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RP x (R?/Z2) and a free four dimensional Maxwell theory on a wedge.
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1 Introduction

Our interest is to improve fundamental understanding of defect conformal field theory
(dCFT). Such an improvement has a host of possible applications. Conformal field theories
with defects and boundaries describe physical systems at a phase transition, for example
water inside a container at the end-point of the liquid-gas critical line, or an antiferromag-
netic spin system with disorder at the Néel-dimer transition. Topological defects may exist
astrophysically, as relics from phase transitions in the early universe. Thus an improved
understanding of dCFT has experimental applications both in condensed matter and cos-
mology. There are more fundamental theoretical reasons to pursue such a study as well,
associated with D-branes in string theory and twist defects for computing entanglement
entropy in a quantum information context. In this work, we study symmetry constraints
on two-point correlation functions in dCFT.

Given substantial existing work [1-5] using conformal symmetry to constrain corre-
lation functions in dCFT, one may legitimately ask why do more? Our answer is largely
personal, that in attempting to investigate some specific examples of dCF'T correlation func-
tions involving tensors with mixed symmetries, for example a Maxwell field strength and a
stress tensor, we found the embedding space formalism employed by refs. [1-5] challenging
to work with. The embedding space formalism requires an initial step of constructing a
correlation function as a polynomial in embedding space, and a second step, which is not
always necessary, of projecting the polynomial to a tensorial object in physical space.

The polynomials in embedding space are simpler objects than their tensorial physical
space counter-parts. In many situations, it may be enough to work with these polynomials,
in which case the embedding space formalism remains a superior approach to ours. An old
idea, it was originally developed in the context of CFT without boundaries or defects [6-9].
The conformal group on R? with d > 2 is the orthogonal group O(d + 1,1) and its action
is not linear. However, we know that SO(d + 1, 1) acts naturally (and linearly) on R9*+11,
This fact can be exploited by embedding the spacetime into R and looking at the
linearised action of the conformal group on this embedding space. The uplift simplifies the
constraints on the n point correlation functions arising from conformal symmetry.

Sometimes one would like access to the physical space correlation functions as well,
however. In our case, we wanted to use Feynman diagrams to investigate the effect of
small interactions on the structure of correlation functions of free dCFT’s. As perturbation
theory in CFT is typically performed in physical space, it is often more convenient to have
a presentation of the conformal symmetry constraints on the physical space correlation
functions. (It is possible to lift the perturbative results to embedding space, contracting
the tensor structures with polarization vectors.)

To refer to “the” embedding space formalism is already inaccurate, as there are at least
two distinct variants of the formalism for mixed symmetry tensors, refs. [4] and [5]. The
ingredients that make up the polynomial are different in the two cases. Ref. [4] reproduces
the antisymmetry of the correlation function through the use of Grassman variables. This
approach has the advantage of producing simpler polynomials, but the disadvantage of
making the projection to physical space more difficult to implement. Ref. [5], in contrast,



encodes the antisymmetry of the correlators directly into bosonic building blocks for the
polynomials. While the projection to physical space is then as straightforward as in the
fully symmetric case, the building blocks themselves are more involved. A further issue for
us in both cases was that the projection procedure depends on whether the indices in the
resultant tensors are tangent or perpendicular to the defect.

The aim of this paper is to introduce a formalism where bulk correlation functions can
be written directly in physical space in a uniform way where parallel and perpendicular in-
dices are treated on the same footing. As such, we follow in the footsteps of McAvity and Os-
born [10] who developed a similar but simpler formalism for dealing with correlation func-
tions of boundary CFT. We hope that the formalism we present may be helpful to others.

The work is organised as follows. Section 2 begins with a brief review of conformal maps
to establish notation and conventions. The second half of section 2 presents our method for
writing down dCFT correlation functions directly in physical space, extending the boundary
CFT formalism of ref. [10]. Section 3 uses the formalism to present several specific examples
of two-point correlation functions involving a scalar operator O, a conserved current .J,,
a stress tensor T}, and a Maxwell field (in four dimensions) F},,. These tensorial objects
are specified by symmetry constraints typically up to several functions of two invariant
cross ratios. In section 4, we investigate the limit where one of the operators in these
bulk two-point functions approaches the defect and hence derive the independent tensor
structures required for writing any bulk-to-defect two point correlation function. These
are specified up to a handful of constants and we also present several examples. Sections 5
looks at two specific examples of dCFT, a free scalar on RP x (R?/Zsy), a free Maxwell
field on R? x (R?/Zy) for N = 2 and 4 and also a free Maxwell field on R x (R3/Z3). As
supplemental material, we have provided a Mathematica notebook [11] that defines some of
the tensor structures we introduce and computes the (F,, (z)Fy,(z")) correlation function.

2 Conformal field theory with a flat defect

Our principal interest is in formulating the conformal symmetry constraints on the corre-
lation functions of local operators in defect conformal field theory. We begin with a brief
review of conformal maps preserving the defect and their action on the local operators.

In the presence of a flat p-dimensional defect on a d-dimensional spacetime [1], the
conformal symmetry is broken to a subgroup, SO(p + 1,1) x SO(q), where ¢ = d — p is the
codimension. Splitting spacetime into R¢ = RP x RY, the defect is given by D = {(x,0) €
M|x € RP}. Any points away from the defect (where y # 0 with (x,7) € R?) we call the
bulk space B. Likewise, it is also convenient to split the index notation. We use Greek
indices which run from 1,...,d, Latin indices a,b,c which run from 1,...,p, and Latin
indices 14, j, k which run from p+1,...,d or from 1,...,q.

Now, we look at the conformal maps that preserve the defect. A conformal map ¢
preserves the defect if ¢p(p) € D for all p € D. In the case of a flat defect defined above, the
connected component of the conformal transformations on R? which preserves the defect



is given by,

t(Xay) = (X+a>y)7 rq(Xay) = (Xqu'y)v X+b$2 Yy )
b(x,y) = | =~ 2.1
g = (R kg o) = oxay), Y ( aw aw) Y

where = (x,y), a € RP, R, € SO(p), R; € SO(q), 0 € Ry, b € RP and Q(z) =
1+2b-x+b?22. The full symmetry group is SO(p+1,1) x SO(q) and we will call a theory
respecting this symmetry a defect CFT.

With a single bulk point, we are not able to form any conformal invariants (cross-ratios)
and so the one point function is fixed up to a constant by conformal symmetry [1]. Given
two bulk points = = (x,y) and 2’ = (¥, '), we can construct two independent cross-ratios
&a: B x B — R, under the defect conformal maps (2.1),

2 /
S y-y
57 2

£l =——0) =" s=(z-2) yl = \/yi + ... 2 (2.2)
Wy Ty Foo =y g

(The defining property of a cross-ratio is &, (z, 2') = & (¢p(x), #(2’)).) Certain formulae are
more simply expressed using particular rational combinations of & and &. In particular,

we will have occasion to use u? = & +£ and &3 = L 52.
For the special case ¢ = 1 we only have one mdependent cross-ratio since & — 1.
Furthermore we have, u?> — v? = 521 and £ — 0. The simplification in the case ¢ = 1 is

part of a more general phenomena when we consider higher point functions. As discussed
in [2, 4], given n bulk points, we can construct the analog of £; and &, for any pair of these
points, giving n(n — 1) cross ratios in general. However, if p or ¢ is too small compared to
n, some of these cross ratios will not be independent, as happens when n = 2 and ¢ = 1.
More generally, there will be fewer independent cross ratios if ¢ < n or p 4+ 2 < n. For
a lengthier and more detailed discussion of these cross ratios, including when some of the
operators live on the defect, see [2].

2.1 O(d) vectors, bi-vectors and rank-2 tensors

The action of the defect conformal group (2.1) on the correlation function must obey a
Ward identity when the theory is a dCFT. The identity states that for any conformal
transformation ¢ we have the equality,

{(¢-On)(x)(¢- 0,)(2)) = (O1(x)0,(x')), (2.3)

where ¢- is the action of the conformal group on primary fields. Recall that a primary field
is defined by the transformation property,

(¢~ O1)(9(2)) := 2, (2)G/ [Ro(@)] 04 (),

where (Ry)4(z) = (8”(2 ()()x) and A is the scaling dimension of Q. The I, J are generalised

indices that indicate the representation of O(d) under which O transforms. Lastly, G is a
matrix acting on the representation space of O(d).



Independent Tensor Structures
) . . Vector . 2-Tensor
Co-Dimension | Cross-Ratio Bi-Vector
at x at 2’ at z at 2’
—(1) —(2) | =1(1) —(2
q>2 &1, &2 :451)7 :EA) :g )a :Iog ) Iuaa j‘éa 6/LV) j/ux 5(16’ Clylg
(1) —=(2) | =(1) —(2
q=2 &1, &2 ‘:‘}(L)a :ft) :g )a :/og ) I,ua 5;w 6046
—(1 —/(1
g=1 &1 ‘:,SL) :;E ) I;wc 6;11/ 5aB

Table 1. List of independent tensor structures used to construct two-point correlation function
between any two bulk primaries with arbitrary spin. The definition of the cross-ratios, vectors,
bi-vectors and rank-2 tensors can be found in (2.2), (2.4), (2.6) and (2.8) respectively.

