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1 Introduction

The DéQ) spin chain model is one of the most representative integrable system associated
with quantum algebra beyond A-series. The exact solution of the D§2) spin chain is also the
foundation to solve the high rank Dy(lz) models with nested analytical methods. Particularly,
the DéQ) spin chain has many applications in the string theory and black hole. For an
example, Robertson, Jacobsen and Saleur found [1] that an open D§2) spin chain with some
integrable boundary condition possesses the lattice regularisation of a non-compact boundary
conformal field theory and is closely related to the SL(2, R)/U(1) Euclidean black hole [2-6].

The eigenvalues of the transfer matrix of the periodic Dn2 model firstly was obtained
by the analytical Bethe ansatz [7] and then by the algebraic Bethe ansatz [8]. For open
boundary conditions, besides the R-matrix, the reflection matrices should also be used
to construct the transfer matrix which generates the conserved quantities including the
model Hamiltonian [9-11]. The Hamiltonian with diagonal boundary fields was exactly
solved via both the coordinate Bethe ansatz [12] and the analytical Bethe ansatz [13, 14].
Recently, Robertson, Pawelkiewicz, Jacobsen and Saleur [15] reported that the R-matrix of
DéQ) model [16-18] is related to the antiferromagnetic Potts model and the staggered XXZ
spin chain [19-24]. Based on this idea, Nepomechie and Retore [25] obtained the exact
solutions of transfer matrices of both the closed D§2) spin chain and the open one with a
special boundary condition by using the factorization identities and algebraic Bethe ansatz.

In this paper, we study the exact solution of the Dg)

spin chain with generic non-
diagonal boundary fields. Because the reflection matrix and the dual one can not be
diagonalized simultaneously, the U(1) symmetry of the system is broken. The structure of
the present paper is as follows. In section 2, we give a brief description of the DéQ) model
with open boundary condition. The R-matrix, reflection matrices and generating functional

of conserved quantities are introduced. In section 3, we show that the transfer matrix can be



factorized as the product of two open staggered XXZ spin chains. In section 4, by using the
fusion techniques, we obtain the exact solution of the system via off-diagonal Bethe ansatz.
The inhomogeneous T — () relations and related Bethe ansatz equations are given. The sum-
mary of main results and some concluding remarks are presented in section 5. Appendix A
provides the results for another inequivalent generic non-diagonal boundary fields.

2 Dgz)-model

The conserved quantities including the model Hamiltonian of the D;Q) spin chain are

generated by the transfer matrix #(u)
t(u) = tro{ Ky (u)To(u) Ky (u)To(w)}. (2.1)

Here w is the spectral parameter, the subscript 0 means the four-dimensional auxiliary space
Vo, trog means taking trace only in the auxiliary space Vj, KJ (u) is the boundary reflection
matrix defined in the auxiliary space at one end, K, (u) is the reflection matrix at the other
end, Ty(u) and Ty(u) are the monodromy matrices constructed by the 16 x 16 R-matrix as

To(u) = R01(u)R02(u) s RON(U),
To(u) = Ryo(u)Ry_10(u) - - - Rig(u). (2.2)

Here the subscript j = 1,---, N denotes the four-dimensional quantum space V; of j-th site,
which means that the spin of the D§2) chain at j-th site has four components, and N is the
number of sites. Thus Tp(u) and Tp(u) are defined in the tensor space Vo ®@ Vi @ - @ Vi
and ®§-V:1Vj is the quantum or physical space.

The integrability of the system requires that the transfer matrices (2.1) with different
spectral parameters commutate with each other

[t(w), t(v)] = 0. (2.3)

Thus all the expansion coefficients of ¢(u) with respect to u are commutative. The coefficients
or their combinations are the conserved quantities. The commutation relation (2.3) is
achieved by that the R-matrices in eq. (2.2) satisfy the Yang-Baxter equation

ng(u - ’U)ng(u)Rgg(v) = RQg('l})ng(u)ng (’U, — U), (2.4)

and the reflection matrices in eq. (2.1) for the given R-matrix satisfy the reflection equa-
tions [9-11]

Ria(—u + v) KiF (u) M Roy (—u — v + 4n) My Ko (v)
= K (v)M1Ria(—u — v+ 4n) M7 K (u) Ray (—u + v), (2.5)

