃0,
˜̄L0) denote the zero modes before the deformation.

It is convenient to write the spectrum in terms of the (un)deformed energies and the
undeformed U(1) charges. For the class of TsT transformations (2.13), the undeformed
U(1) charges are given by

qL(0)
2 ≡ 1

π

∮
h̃(ψ) = 1

π

∮ [
ĥ(ψ) − `−2

s Ĝψψγ
(ψ)
]

= p(ψ) − kµ̌+p(v),

q′R(0)
2 ≡ 1

π

∮
˜̄h(φ) = 1

π

∮ [ˆ̄h(φ) + `−2
s Ĝφφγ

(φ)
]

= p(φ) − kµ̌−p(u),

(B.28)

where the deformed ĥ(α) and undeformed h̃(α) currents are defined in (A.9) and (A.13).
Note that these charges are preserved by the deformation despite their dependence on the
µ̌± parameters. This follows from the fact that these linear combinations of the momenta are
quantized as can be seen from the Killing vectors generating the compact U(1) isometries of
the background (B.21). Using p(u) = `EL(µ̌i), p(v) = −`ER(µ̌i), and imposing the Virasoro
constraints before and after the deformation, we then obtain

EL(0) = EL(µ̌i) + 2
w

Π3(µ̌i), ER(0) = ER(µ̌i) + 2
w

Π3(µ̌i), (B.29)

where Π3(µ̌i) is given by

Π3(µ̌i) = µ̌−q
′
R(0)EL(µ̌i)− µ̌+qL(0)ER(µ̌i)− `µ̌0EL(µ̌i)ER(µ̌i)

+ 2`k
[
µ̌2

+ER(µ̌i)2 + µ̌2
−EL(µ̌i)2]. (B.30)
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In addition, we find that the deformed U(1) charges, which correspond to the zero modes
of the chiral and antichiral currents ĥ(ψ) and ˆ̄h(φ), read

qL(µ̌i) = qL(0)− 4kµ̌+ER(µ̌i), q′R(µ̌i) = q′R(0) + 4kµ̌−EL(µ̌i). (B.31)

The spectrum described in (B.29) and (B.31) is valid for any tri-TsT background
obtained from the charged BTZ×S3×T 4 background described by (3.1) and (3.2) together
with the spectral flow transformation (B.24). This spectrum agrees with the spectrum
derived in appendix B.1 up to an identification of the U(1) level that is given by k4 → 4k.
This identification follows from the aforementioned normalization of the U(1) currents which
implies that the U(1) level in this case is 4k. The fact that the spectrum derived in this
appendix agrees with the one derived in appendix B.1 is to be expected, as both of the
TsT transformations (B.1) and (B.17) associate the J and J̄ currents in the T T̄ + JT̄ + T J̄

deformation with two different isometries of the background spacetime. This contrasts the
TsT transformation used in the main body of the paper (2.13) where both the J and J̄
currents are associated with the same isometry of T 4.

C Gravitational charges

The charged TsT black hole described by (3.1) and (3.22) is a solution to the equations
of motion of (the bosonic sector of) ten-dimensional type IIB supergravity. We have
written the black hole in terms of three-dimensional variables, as the computation of its
gravitational charges and thermodynamics simplifies significantly in lower dimensions. In
three dimensions, the TsT black hole is characterized by the metric, Kalb-Ramond field,
gauge fields A(1) and A(2), as well as the dilatons Φ and ω given in (3.22). These fields
are solutions to the equations of motion of the dimensionally reduced action which, in the
Einstein frame, can be written as

I3 = `3

4π`4s

∫
d3x

√
|g|
{
R+4`−2e4Φ+ω−4∂µΦ∂µΦ− 1

2∂µω∂
µω−2∂µΦ∂µω

− `
2
4
4 e
−4Φ−2ωF (1)

µν F
(1)µν− `

2
4
4 e
−4ΦF (2)

µν F
(2)µν− e

−8Φ−2ω

12 HµναH
µνα
}
,

(C.1)

where the field strengths F (1), F (2), and H̃ are respectively given by

F (1) = dA(1), F (2) = dA(2), H = dB − `24dA(2) ∧A(1). (C.2)

In particular, we note that H contains a Chern-Simons term, namely dA(2) ∧A(1), and that
the action (C.1) is invariant under the following gauge transformations

δA(2) = dλ(2), δB = dΛ, (δA(1), δB) = (dλ(1), `24A
(2) ∧ dλ(1)). (C.3)

In the covariant formulation of gravitational charges [55–57], the infinitesimal charge
associated with a symmetry generated by the Killing vector ξ is given by

δQξ ≡ αd
∫
∂Σ
χξ, (C.4)
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where χξ = 1
(d−2)!χ

µν
ξ εµνα1...αd−2dx

α1 ∧ . . . ∧ dxαd−2 is a (d − 2)-form determined from
the d-dimensional action, αd is the overall constant in front of the action, and ∂Σ is the
boundary of a codimension-1 spacelike surface. For the three-dimensional action (C.1) we
have α3 = `3/4π`4s while the one-form χξ is defined by

χξ = kξ,g + kξ,B + kξ,A(1) + kξ,A(2) + kξ,Φ + kξ,ω, (C.5)

where kξ,f denote the contributions of the background fields to the gravitational charge.
The components kµνξ,f of kξ,f can be succinctly written as10

kµνξ,g = |g|−1/2δ(|g|1/2∇νξµ) + ξν∇µδgαα − ξν∇αδgαµ, (C.6)

kµνξ,B = 1
2 |g|

−1/2δ
[
|g|1/2e−8Φ−2ωHνµβξα

(
Bαβ − `24A(2)

