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1 Introduction

Hadronic tau decays provide an unique laboratory to study fundamental physics [1, 2]. In the
past they have been mainly used to extract fundamental Standard Model (SM) parameters
or to learn about low-energy hadronic physics. In particular, inclusive tau decay observables
play a role in the determination of the strong coupling constant [3–5], the strange quark
mass, or the Vus entry of the Cabibbo-Kobayashi-Maskawa (CKM) matrix [6, 7]. They also
provide a valuable QCD laboratory, where chiral low-energy constants or properties of the
QCD vacuum can be extracted with high precision through dispersion relations [8, 9]. In
what concerns exclusive tau decay channels, the two-body decays τ → πντ ,Kντ are under
firm theoretical control. Their key non-perturbative parameters, the pion and kaon decay
constants, are now precisely calculated in lattice QCD [10]. On the other hand, exclusive
modes with two or more hadrons in the final state are much harder to predict within QCD
with high accuracy.

Whenever hadronic uncertainties can be brought under sufficient control, tau decays
can also serve as useful probes of new particles and interactions beyond the Standard Model
(BSM). There are several immediate motivations for such studies. One is the so-called CKM
unitarity problem, or more generally the Cabibbo anomaly. Different observables in kaon,
pion, tau, and nuclear beta decays point to mutually inconsistent values of the Cabibbo
angle (if interpreted in the SM context) [11–13]. Hadronic tau decays provide a valuable
input about BSM models that can successfully address the tensions in the existing data.
Another motivation is provided by the recent anomalies in B → D(∗)τντ decays [14], which
hint at new physics coupled to tau leptons. More generally, it is theoretically plausible
that violation of lepton-flavor universality observed in b→ sµµ(ee) transitions [15, 16] has
a counterpart in the tau sector. Many BSM models addressing these B-meson anomalies
predict couplings of the new particles to the light quarks (up, down, strange), especially if
they involve flavor symmetry as an organizing principle. Hadronic tau decays may provide
important information about such models.

With the exception of the τ → π(K)ντ channels, the BSM perspective has been rarely
explored in the tau literature so far (but see [17–19]). In a recent letter [20], we have
embarked onto an unprecedented comprehensive analysis of the BSM reach of hadronic tau
decays. That analysis was based on an effective field theory (EFT) approach to new physics
in charged-current interactions [21, 22], rooted in the broader framework of the Standard
Model EFT (SMEFT) [23]. In ref. [20] we performed a quantitative analysis of non-strange
inclusive and exclusive τ decays and showed that the resulting constraints on the EFT
parameters (Wilson coefficients) encoding new physics are very competitive and quite
complementary to the ones obtained from electroweak precision observables and the LHC.

With the present manuscript we continue our study of hadronic τ decays as probe of
new physics. First, we provide the fine-grained details that led to the results in ref. [20],
which we update with improved calculations and with current values for the experimental
and theoretical inputs. We also extend the framework to the strange sector, which leads to
novel results, in particular for the inclusive τ → s decays. Finally, we combine our results
for strange and non-strange hadronic tau decays with the results obtained with d→ u`ν`
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and s → u`ν` transitions in ref. [24] (which we update to include recent developments).
This exercise leads us to the most comprehensive analysis to date of new physics effects in
the charged-current transitions involving the light quarks. The combination is particularly
relevant to frame the possible BSM explanations to the Cabibbo anomaly together with
all the related low-energy observables. We provide the final combined likelihood for the
low-scale EFT Wilson coefficients and perform a first exploration of some of the preferred
directions in the space of BSM couplings.

The paper is organized as follows. In section 2 we briefly introduce the theoretical
framework that we use in the rest of this work. The phenomenological study starts in
section 3, where we apply the formalism to translate updated results in τ → πντ ,Kντ
decays into new physics bounds. The sensitivity of two-hadron decays to potential new
physics effects is studied in section 4, with special emphasis on those channels for which
the limitations on the predictive power can be overcome, τ → ππντ , τ → ηπντ and, up to
a certain extent, τ → Kπντ . In section 5 we discuss inclusive tau decays. We extend the
traditional SM framework, based on dispersion relations, to describe also potential new
physics effects. We study the associated phenomenology, including improvements of the
results of ref. [20] and extension to the inclusive strange sector. We recapitulate the obtained
τ bounds and perform the combination with the d → u`ν` and s → u`ν` transitions in
section 6, where we also show some important applications of the combined likelihood. Our
final conclusions and remarks are given in section 7. Additional technical details and results
are shown in appendices.

2 Theoretical framework

We work in the framework of a low-energy EFT where the degrees of freedom are the light
quarks (u, d, s), charged leptons (e, µ, τ), neutrinos (νe, νµ, ντ ), gluon, and photon. The
remaining particles of the SM have been integrated out, in particular the surviving gauge
symmetry is U(1)em × SU(3)C . We assume the absence on any exotic degrees of freedom
with masses below ∼ 2GeV; in particular we do not consider right-handed neutrinos here.
This framework is referred to as the WEFT (or WET, or LEFT) in the literature. For the
sake of this paper we focus on the subset of the Lagrangian describing the leading order
effective charged-current weak interactions between quarks and leptons. We parametrize
these interactions as [21]:1

Leff =−GµVuD√
2

[(
1+εD`L

)
¯̀γµ(1−γ5)ν` ·ūγµ(1−γ5)D+εD`R ¯̀γµ(1−γ5)ν` ·ūγµ(1+γ5)D

+¯̀(1−γ5)ν` ·ū
[
εD`S −εD`P γ5

]
D+ 1

4 ε̂
D`
T

¯̀σµν(1−γ5)ν` ·ūσµν(1−γ5)D
]

+h.c., (2.1)

where D = d, s is the down-type quark flavor, ` = e, µ, τ is the lepton flavor, and σµν =
i [γµ, γν ]/2. The normalization is provided by the Fermi constant Gµ = 1.16638×10−5 GeV−2

1We have not included wrong-flavor neutrino interactions [22]. These do not interfere with the SM
amplitude and thus contribute to the observables only at O(ε2X), except in neutrino oscillation observables [25].
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measured in muon decay. Vud and Vus are elements of the unitary CKM matrix, and they
are positive and real by convention. Consequently, the two are not independent, but instead
are tied by the unitarity relation V 2

ud + V 2
us = 1.2 The effects of physics beyond the SM are

parametrized by the Wilson coefficients εq`X . The main goal of this paper is to derive novel
constraints on new physics in the tau sector, and construct a likelihood function for εDτX .

The Wilson coefficients εDτX are renormalization scale and scheme dependent [27].
Numerical values shown in this work are obtained at µ = 2 GeV in the MS scheme. This
choice is convenient mainly because it is the standard one used by the lattice community to
give their results, which we use as inputs in our approach. Note that εD`X are in general
complex parameters, but the sensitivity of the observables considered in this work to their
imaginary parts is very small (with some exceptions that will be mentioned explicitly).
Thus, the results hereafter implicitly refer to the real parts of εD`X , unless otherwise stated.
We added a hat on the tensor Wilson coefficient to stress the fact that it differs by a factor
of four with the notation of our previous work on tau decays [20]. The normalization used
in this work is such that BSM models producing tensor interactions give typically similar
contribution to ε̂D`T , εD`S and εD`P [28, 29].

In the presence of general new physics, observables never probe the CKM elements
directly. Instead, they always probe certain combinations of VuD and εD`X . For this reason it
is convenient to define “polluted” CKM elements that relate in a more straightforward way
to observables, and which can be assigned numerical values based on available experimental
data [30]. We define

V̂uD =
(
1 + εDeL + εDeR

)
VuD . (2.2)

The point of this definition is that the vector currents coupling electrons to light quarks
depend only on V̂uD and not on εD`X . Consequently, V̂ud and V̂us can be readily extracted,
respectively, from nuclear decays and K → πeνe [24]. In our analysis of hadronic tau decays
we will use the numerical values

V̂ud = 0.97386(40) , V̂us = 0.22306(56) . (2.3)

These values are extracted from d→ ueν̄e transitions and Ke3 decays (taking into account
possible nonstandard effects), as explained in detail in section 6.2.

3 τ → πντ ,Kντ

The single-hadron channels, τ → πντ ,Kντ , are the only hadronic decays of the tau lepton
that are widely perceived as sensitive new physics probes (see e.g. refs. [1, 31]), especially
through “theoretically clean” ratios such as Γ(τ → πντ )/Γ(π → µνµ) where the main QCD
contributions cancel. The separate branching ratios are also powerful probes because the
QCD effects are captured by a single quantity, the pion and kaon decay constants fπ,K ,
which can be calculated accurately in lattice QCD [10].

2More precisely V 2
ud + V 2

us + |Vub|2 = 1 but, given |Vub| = 3.82(24)× 10−3 [26], Vub has a negligible effect
on this relation.
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The width of these channels in the presence of non-standard interactions is given by [32]

Γ(τ → Pντ ) =
m3
τf

2
PG

2
µ|V̂uD|2

16π

(
1− m2

P

m2
τ

)2

(1 + δ
(P )
RC )

(
1 + 2 δ(P )

BSM

)
(3.1)

= Γ̂(τ → Pντ )SM
(
1 + 2 δ(P )

BSM

)
, (3.2)

where
δ

(P )
BSM = εDτL − εDeL − εDτR − εDeR −

BD
0

mτ
εDτP . (3.3)

Here D = d, s for P = π,K respectively, BD
0 is a short notation for the ratio m2

P /(mu+mD),
fP is the pseudoscalar decay constant, and δ(P )

RC are the radiative corrections (RC). The hat
in Γ̂(τ → πντ )SM reminds that the “polluted” CKM element V̂uD was used. Let us note
that the huge chiral enhancement of the pseudoscalar piece in π(K)→ `ν` is not present
here due to the large tau mass (BD

0 /mτ ∼ 1).
Combining the PDG values of the branching ratios (BR) with the tau lifetime [26] we

find the following experimental values

Γ(τ → πντ )exp = 2.453(12)× 10−13 GeV , (3.4)
Γ(τ → Kντ )exp = 1.578(23)× 10−14 GeV , (3.5)

with a 4.2% correlation that we will take into account. The 0.5% uncertainty in τ → πντ is
dominated by the BR error, but with a small contribution from the lifetime error, whereas
the 1.4% error in τ → Kντ is entirely dominated by the BR error.

For the calculation of the SM prediction, we use fK±/fπ± = 1.1932(21) [10, 33–43] and
fπ± = 130.2(8)MeV [10, 37, 38, 40] For the radiative corrections we use δ(π)

RC = +1.94(61)%
and δ(K)

RC = +2.04(62)% which we obtain by combining the recent calculation of the RC
to the ratio τ → Pντ/P → µνµ [44] and those to P → µνµ from chiral perturbation
theory [45, 46]. We see that the RC themselves cannot be neglected, but their uncertainties
are subleading compared with the fP and experimental ones. Altogether we find

Γ̂(τ → πντ )SM = 2.458(34)× 10−13 GeV , (3.6)
Γ̂(τ → Kντ )SM = 1.584(24)× 10−14 GeV , (3.7)

with a correlation of ρ = 0.73.
Putting the SM and experimental results together gives the following 68% CL results

δ
(π)
BSM = εdτL − εdeL − εdτR − εdeR −

Bd
0

mτ
εdτP = −(0.9± 7.3)× 10−3 , (3.8)

δ
(K)
BSM = εsτL − εseL − εsτR − εseR −

Bs
0

mτ
εsτP = −(2± 10)× 10−3 , (3.9)

with a 51% correlation. The small difference in the τ → πντ constraint with ref. [20] is
due to the new input used for the radiative corrections [44]. The slightly smaller error in
ref. [47] for the τ → Kντ constraint is obtained using the fK± FLAG average. The latter
includes calculations where the QCD scale is set using the experimental fπ± value, which is
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polluted by BSM effects in the general EFT setup. For this reason we have used instead
the lattice calculations of fπ± and fK±/fπ± as inputs in our analysis.

Equivalently, the new physics bounds obtained above are simply the result of comparing
the value of Vud (Vus) obtained from τ → πντ (Kντ ) with V̂ud and V̂us, which are obtained
from d→ ueν̄e transitions and Ke3 decays. More explicitly:

V τ→Kν
us = V̂us

(
1 + δ

(K)
BSM

)
, (3.10)[

Vus
Vud

] τ→Kν
τ→πν

= V̂us

V̂ud

(
1 + δ

(K)
BSM − δ

(π)
BSM

)
. (3.11)

Thus, our results make it possible to understand which specific BSM effects we are probing
when we compare these different Vus extractions.

We discuss now briefly the uncertainty sources. The error decomposition for the
τ → πντ bound is

7.3× 10−3 =
(
2.5exp ± 6.1fπ± ± 3.0RC ± 0.4V̂ud

)
× 10−3 , (3.12)

i.e., the error is dominated by the fπ± uncertainty. Improved future determinations of this
quantity are therefore crucial to search for new physics in this process.

The error decomposition for the τ → Kντ bound is

10× 10−3 =
(
7.2exp ± 6.1fπ± ± 3.0RC ± 2.5V̂us ± 1.8fK±/fπ±

)
× 10−3 , (3.13)

i.e., in this channel the experimental error dominates, but closely followed by the fK±
(via fπ±) uncertainty. Thus, a combined experimental and lattice effort is needed to make
significant progress in the BSM bound from τ → Kντ given above. Finally we note that
the RC and V̂us errors are also not negligible.

Let us stress that the analysis above includes the ratio Γ(τ → Kντ )/Γ(τ → πντ ), fully
taking into account that its SM prediction is better known thanks to the precise lattice
calculation of the fK±/fπ± ratio. This is indeed the origin of the significant correlation
between the bounds in eq. (3.8) and eq. (3.9). We note that a further reduction in the
fK±/fπ± uncertainty will have a minor impact in the BSM bounds above. This is in contrast
with meson decays, where experimental measurements are more precise and the fK±/fπ±
uncertainty plays a major role.

Likewise, once we combine the above tau-decay bounds with those obtained from
pion and kaon decays, which we will do in section 6, our final likelihood will take into
account that stringent BSM constraints can be obtained from “theoretically clean” ratios of
observables where the fπ,K dependence cancels out, such as Γ(τ → πντ )/Γ(π → µνµ). This
is once again reflected in significant correlations between tau and meson decay bounds due
to common fπ,K uncertainties.

Let us briefly discuss the expected impact of future lattice calculations and new data
from facilities such as Belle-II. Major improvements are not expected in fπ,K [48], in part
because decreasing further the scale setting error is challenging, and in part because of
a lack of motivation. Our results show that the latter is actually not a good reason and
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we encourage efforts to improve these quantities, which would also improve BSM bounds
(or Vus determinations) extracted from K → µνµ. Nonetheless we expect some modest
improvement. Improvements in the experimental determination of the τ → πντ (Kντ )
branching ratio seem also possible with the arrival of Belle-II (or even with the existing
BaBar and Belle data, see e.g. ref. [49]). Indeed the current PDG result is dominated by a
BaBar measurement [50].