Ris(u —v)K{ (u)Ra1(u+ v)Ky (v) = Ky (v)Ria(u + v) Ky (u)Ra1 (u — v). (2.6)



The solution of Yang-Baxter equation (2.4) associated with the twisted Déz) quantum
algebra, gives the 16 x 16 R-matrix defined in the tensor space Vi ® Vs as [12-14]

1%12<u>:=ff‘z(“+2"){<62“-—e4“><62“-—e4”> 3 leala®eals + e~ 1) (2 — )
a#2,3

1
X Z [61]g®[62]g—§(€4n—1)(62u—64n) (e“—i—l)( Z +et Z )
e a=1,5=23  a=4,5=23
«aor#2,3

><([a}%@[ez]ﬁ%—[61]5@[62]%:)+(€"_1)<_ S et Y )

a=1,=2,3 a=4,4=2,3

1
) + Z anp(u)ler 5®[eg]5/+§ Z
,#2,3 a#2,3,8=2,3

x (ler)g®leald] +1er]l ®le

x b2 (u) ([er]3 @ [eal +[ea] @[eald ) +05 (w) ([er]§ @leals +[er)l @ [ea]) ]
+ (c*(u) [e1]2®[ed]® +c (u)[er]2 @[ea] +dt (u)[e]% @ [ea]™
a=2,3

—Fd_(u)[eﬂg/@[ez]g/) } (2.7)

Here 7 is the crossing parameter, o and 3 take the values from 1 to4, o/ =5—a, 8/ =5— 33,
a=2ifa=1l,a=3ifa=2ora=3,anda=3ifa=4 lex]G (b =1,2) is the 4 x 4
representation matrix of Weyl basis of k-th space. The coefficients ang(u) are defined as

(€4n62u_ 477)( 2u_1)’ Oézﬁ,
Gas(u) = @”4M“&W D 1)~ Ga (™ — )], a <, (28)
(€' — De* [P (e — 1) — Gapr(e® —e™)], a > B,

where «, 8 # 2,3. The functions b2 (u), ¢*(u) and d*(u) are given by

b () = +e21@=1/2) (21— 1)(e* — 1)(e* £ €21), a =1,
o\ 6277(0‘_7/2)(6477 —1)(e® — 1)e¥(e* £ &), o =4,

(u) = :I:l(elm — 1)(e® +1)e*(e" F 1) (e & M) + 21 (e® — 1)(e* — 1),
d*(u) = 2= (e — 1)(e® — 1)e(e® £ 1)(e* & €27). (2.9)

The R-matrix (2.7) has following properties

Unitarity : R12(w) Ro1(—u) = p(u) = 16sinh? (u— 2n) sinh? (u+427),
Initial condition : R12(0)=p(0 ) P12, (2.10)
Crossing unitarity : Riyo(u)™ My Ry (—u+4n)" M ' = p(u—2n),
Ria(u)2 My Ry (—u+4n)"2 My = p(u—2n), (2.11)



where P19 is the permutation operator with the matrix elements [Plg]gg = 00603+, Ro1(u) =
P1aR12(u) P12, tx denotes the transposition in the k-th space, My is the 4 x 4 diagonal

constant matrix
M), = diag(e?",1,1,e72). (2.12)

The solutions of reflection equations (2.5)—(2.6) with fixed R-matrix (2.7) give the
reflection matrices K (u) defined in the four-dimensional space Vj as [26-29)]

Klj_(u) = MkKk_(_u + 277)|{s,51,52}—>{s’,s’1,5’2}7 (213)
kii(u) kio(u) kiz(u) kia(u)
oy | k2r(u) Roa(u) kas(u) koa(u)
Ky (w) ka1 (u) kaz(u) ksz(u) ksa(u) |’ @19
k41(u) k42(u) k43(u) k:44(u)

where {s, s1, s2} are the free boundary parameters at one end and {5, s}, s5} are the ones at
the other end. Here we should note that the reflection equation (2.6) has two inequivalent

classes of generic non-diagonal solutions. Without losing generality, we consider one of the

generic solutions, whose matrix elements are!

