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ABSTRACT: We consider two-loop renormalization of high-dimensional Lorentz scalar op-
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tudes that capture high-order top mass corrections in Higgs EFT. We obtain the analytic
finite remainder functions which exhibit several universal transcendentality structures.
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1 Introduction

Understanding hadron spectrum is one central problem in QCD. The hadron states can
be understood as gauge invariant composite operators which are composed of gluon and
quark fields. The problem of computing the hadron spectrum is then reduced to calculating
the (anomalous) dimension of composite operators. Due to the non-perturbative nature

of confinement, an analytic derivation of anomalous dimensions remains a dream;! on

Tn the toy model of planar A = 4 super Yang-Mills (SYM), this goal is in certain sense achieved, thanks
to the infinite number of hidden symmetries in the theory, see [1] for a review.



the other hand, at high energy scale the asymptotic freedom ensures that a perturbative
expansion still applies. A good knowledge of such perturbative information is helpful to
understand the RG flow of the spectrum, and should also provide an important probe to
the full spectrum. One goal of this paper is to provide a working framework that can
be efficiently used to compute the anomalous dimension of high-dimensional operators as
well as at high loop orders. To be concrete, we will focus on gauge invariant and Lorentz
invariant local operators O(z) where all elementary fields are located at a common point
in spacetime.

As another motivation, the local operators we consider are also related to the Higgs ef-
fective action, which describes the Higgs production via gluon fusion process at LHC. The
Higgs particle has no direct interaction with gluons but through Yukawa coupling with
quarks. Since the Yukawa coupling is proportional to the mass of quarks, the process is
dominated by the heaviest top quark [2, 3]. To simplify the computation, a useful approx-
imation is to use an effective field theory (EFT) which describes the interaction between
Higgs and gluons by integrating out the heavy top quark [4-10]. The EFT Lagrangian can
be schematically given as:

00
N 1 A
Leg = COHO4;0 + E W E CZ'HO4+2k;i R (1.1)
k=1"""t A

where C; is the Wilson coefficient, H is the Higgs field, and Oa,:i are the effective operators
of canonical dimension Ag. For the Higgs plus one jet production, the contribution of higher
dimension operators can be important when the Higgs transverse momentum is comparable
to the top mass. The two-loop Higgs plus three-parton amplitudes with the leading operator
Oy0 = Tr(F),, F*) were computed in [11], and similar two-loop amplitudes with dimension-
six operators were computed in [12, 13]. The two-loop amplitudes with higher dimension
operators may be used to improve the precision for the cross section of Higgs plus a jet
production at N2LO, which is so far known in the infinite top mass limit [14-20]. At NLO
QCD accuracy, the full top mass effect can be taken into account by integrating the top
quark loop directly [21-23]. See also [24] for a recent extensive review about related studies
on Higgs amplitudes and their phenomenological applications.

To study the operator spectrum and the corresponding Higgs amplitudes, we consider
the form factor which is defined as a matrix element between an operator O(x) and n
on-shell states (see e.g. [25] for an introduction):

Fon = /d% e (L palO)]0) (1.2)

Such form factor is equivalent to a Higgs plus n-parton amplitude in the Higgs EFT (1.1),
where ¢> = m3,. In this following, we will often refer Higgs amplitudes as form factors.
The concrete goal of this paper is to classify the operators of general high dimensions and
to compute their anomalous dimensions and related Higgs amplitudes up to two loops.
Since we discuss multiple high dimension operators, the first problem to solve is to
classify the operators and construct a convenient operator basis (at classical level). The

operators at a given canonical dimension are generally not independent with each other,



since they may be related to each other through equations of motion or Bianchi identities.
We will apply both (off-shell) field theory method and (on-shell) minimal form factor
method to construct the operator basis. We point out that, besides counting the dimension
of the basis, an important aspect for this work is also how to construct a good set of basis
operators explicitly that will be convenient for the high loop computations.

To compute the loop form factors for the basis operators, we apply the unitarity-
IBP strategy that combines unitarity cut [26-28] and integration by parts (IBP) meth-
ods [29, 30]. This strategy has been applied to computing form factors (and Higgs ampli-
tudes) in [12, 13, 31] and for pure gluon amplitudes in [32, 33]. Similar strategy has also
been used in the numerical unitarity approach [34, 35], in which unitarity and IBP are
used together with numerical variables to avoid large intermediate expressions. The idea
of using cuts to simplify IBP has also been used in e.g. [36-39)].

Given the form factor results, one can extract the ultraviolet (UV) divergences by sub-
tracting the universal infrared (IR) divergences. The basis operators of same classical di-
mensions can mix with each other through renormalization at quantum level (see e.g. [40]).
This is captured by the renormalization matrix Z defined in Og; = Zij Op,;. With the
explicit two-loop results, we can study various aspects of the operator mixing in detail. By
diagonalizing the renormalization matrix, one can also compute anomalous dimensions.

As mentioned above, the form factors we consider also correspond to the Higgs am-
plitudes. In particular, high dimension operators corresponds to the high-order top mass
corrections in (1.1). The central quantity of the Higgs amplitudes is the finite remain-
der function. We obtain the analytic expressions, and find that maximal transcendental
part is universal, namely, independent of the operators. This provides further support
of the maximal transcendentality principle introduced in study of anomalous dimensions
in [41, 42] and then observed for the form factor of tr(F?) in [43] and later also for other
operators [12, 13, 31, 44-52]. Besides, the lower transcendentality degree-3 and degree-2
parts also contain universal building blocks, which was also observed in the previous results
with dimension-six operators [13].

This paper is structured as follows. In section 2, we construct the operator basis using
both the field theory method and on-shell minimal form factor methods. Section 3 describes
the strategy of computing form factors based on the unitarity-IBP method. In section 4,
the renormalization of form factors are discussed in detail, from which we extract the
renormalization matrix of the operators and compute anomalous dimensions. In section 5,
we consider the full Higgs amplitudes and in particular we focus on the finite remainder
functions and study their analytic properties. Section 6 provides a summary and outlook.
Several technical details are included in the appendix A—E. Finally, for the convenience of
the reader, we summarize the structure of the paper as following graph:

Anomalous
.QCD / off-shell field Opera.utor Unitarity Loop N dimensions
Higgs EFT | on-shell spinor basis IBP form factors

Remainders



2 Constructing operator basis

In this section we consider the construction of operator basis. We will first consider the
field theory method and then apply the on-shell form factor method. Besides determining
the dimension of the basis, a central goal is to explain how to construct a convenient set
of basis operators that will facilitate the high loop computations. We will provide explicit
basis for length-3 operators up to dimension 16, and in later sections we will compute their
anomalous dimension and related Higgs EFT amplitudes.

2.1 Operator setup

We consider local gauge invariant scalar operators in pure Yang-Mills theory composed of
field strength F},, and covariant derivatives D,,. The field strength carries an adjoint color
index as F,, = Fj;, T, where T are the adjoint generators of gauge group and satisfy

[T, T = i febeTe. (2.1)
The covariant derivative acts in the standard way as
D, * = 0y, % +ig[A,, ], (D, D)) *x = ig[Fp, *] . (2.2)
A gauge invariant scalar operator takes the following form

c(at, ..., an) Dy, - Dy Fonpd) ™+ (Dpins -+ Dy, Forpn) " X (1,€) (2.3)

where c(ay, ..., ay) are color factors, such as given in terms of products of Tr(..7%..T%..).
And to form a scalar operator, all Lorentz indices {u;,v;, p;} are contracted in pairs by
metric ¥ or by antisymmetric tensor e#*?, which are contained in the function X (), €).
In this paper, for simplicity we will consider the parity even operators where X contains
only n’s.

For the convenience of upcoming discussions, we define following useful quantities for
the operators:

e Canonical dimension of an operator:
dim(O) = Ag(O) = (# of D’s) +2 x (# of F’s). (2.4)

Since we consider Lorentz scalar operators, this dimension is always an even integer
number, starting with dim=4. The canonical dimension typically receives quantum
corrections at loop level, and the correction is called the anomalous dimension v(O).

e Length of an operator:
len(O) = (# of F’s). (2.5)

We will also call an F' in an operator together with all the derivatives in front of it,
ie. (D...DF), as one block. Obviously, the number of blocks is equal to the length
of the operator.



e Descendants. If an operator can be written as a total derivative of lower dimensional
operator, it is called a descendant. Since we consider Lorentz invariant and gauge
invariant operators, the overall derivatives are just covariant derivatives and always
appear in pairs so a descendant must take the form like

0 = 0*(0') = D*(0). (2.6)
Below we also summarize the color factors for length-2 to length-4 operators:
1. The length-2 case has a unique color factor:

c(a,b) = Te(TT") = 5. (2.7)
2. In length-3 case there are two inequivalent color factors:
cla,b,c) = Te(T*TT¢) and Tr(T°T°T). (2.8)
Equivalently, one can introduce two other color factors as
[ = Te(ToT°T¢) — Te(TT°T?),  d® = Te(TT°T°) + Te(T°T°T?), (2.9)
which are fully anti-symmetric or symmetric in the color indices, respectively.

3. Length-4 is the first case where double traces appear. The color factors are:

Tre(TUT% @ T%® T% @), Te(TYT%@)Tr(T%3T%®) ¢ € 83,6 € Z3.

Our goal is to find a set of independent operator basis, which requires no equivalent
relation holds among the basis we choose. Two operators are said to be equivalent if their
difference is proportional to the equation of motion (EoM) or Bianchi identity (BI):

EoM : D,F*" =0, (2.10)

BI: D,F,,+D,F,,+ DyF,, =0. (2.11)

Below we will use two different ways to do this classification: (1) field theory method, and
(2) on-shell spinor helicity method.

For the convenience of notation, we will often use integer numbers to represent Lorentz
indices and abbreviate product D;D;Dy, ... to D;j.... For example,

FM“QD,“DN5FM3“4DN2D“5FM3M4 = F19D15F34Do5F3y . (2.12)
2.2 Field theory method

The choice of the operator basis is not unique. To make a preference for the choice, we
impose two requirements on the basis operators:

e We consider operators with smallest length first and then increase the length one by
one. If two operators at length [ differ by an operator of high length (L > [):

O1— 0= Opsi, (2.13)

we will say that O; and O] are equivalent at length [ level, and only one of them may be
kept in the operator basis. In the following, we will start with the length-2 operators
and then consider length-3 operators and finally briefly discuss length-4 operator.



e At a given dimension, we prefer to choose descendants as basis operators, so that
the total derivatives of lower dimensional operators will contribute automatically
as the basis operators in higher dimensional cases. Since the total derivatives do
not change the anomalous dimension of the operator, this choice has an important
advantage, in the sense that the renormalization property of a descendant is deter-
mined by its lower dimensional counterpart. We point out that the descendants can
have non-trivial mixing with other operators at the level of renormalization matrices,
therefore it is important to keep them in the basis in our computation, see section 4
for detailed examples.

At a given length and a given dimension, the numbers of D and F' are fixed, and
different operators differ with each other in their ways of Lorentz contraction. A covariant
derivatives D contracts either with another D or with an F. We call operators with no
DD contraction as primitive operators. The full set of operator can be generated by adding
pairs of identical Ds to the primitive operators.

Denote the number of Ds in a primitive operator as fiy. At a given length [, it is easy
to see nig ranges from 0 to 2/ and must be even. Starting from arbitrary operator, one can
get a primitive one by taking off all the identical DD pairs from it, like:

Ol = tI‘(D5F12D15F34D2F34) (non—primitive) M} OO = tr(F12D1F34D2F34) (primitive).

Dy pair
We say the operator O belongs to primitive class |Op].

Length-2 case. In the length-2 case we illustrate the above classification in detail. Since
there is only one color structure (2.7), we will ignore the color factor in the discussion
for simplicity.

First let us classify primitive operators. Number of Ds in a primitive operator might
take values 1y = 0, 2, 4, respectively corresponding to

FioF12, D3Fi9D1Fys, DsyF12D12F3. (2.14)

Here we have used the EoM constraint (2.10), such that D; should not contract with Fj;
that contains the same index. The above iy = 2 operator can be reduced to a non-primitive
operator using Bianchi identity:

D3F19D1Fy3 = —D3F12D2F31 — D3F12D3F 19 = —D3Fi19D1Fo3 — D3Fi9D3Fio

1
= —§D3F12D3F12 € |FiaF12] .

The fig = 4 operator turns out to be a higher length-3 one and therefore can be dropped
out at length-2 level:

7
D3y Fi9D19F34 = [D3, D4]F12D12F34 + Dy3Fi2D12F3 = Eg[FM, F19]D12F34 ~ (FFF).

In summary, FioFis is the only primitive operator for length-2 cases.



Second let us construct non-primitive operators through DD pair insertion. One can
check that a DD pair acting on the same F' is always equivalent to a higher length operator:

D?*Fyy = D3D3F13 = —D3D1 Fa3 — D3DoF31 = —[Ds3, D1]Fa3 — [D3, Do F31 ~ (FF).
(2.15)

According to our requirement mentioned around (2.13), at a given length, we only need to
consider the cases that pairs of identical D;s being inserted into different blocks. Thus the
non-primitive length-2 operator obtained from DD pair insertion must be in the form of
Tr(Dia.. F54D12. F34).

