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ABSTRACT: The inelastic dark matter model is one kind of popular models for the light
dark matter (DM) below O(1) GeV. If the mass splitting between DM excited and ground
states is small enough, the co-annihilation becomes the dominant channel for thermal relic
density and the DM excited state can be long-lived at the collider scale. We study scalar and
fermion inelastic dark matter models for O(1) GeV DM at Belle 1T with U(1)p dark gauge
symmetry broken into its Zs subgroup. We focus on dilepton displaced vertex signatures
from decays of the DM excited state. With the help of precise displaced vertex detection
ability at Belle II, we can explore the DM spin, mass and mass splitting between DM
excited and ground states. Especially, we show scalar and fermion DM candidates can be
discriminated and the mass and mass splitting of DM sector can be determined within the
percentage of deviation for some benchmark points. Furthermore, the allowed parameter
space to explain the excess of muon (g — 2), is also studied and it can be covered in our
displaced vertex analysis during the early stage of Belle II experiment.
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1 Introduction

The nature of dark matter (DM) in our Universe is still a great mysterious issue. As
we know, DM plays a major role in the structure formation [1], and its abundance is
about 5.5 times larger than the ordinary matter in the present Universe [2]. However,
even all robust evidences to support the existence of DM until now are only connected
with gravitational interactions. Still it is believed that there are non-negligible couplings
between Standard Model (SM) particles and DM in addition to gravitational interactions.
Especially, the Weakly Interacting Massive Particle (WIMP) DM candidate with the freeze-
out mechanism has been overwhelming in both theoretical and experimental communities
during the past decades as shown in ref. [3] and references therein. This kind of WIMP DM
particles can be searched with direct, indirect detections and also at colliders experiments.



The null signal result from direct detection provides severe bounds on the cross section of
DM and nuclear scattering above a few GeV [4-6]. For instance, the spin independent (spin
dependent) DM and nuclear scattering cross section is restricted to og; < 10746 cm? [4]
(osp <2 x 1074 c¢m? [6]) for Mpy = 100 GeV. Nevertheless, lighter DM candidates are
still less constrained because the restrictions of fine energy threshold are required from
these direct detection experiments. Therefore, those dark sector models with MeV to GeV
DM candidates become more and more popular for phenomenological studies and new
experimental searches [7, 8].

For the GeV scale DM searches, the high-intensity machines such as the BESIII [9],
BaBar [10], Belle II [11, 12] and also the fixed target experiments [13] can be more powerful
than the high-energy machines such as the Tevatron and LHC [14]. On the other hand,
DM is not the lonely particle in the dark sector for most of DM portal models [15-18].
In order to connect the SM sector with the dark sector, a mediator is required. Among
these mediator candidates, the dark photon via the kinetic mixing portal is an attractive
type [19] for the dark sector with Abelian gauge symmetry. In order to be consistent with
the relic density bound, it’s natural for both DM and dark photon in a similar energy
scale. Therefore, the searches for them at high-intensity machines are in full swing and
relevant constraints can be set up as shown in refs. [20, 21]. Even though the original
purpose for these high-intensity machines is to study the properties of J/1¢ and B mesons,
we can also apply them to explore some models with light DM candidates via the mono-
photon signature [20-23]. Furthermore, as pointed out in refs. [20, 21, 24], we can not only
study the mono-photon signature, but also the displaced DM signature at B-factories for
the inelastic DM models. Especially, searches for displaced DM signature can cover some
parameter space which the invisible DM signature cannot reach at high-intensity machines.
Hence, we will focus on exploring the properties of long-lived particles in dark sectors with
U(1)p gauge symmetry at Belle IT in this work.

The inelastic (or excited) DM models with extra U(1)p gauge symmetry [25-28] is

L' There are at

one of the most popular dark sector models with light DM candidates.
least two states in the dark sectors and there is an inelastic transition between them
via the new U(1)p gauge boson. If the mass splitting between these two states is small
enough, the co-annihilation channel could be the dominant one of DM relic density in early
Universe [29]. It is one of the unique features of this sort of models. The co-annihilation
production for light DM via thermal freeze out is still consistent with the Cosmic Microwave
Background (CMB) constraint for the amount of parameter space [28, 30]. On the other
hand, the constraint from DM and nuclear inelastic scattering is much weaker than the
elastic one in the direct detection experiments.? It makes more allowed parameter space can

be explored in the inelastic DM models. Besides, there are also other rich phenomenons

'n ref. [25], the U(1)p symmetry is explicitly and softly broken by a dim-2 operator for scalar DM, and
there is no dark Higgs boson there. On the other hand, in the models considered in this paper in that there
is dark Higgs boson which plays important roles in DM phenomenology.

2The bounds from direct detection experiments are weak for ~ O(1) GeV DM. Hence we can safely
ignore possible contributions to the DM-nucleon elastic scattering from the SM Higgs boson and dark Higgs
boson in the direct detection experiments.



in this model. For example, it is possible to explain the muon g — 2 anomaly [24] and
XENONIT excess [28, 31-37]. Last but not least, the excited DM state can naturally
become long-lived and leave displaced vertex inside detectors after it has been produced
such that these novel signatures can be searched for at colliders.

The fundamental properties of DM particle include its mass, charge, and spin. Since
we assume DM is electrically neutral or millicharged, only its mass and spin are left to be
determined. Actually, the mass range for WIMP DM can cover from few MeV to a few
hundred TeV and its spin can be 0,1/2,1,3/2 or even higher. Most of the time the precise
determination of DM spin and mass are challenging tasks. However, there are already some
previous studies about DM spin and mass determinations. For the DM spin determination,
it has been studied for direct detection experiments in ref. [38] and collider experiments
in refs. [39-44]. For the DM mass determination, it has been studied for direct detection
in refs. [45, 46] and collider experiments in refs. [47-61]. Especially, using the displaced
vertex information for DM mass determination starts from ref. [58]. Thanks to the pre-
cise track resolution in the inner detector of ATLAS and CMS experiments, the DM mass
reconstruction can be studied in some BSM models of the specific cascade processes involv-
ing long-lived particles. Furthermore, the resolutions of displaced vertex, charged lepton
and photon momentum can be even improved at detectors of Belle II experiments [11].
Therefore, our goal in this paper is to explore the spin and mass properties of inelastic DM
models with dilepton displaced vertex signatures at Belle II. As we will see in section 4,
the scalar and fermion inelastic DM models can be well discriminated and the DM mass
and mass splitting between DM excited and ground states can be determined within the
percentage of deviation for those benchmark points.

The organization of this paper is as follows. We first review scalar and fermion inelastic
DM models with U(1)p gauge symmetry in section 2. Both analytical representations and
numerical results for cross sections of relevant signal processes are displayed in section 3.
We also point out how to distinguish scalar and fermion inelastic DM models via the size
and kinematic distribution of their cross sections in this section. Detailed simulations and
methods to determine DM mass, and mass splitting between DM excited and ground states
are shown in section 4. Finally, we conclude our studies in section 5. Some supplemental
formulae for section 3 can be found in the appendix A and B.

2 Inelastic dark matter models

The scalar and fermion inelastic (or excited) DM models with U(1)p gauge symmetry are
reviewed in this section. After the spontaneous symmetry breaking (SSB) of this U(1)p
gauge symmetry, we expect the accidentally residual Zy symmetry, ¢; — —¢; (scalar) or
X1 — —x1 (fermion), can be left such that ¢; or x; are stable and become DM candidates
in our Universe.

2.1 The scalar model [26, 28]

We consider a dark sector with two singlet complex scalars ® and ¢ = (¢2 + i¢1)/V/?2 as
the dark Higgs and dark matter sectors, respectively. Both ® and ¢ are charged under



U(1)p, but neutral of the SM gauge symmetry. The U(1)p charges for them are assigned as
Qp(P) =+2 and Qp(¢) = +1. Besides, the SM-like Higgs doublet and other SM particles
do not carry U(1)p charges.