1
k11 (u) = ie_u[cosh(u — 1) sinh(u — 2s) — 25159 sinh 7 sinh?(u)],

1 u 1
kio(u) = 5516_5 v/ cosh 7 sinh(2u) cosh i(u —n—2s),
1 u 1
kis(u) = —5816_5 v/cosh nsinh(2u) sinh §(u —n—2s),

1
kia(u) = 53% sinh u sinh(2u),

1 u 1
ko1 (u) = 582675 \/cosh nsinh(2u) cosh §(u —n—2s),

1
koo (u) = —3 cosh u[sinh u + cosh 7 sinh(2s)],

1
kos(u) = 3 sinh u[sinh 1 cosh(2s) + 25152 sinh w cosh(u — n)],

1 1
kog(u) = *58165 v/ cosh 7 sinh(2u) sinh §(u —n+2s),

1 u 1
k3i(u) = —=sae” 2+/coshnsinh(2u) sinh i(u —n—2s),

2
1
ksa(u) = D) sinh u[sinh 7 cosh(2s) + 2s1s2 sinh(u) cosh(u — n)],
1
kss(u) = 3 cosh u[sinh u — cosh 7 sinh(2s)],
1 1
k3q(u) = —58165 v/cosh 7 sinh(2u) cosh g(u —n+2s),

1
kq(u) = 55% sinh u sinh(2u),

1 1
ko (u) = —58265 v/ cosh 7 sinh(2u) sinh E(u —n+2s),

!The solution is different from that given in [29] even it has the same number of free boundary parameters.



1 1
kas(u) = —58265 v/ cosh n sinh(2u) cosh i(u —n+2s),
1
kag(u) = —§eu[cosh(u — 1) sinh(u 4 2s) — 25159 sinh 7 sinh?(u)]. (2.15)

For the K-matrices Kki (u) given by (2.15) and (2.13) satisfy tro Ky (0) # 0. The Hamiltonian
can be given in terms of the transfer matrix by the standard way? [10]

dlnt(u) troKg 0y = Ky(0)  tro{ K (0)Hio}
H=""""/| 01 1e0— ——2 " = . (216
200 =0.00:1=0 2tro K (0) 2; k“4+2K;a» tro K (0) (2.16)

where Hypi1 = p(0) " Ryppy1(0) 2 Ry g1 (1) |—p-

Another solution with 3 free boundary parameters is given by (A.1) below, which
agrees with that obtained in [29]. It is easy to check that K*(u) and K~ (u) can not
be diagonalized simultaneously for generic choices of 6 boundary parameters. Then the
traditional algebraic Bethe ansatz can not be applied to solve the eigenvalues of transfer
matrix (2.1) because of the absence of an obvious reference state [30].

3 Factorization of the reflection matrices

To obtain the eigenvalues of the transfer matrix (2.1), we first consider the decomposition
of space. The four-dimensional space can be regarded as the tensor of two two-dimensional
spaces. For example, V1 = V}» ® Vo and Vo = V3 ® V. Then the R-matrix (2.7) can be
factorized as the product of R-matrices of the anisotropic XXZ spin chain with suitable
global transformation [1, 15, 25, 31]

ng(u) = 24[5 ® S]R1/4/ (u + iﬂ)Ryg/(U)qux (U)R2/3/ (u - iﬂ') [S ® S]fl, (3.1)

Ry1(u) = 2'[S ® S| Ry (u + i) Ry (u) Ry (w) Ryy (u — i) [S @ S] 7, (3:2)

where the transformation matrix S is

1
cosh 7 sinh
_ g1 _ v/cosh " V/coshn
S=5"= sinhg cosh ) (33)

" Vcoshn  +/coshp
1

and the R-matrix reads

sinh(—% +n)

- sinh ¥ e~ 2 sinh
Ryo(u) = 2 " (3.4)

e? sinhn sinh 5
sinh(—% + 1)

%t is remarked that one can define the Hamiltonian by (2.16) for the case of t(0) # 0 (i.e., tro K (0) # 0),
however for the case of ¢(0) = 0 one needs to adopt other way [1] instead to construct a meaningful
Hamiltonian.



