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1 Introduction

What does it mean to live in a “local” space-time? This is by no means a trivial question,
particularly in the quantum world. There are a lot of important insights accumulated in the
literature, based on patterns of entanglement, and their dynamical evolution. For example,
it is by now a classic observation that the entanglement entropy of ground states of local
Hamiltonians follows the area law. In the limit that the region concerned is large (but small
compared to the total system size), the leading term of the entanglement entropy SA in the
large size limit is proportional to the area of the boundary surface of the given region A [3].
Moreover, in a generic state out of equilibrium (i.e. not an eigenstate of the Hamiltonian),
the unitary evolution under the effect of a local Hamiltonian ensures that information can
only propagate locally bounded by a finite speed. This is often called the information speed
vI . A very similar quantity is the entanglement speed vE . It is observed that entanglement
propagates like a tsunami and the wavefront moves at a finite speed [4]. Not surprisingly, in
a generic local theory these quantities have simple relations [2]. These speed limits connect
locality with causality of space-time. Chaotic behvaiour is also constrained by locality and
causality. A measurement of chaotic behaviour is the famous out-of-time-ordered correlator
(OTOC), which essentially is a measurement of the growth of commutator, and thus the
analogue of the divergence of nearby paths under Hamiltonian evolution (See for example [5]
and references therein). The growth of the OTOC is known to be controlled by the so called
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Lyapunov exponent at time scales much larger than thermalization time but much smaller
than the scrambling time. When the evolution is local however, the Lyapunov behaviour
would be restricted to a light-cone, beyond which the OTOC does not grow. The growth
of the light-cone is governed by the so called butterfly speed vB. It is also observed to be
related to vI and vE in local theories [2].

These studies therefore provide a lot of intuitions and quantitative guide to the be-
haviour of local theories. However, when we move beyond the condensed matter setting and
attempt to apply these intuitions in understanding the fundamental nature of space-time
that we live in, it is known to be inadequate. While we do not yet have a quantum theory of
gravity, that addresses the quantum nature of gravity, there is evidence that points to the
non-local nature of quantum gravity if the theory can in fact be formulated consistently.
This follows from requirements of covariance so that the Hamiltonian governing gravita-
tional evolution should be non-local. There are many works that discuss the non-locality
of gravity and how that it reconciles with our sense of locality, and how quantum informa-
tion could perhaps be localized in some sense (There are numerous papers on the subject.
For some recent discussions, see [6–10]). While the Hamiltonian itself maybe non-local,
our experience of space-time does not involve the full quantum Hilbert space of quantum
gravity. In fact, we are almost exclusively experiencing the situation where there are only
minute deviations or fluctuations from a classical background that solves the classical Ein-
stein equation, such as the flat background. Therefore, perhaps the sensation of locality is
emergent, depending on the small subset of states in the full quantum Hamiltonian that
we are actually probing. This possibility was explored in explicit toy models in [1].

In the toy models constructed in [1] which we are going to review in more detail in
the next section, there is a Hamiltonian that is explicitly non-local. However, the states
that were studied are very specially chosen so that an emergent notion of dimensionality
and locality emerges. Two degrees of freedom are in close proximity if the initial state
carries more entanglement between them, but far when there are very little entanglement
in between. This is in line with the physical intuition developed in the past decade, that
space-time is a manifestation of entanglement [11, 12].

In this paper, we would like to inspect the model in greater detail. Specifically, we
would like to see if the notion of information speed, entanglement speed and butterfly speed
remain well defined, and whether the connection between them observed in a truly local
system remains intact where locality is only emergent and state dependent.

As we are going to see, indeed these notions remain well defined, although remnants
of non-locality can be detected.