4 τ → PP ′ντ

The decay of τ into two pseudoscalar mesons (τ− → ντP
−P

′0) is mediated in the SM by
the vector current. In presence of new physics, scalar and tensor operators can contribute
as well. The relevant hadronic matrix elements can be parametrized in terms of appropriate
from factors as follows [1] (as usual, D stands for a down-type quark, d or s)

〈P−P ′0|D̄γµu|0〉 = CPP ′

{(
p− − p0 −

∆PP ′

s
q

)µ
FPP

′
V (s) + ∆PP ′

s
qµ FPP

′
S (s)

}
(4.1)

〈P−P ′0|D̄u|0〉 = −CPP ′
∆PP ′

mD −mu
FPP

′
S (s) (4.2)

〈P−P ′0|D̄σµνu|0〉 = −i
(
pµ−p

ν
0 − pν−p

µ
0

)
FPP

′
T (s) , (4.3)

where pµ− and pµ0 are the momenta of the charged and neutral pseudoscalars, qµ = (p−+p0)µ
and s = q2. In the matrix element of the vector current, the two Lorentz structures
correspond to JP = 1− and 0+ transitions. The scalar contribution is suppressed by the
mass-squared difference ∆PP ′ = m2

P− −m
2
P ′0

because the vector current is conserved in the
limit of equal quark masses. The normalization coefficients CPP ′ (chosen so that the vector
form factor satisfies FPP ′V (0) = 1, except for the πη one, which vanishes in the isospin limit)
are given by:

Cππ = Cπη =
√

2 , CKK̄ = −1 , CKπ = 1√
2
, CπK̄ = −1 , CKη8 =

√
3
2 . (4.4)

New physics effects modify the τ− → ντP
−P

′0 decay rate in several ways: (i) εDτL + εDτR
(the shift in the vector current) modifies the overall normalization; (ii) the effect of the
tensor coupling ε̂DτT cannot be absorbed in any SM piece and contributes with a different
kinematic dependence; (iii) finally, the effect of the scalar coupling εDτS can be absorbed
in the redefinition FS(s) → FS(s)(1 + εDτS s/(mτ (mD − mu)). Explicitly, the hadronic
invariant-mass distribution including new physics effects to first order is given by [18, 32, 51]

dΓ
ds

=
[
dΓ̂
ds

]
SM

(
1+2(εDτL +εDτR −εDeL −εDeR )+aS(s)εDτS +aT (s) ε̂DτT +O(ε2)

)
(4.5)

[
dΓ̂
ds

]
SM

=
G2
µ|V̂uD|2m3

τ

768π3 Shad
EW C2

PP ′

(
1− s

m2
τ

)2

×
{(

1+2 s

m2
τ

)
λ

3/2
PP ′ |F

PP ′
V (s)|2+3 ∆2

PP ′

s2 λ
1/2
PP ′ |F

PP ′
S (s)|2

}
, (4.6)
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aS(s) =
6|FS(s)|2 s∆2

PP ′
(mD−mu)mτ

3|FS(s)|2∆2
PP ′+|FV (s)|2(1+2 s

m2
τ
)λ(s,m2

P ,m
2
P ′)

(4.7)

aT (s) = 3
cPP ′

s
mτ

Re(FV (s)F ∗T (s))λ(s,m2
P ,m

2
P ′)

3|FS(s)|2∆2
PP ′+|FV (s)|2(1+2 s

m2
τ
)λ(s,m2

P ,m
2
P ′)

, (4.8)

where λPP ′ ≡ λ(s,m2
P− ,m

2
P ′0)/s2 and the hat in [dΓ̂/ds]SM indicates, once again, that the

V̂ud value was used.3 Shad
EW = 1.0157(3) accounts for the short-distance electroweak correc-

tions [52–54]. Long-distance electromagnetic corrections and isospin-breaking contributions
are channel dependent and have been studied for the ππ [55, 56] and Kπ [57, 58] final
states. Additional angular and kinematic distributions (which have not been measured yet)
have been presented in refs. [18, 51] including BSM effects. We next discuss the new physics
constraints that can be obtained in various channels.

4.1 τ → ππντ

This channel has sensitivity only to the vector (εdτL + εdτR ) and the tensor (ε̂dτT ) contributions,
due to the fact that aS(s) ∼ ∆ππ/s� 1 across the whole physical region 4m2

π < s < m2
τ .

Therefore, the expressions in eq. (4.5) reduce to:[
dΓ̂ππ
ds

]
SM

=
G2
µ|V̂ud|2m3

τ

384π3 Shad
EW

(
1− s

m2
τ

)2 (
1 + 2 s

m2
τ

)
λ3/2
ππ |F ππV (s)|2 GEM (s) (4.9)

aT (s) = 3√
2

Re (F ππV (s)F ππ∗T (s))
|F ππV (s)|2

s
mτ

1 + 2 s
m2
τ

(4.10)

where GEM (s) represents the long-distance radiative corrections [55]. In order to constrain
the BSM couplings, one needs to know the vector form factor F ππV (s) (controlling the SM
amplitude) and tensor form factor F ππT (s) (controlling the “BSM leverage arm” aT (s)).
The uncertainty in F ππV (s) ultimately limits the strength of the bounds on BSM couplings,
while the requirement on the uncertainty on F ππT (s) is less stringent. Since F ππV,T (s) involve
non-perturbative QCD dynamics, they are hard to predict in a model-independent way,
and we discuss below our strategy to obtain reliable form factors.

Extracting F ππV (s) from the ππ invariant mass distribution in τ → ππντ is not feasible
at the moment, as this distribution is potentially contaminated by new physics contributions.
We note, however, that F ππV (s) can be extracted from the process e+e− → π+π−, after the
proper inclusion of isospin-symmetry-breaking corrections (see refs. [59–62] and references
therein). The crucial point here is that new physics effects (associated with the scale
Λ � 2 GeV) can be entirely neglected in e+e− → π+π− at energy

√
s � Λ due to the

electromagnetic nature of this process. In this context one can benefit from past studies
that exploited this isospin relation to extract from both τ → ππντ and e+e− → π+π− data
the ππ component of the lowest-order hadronic vacuum polarization contribution to the
muon g− 2, usually denoted by ahad,LO

µ [ππ]. (This approach implicitly assumes the absence
of BSM effects, which however may contaminate the τ data.) While these studies entail an

3The Källén function is defined as usual: λ(x, y, z) ≡ x2 + y2 + z2 − 2xy − 2xz − 2yz.
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extraction of F ππV (s) by averaging various e+e− datasets, here we chose not to use the full
spectral information but rather perform a simpler analysis based on the particular weighted
integrals of dΓππ/ds, corresponding to ahad,LO

µ [ππ].
We begin by defining

aτµ ≡
∫ m2

τ

4m2
π

ds Waµ(s) dΓππ
ds

, (4.11)

where the weight factor Waµ(s) is [63–65]

Waµ(s)≡ 32πα2
0

G2
µ|V̂ud|2m5

τ

(
s

m2
τ

(
1− s

m2
τ

)2(
1+ 2s

m2
τ

))−1 ∫ 1

0
dx

x2(1−x)
x2+ s

m2
µ

(1−x) ξ(s) , (4.12)

where α0 is the fine structure constant and ξ(s) encodes the radiative corrections and isospin
breaking effects [55, 59, 66–68].

In absence of new physics, the spectral integral defined by aτµ gives the ππ component
of the lowest-order hadronic vacuum polarization contribution to the muon g − 2, namely
ahad,LO
µ [ππ]. Moreover, still assuming no BSM contributions, aτµ should coincide within

errors with the corresponding quantity aeeµ obtained from e+e− → π+π− data, assuming
isospin-breaking effects and their uncertainty are properly taken into account.

On the other hand, in presence of new physics one has

aτµ =
∫ m2

τ

4m2
π

ds Waµ(s)
(
dΓ̂ππ
ds

)
SM
×
(

1 + 2(εdτL + εdτR − εdeL − εdeR ) + aT (s) εdτT
)

= aeeµ

(
1 + 2(εdτL + εdτR − εdeL − εdeR )

)
+ ε̂dτT

∫ m2
τ

4m2
π

ds Waµ(s) dΓ̂ππ
ds

aT (s) , (4.13)

which leads to
aτµ − aeeµ

2 aeeµ
= εdτL − εdeL + εdτR − εdeR + cT ε̂

dτ
T (4.14)

cT = 1
2

∫m2
τ

4m2
π
ds Waµ(s) dΓ̂ππ

ds aT (s)∫m2
τ

4m2
π
ds Waµ(s) dΓ̂ππ

ds

. (4.15)

To estimate the coefficient cT multiplying εT in eq. (4.14), we use a relatively simple
form of the vector form factor based on analyticity, unitarity, chiral symmetry, and the high-
momentum asymptotic behavior of QCD [69], as well as a dispersive parameterization based
on data (see ref. [70] and references therein).4 We treat the tensor form factor as follows:

• First, we assume that the proportionality of the tensor and vector form factors,
which is exact in the elastic region [19, 51], holds over the whole s region allowed by
kinematics, namely

F ππT (s) = F ππT (0)F ππV (s) . (4.16)

Note that this proportionality also holds in the resonance chiral theory framework [71],
assuming dominance of the lowest lying state. Since in the elastic region s ≤ 1GeV2

4At the precision needed we can ignore isospin-breaking and new physics contaminations.
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the form factors F ππV,T (s) are dominated by the ρ resonance and fall off rapidly for
s > 1GeV2, this approximation is quite reasonable (see ref. [1] and references therein).
Moreover, since the weight Waµ(s) falls off rapidly with s, the s > 1GeV2 region, likely
to involve inelastic effects, contributes only about 2% to the integrals in eq. (4.15).
Variations due to different parameterizations of the vector form factors are also at the
few per-cent level. Based on this, we conservatively assign a 10% uncertainty to cT ,
due to inelastic effects.

• Second, we use the lattice QCD result of ref. [72] for FKπT (0) and the SU(3) rela-
tion F ππT (0) = 2FKπT (0) to determine F ππT (0) = 1.87(7)GeV−1,5 consistently with
ref. [73]. The relative sign F ππT (0)/F ππV (0) > 0 can be fixed by studying the ratio
of form factors in the resonance chiral theory and imposing the appropriate QCD
asymptotic constraints [74, 75]. Overall, the form factor normalization brings in
another uncertainty of about 3.5% for cT . Combining linearly the two uncertainties
in cT , we arrive at cT = 0.43(8).

In order to use eq. (4.14) to bound the new physics couplings, we need precise input
on aτµ and aeeµ . For aeeµ , in the spirit of ref. [68] we merge the two model-independent
evaluations of refs. [76, 77] quoting conservative uncertainties according to the prescription
of ref. [68],6 finding aeeµ = (506.1± 1.9exp ± 2.8syst)× 10−10. For aτµ we use as baseline value
the data-based evaluation aτµ = (516.2± 3.6)× 10−10 from ref. [59]. With the above input
we find

εdτL − εdeL + εdτR − εdeR + 0.43(8) ε̂dτT = (10.0± 4.9)× 10−3, (4.17)

which implies a sub-percent level sensitivity to new physics effects.7 The ∼ 2σ tension
with the SM reflects the long-standing disagreement between e+e− and τ data sets [60].
Ref. [62] argued that this disagreement can be removed by considering the effect of ρ0-γ
mixing, which is present in e+e− → ππ data but not in the charged-current τ data. This
effect is however model-dependent and may be impacted by significant uncertainties, not yet
assessed [68]. We therefore stick with the analysis of ref. [59] and expect that lattice QCD
will soon provide new insights on the size and uncertainty of isospin-breaking corrections
entering in aτµ [68, 79].

We note that another constraint on new physics couplings can be obtained by studying
the branching ratio Bππ = Γ(τ → ππντ )/Γτ [1, 62, 67]. The analysis parallels the one
described above, with the replacements aµ → Bππ and Waµ(s)→ 1/Γτ in eqs. (4.11)–(4.15),
and uses the isospin-rotated spectral function extracted from e+e− → ππ data. The
resulting constraint, however, is almost degenerate to eq. (4.17) and suffers from larger

5Note that ref. [72] uses a different normalization for the tensor form factor.
6Explicitly, the prescription is: (i) use as central value the arithmetic mean of the two results; (ii) assign

as ‘experimental error’ the largest of the two quoted experimental errors; (iii) assign as ‘systematic error’
the uncertainty related to the tension between the BABAR and KLOE data [68, 76].

7A similar but more conservative treatment of isospin breaking corrections (for which the associated
uncertainties are estimated to be more than 50% of their total size) is performed in ref. [78], leading to
aτµ = 514.6 +5.7

−4.8. This value leads to εdτL − εdeL + εdτR − εdeR + 0.43(8) ε̂dτT = (8.4± 6.4)× 10−3, not changing
the qualitative result of sub-percent sensitivity to new physics couplings.
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uncertainties because the flat weight corresponding to the BR samples a region of the
spectral function with relatively larger uncertainties. We therefore do not include this
constraint in our analysis.

We conclude this subsection by noting that the constraint obtained above can be
strengthened by directly looking at the s-dependence of the spectral functions (instead of
the aτµ integral), which would also allow us to disentangle the vector and tensor interactions.
Moreover, note that the aτ,eeµ uncertainties include a scaling factor due to internal inconsis-
tencies of the various datasets [60], which hopefully will decrease in the future. In fact, new
analyses of the ππ channel are expected from CMD3, BABAR, and possibly Belle-2 [60, 61].
Finally, lattice QCD calculations of the isospin rotation needed to relate e+e− → π+π− to
τ → ππντ data are being performed [79], and will contribute to reducing the uncertainty in
this step of our analysis. All in all, we can expect a significant improvement in precision
with respect to the result in eq. (4.17) in the near future.

Another interesting possibility is to extract bounds on the tensor interaction from
its effect on the ππ invariant mass distribution in τ → ππντ [51]. We note that the
experimental data should be analyzed including simultaneously the tensor coefficient and
the free parameters of the vector form factor in the chosen parametrization. As an initial
exercise, ref. [51] analyzed the ππ distribution fitting only the tensor coupling and using
values for the QCD parameters that were obtained from the same ππ distribution neglecting
non-standard terms. The obtained per-mil level bound illustrates the maximum sensitivity
that can be obtained from a proper analysis.8

4.2 τ → πηντ

As pointed out in ref. [18] the τ → ηπντ channel can provide useful information since the
non-standard scalar contribution is enhanced with respect to the (very suppressed) SM one.
Because of this, one can obtain a nontrivial constraint on εdτS even though both SM and
BSM contributions are hard to predict with high accuracy.

The τ → πηντ decay mode proceeds only through isospin-violation in the SM (see
ref. [1] and references therein), with the branching fraction expected at the 10−5 level.
This mode has not yet been observed experimentally and we use the experimental limit on
the branching fraction to bound the BSM couplings. Following ref. [18] we write the new
physics dependence of the branching ratio in the form

BRexp(τ → ηπντ )
B̂RSM(τ → ηπντ )

= 1 + α εdτS + γ (εdτS )2 , (4.18)

where the SM prediction B̂RSM(τ → ηπντ ) is estimated to be in the interval [0.3, 2.1] ×
10−5 [80]. The coefficients α and γ are estimated to be in the ranges α ∈ [3, 8]× 102 [18]
and γ ∈ [0.7, 1.75]× 105 [81]. These large coefficients can be understood by recalling that
for this decay mode aS(s) ∼ s/(mτ (md − mu)). Exceptionally we retain the quadratic

8Let us note a possible weakness of this approach. Since the current parametrizations of the form factors
are not fully derived from first principles, it can become challenging to assess whether a potential deviation
from data really comes from new physics or from an incomplete parametrization.
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terms in εdτS , because it dominates in the parameter region where the bound is set. On
the other hand, we ignore the dependence on εdτL , εdτR , and ε̂dτT , because their coefficients
are not enhanced, and thus their effects are irrelevant given the current experimental and
theoretical precision. We use the experimental limit BRexp(τ → ηπντ ) < 9.9 × 10−5 at
95% CL [26, 82]. Using the most conservative values for the SM prediction, as well as for α
and γ (within their respective ranges), we find the 68% CL interval:

εdτS ∈ (−0.021, 0.010). (4.19)

The likelihood is highly non-gaussian due to the quadratic dependence. The bound above
is much weaker than the one obtained in the original work of ref. [18] because the latter did
not take into account the large theory uncertainties affecting the SM prediction and the α
and γ parameters.

The bounds from τ → πηντ will significantly improve if theory or experimental un-
certainties can be reduced. The latter will certainly happen with the arrival of Belle-II,
which is actually expected to provide the first measurement of the SM contribution to this
channel [83–85] (see also ref. [86] for Belle results). Improvement on the theoretical side will
be possible with lattice QCD calculations of the relevant form factors. Finally, note that
τ → πηντ is one of two probes considered in this work with a significant sensitivity (via
O(ε2S) effects) to the imaginary part of εDτX coefficients (the other probe being τ → Kπντ ,
sensitive to Imε̂sτT ). Allowing for a complex εDτX , the bound in eq. (4.19) refers to the real
part, and simultaneously we obtain |Im

(
εdτS

)
| < 0.014.

4.3 τ → Kπντ

For this ∆S = 1 mode the situation is more involved compared to the analogous ∆S = 0
case (τ → ππντ ). The SM amplitude is controlled by the vector from factor FKπV (s) and
a small but now non-negligible contribution from the scalar form-factor FKπS (s), which
contributes to the decay rate at the % level. Once BSM couplings are turned on, the
channel τ → Kπντ is mostly sensitive to the vector combination εsτL+R − εseL+R and the
tensor coupling ε̂sτT . So to obtain %-level bounds one needs %-level predictions of FKπV (s)
and a less precise determination of the scalar and tensor form factors FKπS,T (s) as well.

For the tensor form factor, as shown in ref. [19], in the elastic region unitarity enforces
the proportionality FKπT (s) = FKπT (0)FKπV (s). This relation can be extended to the whole
physical region to a good approximation, due to the dominance of the elastic channel
through the K∗(892) resonance. In fact, O(1) violation of the above relation are expected
in the K∗(1410) region, where however both kinematics and the fall-off of FKπV (s) conspire
to make the effect only a few % [19]. So the problem is reduced to obtaining a reliable and
BSM-free parameterization for the vector and scalar form factors.

One possible way to achieve precise determinations of FKπV,S (s) is to use dispersion
parameterizations available in the literature (see for example ref. [57] and references therein)
and fix the subtraction constants and other parameters by matching to lattice QCD, rather
than fitting to τ → Kπντ data. This removes the possible BSM contamination at the price
of probably having larger uncertainties. Reaching %-percent level bounds on the BSM
couplings with this approach might not be possible anytime soon.
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Another possibility would be to invoke the same strategy used for the τ → ππντ channel
and use e+e− data (through an SU(3) rotation) to obtain the vector from factor, neglecting
the %-level contribution from the scalar form factor. The main error here would be the
SU(3)-breaking corrections and a bound on the new physics coefficients at the level of
O(0.1) could be possible.