Finally we can see such operators are equivalent to descendants:

1
D1y F34D1o. F34 = §D%(D4...F23D4.,.F23) — (DiDy. Fa3)(Dy. Fa3)
1
= 58% (Dy.. Fo3Dy. Fb3) + (length-3 operator) .

Recursively, an arbitrary length-2 operator, say with dimension Ay, is equivalent to a total
derivative of F12F12 like

Ag—4

(62>mTI‘(F12F12), m B

(2.16)
Length-3 case. Next we consider the length-3 case. As in the length-2 case, the first
step is to classify the primitive operators. A detailed derivation is given in appendix A.
Here we directly cite the result that there are two length-3 primitive operators

Op1 = Tr(D1Fa3 Dy FozFiy) =
= — f%(Dy Fy3)*(D4F3)°(F14)°,

Opg = Tr(Fi2F13F23) = %(TY(F12F13F23) + Tr(Fi3F12F32)) = %fabc(Fsz&FQCs)'
(2.17)
Second, the construction of basis operators at a given dimension Ay is just to correctly
count inequivalent ways of DD pair insertion into blocks of Op; and Opsy, which require

Ag—8 Ag—6
2

n = and m = =4 pairs of identical Ds respectively. Let us discuss the two cases in

more detail.

o We first consider inserting pairs of identical Ds into primitive operator Opj, which
has blocks 1,2,3, namely DqFbs, DiFh3, Fis. As explained above, D? acting on a
single F' vanishes up to higher length, so a pair of identical Ds can only be inserted
into two different blocks, which means there are three choices: 1,2 or 1,3 or 2,3.

Taking n = 2 pairs of Ds as an example, all the six possible insertions are listed
below:
(DilDi27 17 DilDiz)a (DilDi27 DilDi27 1)7 (17 Di1Di2> DilDig)a

(2.18)
(DilDiQ’DiQ’Dil)’ (DilvDiQaDhDiz)a (DilaDhDizaDlé)'



where the three slots represent the positions of block DqFbg, DyFbg, Fi4. Alterna-
tively, they can be obtained from the three-part partitions of number n = 2:

04+2+0,24+04+0,04+0+2, 1+14+0,04+14+1, 1+0+1. (2.19)

The three parts in a sum correspond to numbers of D-pairs inserted into three block

pairs (1,2) + (1,3) + (2,3). For a general n, the number of inequivalent insertions

are given by partition counting C2 4o = w.

e The Opy case is a little bit different, since the three blocks Fio, Fi3, Fb3 have Z3
symmetry under index renaming. As a result, three insertions given by the first line
of (2.18) actually produce the same operator. The same is true for the second line,
so there are only two inequivalent ways to insert m = 2 pairs of identical Ds into

three blocks of Ops.

Generally, we should equalize different D-insertions if they are related by Z3 cyclic
symmetry. A special insertion appears when number m is multiple of 3, because the
trisection partition produces a D-insertion which is invariant under Z3 symmetry.
In summary, for m # 0 (mod 3), number of inequivalent D-insertions equals to one
third of the partition number, i.e., %Cfnﬂ = %. For m = 0 (mod 3), it
equals to $(C2,,,— 1)+ 1= w + 1.

Summing over above two cases, we obtain the number of independent length-3 opera-
tors with dimension A, denoted as N(Ap):

(Bo=1)(20-5) A (1m0d 6) £ 0,

N(Ag) = S
(B0) { w, Ag(mod 6) = 0.

(2.20)

Expressions of these N(Ag) basis operators for Ag = 6,...,16 are listed in appendix B.

Third, operators listed in appendix B are not the final basis choice. Since we prefer
to choose descendants as the basis elements, we need to further solve descendant relations
and replace some operators by descendants.

Finally, it is convenient to symmetrize the operators according to the color factors. As
discussed in (2.8)—(2.9), for length-3 operators, one can take either single trace products or
{ fabe, dabc} as color basis. In this paper we choose the later. To get an operator with color
factor d®¢ or f2¢ from a single traced one, we need to (anti)symmetrize the kinematic part.

To illustrate the above procedure, let us take the dimension 10 case as a concrete
example. To start with, there are five length-3 operators obtained by adding DD pairs in
the two primary classes:

Opl +2D: 0/1/0;1 = TI‘(D12F34D15F34F25), (9/1/0;2 = TI'(D12F34D5F34D1F25),
10:3 = Tr(D2F34 D15 F34 D1 Fos); (2.21)
Opy +4D : Ofyy = Tr(D12F34 D1 F35D2Fy5), Ofp.5 = Tr(D12F34D12F35Fys) .

As mentioned before, we choose length-3 color factor to be {f2°¢, d} instead of single
trace basis {Tr(T*T°T°), Tr(T*T°T®)}. To achieve that we need to symmetrize or anti-



symmetrize the original ones (2.21), and the resultant new basis are:

101 = O = %fabc(DuFM)a(D15F34)b(F25)C,

102 = Ofoa + O3 = f¢( D12 F34)* (D5 F34)° (D1 Fas)°,

L0 = Olo — Ollpg = d™(D12F34)" (D5 F34)" (D1 Fs)°, (2.22)
1014 = Ol ~ %f“bc(DleM)“(D1F35)b(D2F45)C,

104 = Olos = %fabc(DuFM)“(D12F35)b(F45)C-

Here, equivalence relation A ~ B means the difference between A and B is a higher
length operator.

Furthermore, we prefer to choose descendants as basis operators. At dimension 10,
there are two descendants from total derivatives of lower dimensional operators Op; and
Opg, and they are related to operators in (2.22) as:

1 1
582OP1 ~ 0/10;1 + 010;2 ) 554OP2 ~ 2(9/10;4 + 0,10;5 . (2.23)

Therefore, we can replace one of Ofy.; and Ofy., with $9?Opy, and one of O}, and Oy
with 9Ops. Here we choose to replace Olo.2 and O}y, so the final choice of length-3
basis operators at dimension 10 is

15 Ly
f-sector : 0/10;1, /10;5a 58 Op1, Ea Op2, (2.24)
d-sector : (’)'10;3 )

where f/d-sector implies the operator associated with the color factor f¢/debe.

Length-4 case. It should be straightforward to generalize the above construction to
higher length operators. Here we will not go into details but only give a brief account of
the length-4 case. For length-4 case there are seven types of primitive operators as shown
in table 1.

Here we provide the basis of dimension-8 operators as a concrete example. At dimen-
sion 8, all length-4 operators are primitive ones, and they correspond to the first two rows
of table 1. Taking into account different color orders, one can find that there are four
single-trace and four double-trace operators in total:

2\ = tr(FlaFp3F34F14), 2y = tr(FiaF34Fp3F14),

25 = tr(F1oF12F34F3y), Z) = tr(F12F34F12F3y),

Er = tr(FioFos)tr(Fs3aFa), Eg = tr(FioFsq)tr(FysFha),

5/7 = tr(F1oF12)tr(F54F34), E/S = tr(F1aF54)tr(F12F34). (2.25)

Adding length-2 and length-3 operators, at dimension-8, the operator basis contains 1 +
2 4 8 = 11 operators in total.



Block configurations Single trace Double trace
(Ffy, F3s, F§, Ff)) (abed), (acbd) (ab)(cd), (ac)(bd)
(Fiy, Fby, Fg, Ff) (abed), (acbd) (ab)(cd), (ac)(bd)
(Ffs, Fls, DioFs, Fi) (abed), (acbd), (cabd) (ab)(cd), (ac)(bd)
(Ffy, F33, DiFf5, DaFff) | (abed), (bacd), (acbd), (bead) | (ab)(cd), (ac)(bd), (ad)(be)
(Ffy, D1FSy, DaFfs, Ff) (abed), (dbca), (abdc) (ab)(cd), (ad)(be)
(Ffy, DsF3s, DiFg, Fi) | (abed), (dbca), (abde), (dbac) | (ab)(de), (db)(ac), (ad)(be)
(F, Fb, Di3FS, DaF) (abed), (acbd) (ab)(cd), (ac)(bd)

Table 1. Primitive operators in the length-4 case. a,b,c,d are color indices and brackets (a...d)
is short for Tr(7°...T%).

Unlike length-2 and length-3 cases however, length-4 operators from different primitive
classes might not be independent, so naively adding pairs of D into the primitive oper-
ators may create an overcomplete basis set. For example, consider an identity involving
three operators:

tr(DeFi2D1F34DgFus D2 F3) = tr(DgF12DeF3a D1 Fy5 Do Fr3)
+ tr(De F12D1F34 D2 Fy5 D F3).

These operators belong to three different primitive classes at the fifth row of table 1, i.e.,
(abdc), (dbca), (abed). Therefore the linear independence of primitive operators does not
guarantee the independence of non-primitive ones.

Before entering next subsection, let us summarize the strategy of field theory classifi-
cation:

1. First we classify primitive operators which contain no DD contraction.

2. After primitive operators being classified, one can then generate other (non-primitive)
operators by enumerating inequivalent ways of DD pair insertion into primitive ones.

3. While independent operators obtained from inserting DD pairs into primitive ones
already form a set of basis, they are not a good choice since we require descendants
to be included. One can apply identities between descendants and above basis and
solve for part of them in terms of descendants.

4. For length-3 case, we also organize the basis into f2¢ and d®*® sectors, to manifest
the symmetry properties.

5. Finally, to obtain a full basis at a given dimension, one needs to sum operators of
all possible length. For example, for dimension-8 case, operators up to length-4 all
contribute.

~10 -



operator 5ij Dge fas faﬁ'
spinor | (if)[ji] | Aada | Aads | —Aads

Table 2. Dictionary between operators and on-shell spinors.

2.3 On-shell spinor helicity method

An alternative way to do the classification is to make use of on-shell technique and read
properties of operators from their form factors. We will apply the dictionary relation
between operators and their tree-level minimal form factors and translate all the operator

information into spinor helicity formalism.

Operator-spinor dictionary. A minimal tree-level form factor means the number of
external gluons is equal to the length of the operator. One can establish a dictionary from
an operator to its tree-level minimal form factor [53-55]:

0L & Fo,r(l,...,L), (2.26)

especially each single D and F' contained by the operator are mapped to certain spinor
structures, as shown in table 2.

The map of D results from spinor representation of momentum p®® = 5\2‘)\1",‘. As for
field strength F', first one takes decomposition

Fuw = Foapp = Eaﬁfag + €450 (2.27)
to obtain self-dual and anti-self-dual components
r 1 lo' 1 af
Jap =3¢ OFpaps>  fap = 5€ PF s - (2.28)
Then one makes use of LSZ reduction formula
(P1FLu (0)|2) = (—i)levpu — eupy] (2.29)
to get their final matrix elements
0, h=+ - < XaXs b=+
(7115 (0)]2) = { T W0l = { v 2T (a0)
V2 B - 0, h=—

Here, €, denotes polarization vector of external gluon. We summarize the correspondence
between operators and on-shell spinors in table 2, and the example on reconstructing
operators from spinor-helicity formalism will be given in upcoming context, see (2.41).
The correspondence listed in table 2 is not limited within pure Yang-Mills theory, and the
result can be generalized when fermions enter in.

The above on-shell language has several advantages:

1. Equivalent relations between operators take much simpler forms. Equation of motion
holds automatically, and Bianchi identities are translated into Schouten identities:

DuF™ — —DAAA + (AN =0,
DyFyp+ DyFpy+ DpFuy = =XadsAs(Aa€sy + Ageya + Ayeap)
+ Aa)‘ﬁ)‘v(:\d%)\ + 5\5‘6%6 + SWGC'!B) =0.

- 11 -



2. Two operators that are equivalent up to higher length components have identical
tree-level minimal form factor, since .7-"((902(1, .,n) = 0 when n < L. For example,

following three operators are equivalent at the level of length 2:
1 1
Tr(D,F,,, D" FH'), §Tr(DpFWDpF’“’), ZOQTr(FWFW) , (2.31)

and they have the same form factor for arbitrary helicity setting, like s12(12)? for
1727 and 0 for 172+,

3. In the previous field theory classification we treat DF' contraction and DD con-
traction differently. In on-shell language, DD contraction only contributes to scalar
factor like s;;. For example:

%Tr(DpFWD”FW) € |Te(F,F*™)| = s5,(12)% € [(12)%].

Below we will discuss the construction of operator basis based on the spinor-helicity
formalism. As we will see, all the standard steps in field theory method have on-shell
analogies. Primitive operator classification becomes enumerating spinor structures, and
counting DD pair insertion becomes enumerating scalar factors. Besides, the minimal
form factor picture also allows a further choice of the helicity sector which will further

simplify the kinematic structure.

Length 2. For length-2 operators, the tree-level minimal form factor involves two scat-
tered gluons labeled by 1 and 2. The only possible spinor bracket structures are (12) and
[12], since forms like (1|P;|2] must vanish because P; is a linear combination of p; or ps.

For an operator with minimal dimension, the only possible expressions of the form
factor are (12)2 and [12]2, corresponding to projected operators tr(faﬁfo‘ﬁ) and tr(fdﬁ-fdﬂ).
Their sum is tr(F2), and the difference is é#*#7tr(F},, F,,). In this paper we will not consider
operators with odd P-parity, so only the former is kept.