2 Relative locality in a non-local model — a review

2.1 Model

This section is a brief review of the non-local quantum model proposed by Sungsik Lee
in [1, 13]. Define first a set of field operators, φ̂ai , with lower indices i = 1, 2, . . . , L
labeling a set of sites our system lives on, and upper indices a = 1, 2, . . . , N labeling
different field components at each site. πai are their conjugate momenta with commutators
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[φai , πbj ] = iδijδab. The basis states |φ〉 are simultaneously eigenstates of all field operators
with real eigenvalues −∞ < φai <∞,

φ̂ai |φ〉 = φai |φ〉 . (2.1)

They span the full Hilbert space W. The inner products are normalized as delta functions,〈
φ′|φ

〉
=
∏
i,a

δ
(
φ′ai − φai

)
. (2.2)

We consider an O(N) symmetric subspace V of the full Hilbert space W, which is
spanned by basis states |T 〉.

|T 〉 =
∫
Dφe

−N
∑

i,j
TijOij |φ〉, (2.3)

They are generated by a complete set of O(N) symmetric field products,

Oij ≡
1
N

∑
a

φ̂ai φ̂
a
j . (2.4)

Each basis state is determined by their collective variables Tij . To extract these hop-
ping amplitude Tij from states, we define operator

Γ̂ij = 1
N

∑
a

π̂ai π̂
a
j . (2.5)

Such operators can act on |T 〉 to produce collective variables (Henceforth repeated
indices are summed over unless specified),

Γ̂ij |T 〉 =
∫
Dφ

[
2Tij − 4TikTlj

∑
a φ

a
kφ

a
l

N

]
e−NTijOij |φ〉. (2.6)

A general states in V reads

|Ψ〉 =
∫
DTΨ(T )|T 〉 (2.7)

where DT =
∏
i≤j dTij are defined along the imaginary axes. In this paper we only consider

semi-classical states with wavefunction

Ψ(T ) = eNP̄ij(Tij−T̄ij)+(Tij−T̄ij)2

2∆2 . (2.8)

This state is semi-classical because in the limit that

N∆� 1, ∆� 1, (2.9)

the fluctuations of both T and O are suppressed. i.e.

Tij = T̄ij +O(∆), Oij = P̄ij +O(1/(N∆)). (2.10)
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These can be readily observed by inspecting the Gaussian integrals in (2.8). The inequali-
ties (2.9) have also been emphasized in [1]. In other words, to leading order in the double
expansion of ∆ and 1/(N∆), we can freely replace T by T̄ and O by P̄ .

Lee went on to introduce an O(N) symmetric Hamiltonian

Ĥ = −R
∑
i,j

∑
a

(
φ̂ai φ̂

a
j

)
Γ̂ij + U

∑
i

∑
a

π̂ai π̂
a
i + λ

N

∑
i

∑
a,b

(
φ̂ai φ̂

a
i

) (
φ̂bi φ̂

b
i

)
. (2.11)

The first term is a universal interaction between any two sites with strength given by
Γ̂ij . It is state-dependent and aimed to mimic gravity that the coupling strength is related
to the site-to-site correlations, namely the collective variables. The second and third are
kinetic terms and self-energy.

An infinitesimal time evolution on the basis states |T 〉 can be expressed as

e−idtĤ |T 〉 =
∫
Dφe−idtNH[T,O]e−NTijOij |φ〉. (2.12)

where the induced Hamiltonian reads

H[T,O] = R (−2TijOji + 4TikOklTljOji) + U (2Tii − 4TikOklTli) + λO2
ii. (2.13)

For a general state |Ψ〉,

e−idtĤ |Ψ〉 =
∫
DT (1)DPDT (0)

∣∣∣T (1)
〉
e
NPij

(
T

(1)
ij −T

(0)
ij

)
−iNdtH[T (0),P ]Ψ(T (0)), (2.14)

where DP =
∏
i≤j dPij along the real axes. The integration of T (1) gives δ(Pij −Oij) and

the integration of P reproduce eq. (2.12) for |Ψ〉. A finite time evolution gives a path
integral as

e−itĤ |Ψ〉 =
∫
DTDP |T (t)〉 eiS[T,P ]Ψ(T (0)) (2.15)

where
S[T, P ] = N

∫ t

0
dτ [−iPij∂τTij −H[T, P ]] . (2.16)

The evolution preserves the form of the state |Ψ〉, so that T and P can be taken as classical
variable as long as (2.9) is satisfied. Their evolution equations are given by the classical
path:

−i∂τTij = R (−2Tij + 8TikPklTlj)− 4UTikTkj + 2λPiiδij ,
i∂τPij = R (−2Pij + 8PikTklPlj) + U (2δij − 4PikTkj − 4TikPkj) ,