The scalar part of the renormalizable and gauge invariant Lagrangian density is

Locatar = [DpH|* + D@ + [Dyo|* = V(H, @, 9), (2.1)

with
D,H = <au + igaawg + iQQ/B“> H, (2.2)
D,® = (0, +1igpQp(P)X,)®, (2.3)

D,u,(b = <8u + ZgDQD(¢)XM)¢7

where W, B, and X, are the gauge potentials of the SU(2)z, U(1)y and U(1)p with
gauge couplings ¢, ¢’ and gp, respectively. The o, is the Pauli matrix and a runs from 1
to 3. The scalar potential in eq. (2.1) is given by

V(H,®,¢) =—pyHH + Ag(HH)? — 1300 + Ao (2*®)?
— U5 D+ A(0%0)? + (Lae®*¢” + H.c.)
+ Auo(HTH) (@) + Ay (H H) (67 6) + Aag (D*@) (670), (2.5)

where all parameters are assumed to be real for simplicity.
We then expand H, ® fields around the vacuum with the unitary gauge,

1 0 1
H(z) = % < v+ h(z) ) ) ®(x) = \ﬁ (vp + hp(z)), (2.6)

and highlight some important relations in the below:

e The four-points and off-diagonal interactions of the DM sector and new gauge boson
can be obtained from the |D,¢[? term:

1Dudl” = (862)* + (9ud1)? + 9pXu X (05 + 67) + gp X (20 d1 — $10"d2) (2.7)

e The DM sector mass splitting and dark Higgs, DM sector trilinear interactions are
derived from pes®*¢? + H.c. terms:

pa® ¢ + H.c. = pag(vp + hp(2))(¢3 — 67). (2.8)

e Finally, the ¢1, ¢2 masses and their mass splitting can be represented as

1
Mgy, , = \/2(—/@ + Argv? + Aogv}) T fiogUD, (2.9)

and
21e¢VD

1 2

(2.10)



Notice the interaction states (h,hp) would be rotated to the mass states (hi, he) via the
mixing angle . The sin# is chosen to be small enough in our analysis such that it is
consistent with the SM-like Higgs boson data at the LHC.3

Finally, since all SM fermions don’t carry U(1)p charges, the only way for the new X,
boson and SM fermions to interact is via the kinetic mixing between B, and X,,. The
Lagrangian density of this part can be represented as

1 sin €

EX’gauge - 4XMVXMV - TBuVXMV, (211)

where € is the kinetic mixing parameter between these two U(1)s. If we apply the linear
order approximation in €, the extra interaction terms for SM fermions and Z’ boson can

be written as

Ly 7= —€ecw folef, (2.12)
f

where cy is the weak mixing angle and z; = —1, z, =0, 4 = % or —% depending on the
electrical charge of quark. The Z’ boson mass can be approximated as

mygr >~ QDQD((D)UD- (213)

Notice the correction from the kinetic mixing term is second order in ¢ which can be safely
neglected here.

2.2 The fermion model [27, 28]

Here we consider a dark sector with the singlet complex scalar ® and Dirac fermion x as
the dark Higgs and dark matter sectors, respectively. Both & and x are charged under
U(1)p, but neutral of the SM gauge symmetry. The U(1)p charges for them are assigned as
Qp(®) = +2 and Qp(x) = +1. Again, the SM-like Higgs doublet and other SM particles
do not carry U(1)p charges.

The scalar part of the renormalizable and gauge invariant Lagrangian density is

[fscalar = |DuH|2 + |DM®|2 - V(Ha (b)v (214)

where D,,H and D,® are the same in eq. (2.2) and (2.3). The scalar potential in eq. (2.14)
is given by

V(H,®) = — p3H'H + A (H H)? — j30*® + \p(0*®)?
+ Ao (HTH)(2*®), (2.15)

where all parameters are assumed to be real for simplicity.
The Lagrangian density of dark matter sector part is

Lo =X(i0+ gpX — M)y — (gXCX(I)* + H.c.) , (2.16)

3The long-lived dark Higgs phenomenology study in the inelastic DM model at Belle II can be found in
ref. [62].



where f is assumed to be a real parameter. In order to decompose the Dirac fermion x
into a pair of two independent Majorana fermions, x1 and Y2, we set

Xialz) = j§<x<x> = x°(@)). (217)

After expanding H, ® fields around the vacuum with the unitary gauge as shown in eq. (2.6),
the eq. (2.16) can be written as

1 ) 1 .
Ly =§E(Zf7 - MXQ)XQ + §X1(Za - MX1)X1
9D ,__ _ [, _
- Z7D(X2XX1 - X1Xx2) — §hD(X2X2 —X1X1)s (2.18)

where x1, x2 masses and their mass splitting can be represented as

My, , = My F fop, (2.19)

and
Ay = (My, — My,) =2fup. (2.20)

Finally, the Z’ boson mass and its interactions with SM fermions are the same with
eq. (2.13) and (2.12).

2.3 The target parameter space and decay width of ¢2(x2)

In this work, we focus on the scenario myz > Mgy, + My, or mz > M,, + M,, such
that the Z" — ¢102(x1x2) decay mode is kinematically allowed and becomes the dominant
one. On the other hand, we are interested in the co-annihilation dominant channel for DM
relic density in early Universe, so we restrict ourselves to the compressed mass spectrum
with Ay, < 0.5My, , in inelastic DM models [21]. Finally, we concentrate on Mg, ,, >
100 MeV such that the parameter space is free from the Big Bang Nucleosynthesis (BBN)
constraint [63, 64].

The ¢1(x1) is the only DM candidate in our analysis. If the mass splitting Ay, is not
ignorable compared with the My, (y,), ¢2(x2) is not stable and will decay to ¢1(x1) and
a SM fermion pair via the off-shell Z’. The full analytical formulas for the total width of
¢2(x2) three-body decay can be found in appendix B of ref. [65]. In the mass range of our
interest, there are three kind of ¢2(x2) decay modes,® ¢a(x2) — ¢1(x1)eTe™, d1(x1)putu™
and ¢1(x1)7t7~. In our numerical calculations, the total decay width of ¢o(x2) is au-
tomatically calculated in MadGraph5 aMCQ@NLO [67]. For the partial decay width of
d2(x2) — é1(x1)7m T, we rescale the partial decay width of ¢o(x2) — é1(x1)putp~ with
the measured R(s) values in ref. [68].

4Notice that the DM mass can be extended to lower regions if the light dark Higgs is included as shown
in ref. [28].

5Since the light Z’ is isosinglet, it can mix with w meson and decay to three pions, Z’ — 7ntn~x°, if
kinematically allowed. However, according to figure 1 in ref. [66], the contributions from Z’ — 777~ 7°
mode are important only in the adjacent regions of mz ~ m, = 0.782 GeV. Hence, we don’t specifically

study this regions in our analysis.



3 The relevant cross sections

In this section, we show both analytical representations and numerical results for cross sec-
tions of eTe™ — d1d2(x1Xx2) and eTe™ — P1¢Pa(x1x2)7Y processes. Especially, the method
to distinguish spin-0 and spin-1/2 DM candidates in the inelastic DM models are also
discussed here.

3.1 The analytical representations

The differential cross section for eT™e™ — ¢1¢9 via the s-channel Z’ can be represented as

do(ete™ — ¢12) B e2e?g? {(Mél - t)(M£2 —1) — St}
dt — 8ms? (s —mZL)2+mL T2, ]

(3.1)

where s, t are Mandelstam variables and I'z is the total width of Z’ boson. In order
to study the differential angular distributions of cross sections, we transfer from do/dt to
do/d cos B, where 6 is the polar angle of ¢, and it is defined as the direction of ¢, relative
to the positron beam direction.