Using one of the approaches outlined above, one should be able to obtain constraints on
Re(εsτi ) at the 5–10% level. Such an analysis is however beyond the scope of this paper and
we leave it to future work. On the other hand, we note that the CP-violating component
Im(ε̂sτT ) could produce a BSM contribution to the CP asymmetry in τ− → KSπ

−ντ , whose
measured value [87] is in tension with the SM prediction [88, 89] at the 2.8-σ level. As
shown in ref. [19], explaining the tension would require |Im(ε̂sτT )| ∼ 0.20, while the neutron
EDM provides via loop effects a much stronger bound at the level of |Im(ε̂sτT )| . 4× 10−5.

Finally, one can extract bounds on the scalar and tensor interactions from their effect
on the Kπ invariant mass distribution [90, 91]. As in the τ → ντππ channel, we note that
the experimental data should be analyzed including simultaneously the nonstandard terms
and the free parameters of the vector and scalar form factors in the chosen parametrization.
The ∼ 1%-level bounds obtained in refs. [90, 91] in a BSM fit (without fitting the QCD
parameters simultaneously) illustrate the maximum sensitivity that can be obtained from a
proper analysis (see however footnote 8).

It is particularly simple and interesting to discuss the τ → ντKπ channels when εsτS,T = 0.
In that case, the SM extraction of the form factors from normalized kinematic distribution
is correct. Thus, we can use the associated SM prediction of the BRs [57] to constrain the
vector combination of couplings, which simply produces an overall rescaling:

BR(τ → ντKπ)exp = B̂R(τ → ντKπ)SM
(
1 + 2εsτL+R − 2εseL+R

)
(4.20)

where B̂RSM is the SM prediction calculated using |V̂us| from Ke3 [57]. Using the experi-
mental values from ref. [14] and combining the τ → ντK

−π0 and τ → ντ K̄
0π− channels,

we find:

εsτL+R − εseL+R + f(εs`S , ε̂s`T ) = −0.008± 0.019 , (4.21)

where f(εs`S , ε̂s`T ) (` = µ, τ) is just a symbolic term to remind us that we do not know the
form of the bound if those coefficients are present. The approach assumes implicitly that
εsµS,T = 0 because ref. [57] includes Kµ3-shape data in their analysis of the form factors.9 This
assumption could be avoided redoing the analysis of ref. [57] without including Kµ3-shape
data, which would lead to a larger SM uncertainty and hence a weaker BSM bound.

We close this section by noting that τ → ντK
−K0, ντK

−η, ντK
−η′ can be also used to

probe nonstandard interactions [91, 92], although large theoretical uncertainties prevent
the current extraction of stringent constraints.

9There’s no such problem with Ke3-shape data, since the linear contribution from chirality-flipping
operators is negligible in that case due to the smallness of the electron mass [24].
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5 Inclusive decays

In contrast with exclusive decays, the predictive power of analytic methods for inclusive
decays does not rely on our knowledge of the different form factors. Even when having
a limited theoretical knowledge about the hadronic dynamics, dependent on the internal
degrees of freedom, very precise predictions can be made when integrating over them. A
precise value for the strong coupling can be obtained from non-strange spectral functions [3–
5, 59], as well as valuable information from QCD in the non-perturbative regime (for
example see refs. [8, 9, 93]). Likewise, the same approach can be used to extract a precise
value of |Vus| from strange spectral functions [94, 95].

Following the change of perspective adopted in ref. [20] and in this work, we do not
take for granted the validity of the SM and use those theoretical methods to determine SM
parameters. Instead, we take them as external inputs that should come from determinations
insensitive to BSM effects within our general EFT assumptions (as it will be the case for
αs or fπ±), or from determinations where the BSM contamination is known in terms of
non-standard couplings (this will be the case for Gµ, Vud or Vus). The (dis)agreement
between the SM predictions of hadronic-tau-decays observables and the experimental results
can be then directly translated into bounds for the non-standard couplings.

5.1 Non-strange decays

The decay of a τ lepton into a neutrino and a hadronic state n with total momentum pn can
proceed through the various quark currents of the Lagrangian of eq. (2.1). The quantum
numbers of both the final hadronic states and the quark currents set useful restrictions
on the possible sources of those decays. In this section we work with final states without
strangeness, which can only be mediated by the nonstrange part (D = d) of the Effective
Lagrangian in eq. (2.1).

The hadronic invariant mass distribution of a hadronic τ decay (τ → n ντ ) can be
written as the product of a trivial leptonic part and a hadronic exclusive spectral function
that depends on the nonperturbative dynamics, namely [32]

dΓ(n)

dq2 =
∑
J1J2

LJ1J2(q)ρ(n)
J1J2

(q) , (5.1)

ρ
(n)
J1J2

(q) = (2π)3
∫
dφn δ

4(pn − q) 〈n|J1|0〉〈0|J†2 |n〉 , (5.2)

where qµ is the momentum transfer and dφn ≡
∏
i

d3pi
(2π)32Ei is the differential hadronic phase

space element and J1 and J2 are quark currents. It can be proven that the inclusive spectral
functions obtained summing over all possible channels, ρJ1J2(q) ≡∑n ρ

(n)
J1J2

, are equal to
the imaginary part of two-point correlation functions of quark currents [96–98]

ρJ1J2(q) = 1
π

ImΠJ1J2(q) , (5.3)

where
ΠJ1J2(q) ≡

∫
d4x e−iqx 〈0|T (J1(x) J†2(0))|0〉 . (5.4)
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As a result the inclusive differential decay width can be written in terms of a few correlators.
Finally, the analytic properties of the latter make possible to calculate integrated moments
of the former (dispersion relation).

A priori this important result applies only to the fully inclusive non-strange channel.
However, it is well-known that within the SM the same approach works as well for less
inclusive quantities, namely for the vector and axial components. Let us briefly review the
argument and extend it by including also non-standard currents. As shown in section 3,
vector, scalar and tensor currents do not contribute to the one-meson mode, τ → Pντ .
On the other hand, axial and pseudoscalar currents do not contribute to the two-meson
mode (τ → PP ′ντ ), whereas the scalar-current contribution is also absent in the isospin
limit, cf. section 4. For the rest of channels, one can make use of G-parity, a combination
of isospin and charge conjugation that forbids the production of the different hadronic
channels either through vector and tensor or through axial, scalar and pseudoscalar currents,
with the well-known exception of the πKK̄ modes, whose G-parity is not well-defined and
has to be decomposed using theoretical input, with the associated uncertainty. Thus, the
usual V and A separation made by experimental collaborations within the SM [59] can be
reinterpreted as a (V, T ) and (A,P, S) separation in our BSM setup.

Neglecting contributions of order (εdτi )2 leaves only the (V V, V T ) and (AA,AP,AS)
correlators in the so-called vector and axial channels, respectively. Additionally, the AS
correlator is zero due to parity considerations. Finally partial conservation of the axial
current relates the P matrix elements with the longitudinal parts of the A one, connecting
ΠAP (q) with the longitudinal part of ΠAA(q) [99]. Taking this into account we can calculate
the normalised invariant mass-squared distributions, dNV/A

τ /(Nτds) = ττ dΓV/A/ds, where
ττ is the tau lifetime. We find [32, 98]

dNV
τ

Nτds
=κd

(
1− s

m2
τ

)2
[(

1+ 2s
m2
τ

)
(1+2εdτL+R)ImΠ(1+0)

V V (s)+6 ε̂dτT
ImΠV T (s)
mτShad

EW

]
, (5.5)

dNA
τ

Nτds
=κd

(
1− s

m2
τ

)2
[(

1+ 2s
m2
τ

)
(1+2εdτL+R−4εdτR )ImΠ(1+0)

AA (s)

− 2s
m2
τ

(
1+2εdτL+R−4εdτR +εdτP

mτ

Shad
EW (mu+md)

)
ImΠ(0)

AA(s)
]
, (5.6)

where κd ≡ 12π|Vud|2B̂eSEW /m2
τ and εd`L+R ≡ εd`L + εd`R . The VV, AA and VT correlators

have been Lorentz-decomposed as follows:

i

∫
d4x eiqx 〈0|T [Jµ(x)Jν†(0)]|0〉 = (−gµνq2 + qµqν) Π(1)

JJ (q2) + qµqν Π(0)
JJ (q2) , (5.7)

i

∫
d4x eiqx 〈0|T [V µ(x)Tαβ†(0)]|0〉 = i(gµαqβ − gµβqα) ΠV T (q2) , (5.8)

where J = {V,A}, V µ = d̄γµu, Aµ = d̄γµγ5u and Tµν = d̄σµνu. In eq. (5.5) we also took into
account that ImΠ(0)

V V vanishes in the isospin limit. The factor SEW ≡ Shad
EW /S

lep
EW = 1.0201(3)

contains the renormalization-group-improved electroweak correction to the semileptonic
decay, including a next-to-leading order resummation of large logarithms [52–54]. Following
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the usual conventions, we include the radiative correction to the purely leptonic process
τ → eντ ν̄e, denoted by SlepEW , in the SEW factor as well as in the B̂e factor, defined by

B̂e ≡ Γ (τ → ντeν̄e(γ))SM ττ =
G2
µττ

192π3m
5
τS

lep
EW = 0.17778(31) , (5.9)

which in the SM limit corresponds with the branching ratio of the decay τ → eντ ν̄e(γ).
We remind that SlepEW =

(
1 + 3

5
m2
τ

M2
W

)(
1 + α(mτ )

2π

(
25
4 − π

2
))

up to negligible terms of order
m2
µ/M

2
W , m2

e/m
2
τ , and 2-loop corrections [1].

The large scale dependence of ε̂dτT [27] is cancelled in the expression above by that of
the V T correlator, which we study later in this work. On the other hand we will safely
approximate Shad

EW ≈ 1 in the tensor term.
Finally, taking into account that the spin-0 part of the axial correlator can be safely

approximated by the pion pole, one obtains the following predictions for the experimentally
extracted spectral functions ρexp

V/A(s):

ρexp
V (s)≡ dNτ,V

Nτds

m2
τ

12π2|V̂ud|2B̂eSEW

(
1− s

m2
τ

)−2(
1+ 2s

m2
τ

)−1

=
(
1+2εdτL+R−2εdeL+R

) 1
π

ImΠ(1+0)
V V (s)+6 ε̂dτT

(
1+ 2s

m2
τ

)−1 ImΠV T

πmτ
(s) , (5.10)

ρexp
A (s> sth)≡ dNτ,A

Nτds

m2
τ

12π2|V̂ud|2B̂eSEW

(
1− s

m2
τ

)−2(
1+ 2s

m2
τ

)−1

=
(
1+2εdτL+R−2εdeL+R−4εdτR

) 1
π

ImΠ(1+0)
AA (s) , (5.11)

where sth = 4m2
π is the continuum threshold. Note that the electron-flavor Wilson Coefficient

εdeL+R has appeared due to the use of the phenomenological value V̂ud, cf. eq. (2.3).
In the absence of BSM effects, the experimental spectral functions coincide with the

QCD spectral functions, 1
π Im Π(1+0)

V/A , as shown in eqs. (5.10)–(5.11). That is, of course, the
rationale for the standard experimental definition in terms of the differential distributions.
However, that relation is spoiled by new physics effects.

Eqs. (5.10)–(5.11) connect the accurately-known experimental distributions, ρexp
V/A(s),

the BSM Wilson Coefficients, and QCD correlation functions. As a consequence, precise
theoretical knowledge of the latter, which in principle only depend on αs and the quark
masses, would immediately translate into stringent BSM bounds. However, our theoretical
knowledge of the imaginary parts of the correlators is limited, since perturbative QCD is
known not to be valid below s ∼ 1 GeV2, especially in the Minkowskian axis, where the
experimental data lie. Fortunately, the situation is different for integrals of the imaginary
parts of the correlators, which can be calculated with accuracy using the Operator Product
Expansion (OPE) of the corresponding correlators ΠJJ ′ . This allows one to predict
theoretically the value of weighted integrals of the experimental spectral functions [100]. In
order to derive such dispersion relations, we integrate eqs. (5.10)–(5.11) multiplied by a
monomial weight function w(s/s0) = (s/s0)n, which gives

Iexp
V±A − I

SM
V±A = 2

(
εdτL+R − εdeL+R

)
ISM
V±A ∓ 4εdτR ISM

A + 6 ε̂dτT IV T , (5.12)
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where we have omitted the dependence on s0 (upper integration limit), n (the weight
function) and µ (renormalization scale) of the various Ii integrals to lighten the notation.
These objects are defined by

Iexp
J (s0;n) ≡

∫ s0

sth

ds

s0

(
s

s0

)n
ρexp
J (s) , (5.13)

ISM
J (s0;n) ≡

∫ s0

sth

ds

s0

(
s

s0

)n 1
π

Im Π(1+0)
J , (5.14)

IV T (s0;n;µ) ≡
∫ s0

sth

ds

s0

(
s

s0

)n (
1 + 2s

m2
τ

)−1 Im ΠV T

πmτ
(s) , (5.15)

where J = V,A, V ± A and once again sth = 4m2
π. The master formula in eq. (5.12) and

the Ii definitions can be trivially generalized to any analytic weight function.
The Iexp

V±A integrals are calculated using the latest ALEPH spectral functions [59] and
represent the experimental input in our analysis. We take into account in this work the
correlations between bins and between channels.

For the calculation of the SM prediction, ISM
V±A, we follow the standard approach [3]:

the integral of the imaginary part of the correlator along the real axis is related to the
contour integral of the OPE of the correlator, which is a function of the strong coupling
constant αs, the quark masses and the so-called QCD vacuum condensates O2n. As a result
of that calculation one obtains

ISM
V+A(s0;n) = −

f2
π±

s0

(
m2
π

s0

)n
+ 2A(n)

P (s0)−
OV+A

2(n+1)
(−s0)n+1 + δDV

V+A(s0;n) , (5.16)

ISM
V−A(s0;n) = +

f2
π±

s0

(
m2
π

s0

)n
−
OV−A2(n+1)

(−s0)n+1 + δDV
V−A(s0;n) . (5.17)

The details of this derivation as well as those associated to the calculation of each term in
eqs. (5.16)–(5.17) are presented in appendix A.1. Here we simply discuss the main elements
of these expressions in a qualitative way:

• A
(n)
P (s0) is the purely perturbative contribution, which is only present in the V +A

channel. We calculate it using αs(M2
Z) = 0.1184(8) from the lattice [10, 101–108].

• The O2(n+1) condensates parametrize the small non-perturbative contributions from
the OPE power corrections, and their numerical values will be discussed below.
δDV
V±A(s0;n) denotes the so-called quark-hadron Duality Violations, which parameterize
the error introduced by approximating the correlator by its OPE. These contributions
are small for large s0 values and will be estimated from the s0-dependence of the
dispersive relation.

• Finally, it is worth mention the origin of the fπ± terms in the SM predictions, which
might be surprising since the observables, Iexp

V±A, do not include the one pion channel
(the integral starts at sth = 4m2

π). Its contribution appears nonetheless in the SM
prediction, ISM

V±A, due to the analytic properties of the correlators, which relate
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different regions in the complex plane. Equivalently, we have to substract the one-pion
channel (the fπ± term) because the dispersive method predicts the total non-strange
integral. We use the Nf = 2 + 1 lattice average fπ± = 130.2(8) MeV [10], from
refs. [37, 38, 40], as in section 3.

Now we discuss the calculation of the nonstandard terms, i.e., the ones in the r.h.s. in
eq. (5.12). First we note that, up to quadratic BSM contributions, we can approximate
ISM
J ≈ Iexp

J , which we calculate using the ALEPH data [59].10 The experimental error is
typically around 1% and thus its impact on the nonstandard terms can be neglected. Finally,
the coefficient of the tensor contribution, IV T , is calculated using a dispersion relation, in
analogy to the SM contribution (see appendix A.2). The IV T error is more significant and
will be kept in the analysis.

It is convenient to work with the V +A and V −A channels (instead of V and A) because
of their different characteristics. Namely, the V − A channel does not have perturbative
contributions and its dimension-4 condensate vanishes. In the following subsections, we
choose specific weights and s0 values that translate the generic master formula of eq. (5.12)
into specific constraints on BSM couplings. The choice of weights introduced in ref. [20] is
simple, allows the separation of non-perturbative and BSM effects, and produce four BSM
constraints sensitive to different theory uncertainties. As a result, correlations can be taken
into account properly. We decide not to introduce additional moments, which would spoil
these features and thus complicate the analysis.