For an even operator with general dimension A, its minimal form factor is
(312)%@2)2 for (—,—) and (312)%[12]2 for (+,+). Taking dimension 6 as an example,
from s12(12)? one can read two holomorphic operators, which are self-dual components of
the first two operators in (2.31), and they are both equivalent to the descendant 19%tr(F?),

which is chosen as the only independent length-2 operator at dimension 6:

tr(Dys fag DT 1) = tr(D,Fp DY F1)

1
; — Z0%tr(F,, FM™). 239
t1(Dys fap DV fOP) = 5tr(DyFl DPF) " 4 (B F). - (2:32)

812<12>2 — {
Length 3. As for the length-3 case, we introduce a new concept helicity sector to help
the discussion. The map from operator equivalent class to tree-level minimal form factor
is not injective. For example, for two inequivalent operators 0'8’;1 and (’)g’;2 given in (B.2):

Oél;l = TY(D1F23D4F23F14) s 0/8,;2 = Tr(D1F23D1F24F34) . (2.33)
Their spinor structures for (—, —, —) and (—, —, +) are given in table 3. One can see these
two operators are undistinguishable for helicity (—, —, —).
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helicity sector (— —+) (=—-)
TT(D1F23D4F23F14) <12>3[13] [23] 8123<12><13> <23>
TT(D1F23D1F24F34) O 8123<12><13> <23>

Table 3. Tree-level minimal form factors of Og; and Og,.

A natural solution is to create two new operators using Og; and Og, so that one
has nonzero tree-level minimal form factor only for (—, —, +) and its h.c., and the other is
non-zero only for (—, —, —) and its h.c. We say these two new operators belong to helicity
sector a and [ respectively:

a-sector : f((f)o)’min # 0 only for (—, —, +), (+,+, —), (2.34)
[-sector : fg))’min # 0 only for (—, —, =), (+,+,+). ‘

In following context, we require each length-3 basis operator belongs to either a-sector or
[B-sector.

The nature of “helicity sector” for an operator is its holomorphic structure. Taking
decomposition (2.27) of a length-3 operator might create four possible components fff,
fff, fff, fff. For operator with even P-parity, conjugate components always appear in
pairs so there are only two inequivalent structures:

I+ TFf, I+ FFf. (2.35)
We can see the former can only be detected by helicity (—, —,+) and (+, 4+, —), while the
latter only by helicity (—,—, —) and (4, +, +).

Let us redo the classification for the length-3 case. First we need to enumerate all
the possible spinor structures for 3-gluon form factors, which is an analogy to enumerating
primitive operators in the field theory method. There are two types of spinor structures

Ay = (12)%[13][23],  Ag = (12)(13)(23), (2.36)

with their cyclic partners, consistent with primitive operator counting given in (2.17). To
establish the relation between A;, Ay and Op;, Ops in (2.17), we need to take linear recom-
bination of Op1, Opsy to get new primitive basis that can be classified into helicity sectors:

a-sector :  Opy — Opy — Ay = (12)3[13][23], (2.37)
B-sector : Opy — Az = (12)(13)(23). (2.38)
The second step is to add Mandelstam scalar factors to A; and Ay until certain dimen-

sion is reached, and this is analogous to inserting DD pairs to primitive operators in the
field theory method. Below we take dimension 10 case as an example to explain the details.

1. Let us enumerate scalar factors for spinor structures A; and As. For A;, dimension
of scalar factor is A —38, so at A = 10 there are three choices: s12, $13, S23. Notice that
helicity setting (—, —, +) has broken the total bosonic symmetry, while the exchange
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invariance between gluon 1 and 2 is still maintained. So 1,2-flipping property of
kinematic part should be compatible with that of color factor. As a result, s;o and
$13 + So3 correspond to f-sector while s13 — so3 corresponds to d-sector.

For A,, scalar factor has dimension A — 6 and must be cyclic symmetric as As. At
A = 10 there are two choices: 8%2 + 333 + 3%3 and $12523 + S12513 + S23513, which both
belong to f-sector.

In total, there are five possible expressions for the kinematic part of a 3-gluon
form factors:

f-sector 1 s12A1, (513 + S93)A1, (599 + 855 + s13) A2, (512523 + 512513 + 523513) A2,
d-sector :  (s13 — s23) A1 . (2.39)

. After obtaining above spinor-helicity forms, one can apply the dictionary in table 2 to
read out the operators. Taking s12 A1 as an example, we write the bracket form back
to spinors. For an operator of primitive class |Op; | for helicity setting (17273%),
one can lock the external gluon label i to block position i, so we have

s1241 = (Made™) (Mads) A Aap) Ay AT MasAs ) (A g A Bas hy”). (2.40)
One type of rearrangement for (2.40) is
(Mada) A2 5) iy As) (Aa™ ™) (Mg has) (Ag”A0") (A A7)
= Daa Dy 15D Do f° 7 = Do D (f5655) D D% (7€) (F7 g -
(2.41)

This is the fff-component of operator (’)’10;1 = Tr(D12F34D15F34F»5) derived from
decomposition (2.27). However, (2.41) is not the only way to group spinors into
counterparts of f and D. For example, (2.40) can also be rearranged to

(Mara) A A1) Ay ) A A (A Aas) (Mg A’ (Ag” A7)
= Daa D’ 15D D [ % = DaaD’(€¥° f,5) D D (5,17 ) (e ) .

which is the fff—component of operator Tr(D12F34D13Fy5F55) equivalent to —% ’10;1:

Tr(D12F34D13FusFo5) = —Tr(D1oF34 D15 F34Fo5) — Tr(D12F34 D14 F53F55)

1 1
= —iTr(D12F34D15F34F25) = —50/10;1-

From the above example we can see that the reconstruction of operators from on shell
minimal form factor is not an injective mapping, but different operators obtained from
the same form factor may be equivalent (up to possible overall factor) at the level of
length-3, so one can choose an arbitrary operator as the representative one and here
we choose (2.41) for s124;.
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minimal form factor projected operator full operator
— 15194, DaaDﬁnyéDwDﬁéfwfﬁé 10,1
—3(s13 + s23) Ay DadDﬁBf'yéD,Béf’yéDadeé + D%fyéDaaDﬁéf”‘sDadeé 10:2
—3(s13 = s2)A1 | DaaD’ fr5Dpef "D [ = D, f 5 Do Dge 1 D4 o3
D 1D fO Do Dy s frs ot
1(s12823 + cyclic.) As. DadDﬁﬁfvéDEBwawf’Be + DngmsDaaDEﬂ‘wawfﬂe Olos
DaaDy f16D,3f° D 5 — D f15D0a Do D5 | Ol
1(52 + cyclic.) A DadDﬁéwaadDﬂﬂ.fWef& 0/10;5
S DaaDgﬂf«,éDadegf’yafﬁe Oloa

Table 4. Operator-form factor dictionary of basis operators at dimension 10.

For an As-involved form factor we perform similar operation. One difference comes
from the fact that, for helicity (—, —, —) the form factor has full bosonic symmetry
so gluon ¢ might come from any one of the three blocks. So first we write the
cyclic symmetric scalar back to an asymmetric one (but maintaining (1, 2)-flipping
Symmetry), e.g. write s19593 + S135823 + S12513 back to s13S03, (812 + 813)823, (812 —
$13)823, and then transform the spinor into operator according to dictionary, with
gluon label 7 locked to block position 4. In this way, the fourth form factor in table 4
is mapped to three inequivalent operators.

In total, there are five different operators in the third column, they are equivalent
to the basis operators obtained from field theory method introduced in section 2.2,
see (2.22).

. Now we need to solve the descendant relations as constraints. One can easily find
operator relations (2.23) between {0, } and descendants of Op; and Op; from scalar
factor relations s193 = S12 + S13 + S23. We choose to replace (’)/10;2 and (9/10;4 with
these two descendants and the basis set becomes (2.24).

. Finally we need to recombine five operators in (2.24) so that each basis operator only
belongs to one helicity sector. The final operator basis is summarized in table 5.

Let us explain the operator notation in table 5. In following context, we will label

length-3 basis operators as O.q/sf/d:i» Where A is the operator canonical dimension, o/

labels the helicity sector, f/d labels the color factor, and i is the numbering. We also give

the final basis operators for dimension 6 and 8 in table 6, and final basis for dim 12-16

are given in appendix C. These operators will be the starting point for the computation of

subsequent sections.

Length 4. For length-4 case, we take dimension 8 as an example. There are eight in-

dependent operators in total as shown in (2.25). When considering color ordered form
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Basis operator FO(— — +) FO (= = -) color factor
Q10,051 = %820?1 - %8401)2 %8123”41 0 foe
O10,051;2 = 0/10;1 - 0/10;5 %312141 0 fabc
O10:a:0;1 = O3 3(s13 — s23) A1 0 debe
O108:71 = 150" Op2 0 1512342 fare
Or0i8;552 = /10;5 0 i(5%2 + 3%3 + 5%3)142 fobe

Table 5. Final basis operators at dimension 10.

Basis operator FO (= — ) | FO(=, — =) | color factor
Os.8:1 = %OP? 0 A foe
Osia55;1 = Op1 — §9%Opy Ay 0 fobe
Osir1 = §0°Op2 0 35123 Ao foe

Table 6. Final basis operators at dimension 6 and 8 cases.

factors, we take coefficients of tr(1234) for single trace operators and take coefficients
of tr(12)tr(34) for double trace operators. There are 3 helicity sectors in this case:
(—,—,+,+),(—,+,—,+),(—,—,—,—). In order to make each operator belong to only
one helicity sector, i.e. having color-ordered form factors that are non-zero for only one
type of helicity configuration, we recombine above eight operators as follows:

= 11 =/ = 11 =/

=1 01 % le =1 =5 10 411 % =s

= 11 =/ = 11 =/

B2 | _| 103 3 |]|% So | |00 1 2| Ze (2.42)
E 010 1 =l = 0111 = |- :
=3 . 41 =3 =7 14 2 =7

= _ 1 =/ = 1 =/

The correspondence between these newly obtained operators and their color-ordered form
factors are summarized in table 7.

Notice the last column of table 7 corresponds to uniform helicity, so a total form factor
has full bosonic symmetry, which means its kinematic part and color factor have the same
symmetric property under label permutation. For example, kinematic part of single-trace
operators are invariant under Z cyclic permutation, and those of double trace operators
are invariant under 1 + 2,3 < 4 permutation.

Form factors for one plus three minus or three plus one minus are not written in the
table. The results are all zero, because these eight operators do not have ffff or ffff
components under decomposition (2.27).

For length-2 and length-3 operators, the counting of operators in these two different
approaches agree with each other. However, this is not the case for higher length operators,
where the evanescent operators appear. Such evanescent operators do not show up in the
4-dim spinor approach, on the other hand the field theory approach is valid for generic
dimensions and can captures these operators. We leave the discussion to future work.
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operator | (—, —,+,+) | (—,+,—,+) (= ———)
= 0 0 —2(14)%(23)% — 1(12)2(34)?
=) 0 0 —(13)%(24)>
E3 $(12)%[34] 0 0
4 0 (13)%[24)° 0
Zs 0 0 —(14)%(23)2 — (13)2(24)?
Z6 0 0 —2(12)%(34)2
=, 2(12)%[34]2 0 0
Es 0 (13)2[24]? 0

Table 7. Color-ordered tree-level minimal form factors of length-4 operators at dimension 8. The
color factors are tr(1234) and tr(12)tr(34) for single and double trace operators, respectively.

3 Two-loop form factor computation via unitarity

In this section, we compute the one and two-loop form factors of the high dimensional
operators discussed in the last section. Our computation is based on the on-shell unitarity
methods [26-28], where the cut integrands are constructed by sewing tree-level components.
Furthermore, we combine the unitary method together with the integration by parts (IBP)
reduction [29, 30]. This “unitarity-IBP” strategy not only makes the computation very
efficient, but also provides important internal consistency checks for the results. Below we
first outline the main strategy of the computation and then apply it to the concrete form
factor computations.
The work flow of our calculation can be illustrated as follows:

]:(l)’ P = H(tree blocks) = cut integrand
cu
IBP with cuts Z el collect all cut channels Z eil; = FO :
cut permitted complete

where I; are IBP master integrals. In the beginning, a particular cut channel (or cut
configuration) is chosen and one can calculate the cut integrand through tree-level data.
In order to avoid the issue of rational terms, here it is essential to use D-dimensional
cut instead of four-dimensional cut. The resulting cut integrand contains all the integrals
whose topologies are permitted by the chosen cut. As for the integral reduction, we use
IBP method combined with on-shell conditions for the cut propagators. Because terms
proportional to cut inverse propagators vanish under cut condition, the expressions of
IBP relations can be sharply shortened and therefore the computing efficiency is improved.
After the cut-constrained IBP reduction, one obtains coefficients ¢; of all the cut-permitted
master integrals. Finally, by repeating the process for different cut channels, coefficients
of all the master integrals are probed. See also [31] for discussion.

In this paper we will mostly focus on the three-point form factors of length-three
operators up to two-loop level. In these cases only planar integrals appear (and therefore
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1 2)

Figure 1. (1) The 2-loop non-planar topology has vanishing color factor. (2) Nonplanar topology
contributing to leading color begins to appear at 3-loop.

(1)
73 PLN
by D2 E
D2 P1 . )
s P Dp3

Figure 2. Master integrals (plus their cyclic permutations) that contribute to planar two-loop
minimal form factors of length-3 operators.

the planar cuts are sufficient). This can be understood from a simple color analysis of
Feynman diagrams that up to two-loop level the minimal form factors of length-3 operators
do not contain subleading color factors. The only two-loop non-planar topology is shown
in figure 1(a), but its color factor is zero, for length-3 operators in both f®“-sector and
d*c_sector. As a comparison, at three loops nonplanar topology (even at leading N, color)
will contribute, as shown in figure 1(b), and therefore nonplanar cut is necessary. Since
the one-loop case is quite simple, below we will focus on the two-loop computation.