The do/dcos@ in the centre-of-mass (CM) frame can be simply written as

do(ete™ — ¢1¢2)
dcosf

1 626292DE%M

= €32(1 — cos? ), (3.2)
647 [(EZy — m%)2 +m%,0%)]

CM

and

(3.3)

e 1- G0, OGN
CM CM
where Ecyy is the centre-of-mass energy. We can find eq. (3.2) is always proportional
to 1 — cos?f. Consequently, it indicates if the s-channel Z’ is on-shell produced, it is
longitudinally polarized (helicity = 0).

However, the formula for do/dcos@ in the Belle II laboratory (LAB) frame is more
tedious, so we show it in eq. (A.3) of the appendix A. As we will see the numerical results,
the differential angular distributions of cross sections in the LAB frame are just shifted to
the initial electron beam direction for the Belle II machine compared with the ones in the
CM frame.

The differential cross section for eTe™ — x1x2 via s-channel Z’ can be represented as

do(ete = yixa)  @eg |52+ 2t = ME)(t = ME,) + (2t — (My, — My,)?)]
dt - 8ms? (s =mZ,)% +m2, %]

, (3.4)

and do/dcos@ in the CM frame can be written as
_ i eQngQDE%M
327 [(Edy — m%)? + m%T%)]

2 232
X l(1 — (MX2 — MXl) + AM,, My,
Eéy Egy

do(ete™ — x1x2)
dcos b

CM

) €+ &3/% cos? e] ., (35)



where § can be found in eq. (3.3) with My, , = M,, ,. For the M, , — 0 limit, eq. (3.5)
is proportional to 1 4 cos?#, which is well known. It shows if the s-channel Z’ is on-shell
produced, it is transversely polarized (helicity = +). However, the mass effects of M,, ,
spoil parts of this property. Similarly, we show the formula for do/dcosf in the LAB
frame in eq. (A.4) of the appendix A. Again, there is a skewing behavior for the differential
angular distributions of cross sections in the LAB frame compared with the ones in the
CM frame.

The initial state radiation (ISR) photon is an useful trigger for signals with missing
energy or soft objects at lepton colliders. Especially, for the process with on-shell Z’
production, the ISR photon is used not only for background rejection, but also for Z’
invariant mass reconstruction. To include the ISR photon in eTe™ — ¢1d2(x1x2) process,
the differential cross section can be written as [69]

do(ete™ — d1¢2(x1x2)7)

dzd cos @’ =~ P(z, cos Hl)a(eﬂfi — ¢102(x1x2)), (3.6)

and the splitting kernal P(z, cos¢’) is

al+(1-2)° 1

P(z,cos6) = - ~ vy

(3.7)

where « is the fine structure constant, z = %1\71/2 is the energy fraction of ISR photon
from the initial electron/positron and 6’ is the polar angle of ISR photon and it is defined
as the direction of v to the positron beam direction. The differential form of 7(eTe™ —
d192(x1x2)) can be found in eq. (3.1) and (3.4). In the CM frame, if we assign the four
momentum of the initial electron/positron and ISR photon as p.+ = (Ecm/2,0,0, £Ecnm/2)
and pisr = (Ev, Pz, Py, P2y, the four momentum of electron/positron after the radiation
is pot = (Ecm — Ey, =Pz, =Dy, TEcM/2 — P2 ). Let’s consider two limit scenarios to
intuitively catch up the behavior of do(ete™ — ¢1¢2(x1x2))/d cos distributons. First, if
the ISR photon is soft (z ~ 0), po+ = p.+ and do(ete™ — ¢1¢2(x1x2))/d cos 0 distributions
are close to eq. (3.2) and (3.5). On the contrary, if the ISR photon takes almost all energy
from the initial electron/positron (z — 1), the ¢2(x2) is obvious in the forward or backward
direction. Since do(eTe™ — ¢1¢2(x1x2))/dcos@ distributions are highly dependent on
the z parameter of the ISR photon, the eTe™ — ¢1¢2(x1x2)7 processes are not ideal to
distinguish scalar and fermion inelastic DM models.

Finally, we focus on the parameter space mz > My, () + My, (y,) in this work, so
only the three-body decay of ¢2(x2) via the off-shell Z’ is possible. The full analytical
representations of ete™ — ¢1¢2(x1x2) = d161(x1x1)ff are shown in the appendix B.

3.2 The numerical results

We first generate both scalar and fermion inelastic DM UFO model files from Feyn-
Rules [70], and then calculate cross sections of ete™ — ¢agi(x2x1) and ete” —
dad1(x2x1)y processes via MadGraph5 aMC@QNLO.% The beam energies are set to be
E(et) = 4.0GeV and E(e”) = 7.0GeV which are consistent with the Belle II experi-

5The Z’' boson total decay width is automatically calculated in MadGraph5 aMC@NLO.
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Figure 1. The relations between My, , (GeV) and o (pb) for eTe™ — ¢y and eTe™ — x2x1
processes (left panel) and ete™ — ¢ad1y and eTe™ — x2x17 processes (right panel).

ment. In order to display the relations of cross sections with My, \, and mz/, we study
mz = 2.5My, \, and mz = 3My, ,, with fixed ap = g3 /47 = 0.1, € = 0.01 and
Ay = 0.1My, »,. The relation between My, ,, (GeV) and o (pb) for ete™ — a1 (x2x1)
processes are shown in the left panel of figure 1. Since all of these cross sections are propor-
tional to €2ap, it is straightforward to rescale cross sections with different values of € and
ap. On the other hand, the influence from the changes of Ay, to cross sections are mild
for Ay < 0.5My, y,. The scalar and fermion pair production cross sections can be scaled
by 3%/2 and /2 respectively, where f is the velocity of the final state particle in the CM
frame. Because of this extra /3 factor for the scalar case, cross sections for eTe™ — ¢o¢y
are suppressed compared with eTe™ — y2x1.

On the other hand, the relation between My, , (GeV) and o (pb) for ete™ —
a1 (x2x1)7y processes are shown in the right panel of figure 1 with the same parame-
ter settings. Here, the basic cuts E(y) > 0.1 GeV and n < 2.203 are applied for the ISR
photon. We find the main contributions of eTe™ — @ad1(x2x1)y come from eTe” —
Z'y — ¢a¢1(x2x1)7 processes. It explains why scalar and fermion pair cross sections in
this process are very close to each other in the right panel of figure 1.

We then turn to the study of (1/0)(do/dcos@) distributions for eTe™ — ¢a¢1 and
ete™ — xax1 processes with fixed ap = 0.1, e = 0.01, Agr = 0.1My, y,, and mz =
3Mgy, v,- The results in the CM and Belle II LAB frame are shown in figure 2. It is clear
that the (1/0)(do/d cosf) distributions for ete™ — ¢a¢1 in the CM frame is proportional
to 1 — cos?6 and ete™ — yax1 behaves close to 1 + cos?§ with some distortions from
My, , effects. However, since the measurement of time-of-flight for the long-lived particle
is poor at the Belle II machine, we will lose this information and cannot make the Lorentz
transformation for the four-vector of displaced vertex from the Belle II LAB frame to the
CM frame. Hence, the distributions in the CM frame is only a reference for the comparison
with the ones in the Belle II LAB frame. Hopefully, the real situation for the distributions
in the Belle II LAB frame is just shifted to the electron beam direction for the Belle II
machine compared with the ones in the CM frame. It is still clear to see the different
distributions between scalar and fermion inelastic DM models.
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Figure 2. The (1/0)(do/d cosf) distributions for eTe™ — ¢a¢y in CM frame (top left panel) and
Belle IT LAB frame (bottom left panel) and ete™ — x2x1 in CM frame (top right panel) and Belle
IT LAB frame (bottom right panel).