The R-matrix (3.4) has following properties

Quasi — period : Ry (u + 2im) = —Ryg (u),

PT — symmetry : Ri%’;,y (u) = Ryrgr(u),
Unitarity : R1/2/(u) R2/1/(—u) = Ps (u) — sinh <Z + 77) sinh (g + 77) ,

Initial condition : Ry (0) = pS(O)%ﬁyg/,

Crossing unitarity :  Ryrr(u)" My Ryrys(—u + 4n)' Myt = ps(u — 21), (3.5)
where Py/o is the permutation operator defined in the tensor space Vi/ @ Var, gy (k' = 1/,2')
denotes the transposition in the &’-th subspace, and My is the diagonal constant matrix with
the form of M, = diag(e”, e~"). Besides, the R-matrix (3.4) also satisfies the Yang-Baxter

equation
ng(u - U)ng(u)Rgg(v) = Rgg(v)ng,(u)ng(u — ). (3.6)

The very factorization (3.1)—(3.2) of the R-matrices allows us, after a tedious calculation,
to have that the reflection matrices (2.13)—(2.14) with the elements (2.15) can be expressed
in terms of the factorization form as

K{(u) = [ps(iw)}_%Squ/(iﬂ)IN(;(u)MQ_,lRl/Q/(—Qu +dn — im) My K, (u) S,
K (u) = [ps(m)}—%sfq, (u + im) Ry (2u + i) Koy (w) Ryrgr (—im) S, (3.7)

where f(,;'? (u) are the 2 x 2 generic non-diagonal reflection matrices of the XXZ spin chain

K]; (u) = Mk’ ~];(_u + 277)|{s,51,32}%{s’,s’1,3’2}7 (38)

~ —e”2 sinh(% —s) sy sinhu

K, (u) = 2 u , 3.9
w () ( s9 sinh u e2 sinh(§ + s) (39)

which satisfy the reflection equations

R1/2/(—u + v)f(f?(u M1_11R2/1/(_u —v+ 4n)]\~41/l~(;;(v)
= K3, (0) My Ryy (—u — v + 4n) My, K (u) Ry (—u + v), (3.10)
Ryrgr(u — v) K (w) Ry (u + v) Ky (v) = Ky (v) Ryrgr (u 4 v) Ky (u) Ry (u — v). - (3.11)

Some remarks are in order. The boundary parameters s, s; s are the same as those
of (2.13)-(2.14). Here it should also be addressed that when K~ (u) = 1 in (3.9), the
resulting K~ (u) given by (3.7) is just that discussed in refernce [25] with e = 0. When
s1 = s = 01in (3.9), the resulting K~ (u) given by (3.7) is the second case discussed in [12].
Due to the fact that K+ (u) are all diagonal ones,? it is only special cases that one can
adopt coordinate/algebraic Bethe ansatz to solve the corresponding DgQ) model [15, 25].

SHowever, the resulting K*(u) obtained by the relation (3.7) even have non-diagonal matrix
elements [12, 25].



Based on the R-matrix (3.4) and reflection matrices (3.8)—(3.9), we construct the
transfer matrix #(u) of the inhomogeneous XXZ spin chain as

t(u) = tro {Kg) (u)To (u) K (w) Ty () }, (3.12)
where 0/ means the auxiliary space, Ty (u) and T, o’ (u) are the monodromy matrices

Tol(u) = Rolll (u — 01)R0/2/(u - 92) ce RO/(QN)/(’LL — (92]\7),

T@(U) = R0/(2N)/(u + 02N)R0/(2N_1)/(U + 92]\[_1) tee ROII/(U + 91), (313)
and {0;|j = 1,--- ,2N} are the inhomogeneous parameters. We should note that the

quantum space of transfer matrix £(u) for the XXZ spin chain and that of ¢(u) for the D§2)

model are the same. Thus the number of sites in eq. (3.13) is extended to 2N to ensure the
dimension of Hilbert space is 4. The monodromy matrices (3.13) satisfy the Yang-Baxter
relations

Ry (u —v)Toy (w) Tor (v) = Toyr (v) Ty (w) Ry (u — v),

Ry (u— )Ty (u) Ty () = T (v) Ty () Ry (u — ). (3.14)

From the reflection equations (3.10)—(3.11) and Yang-Baxter relation (3.14), we can prove
that the transfer matrices #(u) with different spectral parameters commutate with each
other