(2.17)

with initial P and T taking P̄ and T̄ from initial |Ψ〉.
In the weak coupling range, |Ti 6=j | � eii, ejj with Tij = eij + itij , the entanglement

entropy between a subset of sites A and its complement Ā is

SA = N

 ∑
i∈A,j∈Ā

(
− ln |Tij |

2

4eiiejj
+ 1

)
|Tij |2

4eiiejj
+O

(
(T/e)4

)+O
(
N0
)
. (2.18)
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The corresponding mutual information between sites i and j is

Iij = N

[(
− ln |Tij |

2

4eiiejj
+ 1

)
|Tij |2

4eiiejj
+O

(
(T/e)4

)]
+O

(
N0
)
. (2.19)

These equations further certify that the collective variables Tij can measure mutual
correlations. We use them to compute the entanglement evolution along the classical paths.

2.2 Dynamics

To explore their dynamics, first set T and P to be diagonal at τ = 0. The collective
variables will remain diagonal during the evolution since all sites are decoupled. A real
static solution is Tij = T∗δij , Pij = P∗δij with (T∗, P∗) =

(
1
2

(
λ
U

)1/3
, 1

2

(
U
λ

)1/3
)
.

We perturb this solution by adding neighbouring couplings. One simple choice is a 1D
chain of period L. Denoting [i−j]L = min (|i− j|, L− |i− j|) as the distance between site
i and j, it reads

Tij(0) = T∗δij + εδ[i−j]L,1

Pij(0) = P∗δij .
(2.20)

where ε is a constant that controls the initial coupling strength.
Such a state will evolve to create wider correlations. We solve for the Tij(t) and Pij(t)

numerically, as detailed in the appendix of [1]. Because of the symmetries in eq. (2.17) and
eq. (2.20), Tij only depends on the relative distance [i − j]L. From now we denote Tij by
the relative distance as T[i−j]L . Some of their absolute values are plotted in figure 1.1 T0
stays around initial value T∗ with perturbation of order ε2. The early Ti is exponentially
suppressed over distance. T1 drops from ε and stabilizes around a smaller value. The
others start at zero. Among them, the odd terms grow to descending peaks of order ε site
by site, and fall to oscillate around a smaller value. The even terms are unstably growing
to magnitude of order ε2. The dynamics of Tij depicts a wave propagating in odd terms at
seemingly constant speed of order ε2. This wave will be our major topic in the next section.
Appendix A gives a phenomenological explanation for the propagation of the waves. There
we show how the former peaks combine into resonant oscillations that arouse later peaks.
Several signature quantities are argued to be of scaling forms in ε.

In this paper, we try to demonstrate within these setups, that the notion of “locality”
is approximately preserved in some finite time. In section 3, we continue the discussion
of propagating wave in the language of quantum information theory. In section 3, we will
study the quantum butterfly effects and the effective light-cones of this model.

3 Entanglement spreading

3.1 Definitions

In the study of quantum information, the creation and spreading of entanglement is a
central problem for a quenched quantum system. It is found in both holographic and

1L = 81, U = R = 1, λ = 125 and ε = 0.08 are assumed unless specified. Tuning either the constants
or the initial correlation ε can controls the spreading speed of collective variables. We choose a set of
coefficients which provides a moderate speed for our choice of L.

– 5 –



J
H
E
P
0
4
(
2
0
2
2
)
1
0
6

(a) (b)

(c) (d)

Figure 1. Evolution of |Ti|. (a) is the early dynamics of |Ti| in log scale. (b) plots the stable |T0|.
(c) and (d) plot separately the dynamics of some odd and even |Ti|.

(a) (b)

Figure 2. (a) is the dynamics of half chain entanglement entropy. The red line denotes a linear
growth stage. (b) is the dynamics of entanglement center.
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Figure 3. Dynamics of Ii. The circles denote the instigation points, truncated at 1 percentage of
the peak values.

spin systems, the entanglement of a subregion seems to grow at a constant rate before
approaching local equilibrium [4, 14]. If we look at a series of subregions, the saturation
time increases linearly with region size. In 1D systems, this “propagation” of equilibrium
can be understood in terms of “information quasi-particles”. They transport quantum
information uniformly across the system, bringing a linear growth of entanglement, and
saturating a subregion when the first quasi-particle has gone through the subregion. We can
directly see these quasi-particles in spin systems by monitoring two-point correlations [15].
The speed of either the entanglement or the quasiparticles is a constant that depends on
the system under local interactions.