Finally, we fix the same parameter settings as figure 2 for the (1/0)(do/d cos ) distri-
butions of ete™ — ¢ag1(x2x1)7 processes in the CM and LAB frames in figure 3. Again,
the distributions in the CM frame is only for the comparison and it is clear to see the
skewing behavior for the differential angular distributions of cross sections in the LAB
frame compared with the ones in the CM frame. As discussed in the previous subsection,
because these distributions are highly dependent on the z parameter of the ISR photon, the
ete™ — ¢1da(x1Xx2)7 processes are not ideal for the DM spin discrimination. Only when
the Z' is on-shell produced and heavy, the ISR photon becomes soft (z is small) such that
differences of (1/0)(do/d cos ) distributions from scalar and fermion inelastic DM models
show up.

In summary, the size for cross sections of ete™ —  ¢agi(x2x1) and their
(1/0)(do/dcos ) distributions in the Belle II LAB frame can help us to statistically distin-
guish fermion inelastic DM model from the scalar one even for the same parameter settings.

4 Search for long-lived particles in inelastic dark matter models at
Belle I1

In this section, we study how to search for long-lived particles in inelastic DM models at
Belle IT experiment. We first briefly overview the Belle II experiment and signal signatures,
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Figure 3. The (1/0)(do/dcos®) distributions for ete™ — ¢a¢1y in CM frame (top left panel)
and Belle IT LAB frame (bottom left panel) and eTe™ — x2x1y in CM frame (top right panel) and
Belle IT LAB frame (bottom right panel).

and then show some interesting kinematic distributions based on four signal benchmark
points. We further set up event selections for dilepton displaced signature and relevant
results are discussed. Finally, we solve kinematic equations of ete™ — y1x2 — x1x1{Tl~
and eTe™ — Z'v — xix2y — x1x1lt17y processes to determine both M,, and M,,.

4.1 The Belle IT experiment and signal signatures

The SuperKEKB accelerator of Belle II experiment is a circular asymmetric e™e™ collider
with the nominal collision energy of /s = 10.58 GeV. The beam parameters are E(e™) =
4GeV and E(e”) = 7GeV. The planned full integrated luminosity for the final dataset is
50 ab~!. In this work, the following Belle IT sub-detectors are relevant: the tracking system
including vertex detectors (VXD) and central drift chamber (CDC), the electromagnetic
calorimeter (ECAL), and muon system.

We consider the following two kinds of processes in inelastic DM models:”

efe” = drda(xixz) = 11 (xax)I I, (4.1)

ete™ = Z'v = dr1da(xix2)y — d1d1(xaxa) Tl y.

"Because the major contribuitons of ee™ — ¢1 2 (x1X2)7y come from the on-shell Z’ production, hence,

+

we only focus on the process ete™ — Z'y — ¢1d2(x1x2)7 in the following analysis unless noted otherwise.
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And there are five possible signatures can be searched for at the Belle II experiment:

e Mono-v: if the excited DM state decays outside the detector or the decay products
are too soft to be detected in eq. (4.2).

e Mono-y with prompt lepton pair: the excited DM state promptly decays and the
visible products can be successfully detected and defined in eq. (4.2).

e Mono-vy with displaced lepton pair: the excited DM state is long-lived and decays
inside the detector leaving the displaced vertex in eq. (4.2).

e Only prompt lepton pair: the same as the second one but without ISR photon in
eq. (4.1).

e Only displaced lepton pair: the same as the third one but without ISR photon in
eq. (4.1).

The Mono-v signature is well-studied as shown in refs. [21-23]. Since we focus on searching
for long-lived particles in this paper, only signatures with displaced vertices are studied.
On the other hand, the signature with displaced charged pion pairs is also possible from the
long-lived excited DM state decay. However, for simplicity, here we only study signatures
with displaced electron and muon pairs.

In order to make our results more realistic, we follow ref. [11] to involve the detector
resolution effects with Gaussian smearing at Belle II experiment. The tracking resolution
of electron/muon momentum in the CDC is given by

o,/ = 0.0011p; [GeV] @ 0.0025/8, (4.3)

where pl is the transverse momentum of electron/muon track and f§ is its velocity in
the natural unit. We conservatively apply o,,/p; = 0.005 in our event analysis. On the
other hand, the muon efficiency in the muon system is approximated to 0.98. The photon
momentum resolution in the ECAL is approximated to op, /E, = 2% where E, is the
energy of photon. Finally, we use the resolution of o,,, = 26pm for the displaced vertex
vector of lepton pair in our analysis.

4.2 Benchmark points and kinematic distributions

In this study, we use the following four benchmark points (BPs) to display our analysis:
o (I) My, s =0.3GeV, Ay, \, =0.4My, \,, mzy = 3My, , and € =2 x 1072
o (II) My, », =3.0GeV, Ay, ,, =0.1My, \,, my =3M, \, and e =2 x 1073
o (III) My, , = 1.0GeV, Ay, y, = 0.4Mgy, 1., mz = 2.5My, \, and e = 1073

o (IV) My, y, =2.0GCeV, Ay, r, = 0.2My, ., mz = 2.5My, ,, and € = 1073

- 12 —
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Figure 4. Various kinematic distributions for e"e™ — x1x2 — x1x1/7!~ based on the four BPs in
the main text. Top left panel: lepton pair invariant mass, My (GeV), top right panel: projection
of the decay vertex distance on z axis, r, (mm), bottom left panel: lepton pair energy, Ey (GeV),
bottom right panel: angular distance between lepton pair, ARy;.

with fixed ap = 0.1.% The first BP is inspired from the allowed parameter space to explain
the muon anomalous magnetic moment excess [24]. The other three BPs are the ones which
cannot be covered from Mono-vy searches from BaBar and Belle II [21]. In addition, they
can also be searched for in the future long-lived particle experiments, like CODEX-b [71],
SeaQuest [72], FASER [73], MATHUSLA [74], SHiP [75], ANUBIS [76] and AL3X [77].
We show some interesting kinematic distributions based on the above four BPs for
ete™ — xix2 — xixulTl™ and ete™ — Z'v — x1x2y — x1xultTl7v in figure 4 and
figure 5, respectively. First, the lepton pair invariant mass is smaller or equal to the mass
splitting A, (dashed lines), 2m; < My < A,. Once we have enough signal events, the
threshold value of Mj; can help us to roughly determine the mass splitting A, in inelastic
DM models. Second, the distance of displaced vertex of x2 is not only dependent on M,,,
Ay, € and ap, but also the boost of x2 in the LAB frame. Here we show projection of the
decay vertex distance on z axis, r,. It is clear to see that the y2 decay length in BP1 (BP2)
is the shortest (longest) one on average. The distributions for projection of the decay vertex
distance on the transverse plane, R;,, are similar. On the other hand, Ej; and ARy are
energy and angular distance for the lepton pair. We can find the boost of xo is smaller for
the process involving ISR photon by comparing 7., F; and ARy distributions in figure 4

8Notice Z' — ¢1¢2 or x1X2 is the dominant decay channel for these four BPs since Z’ can only couple
to SM fermion pairs via the kinetic mixing. We have checked the branching ratio for Z’ to SM particles
is less than 10~2 for these four BPs. Therefore, we can safely ignore relevant constraints from visible dark
photon searches.
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Figure 5. Various kinematic distributions for ete™ — Z’v — x1x27 — x1x1!T17v based on the
four BPs in the main text. Top left panel: lepton pair energy, E;; (GeV), top right panel: angular
distance between lepton pair, ARy, middle left panel: projection of the decay vertex distance on z
axis, r, (mm), middle right panel: the maximum angular distance between ISR photon and one of

the lepton in lepton pair, AR, bottom left panel: photon energy in the CM frame, E(y) (GeV),

bottom right panel: reconstructed Z’ invariant mass, mz: (GeV).