[t(u), t(v)] = 0. (3.15)

Interestingly, we find that if the inhomogeneous parameters are staggered, i.e., 8; =0

for the odd j and #; = in for the even j, the transfer matrix (2.1) of the Déz) spin chain

can be factorized as the product of transfer matrices of two staggered XXZ spin chains with
fixed spectral difference

t(u) = 28V py(2u + im — 2n) ts(u + in) Ts(u), (3.16)
where 4(u) = f(u)|{9j}:{07 ir}- The proof is as follows. For simplicity, we denote
T3 (w) = Tor (W)l g,y go,0mps - 160 (0) = Tor () (0, =0, ) (3.17)
From the direct calculation, we have
ts(u+im)ts(u)
= [po2ut-im —20)] oo { Kify (w) Mg Royorr(—2u+An—im) Mgy
x K (w) T (u-tim) T (w) Ky (utim) Ry (2ut-im) Koy (u) T (ut i) I ()} (3.18)
By using the Yang-Baxter equation (3.6), we obtain

Rm/(u + QiW)Rlloﬂ (u + iﬂ)Rg/o//(-iﬂ)ﬁL’oNo/ (iﬂ')Rj/o/ (u + iﬂ')Rj/o// (u)
= RQ/OII(—’iﬂ)Rl/O// (u + iTr)Rm/ (u + 2i7r)Rj/0n(u)Rj/0/(u + iﬂ')Ro//o/ (i7r), (3.19)



which gives the identity
T (u + im) T (u) = [ps(in)] ™  Rorgr (—im) T (u) Ty (u 4 i) Roprgy (ir). (3.20)
Substituting eq. (3.20) into (3.18), we have

ts(u 4 i) ts(u) = [ps(2u + im — 20)ps(im)] ™ Hrgor {ROHO/ (im) Kb (u) My,
X RO/O// (—2u ‘I— 477 — ’L'T(')MO//Kt (U)TS/ (U + iW)T()s// (U)

x K (u+ im) Ron (2 + im) Ky, () R (—im) T (u) T (u + i) §

(
=278 p,(2u + im — 2n)] 1St (w)S,

where S =5S® S®...® S. Then we arrive at the conclusion (3.16).

4 Exact solution

Now, we derive the eigenvalue of transfer matrix t(u) of the D§2) spin chain based on the

factorization identity (3.16). According to eq. (3.15), we know that £s(u + im) and #s(u)
have common eigenstates. Acting eq. (3.16) on a common eigenstate, we obtain

Aw) = 28N pg(2u + i — 2n) Ag(u + i) Ag(u), (4.1)

where A(u), Ag(u+in) and Ag(u) are the eigenvalues of the transfer matrices t(u), Ts(u+ in)
and ts(u), respectively.

In order to obtain the eigenvalue of transfer matrix £s(u) of the staggered XXZ spin
chain, we should diagonalize the transfer matrix #(u) of the inhomogeneous XXZ spin chain
first. The method is fusion [32-37]. The main idea of fusion is that the R-matrix at the
some special points can degenerate into the projector operators. For the present case, at
the point of u = 27, the R-matrix (3.4) degenerates into

~ 1) o1
R1/2/(277) = P1(,2),S§,%/, (42)
where 582), is an irrelevant constant matrix omitted here, P1(/12)' is the one-dimensional

projector operator

1
J2coshyy

and {|1),]2)} are the orthogonal bases of the 2-dimensional linear space Vy/ (or Vo). From
the Yang-Baxter equation (3.6) and using the properties of projector, we obtain

P{l) = o) (Wol, o) = (e7212) + €3]21)) , (4.3)

P2(111)/R1/3/ (U)ng/ (u+ 27])P2(,11), = —sinh (g + 17> sinh <; _ 77) ’

Pl(,IQ),Rg)/l/ (u) R (u + 277)]31(,12), — —sinh (g + n> sinh (; — 77) : (4.4)



Based on the reflections (3.10)—(3.11), the fusion of reflection matrices gives

P& K (u+ 20) Ny Ry (—2u + 20) M, K (u) PSY)