α A
(1)
β

)]
+ 1

2e
−8Φ−2ωξνHµαβ(δBαβ − 2`24δA(2)

α A
(1)
β

)
,

(C.7)

kµν
ξ,A(1) = `24

2 |g|
−1/2δ

(
|g|1/2e−4Φ−2ωF (1)νµA(1)

α ξα
)

+ `24e
−4Φ−2ωξνF (1)µαδA(1)

α , (C.8)

kµν
ξ,A(2) = `24

2 |g|
−1/2δ

(
|g|1/2e−4ΦF (2)νµA(2)

α ξα
)

+ `24e
−4ΦξνF (2)µαδA(2)

α , (C.9)

kµνξ,Φ = 2ξν∇µ(4Φ + ω)δΦ, (C.10)

kµνξ,ω = ξν∇µ(2Φ + ω)δω, (C.11)

where the variation δ of any background field fµ1...µn is defined as δfµ1...µn ≡ (δTu∂Tu +
δTv∂Tv + δαu∂αu + δαv∂αv)fµ1...µn and δfµ1...µm

µm+1...µn ≡ gµ1ν1 . . . gµmνmδfν1...νmµm+1...µn .

D The charged BTZ black hole

In this appendix we describe in more detail the conserved charges and the thermodynamics of
the charged BTZ black hole (3.19). In particular, we point out that the covariant formalism
is automatically compatible with holographic renormalization in the three-dimensional
theory and does not require the addition of counterterms.

We first note that the presence of the Chern-Simons term in the definition of the
three-form H in (C.2) suggests that the gauge fields A(1) and A(2) are dual to linear
combinations of chiral and antichiral currents in the dual CFT. This can be made manifest
by noting that

√
|g|e−8Φ−2ωH is required to be a constant such that the on-shell variation

of the action (C.1) satisfies δI3 = −(pk4/2π)
∫
∂M εµνA

(1)
µ δA

(2)
ν + . . . where ∂M denotes the

asymptotic boundary and we have ignored the variation of the other fields.11 With this in
mind, the energies and U(1) charges of the charged BTZ black hole can be written as

`Qu = c

6T
2
u + Q2

L

pk4
, `Qv = c

6T
2
v + Q2

R

pk4
, (D.1)

QL = pk4
2
(
A(1) −A(2)), QR = −pk4

2
(
A(1) +A(2)), (D.2)

10Note that in these expressions we have omitted terms that vanish when ξ is an exact Killing vector but
which otherwise contribute in the analysis of asymptotic symmetries.

11The fact that
√
|g|e−8Φ−2ωH is a constant follows from the fact that this combination is proportional

to the electric charge in higher dimensions.
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where pk4 is the total level of two affine U(1) symmetry algebras whose zero mode charges
are given by QL and QR. In particular, we note that (D.1) is the Sugawara-like combination
of charges we expect to find in a theory with additional U(1) symmetries. Furthermore,
the U(1) charges (D.2) are compatible with the holographic dictionary of the AdS/CFT
correspondence associated with the presence of the aforementioned Chern-Simons term.

In terms of the conserved charges (D.1) and (D.2), the entropy of the charged BTZ
black hole (3.19) is given by

SBH = πc

3 (Tu + Tv) = 2π


√√√√ c

6

(
`Qu −

Q2
L

pk4

)
+

√√√√ c

6

(
`Qv −

Q2
R

pk4

) = SCardy. (D.3)

The entropy (D.3) matches the Cardy formula for the density of high energy states in
two-dimensional CFTs with total central charge c = 6pk and a pair of left and right-moving
U(1) currents with total level pk4. This provides evidence that the charged BTZ black
hole (3.19) is dual to a charged thermal state in the symmetric orbifold CFT described
in section 2.1.1. Furthermore, (D.3) suggests that this is the appropriate background on
which to perform the sequence of TsT transformations (2.13).

It is important to note that a boundary counterterm is necessary to make the two
linear combinations of the gauge fields 1

2
(
A(1) +A(2)) and 1

2
(
A(1) −A(2)) dual to two chiral

currents in the dual CFT [59]. This boundary counterterm leads to a modification of the
Brown-York stress tensor in the bulk, and consequently, to a modification of the charges
obtained from integrals of the stress tensor. More generally, in holographic renormalization
it is crucial to take into account all of the contributions of the counterterms that are
compatible with the desired boundary conditions. The covariant formalism automatically
takes these contributions into account, which are essential to obtain the right expressions
for the energy and match the entropy to Cardy’s formula in the microcanonical ensemble.

Finally, we note that the αuαvdv∧du term in the B-field of the charged black hole (3.19)
does not affect any of its charges as long as the dilaton is a fixed constant, i.e. as long as the
dilaton is not a phase space variable. It is not clear how to justify the presence of this term
from a purely three-dimensional perspective although it is necessary to satisfy the boundary
condition (3.18) on the higher-dimensional fields. Note that the supergravity equations of
motion require the dilaton to be a constant that can in principle vary in the phase space
of solutions. Although the αuαvdv ∧ du term does not affect the gravitational charges, it
does guarantee that the latter are integrable if the dilaton is allowed to vary. A BTZ black
hole with a variable dilaton is not physically desirable since, for example, it renders the
electric charge counting the number of NS1 branes supporting the background a non-integer.
Nevertheless, the charged tri-TsT black holes (3.22) do require constant shifts of the dilaton
that depend on the phase space variables. In this case, we find that the αuαvdv ∧ du term
in the undeformed background (3.19) is essential to render the gravitational charges of the
deformed background (3.22) integrable.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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