The complete set of two-loop master integrals for minimal length-3 form factors are
given in figure 2. With color decomposition, the two-loop color-ordered form factors,

associated with color factor tr(7%17927%), can be written as a sum of master integrals I; as

F((Oz) :(61[1 +colo+c3l3+cyly+ [C5I5—|-66]6] + [C7I7—|—Cg[8] —|—CgIg) +cyc.perm.(1,2,3) s
(3.1)

where master integrals {I;} strictly correspond to the topology and labeling given in fig-
ure 2. The master coefficients ¢; are what we want to obtain using unitarity-IBP method.
Before considering that, let us discuss one important feature of the master integrals.

One can see that (5), (6) and (7), (8) in figure 2 are pairs of ‘mirror’ topologies. In
color-ordered form factors, they should be considered to be independent because they are
inequivalent planar diagrams and therefore probed by different planar cuts. On the other
hand, they are closely related to each other: graphically, (5) and (6) are related by flipping
1 < 2, while (7) and (8) are related by flipping 3 <» 1. From the planar color point of
view, they are related by reversing color orientation, which is equivalent to a “C-parity
transformation” (see e.g. [56]), so the kinematic parts of a fixed color order tr(123) and the
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Figure 3. Complete set of cuts fully probing contributions from all the master integrals.

& ) 3 .
14! D1 T D1 ! DP1
N\ ‘ ‘
I
Ps 0 P2 psf { p» : RS : )

(2) (7) (8) cyclic. (9) (9) cyclic.

Figure 4. Master integrals probed by sjo-triple cut.

reversed color order tr(321) only differ by an overall C-parity factor decided by external
particles and inserted operator. The external particles are three gluons which have C-
parity (—1)3, while operator from f¢/d®¢ sector has C-parity Co = +/—, so the total
C-parity of the form factor is —/+.2 As a result, coefficients of integrals (5) and (6) as
well as (7) and (8) are related with each other as:

P —sect e oct
CGIG - { “ 5‘“_)27 f sector s Cg[s = { e 7’1<—>3’ f sector (32)

C5I5|1<_>2, d-sector C7[7|1<_>3, d-sector

Notice also that I3 and its two cyclic partners share a degenerate expression, but here we
treat them as distinct ones and sum cyclic permutations together.

A spanning set of planar cuts fully probing these master integrals are shown in figure 3.
As already mentioned, a particular cut can probe only a subset of master integrals. Among
master integral coefficients, ¢1, ¢, c3, ¢4 are probed respectively by cuts (c), (b), (a), (d) in
figure 3. To probe c5 one should apply sj23-triple-cut (a), which also probes the coefficient
of integral [6\(103%1,1%},2%103). To probe ¢7 and ¢y one can apply sja-triple-cut (b), or s3jo-
triple-cut. Notice the coefficients of Ig](lﬁgﬁQHl) and Ig\(lﬁgﬁgﬁl) can also be probed by
cut (b). Since different cut channels can probe same or symmetry-related master integrals,
this provides strong consistency checks for the results.

Below we provide some more details of the calculation by considering a particular cut
channel. Taking cut (b) in figure 3 as an example, this cut allows us to determine the
coefficients of master integrals as shown in figure 4.

The cut integrand is obtained by sewing a planar four-gluon tree form factor together
with a planar five-gluon tree amplitude. Since we consider D-dimensional cuts, the tree
results are computed via Feynman rules. The sewing process involves the helicity sum of
cut states:

/dPS > FO(ps, —ly, —l, —13) AQ (p1, pa, I3, 12, 1) , (3-3)

helicities of €}, 15,14

2Considering f***F*F*F° under C-parity it becomes f**°F°F?F®(—1)® which remains the same.
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which can be performed using

q'y + gl

O G R S e

helicities

, i=1,2,3, (34)

where ¢!’ is an arbitrary reference momentum. From (3.3), one obtains a cut integrand as
a function of {g;,p;, s}

Before performing integral reduction using IBP, it is convenient to further isolate ex-
ternal polarizations. This can be achieved by choosing a set of gauge invariant basis
{Ba} = {Ba({ci,pi})} and expanding loop integrand as (see e.g. [11, 32, 57]):

Fal{eitApit {la)] e = 2 S ({pi}s {la})] ey Ba (3-5)

so that all the polarization information are absorbed into basis {B,}, and the coefficients
{f&} depend only on the external and loop momenta. For the three-gluon setting, basis
{Bq4} has rank-4 and can be chosen as

By = A1Ca3, By = AxC31, Bg= A3C3, By= A1AxA;3, (3.6)

where A; and Cj; are defined as

bi-pPj  DPiPk Pi - Dpj
To get the coefficients fS(pi,l,), we only need to project the left of (3.5) by dual ba-

sis {B“}:
Feph {lah) = B0 Fallzih, pi}, 1) (35)
Mutually dual bases {B,} and {B®} satisfy:
B“0Bg =63, Ba=GasB’, Gas=BaoBs. (3.9)

See also [13] for further discussion of basis for the cases with external fermions.

It is then straightforward to perform IBP reduction for the scalar function {f%} under
cut conditions, using public packages, (see e.g. [58-60]). After doing so we obtain the
coefficients for five masters that are probed by cut channel (b), such as shown in figure 4.
Finally, by considering other cuts, all the master coeflicients can be obtained and the full
form factors are given as (3.1).

The master integrals listed in figure 2 are known in terms of 2d harmonic polyloga-
rithms [61, 62]. With these expressions, bare form factors are obtained in explicit func-
tional form.

4 Anomalous dimensions of high dimensional operators

The form factors obtained in the last section contain the information of anomalous dimen-
sions of high dimensional operators and also provide the Higgs-gluons amplitudes in the
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EFT. In this section, we will focus on the anomalous dimensions, which can be extracted
from the UV divergences of bare form factors.

As a brief outline, in section 4.1 we first give a review of IR and UV subtraction, and
the effect of mixing between operators with different lengths is also analyzed. Dilatation
operators for length-two and three operators up to dimension 16 and their eigenvalues up to
O(a?) are given in section 4.2. In section 4.3 we take dimension 8 case as an example to cure
the incompleteness of length truncation by considering the length-crossing mixing between
length-4 and length-3 operators, and make correction to two-loop anomalous dimension

derived in section 4.2.

4.1 Subtraction of IR and UV divergence

Bare form factors contain both IR and UV divergences. The general strategy is that by
subtracting the universal IR divergences, one can extract the UV information unambigu-
ously. The renormalization with multi-operators in the basis generally exhibit non-trivial
operator mixing effect. We will first consider the simple case with an eigenstate operator
that does not mix with other operators. Then we discuss the more general cases that
involve the operator mixing effects.

Eigen operator case. For an eigen-operator, the renormalization constant is a (non-
matrix) single number, Or = ZpOp. The simplest example is the dimension-4 operator
tr(F?). The analysis of UV divergence structure is relatively simple in this case, see e.g. [11].
Below we give a brief review which will also help to set up the notation.

Perturbative expansion of renormalization factors of gauge coupling constant and op-
erator O are:

2e 2 2
o 1M _@O‘s 50_@ (as) 3
a0 = a5 [1 e (62 26) ) +o (ad)] (4.1)
2
_ _ Qs @) (s 5
Or = 2005 = |1+ 25>+ Zp (47) +O (oz)] O, (4.2)

where we take renormalization under MS scheme and S, = (4re™7E)¢. The normalization
of beta functions are taken to be

11N, 34N?

Bo = 5 pr = 3 (4.3)

As mentioned before we consider pure Yang-Mills theory without quark states, thus there

are no Ny terms in the S-function.
The perturbative expansion of anomalous dimension ~y is given as:

dlog Zo Olog Zp dag (i) %s \i
- _ - _ = (=) 4.4
dlog das  dlog ;7 <47r> ’ (44)

and the 1-loop and 2-loop order anomalous dimension can be read out from (4.1) and (4.2):

;,pm)' (4.5)

()52 (1)
7(1) = 26Z((91), 7(2) = 46(2((92) — (Z(; ) + 50220 ) = 46(2((92)
€
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Anomalous dimension ¥ should be regular as ¢ — 0, so it is expected that Z((Dl) ~
(1)y2 (1)

O(e7 1), and the ¢~2 terms should cancel between Zg) and @ — 202650

(252 258
2T 2

the 2 loop anomalous dimension and of order ~ O(e™1).

. Subtracting

from Z (2), we get the intrinsic 2-loop divergence, which is proportional to

The coupling taken by tree-level E-point form factor of length L operator O is g®—%
Perturbative expansion of form factors can be written either in bare quantities or in renor-
malized quantities:

B_L
ZoFou=Z0(52) * |FS + 0FG s + (522 F s+ O0(@f)]  (in bare),
Fo,r = B-L
( 7}) oz {}-((9) f((g)R—l-( )2.7:((9) + O(«a )} (in renorm.) .

(4.6)

2

N

Relations between {F((Ql)R} and {F((QZ)B} can be obtained by comparing above two ex-
pressions order by order. Plugging in gauge coupling renormalization (4.1), one can get
renormalization of form factors up to two-loop level as:

5

Fhm Pt (2932 79 @)
2

S O 5)50) W (@ 0B ,m 0B ( 1)% ©

For=70 +< (+2 ¢ )Tont (%o Ty 20 g e gt ) a2 ) T

(4.8)

Here § = E — L accounts for the difference between number of external gluons and length
of the operator.

To determine the UV divergences, one needs to subtract the IR divergences. This can
be achieved thanks to the universality of the IR divergences, in the sense that they are
independent of the type of operators but only depend on the data of external particles.
The IR subtraction formula of renormalized E-gluon amplitudes up to 2-loop order is
known [63, 64] (see also [11]):

]:(1) [(1)(6)]:((90) + }—((’)I}in + O(e), (4.9)
]-‘((927)R = [D(QFQ +ID(FS )+ Fohn + 0(6), (4.10)
where
I(1>()_W<Nc+50)§:(_.. ) (4.11)
= F'(l—e) \ e  2)< A '
1 2 By e VBT (1 —2¢) (Bo 67 72
7@ () = — = (1D _ E0 U I (SO ND))
(@ =-5 (1) =21 O+ =g (T 5 )1
eVE® (3 ) 1172
=g <2+12+ 144>' 2

For bare form factors, O(e~2) poles of 1-loop results and O(e~*), O(e=3) poles of 2-loop
results come exactly from the infrared divergence and therefore they should be canceled
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according to the subtraction given in (4.9) and (4.10), which provides a consistency check
of computation.

Operator mixing structure. Next we consider the more general cases where differ-
ent operators can mix with each other through loop corrections. In such case, a multi-
operator generalization of renormalization multiplier Zp is needed. The main picture of
the above discussion still applies, except that the renormalization constant should be taken
as a matrix:

Ori=20p;. (4.13)

Operator mixing can (and only can) take place among operators with the same canon-
ical dimension. Also, operators with different lengths but same dimension can mix with
each other. To put the discussion in a general context, we will use (’)iL to denotes a length-L
operator labeled by i. We denote the mixing of length-L operator into length-L’ operator

at f-loop level as Zgl 1/» and the perturbative expansion of operator renormalization can
be given as:3
0o N © ) min(L—2,0—1) o E*% © )
L _ »L s 3L s 3 L—k
Ofi=Opi+)_ [(M) S (20 0k X () X (@) 0k,
=1 J k=1 J

o~ (s (0 J oLk
+kz_:1(4ﬂ> Z(ZLH(LJrk))i OB?;' . (4.14)

J

The upper bound of k in L — (L — k) cases is based on the fact that the length of terminal
operator L — k should be no shorter than 2, and the loop order of a L — (L — k) process
is no less than k + 1.

Let us give a few general remarks regarding (4.14).

1. For length L = 2, there is only one independent operator at dimension 2A, i.e. the
descendant 922trF2. Since the length-2 operator is an eigenstate of anomalous
dimension matrix, the length-2 operator will not mix into higher length operators
along RG flow, therefore,

Zo 1 =0, L' >3. (4.15)

2. On the other hand, a high length operator can mix into length-2 ones, which starts

from two-loop order (since ZSLQ = 0 for L > 2). The nonzero 2-loop mixing matrix
(2)

elements Z;”,, can be probed by two-gluon form factors of length-3 operators.

3. Similarly, operators of high length L > 3 begin to mix into length-3 ones at L —2 loop

order, since Zg_fg*?) = 0 (which can be seen from a Feynman diagram analysis). So

SHere we suppose the definition of (classical) operators (as in (2.3)) contains no gauge cou-
pling. One may absorb certain powers of coupling ¢™ in operators in the way such that O}L;M =

¢ j ’
Yooy (Z‘—;) Zj (ZEZLL,); Op.; holds for different lengths L’. This may be understood as a change of

the definition of renormalization constants. More discussion on this will be given in section 4.3 and ap-
pendix D.
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)

up to 2-loop order, the only higher length operators contributing to Zé y3

are length-
4 ones. Length changing elements ZilS can be probed by 3-gluon form factors of

length-4 operators.