The entanglement dynamics with long-range interaction is still an on-going topic. The
most studied cases are systems with power-law interactions [16–19]. By tuning the ex-
ponent, the system is believed to see different regimes of dynamics, from (quasi-)linear
entanglement growth that is similar to a local theory, to logarithmic entanglement growth
with possibly divergent quasiparticle velocity. These are closely related to the topic of the
next section.

In this section, we focus on the entanglement entropy description of the correlation
spreading. By the word “correlation”, we mean both the entanglement between sites, and
the universal coupling of the Hamiltonian, as they are designed to be related. We will give
our definitions of three characteristic velocities to describe the entanglement dynamics and
their dependence on the initial states.

As in eq. (2.19), the mutual information Iij between site i and j has similar evolution
as Tij . I[i−j]L are plotted to first order of N in figure 3.2 The quantum information of local
sites leaks out through the propagating wave packets. We define the speed of the wave peaks
as the information speed VI . The peak values decrease as the waves go forward. It can be

2We omit the factor N .
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justified by the fact that some information stays in the residue — the Iis do not fall to zero
after the peak. Meanwhile, the wavefront is broadening with time. We can notice this by
the increasing lag of the peak from the “instigation point”, which refers to the position of
the curve where the oscillation begins to rise. These instigation points of each site forms
an information light-cone, outside which little information is leaked from the origin. The
corresponding slope is defined as the information light cone speed VILC . Numerically, we
truncate at 1 percent of the peak value as the instigation. The clear difference of the VILC
and the VI suggests a rich structure inside the propagating wavefront. Detailed discussions
of the light cones are in the next section.

The other signature quantity is the entanglement entropy. As in eq. (2.18), it is a naive
sum of all relevant site-to-site mutual information, which enables a natural quasi-particle
description of the entropy evolution. These particles start off at each site and enter a
certain region with the same velocity, which brings a steady increase of the entanglement
entropy. Figure 2a is the entanglement entropy of one half of the system. It deviates from
linearity because the residue of the peaks abnormally increases the entropy. In addition, the
entropy follows neither area law nor volume law during the evolution. The usual definition
of entanglement speed does not rely on the choice of a specific subregion. Without loss of
generality, we define the entanglement center as

X = SHalf Chain
SSingle Site

. (3.1)

It is plotted in figure 2b. For odd L, X =
∑

2=<j<L/2+1(j−1)I1j∑
2<=j<L/2+1 I1j

, giving the weighted sum of
distance travelled by the “quasi-particles”. For even L, it deviates little from such a form.
X can describe the “center of mass” for quantum information quasi-particles. It is natural
to define its speed as entanglement center speed, VCE .

3.2 State dependence

Keeping the same Hamiltonian, we change only the initial neighboring mutual information
by ε and plot VI , VILC and VCE in figure 4. It is clear that VILC is greater than VI . The
wave packets are broadening with time, i.e. the quasi-particle are gradually delocalizing.
It is closely related to the light cone behavior of Sungsik’s model discussed in the next
section, that the light cone velocity is greater than the butterfly velocity. VI is slightly
higher than VCE , suggesting that the wave packet is not symmetric about the peak. It is
close to zero at the instigation points but non-zero at the residue side. The entanglement
center thus lags behind the peak. As showed in figure 4, three speeds are all proportional
to initial neighboring mutual information. It meets with physical intuitions that higher
energy leads to higher speed. We show in the appendix that the coordinate speed of the
wave is of order ε2, while the initial mutual information is proportional to ε2 for small
ε. This result suggests a linear relation between coordinate speeds and the initial mutual
information. Ref. [2] argues in general that the initial entanglement density has strong
influence on the information velocity. It is however more straightforward in the Sungsik
model where the coupling depends on the correlations.