Hence, (2.3) provides constraints on the correlation function arising from the defect
conformal group. In table 1, we list a set of independent tensor structures that can be used
to construct correlation functions satisfying the Ward identity.

Using the cross-ratios (2.2), we can define two structures Z(1) and Z(®) which enable
us to satisfy the Ward indentity for primary vectors. The structures Z(®) can be viewed
as O(d) vectors at a point z; they transform as Eff) — (R¢)Z(x)51(,a) under the defect
conformal group. Along with 2@, we can define two vectors Z/(™ which transforms as an

O(d) vector at a’. A choice of these are given explicitly in Cartesian coordinates as

—=(1) no_ M% _ M _ —=/(1 no_ |y/‘ &1 _ 2|yl‘ /
= (z,27) = & Ozt g2 Sp T s “,u( )($7 ) = Zaa}’“ T g2 Sp— Ny
' / (2.4)
5(2)(.25 x/):‘ﬂ8€2 :@_ :/(2)(1, /):M8§2 :ﬁ_n/
o ) 52 81'“ {2 123 " ) 62 8.%’“ 52 wr
where,
0 wp=a, 0 uw=a,
=4, o n, = " o (2.5)
m w=~r, m u =K,
and s, = x, — J:L With 2@ and =™ in hand, we can construct bi-vectors, which

transform as an O(d) vector at z and a/, by taking the product Z@=") . Similarly, we
can form rank-2 O(d) tensors at x by taking the product 2(@=®) and ones at 2’ by taking
the product Z'(M=/(m),

We can also take further derivatives of the vectors (2.4). Since R4 depends on z or z’,
we can only take the derivative w.r.t.  of 2’ and w.r.t. 2’ of Z. Two derivatives w.r.t. the
same point results in an object which will not transform correctly. These derivatives yield
two additional bi-vectors:

0 _ —
Ilw(x7$/) = _251’2/‘@‘:';/(1) = _2§1|y/‘8x/u‘:1(/1)7 (263‘)
o _ 0 _
Tl 2') = Gl 5= = oy 55D, (2.60)



2 . . . . . .
where 1, = 0., — 5:25”, is the rotation matrix corresponding to the inversion map [12],

Iy = (Rinv)w(z — 2') and

/
y‘jy o o
Oij = Jf H=1LV =]

0 otherwise.

jlil,(x,f) = (2.7)

The last two independent rank-2 tensors come from contracting two bivectors over the

indices which transform at the same point. The contractions between 7’ and I or J' gives

a new rank-2 tensor at x and a second at z’:
Oij —ninj p=1i,v =]

n/, M:i7V:J
\7#1/(:17) — 5 Jlily(l',) = J .

(2.8)
0 otherwise 0 otherwise

The number of primes on J indicates how many times the point z’ is implicated in its
transformation properties: no primes means a rank-2 tensor at x, one prime a bivector at
x and 2/, and two primes a rank-2 tensor at x’.

We now demonstrate by explicit computation that the set of tensor structures in table 1
is closed under index contraction. We consider only contractions of indices associated with
the point = since the same relations will hold for z’ under the replacement = — =', 7 — J".
The contractions involving vectors and rank-2 tensors at = are

==mn - L 720 = _ 8220
—u = u27 pv—= 251 =u >
—=(2)= &3 =@ _ =(2
== =2 TwE " =52, (2.9)
@ __
=z@u _ 18 j““j”u G
. 261 Ty =a-1
The contractions involving the bi-vectors are,
—(1 —(2)—=
INV‘:‘( » = Xl/“ j,l:a(j/)ua = jHI/ + ‘:‘ELQ)‘:‘(VQ)a
L2 = - (&5 + &=, Tiall = T+ EPED,
7 = = Lz Tl = Tpo = ED X0, (2.10)
" 251 vl /
ew— Lo I = e
! = _ _7':'/
jpu“ b= 52 v Iualﬁ = 5wj.

where X, := & (Eﬁl) - E;EQ)).

The structures in table 1 are independent in the sense that they cannot be written as a
product of lower rank tensor structures. In this language, =M= is not an independent
bi-vector even though it is a necessary ingredient in constructing the correlation function
of two vector operators. The independent structures are closed under contraction, as seen
from (2.9) and (2.10). No new ones can be formed through derivatives or contractions.

For a parity even theory, we expect that this set of structures is suficient to construct

the correlation function between any two bulk operators of arbitrary spin.! For bulk

'For parity odd theories, we must add some Levi-Civita tensors e*t Hd ¢ % and 1% to the
construction.



operators with I; and I indices, we construct all possible terms with I; and Is indices
using the independent structures in table 1. We then symmetrize or antisymmetrize over
the indices and remove traces, as required in order to obtain an object with the right
transformation properties under the O(d) x O(d) group acting on the two operators.

Indeed, not counting the Kronecker delta function used to remove traces, the num-
ber eight of independent structures here is the same as the number of structures used to
construct correlation function polynomials in embedding space in [1]. Moreover, as seen
in appendix E, the monomial building blocks in embedding space project down to linear
combinations of our structures in real space. Therefore, the number of independent terms
in any correlation function that we construct must match ref. [1]. We only consider up to
rank-2 tensors in this work. However, counting the total number of structures in selected
correlators such as (S,,,0), (SupVa), (SuprO), for symmetric, traceless S, we can match
the number obtained from embedding space.? We also match the number, six, of indepen-
dent structures in the correlator (F),,Vy) for an antisymmetric operator F),, (pers. comm.
M. Meineri).

g = 1,2. When ¢ = 1, we reduce to bCFT. Here 2 = 2@ = 7 = 7/ = J" =
0. Similarly, ¢ = 2 is also a special case because we find that J, J' and J” are not
independent. In this case the following identities hold,

1 _2)= §2 —(2)= &2 i(2)=
Tow = —g:;(?)::/@)» T = 5—3:/(3):,(,2), T = 573::52)::’(2)' (2.11)

2.2 Comment about one and higher point functions

The main purpose of this work is to investigate two point functions, but we would like to
make a couple of remarks about one point and higher point functions before passing to the
main order of business. Curiously, although we found the tensor J,,,, through the existence
of cross ratios, this structure exists independently of them, and is important for allowing
nonzero one-point functions in dCFT. If we have an operator O; in a representation of
O(d) such that we can also construct something out of the J,, and ¢, structures in the
same representation, then Oy is allowed to have a nonzero one point function. Importantly,
Juw does not exist for ¢ = 1 which forbids anything except for scalars developing a nonzero
expectation value in bCFT [10]. More generally in dCFT, we see that vectors and anti-
symmetric two-forms are also forbidden from having a nonzero expectation value.

Having gone through the exercise of constructing two-point correlation functions, the
procedure in broad outline is clear for n-point functions as well. Given n bulk points,
for each pair (z,,zs) we can construct &; and & type cross-ratios, calling them §§T’s) and
fér’s) respectively. Since a total of n(n — 1)/2 unique pairs can be formed, we have naively
n(n—1) independent cross ratios. For p and ¢ to small compared to n, some of these won’t
be independent (see the discussion immediately preceeding section 2.1).

’Eq. (3.19) in of ref. [1] is missing a couple of factors. The correct version should be (pers. comm.

E. Lauria)
min(Jy,J2) 2

> M(n-re- [ ) (%))




Given our set of independent cross ratios, we can then construct tensor structures
analogous to those in table 1. Fixing a point z,, we can form (n — 1) distinct pairs
involving x,.. Taking derivatives with respect to z, of both §§T’S) and 557"’8) gives us 2(n—1)
independent vectors at the given point x,. Repeating this procedure for all the n points

gives a total of 2n(n — 1) vectors, Ef})(m) and EEE)(T’S)

. By further taking the derivative
of ZW) and =@)(9) with respect to x5, we can form a bi-vector of type I and type
J'. Let us call them I, ,(ﬁs) and j,i(f’s) respectively. Consequently, at each pair we have 2
independent bi-vectors and hence a total of n(n — 1)/2 bi-vectors of type I and J’ each.
Finally, for each point x, we can construct the independent rank-2 tensor 7, namely j,ﬁﬁ).

We then assemble from these constituents objects with the correct O(d) transforma-
tion properties — by appropriately antisymmetrizing, symmetrizing, and removing traces.
Although we do not check the closure of this set of independent tensor structures under
contraction (as done for the two-point case in (2.9) and (2.10)), we do find a correspon-
dence with the embedding space results in [4]. In particular, the number of vectors matches
their K((lib) and I_((EZ), the number of bi-vectors matches their Sﬁ;j ) and g(%’j ) and finally the
number of rank-2 tensors matches their H((l” ),

3 Bulk-bulk two point functions

As a warm-up, the two point correlator between two bulk scalar primaries of dimension A
and A’ is well known to have the form?