For form factors with operator mixing, the previous renormalization formulae (4.7)-
(4.8) are generalized to

‘F((glz),R = ‘F((le),B E :(2 (1))ijf((9(]]');B 2 EO ((902)78 ) (416)
T 2 F ) /80 T 1 117
((Q)R Z (1) J ( 2) € ((92)73 ( 1 )

+§j:{(z<2>)ij—‘;j%’(z(1) ]F(O)B+ —igl+<1+ 2)2502]f B

where 0, = F— L, with L the length of Og. In the case of minimal form factors of length-3

operators (with £ = L; = 3), they reduce to

1 1 1 j 0
-7:((93,1% = -7'—((93,3 + Z(Z:gﬁ)z)i]}-( ]-) ) (4.18)
j
: B
Fo n=Fo s+ Y (207 FG) 5 - OF@“ 5+ D (225 FS) + (Z8,).0FS) . (4.19)
J j

Here we label the only length-2 operator as Oy.
In the operator mixing case, we generalize the anomalous dimension (4.4) by introduc-

ing the dilation operator as
dlog Z

D=- 4.20
dlog s’ (4.20)
and the eigenvalues of the dilatation operator are anomalous dimensions. The expansion
of dilatation operator may contain terms with odd power of coupling g ~ oz;/ 2,
1
@\ | (Y)" T2 pmd)
D= Z[( )JD +(47T) D3| (4.21)
Up to O(a?) order, DU ), D), D can be read out from (4.1) and (4.14):
1) _ (1) (2)
DO =220 DE) =3 (ZH(L i+ 2 0) (4.22)
D Lo )2 (1) (1) (3)
D®) = 4e ( 72, - B (ZL—>L) + ZBOZL%L T2 ) T ZL—>(L—2))
2 3
— 4e (Zéth—part + 200, aay + ZéL(L_Q)) . (4.23)

The requirement that D@ is regular as e — 0 predicts several analytical structures of
renormalization matrices:

1. Two-loop order length-changed mixing Zil}( -1

) has no €2 pole.
2. The €2 pole of Zgl)L is totally determined by the 1-loop data:
2 Lz y2 50 (1)
Zi2 1) 1 — 3 (ZEhn) + 5o 21 = 0. (4.24)

These provide useful consistency checks of the calculation.
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4.2 Anomalous dimension matrices and eigenvalues

Now we apply the above strategy to compute the results of dilation operators of length-
3 operators up to canonical dimension 16 and up to 2 loop order. Their eigenvalues,
i.e. anomalous dimensions, are also computed up to O(a?). The renormalization of the
dimension-four operator is well known, see e.g. [11], and one-loop renormalization for di-
mension 6 and 8 operators were considered in [65-69].* The two-loop renormalization for
dimension-6 operators (also with quark operators) were obtained recently in [12, 13]. Other
results for operators with dimension 8-16 are given for the first time to our knowledge.
These results have passed various non-trivial consistency checks, which are listed in the
end of this subsection.

The basis operators we choose are given in appendix C, labeled as O /g, /4, Which
means it has dimension A, color factor f%¢/d° numbering i and belongs to helicity sector
a/f as introduced in (2.34). As we consider operators only up to length-3, the dilatation
operator (4.23) in this section is defined as a truncated version as:

DM = 2¢ (Zél—)ﬁ + Z?(,1—)>3),
D) = 3¢( 23, + 242,) = 3e24%,, (4.25)
2 2
D® — 46(Z;gg|%_part + zggg\%_pm).
Note that 2523 in D) vanishes as mentioned in (4.15). Correction with high length
operators will be discussed in section 4.3 and appendix D.

Dimension 4. At dimension 4 there is only one independent operator O4 = Tr(F?).
Here we briefly review the result and also help to clarify the notations. The renormalization

constants up to two loops are:®
11N, Bo 2 121N2  34N? B3 B
Z(l):_ c__H2H zi\e) c _ c —20_ 4.26
O4 3e €’ O4 9¢2 3e €2 € (4.26)

The double pole term of Z® is determined by the one-loop result as expected. Ac-

cording to (4.5) the anomalous dimension at 1-loop and 2-loop level can be read out:
22 136
%(914) = =200 = —gNm 784) =—4p = —YNC. (4.27)

Dimension 6. At dimension 6 there is one length-2 descendent operator 9%tr(F?) and
one length-3 operator tr(F3) belonging to S-helicity sector according to (2.34):

Oso = 904 = PTe(F?),  Oppga = S TH(FY). (4.28)

4Operator renormalization has also been considered in higher dimensional (6D and 8D) gauge theories
in [70, 71]. Techniques of using six dimensional spinor helicity formalism have been developed to compute
form factors in pure YM theory in [72].

°In fact, Oy is just the Lagrangian of Yang-Mills theory, so an insertion of Oy is equivalent to adding a
vertex in Feynman diagrams. The scaling behavior of renormalizable Yang-Mills Lagrangian is completely
determined by the running of gauge coupling, and therefore one cannot read any additional information
from anomalous dimension of O4 except for beta function order by order.
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Two-loop minimal form factor of tr(F3) was calculated in [12]. The renormalization matrix
at one and two-loop level are:

11 2 34
1 N, [—5 0 2) _ N2 [—=2= 0
Zps = e < 03 1) ’ Zoah_part_ —_c _i 95 | - (4.29)
2 €

€ €

At one-loop level there is no mixing, and as expected Zéi)?, = 0. As defined in the per-
turbative expansion (4.22)-(4.23), the off-diagonal elements of the first column belong to
Z§2_)>2 so they are associated with ag’/ % and contribute to DG/ 2) | while the diagonal elements
are associated with o2 and contribute to D).

The dilation matrix is straightforward to obtain using (4.25), and it reads:

Do, = ()0 (300 + (52) D 0

22 3 136 12 NS

—22) _ 1363 0 ) A3

3 3

== 5\2 A~ 25 ~ + O(T) 9 (430)
( =35 LA+ PN

where for the convenience of notation, we introduce newly normalized ‘t Hooft coupling A
and gauge coupling §:
Qg ~._ 9

AN g O
‘4 9T ux

(4.31)

By diagonalizing the matrices, one obtains the anomalous dimensions (eigenvalues) as:
NO 22 N 136 25
7(’)6 - {_3a 1} 9 7(’)6 - {_37 ? . (432)

Dimension 8. There are two length-3 basis operators at dimension 8, which are given
in table 6. Together with Og,g = %84(94, they can be classified into two helicity sectors
according to (2.34):

(f123; Ty T +) : OS;a;f;la 08;0 ;

1, (4.33)

7_’_): 08;,8;]”;17 OS;O-

An observation from (4.18) and (4.19) is that (Z(l))ij and (Z(Q))Z-j representing mixing
from O; to O; can only be probed when ]_-((on ) does not vanish, i.e., the external helicity
setting matches the helicity sector of O;. Since Og,p belongs to both helicity sectors, the
mixing from other operators to it can be probed for both 17273" and 17273~. This will
provide another consistency check of final results: different helicity settings must produce
the same 3 — 2 elements of renormalization matrix, namely (Z()) Oi&o-

Let us show the mixing aspects of dimension-8 operators in detail by analyzing UV
divergence structure of their form factors. For the convenience of notation, we introduce
the scalar ratios

s12 52

513
u = , v= , w=—". (4.34)
5123 5123 5123
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First, for the case with helicity (—, —, +), the 2-loop UV divergences of Og.q.r.1 and Og.s. 1.1
at order O(e 1) are

7o) . (17273 = 7o) (17,27.8Y) % ]\f (— L 269) . (4.35)

O8;a;f;1 %UV—dlv - OS§(1§f§1 ?)’in ﬁ
2
@@ (1= 9= g+ _ 70 — g gty Ne (L L
Foe (1 27,3 ) v, For . (1 27,3 ) x = ( vw) . (4.36)
Here ﬁ = si% is the ratio between tree form factors of Og,p and Og.qf.1, and from these
one reads the renormalization matrix elements:
2 2 2
(2) Os;o0 _ _& (2)y O8iairi1 _ 269N, (2) Osi0 _ _&
(Z )OS;a;f;l o 3¢’ (Z )OS;Q;f;l o 7% (Z )OS;ﬂ;f;l B € (437)
Second, for the (—, —, —) case, the 2-loop UV divergences at order O(e~!) are
2
@ - o 2- _r® g g- gy Ne( 1 5
FOS;a;f;l(l 27,3 ) %UV—diV. - fo&ﬂ;f;l(l 27,3 ) x € < Suvw + 2/ (438)
2
(2) — 59— o-— () ___&_1§
]:OS;ﬂ;f;l(l 27,3 ) L Uvadiv. fOB;B;f;l(l 27,3 ) X € < UVW + 12/ ° (439)
3
Here uiw = 3128512233513 is the ratio between tree form factors of Og,p and Og.g.y.1, and one
reads the renormalization matrix elements:
2 2
(2) Oso _  NE @)y Osizpn _ ONG
(Z )OS;a;f;l - 3¢’ (Z )Os;a;f;l - 2 ’
2 2
@y Oso _ V& (@1Osipipa _ 290Ng
(Z )OS;B;f;l o €’ (Z )OS;B;f;l o 12¢ (440)
As expected, (4.37) and (4.40) give the same 3 — 2 elements (Z(Q))og.fﬁf and (Z(Q))Osfﬁf,

which is a non-trivial check of the result.
We arrange the operators into a vector {Og., Og.:f;1, Os:5:5:1}. According to this

order, the one-loop renormalization matrix is:

11

-5 00
3
m _
Zog=——10 30 (4.41)
0 03
At two-loop level, the Z(®) matrix is:
34
- 0 0
7 N T s (4.42)
08 l_part_ - € 3 72 225 .
¢ -1 0 15
Using (4.25), the dilation operator is given as
—Z 1652 0
Do, = —% PEEe we | (4.43)
—3% 0 A+ 2N
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Note that the off-diagonal elements of the first column belong to Z§2_)>2 and thus have

a different coupling, as discussed below (4.29). Computing the eigenvalues of (4.43), one
obtains the anomalous dimensions up to O(A\?):

T 2 7 2 136 25 269
B-i5s) BT E) o

From now on we sort eigenvalues according to the lowest dimensions they emerge. For ex-
ample, 0(5\) anomalous dimension —% appears at dimension four, 1 appears at dimension
six, and % appears at dimension eight, so they are listed in the order of {—%; ;I It
is important that the anomalous dimensions must be consistent with the results of lower

dimensional operators.

Dimension 10. There are five length-3 basis operators at dimension 10, as shown in
table 13. Together with O1¢.0 = %66(’)4, they can be classified into three sectors:

(f123; - -, +) : 010;0, Ol();a;f;l) 010§a§f§2 )
(f123§ — =) 010,05 010;,6’;]”;1, OlO;B;f;Q ) (4.45)
(d1237 —, +) . Olo;a;d;l .

Operators with different color factors will never mix with each other because of their
opposite C-parities, so renormalization matrices of f%¢ and d®° sectors can be written
separately.

The computation of renormalization constant is the same as explained in the dimen-
sion-8 case and therefore not repeated here, see the discussion around (4.37) and (4.40).
For the f-sector, we arrange the operators as {O10,0, O10:0:£:1, O10;0:£:2: O10:8:£:1, O10:8: :2 }-
Renormalization matrices of f and d sectors at one-loop level are

-2l o ojo 0
0|I 0/00
6
m _ Ne 3 71 1 _ Nel13d
Oy = < | 0 =2 &0 0 [, Oroa = = G (4.46)
00 0[3 O
00 0|-14

We add the lines in the matrix to separate length-2 operator and also different helicity
sectors. We can see that the operator mixing starts to appear even at one-loop order, but
only within the same helicity sector.

Mixing between different helicity sectors does not happen at one-loop level, which can
be understood from unitarity cut. A double cut divides one-loop minimal form factor .7:351)
into a tree-level 3-gluon form factor .7-"350) and a tree-level 4-gluon amplitude .AZ(LO). As shown
in figure 5, a helicity changing process involves a AELO) of either (+,—, —,—) or (—,+,+,+)
configuration, which is of order O(€) and thus contributes only to rational term without UV
divergence. Whereas helicity changing process does contain non-vanishing UV divergence
at two-loop, and therefore mixing between two helicity sectors are expected.
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| |
~ vl - I/
(1) (2)
Figure 5. The helicity changing amplitude vanishes for 4-dimensional spacetime.

The 1/€ part of two-loop renormalization matrices are

-3 0 0/ 0 0
TSR ROEA. 2
7(2) :& _209| 5579 712 1493 5 7(2) :@& (4.47)
Ow0.7 11 part. € 920 18000 1(2)5 Lo 306 © TOwalipart. 144 €

19| 139 499 | 143 2195
36 | 2400 800| 288 288

We can see that operators of different helicity sectors can indeed mix with each other at
two loops.