– 8 –
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Figure 4. VI , VILC and VCE against different initial neighboring mutual information.

4 Emergent light cones

4.1 Operator spreading

Relativistic theories are equipped with exactly vanishing space-like commutators. Such
rigid light-cones ensure that causality is respected in all inertial frames. In non-relativistic
quantum mechanics, for normalized local operator Oy located at y and the Heisenberg
picture of another normalized local operator Ox(t) = eiHtOxe−iHt, the Lieb-Robinson
bound declares that |[Ox(t),Oy]| ≤ ke−λ(|x−y|−vLt). Here k and λ are constants determined
by the system. | · | denotes taking norm. The commutator is exponentially small for
|x| > vLt, which defines an effective light-cone with the Lieb-Robinson speed vL. The out-
of-time-order correlators (OTOC) are usually defined as F (x − y, t) = 〈|[Ox(t),Oy]|2〉ρ,3

which takes the ensemble average of the squared commutators. Its deviation from zero can
quantify how local operators evolve to overlap with distant ones. In most chaotic systems,
it is believed that the region where F (x, t) has grown to O(1) expands with constant
velocity [20]. Such ballistic spreading of local operators is named quantum butterfly effect
after the classical chaos theory. The early behavior of the OTOC is argued to be F (x, t) ∼
e−λ

′(x−vBt) [21]. It saturates an ensemble-dependent Lieb-Robinson bound with butterfly
velocity vB, which should be naturally not greater than a universal effective light-cone
velocity. The propagating front, where the OTOC is between 0 and O(1), may broaden
with time. We have already seen similar effects in the quasi-particle description, where
VILC is higher than VI and leads to a broadening front of the information wave. The
diffusion of the butterfly front is well studied in random circuits. The width is believed to
follow universal scaling forms [22] and governed by some hydrodynamics equations [23, 24],
thus given the name hydrodynamical effects.

3In some literature, OTOC is defined as F (x − y, t) = 〈|Ox(t)OyOx(t)Oy〉ρ. For Hermitian operators,
F (x, t) = 2− 2C(x, t).
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(a) (b)

(c) (d)

Figure 5. Density plot of lnC(i, t) vs site i and time t. We set states at t′ = 0, 2000, 4000, 6000 in
figure 1 with T41,41 perturbed to T41,41 + 0.0001i as initial states in (a), (b) (c) and (d).

In this section, we will demonstrate how operators spread and form light-cones that
are both emergent and effective. By “emergent” we mean its shape and velocity depends
on the states of the system. The word “effective” comes from the spirit of Lieb-Robinson
bound that a non-relativistic quantum theory can have a light-cone with exponentially small
space-like commutators. Different levels of couplings give rise to a rich internal structure
of the butterfly front. The increasing long-range interactions slowly melt the light-cones.

Due to the semi-classical nature of the equation of motion (2.17), we can adopt an easy
method to approximate commutators: to disturb a local variable and see how it affects the
evolution of distant variables. We shift the value Tii of a state |Ψ〉 by acting |Ψ′〉 =
eiαOii |Ψ〉. For a chosen local operator Oj and a small real α, 〈Ψ′|O(t)|Ψ′〉 − 〈Ψ|O(t)|Ψ〉 =
〈Ψ|e−iαOiieitĤOe−itĤeiαOii |Ψ〉− 〈Ψ|eitĤOe−itĤ |Ψ〉 = iα〈Ψ|[O(t), Oii]|Ψ〉+O(α). Thus we
are actually calculating expectation values of commutators using collective variables.

Numerically, we choose a state |Ψ〉 and shift one of Tii by a small iα to |Ψ′〉. They evolve
to give Tjj and T ′jj . C(j, t) =

∣∣∣∣T ′jj(t)−Tjj(t)αTjj(t)

∣∣∣∣ for each j gives approximation of normalized
commutators.

– 10 –
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4.2 Emergent light cone

The diagrams of the operator spreading, namely C(i, t), can reflect the locality structure of
the perturbed states |Ψ〉. In order to see how it changes during the evolution, the perturbed
states are chosen to be the states that have evolved from eq. (2.20) for a certain time
t′ = 0, 2000, 4000, 6000, as in the states in figure 1. We perturb their T41,41 to T41,41+0.0001i
and plot lnC(i, t) separately for each t′ in figure 5.