PN 7]

(O(z)0' (")) = TR (€1,&2), (3.1)
where f(&1,&2) is an arbitrary function of the cross-ratios. In what follows, we will inves-
tigate correlation functions involving a scalar field O, a conserved current J*, and stress
tensor T* and (in the particular case of four dimensions) a Maxwell field strength F*.
Also, when counting the number of PDE constraints arising from conservation or equations
of motion (see table 2), we use the argument that taking the divergence reduces the spin of
the correlator by 1 and hence the number of independent structures present in the resulting
correlator is equal to the number of PDE constraints. For example taking the divergence
of (T,,,O) we see the resulting correlator is of the form (V,,0) and hence 2 independent
PDE constraints are expected.

3.1 (JO)

The two point correlator between a bulk vector operator V), of dimension A and a scalar
primary O of dimension A’ is fixed up to two functions of two cross ratios:

1 - -
(Vu(2)O(a')) = BT (A€, &)20 + fo(&,6)22) (3.2)
3Note we can use (2.2) to write |y| = ﬁ.



Correlators # of functions Conservation
¢g>2|1q=2|q=1|q¢>2|q=2|q=1
(J,0) 2 9 1 1 1 1
(Judv) 5 4 2 2 9 1
(T,,O) 4 4 1 9 9 1
(T Ja) 12 | 8 > | 10 | 8 3
(T Tup) 19 10 3 19 8 9
Correlators, d = 4 # of functions EoM
qgq=3|q=2|q= g=3|qg= g=1
(FwO) 1 1 0 2 9
(FvFas) 10 | 5 2 6 4 )

Table 2. This table contains a list of bulk-bulk correlators which we consider in section 3 and the
number of independent structures appearing in the correlators, dependent on the co-dimension gq.
It also denotes the number of PDE constraints arising from conservation of current 0*J, = 0 and
stress tensor 0*T),, = 0, everywhere in the bulk. Correlators involving a Maxwell field strength
F,,, are also considered, specifically when d = 4, and we list the number of PDE constraints arising
from the bulk equation of motion 0*F),, = 0.

In the special case that V# = J# is a conserved current (with dimension A = d—1), we have
the constraint 9, (J#(x)O(z’)) = 0, satisfied everywhere in the bulk. Current conservation
leads to the following relation between the functions f; and fs:

2
(op61 +(d—2e)fi + o 1~ s
1
226 (2-0- 5 ) -t (5 -21") =0 (33)

where the identities (A.1) were used in the derivation.

g = 1. In the codimension one case, the structure =) is absent and the cross ratios
& — 1 and &3 — 0 degenerate. The constraint (3.3) reduces to,

dh

((d—=2)+2(d—-1)&) fr + 26 (1 + gl)d& -

which has the simple solution

[SIIcH

d
2

fil€) = c& P+ &) 78 = cel o,

where ¢ is an integration constant. This result matches the bCFT result in [12] with

appropriate rescaling.



3.2 (JJ)

The two point correlator between two identical vector fields of dimension A depends on
five arbitrary functions of two cross ratios:

(Vu(@)Vo () = 55 (fl_ 20 + LEPER + £ (E0EP +EPE0)
(3.4)

+ faluw + f5j,iy);

The tensor structure of f3 appears in a symmetric combination because the operators in
the correlation function are assumed to be identical. (Conversely, if the operators were
distinct, the coefficients of EE})EL@) and E&Q)Ef,(l) should be independent.)

Reflection positivity places bounds on the bulk-bulk functions appearing in the corre-
lator between identical operators. The reflection plane is taken to be a hypersurface that

intersects the defect at right angles, which fixes & = 1. The positivity demands that,

AGD=0. (i@ zo (fi+ fl) (€.1) >0, (3.5)

If V# = J# is a conserved current, then A = d—1 and 9,,(J*(x)J"(2")) = 0. This divergence
O (J*(x)J" (x")) is the correlation function of a scalar with a vector, and we just saw that
it depends generically on two functions of two cross ratios. Thus, conservation will lead to
two constraints on the five f;. Using the identities (A.1) and (A.2), we find

251 f110) EEFY — (G(d+ 1) +26(q— 1) fi + E165 <2f§0’1) _ fél,o))

(§3d 281 (2 (¢ — 1)>) f3+ 2§%§2fil’0) — 2€1§2§3fio’1) =0,

(3.6)

and

afi + a6 (2007~ 40) + (6= -2 (E+5+6-1)) 5

+ 2100 ~aaf™ - (& <d—1>+2sl<q—1>—§) o226 (37)

26 B
&—(d—1)> f5=0.

qg = 1. Here we only have one PDE because (3.7) was obtained by setting the coefficient

26810 + & <f5(170) — 2f§071)) + (

of 2@ to zero, which does not exist when ¢ = 1. The PDE constraint for ¢ = 1 is,

25%(1df1+df4

i i ) =

Notice that this only involves f1 and f4 since the other tensor structures are zero when ¢g=1.
The PDE constraint matches the bCFT result in [12] under appropriate identification.

q = 2. For this case we take f5 — 0 since J' is not independent (2.11).



3.3 (TO)
The two point correlator of a symmetric rank-2 tensor S with dimension A and a scalar of
dimension A’ is given by,*
PRV ARU d =z =2 + == 7 5 3.8
<MV(x) (x)>_SQT fiE +f2 + f3E +f4 uy+f5 v ()

We need the correlator to be traceless to consider the energy momentum tensor. Taking
the trace of the above equation, we obtain a constraint on fs,

fom (f1+f2€3 f3&3 f4(q—1)>.

+

w2d | Gd  26d d (3:9)

Now we can write the two point correlator between the energy momentum tensor and
a scalar,

<Tw<x>0(w’>>='y/£f (==t - ) + o (52 - §Z§3>

—_ v -1
(G ) o (- 510.))

This gives a total of 4 structures matching the number obtained from the embedding space

(3.10)

theory [1]. Imposing conservation of 7" and using the identities (A.4), we obtain two PDE

constraints on f1,..., f1,
(2600 -0) - S 2-1) 5+ B nA" - eesi™ + X1,
26363 .10, (&3 3
SIS + (e -2 -a (E+a-1)) h (3.11)
—d _
et (S0 + 400) v 2ta - Das- 26 (1) £ =0,
and,
&2 26162 0.1) &1
S p- 2t 10+ (6016 (E-gg+s ) ) 7
2 1
+E1E (d(d—1)f2(071>_f2<170>> (53_ 51_52<1+ +£2)>f3 (3.12)
S0 88 00 g (50042 (1) 700 =0
qg = 1. For this case fo,..., fq vanish, {&, — 1 and & — 0, while the second PDE (3.12)
(obtained by setting coefficients of Z(2) to zero) does not exist. So, the constraint reduces to,
267 dfy _
1}2 d’fl (d+2)f1

“We use round brackets on indices to denote symmetrisation and square brackets for antisymmetrisation
(including a factor of %) We use | to separate indices that are being (anti)symmetrised when not next to
each other.
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This is simply solved to give,

1+4
f1(51)—0<§1€i1) = fi(v) = o™,

which matches the result from [12] with the appropriate rescaling.
q = 2. Here, J is not independent and so we set fy = 0.

3.4 (TJ)

The two point correlator between a symmetric rank-2 tensor S of dimension A and a vector
V of dimension A’ is given by,

HA—A'
(Sun@)Vala')) = LI (g T2 + b2 + Fu=0L, + GuZ0 T
=(m)=(n)=(r
+ >Z ) =N oA ’>, (3.13)

where we restrict the sum over n to avoid double counting and so f,nr has 6 indepen-
dent components. There are 14 structures here, but tracelessness of S,, removes two,
constraining h; and ho,

1 f J12183 | fan€

hy=—- <91(q -1+ ;;1 - 122511 ° 22 N T F2§3) ; (3.14a)
1 fiiz f12283 | f222€3 G Go

hy = 4 <92(q —-1)+ 2 2 + &6 Fi& — Fobo + 2%, 52) - (3.14b)

The embedding space result [1] also involves 12 structures.