and figure 5. The larger boost on xo causes the longer r,, larger Ej, and smaller ARy
distributions. Besides, we will see larger Fj;, and smaller r, distributions of BP1 suffer
from more severe smearing effects from detector resolutions such that it is more challenge
to reconstruct DM mass and mass splitting between DM excited and ground states in
the real experiment. Third, if the Z’ is light enough, the ISR photon and Z’ are almost
back-to-back produced such that the lepton from Z’ decay can have large angular distance
with the ISR photon. Here we show the maximum angular distance between ISR photon
and one of the lepton in lepton pair, AR{;}“. Fourth, we boost the E(~) distribution of
ISR photon from the Belle IT LAB frame to the CM frame and it is clear to see its mono-
energetic behavior. This feature can largely reduce SM backgrounds which are continuous
in the photon energy spectrum. Finally, the Z’ invariant mass can be reconstructed from
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Objects Selections

) —=55cm < z < 140 cm

i) 17° < 0PV, < 150°

i) both E(e") and E(e™) > 0.1 GeV

displaced vertex

electrons ii) opening angle of pair 6., > 0.1 rad
iii) invariant mass of pair me, > 0.03 GeV

(i
(
(
(
(iii
(i) both pr(u) and pr(u~) > 0.05 GeV
(
(
(
(
(

ii) opening angle of pair 6, > 0.1 rad
muons

iii) invariant mass of pair m,, > 0.03 GeV
iv) veto 0.48 GeV < my,, < 0.52GeV

i) E{ \g > 0.5GeV

i) 17° < 6] \5 < 150°

photons

Table 1. Event selections for the displaced vertex analysis at Belle II.

eq. (D.6) with measurable observables. Because of the detector resolution, it is clear to
find smearing effects from the true Z’ mass (dashed lines), especially for the case of light
Z'. We will see this phenomenon critically affects abilities to determine DM mass and the
mass splitting between DM excited and ground states for the process in eq. (4.2). Notice
those kinematic distributions for the scalar inelastic DM model are similar to figure 4 and
figure 5, so we do not show them again.

4.3 Event selections and results

We closely follow ref. [21] to set up event selections for the displaced signature at Belle
II. We only conservatively consider the following two background-free regions after event
selections in our analysis:

o low Ry, region (100% detection efficiency): 0.2 < Ry, < 0.9 cm (electron), 0.2 <
Ryy < 17.0 cm (muon).

« high R, region (30% detection efficiency): 17.0 < R,y < 60.0 cm (electron, muon).

According to the arguments in ref. [21], backgrounds from photon conversion can be further
reduced to a negligible level by requiring the lepton pair invariant mass M; > 0.03 GeV, and
their opening angle larger than 0.1 rad. Notice backgrounds from the photon conversion
to muon pair in the region 0.9 < R;, < 17.0 cm are negligible such that the analysis for
muon in low R, region can be extended.

We summarize all event selections in our analysis in table 1. For the muon pair
utu- < 0.52GeV, to reject
backgrounds from K g decay. More discussions on the trigger issue can be found in ref. [21].

in the final state, we veto the invariant mass region, 0.48 < m

Here, event selections in table 1 are done offline and we simply assume these events are
already triggered and stored.
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Figure 6. The future bounds from e*e™ — @1d2(x1x2) and eTe™ — P1d2(x1X2)7 processes for
event selections in table 1 with the integrated luminosity of 50 ab™'. Here parameters ap = 0.1,
mz = 3My, », and Ay, = 0.1My, ,, are fixed and 90% C.L. contours which correspond to
an upper limit of 2.3 events with the assumption of background-free are applied. The model-
independent LEP bound [78], BaBar mono-y bound [23] and correct relic abundance lines are
also shown.

The results for four BPs are shown in table 2 and 3 for processes in eq. (4.1) and (4.2),
respectively. Eff.(low R;,) and Eff.(high R,,) are efficiencies of low R,, and high R,
regions after involving the event selections. Here we use an integrated luminosity of 1 ab™!
to calculate number of signal events (Neyent). We can find most events in BP1 and BP3
(BP2 and BP4) are located in low (high) R, regions. The discrimination of scalar and
fermion inelastic DM models with Neyent in table 2 and 3 is shown in appendix C.

Finally, we use the most optimistic value of 50 ab™! for event selections in table 1 at
Belle II for scalar and fermion inelastic DM models and predict the future bounds from
ete™ — P1d2(x1x2) and eTe™ — @1¢2(x1x2)7 processes in figure 6. Notice the off-shell Z’
production in the second process is also considered. Here we fix the parameters, ap = 0.1,
my = 3My, y, and Ay, = 0.1My, ,, and apply 90% C.L. contours which correspond to
an upper limit of 2.3 events with the assumption of background-free. Notice constraints
from model-independent LEP bound [78] and BaBar mono-vy bound [23] are added for the
comparison. We closely follow ref. [21] for the recasting of BaBar mono-vy constraints in
inelastic DM models. The correct relic abundance lines are also shown in figure 6. Here the
dominant contribution comes from ¢;¢2(x1x2) coannihilation process [20]. In our scenario,
161 (x1x1) annihilation processes with dark Higgs boson or SM-like Higgs boson are either
ignorable or kinematically forbidden. For My, ,, < 0.4 GeV, even dilepton displaced vertex
is located in our target regions, the lepton pair in the final state is too soft and collinear
> 4.9 GeV, the lepton

~

to pass the event selections in table 1. On the contrary, for My, .,
pair in the final state becomes more energetic and well-separated, but dilepton displaced
vertex is too short to reach our target regions and production cross sections are also highly
suppressed. We find our results in the second process for fermion inelastic DM model are
consistent with the ones in ref. [21] and we further include detector resolution effects in
our analysis. Besides, we believe our results for the first process in both scalar and fermion
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Type BP o (fb) | Eff.(low Ryy) | Eff.(high Ryy) | Nevent
BPle | 948.14 | 16.98 0% 1.61 x 10°
BP2e | 58.39 0.15% 2.48% 1.54 x 103
BP2y | 6.15 0.21% 3.33% 217.71

scalar BP3e | 1.86 10.06% 0.70% 200.09
BP3u | 0.61 11.25% 0.74% 73.14
BP4e | 2.23 1.56% 9.34% 243.26
BP4y | 0.74 1.72% 10.78% 92.50
BPle | 3856.00 | 14.26% 0% 5.50 x 10°
BP2e | 422.80 | 0.17% 2.35% 1.07 x 10*
BP2y | 44.63 0.22% 2.97% 1.42 x 103

fermion BP3e | 7.99 10.20% 0.42% 848.54
BP3u | 2.69 11.20% 0.46% 313.65
BP4e | 11.71 1.57% 7.82% 1.10 x 103
BP4/ | 3.88 1.69% 8.75% 405.07

Table 2. The analysis results of four BPs for the process in eq. (4.1). The first column is the type of
inelastic DM models. The second column is labeled by BP which e and p denote the type of lepton
pair in the final state. The third column is production cross sections for process in eq. (4.1). The
fourth and fifth columns are efficiencies of low R,, and high R,, regions defined in the main text,
respectively. Final column is the number of signal events with an integrated luminosity of 1ab=!.