The dilation operator matrix can be obtained from (4.25), and for f-sector it is

22) 136 32
0 _Z\QT)\ 7A 0269 32 " OAQ X
-5 DN 0 10A 0
Doy, = | -~y ~%- o BN N | ()
—3% 0 0o A+ %VA 0
—Bx 13952 00N —2} - U8R2 1A 4 21552

Note that the off-diagonal elements of the first column of (4.47) belong to Z?Ei)Q, so they
are associated with \2 /g, while rest of the elements are associated with A2,

Its eigenvalues give the anomalous dimensions:

) _{ 22 771 17} @ _{ 136 25 269 2848 2195}

Ow,ys 1 3 Or.f — (4.49)

) 17 BT
3 3°15° 3
Here eigenvalues emerging at different dimensions are divided by semicolons and those
emerging at the same dimension are divided by commas.
For the single operator in d**¢ sector, one has:

(1) 13 (2) 975

V0100 = 3" V0100 = 36 (4.50)

Dimension 12. There are 10 length-3 basis operators at dimension 12, as shown
in table 14. Together with O19, = é88(’)4, they can be classified into four sectors:
(f123; S— +)’ (f123; S— _)’ (d123; S— +)’ (d123; S— _)'

We arrange the operators as {O12.0, O12:a:f:15 - - - » O12:0: 14, O12:8: f:15 - - -, O12,8::3} for
fabe_sector, and {012:0:d:1, O12:00d:2, O12:8:4:1 } for d®c_sector. Renormalization matrices at
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one-loop level are

~210o 0 0 0|0 00
0[& 0 0 0/0 00
3 71
Vs 3705 2(2)1 01 oo
W _Nef 010 -3 % —50 00 L0 _ N (4.51)
Oy ™ ¢ 0 |—-1 L 13719 o 0|’ Or2a = ¢ )
1030 10
0[{0 0 0 0|3 00
0]0 0 0 0|-1%0
0[{0 0 0 0|0 —29
The 1/¢ part of two-loop renormalization matrices are
—31 0 0 0 0|0 0 0
-1 % 0 0 0|5 o0 0
_209|_ 5579 712 0 0 |49 5 0
900 |~ 18000 125 1200 36
N2 | _BL| 53 " _ 36227 3575983 9793 | I3~ 16877 _ 7319
(2) _ e 180 | 3600 28800 432000 21600 | 16 14400 14400 (4.52)
O |1 part. e | —18L|_60979 78487 2177 704167 | 1299 115501 _ 9803 | (%
c-part. 900 | — 36000 72000 2000 72000 | 1200 43200 43200
-1| 0 0 0 0o |3 0 0
_ 19| 139 499 0 0 |_143 2195 0
36 | 2400 800 288 288
1| T4 121 637 211 | 119 _ 15643 79313
3 15 400 800 800 | 120 7200 7200
575
Ne [ 1 O |0
2 _ Ne | 23347 46517 | 487 (4.53)
O124|1 part. | € 14400 5760 | 1800 | - :
<-part. 3349 2591 | 150391

7200 2400 | 14400

The dilation operator matrix is straightforward to obtain using (4.25). The anomalous
dimensions are given by the eigenvalues, which read

22 1 17 241 101

N {_; (77117 241 101 } (4.54)
12,f 3773715°3730" 15

@ {_136‘25'269‘2848 2195 49901119 8585281 79313} (4.55)
Oy ™ 3737187 1257 72 7 1404000 234000 ’ 1800 J ’ ’

o (134 } @ {575_46517 150391} A

10120 = { 576" Oa ™ | 36 1440 * 3600 J (4.36)

Dimension 14. There are 15 length-3 basis operators at dimension 14, as shown in
table 15. Together with O140 = %6810(’)4, they can be classified into four sectors:

123. 123. 123. 123.
(f 7_7_7+)) (f a_7_7_)7 (d 7_7_7+)) (d a_a_a_)'

We arrange the operators as {O14,0, O14:0::15 - - - » O14:0:£:65 O14:8: f:15 - - -, O14,8: 5,4} for
fae_sector, and {O14.00d:15 - - - » O14:0:d:4, O14.8;a:1 } for d®c_sector. Renormalization matrices
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at one-loop level are

-410 0o 0 0 0 0[{0 000
0O(Z 0 0 0 0 0/{0 00O
0(-2 2% 0o 0 0 0/0 000
5 221 1
0[]0 -2 %% —% 0 0/0 000
N 0|1 % -5 % 0 0/0 000
(1) Ve 17 17 _ 47 _17 337 5
Z00ay = O 8 —28 7 2w 1a0 000 |, (4.57)
oo =3 8 1 -3 _13llg oo
20 20 20 4 6
0/0 0 O 0 0O 000
0j0 0 0 0 0o0|-1%00
0j0 0 0 0 0O0[0-230
1 1 43
0/0 0 0O 0 0 0% —237
20 0 010
1 41
N |-z2 0 0]0
o) =2e b2 3 20 (4.58)
01474 - € 2 60 3 :
-1 1 -5 %210
10 6
00 0 0|3
The 1/¢ part of two-loop renormalization matrices are:
2
2 N,
z2 = e x (4.59)
14,f %7part. €
-3 0 0 0 0 0 0 0 0 0 0
-3 e 0 0 0 0 0 s 0 0 0
209 5579 712 1493 5
77900 | ~ 18000 125 0 0 0 0 1200 36 0 0
_ 31 53 _ 36227 3575983 9793 0 0 13 16877 _ 7319 0
180 3600 28800 432000 21600 16 14400 14400
_ 181 _ 60979 78487 _ 2177 704167 0 0 1299 115501 _ 9803 0
900 36000 72000 2000 7200 1200 43200 43200
523 | _ 2201287 605939 _ 64128769 3303367 332422343 6699071 | 37547 75071  _ 497 103
3920 29635200 1975680 24696000 9878400 29635200 14817600 | 78400 39200 576 1440
_ 809 |_ 12166789 11202299 _ 73487 _ 9182209 37249 26302879 | 1613 17401 19 1187
5600 21168000 7056000 36750 7056000 156800 2116800 | 3360 6720 225 2880
-1 0 0 0 0 0 0 =0 0 0
19 139 499 143 2195
~3 | 2d00 800 0 0 0 0 |=2% %8s 0 0
_1 4 121 637 _2u 0 0 | 19 _15643 719313
3 15 400 800 800 120 7200 7200
_ 209 6299 6767 71063 _ 34723 77523 _ 36091 | 22723 _ 35  _ 2861 443801
900 21168 35280 88200 176400 176400 264600 | 21600 48 5400 36000
575
o 0 0 0 0
_ 23347 46517 0 0 487
N2 14400 5760 1800
Z(2) _ Ve 3883 171823 36597791 _ 29581 | 1789 (4.60)
Oud|1_ae € 4032 37800 3024000 ~ 16800 | 4800 | * :
e —part. _ 9271 _ 35239 74209 188599 | 2101
11200 50400 168000 18900 4800
3349 _ 2591 0 0 150391
7200 2400 14400

The dilation operator matrix is straightforward to obtain using (4.25) and we will not
provide here. The anomalous dimensions are given by the eigenvalues, which read

TN - IR L R R

7014,f_ 3777371573730’ 15°7767 2175 ) (4‘61)
~(2) {_@ 25 269 2848 2195 49901119 8585281 79313 4392073141 685262197 443801}

7014,1” B 3737187 1257 72 7 1404000 ’ 234000 ’ 1800 ' 87847200 ’ 15373260 ’ 90%91 62,)
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Tors = {55 9 55 (551 + 3v/609), (551 — 3v/609) } (4.63)

O14,a 376727760

2) {@‘46517 150391 (5809305897+19635401\/609) (5809305897—19635401\/609)}

O1a,a — | 36 7 1440 ° 3600 ’ 131544000 ’ 131544000 )
(4.64)

At operator dimension 14, the two-loop anomalous dimensions in d**¢ sector start to involve
irrational numbers.

Dimension 16. There are 22 length-3 basis operators at dimension 16, as shown in
table 16. Together with Q60 = 1 012(94, they can be classified into four sectors:

(f123;_7_7+)7 (f123 T _) (d123 R +) <d123;_7_7_>‘
We arrange the operators as {(’)16;0, O16:0:f:15 - - - O16:0:1:9, Ot6:8: 115 - - - » O16:8, 35} for
fe_sector and {O16:0:d:15 - - - » O16:00d:65 O16:8:d:1, O16;8:d:2} for d®c_sector. Renormalization

matrices at one-loop level are

-0 o 0o o o0 0 0 0 0[O0 00 0 O
ofZ o 0 0 O 0O 0O 0O 0[O0 00 0 O
oj-2 &4 0o o 0 0 0 0 0[O0 00 0 O
ojo -2 2 _1 09 0 0 0 0/0 000 0
0|-1 & -3 0 0 0 0 0[0 00 0 0
0%—9%—%—%—%%%00000000
O Nl o B B TS e s ol oo
Rl I - i ey A A R |
O |15 —105 3 ~35 35 105 35 8 u|0 00 0 0
0 | 7% 105 —70 —% — 05 5 a0 13|90 0 0 0 0
ofo o 0 0O O O O 0 O[5 000 0
0j/0 0 0 0 0 0 0 0 0|-1%%0 0 0
ojlo o o0 o0 0 0 0 0 0|0 -22%2 0 0
ojlo o 0 0 O 0 0 0 03 —21% 2 0
ofo o o0 0O O O 0 0 0|3 —33-1067
(4.65)
B0 0 0 0 0/00
<4 0 0 0 0/00
3 23 20 0/00
z0 :& -11 -3 % 0 0[00 (4.66)
OwaT el 2 h 0 L E g0 0 |
14 00
00 0 0 0030
00 0 0 0 0%%
The 1/¢ part of two-loop renormalization matrices are
N2
Z(<921>6f s =< (M|N), (4.67)
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where two block matrices M, N are

-3 0 0 0 0 0 0 0 0 0
-1 P 0 0 0 0 0 0 0 0
209 5579 712
900 ~ 18000 125 0 0 0 0 0 0 0
31 53 _ 36227 3575983 9793 0 0 0 0 0
180 3600 28800 432000 21600
_ 181 _ 60979 78487 _ 2177 704167 0 0 0 0 0
900 36000 72000 2000 72000
_ 523 _ 2201287 605939 _ 64128769 3303367 332422343 6699071 0 0 0
3920 29635200 1975680 24696000 9878400 29635200 14817600
_ 809 |_ 12166789 11202299 _ 73487 _ 9182209 37249 26302879 0 0 0
5600 21168000 7056000 36750 7056000 156800 2116800
_| _ _ _ - 5 40519
M — 269 125599 50369 98317 73489 8625329 97913 90760559 25354501 40519
2520 10584000 1323000 1176000 392000 3528000 756000 7408800 21168000 56448
_ 19717 3374557  _ 102465523 5260289 _ 6201763 _ 115070197 10687837 6498287 1025255701 _ 25511
176400 7408800 74088000 1764000 4939200 24696000 9261000 9261000 74088000 493920
_ 19717 | _ 2733089 88146899 __ 5678651 _ 1966229 17842339  _ 6878309 _ 58976629 8569667 179275483
176400 9261000 74088000 3528000 12348000 18522000 4630500 37044000 9261000 12348000
-1 0 0 0 0 0 0 0 0 0
19 139 499
TH | owo om0 o) o o
—3 15 100 800 — 500 0 0 0 0 0
_ 209 6299 6767 71063 _ 34723 25841 _ 36091 0 0 0
900 21168 35280 88200 176400 58800 264600
31 13843 8317 _ 197 5477 2417 611 13975 _ 5377 _ 3581
180 105840 15120 35280 35280 3528 105840 14112 10584 10080
0 0 0 0 0
2 0 0 0 0
1493 5
1200 36 0 0 0
13 16877 7319 0 0
16 14400 14400
1229 115501 9803 0 0
1200 43200 43200
37547 75071 497 103 0
78400 39200 576 1440
1613 17401 19 1187 0
3360 6720 225 2880
N — | 184259 65297 _ 420373 248791 2747 (4.68)
1058400 23520 211680 235200 9408 J :
347437 863371 _ 230747 938797 78243
1764000 302400 ~ 105840 705600 196000
28489 54403 _ 228689 687461 485507
661500 14700 88200 264600 5292000
2 0 0 0 0
143 2195
© 288 288 0 0 0
119 15643 79313 0 0
120 7200 7200
22723 35 2861 443801 0
21600 48 5400 36000
114221 6017 121 3661627 63879443
151200 15120 216 1411200 4233600
and
51 0 0 0 0 0 0 0
23347 46517 487
14400 5760 0 0 0 0 1800 0
3883 171823 36597791 _ 29581 0 0 _ 1789 0
4032 37800 3024000 16800 4800
N2 | 9271 35239 74209 188599 0 0 2101 0
72 _ Ve 11200 50400 168000 18900
Or6,a]1_ 0 p 3287 2048479 422283 2501309 49211483 293221 2764807 61
¢ —part. 84000 1176000 392000 1764000 3528000 392000 2116800 _ 20160
947587 _ 1555357 16831  _ 239641 _ 381527 5839021 _ 5807 118933
1058400 705600 29400 75600 2116800 423360 201600 1411200
3349 _ 2591 0 0 0 0 15039 0
7200 2400 14400
_ 45083 16564 5447 380791 1063 545189 1176541 174229
44100 11025 117600 176400 29400 352800 1058400 12600
(4.69)

The dilation operator matrix is straightforward to obtain using (4.25) and we will not
provide here. The anomalous dimensions are given by the eigenvalues. We summarize the

-33



dim| 4 6| 8 | 10 12 14 16
(1| _22 A 241 101 61 172 331 1212+/3865
Vt.a 3 3 15 30’ 15 6 21 35 105
231568398949
@) | 136 / 269 | 2848 | 49901119 8585281 | 4392073141 685262197 4253886000
’yf,oz 3 18 125 1404000 > 234000 87847200 ° 15373260 355106171452034+95588158951/3865
6576507756000
1) 22 17 43 67
el “F |/ E 9 5 G
(2) | 136 | 25 / 2195 79313 443801 63879443
1.8 3 3 72 1800 9000 1058400
(1) / /| 13 41 551+3v/609 3214/1561
Vd,a 3 6 60 30
(2) / /| 575 46517 5809305897:196354011/609 229162584707+£225658792v/1561
Vd,a 36 1440 131544000 4130406000
(1) 67
Va3 / /] / 9 / 6
(2) 150391 174229
Yag| /|| 3600 / 3150

Table 8. Summary of anomalous dimensions for length-2 and length-3 operators. The lower
dimension operators will appear as descendants in the high dimension operators.

anomalous dimensions in table 8. Irrational numbers also appear in the two-loop anomalous

dimensions in f*¢ sector at dimension 16.