In the figure 5a, we just perturb the initial states as in eq. (2.20). The correlation
strength is exponentially suppressed in the early time. As we have seen in the last section,
higher correlation strength will lead to higher amount of propagating quantum informa-
tion. We would expect similar thing for the butterfly effects. There are multiple layers
of C(i, t) in figure 5a, with varying truncation values and slopes. The exponentially small
but existing long-range interactions lead to an early arrival of the operators with small
magnitudes. The near-range interactions provide slower but stronger spreading of opera-
tors that dominates the butterfly effects. As shown in figure 5a, the effective light-cone
for different choices of the truncation value is different. However, any sufficiently small
enough truncation value would provide an equally good effective light-cone, outside which
the commutators are negligible. An O(1) truncation qualifies a butterfly cone, for instance
the red-pink line. We can again define butterfly velocity and light cone velocity by artifi-
cially giving a truncation value. They are still proportional to initial mutual information,
which we do not bother to show explicitly. As in the figure 5a, a higher truncation has
higher velocity. The gap between any two cones are expanding, which can be seen as a
generalized hydrodynamical effect.

Notice in C(i, t), we are not able to do an ensemble average, but only sandwich the
commutator with a chosen |Ψ〉. The locality structures are all state dependent. It is widely
believed that the butterfly velocity is an ensemble-dependent light-cone velocity [2, 20],
which is naturally smaller than the actual light velocity. In 1D random circuit models, the
front size scales as t

1
2 [22], so the velocity of either side of its front is asymptotically the

same. In figure 5a, the gap scales almost linearly in time. We thus give separate names to
the state dependent light-cones velocity and the butterfly velocity.

As we are observing the spreading of operators, the background coupling strength is
growing. The velocity for each cone thus gets slightly higher. Apart from such bending,
the cones are basically linear. As we have briefly discussed in the last section, the different
structures of long-range interaction will lead to different regimes of dynamics. Our results
align with general beliefs that a quantum system with exponentially suppressed long-range
interaction is likely to have a linear light cone, which corresponds to the linear regime of
the power law interaction with large exponent4 [19, 25].

Ref. [26] showed that, in a variant of the Sachdev-Ye-Kitaev model with non-local
interactions, the locality structure is almost preserved for “simple signals” that is carried
by quasi-particles. It is similar to our results that the dominant behaviour of the OTOC or
the entanglement entropy is linear and controlled by the near-range interactions, while some

4The interaction strength of site i and j in such a model is proportional to 1/|i− j|α, with α a constant
exponent.
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remnant of non-locality is leaked out through long-range interactions. We conjecture that
for non-local models with similar hierarchy of interactions — that the coupling strength
is at least inversely suppressed over distance — the information flow is dominated by
near-range couplings and thus to some degrees preserves locality.

In figure 5b, the perturbed initial states are the same as the states in figure 1 at
t′ = 2000. The quasi-particle front has reached T7. Inside this front, the odd coupling
strength are of the same magnitude. This reflects in the step-like cones. A group of nearly
seven sites form each step. It is clearer in the figure 5c and 5d where each step is wider,
since the perturbed states has wider correlations of order ε. The butterfly velocity thus
increases with our choice of t′.

From the perspective of the initial 1d geometry of this periodic chain, we can interpret
the evolution as a dynamical evolution of the couplings. The growing range of the coupling
speeds up the spreading of the operators. It agrees with [27] that a higher level of non-
locality leads to higher quantum information spreading speeds. After the quasi-particle
front reaches most of the system, an originally local operator spreads to the whole system
in a very short time. The causality structure gradually melts.

Alternatively, we can interpret the evolution under a changing geometry of the system.
Inside the range where the coupling strength are of the same magnitude, we assume the sites
to be physically close. This range expands linearly, as suggested by the Ti waves. “Light”
can propagate across the system within less time. The system thus shrinks with the inverse
of the time, until the whole system collapses to one single pot of glue — where every site
correlates equally strongly with every other site. The notion of locality is completely lost
at sufficiently late times. The notion of locality, and thus also of dimensionality of space
is dynamically varying according to the correlations.