Type BP o (tb) | Eff.(low R.y) | Eff.(high R;y) | Nevent
BPle | 2472.70 | 6.70% 0% 1.66 x 10°
BP2e | 159.85 | 0.16% 2.27% 3.88 x 103
BP2y | 16.85 0.20% 2.87% 517.30

scalar BP3e | 5.13 7.64% 0.02% 392.96
BP3u | 1.69 8.83% 0.03% 149.73
BP4e | 7.14 1.86% 3.29% 367.71
BP4y | 2.35 2.02% 2.87% 114.92
BPle | 2503.60 | 6.14% 0% 1.54 x 10°
BP2e | 167.10 | 0.16% 2.16% 3.87 x 103
BP2y | 17.66 0.18% 2.67% 503.31

fermion BP3e | 5.05 7.77% 0.02% 393.40
BP3u | 1.70 8.89% 0.02% 151.47
BP4e | 7.14 1.95% 3.14% 363.43
BP4y | 2.37 2.05% 3.44% 130.11

17 -

Table 3. The same as table 2, but for process in eq. (4.2).
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Figure 7. The same as figure 6 but for mz = 3My, ,, and Ay, = 0.1My, ,. The green shaded
region bounded by the green dashed lines is the 20 allowed region for the (g — 2),, excess and the
lighter gray region excluded by the (g — 2),, at 50 C.L.

inelastic DM models are first shown in the literature. Most importantly, the future bounds
from the first process can be even stronger than the usual ones in the second process.

Moreover, inspired by BP1 which can explain the muon (g — 2), [24], we perform the
same analysis in figure 7 for ap = 0.1, mz = 3My, ,, and Ay, = 0.4My, ,, fixed. We
show the 20 allowed and the 50 excluded regions for the muon (g—2),, as well as the model-
independent LEP bound [78], BaBar mono-y bound [23] and also correct relic abundance
lines. Once the mass of DM is increasing, the mass splitting between DM ground and
excited states is also enhanced, hence, the final state lepton pair becomes more energetic.
Therefore, one can find the BaBar mono-v bound is slightly weakened when the displaced
channel is open. Since the recasting in ref. [24] does not include the requirement on the
angle OPY; in table 1, the results are weaker than the ones in ref. [21]. That is the reason
why this parameter space is still allowed in ref. [24]. In order to make a more precise
recasting, we follow ref. [21] for the BaBar mono-vy bound and it is shown in dotted gray
line in figure 7 which can already cover the (g —2), allowed window in the parameter space.
Even the recasting BaBar mono-+ bound can close this region, we find our result can give
much stronger bound, € ~ O(107° — 10~%), especially in the parameter space where the
mono-vy searches are suppressed. Therefore we can explicitly cover this area using displaced
lepton search at the Belle II in a very first stage of the run.

In summary, we found the future bounds from the process without ISR photon can be
stronger than the one with ISR photon in figure 6. Instead, in the lower My, region, the
bound for process with ISR photon in figure 6 and figure 7 get stronger because its cross
sections are larger than the ones without ISR photon as shown in figure 1.

4.4 Determination of the DM mass and mass splitting of DM sector

In general, we cannot uniquely determine the DM mass at colliders because of lacking
enough constraints for invisible particles in the final state. We can take a mono-~v search
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for DM pair production at B-factories as an example. If the DM is denoted by ¥, the
process for mono-y search at B-factories is et e™ — xxy (or eTe™ — xX7). There are eight
unknown values from four-momentum of two DMs in the final state. Unfortunately, only
five constraints in this process: four from the four-momentum conservation and one from
the same mass for the DM pair. We still need three extra conditions to uniquely determine
the DM mass for each event.

Now we turn our attention to the case of inelastic DM models. For the process in
eq. (4.1) or (4.2), if the ¢2(x2) is long-lived and leave the displaced vertex at the Belle II
detectors, we will have two extra constraints. Again, there are still eight unknown values
from four-momentum of two ¢} s(x}s) in the final state. However, because of the charge
neutrality of the ¢2(x2), a three-momentum vector of ¢a(x2) is proportional to the direction
of displaced vertex (DV) [58, 61]

?(}52(9(2) = ‘?(f)g(xz)‘?DV) (44)

where ?¢2(X2) is the three-momentum vector of ¢2(x2) and 7py is the unit vector of
displaced vertex from ¢9(x2). Therefore, we have two more constraints, and there are
seven constraints for this kind of processes in total. We still need one more condition to
uniquely determine the DM mass. We first show some key kinematic equations for processes
in eq. (4.1) and (4.2) and solve them event-by-event from our Monte Carlo samples and then
involve detector resolution effects.” More detalied derivations of these kinematic equations
can be found in appendix D.

For ete™ — x1x2 — x1xultl™, we first solve the energy of ys for the subprocess
ete™ — x1x2 as

1
E.. =
X2 2 [sin? (B2 + E?) +2(1 + cos?0)ELE_| [(
+ [(B- — Ey)cosO|{(M;, — 4ELE_)* — 2[2sin® 0(E% + E?) + 4 cos® 0E, E_
+MZ M2, + My} (4.5)

Ei+E_)AELE_+ M, — M})

where E_, E,, and 0 are e, e™ beam energies and the polar angle of DV.
We then turn to the subprocess x2 — x1/71{~. With the help of energy and momentum
conservation, we can receive the following equation for inputs of Ey-, pv’ and Tpy,

M)%z - M)%l — 2By, By + Ejy — ‘W’Q + 2M(?Dv W) =0, (4.6)

where FE,, is shown in eq. (4.5). In figure 8, we display three arbitrary Monte Carlo events
on the (M,,,A,) plane for four BPs according to eq. (4.6). On the other hand, the black
line shows the kinematic endpoint measurement M%*. We can find that the lines from
all events and M3 cross to the same point which is the true (M,,,Ay) in our four BPs.
This is a simple application of the Kinematic Focus Point Method proposed in ref. [59].

9Here we use the fermion inelastic DM model as an example. The same method can be applied to the
scalar inelastic DM model, so we will not repeat it thereafter.
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Figure 8. The solutions for eq. (4.6) with E, in eq. (4.5) of ete™ — x1x2 — xax1lTl™ process
on the (M,,, A, ) plane for four BPs. Here we display three arbitrary Monte Carlo events for each
BP with red, green and blue lines. On the other hand, the black line shows the kinematic endpoint
measurement of M.

Similarly, for eTe™ — Z’v — x1x27 — x1x1{ 7177, we can also solve the energy of Yo
for the subprocess eTe™ — Z'y — x1x27 as

1
E,, = Ez(m%, + M2 — M?
@ T2 [Eg, — Gov 2] 2 e T M)
+ oy - P21\ (M3 + M2, — M2,)2 — AM2, [E3, — (Fov - 2)?]). (4.7)

Finally, the kinematic equation for yo — x1ff is the same as eq. (4.6) with F, in eq. (4.7).
Again, we show three arbitrary Monte Carlo events on the (M,,,A,) plane for four BPs
according to eq. (4.6) in figure 9. All events and M* cross to the true (M,,,Ay) in our
four BPs.

In order to make the Kinematic Focus Point Method fit to reality, we involve the
detector resolution effects from section 4.1 and event selections in table. 1. Here we conser-
vatively assume there are 100 signal events for each BP can be recorded. Since we can solve
the above kinematic equations for any two signal events, we will get C3% = 4950 solutions
from 100 signal events. After removing the unphysical solutions, we show the distributions
of these solutions on the (M,,, M,,) plane for four BPs of eTe™ — x1x2 — x1x1/Tl™ and
ete™ — Z'v — x1x27 — Xx1x1lTl™v processes in figures 10 and 11, respectively. Here
the bin size for both x and y axes are set to be 10 MeV. Moreover, the most probable
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Figure 9. The same as figure 8, but the solutions for eq. (4.6) with E, in eq. (4.7) of ete™ —
Z'y = x1x2y — xaxalTl™ vy process.

mass values and their statistical errors for four BPs in our simulation are summarized in
table. 4 and 5. The statistical errors are estimated as the root mean square (rms) value

with respective to the most probable values rms = \/ ZfV:”fy‘g(Mi — MPpeak)2 /N p.,s, where

Np

probable value.

hys 1S the number of physical solutions from 100 signal events and MPe is the most