5.1.1 V+A

The non-strange V +A inclusive channel has been thoroughly studied in the literature as a
QCD laboratory [3–5, 59, 109–128]. Those studies assume the absence of BSM contributions
and typically use several moments of the spectral function to extract the value of the strong
coupling constant αs and the lowest dimensional condensates OV+A

2d . new physics terms
have a weight dependence that is different to such QCD parameters, and thus we cannot just
re-interpret past SM analysis as BSM constraints. Instead, we have to do the analysis again
including this time BSM coefficients as free independent parameters. For that purpose, we
choose the following two weights:

ωτ (s) =
(

1− s

m2
τ

)2 (
1 + 2 s

m2
τ

)
, (5.18)

ω0(s) = 1 , (5.19)

which give the total hadronic branching ratio and the integral of the spectral function. As
we will see, the latter weight gives a relation where experimental and DV errors dominate,
whereas the uncertainties of perturbative and non-perturbative OPE contributions dominate
in the former case.

10In ref. [20] the ISM
J integrals were instead calculated theoretically using a dispersion relation, like in the

SM terms. Our current approach, ISM
J ≈ Iexp

J , gives a simpler and more precise estimate. The numerical
impact of this change on our final results will be negligible, since SM and experimental values are both
precisely known and in agreement.
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ωτ weight. The IV+A integral built with this weight and s0 = m2
τ is, up to some trivial

factors, nothing but the widely-studied total hadronic non-strange branching ratio (BV+A)
minus the one-pion one (Bπ), i.e.,

Iexp
V+A = 1

12π2|V̂ud|2SEW
BV+A −Bπ

B̂e
= 25.049(74)× 10−3 , (5.20)

where we used the HFLAV averages BV+A = 0.6183(10) for the inclusive BR and Bπ =
0.10804(52) for the single pion BR [14],11 which has to be removed because the lower
integration limit in the IV+A definition is sth = 4m2

π. A somewhat less precise value for
BV+A could be obtained by integrating the ALEPH spectral function. This would not have
any impact in the analysis, since theory errors are much larger than the experimental one,
as we discuss below.

On the theory side, the SM prediction is

ISM
V+A = −

f2
π±

m2
τ

ωτ (m2
π) + 2A(ωτ )

P (m2
τ ) + 1

4π2 δ
ωτ
NP , (5.21)

where AωτP = 15.10(13)pert(8)αs × 10−3 is the perturbative contribution. We have omitted
the DV term, which is expected to be negligible for this weight. On the other hand, δωτNP
encodes the small non-perturbative correction to the hadronic tau decay width, which is
suppressed by six powers of ΛQCD/mτ , namely

δωτNP = δωτ ,O6
NP + δωτ ,O8

NP ≡ −4π2
(

3O
V+A
6
m6
τ

+ 2O8,V+A
m8
τ

)
= 0.000± 0.015 , (5.22)

which we have estimated using (i) |δωτ ,O8
NP | < |δωτ ,O6

NP |; (ii) OV+A
6 < |OV−A6 |, which holds in

the vacuum-saturation approximation [100]; and (iii) the recent determination of the V-A
dimension-6 condensate, OV−A6 = −0.0029(5)GeV6 [93], which we discuss in section 5.1.2
in more detail.12

All in all, the resulting SM prediction is

ISM
V+A = 24.83(39)OPE(26)pert(16)αs(7)fπ± = 24.83(50)× 10−3 , (5.23)

which leads to the following new physics bound

0.0501
(
εdτL+R − εdeL+R

)
− 0.0380 εdτR + 0.025(8)ε̂dτT

= 0.22(39)OPE(26)pert(16)αs(7)fπ± (7)exp × 10−3

= 0.22(50)× 10−3 , (5.24)
11The HFLAV fit is carried out summing over hadronic channels [14]. Leptonic decays, which would

potentially contaminate the results with new physics effects, are not used to reduce uncertainties in that fit.
In Iexp

V+A we have neglected the correlation of Bπ and BV+A, which, given the large theory errors, has no
impact in our analysis.

12In ref. [20] a more naive dimensional estimate was used, namely |OV+A
2d | . (0.4 GeV)2d(d− 1)!, which

lead to a 2x larger uncertainty in δωτNP . This estimate is in agreement (although less precise) with the values
obtained in SM analyses, which extract these non-perturbative contributions from tau data using several
moments and assuming the absence of BSM effects, see e.g. refs. [4, 5, 59].
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where we see that the error is dominated by the perturbative and non-perturbative OPE
uncertainties. As discussed above, the numerical coefficients multiplying εd`L+R and εdτR
are calculated using ALEPH data [59], whereas in the ε̂dτT case we use IV T = 0.0041(13)
from table 3 in appendix A.2.

Integral of the V +A spectral function. This observable corresponds to the V +A

case with n = 0 in eq. (5.12). Its SM prediction is particularly simple because OV+A
2

vanishes (up to negligible quark mass corrections):

ISM
V+A = −

f2
π±

s0
+ 2A(n=0)

P (s0) + δDV
V+A(s0;n = 0) . (5.25)

We plot in figure 1 the difference between the experimental integral, Iexp
V+A, and its SM

value, ISM
V+A, for various s0 values. Note that only experimental uncertainties are shown

in the plot, but theory uncertainties are included as well in our analysis. Working with
s0 = 2.8 GeV2, which is the last point with not-too-large experimental uncertainty, we find

Iexp
V+A = 53.42(62)× 10−3 , (5.26)
ISM
V+A = 52.45(61)DV(28)pert(22)αs(7)fπ± × 10−3 = 52.45(71)× 10−3 , (5.27)

where we used AP = 29.25(14)pert(11)αs × 10−3 = 29.25(18) × 10−3. The weight chosen,
ω(s) = 1, does not generate contributions from QCD vacuum condensates, which are
usually not accurately known. On the other hand, this weight enhances experimental errors
and the DV contribution because it does not suppress the s ∼ m2

τ region. Experimental
errors in figure 1 are too large to make definite claims about the DV. One could assume
they are negligible compared with experimental errors at s0 = 2.8GeV2, but we have
estimated conservatively the DV uncertainty from the difference between extrema in the
s0 ∈ [2.0, 2.8] GeV2 interval of figure 1. This is partly motivated by the fact that one might
have DV effects that accidentally cancel s0-dependent BSM contributions (even if they
don’t have the typical oscillatory behaviour of DVs).

All in all we find the following BSM bound

0.107
(
εdτL+R − εdeL+R

)
− 0.094 εdτR + 0.029(10)ε̂dτT

= 1.00(62)exp(61)DV(28)pert(22)αs(7)fπ± × 10−3

= 1.00(95)× 10−3 , (5.28)

where the different sources of errors are shown. We see that experimental and DV errors
dominate this bound. Once again, the numerical coefficients multiplying εd`L+R and εdτR
are calculated using ALEPH data [59], whereas in the ε̂dτT case we use IV T = 0.0048(16)
from table 3 in appendix A.2.

5.1.2 V-A

The V − A correlator would vanish if chiral symmetry were preserved beyond massless
perturbative QCD. This makes the inclusive V − A spectral function an excellent probe
of Spontaneous Chiral Symmetry Breaking [129, 130], which has been used to accurately
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Figure 1. Difference between the experimental and SM values of the IV+A integrals for ω0, cf. l.h.s.
of eq. (5.12). The error bars in the plot only include the experimental uncertainties.

determine fπ± and other low-energy constants of Chiral Perturbation Theory, QCD vacuum
condensates OV−AD and quark-hadron DV [8, 9, 93, 131]. These analyses were carried out in
the absence of new physics contributions, which are the central objects of this work. We will
be able to extract useful information about the BSM effects if we can have a good control
of such non-perturbative SM contributions, which should be kept in mind when choosing
the weights. Analytic weights ensure that the only low-energy parameter contributing is
the pion decay constant, which is accurately known from lattice QCD. Dimension-2 and
dimension-4 vacuum condensates are negligible [3] and the dimension-6 condensate can be
extracted with . 20% precision from K → ππ matrix elements computed in the lattice [93].
To avoid contributions from higher-dimensional condensates, which are not known from first
principles, we will use polynomial weights with order smaller than three. Finally, to reduce
quark-hadron DV it is convenient to work with weights that vanish for s ≈ s0 (sometimes
known as pinched weights). These considerations lead us to using the following two weights
in our analysis

ω1(s) ≡ 1− s

s0
, (5.29)

ω2(s) ≡
(

1− s

s0

)2
. (5.30)

It is worth noting that the εdτR and εdτT contributions in eq. (5.12) are not suppressed,
contrary to the SM prediction, which is suppressed because chirality is preserved at the
perturbative level in the V − A channel. This translates into an enhanced sensitivity to
those Wilson coefficients.

ω1(s) weight. In the absence of BSM effects, this weight gives nothing but a linear
combination of the first and the second Weinberg Sum Rules [129], where the SM prediction
is just the pion-pole contribution (up to small DVs):

ISM
V−A =

f2
π±

s0

(
1− m2

π

s0

)
+ δDV

V−A(s0;ω1) . (5.31)
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Figure 2. Difference between the experimental and SM values of the IV−A integrals for ω1(s), cf.
l.h.s. of eq. (5.12). The error bars in the plot only include the experimental uncertainties.

We plot in figure 2 the difference between the experimental integral, Iexp
V−A, and its SM

value, ISM
V−A, for various s0 values. Note that only experimental uncertainties are shown in

the plot. For s0 = 2.8 GeV2 we have

Iexp
V−A = 6.08(13)× 10−3 , (5.32)
ISM
V−A = 6.01(60)DV(7)fπ± × 10−3 . (5.33)

Since the weight suppresses the s ∼ 2.8 GeV2 region, one expects a small DV contribution,
which is supported by the observed plateau in figure 2. Thus one could just neglect the
DV error in comparison with the experimental uncertainty. However, as in the integral
of the V +A spectral function, we opted in eq. (5.33) to estimate conservatively the DV
uncertainty from the difference between the s0 = 2.0 and 2.8 GeV2 points in figure 2. This
gives

0.0122
(
εdτL+R − εdeL+R

)
+ 0.0371 εdτR + 0.023(14)ε̂dτT = 0.07(60)DV(13)exp(7)fπ± × 10−3

= 0.07(62)× 10−3 , (5.34)

which is clearly dominated by DV uncertainties. The numerical coefficients multiplying εd`L+R
and εdτR are calculated using ALEPH data whereas in the ε̂dτT case we use IV T = 0.0038(24)
from table 3 in appendix A.2.

ω2(s) weight. The SM prediction for this weight in the V −A channel and using s0 = m2
τ

as upper integration limit is given by

ISM
V−A =

f2
π±

m2
τ

(
1− m2

π

m2
τ

)2

+ O6,V−A
m6
τ

+ δDV
V−A(m2

τ , ω2) . (5.35)

Given the negligible DV expected for this weight, the only piece left to achieve a precise SM
prediction is O6,V−A. Fortunately this vacuum condensate is connected with K → ππ matrix
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Figure 3. Difference between the experimental and SM values of the IV−A integrals for ω2(s) in
eq. (5.29), cf. l.h.s. of eq. (5.12).

elements [93, 132–134]. Taking into account those relations, incorporating perturbative and
chiral corrections and using recent lattice data [135], ref. [93] found13

OV−A6 = (−2.9± 0.5)× 10−3 GeV6 , (5.36)

at s0 = m2
τ (a small s0-dependence appears due to the inclusion of perturbative corrections).

This value leads to the following SM prediction

ISM
V−A = 5.212(65)fπ± (16)O6 × 10−3 = 5.212(67)× 10−3 , (5.37)

in excellent agreement with the experimental result

Iexp
V−A = (5.285± 0.074)× 10−3 . (5.38)

Figure 3 shows the difference between the experimental and SM values for s0 ≤ m2
τ . As

expected for this weight and despite the small experimental errors there is no sign of the
typical oscillatory behaviour associated to DVs. Let us note that the small s0-dependence
of the dimension-6 condensate was taken into account in this figure.

All in all the following BSM bound is obtained

0.0106
(
εdτL+R − εdeL+R

)
+ 0.0204 εdτR + 0.017(16)ε̂dτT = 0.074(74)exp(65)fπ± (16)O6 × 10−3

= 0.07(10)× 10−3 , (5.39)

which is dominated by the fπ± uncertainty. Like in the previous cases, the numerical
coefficients multiplying εd`L+R and εdτR are calculated using ALEPH data whereas in the ε̂dτT
case we use IV T = 0.0028(26) from table 3 in appendix A.2.

13This number updates the preliminary value used in ref. [20], OV−A6 = (−4.2± 1.3)× 10−3 GeV6. The
new result includes chiral corrections and new lattice results [135], see ref. [93] for details. The impact of
this improvement on the subsequent new physics bound is very small.

– 22 –



J
H
E
P
0
4
(
2
0
2
2
)
1
5
2

5.1.3 Recap and SM limit

Putting the four nonstrange inclusive constraints together and re-scaling them one finds:

εdτL+R − εdeL+R − 0.76εdτR + 0.49(16)ε̂dτT = (4± 10)× 10−3, (5.40)
εdτL+R − εdeL+R − 0.88εdτR + 0.27(9) ε̂dτT = (9.1± 8.8)× 10−3, (5.41)
εdτL+R − εdeL+R + 3.05εdτR + 1.9(1.2)ε̂dτT = (5± 51)× 10−3, (5.42)
εdτL+R − εdeL+R + 1.93εdτR + 1.6(1.5)ε̂dτT = (7.0± 9.5)× 10−3, (5.43)

with the following correlation matrix

ρ =


1 0.12 −0.016 −0.09

1 −0.027 −0.11
1 0.23

1

 , (5.44)

which takes into account the main correlations between these constraints, which are of
experimental origin and from the use of a common fπ± value. Theory uncertainties are
dominated by different sources in each constraint, and thus their correlation is neglected,
except for the systematic uncertainty coming from the choice of perturbative prescription,
FOPT or CIPT, for which a 100% of correlation is estimated. The correlation between the
V +A constraints from a common αs is neglected, because the associated error is subleading
in both cases.

The main change of these results with respect to ref. [20] is two-fold. On one hand the
uncertainty of the first constraint is ∼ 40% smaller thanks to the new estimate of the non-
perturbative contribution. On the other hand, we made nontrivial improvements concerning
the calculation of the numerical coefficients multiplying ε̂dτT , i.e., the IV T integrals defined
in eq. (5.15). In ref. [20] these quantities were calculated at tree-level and leading OPE-order
(quark condensate). A conservative 50% uncertainty was assigned and the lower values were
used in the analysis. In this work we work instead at Next-To-Leading-Log in the pertur-
bative expansion for the quark condensante, and we include as well an estimate from the
higher-dimensional condensates. The details are presented in appendix A.2 and summarized
in table 3, where we see that the shift with respect to the tree-level LO result is significant
(around 50%), in part because the various corrections happen to go in the same direction.
The final IV T uncertainties, which are rather large and highly correlated between bounds in
eqs. (5.40)–(5.43), will be taken into account in the subsequent fits carried out in this work.

In the SM limit (ε = 0), our four dispersive relations can be used to determine the
QCD parameters αs and fπ± , which enter the SM prediction: ISM

V±A = f(αs, fπ±). The
V +A constraints, i.e., eqs. (5.40)–(5.41), can be translated into αs values, which gives

αs(m2
τ ) = 0.330± 0.017 , (5.45)

in agreement with SM analyses [4, 5, 59, 112, 118, 127, 128, 136, 137]. Our determination
is less precise because we used only two moments and a rather conservative estimate of
the non-perturbative contributions (instead of extracting them from tau data). It is worth
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noting however that our extraction is in excellent agreement with the recent review of
ref. [138], which has, running to the τ mass, αs(m2

τ ) = 0.324(15) as a conservative average
of hadronic tau decay analyses, which scatter around that number but with lower quoted
uncertainties.

On the other hand, the second V − A relation, which was built using the ω2 weight,
is by far the most sensitive to the pion decay constant. In the absence of new physics
contributions it gives

fπ± = (131.10± 0.92) MeV . (5.46)

This is in perfect agreement with the value obtained in ref. [93], fπ± = 130.9(8) MeV, where
the data is analyzed within the SM, using s0 = 2.8 GeV2 and a slightly different input for Vud.