If the rank-2 tensor S, is actually the stress tensor 7}, and the vector V), a conserved
current J,,, then we should furthermore set A = d, A’ = d—1 and impose the conservation
conditions. Conservation of J* gives four PDE constraints while the conservation of T#”
gives six constraints. (We simply count the structures needed to write down (S, (2)O(z’))
and (V,(z)V,(2')), respectively and where S is traceless.) In total, there are 12 functions
and 10 PDE relations, which we will spare the reader.

g = 1. Here 2@ =@ 7 and J’ all vanish and the number of structure reduces to
2. The conservation of T"" gives two ODE constraints while the conservation of .J,, gives
one ODE constraint. Since there are only 2 functions but 3 constraints, the system is
overdetermined, and one might guess the correlation function vanishes. However, some of
the constraints are degenerate, and the correlation function is fixed up to a constant (see

p 14 of [13]).

g = 2. Here J and J’ are not independent and the number of structures reduces to
8. The conservation of J* now gives three PDE constraints while the conservation of T+
gives five PDE constraints. This is a system with 8 functions and 8 PDE relations. It
would be interesting to see if the system can be solved.
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3.5 (TT)

The two point correlator between symmetric rank-2 tensors S and S’ is given by (B.1).
There is a total of 36 independent components. Demanding that S, is traceless gives 5
constraints and then demanding S ;W is traceless gives a further 4 constraints. This is a total
of 9 constraints for 36 structures, hence reducing the number of independent structures to
27 and so matching the number predicted by the embedding formalism. For (T'T") we need
to further impose symmetry associated with identical operators alongside tracelessness.
Symmetrising gives the two point correlation function of T,

10 9
(T () Tos (a')) = 5 [ > Fal€ ) Tles + 3 m(61.£2)S,00s
=1 m=1

— 1 —(1)— /(2 —_
+ hléuyéa[g + ho ((5 :./( )H/IB( ) + 50&[3:'9):1(/1)) + hg ((5 ( ) ( ) + 5aﬁ~( ):(2))
+ hy (5W(Eg1>5’g” +ENVED) + 8,5 EDED + E(Vl)E,(f)))

+H (jwéag + 5WJO’Z5) ] : (3.15)
where T;Eu)a/i’ S/(jzzaﬁ can be found in (B.2) and (B.3) and the functions hq,...,hy and H

satisfy the following relations,

+ e 5§32 fo+ gt fi%d? fs = &2;2%2 Jot 232]2; 1R
R DA T P (L 2<q€1—d;>§3 .
v ;21) gs + ;2 ((q -1) - 255) 99,
h= e S B B BT (3.161)
hs 4§2f3+{$24—§5d —f%d ;fd —% sz’l—z_lg;—(ilg@, (3.16¢)
hy 2§2f2+2f§3 —Qﬁi—é@fw& 1o—§il+§29jl—";lg7—ig;’, (3.16d)
and,
H = —%9 - % - éil% + é?’dm - %gs - %99- (3.17)

There are also additional constraints from conservation of 7. This gives twelve PDE
constraints and so we have a system with 19 functions and 12 PDE relations.

g = 1. In this case 2@ = Z'® = 0 and the independent structures reduce down to 5 with
2 constraints coming from tracelessness. This leaves a total of 3 independent structures
appearing in (T (x)T*?(x')). Conservation of T gives two ODE constraints and so we
have a system of 3 functions with 2 ODE relations, reducing the number of independent
functions to 1, as discussed long ago in [12].
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q = 2. In this case J, J’, and J" are not independent and so we set all the g, = 0 and
H = 0, leaving us with 14 structures. Furthermore, the traceless constraints also reduce
down to four and hence (T"¥(x)T*(z')) has 10 independent structures. These are given
by the T structures in (B.2) via (3.15) subject to (3.16) with g,, = H = 0. (The S™)
structures vanish.) Conservation of T+ gives eight PDE constraints, and so we have a
system of 10 functions with 8 relations.

3.6 Constraints from Maxwell’s equation in d = 4 on (FO) and (FF)

(FO). The correlation function between a Maxwell field strength and a scalar is given by,

<FW(x)O(x’)>_|y( 7 ( =) - 5NE@). (3.18)

Imposing the equation of motion 9,F* = 0 and using the identity on (A.3), we obtain
two PDE constraints for f,

(<3260 (2 ra-1)) r o (749 - 2600) —0, (3.19)
and,
288 0) 0,1)
(2612~ 0) + 6~ 26) f + o 10 — 65 /0D =0, (3.20)

The PDEs can be solved to find,’
i
(1-8)"7 (~1+ (26 + &))"

where ¢ is an integration constant, p = d — ¢ and the solution is valid for p = 1,¢ = 3

f(61,6) = (3.21)

and p = 2,¢ = 2. The combination —1 + (2£; + &)? in the denominator of the expression
diverges at the defect and goes to zero in the coincident limit. (For the case ¢ = 1, =@
vanishes and the (F'O) correlator is automatically zero.)

(FF). The correlation function between two Maxwell field strength tensors is given by,
4 [f 1
(s2)?

—/(2)

- _12) | =(2) @) | ()= (@) (1) (2)
+ 55 (20 Ly Es +E0 Iu][a“ﬁ D)+ £ED LB+ R E B E

_(1 —/(1)

(Fyu(z) Fog(a)) = Lujada + 15 a5

fe ;2 =(2) —i(1)
+5 7, el T T IEL) T + fs (“[u T5Za) +E T55a) )

+ o= Tl + 0T ugala) }] (3.22)
Reflection positivity demands that,

A fi+ fro) (e, 1) >0, 2(f1+ 210 + fo) (1, 1) > 0, (f1 f2)<51, 1) >0,
<f1+f10+f2+f7>(51,1)20

5 Although we don’t know what to make of it, it is interesting to note that one can impose a massless

(3.23)

free field equation on the scalar field as well, provided ¢ = 3 and A’ = 1.
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g = 3. When ¢ = 3 we find that,

=/(2)

2
Tuiad T = ~ =B TisZa) (3.24)

€3

and the number of independent structures reduces to nine.

g = 2. When g = 2 we can set fg,..., fi0 to zero due to (2.11). So, focusing on the

p = q = 2 case and applying the equation of motion gives four PDE constraints for
fl?"'7f57
2626, f1M) — 2616985 1O —2(51+2§2)f2+ 2P leo Eaba fV
( 26 (1,0) (0,1) (3.25)
H(- se) has (A -2 )
—26f" 268" + eh (G -G - 20+ L4010 g5, 100
(251 (L), o 0,1) (3.26)
o~ 6) - 66 206
—28e ) 26800 - 21+ ) — 286 ) + 26,6670V + 261601
¢ &2 (3.27)
—i(G-a) s-as (0 -2") =0
2
2
218y 208 e, 100 _oe g0 - B g oge (00 4 g gy 70
53 &3 {2 (328)
2
4260 — )5 — ZLAD 1 a0

g =1. When ¢ =1, only f; and fs are present with the usual simplifications and there
is only one ODE constraint,

23 <f1 fz) =4f. (3.29)

We may make this ODE look simpler by changing basis fo — v?g2 and by changing variables
from & — v. This results in the ODE;,

d
el — 2gs.
v (fi 4 92) = 292

Since the coefficient of the derivative terms are equal, we may change basis again to f; —
g1 — g2, which simplifies the ODE further,

v dg;

92 =5 (3.30)

A free Maxwell theory in the bulk has only one independent structure for ¢ = 1.
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4 Bulk-defect two point functions

One reason to study bulk-defect two point functions is the fact that any bulk primary
operator can be expressed as a sum over operators on the defect — the defect OPE. The
defect OPE of any bulk primary Oj(z) with dimension Ay can be written as,

1 s
Or(xy) =Y ml)[‘](a,y,céé,c%)m(x), (4.1)
by A, Y1779

where QAS J is a defect primary with dimension A $ and DIJ is a parallel derivative operator

depending on the bulk-to-defect coefficients cgl(; and the two point coefficient ¢ 50 of qg In

particular, if the bulk-to-defect coefficients between O and some (]3 are vanishing, then ({5
cannot appear in defect OPE of O. To derive the contribution of a particular é x to the
defect OPE, we simply take the product with (4.1) and calculate the correlation function,
1 oy T
~ - “ o n)IK
— 5 D)k (X)) = (O1(@)dre(x)) = — P00

A Nl
[Bo—hy y| 2072 (8% + [y[H)A

(4.2)
ly

where 7,y are the appropriate tensor structures. By matching the expansion on both sides
as y — 0, one can in principle determine the D‘I] , although our interest is not in these
operators.® Instead, we focus on the precise form of bulk-defect two point functions and
the tensor structures ﬁn).

4.1 Tensor structures for the defect limit

A defect of our formalism, which is not shared by the embedding space method, is that
in the absence of a cross ratio, we do not have a procedure for constructing relevant
tensor quantities. We saw this issue in the case of the one-point function, which must
be constructed out of products of the rank-2 tensor J,,. We found the tensor 7, in the
process of constraining the two-point functions. The structure J,,,, occurs in the contraction
of ‘-7;104 with itself, and the bivector j;:a in turn arises as a mixed derivative of the cross
ratio &. Despite the fact that there is no cross ratio for the one-point function, having
found J,,.,, we are free to use it in the construction of one-point functions.

The situation in the case of bulk-to-defect two point functions is similar. We have no
cross ratio, but again there is a workaround. We can study the defect limit of bulk-bulk
two point functions. From this procedure, we recover all of the relevant tensor structures
necessary for constructing a general bulk-to-defect two-point function from scratch and the
independent structures are given in table 3. We make this claim because there is a one-to-
one match of the structures we find here to the structures required in embedding space [1].