1 / Y / Y
= 2sinh(u — 277)5 cosh = ‘;(11 cosh = 2a1 cosh = zaQ cosh = 2a2, (4.5)
D oe =
P K5 () Ryys (2u + 20) Ky (u + 2n) PY),
1 _ _
= —2sinh(u + 217)5 cosh 2a1 cosh = 2a1 cosh = 4—20@ cosh = 2@27 (4.6)
where the related constants are defined as
1 8 h(2 16 1
o ’ 5= s182 cosh(2s) + 16(s152)? + . coshay = a + 8,
28182 16(8182 2
coshag = & — 8, o — S 8] s, cosh( 28 ) —i—,16(s’13’2)2 + 17
2 25159 16(s/ 55)

cosh o) = 02/ + B, coshal = C;/ - 4.
The Yang-Baxter relations (3.14) at certain points give
Toy (6;) T (65 + 2n) = Py Tor (6;)Tor (65 + 20,
Toy (=0 Ty (—0; + 2n) = P Tor (—05)Tor (~0; + 2), (4.7)

which show two ways to generate the projector operator in the transfer matrix.

Considering the physical quantity #(+6;)¢(+6;+2n) and using the fusion relations (4.4)—
(4.7), we obtain

4sinh(£6; —2n)sinh(£60;42n) +0;—o

t(£0;)t(+0,+2 h
(30;) 1(£0;+211) = aa smh(:th—n)sinh(:I:Hj—}—n)COS 2
10 40— 16 460, —ao +60.+a
X cosh it cosh —2 a2 osh ];a2003h J Oélcosh J;al
—ab  AOjtah 40,02
x cosh —2 @2 cosh j+a2Hsinh7J el
- 2
+0;—0;+2 +0;+0;—2 +0;+0;+2
wsinh =08 =020 g FOAHOZ2 g FOAHOE2 oy
2 2 2
(4.8)

We see that the product of two transfer matrices with fixed spectral parameters is a c-number
equaling to the quantum determinant at the point of u = 6;. We shall note that the fusion
identities (4.8) hold only at the discrete inhomogeneous points. Besides, from the direct

calculation and using the properties (3.5), we also obtain the values of £(u) at the points of
u = 0,2n,im as

2N
t(0) = #(2n) = 2 cosh nsinh s sinh s’ H ps(0;)
j=1
2N
t(im) = 2 cosh 7 cosh s cosh s’ H ps(8; + im). (4.9)
j=1



The asymptotic behavior of #(u) when the spectral parameter tends to infinity reads
F(1) [y too = —27 N2 EENF =] (o=ng o) 1 Nsosh). (4.10)

From the definition (3.12), we know that the transfer matrix #(u) is an operator
polynomial of e* with the degree 4N + 4, which can be completely determined by 4N + 5
constraints. Thus the above 4NV fusion identities (4.8) and 5 additional conditions (4.9)-
(4.10) give us sufficient information to determine the eigenvalue A(u) of Z(u). After some
algebras, we express the eigenvalue JNX(u) as the inhomogeneous T — @ relation

~ 2sinh(u — 2 ! ! 2
A(y) = 250 (u—2n) osp UM Ut g out o Oshu+a2a(u)Q(u+ n)
sinh(u — n)vaao/ 2 2 2 2 Q(u)
2sinh u Coshu—2n—a1 Oshu—2n—a2 Oshu—Qn—o/l
sinh(u — n)vVaa/ 2 2 2
u—2n—ay . Qu—2n) . . a(u)d(u)
x cosh d(u + xsinh u sinh(u — 2n , 4.11
5 (u) oW ( ) Q) (4.11)
where the functions Q(u), a(u), d(u) and parameter x are
2N 1 1
Q(u) = [ [ sinh 5 (u—pu) sinh = (u—2n),
ey 2 2
2N 1 1
a(u) = H sinh i(u—ej —2n)sinh §(u+0j —2n) =d(u—2n),
j=1
/ /
= —24/51528) 85 cosh [(2N+1)17+ a1+a2;a1+a2 —(e Ms1sh+esas]).  (4.12)

Because A(u) is a polynomial, the singularities of right hand side of eq. (4.11) should be
cancelled with each other, which gives that the Bethe roots {s;} should satisfy the Bethe
ansatz equations