5.2 Strange decays

The formalism for studying the strange sector is the same as in the non-strange one, except
for the change d → s, the inclusion of SU(3)-breaking effects and the fact that G-parity
cannot be used to separate states into V and A ones. The normalised invariant mass-squared
distribution is then given by

dND
τ

Nτds
= κD

(
1− s

m2
τ

)2
[(

1 + 2s
m2
τ

)
(1 + 2εDτL+R) Im Π(1+0)

V V,D(s)

+
(

1 + 2s
m2
τ

)
(1 + 2εDτL+R − 4εDτR ) Im Π(1+0)

AA,D(s)

− 2s
m2
τ

(
1 + 2εDτL+R + εDτS

mτ

Shad
EW (mu −mD)

)
Im Π(0)

V V,D(s)

− 2s
m2
τ

(
1 + 2εDτL+R − 4εDτR + εDτP

mτ

Shad
EW (mu +mD)

)
Im Π(0)

AA,D(s)
]

+ 6 ε̂DτT
Im ΠV T,D(s)
mτShad

EW

, (5.47)

for the non-strange (D = d) and strange (D = s) cases, respectively. We have also defined
κD ≡ 12π|VuD|2B̂eSEW /m2

τ and we have added a D subindex to the correlators. We have
taken into account that V A, V P and AS correlators vanish because of parity considerations
and we have used conservation of vector and axial currents to relate the V S and AP

contributions with the longitudinal components of the V V and AA ones, respectively [99].
The associated non-strange contributions can once again be safely neglected owing to the
small value of mu and md, but this is not true anymore for the strange pieces. Finally, the
tensor BSM term is calculated in the SU(3)V limit, where the AT contribution vanishes.14

14This requires using also charge conjugation, which changes the sign of the AT correlator and flips
the ordering of the quark fields inside the current. In the non-strange sector this change of ordering is
compensated with an extra isospin rotation so, if both are good symmetries, the AT correlator changes sign
after applying both transformation and hence it has to vanish. This is nothing but a G-parity transformation.
In the strange sector the extra rotation needed is only valid when the three light masses are the same, i.e.,
in the SU(3)V limit.
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Experimental resolution is worse in the strange case, mainly because of the Cabibbo
suppression, and strange spectral functions are not publicly available. This will hopefully
change soon with the arrival of Belle-II data but, in the meantime, we only work with the
total strange decay width. We normalize it as

R̂Dτ ≡ ττ
∑
nD

Γ[τ− → ντ nD(γ)]
B̂e

= BD

B̂e
, (5.48)

where nD is a hadronic system with the appropriate strangeness (i.e., S = 0/1 for D = d/s)
and BD denotes the inclusive (non)strange branching ratio. In the SM limit it reduces to
the usual RDτ definition, where B̂e corresponds to SM prediction of the branching ratio
associated to the τ− → e−ντ ν̄e decay mode. The hat over RDτ reminds that, in a general
BSM set up, B̂e 6= Be due to different new physics contributions in τ → e−ντ ν̄e with respect
to µ→ e−νµν̄e.

In the limit of SU(3)V conservation, the integrals of the imaginary part of the nonstrange
and strange correlators are equal. Thus, in the SM one has

Rdτ
|Vud|2

= Rsτ
|Vus|2

+ δRSM
th , (5.49)

where the last term denotes calculable SU(3)-breaking corrections. This relation has been
used to extract |Vus| from inclusive tau decays [94, 95]:

|Vus|2 = Rsτ
Rdτ
|Vud|2 − δR

SM
th

. (5.50)

If BSM effects are present they would pollute this extraction. Comparing it with the
Vus value extracted from a different process, such as K → π`ν`, we will set bounds on
BSM effects that affect those two extractions differently. In order to do such lepton-flavor-
universality test we calculate the experimentally extracted RDτ /|VuD|2 ratio in the presence
of generic nonstandard contributions

R̂Dτ
|V̂uD|2

=
[
RDτ
|VuD|

2]SM

th

(
1 + 2 δinc

BSM, D

)
. (5.51)

In analogy with the nonstrange case, we include in δinc
BSM,D the potential new physics effects

affecting the ratio |VuD|
2

|V̂uD|2
= 1 − 2εDeL − 2εDeR . Integrating the inclusive invariant mass

distribution of eq. (5.47) we find:

δinc
BSM, D = εDτL+R − εDeL+R + cRD ε

Dτ
R + cSD ε

Dτ
S + cPD ε

Dτ
P + cTD ε̂

Dτ
T , (5.52)
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where

cRD = −24π |V̂uD|
2

R̂Dτ

∫ m2
τ

sD
th

ds

m2
τ

(
1 + 2s

m2
τ

)(
1− s

m2
τ

)2
Im Π(1+0)

AA,D(s)

− 24π |V̂uD|
2

R̂Dτ

∫ m2
τ

sD
th

ds

m2
τ

(−2s
m2
τ

)(
1− s

m2
τ

)2
Im Π(0)

AA,D(s) , (5.53)

cSD = 6πmτ

mu −mD

|V̂uD|2

R̂Dτ

∫ m2
τ

sD
th

ds

m2
τ

(−2s
m2
τ

)(
1− s

m2
τ

)2
Im Π(0)

V V,D(s), (5.54)

cPD = 6πmτ

mu +mD

|V̂uD|2

R̂Dτ

∫ m2
τ

sD
th

ds

m2
τ

(−2s
m2
τ

)(
1− s

m2
τ

)2
Im Π(0)

AA,D(s), (5.55)

cTD = 36π |V̂uD|
2

R̂Dτ

∫ m2
τ

sD
th

ds

m2
τ

(
1− s

m2
τ

)2
Im ΠV T,D(s) . (5.56)

In the expressions for the cΓ
D coefficients we have replaced the SM prediction of the

RDτ /|VuD|2 ratio by its experimental value, an identification that is valid up to quadratic
BSM terms. In contrast with the previous subsection, we are defining sDth in such a way
that the integrals include the single pole contributions, i.e., sdth ≡ m2

π − ε and ssth ≡ m2
K − ε,

mainly because it makes the connection with the SM works more straightforward. Finally,
the SM prediction for RDτ /|VuD|2 in eq. (5.51) can be calculated using the QCD dispersion
relations that were described in the previous section. All we need to know is that the
result is the same for the nonstrange and strange cases, up to calculable SU(3)-breaking
corrections, as shown in eq. (5.49). Finally, we stress that the expression for the tensor
coefficient cTD in eq. (5.56) is only valid in the SU(3)V limit, as explained above.

We can now recycle the SM works of refs. [7, 94, 139], which make use of strange tau
data to obtain a value for Vus. In the presence of non-standard interactions the polluted
V̂ inc
us value extracted from tau decays is related to the polluted V̂us value extracted from
K → πeνe by the following relation

|V̂ inc
us | =

 R̂sτ
R̂dτ
|V̂ud|2

− δRSM
th


1/2

= |V̂us|
(
1 + δinc

BSM, s − (1 + η)δinc
BSM, d

)
, (5.57)

up to quadratic BSM terms, where η = δRth|V̂us|2/R̂sτ ≈ 0.07 is an SU(3)-breaking factor.
Using Bd = 0.6183(10) and Bs = 0.02931(41) as experimental inputs [14], as well as
δRSM

th = 0.237(29) [139]

|V̂ inc
us | = 0.2192± 0.0015exp ± 0.0009th , (5.58)

in good agreement with ref. [14].
Now we move to discuss the calculation of the cΓ

D coefficients that appear in the BSM
contributions, for which we can take expressions in the SM limit, since we are neglecting
quadratic new physics terms. For the cdR we can simply use the SM limit of eq. (5.47)
to rewrite cdR = −2 R̂dτ,A/R̂dτ , which can be taken from experimental data. Once again
we cannot simply use the same relation for the strange counterpart, since we cannot use
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G-parity to separate the V and A channels. Instead we use that the needed integral over
ImΠ(1+0)

AA,s in eq. (5.53) is very close to the corresponding ImΠ(1+0)
V V,s one. Deviations from

the exact equality due to quark masses and spontaneous chiral symmetry breaking effects
are described by OPE corrections, and their typical size is below 5% of the total one [140].
Then we simply take ImΠ(1+0)

AA,s = 1
2(ImΠ(1+0)

V V,s + ImΠ(1+0)
AA,s ), adding a conservative 5% of

estimated uncertainty, and use the SM limit of eq. (5.47) to rewrite

cRs = −1 + 12π |V̂us|
2

R̂sτ

∫ m2
τ

ss
th

ds

m2
τ

(−2s
m2
τ

)(
1− s

m2
τ

)2
Im
(
Π(0)
V V, s −Π(0)

AA, s

)
(s) . (5.59)

For the integrals in cΓ
i involving the longitudinal correlators, Π(0), we use the values

obtained in ref. [6] for Rkl,LuD,V/A, defined as

Rkl,LuD,V/A ≡ −24π
∫ m2

τ

0

ds

m2
τ

(
1− s

m2
τ

)2+k ( s

m2
τ

)1+l
ImΠ(0)

V V/AA,D(s) . (5.60)

All in all we have

cRd = −2
R̂dτ,A

R̂dτ
= −0.97(1) , (5.61)

cRs = −1.00(5)− |V̂us|
2

R̂sτ

(
R00,L
us,V −R

00,L
us,A

)
= −1.03(5) , (5.62)

cSs = mτ

mu −ms

|V̂us|2

2R̂sτ
R00,L
us,V = 0.08(1) , (5.63)

cPd = mτ

mu +md

|V̂ud|2

2R̂dτ
R00,L
ud,A = −0.278(4) , (5.64)

cPs = mτ

mu +ms

|V̂us|2

2R̂sτ
R00,L
us,A = −0.38(1) , (5.65)

cTD = 36π2 |V̂ui|2

R̂iτ
IRτV T = 0.40(13) , (5.66)

where we have used R00,L
ud,A = −0.00777(8), R00,L

us,A = −0.135(3) and R00,L
us,V = −0.028(4) from

table 2 in ref. [6]. Note also that cVd vanishes in the isospin limit.
Finally, we have computed the tensor coefficient cTD in the SU(3)V limit using exactly

the same approach as in the non-strange sector, i.e., we use IRτV T = 0.0041(13) from table 3
in appendix A.2. We expect the SU(3)V breaking piece to be negligible compared to the
large IRτV T uncertainty. It is worth noting that our result for the tensor contribution disagrees
by a factor of 2 and a minus sign with ref. [141], where the effect of a non-standard tensor
contribution in strange tau decays was studied.15

15To ease the comparison, let us write the tree-level contribution linear in ε̂sτT (called CT in ref. [141]) as
follows:

δR
εsτT , tree
NP ≡

(
R̂dτ

|V̂ud|2
− R̂sτ

|V̂us|2
− δRSM

th

)
ε̂sτ
T
, tree

= − R̂sτ

2|V̂us|2
cTs,treeε̂

sτ
T = 144π2 〈q̄q〉µ0

m3
τ
ε̂sτ .T
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Once we have calculated the cΓ
D coefficients, we can use eq. (5.57) to obtain a BSM con-

straint from the comparison of the Vus value extracted from inclusive tau data in eq. (5.58),
and the K`3 value, V̂us = 0.22306(56) (see section 6.2):

ετ→ντ sū ≡ δinc
BSM,s − (1 + η)δinc

BSM,d

= 1.00 (εsτL+R − εseL+R)− 1.03 εsτR − 0.38 εsτP + 0.40(13) ε̂sτT + 0.08(1) εsτS
− 1.07 (εdτL+R − εdeL+R) + 1.04 εdτR + 0.30 εdτP − 0.43(14) ε̂dτT

= −(0.0171± 0.0085) , (5.67)

which is the main result of this section. The contributions in the second (third) line are
those affecting the inclusive strange (non-strange) decay. The small difference between the
numbers in those two lines is due to SU(3)-breaking effects. In the above result we have
kept uncertainties in the new physics prefactors only when they are large (> 10%).

The observable that we have used to probe this combination of Wilson coefficients can be
decomposed in four pieces: the one-pion and one-kaon channels, and the remaining inclusive
non-strange and strange BRs. Since we have already studied the first three contributions
in section 3 and section 5.1, we can use the associated bounds in eqs. (3.8), (3.9), and (5.40)
to disentangle the novel combination that we are now probing, which is given by

εsτL+R − εseL+R − 0.73 εsτR − 0.05(1) εsτP + 0.5(2) ε̂sτT + 0.10(1) εsτS = −0.017(16) . (5.68)

This is (half) the BSM contribution to the inclusive strange BR minus the kaon pole,
i.e., the s-quark analogue of eq. (5.40). Let us stress that eq. (5.68) does not represent a
new constraint, since it is derived from eq. (5.67) and the above-mentioned non-strange
constraints.

5.3 Possible future improvements

Finally, let us briefly review some possible future improvements that would improve the
BSM bounds that we have obtained from inclusive observables. On the experimental side,
future spectral functions, hopefully coming from Belle II [83], would translate into an
improvement of the different bounds, by reducing experimental uncertainties with respect
to current LEP data, which could also translate into a better knowledge of DVs.

There is much more room for improvement in the strange sector, since publicly available
spectral functions would allow us to study several integrated moments, each one sensitive
to a different combinations of BSM coefficients. This would allow us to disentangle them,
like we have done in the nonstrange sector. Furthermore, it was shown in ref. [142] that one
can achieve a good predictive power for weight functions with poles in the Euclidean axis,
once the corresponding residues are computed in the lattice.16 Notice how similar weights,

16Precise measurements of the relevant spectral functions would definitively help in clarifying the situa-
tion [136]. Let us note that refs. [95, 142] quote Vus values more compatible with V̂us from Ke3. However,
they do not directly work with the total inclusive strange BR, but with other spectral moments (that
typically give more importance to the already included τ → ντK channel) and sometimes involve K`2 and
K`3 data as well.
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in combination with corresponding lattice data, could also be used to get complementary
new physics bounds for the non-strange V −A channel.

On the theoretical side, one of the main limitations that may be overcome in the future
are the uncertainties coming from higher-order and non-perturbative corrections [128, 143–
146]. This would decrease some of the dominating SM uncertainties in our bounds, and
it would allow us to use additional moments. It would also allow for a more precise
determination of the IV T integral, with the associated improvement on the bound over the
nonstrange tensor contribution. Finally, long-distance radiative corrections (which currently
can be neglected) should be assessed in order to achieve a per-mil level precision.

6 Recap and combination

In this section we present a likelihood function for the Wilson coefficients of the EFT
Lagrangian in eq. (2.1), combining various low-energy probes of d(s) → u`ν` transitions.
We first recapitulate the bounds from the τ observables discussed in this paper. Next, we
review and update bounds from a variety of nuclear beta, pion, and kaon decays, which
probe the electron and muon charged-current interactions with light quarks. Finally, all
these probes are combined into one global likelihood, which can be used to constrain a broad
range of new physics models affecting the charged-current interactions of light quarks and
leptons in eq. (2.1). We discuss the SM limit of this likelihood and the phenomenological
determinations of the meson decay constants and the Cabibbo angle. As is well known,
various determinations of the latter are in tension with each other [11, 12, 147, 148], the fact
often referred to as the Cabibbo anomaly. As an illustration of sensitivity to new physics,
we also display constraints on the Wilson coefficients in eq. (2.1) when only one of them is
present at a time. This shows in particular simple directions in the EFT parameter space
that are favored by the Cabibbo anomaly.

6.1 Recap of bounds from hadronic tau decays

Let us recapitulate the BSM bounds that we have obtained in this work so far. On one
hand, exclusive channels τ → πντ ,Kντ , ππντ gave us three constraints, cf. eqs. (3.8), (3.9)
and (4.17). On the other hand, we obtained five BSM bounds from inclusive observables, cf.
eqs. (5.40)–(5.43) and (5.67). The one-at-a-time bounds on each Wilson coefficient for each
channel are displayed in table 1.

Combining all these channels we find the following 68% CL marginalized intervals for
the (combinations of) Wilson coefficients:

ε
dτ/e
L + εdτR − εdeR

εdτR
εdτP
ε̂dτT

ε
sτ/e
L − εsτR − εseR −

m2
K±

mτ (mu+ms)ε
sτ
P

ε
sτ/e
L − 0.03εsτR − εseR + 0.08(1)εsτS − 0.38εsτP + 0.40(13)ε̂sτT


=



2.4± 2.6
0.7± 1.4
0.4± 1.0
−3.3± 6.0
−0.2± 1.0
−1.3± 1.2


× 10−2 ,

(6.1)
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εdτL × 103 εdeL × 103 εdR × 103 εdτP × 103 εdτT × 103 εdτS × 103

τ → πν −0.9(7.3) 0.9(7.3) 0.9(7.3) 0.6(5.0) x x
τ → ππν 10(4.9) −10(4.9) x x 23(12) x
τ → πην x x x x x (−21, 10)
V +A 6.9(7.0) −6.9(7.0) −8.6(8.4) x 15(19) x
V −A 7.0(9.5) −7.0(9.5) 3.6(4.9) x 15(17) x

εsτL × 103 εseL × 103 εsR × 103 εsτP × 103 εsτT × 103 εsτS × 103

τ → Kν −2(10) 2(10) 2(10) 1.2(6.1) x x
S. Inclusive −17(16) 17(16) 23(22) 340(327) −34(35) −170(161)

Table 1. One-at-a-time bounds on the Wilson coefficients for each channel. For the non-strange
inclusive decays, we have separated them in V +A and V −A, cf. eqs. (5.40)–(5.41) and (5.42)–(5.43),
respectively. For the strange inclusive decays, these one-at-a-time bounds correspond to eq. (5.68).
The cross means that the corresponding channel is not sensitive to that particular Wilson coefficient.

where εDτ/eL ≡ εDτL − εDeL , and the Wilson coefficients are defined in the MS scheme at
scale µ = 2GeV. This is the main result of this paper. Note that we do not have enough
experimental information to disentangle the different Lorentz structures of the strange
Wilson coefficients εsτX . The two combinations appearing above are simply the one affecting
τ → Kντ (cf. eq. (3.3)), and the one affecting the inclusive τ → ūsντ (cf. eq. (5.67)). The
small difference between the result in eq. (5.67) and the corresponding one in the global fit
is due to correlation with the non-strange bounds. The bounds in eq. (6.1) take into account
the correlations between inclusive non-strange constraints, cf. eq. (5.44), as well as between
exclusive and inclusive channels due to fπ± and the experimental BR of τ → ντK (which is
part of the inclusive strange BR). The moderate loss in sensitivity for εdτ/eL + εdτR − εdeR and
ε̂dτT as compared to the results in ref. [20] is a consequence of the change in the inclusive εdτT
prefactors, whose larger than expected corrections have opened a nearly flat direction in
the subspace spanned by εdτ/eL + εdτR − εdeR and ε̂dτT .