Here we analyse the limit where 3’ = 0. An immediate issue is that the cross ratio
& and several of the tensor structures have an ill behaved 3’ — 0 limit. We remedy
this problem by taking various linear combinations of the cross ratios and multiplying by

6See [10] for the ¢ = 1 case and [1] for ¢ > 1.
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Independent Tensor Structures for Bulk-to-Defect
Vectors . 2-Tensor
Bivector
at x/ at x/
at x . . . at x . . . .
spin—a | i | (ua) | (ui) (ab) [ (i) | () [ (1)
P 0 X Zwa | Ty | TS | 6w | O | 0 | 6y

Table 3. List of independent tensor structures used to construct bulk-to-defect two point corre-
lation functions. The definition of these structures can be found in (4.5) where we use a hat on
the bulk tensor structure to indicate it being evaluated at 3y’ = 0. For a bulk-to-defect two point
correlation function, the tensor structures at x can have bulk Lorentz spin while the structures at
x’ can either have parallel and/or orthogonal spin. Likewise, a bivector at (x,x’) will have one bulk
spin and one parallel or orthogonal spin. Hence we separate the spin combinations in this table.

appropriate powers of &1 and &. A basis with well defined limit as 3/ — 0 is,

—_ 52,—‘ / 52.—/ —I!
{521>,§1:L2>}&{Xa,€1 >}, {Tuo- Tpa} o 0w T} & {005, T} (43)

for vectors at x and 2/, bivectors, and rank two tensors at x and 2z’ respectively and
—(1) (2 —(1 =

where X! := @(:QS ) _ :QS )), Tyo = Tpa — :,S)X(;, \-7,1:,04 = \-7,1:04 — _M)X’ and j” =

s :/(1):/5( ). In fact, several of these structures simply vanish or are not mdependent

in the defect limit as y' — 0,

52 —‘(2) £2 .—/
— 0,
Sla e

where A represents the choices of spin (a,b), (a,i) and (i,a). As in the one-point function

)50, X, 50, JhW—0, Ji—Tu, Ji—0, Jh—0d; (44)

case, J, is not affected by the limit. Not counting the Kronecker delta’s, the remaining
structures reduce to,

284S
2y o —a Tuvl, g = dab = Gyl M=
5(1)| B e e p=a HOly'=0 _ ylnas,y e
=0 (Sgﬁ‘mz — 1) n; p= Z'7 524yl (45)
/ 0 ,U, = CL,
Xi |y’:O —ng, ;Lj|y/:0 = .
51‘]‘ — nmj om = 1.

We represent the bulk-to-defect tensor structures (see table 3) with a hat, e.g. (1)
E,(})|yr:0 etc. Similar to the bulk tensor structures (see (2.9) and (2.10)), the set of in-
dependent bulk-to-defect tensor structures are also closed under contraction. Leaving out
the trivial contractions involving the §’s we have,

2 i wo_
2W4n _ &30 _ L’y = Oab,
HMIG—_MIZ-—O, A A
PN N 1, lI b= jl/) (46)
Xigh " e
Z:j;u/z-azoa > Hu v/ v g
. . 117, = 65 — X, X; = 15,
O gr 7 FH Hd J v J
— - S — Y S 5. ~ fan
12 v a Ip,a-z-ya — 5#1/ _ :ELI):VI) j,u,l/
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We believe we have found all the relevant structures from which to construct the bulk-to-
defect correlation function between operators of arbitrary spin. Indeed, in embedding space,
ref. [1] construct these same bulk-to-defect two point functions from the five monomials
Q%p, i =0,...,4. In our language, Q% , maps to fua, QLp to X/, Q% to éf}), Q%) to
im’» and Q‘}B p to Ju. Given this mapping, we can see from a combinatorial point of view
that exactly the same set of two-point functions should arise in both cases. In appendix C,
we write a selection of bulk two point functions using the basis (4.3) in order to explore
certain special cases where the bulk-to-defect coefficient can be obtained from the functions
appearing in the bulk correlator.

4.2 (VO)

The two point correlation function between any bulk vector and any defect scalar is given by,

A C 2
(Vu(2)O(x')) = %EE}) (4.7)

where” s = x — x’ and s? = s? + |y|%.

Conserved current. When 0,V#(z) = 0, then we get the constraints A = d — 1 and
A= d—q = p. The first constraint is required for a bulk conserved current while the second
implies if the dimension of the defect scalar A # p then ¢,5, = 0 when V is conserved.
In particular, the defect OPE of a bulk conserved current J,(x) can only have scalars of
dimension p. This reduces to the bCFT result when ¢ =1 and hence p =d — 1.

Bulk limit. We consider the special case where the defect OPE of a bulk operator
O(x',y') expanded around y — 0 has a finite leading order contribution from only one
defect scalar primary O, i.e. O(x,0) = O(x). For such a case, we can obtain ¢y o through
the function f; present in the bulk-bulk correlator (V,(z)O(z’)) in (3.2). The relation is
simply the boundary condition,
: A _ R : Al414—1 _ .

&11_1}100(4&) f1(&1,€2) = ¢y, fllgnoo §&r T & f2(61,&2) = finite. (4.8)
Note the limit &5 — oo needs to exist independent of £ since & has an undefined limit
as y' — 0. That the structure &&; IE,(E) vanishes in the defect limit places a finiteness
constraint on fs.

4.3 (VV)

The two point correlation function between any bulk vector and any defect vector with
parallel spin is given by,

A ’ B CVV A
<VM($)VG(X )> - 82A|y’A_A pa - (49)
Conserved current. When 0,V#(z) = 0, we simply get one condition A = d — 1

independent of A. If V is a conserved defect current and hence has A = p — 1, the only
way to satisfy the Ward identity aaf/a(a;) = Ois toset ¢,y = 0. In other words, a conserved
defect current cannot appear in the defect OPE of any bulk vector.

"We continue to use this convention throughout this section.
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Bulk limit. If there exists a V such that V/(x’,0) = V,(x') we have the following bound-
ary conditions on the functions appearing in (C.2),

glll_fpoo 9s(&1, &2) = finite, glll_ffloo 95(61,&2) = cyp, (4.10)

where s € {1,2,3,4,6}. To reiterate, finiteness of the basis (4.3) as y’ — 0 enables us to put
a finiteness condition on the bulk correlation functions directly, for this type of special case.

The two point correlation function between a bulk vector and a defect vector with
orthogonal spin can also be obtained from (C.2):®

A 1

() — =G
(Vu(z)W;(x)) = LY (v ZD R + &y L) (4.11)

Conserved current. When 9,V# = 0, we get the constraints A = d — 1 and va(A -
p) = c’vW(q — 1), reducing to one independent coefficient. In particular when A = p and

q # 1, we have c’VW = 0. When ¢ = 1, the CQ/W term vanishes since d;; — n;n; — 0, and

conservation states ¢y, = 0 unless A= p = d — 1; as expected, this is the same condition
as for (JO). Conversely, we see when A = A = d —1 and ¢ # 1, the Ward identity simply

/

reduces to Cvi = Con

Bulk limit. If V/(x',0) = W;(x’), we have the following boundary conditions on the
functions appearing in (C.2),

Jim g1(&1,82) = ey, im gr(&1, €2) = finite, (95 + 96)(&1.&2) = ¢y (4.12)

lim
61 — 00

where r € {2,3,4}. An example can be found in section 5.1.

4.4 (SO)
The correlation function between a bulk symmetric and traceless tensor with a defect scalar
is given by,

(S (@06 = i [cso <Ef})=9) _ da,w) +dy, <ju,, - da,“,ﬂ (4.13)
Energy momentum tensor. When S, =T, and hence 9, T}' = 0 everywhere in the

bulk, we obtain the usual constraint A = d and also the relation,

A~

(¢ —1)Csp = — (2(1 —d) —|—p> Csihs (4.14)

and so we only have one independent coefficient. Similar to the <VV> case we just consid-
ered, when ¢ = 1, the structure multiplying c’S b is absent and A = d (otherwise cg4 = 0)
meaning that the defect OPE of T},, can only have scalars with dimension d (i.e. the bCFT

/

result). Likewise, when A = d and q # 1 the Ward identity simply reduces to cg4 = ¢ 50"

8This result corrects a typo in (2.38) of [1].

~ 18 —



Bulk limit. When O(x’,0) = O(x'), we have the following boundary conditions on the
functions appearing in (C.3),

. o . . o . . _
Elh—r>noo 91(61,&2) = cg, glll_rgo gn(&1, &2) = finite, glll_ffloo 9a(&1,&2) = cgpy  (4.15)

where n € {2,3}. We will see a counter example in section 5.1.

4.5 (FV)

The correlation function between a bulk anti-symmetric tensor and a parallel spin defect
vector is given by,
N 2¢ v .
AN FV :(1)
<F/»LV(:U)VCL(X )> - 82A|y|A_A‘_'[N IV]G' (416)
We observe that for a line defect p = 1 in four dimensions, where we additionally assume

TAft = jt is a conserved charge, we can interpret jt as the insertion of a charge on the defect.

Then the correlation function
n;

(FitJy) ~ W

reduces to the statement of Coulomb’s Law.