Checks and analysis. Some consistency checks for our calculation have been mentioned

above, and here we make a summary:

1.

The O(e~2) poles of one-loop bare form factors and the O(e~3), O(e~*) poles of two-
loop bare form factors have infrared origin and therefore should be totally canceled
after IR subtraction procedure shown in (4.9), (4.10).

The O(e~2) poles of two-loop UV divergences are totally determined by one-loop UV
divergences and fp, as shown in (4.24).

At a given dimension, mixing from descendent operators to non-descendent operators
never takes place, such as length-2 to higher length operators in (4.15).

As explained in the dimension eight case, mixing from general length-3 operators
to the unique length-2 operator can be probed by form factors with both (—, —, +)
and (—,—,—). So form factors for these two helicity settings should give the same

length-changing matrix elements Z?Ei)z'

The anomalous dimensions computed for operators of a given dimension must cor-
rectly reproduce the results of lower dimensional operators.

Our results satisfy all these requirements. Some further consistency checks will be also

mentioned for the computation of finite remainder function in next section.

Let us make a few comments on the anomalous dimensions and dilatation matrix.

o In table 8, irrational numbers appear in the dimension 14 and 16 cases. As eigenval-

ues of dilatation operators, anomalous dimensions can be obtained straightforwardly
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A 416| 8 |10|12 |14 |16
lddloop [3 (3| 3 |5 |5 | 7|7

2loop | 3|3 32|53 |53 |73 |7

Table 9. Largest prime number in the denominator of dilatation matrix elements.

by solving characteristic equation. Alternatively, one can get their series expansions
in A up to arbitrary finite order through perturbation method introduced in quan-
tum mechanics, which is equivalent to treat dilatation operator as a Hamiltonian of a
finite system, see e.g. [73]. From perturbative calculation, one can find that whether
irrational numbers appear in perturbative expansions is determined by characteristic
equation of the first non-degenerate order, which is the one-loop order here. As a
result, if dilatation operator D() is of lower-triangular, then eigenvalues and eigenvec-
tors at (9(5\) must be rational, which guarantees the series expansions up to arbitrary
order to be rational. On the contrary, if Z(!) contains sufficiently many non-vanishing
upper-right elements, then the (’)(5\) characteristic equation might be complicated and
irrational solution may appear. We find more and more non-vanishing upper-right
elements of Z(1) emerge as operator dimension increases, so irrational numbers begin

to appear at dimension 14 for d-sector and 16 for f-sector.

e There are large integer numbers appearing in the denominator of the dilatation matrix
elements. They can be decomposed in terms of prime integer factors. We find that
these prime numbers are relatively small: at one-loop no larger than (A/2) and at
two-loop no larger than (A/2)3, as shown in table 9. The pattern of denominators

)

indicates that the elements are related to Harmonic numbers: S(A1 in one-loop element

Z(Al), and Sg’) in the two-loop elements Z(AQ), where

i) _ o~ 1
Sy =Y i (4.70)
k=1

It would be interesting to see if the matrix elements of dilatation operator could be
organizable in certain generic analytic form involving harmonic numbers.

e It is important to keep in mind that the operators we consider contain only length-2
and length-3 cases. A full basis should contain length-4 and higher length operators.
By including these operators, the eigenvalues will be changed. We will investigate the
effect by adding higher length operators in next subsection. To study the analytic
structure of anomalous dimensions, it would be meaningful only after including the
full basis operators, which we hope to discuss in the future work.

4.3 Correction from higher length operators

So far we consider only operators up to length-3. As discussed in section 2, to simplify the
operator classification, we use an extra equivalence relation apart from E.o.M and Bianchi
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identity, by identifying two length-3 operators if their difference turns out to be higher
length operators:
O/L:B — OL:3 = OL24 — O/L:B ~ OL:3 (4.71)

At two-loop order, the length-3 operators can also mix with length-4 operators, which can
modify the dilatation operator and also the anomalous dimensions computed in previous
subsection. In this subsection we consider the basis operators of dimension 8 by adding
length-4 ones. This allows us to compare the correct anomalous dimensions with the former
result. We will find that the correction from length-change mixing between length-3 and
length-4 is small at order O(1071).

Let us first consider the basis of dimension-8 operators. For simplicity, we will also
consider the large N, limit, thus we can ignore the double-trace length-4 operators. Besides
the previously considered three lower length operators {Os.o, Os.q; 11083 f;1}, one needs
to add four single-trace length-4 operators to form a complete basis.

The four single-trace length-4 operators of dimension 8 have been given in (2.25), as
well as their linear combination in (2.42) which are classified according to helicity sectors
as new length-4 basis. Here we use the latter basis. After adding these four operators, the
dimension-8 basis at leading color are enlarged from (4.33) to:

1

L=2: Og;o == 584U‘F2,

L=3: O — tr(Dy Fo3 Dy FosF1y) — O o L (PR R (4.72)
=31 Osiaypt = tr(D1F2sDalpsFa) — Osigipn, Osipin = 07 tr(FiaFiskhs),

L=4: g=, gE2, 953, 924.

Note that we have included a coupling ¢ in the definition of length-4 operators. As we
mentioned in Footnote 3, this will change the formula for renormalization constant and the
corresponding form factors. We leave the detailed discussion to appendix D.

From the form factor results, one can extract the dilatation operators via (D.9) up to

two loops:©
220 136A2
5 s AO)A2 OA AO A AO ) AOA ,AO A

—)‘? %—I—L)lgs)‘ 10\2 —%4—224/\2 —%—I—Z%)P 3)\+226/\2 %-FZQW\Q
3 —3%2 0 S\—F % 25345\2 235 A2 236 22 2:375\2
Doy = 0 0 —4)\2 —5)\+Z44/\2 2)\+Z45/\2 246)\2 247)\2
0 0 —8A%  —4AA+z5u0% 9N+ 2552 2562 257 A2

0 A2 0 264\ 265\ _%"‘366;\2 A+ ze7 A2

0 % 0 2745\2 Z755\2 —25\—|—Z765\2 %+Z77:\2

(4.73)

where the order of operators corresponds to (4.72).
The last four columns contain undetermined z;; terms contributed from uncalculated

Zf—)w; elements. Compute the eigenvalues up to (9(5\2), one can find three eigenvalues (out

5The definition of (4.73) according to (D.9) is different from that in (4.22)—(4.23), due to the absorption
of coupling g in length-4 operators. See more discussion in appendix D.
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of seven) are independent of z;; which are:

) 22 7} (@) { 136 25 235}
’7(98 { 3a73 ) 7(98 3’3718 (7)

One can change the basis by considering another length-3 operator (belonging to a-
sector) defined as

Os;a;f;2 = Op1 — Tr(D1F23D1F24 Fia) (4.75)
which differs from Og.q.r.1 by a length-4 operator:
OS;a;f;2 - OS;a;f;l - 9(52 - El) : (476)

After replacing Og.q.f;1 by Og.q;f;2 in the basis (4.72), one can find that this does not change
the eigenvalues in (4.74). Comparing (4.74) with previous result (4.44), the first two eigen-
values stay unchanged as expected, since they have already appeared at lower dimensions
and should not be affected by operators intrinsically emerging at dimension 8. Further-
more, the third eigenvalue is corrected only at O(A\?) order from 2 to 23 with amount
of O(1071). We expect this to be a general feature, as the mixing between different length
operators are suppressed physically. As for our consideration, the results in section 4.2 by
truncating higher length operators are expected to provide a good approximation for the

anomalous dimension of length-3 operators.

5 Finite remainder functions

As mentioned before, the form factors can be understood as the Higgs to three-gluon
amplitudes, in which the high dimension operators correspond to the interaction vertices
in the Higgs EFT. In this section, we compute the finite remainder functions of form
factors, which contain the essential information of the Higgs amplitudes.

Conventions. Form factors have two independent helicity configurations: (—, —,+) and
(—,—,—), and each can be written as a Lorentz scalar function times (12)3[13][23] and
(12)(13)(23) respectively. For convenience, we will use upper subscript + and — to denote
external helicity configuration (—, —,+) and (—, —, —), see table 10.

We have required each basis operator belongs to either o or g helicity sector that are
defined in (2.34). An operator in a-sector has nonzero tree-level form factor of helicty

(—,—,+) and vanishing tree form factor of helicty (—, —, —), namely
0),+ 0),—
F((Dcz-sector # 07 f((l)o)z-sector = O . (51)
Thus we call (—, —,4) the matched helicity and (—, —, —) the unmatched helicity for a-
sector. Similarly, we call (—, —, —) the matched helicity and (—,—,+) the unmatched

helicity for 8-sector. In the following context we discuss factors for matched and unmatched
helicities separately.
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external particles (17,27,3%) (17,27,37)

form factors f((,)l) + ]_-((91)7—

tree form factors (12)3[13][23}]0(%0)’Jr <12><13>(23>f((90)’7

Table 10. Notation of form factors with three gluons, where £ indicates positive or negative

helicity gluons. f((oo )% are scalar factors that depend on the dimension of the operators.

By subtracting the IR and UV divergences, the finite part of the form factor Fg )ﬁn is

defined as in (4.9)—(4.10). We introduce the finite remainder function T\’,g)’i as follows:

(0),+

2),+ 2),+ f a-sector
FSh = (12°[13)[23] x RGT x 19 , (5.2)

fo,_, B-sector

(2),- (2),— f((go)’_ a-sector
Fosn = (12)(13)(23) x Rg™ x " ({2 : (5.3)

fo B-sector
Note that for the unmatched helicity cases, i.e. a-sector for (—, —,—) and [-sector for
(—,—,+), the tree form factors are zero, so we use the scalar factors of the length-2 operator

Or,—9 to normalize the remainder function.
One can further decompose the two-loop remainder according to their trancendentality
degree as:

+RE*

+RE* . (5.4)
deg-n

log(—¢?)

4
2),+ 2),+
REO) - z:ORED) log?(—¢?)

Here ¢ = S123 = s12+ S23 + 513, and we separate the ¢?>-dependent terms into Rg) |10g2(_q2)

and R(Q)‘log(—q2)’ so the rest terms Rg) only depend on ratio variables {u,v,w} in-

troduced in (4.34).

’ deg-n

5.1 Transcendentality structure of remainder

In this subsection, we discuss the two-loop remainders according to their transcendentality
degrees. Explicit results of two-loop remainders are given in the Supplementary material
submitted together with this paper. As an example, the result of Og..f,1 is given in
appendix E.

Universal building blocks. We find the transcendentality degree-4 parts of two-loop
minimal form factors for matched helicity always share a universal expression:

£+ () () 52
Ry dogt 2L14(u)—|—4L14 " 410g(w) Lis » + Li3 ”

O, 2 u
- g32( ) [log? (u) + log? (v) + log? (w) — 4log(v) log(w)|
+ % [5 log?(u) — 2log(v) IOg(w)} - i@x + perms(u, v, w) , (5-5)

— 38 —



which is expected and also appears in previous computations of lower dimension opera-
tors [12, 13, 31, 49, 51, 52].”7 This implies the two-loop minimal form factor of a length-3
operator with arbitrary dimension in pure Yang-Mills theory always obeys the maximal
transcendentality principle.

As to two-loop remainders for unmatched helicities, there are no degree 4 or 3 parts,
in accord with the vanishing of e~*, ¢=3 poles in bare form factors. This is because finite
remainders and poles of the same degree originate from the same term in the master
integral coefficients, so they usually vanish simultaneously. The absence of degree 4 and
3 poles at two-loop level can be traced back to the absence of one-loop divergence. As
mentioned in section 4.2, for unmatched helicity the tree-level form factor is zero and the
one-loop form factor only has rational term, so divergence subtraction formula from (4.8)
and (4.10) becomes

€

1)
Foha =78+ (28 - (143) 2 -1 9) 70, (5.6

which explicitly shows the leading singularity is of O(e~2) from I (e)F 1(31), and no term
can contribute to €73, e4.

Apart from maximally transcendental universality, the degree-3 and degree-2 parts also
signify some universal structure, in the sense that complicated transcendental functions
can always be absorbed into a set of universal building blocks, and no other polylogarithm
functions like Lis, Lig are left outside these basis functions.®
Building blocks of degree-3 part are six functions {T3[o (), 0(y),o(2)]|o € S3} together

with 72 log and (3, where T3(u, v, w) is given as

1—u

. u . v 1 u)2
Ts(u,v,w) := [ — Lis (_w> + log(u)Lig (1—u) —5 log(u) log(1 — u) log ( >
+1L‘ (—uv>+1lo()lo()lo( )+i103( )+ (u )]
5 L3 " 5 log(u) log(v) log(w) + 5 log”(w U 4> v

1 1-—

+ Lig(1 — v) — Lig(u) + = log2(v) log (”) — G log (“”) . (5.7)
2 U w

Similar function has appeared in the N/ = 4 form factors [45, 47, 49]. Building blocks of

degree-2 part are three functions {Th[o(z),0(y)]|o € Z3} together with log? and 72, where
Ty (u,v) is given as (see also [13])

T5(u,v) :=Lis(1 — u) + Lia(1 — v) + log(u) log(v) — (2 . (5.8)

When expanding the form factor remainders in these building blocks, the coefficients in
front of them are just rational functions of u, v, w, see examples in appendix E.