2 sinh -2 ! ! 2
sinh(py — 2n) cogp Pt itz ol ot ag Qi + 2n)

sinh(p; — n)vVaao! 2 2 2 2 d(p)
2 sinh o — P —m—d
i sih fy cosh L —“n—a1 g en—2 BT AT
sinh(p; — n)vVaao! 2 2 2
- a 9
x cosh ;7 %2 Q(“’( ) " _ ysinhyysinh(u - 27), 1=1,-- 2N. (4.13)
altu

Some remarks are in order. By solving the algebraic equations (4.13), we obtain
the values of Bethe roots {y;}. Substituting these values into the inhomogeneous T' — Q
relation (4.11), we obtain the eigenvalue A(u). The different sets of Bethe roots would
give different eigenvalues. As shown in [38, 39], based on the numerical calculation and
analytical analysis with the help of Bézout theorem, the T'— @) relation (4.11) can generate
all the eigenvalues of #(u). The eigenvalue A(u) has the well-defined quasi-inhomogeneous
limit {6;} = {0, ¢7}. Substituting

As(u) = AMu)ljo,3=q0,inp  As(u+im) = Au+im)|(9,3=(0,ir}» (4.14)
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into eq. (4.1), we then are able to obtain the eigenvalue A(u) of the transfer matrix ¢(u) of
the Déz) spin chain associated with the most generic non-diagonal K-matrices K (u) given
by (2.13)-(2.15). Therefore, the expression (4.1) gives the complete spectrum of the system
via the relation (2.16).

5 Discussion

In this paper, we have studied the exact solutions of one-dimensional quantum integrable
system connected with the twisted DéQ) quantum algebra in the generic open boundary
conditions, where the reflection matrices have non-diagonal elements. We find that the
generating functional of the model can be factorized as the product of transfer matrices of two
XXZ spin chains with staggered inhomogeneous parameters. Based on these factorization
identities and using the method of fusion, we obtain the eigenvalues and corresponding
Bethe ansatz equations of the model.

Based on the obtained eigenvalues, the eigenstate of the D§2) model can be retrieved
by using the separation of variables [40-43] or the off-diagonal Bethe ansatz [44]. Then
the correlation functions, norm, form factors and other interesting scalar products can be
calculated. Staring from the obtained Bethe ansatz equations and using the finite size
scaling analysis of the contribution of inhomogeneous term in the 7' — @ relation (4.11),
the physical quantities such as ground state energy density, surface energy and elementary
excitations in the thermodynamic limit could also be studied. The results given in this
paper are the foundations to exactly solve the high rank Dg) model by using the analytical
methods such as the nested off-diagonal Bethe ansatz [30].
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A Another non-diagonal boundary reflection

The reflection equation (2.6) has another inequivalent generic non-diagonal solution where
the matrix elements are

1
k11 (u) = 567“ [Sinh(u — 1) cosh(u — 2s) — 25159 sinh 7 cosh? u] ,

1 u _y iTm ]. )
k12(u) = —isle*frf v/cosh 7 sinh(2u) sinh 3 (u —n—2s5+ Z;) ,

1 u AT 1 ]
ki3(u) = 5516_54'? v/ cosh 7 sinh(2u) cosh 5 <u —n—2s+ z;r) ,

1
kia(u) = —58% cosh u sinh(2u),

1 u | T 1 N
ko1 (u) = 5826_5""7 \/cosh 7 sinh(2u) cosh 5 (u —n—2s+ Z;) ’

1
koo (u) = 3 cosh u [sinh 7 cosh(2s) — 2s1 89 coshusinh(u — )],

1 .
koz(u) = 3 sinh u {coshnsinh(Qs) — sinh (u + m)] ,

2
1 E+il . 1 7:7T
kog(u) = gs1er v/cosh 7 sinh(2u) cosh S lu—m + 25 — 5 )
k31 (u) = —gsae 2T v/ cosh 7 sinh(2u) sinh g luw—n- 2s + 5 )

1
]€32 (u) = —5 sinh u 5

cosh 7sinh(2s) — sinh (u + m)} :