Equation of motion. When J,F} = 0 in the bulk (i.e. when the Maxwell field is free),
we get the constraints A = d — 2 and A= p — 1 and hence the defect vector has to be a
conserved current meaning that the defect OPE of F},, which is free in the bulk can only
contain defect vectors which are conserved. Furthermore, for a Maxwell theory we have
A = d/2 and we find that the equation of motion can only be applied when d = 4. When
V is a conserved current for any F},,, we obtain the simple condition A= p—1.

Bulk limit. When V/(x’,0) = V,(x’) we have the following boundary conditions on the
functions appearing in (C.4),

E}EHOO 9gm (&1, §2) = finite, glli_ffloo 93(&1,&2) = cpys (4.17)
where m € {1,2,4,5,6}.

4.6 (FF)

The correlation function between a bulk anti-symmetric tensor and a defect anti-symmetric
orthogonal tensor is given by,

N 2 A oA A A
(Flu () Fij(x')) = 2| AA {Cpﬁ(zuizuj — ZyiLui)
/ pr(l) 7 pr(l) 7
o (RELL), — HELL, )] (4.18)
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Equation of motion. When 9,F} = 0 in the bulk, we obtain the condition A = d — 2
and the relation,

dop(A—p) = =22 = g)epp, (4.19)

leaving only one independent coefficient. When ¢ = 2 and A # p we see that c} 5=
and also the structure involving c; vanishes. Hence the correlation function is zero. If
instez}d A = p and q # 2, we see that ¢,z = 0. In the special case when both ¢ = 2
and A = p =d — 2 = A the relation is automatically satisfied and we seem to have two
independent coefficients. However, since for ¢ = 2 the structures corresponding to ¢,z
vanishes, we only have c’F I Finally, when A = A = d — 2, irrespective of ¢ and p, the
Ward identity simply reduces to c;? = 2¢cpp-

Bulk limit. When F;(x',0) = Fyj(x’), we have the following boundary conditions on
the functions appearing in (C.5),

lim g, = finite, lim (91 L9 g12) =Cpp Ehm (92 +98) = clpy  (4.20)

&1—00 &1— o0 2

where m € {3,4,5,6,9,10,11}. An example can be found in section 5.3.
Here are some more correlators which we list without further analysis,

(O(x, y)W;(x')) = — = )‘9 " (4.21a)
(O(x,9)8:;(x)) = (2 A(|9yS\A A( ) (4.21b)

where S;; is a traceless and symmetric defect tensor.

5 Free field defect CFT

We will now focus on specific examples of free theories symmetric under the restricted
conformal group (2.1). The purpose of looking at a free theory is mostly to study a simple
example which has a defect symmetry allowing us to verify the general results in sections 3
and 4.

5.1 Free scalar theory on RP x (R?/Z3)

The parent theory is N massless scalar fields in d dimensions with the free propagator

(‘ZQ)BA, where A = £ — 1. We then take an orbifold, where we identify directions normal to
the defect y ~ —y. The spacetime becomes RP x (R?/Z5), and we are faced with a choice
what to do to ¢4 under the orbifold action. Two natural choices are to send ¢4 — *¢a.
The method of images then produces the propagator

(0a@)0n () = ban ( 321>A 4 Q)A), (5.1)
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where 32 = (x — x')2 + (y +¢/)? and A = £1. In the codimension one case, these choices
correspond to more familiar Neumann and Dirichlet boundary conditions. In fact, letting
A € R be arbitrary, the correlators have the appropriate symmetry for a dCFT with a p-
dimensional defect.” However, we will see shortly that A\ > 0 violates an energy condition.

This theory exhibits a global O(N') symmetry giving rise to the bulk conserved current,
JP = ¢20,0" — P 0,07, (5.2)

and from translation invariance (in the bulk) we have an improved energy-momentum

tensor,

1 d—
T,uzz = u¢A8u¢A - ié,uuaagbAaa(bA - 4 (a,uay - 5;waaaa)¢2a (5'3)

@1

which has a non-zero one point function respecting the conformal symmetry given by,

W d(d—2) g1
(T (x)) = T2y d=1) T — T(SW : (5.4)

Curiously, positive A is not consistent with the Average Null Energy Condition (ANEC)
when ¢ > 1. The ANEC states that the integral of the tangential-tangential component of
the stress-tensor along a light-like trajectory must be positive. Appropriately Wick rotating
our result to Lorentzian signature, that integral in this case is proportional to A [14]. Of
course in the codimension one case, (7},,) itself vanishes and there is no such constraint.
The ANEC was proven to hold assuming a R4 5! space-time [15, 16], and it is not clear
that the theorem should hold in this more general orbifolded context.

Using (5.1) we find that the two point correlator between the conserved current respects
the defect conformal symmetry,

2 —(1)= —(2)= —()= —(2)=
(JAB(2)JCP (")) = e (flz,(}):ﬁl) + HEDED 4 gy (:l(}):;@) n 522):;(1))
(5.5)
+ falu + fsj,gy> (§4C6BD — §AD§BCY
where,
d
fi=f2 = —fs = —2Md - )& (u?)? (1 FAW)? + S 1>) ,

fr=(d=2) (1+A)5) (1+20))%), (5.6)

d
2

f = =2A(d = 2) (14 A3 ) ()2,

It can be shown that these functions satisfy the conservation PDEs (3.6) and (3.7).

9 At least perturbatively, one can access more general values of A by including degrees of freedom on the
boundary that interact with the scalar [13].
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Defect limit: 3y’ — 0. If we change the basis to the one corresponding to (C.2), the
functions g; are given by,

g =(d=2) (1= 227 (w? = 1)(1+ du?) = (@)} (=1 + 2u2))
g1 = —A(d = 2)(u?)? (du? +2\(u?)?),
=(d=2) (1+ 227 (1+A@)?), (5.7)
g6 = —27(d - 2) (1+ A7) ()%,
go = g3 = 0.

We see that the g;’s are all finite as & — 0. This implies the existence of a defect primary
W;(x) such that the bulk-to-defect coefficients for (JHWZ') are given by (4.12),

Cor = iy = (d—2)(1 = N?). (5.8)

The Ward identity is also automatically satisfied by setting A=d-1. So, we see that
for this free theory J/Z(x,0) is a defect primary. Furthermore, reflection positivity (3.5)
demands that C/VW > 0 and hence we have a bound on A, that |A| < 1.

For this theory, ¢? = ¢4¢* is a bulk scalar primary. The one point and two point
functions of ¢? obey the defect conformal symmetry and are given by,

= 5.9
and 1
(@2 (2)d>(2')) = G PN 1o (14 dud2)?) (5.10)

From this we can read off the scaling dimension of ¢? to be Ay = d—2. Using that % is a
primary, we can then look at its two point correlation function with the energy-momentum
tensor. This two point function is consistent with conformal symmetry and is given by,

y/ 2 5 — 0 uf
(T2 () = — 32’d {gl (H}g) —(1) _ uzd) ‘o ( =2z _ gﬂ;)
g 1 (5.11)
o 52 en )
where,
g1 =92 = —g3 =4\N d(d - 2" (u?) i+, 4)\2N2d( )éd (5.12)

(d—1)

It can be checked that these functions satisfy the conservation PDEs (3.11) and (3.12)
for (T'O). This correlator provides a counter example to the relations on (4.15) since

(d—1)

g4 diverges. This is due to the presence of the identity in the defect OPE of ¢? whose

contribution to the OPE is singular as y — 0. Note that the two point correlator with a

JAB

single will always be zero since the AB indices are antisymmetric.
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5.2 Free Maxwell theory on a wedge

Next, we consider a free U(1) gauge theory in four dimensions with a two dimensional
orbifold defect. The orbifold in this case is obtained by identifying the transverse R? under
rotations by 27/N for N > 2 an integer. We parametrise the space R? x (R?/Zy) by
r = (X,y1,%2). In the unorbifolded space, the free propagator in Feynman gauge is

(A, (2)A, (")) = 5"—” (5.13)

We obtain the propagator on the orbifolded space by using the method of images. The sum
is complicated to evaluate for general values of N for arbitrary points z and z’. General
results for the sum looking at special points exist for the free scalar and spinor field theory
on a wedge [17, 18], but not to our knowledge for the Maxwell field. We will content
ourselves by showing this Maxwell theory on a wedge is a (4,2) defect CFT in just two
examples, N =2 and N = 4.

Unlike the scalar case, the Maxwell field has a space-time index on which the rotation
acts in a nontrivial fashion. Like the scalar case, we have to decide further if the rotation
gives an extra +1 phase when acting on the Maxwell field (the analog of absolute and
relative boundary conditions in the ¢ = 1 case). The action of the rotation on the space-
time index is straightforward to work out in polar coordinates, & = (x,r,0). The extra
phase we incorporate by introducing real parameters A and \. In fact, we will see that
the correlator has the correct dCFT form for general A\ and A and not just for the special
values +1.