Ref. [2] argues that the butterfly velocity should bound the information velocity, since
the former is a maximum velocity of operator spreading for the whole ensemble. It is
however not the case here where the butterfly velocity is state dependent. If we regard
the butterfly front in figure 5a as the one describing the geometry of the dynamics of
information quasiparticles, its butterfly velocity is greater than the information velocity.

5 Discussion

We study a specific class of non-local models such that the notion of locality is dictated
by the entanglement of the initial states. We would like to find out if models with only
an emergent and state dependent sense of locality satisfies similar properties as more con-
ventional local models. We explored the problem from two different perspectives — the
spreading of quantum information from the computation of mutual information between
different sites, and the growth of the effective size of Heisenberg operators under dynamical
evolution. We find that from either perspective, there is an emergent light-cone, and the
notion of entanglement speed/ butterfly speed that characterizes these light cones exist.
However, the relations observed between them in more conventional local models do not
appear to be satisfied.
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Moreover, since locality depends on the state, as a state evolves from given initial con-
ditions that supplied the locality structure, the notion of locality is gradually lost as time
evolution effected by an underlying non-local Hamiltonian progresses. Recall the pattern of
dynamical evolution of entanglement in figure 3 and the growth of the Heisenberg operators
shown in figure 5a, where both display a relatively sharp linear light-cone reflecting the ex-
ponentially suppressed initial interactions. In this regime, the behaviour of the model is not
different from quasi-local models whose range of interaction decays only as power laws with
large exponent [19, 28]. As explained in the appendix, the oscillation drove wider correla-
tions, and the increasing range of the interactions would destroy the light cones. Typically,
the breakdown of light-cones are seen by directly tuning the coupling strength in the Hamil-
tonian [17–19]. But in our case, the couplings depend directly on the correlations, which
itself is evolving. As a result, the light-cones slowly melt under a single fixed Hamiltonian.

Along with similar observations from non-local spin models [19, 26], we conjecture
that the hierarchy of the interaction over different distances provides different “layers”
of light-cones. The short range interactions lead to linear cones, which can be explained
by quasi-particles, while longer range interactions lead to quasi-linear or even logarithmic
shaped cones. When long range interactions are sufficiently suppressed, the effective light
cones are dominated by linear behaviour with little remnant of non-locality. When the long
range interactions dominate over the near range interactions, the linear light cones break
down. At an intermediate stage such as that depicted in figure 5, the light cone structure
is enriched and the multiple layers are visible at the same time.

These would potentially be interesting diagnostics of models that are genuinely local
or only local in a state-dependent way — which have important implications particularly
in the search for signatures of quantum gravity — which is believed to be intrinsically
non-local due to requirements of diffeomorphism invariance.

It would be interesting to explore if there are universal rules governing the speed of
information spread vs operator growth in these non-local models. This would be left for
future investigations.
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A Phenomenological analysis of information waves

This section is partially based on the ideas in [13]. Denote Vs =
(
Ts
Ps

)
. Numerical results

have shown that under our choice of constants: |Vs>0| is not greater than ε; |V0| stays

near initial value V∗ ≡
(
T∗
P∗

)
. Assume generally that ε is small and V∗ is O(1). Rewrite
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eq. (2.17) as
∂tVs = iMsVs + iAs (A.1)

where Ms contains all order 1 coefficients of Vs,

Ms =
(
−2R+ 16RT0P0 − 8UT0 8RT 2

0 + 2λδs,0
−8RP 2

0 + 8UP0 2R− 16RT0P0 + 8UT0

)
. (A.2)

The rest terms are combined into As. ∂tV0 = iM0V0 is the ultra local equation of
motion, which gives the static solution V∗. Because A0 are at best of order ε2, V0 are only
slightly perturbed away from the initial value V∗ as expected.