In deriving eq. (6.1) we have employed a nuisance parameter to take into account the
correlated uncertainty of the numerical factors that multiply ε̂dτT in the inclusive non-strange
constraints, eqs. (5.40)–(5.43). This introduces some amount of non-Gaussianity into the
likelihood. In particular, the confidence intervals for ε̂dτT and εdτ/eL are not symmetric with
respect to the minimum. For ε̂dτT we illustrate this issue in figure 4. Nevertheless, the
likelihood near the minimum is quite well approximated by the Gaussian likelihood obtained
from eq. (6.1) with the following correlation matrix:

ρ =



1 0.87 −0.18 −0.98 −0.03 −0.45
1 −0.59 −0.86 0.06 −0.59

1 0.18 −0.36 0.38
1 0.04 0.49

1 0.16
1


. (6.2)
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Figure 4. The tau likelihood in function of the Wilson coefficient ε̂dτT after marginalizing over the
remaining Wilson coefficients. We show the completed non-Gaussian likelihood (solid red), and the
Gaussian likelihood (dotted red) based on the confidence interval displayed in eq. (6.1).

6.2 Combination with d(s) → u`ν` transitions

Now we combine the hadronic tau bounds in eq. (6.1) with those obtained from d(s)→ u`ν`
transitions, ` = e, µ, which include nuclear, baryon and meson (semi)leptonic decays. The
latter were analyzed in a global SMEFT fit in ref. [24], which we update and enlarge
in this work. The two datasets depend on common quantities, namely the meson decay
constants fπ,K and the CKM matrix elements Vud,us. As a result, the combined fit includes
by construction “theoretically clean” ratios where meson decay constants and/or CKM
elements cancel, such as e.g. Γ(τ → πντ )/Γ(π → µνµ). Further interest in combining these
datasets stems from the fact that in our EFT, assuming it is UV-completed by the SMEFT
at µ ' mW , the right-handed currents are independent of lepton flavor:

εDeR = εDµR = εDτR ≡ εDR , (6.3)

up to small corrections from dimension-8 operators [21, 149]. We will assume this SMEFT
relation in our analysis from now on. The consequence is that τ decays and d(s)→ u`ν`
transitions probe the same EFT parameters εdR and εsR, which leads to an important synergy.

We now describe the input observables used in the combined analysis, in addition to
hadronic tau decays. First, we include in the d(s)→ u`ν` analysis the results of ref. [150],
where a long list of nuclear and neutron beta decay observables were studied. In the present
analysis, an older measurement of the β-ν correlation of the neutron [151] by the aCORN
collaboration is superseded by the new result ãn = −0.1078(18) [152]. Moreover, the latest
UCNτ measurement of the neutron lifetime [153] leads to the improved combined result
τn = 878.64(59), where we include both bottle and beam measurements and average the
errors à la PDG with the scale factor S = 2.2. Finally, we update the axial coupling of
the nucleon with the latest Nf = 2 + 1 + 1 FLAG value gA = 1.246(28) [10, 154–156] and
use ref. [157] for the associated radiative corrections. The nuclear beta decay data provide
stringent constraints on V̂ud, εdR, εdeS , and ε̂deT .

We combine this beta-decay likelihood with leptonic and semileptonic pion decay data,
which allows us to also constrain the pseudoscalar Wilson coefficient εdeP and one linear
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combination of the muonic Wilson coefficients εdµX . The pion input is described in ref. [24].
Here we update the constraint on the tensor Wilson coefficient obtained from radiative
pion decay π− → e−ν̄eγ, finding ε̂deT = (0.5± 2.4)× 10−3. This result is obtained using a
more precise and solid determination of the associated form factor, namely fT = 0.232(14),
which is based on the recent lattice determination of the magnetic susceptibility of the
vacuum [158] (see appendix B for details). Furthermore, we also include in our analysis the
pion beta decay π± → π0e±νe, although at present it has negligible impact on the fit.17

Finally, in this analysis we use the fπ± lattice input discussed in section 3.
The nuclear and pion data together lead to the constraints

V̂ud
εdR
εdeS
ε̂deT
εdeP
εdµLP


=



0.97386(40)
−0.012(12)
0.00032(99)
−0.0004(11)

3.9(4.3)× 10−6

−0.021(24)


, ρ =



1 0.01 0.75 0.64 0.01 −0.01
1 0.01 0. −0.96 0.96

1 0.6 0.01 −0.01
1 0.01 −0.01

1 −0.999
1


, (6.4)

where εdµLP ≡ ε
dµ/e
L − εdµP

m2
π±

mµ(mu+md) . Let us note that the above bound on εdR has similar
uncertainty as the corresponding tau bound in eq. (6.1).

Finally, we discuss the constraints from leptonic and semileptonic kaon decays and
hyperon beta decays. Compared to ref. [24], we update the experimental input on semilep-
tonic kaon decays following the recent re-analysis of ref. [160]. More precisely, we use the
constraints on Vusf+(0) listed in table 1 of that reference, however we re-interpret them
as constraints on the EFT parameters in eq. (2.1) (see ref. [24] for details). Concerning
the theory input, we use f+(0) = 0.9698(17) [10, 161, 162], while the kaon decay constant
is determined from fπ± and fK±/fπ± , as discussed in section 3. We obtain the following
constraints from s→ ū`ν` transitions

V̂us

ε
sµ/e
L

εsR
εsµS
εseP
εsµP
ε̂sµT


=



0.22306(56)
0.0008(22)
0.001(50)
−0.00026(44)
−0.3(2.0)× 10−5

−0.0006(41)
0.002(22)


, ρ =



1 −0.11 0. −0.12 0.03 0.02 0.
1 0. 0. 0. 0.02 0.55

1 0. −0.997 −0.997 0.
1 −0.01 −0.01 0.

1 0.9996 0.
1 0.01

1


.

(6.5)
We are ready to combine the constraints from hadronic tau decays (eq. (6.1)), nuclear

beta and pion decays (eq. (6.4)), and kaon and hyperon decays (eq. (6.5)).18 Our constraints
are marginalized over theoretical uncertainties related to the lattice determination of the

17We note that including in the fit the pion beta decay rate normalised by any of the K`3 rates (as
advocated in ref. [159]) is equivalent to simply including the pion beta decay rate, as we do in this work.

18In fact, one of the inputs in eq. (6.4), namely Γ(π → µνµ), is replaced in the global combination by the
ratio Γ(K→µνµ)

Γ(π→µνµ) . The motivation is that the theoretical error on the radiative correction to the ratio [163] is
a tad smaller than the analogous error on the individual widths.
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meson decay constants and calculation of the radiative corrections. Let us stress that we
keep full track of the cross-correlations between tau and d(s) → u`ν` bounds due to the
common CKM and meson decay constant inputs. While the polluted CKM elements V̂ud
and V̂us are independent variables in the EFT framework, for the sake of the presentation
it is convenient to introduce a different parametrization of this subspace. Indeed, these two
objects are related as

V̂ud =
√

1− V̂ 2
us

[
1 + εdseL + εdR + V̂ 2

us

1− V̂ 2
us

εsR

]
, (6.6)

where εdseL ≡ εdeL + V̂ 2
us

1−V̂ 2
us
εseL . We will use εdseL instead of V̂ud as a variable in our combined

fit. In the MS scheme at µ = 2GeV we obtain the following 68% CL intervals:



V̂us ≡ Vus
(
1 + εseL + εsR

)
εdseL ≡ εdeL + V̂ 2

us

1−V̂ 2
us
εseL

εdR
εdeS
εdeP
ε̂deT
ε
sµ/e
L

εsR
εseP

ε
dµ/e
L − εdµP

m2
π±

mµ(mu+md)
εsµS
εsµP
ε̂sµT
ε
dτ/e
L

εdτP
ε̂dτT

ε
sτ/e
L − εsτP

m2
K±

mτ (mu+ms)
ε
sτ/e
L + 0.08(1)εsτS − 0.38εsτP + 0.40(13)ε̂sτT



=



0.22306(56)
2.2(8.6)
− 3.3(8.2)
3.0(9.9)
1.3(3.4)
− 0.4(1.1)
0.8(2.2)
0.2(5.0)
− 0.3(2.0)
− 0.5(1.8)
− 2.6(4.4)
− 0.6(4.1)
0.2(2.2)
0.1(1.9)
9.2(8.6)
1.9(4.5)
0.0(1.0)
− 0.7(5.2)



× 10∧



0
− 3
− 3
− 4
− 6
− 3
− 3
− 2
− 5
− 2
− 4
− 3
− 2
− 2
− 3
− 2
− 1
−2



, (6.7)

where we recall the definition εD`/eL ≡ εD`L − εDeL . The correlation matrix (in the Gaussian
approximation) associated with these constraints in eq. (6.7) is presented in eq. (C.1).
Inclusion of new physics parameters εq`X greatly improves the quality of the fit. We find
χ2

SM − χ2
min = 37.4, where χ2

min is the value of the likelihood at the global minimum, and
χ2

SM is the minimum on the hypersurface where all εq`X set to zero. This corresponds to 3σ
preference for new physics, or 0.3% p-value for the SM hypothesis. However, a preference for
particular εq`X is not visible in eq. (6.7) due to strong correlations. We will discuss preferred
directions below, in the context of more constrained scenarios.
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Eq. (6.7) contains the most complete information to date about the charged-current
interactions between the light quarks and leptons. In many cases, the real power of the
constraints is obscured by large correlations. As an example, the marginalized constraints
on εdseL and εdR are both at a percent level, however the combination

δCKM ≡ εdseL + εdR + V̂ 2
us

1− V̂ 2
us

εsR (6.8)

is much more stringently bound: δCKM = −9.8(4.3)×10−4. We stress that eq. (6.7) together
with eq. (C.1) contain the information allowing one to disentangle these correlations in the
Gaussian approximation.19 The preference for a non-zero value of the combination δCKM
is one of the facets of the Cabibbo anomaly, often called the (first row) CKM unitarity
problem in the literature.

In addition to eq. (6.7), there are a few bounds on Wilson coefficients that can be
obtained from their quadratic effect to certain observables. These are inherently non-
Gaussian and uncorrelated with eq. (6.7). In section 4.2, we obtained the following bound
using the τ → ντπη channel:

εdτS = −0.06(16). (6.9)

Furthermore, based on the differential distributions measured in K− → π0e−νe decays [164],
ref. [24] obtained20

εseS = −1.6(3.2)× 10−3, ε̂seT = 0.035(70). (6.10)

6.3 SM limit

As a first application of the combined likelihood of eq. (6.7), we consider the SM limit, where
all Wilson coefficients εD`X are set to zero. There is only one independent free parameter
remaining in eq. (2.1), which we choose to be Vus. The other CKM element in eq. (2.1)
is tied to Vus by the unitarity relation Vud =

√
1− V 2

us − |Vub|2, where we use the PDG
average |Vub| = 3.82(24)× 10−3 (the precise value of Vub has a tiny effect on the fit). At
face value we find the constraint on the (sine of the) Cabibbo angle Vus reads

Vus = 0.22450(34). (6.11)

However, as can be seen in figure 5, this result is obtained by combining several measurements
that are in strong tension with each other. This tension is referred to as the Cabibbo
anomaly. Note that tau decays, especially the inclusive one of eq. (5.67), further aggravate
the tension (see however footnote 16).

The Cabibbo anomaly can be interpreted as a hint of new physics. In this subsection,
however, we work within the SM paradigm, and from this point of view the anomaly is
simply an inconsistency between different datasets. Therefore, the error eq. (6.11) does not
reflect the real uncertainty on the true value of the SM Cabibbo angle, given the confusing

19The full non-Gaussian likelihood function is available on request.
20We do not include the recent bounds on scalar and tensor interactions obtained by the OKA Collaboration

from the Ke3 differential distributions [165] since they are presented as preliminary.
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0.218 0.220 0.222 0.224 0.226 0.228

β Superallowed

β Neutron

K→μν

K→μν/π→μν

K→πlν

τ→Kν/τ→πν

τ→s inclusive

Vus

Figure 5. 68% CL constraints on the Cabibbo angle assuming the SM is the UV completion of our
EFT, which implies εD`X = 0. We show the separate constraints from the most precise measurement
probing this parameter: inclusive τ → s decays, 2-body tau decays, semileptonic kaon decay, the
ratio Γ(π → µνµ)/Γ(K → µνµ), Γ(K → µνµ), neutron beta decay, and the superallowed 0+ → 0+

nuclear beta decays. The purple band corresponds to a combination of these measurements with
errors inflated à la PDG with the scale factor of S = 2.0, so as to account for the large tension
between the individual inputs.

experimental situation. In such a case, it is more practical to follow the PDG procedure
of (artificially) inflating the errors, so as to make the different measurements compatible.
To this end, we construct a simplified likelihood which takes into account only the most
sensitive probes of the Cabibbo angle. It includes the observables displayed in figure 5
treated as functions of Vus, fπ± , fK±/fπ± , f+(0), and the relevant radiative corrections.
Moreover, it includes the lattice and theory constraints on the decay constants, form factor,
and radiative corrections. We democratically inflate all the errors by the factor S until
χ2

min/d.o.f is equal to one. Following this procedure we obtain

Vus = 0.22450(67), S = 2.0 , (6.12)

from which Vud = 0.97447(15) follows. It is eq. (6.12) rather than eq. (6.11) that better
reflects the current knowledge concerning the value of Cabibbo angle, assuming the SM
provides an adequate approximation for the fundamental interactions at the weak scale.

The results of the global fit in eq. (6.7) as well as the Cabibbo angle fit in eq. (6.12)
are marginalized over the uncertainties of the meson decay constants. The same likelihoods
set also confidence intervals for the latter. In the global case these confidence intervals are
not particularly revealing, because they are set by the lattice central values and errors. The
situation changes in the SM limit. Due to the limited number of free parameters, the meson
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εdeX × 103 εseX × 103 εdµX × 103 εsµX × 103 εdτX × 103 εsτX × 103

L −0.79(25) −0.6(1.2) 0.40(87) 0.5(1.2) 5.0(2.5) −18.2(6.2)
R −0.62(25) −5.2(1.7) −0.62(25) −5.2(1.7) −0.62(25) −5.2(1.7)
S 1.40(65) −1.6(3.2) x −0.51(43) −6(16) −270(100)
P 0.00018(17) −0.00044(36) −0.015(32) −0.032(64) 1.7(2.5) 10.4(5.5)
T̂ 0.29(82) 0.035(70) x 2(18) 28(10) −55(27)

Table 2. Constraints on the Wilson coefficients εD`X in units of 10−3, fitting one parameter at a time.
We highlighted in red color the entries where 3σ or larger preference for new physics is displayed.
The cross signifies that this particular Wilson coefficient is not constrained by our analysis. Let us
note again that we assume εDeR = εDµR = εDτR , as predicted by the SMEFT at dimension six.

decay constants are themselves constrained by the experimental data. We find fπ± [MeV]
fK±/fπ±

f+(0)

 =

 130.54(34)
1.1958(35)
0.9668(28)

 , S = 2.0 . (6.13)

As indicated, both eqs. (6.12)–(6.13) come from the same fit, where we have applied the
same scale factor S = 2.0. In spite of inflating the errors, the uncertainty on fπ± is reduced
by more than a factor of two compared to the (face value) lattice result. Hadronic tau
decays have a significant impact on reducing the error. We stress that this more stringent
constraint can only be used in the SM context, and is not valid in the presence of new
physics. For fK±/fπ± and f+(0) the errors are actually larger compared to the (face value)
lattice results, reflecting the inflated uncertainty due to the tensions in the global fit.

6.4 Simple new physics scenarios and perspective on Cabibbo anomaly

We move to studying the likelihood of eq. (6.7) in simplified new physics scenarios. First,
we will assume that only a single Wilson coefficient εD`X in eq. (2.1) is present at a time.
This exercise will allow us to identify simple directions in the parameter space where the
goodness of the fit can be significantly improved compared to the SM limit.