In figure 10, except for BP1 on top left panel, M,, and M,, can be determined within
the percentage of deviation for other three BPs. As shown in figure 4, both the decay
length of xo is relative short and FEj; is relative large for BP1 compared with other three
BPs such that events in BP1 cannot be avoided to severely suffer from detector resolution
effects. This explains why the physical solutions are reduced and the reconstructed M,
and M,, are shifted to larger values with higher smearing for BP1. In figure 11, M,,
and M,, can still be determined within the percentage of deviation for BP2 and BP4.
However, apart from detector resolution effects from charged leptons and displaced vertex,
the ability to precisely pin down M,, and M,, for the process in eq. (4.2) also relies on
how well the on-shell Z’ can be reconstructed. As shown in figure 5, the peak of my is
rather spread out (or even shifted) for BP1 and BP3 than for BP2 and BP4. According
to eq. (D.6), the reconstructed Z’ four-momentum is highly dependent on the detector
resolution effects of ISR photon. Once the E(7) increases, its smearing is also enhanced
such that the reconstruction of the on-shell Z’ becomes poor. In the end, the physical
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Figure 10. The solutions for eq. (4.6) with E,, in eq. (4.5) of eTe™ — x1x2 = x1x1{T1~ process
on the (M,,, M,,) plane for four BPs after involving detector resolution effects and event selections.
Here 100 signal events are taken into account for each BP and the bin size for both  and y axes
are set to be 10 MeV.

solutions of BP1 and BP3 are largely reduced and shifting behaviors of M,, and M,,
become severe in figure 11 compared with the ones in figure 10. This is another reason to
encourage our experimental colleagues to search for not only the usual process in eq. (4.2)
at B-factories, but also the process in eq. (4.1) with the displaced vertex trigger which is
more sensitive to determine the mass and mass splitting of DM sector for some parameter
space in the inelastic DM models.

5 Conclusion

The dark sectors with light DM candidate have received substantial attention as the null
signal result from DM direct detetion has been reported until now. On the other hand, the
null results from beyond the SM searches at the LHC also hint new physics signatures may
hide in the elusive corner. New kind of signatures such as long-lived particles at colliders
become more and more popular and may guide a royal road for new physics evidences.
Among these dark sector models, the inelastic DM model is an appealing example which
can both allow light DM candidate and predict long-lived particle which can be searched
for at colliders. Therefore, we focus on the displaced vertex signatures in inelastic DM
models at Belle II in this work.
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Figure 11. The same as figure 10, but the solutions for eq. (4.6) with E,, in eq. (4.7) of ete™ —
Z'y — x1x27 — x1x1{T1™ process.

In the inelastic DM models, if the mass splitting between DM excited and ground
states is small enough, the co-annihilation becomes the dominant channel for thermal relic
density and the DM excited state can be long-lived at the collider scale. We first review
scalar and fermion inelastic DM models with U(1)p gauge symmetry in section 2 and point
out the dark Higgs sector caused the mass splitting between DM excited and ground states
and provided a mechanism to the Z’ mass. Besides, the off-diagonal interaction between
7' and DM sector is derived from the covariant derivative term of DM sector.

The analytical representations and numerical results for cross sections of ete™ —
d1d2(x1x2) and eTe™ — @1¢2(x1x2)Y processes are studied in section 3. In the first
process, there is an extra 3 factor suppression for boson pair cross sections compared with
fermion pair ones. In the second process, the dominant channel comes from ete™ — Z’v —
d102(x1Xx2)7. Therefore, cross sections in this process for scalar and fermion inelatic DM
models are very close to each other. In addition, the polar angle distributions of ¢2(x2) at
the Belle IT LAB frame as shown in figure 2 are helpful to distinguish these two models.

The novel dilepton displaced vertex signatures at Belle II are the main targets of this
study. We include detector resolution effects in section 4.1 and event selections in table. 1
for signal processes in eq. (4.1) and (4.2). Our analysis results are summarized in figures 6
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M M true
BP | Ny |V )™ .
(Myy, My, )P
0.42, 0.30
BP1 | 4473 EO 3 032; (0.168, 0.175)
BP2 | 4915 (330, 3.00) 0.175, 0.190
(3.30, 3.00) (0.175, 0.190)
BP3 | 4856 (1.40, 1.00) 0.172, 0.192
(1.40, 1.00) (0.172, 0.192)
P4 | 401 (2.40, 2.00) . .
918 (240, 2.00) (0.155, 0.170)

Table 4. The peak measured values and root mean square (rms) for (M,,, M,,) of four benchmark
points in ete™ — x1x2 — x1x1lTl™ process. Nppys is the number of physical solutions from 100
signal events. All numbers are in GeV unit.

M M true

BP | Ny | M) .
(MXQaMX1)p
(0.42, 0.30)

BP1 | 901 (0.114, 0.138)
(0.47, 0.35)
(3.30, 3.00)

BP2 | 4914 (0.121, 0.128)
(3.30, 3.00)
(1.40, 1.00)

BP3 377 (0.216, 0.402)
(1.41, 1.01)
(2.40, 2.00)

BP4 | 2824 (0.126, 0.173)
(2.40, 2.00)

Table 5. The same as table. 4, but in eTe™ — Z'y — x1x27 — x1x1{ 71~ process.

and 7, which indicate that the future bounds from dilepton displaced vertex searches in
inelastic DM models at Belle II are stronger than previous constraints for two benchmark
mass windows 0.4 < My, \, S 4.9GeV and 0.1 < My, ,, S 1.1GeV, respectively. For
the latter case, our results can cover the allowed parameter space which can explain the
muon (g — 2),. Therefore the early stage of the Belle II experiment can explicitly close
off this area in the parameter space. We further apply the Kinematic Focus Point method
for ete™ — xix2 — xixulTl™ and etem — Z'v — x1x2y — x1xilTlTv processes to
determine both M,, and M,, masses. Especially, we find the mass and mass splitting of
DM sector can be determined within the percentage of deviation as shown in table. 4 and 5.
Before closing, we would like to mention that our analysis in this work is quite general and
can be applied to other models such as [79-83].
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A The analytical representations for cross sections of ete™ —
P1P2(x1X2) in the LAB frame

In this appendix, we show the analytical representations for cross sections of ete™ —
d102(x1x2) in the LAB frame which have been mentioned in section 3. We first set the
four momentum of the initial e, e~ and ¢2(x2), ¢1(x1) in the LAB frame as

By (x2)r P, (x2) Psa(x2)> Prrha(x2) )
B, (x1)s Pr,a (x1) Py (1) P (x1))- (A1)

According to the four momentum conservation for this scattering process, py,(y,) can be
written as

Porxr) = (Bt + B = Egy(xa)) ~Paga(xa)s “Pygalie) Bt = B = Pago(no)-  (A2)
The do/dcosf for ete™ — ¢1¢9 via s-channel Z’ in the LAB frame can be written as

do(ete™ — ¢1¢2)
dcos@

ee’gh
256mEL E2 (4B E— —m%,)% + m%, 1'%

LAB
X [BELE- (B (By + ) + (B — E4)pg] cos)

—4E(E_ (M3, +3M3,) + (M3, — M3,)?
+ (4B (By, — B ~ |y cos0) + M3, — M3,)

x (AB_(Eg, — By + pg}| cos 0) + M3, — M3, ) |

dEy, dipgs| .
- 4Peal _ A.
x ( dcos + Cosedcose sin 0oy | (A-3)

where |pg.| = 1/E(?52 - Mq%z and FEy, is the same as eq. (4.5) with x12 = ¢1.2.