For s > 0, Ms is a constant matrix. Each individual product of collective
variables in As contain at least two Vs>0. Thus they are all at best of order ε2.
∂tVs = iMsVs + iAs are resonant complex oscillation systems with different initial con-
dition and small force term As. We can express the solution as: Vs(t) = Vs,+(t) +
Vs,−(t) where Vs,± = αs,±(t)e±iωtv±. ±ω = ±2

√
2U2/3λ1/3 (2U2/3λ1/3 −R

)
and vT± =(

RU2/3λ2/3−2U4/3λ±
√

2U2λ5/3(2U2/3λ1/3−R)
−RU4/3+2U2λ1/3 , 1

)
are the eigenvalues and the eigen-vectors of

the mass matrix. αs,± are their complex amplitudes. Note that ±ω can be understood as
the natural frequency of the oscillators.

It suits our numerical results amazingly well as we can extract steady amplitudes αs,±
from Ts and Ps, given the relation of the v1

± and v2
±. Because all Vs>0 share the same

frequency, As have many small terms with frequency matching the resonance frequency
ω, which could drive the oscillation amplitudes. Odd order of v gives resonance driv-
ing/damping force such as V 1

a,+V
2
b,−V

1
c,+ = αa,+αb,−αc,+e

iωt. They appear in TaPbTc or
PaTbPc terms in As for |a±b±c±s| = 0 or L, because the indices of TijPjkTkl or PijTjkPkl
form a connected path from i to l. Initially, Vs>1 = 0. V1 alone can form only resonant
terms in A3 such as iT1P1T1, which are of order ε3. In the linear early time, V3 is thus of
order ε3. The phase of α3,± are ahead of α1,± by π/2 because of the coefficient i. V1 and V3
together can form more resonant terms such as A5 of order ε5 and leads to the same order
V5. There are also paths as 1 + 3− 3 = 1 or 3− 1− 1 = 1 in A1. These terms are of higher
order than ε and negligible in A1. One by one we can show that, in early time, the domi-
nant terms in As is of order εs coming from the shortest path. It leads to a same magnitude
of Vs. With a similar logic, the initial relative phase between any nearest odd sites is π/2.

In a later time, V3 grows to order ε with rate ε3 under the driving force A3. The
dominant terms in A5 thus grow to also ε3 and arouse V5 to grow at this same rate. The
wave propagates in odd collective variables with coordinate speed of order ε2.5 For a
more detailed description of the dynamics, we should consider all possible resonant terms.
We plot the relative phase of some nearest odd sites in figure 6. They begin at π/2 and
descend close to 0 as the corresponding Vs peaks. The former sites of roughly the same
phase are composed to driving terms in Vs, which are π/2 ahead of them. As the phase
gap approaches 0, the former driving force became a phase term which contribute little

5For even s, TaPbTc or PaTbPc terms in Vs has at least another even Vs′ . The oscillations of V0 around
V∗ have different frequency. As a result, there are no resonant terms.
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Figure 6. The relative phase between the complex amplitudes of nearest odd sites.

(a) (b)

Figure 7. The contribution of resonant terms in Ai to the growth rate of |αi,+| in Vi. i = 3 in (a)
whereas i = 5 in (b). The i, j, k lines are the resonant terms within iViVjVk structures. The ‘sum’
line is the sum of all resonant terms, many of which are not plotted here.

to the absolute amplitudes. In the other way around, the latter sites are combined to be
damping forces of the previous sites. Before the peak, the driving force dominates. After
the synchronization, the driving force dies out and the damping force grows as the latter
sites grows. The relative phase between complex amplitudes thus leads to the varying
effects of As. The figure 7 shows the contribution to the time derivative of Vs,+ from
resonant terms in As. The dark blue line is the sum of all resonant terms, which indeed
reflects how Vs changes. For example, the sum in A1 becomes sub-zero at around t = 2000,
where V1 peaks. In figure 7a, initial dominant terms is indeed given by V1V1V1 like terms.
It approaches to 0 as V3 peaks. While terms involve V5 or higher order terms contribute
negatively to the amplitudes. They would also descend close to 0 as V5 peaks. The late
time dynamics are dominated by even higher collective variables. Similar things happen in
figure 7b, where combinations of V1 and V3 contribute positively but V7 involves negatively.
We can see in above, the information wave is physically similar to classical waves. Each
odd site is driven by preceding sites and dragged down by succeeding sites.
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