Wedge with N = 2. When N = 2, we are working with a special case, R? x (R?/Z5),
of the orbifold used for the scalar theory above. The propagator on the wedge is given by,
Op

Gi‘w(:v,x') = 8—; + A

M,,
52

(5.14)

where M, = diag{1,1,—1,—1}. The correlation function (FF) is now specified by the

functions,

4
fr =401+ M), fr=—8\b& + 82“ ,
fo = —8uSE,, - 3 (5.15)
f3 = 8AU6§27 f5 = _Tv

on (3.22). The free Maxwell theory has a bulk stress tensor, T, (z) = F,,7F,, —(SﬁtT”Fa/BFO‘ﬁ,
which has a non-zero one point function,

A 1
(Tye)) = =23 (Tow = 3000 ) (5.16)

As for the scalar, this result is consistent with the ANEC only for A < 0.
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Wedge with N = 4. The propagator in this case on R? x (R?/Z,4) is given by the
matrix,

1 A N N
FtEtE+ 0 0 0
0 F+E+E+E 0 0
4 s 5 s 52
Gy = * 1A v x| (5.17)
0 0 52 52 si 52
N Moo A
0 0 st e

where s = s?+ (y1 —v5)* + (y2 +¥1)? and % = s?+ (y1 +y5)* + (y2 — y;)?. We also define

. . +_ 1 / i
new functions of the cross ratios, &5 = §(&+4/1 — £€3) and ui = 515?153 Calculating (F'F')

we find that it again matches the general result on (3.22) with the functions fi,..., f5

given by,
4
fi= 4(1 + vt + )\/ui + /\'uf), fi=—fs+ 8Au + )\Ih(ui + u27)37
fo = —8(ub& + Nub &g + Nub &g, 2 3 L (5.18)
/
fa=—fa+ Ngui +u?)?, fs = g_z/\9§2(“++“*) :
where,
_ 2(6&F + 66182 + €3) + 1 (5.100)
(261 + &2)° ’ '
b C&H(& + &) (48] + 4618 — 265 4 3) . (5.19h)
(6 —1)(26 + &)?
The stress tensor one point function takes the usual form
A+ 8N 1
(Tla)) = =25 (T = 30 ) (5.20)

Consistency with the ANEC would require the weaker constraint A + 8\ < 0, which
eliminates the particular choice A = —1 and X = 1.

Although we don’t explicitly calculate (F'F') for more general N, we expect this wedge
theory to obey the conformal constraints for any positive integer N. The particular func-
tions fi1,..., f5 in (5.15) and (5.18) for the wedge case above can also be shown to satisfy
the four PDE constraints in section 3.6.

(T () Tpe (z')). Given (for any N) a free Maxwell theory on a wedge that is conformal,
the connected correlation function between two energy momentum tensors can be written
using just the functions f1,..., f5 appearing in (F'F'). The result is (D.2).

5.3 Maxwell theory on a R x (R3/Z3)

Another way to generalise the propagator (5.14) is to set p =1 and ¢ = 3. In doing so, we
arrive at

_ S My,
G, =1L+ =5 (5.21)

52 527
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where M,,, = diag{1,—1,—1,—1} and our spacetime points are x = (z1,y1,92,ys). Cal-
culating the correlator (FF), we find that it respects conformal symmetry and is given
by (3.22), where the functions are,

fr =41+ b, fo = 16Mu* (1 — u&e83),
fo=f1=—f3 = —8\0&, fr=—fs = 16 8¢, (5.22)
Js=1Jo=0, fio = =8 ut,

Note that since ¢ = 3, we used (3.24) to remove fg leaving us with only nine independent
structures instead of ten. In this case (7)., (x)) = 0 and so there is no constraint on A from
the ANEC.

Defect limit: y’ — 0. If we change the basis to the one corresponding to (C.5), the
functions g; are given by,

7= 16AU4,
g1 = 2(1 + xu?), g L o
4 5 g8 = 8 u"(2u” — 1),
g2 = 4[1 + (1 - 20%)], ;
8\ 6 gio = 16 \u s (523)
g4 = — u-,
g2 = 8 \u?,
93 =95 =96 =0,
go = g11 = 0.

We see that the g;’s are finite as £ — oco. This implies the existence of a defect primary
Fij (x) such that the bulk-to-defect coefficients for <FWI:’Z-]-> are given by (4.20),

cpp =214+ N), op =41+ N). (5.24)

The Ward identity (4.19) is also satisfied as it reduces to C/FF =2cpp when A'=2,p=1
and ¢ = 3. So, for this theory Fj;(x,0) is a defect primary. Reflection positivity demands
that both ¢z and c;? ; are greater than zero, placing a lower bound A > —1.

6 Conclusion and further discussion

In this paper we provide the necessary tensor structures, in configuration space, required
to construct bulk two-point correlation functions for a conformal field theory with a flat
defect. In doing so, we find the appropriate tensor structures required for constructing
any one-point and bulk-to-defect two point function as well. We further examine the
conservation constraints on correlators involving a conserved current and the stress tensor.
We also looked at the free field constraints on correlators involving a Maxwell field. These
constraints are summarized in table 2.

While we did not provide detailed constructions, we believe, based on the discussion
in section 2.2, that it is straightforward to extend our result to higher point correlation
functions. One simply duplicates the tensor structures in table 1 for each pair of points
and uses these as building blocks for the multi-point functions. It would be interesting to
explore these higher point cases further, and as a starting point to check that the relevant
structures form a complete set, which we did in the two-point case but not in general.
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Given the generally large number of undetermined functions required to specify our
two-point functions, the particularly harsh constraints on a couple of our correlation func-
tions call out for further analysis. In analyzing (F),,(z)O(z)), we found that applying
a free field constraint to F),,, meant that the correlation function was determined up to
a constant for theories with d = 4 and ¢ = 2 or 3. We would like to find an example
where such a correlation function can be calculated and the result is nontrivial, i.e. not
zero. We also found that in codimension ¢ = 2 and for (T}, (x)Jx(z")) where T}, (z) is the
stress tensor and Jy(z') a conserved current, the correlation function is fixed up to eight
functions of two cross ratios that furthermore satisfied eight partial differential equations.
In other words, if the correlation function is specified along a particular slice in cross ratio
space, it should generically be defined everywhere through the conservation equations.

A couple of other results are worthy of remark. We analyzed the constraints of reflec-
tion positivity on the (J,(z)J,(2)) and (Fj,,(x)F>,(z")) correlation functions, finding (3.5)
and (3.23). (The structure of the (T}, (x)Th,(«")) correlator is complicated enough that
we leave an analysis of reflection postivity of this structure for the future.) We also found
that some of our orbifold theories failed to satisfy the ANEC. As the ANEC was proven
only for Lorentz invariant theories [15, 16], the result is intriguing but not in violation of
the theorem.

We have a particular interest in defect theories that are free in the bulk and have
interactions confined to the defect. In this set, perhaps the simplest are theories with only
a free scalar in the bulk, one example of which we looked at in section 5. The subset of
such free scalar theories appears to be very constrained [19, 20], with essentially only the
codimension ¢ = 1 case leading to defect theories which are not “trivial”.

Equally if not more interesting are defect theories with a free Maxwell field in the bulk.
Considerable research has been conducted on a codimension ¢ = 1 theory with a free photon
in the bulk and charged fermionic matter on the boundary. This theory is sometimes called
mixed dimensional or reduced QED and has been used as an “ultra-relativistic limit” of
graphene (see for example [21]). In section 5, we looked at a ¢ = 2 and ¢ = 3 “wedge”
theory as a prelude to looking at higher codimension theories with charged matter on the
defect. Literature suggests that the ¢ = 2 theory with charged matter on the defect is
problematic [22, 23] because the effective photon propagator experienced by the matter
has a logarithm in it and requires a scale to be well defined. We would like to explore what
happens in dimensional regularization, moving slightly away from the ¢ = 2 limit whether
conformal defect constraints can be applied. The ¢ = 3 case is also very interesting, for
example in the study of Wilson and 't Hooft lines.
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A Useful identities for (JO), (JJ), (TO), and (FO)

Here we list some identities used in deriving the constraints arising from the conservation
equations.