— 95—



On the other hand, the do/d cos 0 for eTe™ — x1x2 via s-channel Z’ in the LAB frame
can be written as

do(ete™ — x1x2)
dcosf

_ >
327rELE2[(AELE_—m2,)2+m%,1%,]

LAB
x [2(B2 + B2) B2, (1+cos?0) — (E_ — By ) (M2, — M2,)|py; | cos6

(B4 Eo) (4B — Byl cost+ M2, — M2,) By,

—2(B} + E2)MZ, cos* 0+ 4B, E_My, My, |

dEg, /2 T p—
—_ 0 —"= —sinf A4
X( d0089+cos dcosf sinflpo,| | (A4)

where |p| = JE2, — M2, and E,, can be found in eq. (4.5).

B The full analytical representations of eTe™ — ¢1d2(x1X2)
— p101(xaxa) f f

In this appendix, we display the full analytical representations of ete™ — ¢1d2(x1x2) —
d161(x1x1) ff as mentioned in section 3. The differential cross section for e™(p1)e™ (p2) —

&1(p3)d1(pa) f(ps) f(ps) can be represented as

(27) 4 Ma4l?

do(ete™ — p1o1ff) = 7

X dP4(p1 + p2; P3, P4, D5, D6)s (B.1)

where Msy_,4 is the scattering amplitude for ete™ — @141 ff, s is the square of centre-
of-mass energy and ®4(p1 + p2;p3, P4, s, pe) is the four-body phase space. Since ¢ is
on-shell produced in this process, we apply the narrow width approximation for on-shell
¢9 to separate ete™ — @11 ff to eTe™ — P1¢o with g9 — ¢1ff. The differential phase
space d®4(p1 + p2; ps, p4, Ps, Ps) can be expanded as

d®4(p1 + pa; p3, P1, D5, P6) = dPa(p1 + p2; p3, 1) x d®3(1; pa, ps, pe) (2m)3dI?, (B.2)

where [ is the four momentum of on-shell ¢5. Therefore, we can disassemble the differential
cross section in the following form,

do (c*e™ = $161fT) = do (¢*e™ = $162) dB (92 = 61fT) . (B.3)

where o)A M 9
do(ete™ — ¢1¢2) = W X dPa(p1 + p2; p3, 1), (B.4)

and
— 2 1
dB(¢o — ¢1ff) = F;Z 512 — Mf)z)m|M1a3|2d‘1’3(l;p4,p5,p6)(2ﬂ)3d12
dar’ =
= 22052 M3 ) (2m) i, (B.5)
F¢2
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where I'y, is the total width of ¢, Mao_s is the scattering amplitude for ete™ — P19
and M;j_,3 is the decay amplitude for ¢o — ¢1ff. After applying the narrow width
approximation for on-shell ¢, | Ma_,4|? can be transferred to

mé(1% — Md%z)

|Masal® = [Massa|? x Myl (B.6)

Furthermore, we integrate out some phase space variables and leave the following
kinematic variables:

e cosf: # is the direction of ¢9 relative to the positron beam direction.
o x_: x_ =2FEy/Mg, in the ¢ rest frame.
o Ty = 2E?/M¢2 in the ¢o rest frame,

for the representation of differential cross section,

d0'(6+6_ — gblqblf?) o da(e e — ¢1¢2) dB(¢2 — gblff)

= B.7
dcosfdx_dx dcosf dr_dzy (B-7)

Notice the opening angle between the fermion pair can be written as
cosfz=1-2(@_+z4 -1+ Mjl/Mzz)/(ﬁ,xQ. (B.8)

The do(ete™ — ¢1¢2)/dcosf can be found in eq. (3.2) in the CM frame and eq. (A.3) in
the LAB frame and dI'(¢2 — ¢1ff)/dx_/dz. can be written as

dU(¢2 = ¢1ff) _ 9pealMy, (1-z4)(1 —2- )M, ~ (Mo, - A¢>2
dr_d N 2 '

(B.9)

One can find x4 and x_ are symmetric in this formula.

The associated formulae for e*(p1)e™(p2) — x1(p3)x1(p4)f(ps)f(ps) can be obtained
from eq. (B.1) to (B.7) by replacing ¢1 2 to x1,2. The do(eTe™ — x1x2)/d cos 6 can be found
in eq. (3.5) in the CM frame and eq. (A.4) in the LAB frame and dl'(x2 — x1ff)/dv_ /dx,
can be written as

dU(x2 = x1ff) _ gpeaM), 1
_ . S
dxidx‘i» 167 [M2 ($+ +x_ — 1) — m22/1| + m2 /F2Z/

{ M4 {:J:Jr—i—:r +2(zy + 2 )}+4M3A( +xyta)
- Miz [(6—|—x+ +:L‘,)AX +2(6+ x4 +x,)mf}

+2My, (A3 + 4A,m3) — m3(A2 + 4m3) }. (B.10)
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C The polar angular distributions for scalar and fermion inelastic DM
models in section 4.3

In this appendix, we further compare polar angular distributions in the Belle II LAB frame
after event selections in table 1 for processes in eq. (4.1) and (4.2) with electron pair in
the final state in figure 12 and 13 with Neyent in table 2 and 3, separately. In figure 12,
since the selected regions can be approximately background free, we can directly count the
events bin by bin to distinguish the signals are either from scalar or fermion inelastic DM
models for these four BPs even only £ = 1 ab™! is used. However, in figure 13, it is hard
to distinguish the signals are either from scalar or fermion inelastic DM models except
for the BP2. We have discussed this behavior in section 3 that we only have the chance
to separate these two models if the ISR photon is soft enough. Therefore, in addition to
the usual search process in eq. (4.2) at B-factories, we propose to consider the process in
eq. (4.1) with the displaced vertex trigger suggested in ref. [21] which is more sensitive to
distinguish the spin of DM in inelastic DM models.

D The kinematic equations for processes in eq. (4.1) and (4.2)

In this appendix, we display detailed derivations of eq. (4.5), (4.6), and (4.7) in section 4.4.
For ete™ — x1x2 — x1x1l71~, we first set the direction of DV and following four momen-
tum of e™, e, x2 and x1 as

Tpv = (sin 0 cos ¢, sin 6 sin ¢, cos ), (D.1)
and

Pet+ = E+700E+)
E_,0,0,—E_),

(
= (
= ( X2v‘pX2|TDV)
= (Bxi,Px1), (D.2)

with F_ # E, in the Belle II LAB frame, then according to energy and momentum
conservation, we can write down

EXI :E++E*7EX27
Prr = (—|Pya| sin 0 cos ¢, —|pya| sin @ sin ¢, By — E_ — |pys| cos 6). (D.3)

After applying the above two equations to Efa = |p_XZ 12 + Mi for i = 1,2, the E,, can
be written as eq. (4.5). We then consider the energy and momentum conservation for
X2 = x1ltlT,

EX2 = EXII —I—EH + El— = E'X/1 + Eyr,
Pralfov =Dy + Dt + D2 =Dy + D (D.4)

Finally, we can receive eq. (4.6) for inputs of By, pys and Fpy with E,, shown in eq. (4.5).
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Figure 12. The polar angular distributions in the Belle II LAB frame after event selections in
. (4.1) with electron pair in the final state and Neyent in table 2.
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Similarly, for ete™ — Z'v — x1x27 — xix1lTl™ v, we use the same settings in
eq. (D.1), (D.2) and set the four momentum of ISR photon in the Belle II LAB frame as

py = (Ey,17). (D.5)

According to energy and momentum conservation, the four momentum of on-shell Z’ can
be written as

bz = (EZH}E?) = (E—i- +E_ - E’ya —Px,y; _py,wE—i- - E_ _pz,'y)a (D'G)

where ]9_7> = (Px,ys Py,y> P2) and p2Z, = m2Z,. Furthermore, we represent the four momentum
of x1 as
— =
by, = (EZ’ - EX27PZ’ - ‘pm’rDV)v (D'7)

and write down the E,, as eq. (4.7). Finally, the kinematic equation for xy2 — x1 ff is the
same as eq. (4.6) with E,, shown in eq. (4.7).
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