1
k3s(u) = —5 cosh u [sinh 7 cosh(2s) — 25159 cosh usinh(u — )],

1 u AT 1 Zﬂ'

ksq(u) = 53165+T \/cosh nsinh(2u) sinh §(u —n+2s— 5),

1
ka1 (u) = —585 cosh u sinh(2u),

]. u | AT ]. ]
kaz(u) = 53265+T \/cosh nsinh(2u) sinh 3 (u —n+2s— Z;) )
]. w AT ]. )
kaz(u) = 53265+T v/cosh 7 sinh(2u) cosh 3 (u —n+2s— l;) ,
1
kag(u) = ieu {sinh(u — 1) cosh(u 4 2s) — 251 59 sinh 7 cosh? u} . (A.1)

In this case, the reflection matrices K (u) of the Déz) spin chain can be also factorized as

the product of reflection matrices K f? o (u) of the XXZ spin chain by a different way from
those of (3.7)

~ _ . _ ~ L 3
Kfr(u) = SPl/Q/KJ’; (’LL + Z;T) M271R1/2/(—2u + 4.77 - 2Z7T)M2/K1J7 <’LL + 227-‘-) S_l,

31

Ki (u) = SK}, (u + ;) Rory(2u + 2im) K, (u + Z;) ProS~L (A.2)

where the permutation operator Pyo is included. Here it should be addressed that when
K~ (u) = 11n (3.9), the resulting K~ (u) given by (A.2) is that discussed in [25] with ¢ = 1.
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When s; = s9 = 0 in (3.9), the resulting K~ (u) given by (A.2) is the third case discussed
in [12]. For K~ (u) defined by (A.1), the corresponding K (u) given by (2.13) indeed
satisfies tro K (0) = 0. For this case one has to, instead of (2.16), take the second order
derivative of the transfer matrix to construct a meaningful Hamiltonian [1].

Motivated by the factorization (A.2), we construct the transfer matrix of the related
XXZ spin chain as

t(u) = tro {IN(SC <u + Z;T) To (u) K, (u + z;r) f}y (u+ ZT[‘)} . (A.3)

The transfer matrix ¢(u) can be obtained from #(u) (3.12) by the mapping

tu) = (v (A.4)

u—)u—&-%r, {9]‘—>9j+%r}'

After some algebraic calculation, we find that if the inhomogeneous parameters in
eq. (A.3) are staggered, i.e., §; = % for odd j and 0; = 3’7“ for even j, the transfer matrix
t(u) of Dé2) spin chain can be factorized as the product of transfer matrices of two staggered
XXZ spin chains with fixed spectral difference

t(u) = 28N py(2u + 2im — 2n) t,(u + im) t5(u), (A.5)

where

ts(u) = t(“)‘{ej}z{m/zsmﬂ}- (A.6)

The proof is as follows. From the definition (A.6), we readily have
£ (utim) (1) = [p3(2u+2m277)]—1157«0,0,,{}%0#, (wf) ;)
X Ry (—2u-+4n—2im) My Ko (u+ 32;) T3 (utim) T (u) Ky, <u+3m>
x Ry (2u-+2im) Koy, <u+ ’;) T8 (ut 20m) TS, (i) } (A7)
By using the property 753,,0, =1, we obtain

Rj/(y (u+ 3i7‘r)Rl/0/ (u+ QiW)Rj/ON (u+ QiW)Rllo//(u +im)

= Porgy Rjror (w + 3im) Ryrgyr (u + 2im) Rjny (u + 2im) Ry (u + i) Porgy, (A.8)
which gives
T (u + 2im) Tgn (u + im) = Poor T (w) Ty (u + i) Porgrr. (A.9)

Substituting eq. (A.9) into (A.7), we obtain
ts(u+ i) ts(u) = 278N [ps(2u + 2im — 2)] 7S L t(u) S, (A.10)

which gives the conclusion (A.5).

~13 -



Because the transfer matrices ¢(u) with different spectral parameters commutate with
each other, they have the common eigenstates. Acting the factorization identity (A.5) on a
common eigenstate, we obtain the eigenvalue A(u) of the transfer matrix ¢(u) of the DgQ)
spin chain as

Au) = 28N p,(2u + 2im — 2n) Ay (u + im) Ay(u), (A.11)

where

=

As(u) = (A.12)

()]s i 0,3=(in/2,8im /2, (i spu+ )0

and A(u) is given by eq. (4.11).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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