(JO).
=) 2%/
Ou ((82)d1> = *STyd(Qfl(q — 1) + &), (A.la)
=@)n 2/
o ((32)d—1> = J2d (§3(d —1) —261(&3/62+q —1)). (A.1b)
(JJ)
JH 2y’
0uE”) (261/€27,,) b ((Szfdl) 2 (261/6 — (d— 1) 2P, -
—/ 2 ! Iﬁ .
auﬂu(l) = SZ Ty, O <(82)d1) =0,
(FO).
2 _(1)— 2|y —
(o) Yl(wm (@
+(261(2 - ¢) + & — 262) E&”}
(TO).
L (e 95 _ 2] & :
9, (82d (_(1»_51) _ u2d>> - (251(1 )~ 2(d+2)d- 1)> =)
+ (%(d — 2)) 59],
L =2u=(2) _ 0b&s . 2|yl‘ 261&3 =(1)
o (3 (5= - 51)) — e | () 2
&1 a))\ze
=+ §3d_4€1 7_T+ = r
< <§2 2d >> } (A.4)

g (L (== 0BG _ 2V
g2d \ T(p ) 261d T g2(d+1)

+(Sarna-2-a(2rq-1))=p

& _ & <1V e
( §1q <+2+%>>HV}

1 ((] — 1) 2|y | —(1 —(2
o (g (= 0) ) = e | 26a(a - D=+ =)
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B Tensor structures for (T'T)

The correlation function between two different symmetric rank-2 tensors is given by,

A—A'
<S,UV($) c,xﬁ(gcl» |ng (flI (p|( IB + hj;w af + hl/j”ﬁ(suy + H(Suu(saﬂ

() () /(1) /()
+ fQ[I,uajlﬁﬁ =+ I,u,Bjy/a + Lo ,:5 + Iyﬁjl;a] + Z fnmrsu(u =) =(a —B)

n>m;s>r

+ fmr'—‘ )I )(0"_'6()) + Fmrﬁgzﬁb)jlﬁ)( H/(T + Gj;w + Z h’rs‘—‘(a H/(S /,Ll/
s>r

=(m)=(n) =/(r)=/(s) (m)=(n)
+ Z gmnu(u =) j/ + Zg' “6) '.7#11 + Z hmnu p S 504,8

n>m s>r n>m

+f 7('u<a|7u'>|a>> :

(B.1)

where we use the summation convention except when explicitly restricting the sums so that

fmnrs has 9 components, gmn, grg, mn and k... each have 3 components. This is a total of

36 structures.

The tensor structures appearing on the correlation function between two stress ten-

sors (3.15) are the following,

1 @ =My =@, =) ()
T s = 2Luals), Tuvap = 45 LoyZg) T45( L)=p)
2) = =) M ==DEMEP? L =0z —/(1)
7?5 = 4201, =0, T, ==PEW=E=R 4 s=@=z0Z0,
B _ =2 "(2) ® _ :(1):(1):'(1):'(2) ~(1) (2)~/(1)~’(1>
Tuviap = 4530 n)(2=p) Tivap = 2550 S0 B T2, 5,) =
) _ =1)=()=(1)=A1) ©)  _o=@z@zMz?) | o= (2)~/(2)~'(2)
Tvias = ) )_,(/ )“/og E =g > Tvias = 25750 S =g T 2“(# v) ~
6) _ =(2)=2)=/(2)=/(2) (10) _ =)@ =/(D)=/(2)
Tuos =EWEIEIES Tuap = 450,50 S Bp)
(4) _ =) 7 =2 =2) 71 =1(1)
SO 2l T Suwias = 420 TnBp) T 450, T
L(Lzyfw (1; o (1) S as = ENED T + T MERY,
Suv;aﬁ 4“(u ‘7'/) :/3) ’ s® _ =2z 2 g, 4 g =2 ='(2)
5@ =427 piaf = =p =v Jap T Iw=aT =g
piaf = (1 (1) E. = (2)j +2k7#1/~/(1):23()2)’

9 wiaf T
Sap = 4 <m<a\j\u>w>v

C Taking the defect limit of (VO), (VV’), (SO), (FV’) and (FF’)

(B.2)

Here we list some of the bulk-bulk correlation functions used for obtaining the bulk-defect

correlations function. The only difference here compared to section 3 is the choice of overall

normalisation and the tensor structure basis as mentioned in section 4.
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(VO). The correlation function between any vector (no need to be conserved) and a
scalar is given by,

-

V()0 =

(D) (92 + o=, (G-1)

&1

(VV'). The correlation function between any two distinct vectors is given by,

N ‘y|A, =(1) 4/ f2~ 2)=/(2) f2~ )=/(2)
(Vu(2)V,(2") = D= X+ g 259 + 9325515
(8 ) ‘El gl (C2)
£2-(2
+g4§1 )X +Q5Zua + gﬁjlw>

(SO). The correlation function between any symmetric, traceless tensor and a scalar is

given by,
A-A 9
S @0)) = Lo gy (2020 - 22 1 gy Sz - S
(s2)2 51 £2d 3
Somz@ | dwbss g1 '
+93 (é‘l“(u V) + 25%(1 ) + g4 (j;w - dduy> .

(FV'). The correlation function between any antisymmetric tensor and a vector is
given by,

22 Goz@y , , Bozeme g =0
<FNV(:E)VCC(:C/)> = (SQ)A/ glg *—‘['u I/] X/ g:[u :V] :ag )+ 293:4[ va

§2(2) —(1) §2.(2) 7
01 B Lo+ 955 Toja + 95 Bl T )

(FF’). The correlation function between any two different antisymmetric tensors is

given by,
Ay~ 2 =()
B (@) Fa (v')) = = yar | 91 TutoiTuig) + 92Zp, Lygpa Xy

§2-(1) =/(2) £2-0) & = =/

+Q3g~[y Iu}[a‘_'ﬁ] +g4§1 v IM][OéXﬂ +g5§3u[” 'z Hl[e=p) (C.5)
& ()= =(2) pr =2 =(1) X’ Sao(t) 71 =/2) |

+g€§~[ ] X[ H/B] —l— j [a|jy|5] +98~[ ‘-71/][,3 ]+99§“[u v][B=a]
§2-(2 &

+910§ _[(M)j”ﬁX/] +911§3~ )ju] ,3%5] : +912j [alz 118]
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D (TT) in the free Maxwell theory for d = 4, ¢ = 2

Given that the two point correlation function of the field strength F},, obeys the defect
conformal symmetry (3.22),

—(1 (1
(Fu () Fag( [f Uials + 22 Lae=s)
(D.1)
=/(2) | =(2) =/(1) =(2) (2)—'(1)—'(2)
+fs ( b TuZs + 5 TaSa ) + B0 Ly + 555 2SS
and given the bulk Maxwell energy momentum tensor T}, (x) = F,"F,, — 4 F, w8

find the two point correlation function of 7}, is given by (3.15),

L i
(T (2)Tap(z')) = s [Z 9n(§17§2)Tl§y?a5+h15w5a/3

n=1

thz (8,025 +00sZ(NED ) + s (8, EPESY +0,5EDED)

where,
] 38 2 & S
= (d 2)f1+ + f4+f3<g +2§1>f3+ §2< 5)flfQ
2 2
T2, (%—1) fifi+ §§2fzf4—4£3 (32 +1) fih = s ot = o ot
—6 (o2 - ) - (24 ) B+ d-3-nf-Gak
2
+&3 <2§§3 - 1) Jifs — &3 <1 + 2553) fofa+ fg%f2f5 + & =S fafs + 288 /1[5
35253 263 &
3 ff3+§ff §€f3f5,
=6 (e 1) five (L) B-Ghht@-3-Bhh
1 2
+ &2 ( §§, ) fifs + & <u2 2% ) Jofa + % + f§%f4f5 — 2863 f1f3
+ 2i;fzf?) - 322§Sf Ja— ;32]”3]”5,
g1 = %fg 23 fi+&Nfa—&& N1 +& < 22 1> fifs + ;3 5f2f5
b st (=34 8- Gefs+ & (- oL ) fuls
1
— &3 <1 + 223) f3fa—§&3 ( 5532 + & ) I35,
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—o(d — o2 268 0 o 420 g £
=2(d—4+28)f5 + 2 f5+485 15 — 4831 f5 — 263 3 +2) fofs
863
— 88283 f2f3 + gf:af&
f5 2 &
g6 = +2(d — 4+ 280) f7 + 465 3 — 45 ff5 + 26 & fafs
+ 8§%f3f4 + 522 I3/5,
5= g} + U= A+ 206) 1] ~ 4G5 — A s — S Pl + S
— 483 fofs + A&abs fafa + 4&s <1 + i) I3/5,
)
=235+ EL B - asnss - 20t~ S s + B 26t
+2(d—3— &) fafs+ 283 (1 + i) f3/5,
go = ;32 3+ 268 f7 + A5 f1fs + 26 fafa + 52 — fafs + 2253 fafs + 285 fofs
+2(d—3— &) fafa+ 25 ( 553 u12> f3/5,
10 =613+ 23 BHER+(A—d)fi —26(6 — &) fifs + (d— 4+ 268) fafa
3¢ 1 § £ 2
+ & <2§3 u2)f2f5+53 <2§3+1) fafs + &3 <§2 2)f3f5a (D.3)
and the functions hq, ..., hs are obtained from the traceless condition (3.16).

E Embedding space to physical space

We project the embedding space building blocks for symmetric traceless bulk-bulk two

point functions to physical space,

Qpp — &EP, Qhp — —26& (E —- =@ )) , Qb — 265 — 61O,
Qpp — —280& ( =) Eg”) . Qpp— T + ‘525(2)5252),

- - — —1 E.l
Q%B — 52 (I,uoz - jlia) - 25162 (‘:'EL *:' ) /(1)’ (qd(;;w - j,ul/) ) ( )

q—1
Q%B - (d(saﬁ - jé,ﬁ) :

The Q%z’s are given by equation (3.18) of [1].
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