The results are shown in table 2. First thing to see is that our likelihood constrains
almost the complete set of εd`X and εs`X Wilson coefficients. The typical accuracy is percent
to per mille level. The notable exception are εDeP and εDµP where much larger accuracy is
due to the chiral enhancement of pseudoscalar interaction. Note that the constraints in
table 2 are often an order of magnitude better than in eq. (6.7), as in the latter case the
true power of the constraints is obscured by large correlations.

Furthermore, the fit shows a preference for non-zero values of several Wilson coefficients.
This is a flip side of the Cabibbo anomaly discussed in the previous subsection. The
preference is strongest for εdeL , εsR, and εsτL , in which case a single new physics Wilson
coefficients allows one to improve the fit by ∼ 9 units of χ2. The reason is that these
parameters alter the relation between the magnitude of the Cabibbo angle and various
observables, allowing one to partially reconcile the seemingly inconsistent measurements
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in figure 5. For example, a negative εdeL leads to a decrease in the pion, neutron and
nuclear β decay widths. Consequently, Vud extracted from these measurements (under SM
assumptions) appears smaller than the prediction of the unitarity relation (based on Vus
extracted from kaon, which is not affected by εdeL ).

This simple analysis points to the range of possibilities for model building addressing
the Cabibbo anomaly. εdeL can be generated e.g. by a vanilla charged gauge boson (W’)
with SM-like couplings to fermions. A more exotic flavor structure is needed to generate a
required εsτL , as one needs a W ′ that is coupled much stronger to ūLsL than to ūLdL, and
more strongly coupled to tau leptons than to electrons and muons. On the other hand,
εsR can be generated with a W ′ coupled to ūRsR (and mixing with W after electroweak
symmetry breaking), but again the coupling to ūRdR has to be much smaller. We also
note that there exists some preference for scalar, pseudoscalar, and tensor εsτX , opening an
opportunity for leptoquark models coupled to 3rd generation leptons.

Some of the new physics preferences displayed in table 2 are highly correlated. For
example, only one linear combination of εdeL and εdR is favored to be non-zero, while allowing
these two parameters to vary independently does not improve the fit dramatically (by
2.6 units of χ2 compared to the case with only εdeL ). On the other hand, some of the
displayed tensions are largely independent. As pointed out in [12], a scenario with new
physics coupled to right-handed quarks and generating both εdR and εsR is strongly favored
by the data. We find the best fit at εdR = −7.1(2.6)× 10−4 and εsR = −5.7(1.7)× 10−3 with
χ2

SM − χ2
min = 17.5 — formally a 3.8σ preference for this scenario with respect to the SM

hypothesis. Another 2-parameter scenario with almost identical level of preference is the
one with SM-like new physics characterized by the εdeL , εsτL pair. In this case we find the best
fit at εdeL = −7.5(2.5)× 10−4 and εsτL = −1.72(62)× 10−2, with χ2

SM − χ2
min = 17.5. The left

panel of figure 6 clarifies where this preference comes from. The presence of εdeL puts the
Cabibbo angle measured in nuclear beta decays in good agreement with the one measured in
kaon decays, while εsτL achieves a similar feat with the Cabibbo angle measured in hadronic
tau decays. Some tension remains in the two-parameter scenarios, notably between the
inclusive tau and other determinations in the first case, and between the semileptonic and
leptonic kaon decays in the second case.

The tension can be completely eradicated in multi-parameter scenarios. The right panel
of figure 6 shows the Cabibbo angle in an example with 3 parameters: εdR, εsR, and εsτL . In this
case the best fit is εdR = −6.8(2.6)×10−4, εsR = −5.9(1.7)×10−3, and εsτL = −1.81(62)×10−2.
At the minimum of the likelihood the different datasets now point to perfectly compatible
values of the Cabibbo angle, for which the best fit is Vus = 0.22432(36). Thanks to removing
the tension, the 3-parameter scenario improves the goodness of fit by χ2

SM − χ2
min = 26.1 —

a whopping 4.4σ preference compared to the SM hypothesis.
Finally, another interesting scenario is the one in which all Wilson Coefficients are

zero except a universal left-handed one, as this is the situation generated in the SMEFT
with U(3)5 flavor symmetry. In this case, which was studied in ref. [21], all channels
receive the same universal global correction that is hidden in the “BSM polluted” V̂ud
and V̂us elements. As a result the only observable consequence is an apparent violation
of unitarity. In our notation, this means that the only non-zero coefficient in eq. (6.7) is
εdseL = −(8.0± 2.7)× 10−4.
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Figure 6. The Cabibbo angle beyond the SM. Black error bars show the determination of Vus using
different subsets of experimental data, see the caption of figure 5 for details. Left: determination
of Vus in the presence of new physics characterized by the Wilson coefficients εdeL = −7.5 × 10−4

and εsτL = −1.7× 10−2, with the remaining εD`X set to zero. Such a configuration partly improves
compatibility between different datasets, removing the largest tensions present in the SM fit. However,
some tensions remain, notably between semileptonic and leptonic kaon decays. Right: the same
in the presence of three new physics Wilson coefficients: εdR = −6.8 × 10−4, εsR = −5.9 × 10−3,
and εsτL = −1.8× 10−2. In a relatively simple scenario where these 3 parameters are generated by
new physics, all the datasets point to perfectly compatible values of the Cabibbo angle, with the
combined value Vus = 0.22432(36).

7 Conclusions and outlook

In this paper we studied hadronic tau decays in the framework of an EFT for light SM
degrees of freedom. This EFT describes the low-energy dynamics of the SM, as well as
subleading effects of hypothetical non-SM particles with masses larger than 2GeV. Focusing
on the charged-current interactions between light quarks and leptons, the leading non-
standard effects are parametrized by a set of Wilson coefficients εq`X , cf. eq. (2.1). The main
new result of this paper is eq. (6.1) summarizing the constraints on εq`X from a large set of
hadronic tau observables, which include the 2-body τ → π(K)ντ , 3-body τ → ππντ , and
inclusive τ → ντ ūd(s) decays. There we quote percent level marginalized constraints on
six linear combinations of εDτX , D = d, s, and we provide the correlation matrix in eq. (6.2).
These bounds reach the per mille level when only one operator is present.

The 2-body channels are theoretically simple, involving only the non-perturbative
meson decay constants fπ± and fK± and calculable radiative corrections. For this reason
they have been commonly used in the literature for constraining new physics or the CKM
elements. On the other hand, the multi-body and inclusive channels are theoretically more
challenging, and the present paper provides the most comprehensive discussion to date of
the resulting constraints on new physics. Compared to ref. [20], we extend the analysis to
include strange decays (τ → Kντ , τ → Kπντ , τ → ūsντ ). We also update and improve the
analysis of the remaining channels with the most recent theoretical and experimental input,
and we provide the details of theoretical calculations that allow us to determine the new
physics dependence of hadronic tau observables.
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We expect the constraints from hadronic tau decays to be further improved in the near
future. On the experimental front, the old LEP measurements of the spectral functions
should be improved by Belle II. For our type of analysis, publicly available high-quality
(inclusive) data in the strange sector would be especially welcome, as they would allow us
to define additional integrated observables and disentangle various εsτX Wilson coefficients.
On the theoretical side, we expect further progress in estimating higher-order and non-
perturbative corrections, so as to reduce the dominant uncertainties in the SM predictions.
Concerning the exclusive decay channels, we expect significant experimental and theoretical
progress in several of them. In the 2-pion channel there is an ongoing effort due to the
connection with the g − 2 anomaly. Expected progress in the τ → ηπντ channel [83–85]
would allow us to achieve sensitivity to linear (rather than quadratic) effects in εdτS , allowing
us to incorporate this parameter into the global Gaussian likelihood.

Tau data can be used to extract Vus and new physics contributions simultaneously. Such
analysis does not show any significant preference for new physics, except for the ∼ 2σ tension
in the τ → ντππ channel. The situation changes abruptly when the information from nuclear
β, baryon, pion, and kaon decays is included in the picture. Within the SM paradigm,
various observables in this larger dataset exhibit the Cabibbo anomaly, that is they point
to mutually inconsistent values of the Cabibbo angle. Beyond the SM, this tension may be
interpreted as a hint for new particles coupled to the SM quarks and leptons. This paper
provides a complete and unbiased characterization of the nuclear, baryon, pion, kaon and
tau data within a general EFT framework. Compared to earlier EFT analyses [12, 13], we
allow all leading order deformations of the SM to be simultaneously present. In particular,
the non-standard scalar, pseudoscalar, and tensor interactions (induced e.g. in leptoquark
models) are taken into account in our analysis. The global likelihood defined by eq. (6.7)
and eq. (C.1) can be used to constrain parameters of any new physics models with new
particles heavier than the weak scale. In this general likelihood, the Cabibbo anomaly is
reflected as a 3.0σ preference for new physics (non-zero values of εq`X) with respect to the
SM hypothesis (εq`X = 0). The preference is strengthened in certain constrained scenarios,
for example in some of the single-ε scenarios displayed in table 2.

All in all, our study of hadronic tau decays as new physics probes has allowed
us to provide for the first time a model-independent and global analysis of semilep-
tonic charged-current decays of light quarks involving all three lepton families (that is,
ūdēνe, ūdµ̄νµ, ūdτ̄ντ , ūsēνe, ūsµ̄νµ, ūsτ̄ντ ). Our results provide on one hand guidance for
model building and on the other hand an unbiased tool to test the implications of new
physics models in this wide set of transitions.
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Figure 7. Contour of integration for eq. (A.2).
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A QCD computation of inclusive integrals

In this appendix we give technical details on the QCD calculation of the different integrals
entering in our analysis.

A.1 Standard Model contribution

In the SM limit, the main QCD objects entering our inclusive analysis are the two-point
correlation functions of quark currents,

i

∫
d4x eiqx 〈0|T [Jµ(x)Jν†(0)]|0〉 = (−gµνq2 + qµqν) Π(1)

JJ (q2) + qµqν Π(0)
JJ (q2) , (A.1)

where J = {V,A}, V µ = d̄γµu, Aµ = d̄γµγ5u. Eqs. (5.5) and (5.6) connect the experimental
tau distributions to Π(1+0)

JJ (q2) ≡ Π(1)
JJ (q2) + Π(0)

JJ (q2), which is an analytic function in all
the complex plane except for the physical cut, which lies on the Minkowskian axis. The
continuum threshold for the (1 + 0) correlator is sth = 4m2

π. As a consequence, if we
integrate that correlator times any monomial function (s/s0)n along the contour of figure 7,
the only contribution comes from the residue at the pion pole. Equating the pion pole
contribution to the integral along the different parts of the circuit leads to

ISM
V±A(s0;n) = ∓

f2
π±

s0

(
m2
π

s0

)n
+ i

2π

∮
|s|=s0

ds

s0

(
s

s0

)n
Π(1+0),OPE
V±A + δDV

V±A(s0;n) , (A.2)

where we have approximated ΠOPE
V±A(s) along the complex circle |s| = s0 by the analytic

continuation of its OPE expression [100]

ΠOPE
V/A (s = −Q2) =

∑
D

1
(Q2)D/2

∑
dimO=D

CD,V/A(Q2, µ) 〈O(µ)〉 ≡
∑
D

OD,V/A
(Q2)D/2

. (A.3)
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This approximation works very precisely if the upper limit of the integral, s0, is large enough,
except maybe near the positive real axis. In the previous expression, δDV

V±A(s0;n) accounts for
the small deviations from it, known as quark-hadron Duality Violations (DV) [3–5, 166–170].

The D = 0 part of the OPE corresponds to the massless perturbative-QCD prediction,
which will be denoted with an index P . Since chirality is preserved in the massless QCD
Lagrangian, this contribution, which only depends on αs, is identical for the V V and the
AA correlators. In fact, we can recycle previous studies within the SM to obtain this
contribution. Following the same notation as in ref. [5], this purely perturbative part can
be computed using the Adler function [171],21

D(s) ≡ −s dΠP (s)
ds

= 1
4π2

∑
n=0

K̃n(ξ) ans (−ξ2s) , (A.4)

where ξ parameterizes the QCD renormalization scale and as(s) ≡ αs(s)/π satisfies the
renormalization-group equation,22

2 s

as

d as(s)
ds

=
∑
n=1

βn a
n
s (s) . (A.5)

The perturbative coefficients Kn ≡ K̃n(ξ = 1) are known up to n ≤ 4 [118]. The homo-
geneous renormalization-group equation satisfied by the Adler function determines the
corresponding scale-dependent parameters K̃n(ξ). Although the dependence on the renor-
malization scale cancels order by order, the truncation to a finite perturbative order leads to
a scale dependence from the missing higher-order terms, which must be taken into account
when estimating perturbative uncertainties.

Let us define23

A
(n)
P (s0) ≡ i

2π

∮
|s|=s0

ds

s0

(
s

s0

)n
ΠP (s) . (A.6)

Using integration by parts,

A
(n)
P (s0) = i

2π(n+ 1)

(
(Π(s0 − iε)−Π(s0 + iε)) +

∮
|s|=s0

ds

s0

(
s

s0

)n
D(s)

)

= i

2π(n+ 1)

∮
|s|=s0

ds

s0

[(
s

s0

)n
− s0

s

]
D(s) , (A.7)

inserting the perturbative Adler function and parameterizing the circle |s|= s0 as s=−s0 e
iϕ,

one finds:

A
(n)
P (s0) = − 1

8π3(n+ 1)
∑
m=0

K̃m(ξ)
∫ π

−π
dϕ
(
(−1)n+1eiϕ(n+1) − 1

)
ams (ξ2s0e

iϕ) . (A.8)

21The (1 + 0) superscript will be omitted from now on.
22Different normalizations for the βn coefficients can be found in the literature. This form of the RGE

corresponds to β1 = −9/2.
23Notice how A

(n)
P has been re-scaled by π with respect to ref. [5].
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We take αs(M2
Z) = 0.1184(8) from the lattice [10, 101–108],24 then we run it up to as(ξ2s0).

and perform the integral, both truncating the integrand to a fixed perturbative order
in αs(ξ2s0) (fixed-order perturbation theory, FOPT), and solving exactly the differential
β-function equation in the βn>nmax = 0 approximation (contour-improved perturbation
theory, CIPT).

Again, as in ref. [5], within a given perturbative approach, either CIPT or FOPT,
we will estimate the perturbative uncertainty varying the renormalization scale in the
interval ξ2 ∈ [0.5 , 2]. Additionally, we will truncate the perturbative series at n = 5, taking
K5 = 275± 400 as an educated guess of the maximal range of variation of the unknown
fifth-order contribution. These two sources of theoretical uncertainty will be combined
quadratically.

In order to give a combined determination for the observables, we will finally average
the CIPT and FOPT results. Since the previously estimated perturbative uncertainties do
not fully account for the difference between these two prescriptions, we will conservatively
assess the final error adding in quadrature half the difference between the CIPT and FOPT
values to the smallest of the CIPT and FOPT errors.25

For the tiny non-perturbative part of the OPE, we work at leading order in αs, with
the exception of OV−A6 , where αs corrections are incorporated. Thus, OD is independent
on Q2. Its contribution to ISM

V±A(s0;n) is

i

2π

∮
|s|=s0

ds

s0

(
s

s0

)n
ΠOPE
V±A(s) = −

O2(n+1)
(−s0)n+1 . (A.9)

Some of the condensates entering into the bounds are unknown. When this is the case, we
take a conservative dimensional guess based on the ones that are known. More details on it
are given in the main text.

Finally, the DV term can be written as

δDV
V±A(s0;n) ≡ i

2π

∮
|s|=s0

ds

s0

(
s

s0

)n (
ΠV±A −ΠOPE

V±A)(s)
)

= −
∫ ∞
s0

ds

s0

(
s

s0

)n 1
π

(
ImΠV±A(s)− ImΠOPE

V±A(s)
)
. (A.10)

One common tool to reduce these effects is pinching, i.e., using weight functions that reduce
the contributions of the integrals near the Minkowskian axis. We know DV effects go to
zero very fast with the opening of the hadronic multiplicity, typically in an oscillatory way.
Then, DV uncertainties should be strongly dominated by the contributions near the upper
limit of the integral. Thus, we take δDV

V±A = 0 and estimate the associated uncertainty from
the size of the small fluctuations in the predictions for the different dispersion relations
when changing s0 in moderate intervals.

24Even when potentially contaminated by new physics fπ± values have been used in some lattice determi-
nations to set the scale, r0, r1 or

√
t0, we have checked that it has no significant impact on our bounds,

since alternative inputs for them (r0, r1 or
√
t0) based on resonance masses would have not modified the

extracted strong coupling value significantly.
25Some recent works aimed to understand higher-order corrections, which eventually may lead to a

significant reduction on the perturbative uncertainty, can be found in the literature [128, 143–146].
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A.2 Computation of the ΠV T integral

In the presence of non-standard interactions, the vector-tensor correlation function enters
our analysis, connected to the invariant mass distribution of eq. (5.5),

i

∫
d4x eiqx 〈0|T [V µ(x)Tαβ†(0)]|0〉 = i(gµαqβ − gµβqα) ΠV T (q2) , (A.11)

where V µ = d̄γµu and Tµν = d̄σµνu.
A dispersion relation analogous to eq. (A.2) follows from the analytic properties of the

ΠV T (s) correlator,
IV T (s0, n) = I

(1)
V T (s0, n) + I

(2)
V T (s0, n) , (A.12)

where I(1)
V T is the contribution from the complex circle (from now on for ease of notation we

drop the arguments (s0, n) in I(1),(2)
V T ),

I
(1)
V T ≡ −

mτ

4πi

∮
|s|=s0

ds

s0

(
s

s0

)n ΠV T (s)
s+ m2

τ
2

, (A.13)

and I(2)
V T the contribution from the kinematic pole,

I
(2)
V T ≡ −

(
−m

2
τ

2s0

)n+1 ΠV T

(
Q2 = m2

τ
2

)
mτ

, (A.14)

where Q2 is the Euclidean momenta (s = Q2eiπ). The OPE of ΠV T (s) should provide a
good approximation in both I(1)

V T and I(2)
V T for s0 ∼ m2

τ .
In the following we describe the OPE contributions at several degrees of approximation.

We start with the tree-level, lower-dimension, estimates made in ref. [20] and add several
improvements. Our final value is based on a full Next-to-Leading Log (NLL) evaluation in
αs for the lowest dimensional term, including the running of αs along the complex circle.
Uncertainties coming from higher-dimensional contributions are also discussed.

Tree-level. ΠV T (Q2) vanishes at all orders in massless perturbative-QCD. This is a
direct consequence of the chirality flipping nature of the tensor current, d̄σµνu = d̄Lσ

µνuR +
d̄Rσ

µνuL, since chiral symmetry is preserved by the massless QCD Lagrangian.
Chiral symmetry is, however, spontaneously broken, and the two-point correlation

function ΠV T (Q2) does not vanish in QCD. Taking into account the tiny size of the
light quark masses, the leading OPE contribution comes from the quark condensate, 〈q̄q〉.
Disregarding small SU(3)V -breaking corrections, the tree-level result is [172, 173],26,27

ΠOPE
V T,Tree(Q2) ≈ − 2

Q2 〈0|q̄q|0〉µ . (A.15)

This expression is only expected to give a reliable first estimate when the quark condensate
is evaluated at a scale µ that is close both to the matching point µ0 and to √s0. Taking

26There is a misprint in the global sign in eq. (2.8) of ref. [172].
27In the absence of explicit sources of SU(3)V breaking, such as the light quark masses and electromagnetism,

vacuum is invariant under those transformations and then only SU(3)V singlet operators can acquire a
nonzero vev. As a consequence, 〈ūu〉 ≈ 〈d̄d〉 ≈ 〈s̄s〉.
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µ = µ0 ≡ 2 GeV, this requirement is approximately satisfied. Using the ansatz of eq. (A.15)
one finds,

I
(1)
V T,Tree = (1− δn,0)2〈q̄q〉µ0

s0mτ

(
−m

2
τ

2s0

)n
, (A.16)

I
(2)
V T,Tree = −2〈q̄q〉µ0

s0mτ

(
−m

2
τ

2s0

)n
. (A.17)

Adding both pieces,
IV T,Tree = −2〈q̄q〉µ0

mτs0
δn,0 , (A.18)

which corresponds to the expression given in ref. [20].

Leading Logarithmic (LL) resummation. A first improvement in the calculation
consists in keeping track of the scale dependence of the correlator, resumming the logs
from the matching scale in eq. (5.12), which we choose to be µ0 = 2 GeV, to the most
convenient choice µ to cancel logarithms with lower-energy scales, resumming the cascade
of ∼ αns (µ) logn

(
µ2

0
µ2

)
contributions.

When taking into account QCD corrections, IV T (s0, n) becomes dependent on the
renormalization scale, as a consequence of the non-zero anomalous dimension of the tensor
current. In contrast to an already scale independent ISMV±A(s), this scale dependence only
cancels in the εT IV T product. The scale dependence of IV T is inherited by ΠOPE

V T (s), for
which both the vacuum condensates (〈q̄q〉(µ) at lower dimension) and the Wilson coefficients
in front (C〈q̄q〉(µ)) are scale dependent [173].

Let us define our convention for the anomalous dimension of any operator O,

γO =
∑
n

γ
(n)
O

(
αs
π

)n
, (A.19)

through the identity (
µ
d

dµ
+ γO

)
O(µ) ≡ 0 . (A.20)

The leading order anomalous dimension (NF = 3) of C〈q̄q〉 can be obtained either (i) by
combining the anomalous dimension of the quark condensate γ(1)

〈q̄q〉 = −γ(1)
m = −2 with

the one from εdτT (µ), γ(1)
εdτT

= −2
3 [27] and requiring that the εdτT (µ) ΠV T (µ) product must

be scale-independent; (ii) or directly from the one-loop calculation of C〈q̄q〉(µ) [173]. The
result is the same, γ(1)

C〈q̄q〉
= 8

3 . Then, starting from a matching scale µ0 in eq. (5.12), we
can re-express ΠOPE

V T (µ0) as a function of Cq̄q(µ) at any other scale µ by solving the leading
order version of the RGE for Cq̄q(µ). One obtains, up to αns logn−1 µ2

0
µ2 corrections (starting

at n = 1),

ΠOPE
V T,LL(Q2, µ0) = −2

Q2

(
αs(µ2

0)
αs(µ2)

)− γ(1)
β1
〈q̄q〉µ0 , (A.21)

where γ(1) refers to C〈q̄q〉 and β1 = −9
2 . Now we have the freedom to set the most suitable

scale µ to avoid large logarithms with low-energy scales in both terms of eq. (A.12).
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Inspecting eqs. (A.13) and (A.14), natural choices for I(1)
V T and I

(2)
V T are, respectively,

µ2
1 = s0 ξ(x) and µ2

2 = m2
τ

2 , where x ≡ Q2

s0
and ξ(x) is a function that depends on whether

a logarithmic resummation along the |s| = s0 circle is performed, ξCIPT(x) = x, or not,
ξFOPT(x) = 1. One finds:

I
(1)FOPT
V T,LL (µ0) =

(
αs(µ2

0)
αs(s0)

)− γ(1)
β1
I

(1)
V T,Tree , (A.22)

I
(1)CIPT
V T,LL (µ0) = (−1)nmτ 〈q̄q〉µ0

2πis2
0

(
αs(µ2

0)
αs(s0)

)− γ(1)
β1
∮
|x|=1

dx
xn−1

x−m2
τ

2s0

(
1−β1αs(s0)

2π logx
)− γ(1)

β1
,

(A.23)

I
(2)
V T,LL(µ0) =

(
αs(µ2

0)
αs(m2

τ/2)

)− γ(1)
β1
I

(2)
V T,Tree . (A.24)

Full O(αs) corrections plus LL resummation. We can add the non-logarithmic
contribution of order αs computed in ref. [173] to the cascade of αns logn µ0

µ contributions.
Including this correction one has, up to (and not including) corrections of order αns logm µ0

µ

with 0 ≤ m < n, starting at n = 2,

ΠOPE
V T (Q2, µ0) = −2

Q2

(
αs(µ2

0)
αs(µ2)

)− γ(1)
β1
[
1− 4αs(µ2)

3π

(
1− log Q

2

µ2

)]
〈q̄q〉µ0 , (A.25)

which with the previous scale choices introduces a correction that goes (up to NLL correc-
tions) as:

∆Iαs,FOPT
V T, no logs = −4αs(µ2

0)
3π IV T,Tree + (−1)nmτ 〈q̄q〉µ0

2πis2
0

4αs(µ2
0)

3π

∮
dx

xn−1

x− m2
τ

2s0

log x , (A.26)

∆Iαs,CIPT
V T, no logs = −4αs(µ2

0)
3π IV T,Tree . (A.27)

NLL analysis. Since we have the full D = 3 contribution at NLO in αs available,
the only remaining piece for a full NLL analysis is the NLO anomalous dimension of
the Wilson coefficient C〈qq〉(µ). Once again, scale independence of eq. (5.12) implies
γ

(2)
εdτT

+γ
(2)
C〈q̄q〉

+γ
(2)
〈q̄q〉 = 0. Taking into account that γ(2)

〈qq〉 = −γ(2)
m = −91

12 and γ(2)
εdτT

= −155
36 [27],

one finds γ(2)
C〈q̄q〉

= 107
9 . Solving [174] the NLO version of the RGE equation (A.20) for C〈q̄q〉

with the initial condition:

C〈q̄q〉(µ2) = 1− 4
3
αs(µ2)
π

(
1− log Q

2

µ2

)
, (A.28)

one obtains:

ΠOPE
V T,NLL(Q2,µ0) = −2

Q2

(
αs(µ2

0)
αs(µ2)

)− γ(1)
β1
[
1+αs(µ2

0)−αs(µ2)
πβ1

(
β2
β1
γ(1)−γ(2)

)]

×
[
1− 4

3
αs(µ2)
π

(
1−log Q

2

µ2

)]
〈q̄q〉µ0 , (A.29)
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where again γ(i) refers to C〈q̄q〉 and β2 = −8. Setting again the renormalization scales as
above one has

I
(1)
V T,NLL = −(−1)nmτ

4πi s0

∮
|x|=1

dxxn
ΠOPE
V T,NLL(Q2 = s0x, µ0, µ

2 = ξ(x)s0)
x− m2

τ
2s0

, (A.30)

I
(2)
V T,NLL =

(
−m

2
τ

2s0

)n+1 4
m3
τ

(
αs(µ2

0)
αs(m2

τ/2)

)− γ(1)
β1
[
1 + αs(µ2

0)− αs(m2
τ/2)

πβ1

(
β2
β1
γ(1) − γ(2)

)]

×
[
1− 4

3
αs(m2

τ/2)
π

]
〈q̄q〉µ0 (A.31)

where once again ξ(x) = 1 corresponds to FOPT and ξ(x) = x to CIPT.28

Higher dimensional corrections. The following dimensional contribution comes from
dimension D = 5 [75]. At tree-level,

ΠOPE, D=5
V T (Q2) = 2

3Q4 〈0|gsq̄G
µνσµνq|0〉 , (A.32)

which gives
IOPE, D=5
V T = 2〈0|gs q̄ Gµνσµν q|0〉

3mτs2
0

(2δn,0 − δn,1) . (A.33)

Numerical implementation. The main input needed for the numerical evaluation of
IV T is then the quark condensate. We take as input the latest Nf = 2 + 1 lattice estimate,
〈q̄q〉

1
3 = −272(5)MeV [10, 175–180].
Unfortunately, no modern precise determination of the D = 5 condensate is available.

We will take conservatively,

〈0|gsq̄Gµνσµνq|0〉 = 0± 0.8 GeV2〈q̄q〉 , (A.34)

where we used the 40-year-old result of ref. [181] (obtained from baryon sum rules) as an
estimate of the uncertainty of the quark-gluon condensate and of the neglected higher-order
OPE contributions (D > 3).

The IV T values obtained in the above-described approximations are shown in table 3.
The different corrections are rather large (notice how the leading contribution for most of
the monomial functions only starts at NLO in αs) and go in the same direction. Our final
values correspond to the NLL (CIPT and FOPT average) ones taking their difference with
the NLO+LL ones as estimate of the perturbative (D = 3) uncertainty.

B Tensor form factor fT in radiative pion decays

In this appendix we describe an improved evaluation of the tensor form-factor appearing in
the radiative pion decay π− → e−ν̄eγ,

〈γ(k, ε)|ūσµνγ5d|π−〉 = −e2fT (kµεν − kνεµ) . (B.1)

28The two-loop analytic continuation of the running coupling must be implemented for the first term in
the r.h.s. of eq. (A.29).
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Weight ω = 1 ωτ ω1 ω2

Tree 8.1 7.2 8.1 7.2
LL 6.6 6.2 6.0 4.7

NLO+LL 5.4 4.6 4.6 3.6
NLL 4.8 4.1 3.8 2.8
σD=5 0± 1.5 0± 1.2 0± 2.3 0± 2.4
Final 4.8± 1.6 4.1± 1.3 3.8± 2.4 2.8± 2.6

Table 3. Theoretical values of IV T for the four weight functions used in this work and obtained
working at different levels of approximation (see main text). The results are given in 10−3 units.
The s0 values are those chosen in section 5.1 for each moment, i.e., 2.8GeV2, m2

τ , 2.8GeV2, and
m2
τ , respectively.

In ref. [182] a connection between the tensor form factor and the magnetic susceptibility of
the vacuum χ [183] was derived by using current algebra (see ref. [74] for a more detailed
re-derivation). Let us first revisit this connection by using instead the chiral Lagrangian of
ref. [184],

LχPT4 = Λ1 〈 tµν+ f+µν 〉 − iΛ2 〈 tµν+ uµuν 〉+ Λ3 〈 tµν+ t+µν〉+ Λ4 〈 tµν+ 〉2 , (B.2)

derived by adding a new term involving tensor sources to the QCD Lagrangian and by
building the lowest order chiral operators with the same transformation properties under
SU(NF )× SU(NF ) (in our case NF = 2). The effective low-energy realization of the tensor
quark current at leading order is obtained by equating functional derivatives of the action
with respect to the tensor sources for both Lagrangians. Taking the derivative of the
generating functional with respect to eit̄iiµν , where ei is the electric charge of the associated
light quark and t̄µν is the tensor source as defined in ref. [184], and contracting with an
initial photon state, one finds at leading order

χ〈q̄q〉〈0|Fµν |γ(q, ε)〉 ≡ 1
ei
〈0|q̄iσµνqi|γ(q, ε)〉 = −2Λ1〈0|Fµν |γ(q, ε)〉 , (B.3)

where the first identity corresponds to the definition of the magnetic susceptibility, χ. One
then finds Λ1 = −χ〈q̄q〉

2 .29 Taking now the derivative of the action with respect to t̄12
µν and

contracting with a photon in the final state and a pion in the initial state one obtains,

〈γ(k, ε)|ūσµνγ5d|π−〉 = − ie
√

2Λ1
3F 〈γ(k, ε)|Fµνπ−|π−〉 = e

√
2Λ1

3F (kµεν − kνεµ) , (B.4)

from which, comparing with eq. (B.1) one finds,

fT =
√

2χ〈q̄q〉
3F , (B.5)

in perfect agreement with eq. (51) of ref. [74]. The magnetic susceptibility χ was estimated in
that reference by modeling the ΠV T correlator assuming dominance of one vector resonance

29Λ2 is also known, since it can be shown to be proportional to the tensor form factor of eq. (4.16).
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(the ρ) and using that ΠV T (0) is proportional to χ (see also refs. [74, 172, 185–187]).
Fortunately, the quantity of interest has been precisely computed in the lattice [158]

χ〈q̄q〉 = (45.4± 1.5) MeV (B.6)

Using that result and taking F = Fπ = (130.50± 0.13)/
√

2MeV [26], which it is valid at
the working chiral order, one obtains

fT = 0.232± 0.012± 0.008 , (B.7)

at µ = 2GeV in the MS scheme. The first uncertainty corresponds to an estimate of
higher-order chiral corrections (∼ 5%), and the second one corresponds to the one coming
from the lattice input. This updates the bound of ref. [24] to:

ε̂deT = (0.5± 2.4)× 10−3 . (B.8)

C Correlation matrix

In this appendix we present the correlation matrix (in the Gaussian approximation) associ-
ated with the global constraints in eq. (6.7):


1 0.01 0. 0. 0. 0. −0.11 0. 0.03 0. −0.12 0.02 0. 0. 0. 0. −0.03 −0.05
1 −0.97 0. 0.91 0. 0. −0.26 0.25 −0.92 0. 0.25 0. −0.83 0.48 0.85 −0.25 −0.16

1 0.04 −0.95 0.03 0. 0. 0. 0.95 0. 0. 0. 0.86 −0.5 −0.88 0. −0.1
1 −0.02 0.6 0. 0. 0. 0.02 0. 0. 0. 0.03 0. −0.04 0. 0.

1 −0.01 0. 0. 0.02 −0.999 0. 0.02 0. −0.75 0.68 0.76 −0.02 0.09
1 0. 0. 0. 0.01 0. 0. 0. 0.02 0. −0.03 0. 0.

1 0. 0. 0. 0. 0.02 0.55 0. 0. 0. 0. 0.01
1 −0.997 0. 0. −0.997 0. 0. 0. 0. 0.99 0.98

1 −0.02 −0.01 0.9996 0. 0.02 0.04 −0.02 −0.997 −0.98
1 0. −0.02 0. 0.75 −0.68 −0.76 0.02 −0.09

1 −0.01 0. 0. 0. 0. 0.01 0.01
1 0.01 0.02 0.04 −0.02 −0.997 −0.98

1 0. 0. 0. 0. 0.
1 −0.06 −0.97 −0.01 −0.06

1 0.11 −0.04 0.05
1 0.02 0.08

1 0.98
1



.

(C.1)
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