"The computation here in QCD using Catani IR subtraction scheme, and the expression is slightly
different (as purely a scheme change) from the A" = 4 results which are based on the BDS subtraction
scheme [74].

8When quark is added, T3, T» no longer compose complete basis for polylogarithms, see [13].
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Comment on log(q?) terms. As mentioned in (5.4), remainder functions also contain
two type of terms that are linear and quadratic in log(q?) respectively. All these terms
have simple universal structures which we explain below.

Coefficient of log?(—¢?) term of O; equals to the e~2 residue of Zj(Z(Q))ijf((QOj). This
is because every two-loop master integral contains an overall factor (—¢?)~2¢, whose e-
expansion produces 1 and log?(—¢?)e? at the same time. So the leading singularity 1/e2
can be recovered back to 1/€2(1 4 log?(—¢?)e?) and this is the only origin of log?(—¢?)

term. Plugging in (4.24), we can write log?(—¢?) term as

1 G .
RG* = log? (—¢*) >_ ¢ [2<Z<l>>ﬁ<z<”>;—°<Z<l>>ﬂ S (5.9)
J

i

log?(—q?)

where f((ooj )% s the tree-level scalar factor of Oj, as introduced in table 10. Since matrix
elements of Z(M) is nonzero only for operators within same « or  sector, the log2(—q2)
terms vanish for unmatched helicity.

Terms linear in log(—g?) can be determined by data of one-loop finite remainders and
renormalization matrices Z(1), Z(2) . Coefficients of terms linear in log(—q?) contain degree
3,2,1,0 parts. The generic expression of this part is:

RG =log(—¢*) ) {e[(Z(l))ij - ’6()5{]7283’* (5.10)
log(—q?) J € log(—q?)=0
: 1172 5\ o "
2( 72N _ < )(ﬂ (0), }
+[e( )i - ot ) fo, T
where R&)i is the one-loop finite remainder, whose log(—q?) coefficient is

Zj(eZ(l))ijf((goj)’i. The degree 3 and 2 parts of log(—q?) coefficient are universal. Both (5.9)
and (5.10) provide nice consistency checks for our calculation.

5.2 Cancellation of spurious poles

While the transcendentality functions in the remainder take very simple universal struc-
tures as discussed in last subsection, their rational coefficients depend on the dimension
of operators and are the main complication of the remainders. In particular, they contain
spurious poles which cancel only after the contributions from different transcendentality
degrees are added together.

Spurious poles exist at transcendentality degree 3,2,1,0. They contain high order poles
of ™, v™ w" with n > 1, as well as linear combination poles u + v and u + w. In table 11
we summarize the leading spurious poles in the form factor remainders.

A non-trivial feature is that the cancellation of these spurious poles takes place across
different transcendentality degrees. As a concrete non-trivial example, we consider the
remainder function of Og.q.r.1 for matched helicity (—, —, +). Explicit expressions of two-
loop remainder of Og.q.r.1 (With degree 3,2,1,0 parts) can be found in appendix E. We first
summarize the property of pole structures:

1. Leading poles of uim, ,%m, u%m, with powers 6,5,5 respectively, appear only in coeffi-

cients of Ty functions in degree-2 part.
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operator | external U v, W u+v,u+w
A A
Onyos (——+) | 2+2| 52 +1 2
0,0,
(—— =) | 80 +1 ] §2+1 0
A A
o (=) [ Qe +1] 4o 2
07/87f (_7_’_) A20 % O
A A
OA od (77*a+) 70+1 70 1
0,&,
() [ 3-1 51 0
- JAY) Ao _ g 1
OA0767d ( ) ’—"_) 2 2
Coo [ B2 F 2] o

Table 11. Powers of leading spurious poles contained by individual degree parts. Ay denotes the
canonical dimension of the operator.

2. The degree-3 part contains only one spurious pole u—lg,

3. Spurious poles —i~— and 0

Wty ﬁw)"’ appear in degree 1 and 0 parts, with powers up
to 2.

4. Due to the symmetry of remainder under v <> w, residues of poles v% and W are

identical to residues of poles ﬁ and m

In the following we discuss these spurious poles separately and show that they explicitly
cancel in the full remainder.

1/u™-pole. To analyze the u%—poles, one needs to consider the limit v — 0. Polyloga-

rithm functions can be expanded in this limit, for example:

Lin(u + v) = Lig(v) — 8L =Y

T (v,w) = <

u+O(u?),

_logv  log(1 —w) (5-11)

1—v v

)u+0w%.

From the expression in (E.2), it seems that the degree-2 part of Rg;’if'l has leading

pole at order (’)(uiﬁ):

2,2 2 2 2,2 3,3
(2),+ _ T viw®  Svw(v?+w?) 1wt (v +w) | Svtw 0 <1)
Osiaif11 | qeg2 2 (v, w) ( 2ut 3ut + 6ud + ub + ud
(5.12)
However, since Ty (v, w) ~ O(u), it is actually O(u=5)
2), 50%(1 — v)? _
E,);:f;l gz (ug))(—vlogv — (1 —wv)log(1l — v)) +O0u™). (5.13)
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To cancel the O(u~%) term, one needs to consider the contribution from the degree-1 part.
Concretely, one can extract the residue for 1/u® pole terms from various degree parts as:

deg-0: 0,

deg-1: 5(v —1)*v3log(v) — 5(v — 1)3v* log(1 — v),
deg-2: —5(v — 1)%v3log(v) + 5(v — 1)30v? log(1 — v),
deg-3: 0.

(5.14)

One can check that after expanding the polylogarithm functions to appropriate orders
in u, all u™* poles vanish except for the physical 1 Ju pole. Explicitly, residues of sub-leading
poles contained by different transcendentality degree parts are:

1/u*-pole

deg-0: 202(0—1)2,

deg-1: —502(0—1)2%—%1)2(7511—11)(1}—1)log(v)—év(75v+4)(v—1)210g(1—v),
deg-2: Jv*(v—1)2~ 20?(T50—11)(v—1) log(v) + v(T5u+4) (v—1)*log(1-v),
deg-3: 0;

1/u3-pole

deg-0: %(v— 1)v(60v—1),

deg-1: — 1—12(11— 1)(86v% +41v—11)log(1—v) —1—%0(86’02 —9v—20)log(v)— %(v— Dv(15v41),

deg-2: 15 (v—1)(86v +41v—11)log(1—v) — 15v(86v% —9v—20) log (v) + § (v—1)v(200+3),
deg-3: 0;
1/u?-pole
deg-0: = (93v%+81v—52),

1 9 (6303 —311v2 41870 —22) (6303 —3020v% 4-246v —29)
deg-1: 5 (=31v"=3Tv+11)+ 6 log(1—v)— 36(01) log(v),
deg-2: 5 (1-20)Lin(v) — 02 log? (1-v) + 5 (v—1)*log(1—v) log(v) — & (v—1)2log?(v)

—1—1&;7?2(1)—1)2—(

630> — 34702 +223v—34)
36w

63v° —338v° 42820 —41

log(1—v)+ 36(0-1) log(v)
+ 5 (930%+ 1410~ 14),

deg-3: é(Qv— 1)Lig(v)+ %UQ log?(1—v)— %(v— 1)?log(1—v)log(v) ~|—é(v— 1)2log?(v)

2 (3v’—3v+1)
3v

302 —3v+1

+%7r2(v—1) log(l—v)+mlog(v).

All these 1/u™ poles do not cancel within single transcendentality degree, but only after
the sum of different degree parts.
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1/v™-pole. For 1/v™-poles the analysis is similar, one can take limit v — 0 and expand
polylogarithm functions in v. After doing so, Uis pole in degree-2 part vanishes. Residues
of sub-leading poles contained by four parts become:

1/v*-pole

deg-0: 0,

deg-1: —3(u—1)3ulog(1—u)+3(u—1)%u?log(u),
deg-2: 3(u—1)3ulog(1—u)—3(u—1)*u*log(u),

deg-3: 0; (5.15)
1/v3-pole

3 2
deg-0: E(U_D u,

deg-1: —3u(u—1)2— %(17u+7)(u— 1)2log(1—u)+ 1—12u(17u— 11)(u—1)log(u),
deg-2: %u(u— 1)+ %(17u+7)(u— 1)?log(1—u)— 1—12u(17u— 11)(u—1)log(u),

deg-3: 0; (5.16)
1/v2-pole
deg-0: —i(u—l)Q,

(133u2798u+1) (u—1)log(1—u) 1 9 1
deg-1: — + 5 (—133u2 +137u—40) log(u)+ 55 (u=7)(u-1),

133u® —98u+1) (u—1)log(1—u) 1 1

deg-2: ! 7)2u + =5 (1330 ~ 1370440 ) log (u) — 57 (u—13)(u—1),
deg-3: 0. (5.17)

These v% poles cancel after summing over degree 2,1,0 parts. Poles of wim are related by
symmetry and are cancelled in the same way.

1/(u + v)™-pole. Similarly, take limit v — —u and expand polylogarithm functions in
(u+ v). After doing so, leading poles W in degree 1 and 0 parts cancel within their
own degree, and residues of sub-leading 1/(u + v) pole cancel when summing over degree

1 and 0 parts:

5 5
deg-0: ———,  deg-l: ——. 1
g0 95, S 18 (5.18)

It would be also interesting to rearrange the functions into building blocks which make
manifest the absence of spurious poles. For this purpose, the building block should contain
functions with different transcendental degrees. One way to construct such building blocks
is to act with s on the uniform transcendental functions, which introduces % spurious poles.

6 Summary and outlook

In this paper we study the two-loop renormalization of high dimensional QCD local op-
erators and related Higgs amplitudes using Higgs effective action. We discuss the clas-
sification of operators and the construction of their basis, for which we apply both field

43 —



theory method and on-shell spinor helicity formalism. Given the operator basis, we com-
pute the two-loop minimal form factors of length-3 operators up to dimension 16, by using
the efficient unitarity-IBP method. The on-shell methods have played important roles for
both operator construction and loop computation. Our results have passed various very
stringent checks: including the unitarity check of different cut channels, the consistency of
IR and UV divergences, as well as the spurious pole cancellation in the finite parts.

Based on the new form factor results, we are able to extract the renormalization
constant matrix up to two-loop order, most of which are obtained for the first time. By
diagonalizing the dilatation matrix, we also obtain the anomalous dimensions, i.e. the
eigenvalues. To study the effect of high length operators, we consider the dimension eight
case and include the length-4 operators to form a complete set of basis. We find that the
anomalous dimension only receives a small correction, which implies that the mixing with
high length operators are small.

The form factor results also provide the Higgs to three-gluon amplitudes using the
Higgs EFT. The results with high dimension operators correspond to Higgs amplitudes
with high order of top mass corrections. They can be used to improved the precision
for the cross section of Higgs plus a jet production, which is not yet available by other
means at N2LO QCD order. One may expect the contribution of high dimension operators
becomes more significant as the energy scale is close to the top-mass. The major amplitude
information is captured by the finite remainder functions, for which the analytic results
are obtained up to dimension-16 operators. We study their analytic structure in detail
and find that the maximal transcendentality part is always universal and independent of
the operators. This provides further evidence to the maximal transcendentality principle
for form factors. For the lower transcendental parts, two universal building blocks that
capture all non-trivial polylogarithm functions are also identified. Besides, we also provide
a detail analysis for the cancellation of spurious poles.

There are several straightforward generalizations based on this paper. In this paper,
we focus on the pure gluon sector of QCD. It is also important to consider the operators
with quark fields, similar to the dimension-6 operators considered to two-loop order in [13].
It would be also interesting to consider general parity odd operators, such examples contain
the Weinberg’s operator [75], see e.g. [76] for a recent study. There have been many studies
of constructing operator basis in standard model EFT (see e.g. [77-85]) and consider their
renormalization using both conventional and on-shell formalism (see e.g. [86-94]). While
the state-of-the-art computation is mostly at one-loop order, it would be worth extending
the method developed in this paper to general two-loop renormalization in SMEFT (see

also [95]).
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A Primitive length-3 operators

In this appendix, we provide some details about the derivation of primitive length-3 oper-
ators given in (2.17).

Recall that an operator is called primitive if it contains no DD contraction. Every
non-primitive operator belongs to a certain primitive class represented by the primitive
operator obtained from taking off all its DD pairs. We denote the number of Ds in an
primitive operator as 74, so all these ny Ds are contracted with F's. For length-3 cases ng
might take values 0,2,4,6. We will show there are only two independent primitive classes
at length-3:

LOP:[J = {TF(D1F23D4F23F14)J, {OPQJ = {Tr(FlgFlgFgg)J . (Al)

First, for ng = 6, the three field strengths must take forms like Fj;, Fy;, Finn. There
is at least one block contains nonzero covariant derivatives, so one can rewrite this block
using Bianchi identity. In this way one Lorentz index will be moved from a D to the F,
which means 74 is reduced from 6 to 4. For example:

D35 F19D16F34DosFrg = D35 F1oD16F34DosFys — D35 Fi1oD16F34Do6Fys .

Second, for fiq = 4, the three field strengths must take forms like F;, Fji, Fy,. Among
them F,,, is the special one because it shares no Lorentz index with the other two. We
consider following two cases:

1 If there is at least one covariant derivative, say D; or Dy, acting on Fj,,, we can make
use of Bianchi identity to move the Lorentz index from this D to the F so that fig is
reduced from 4 to 2. For example:

DyF19D15F23D3Fy5 = DyF19D15F23D4F35 — DyFioD15F53D5F34 .

2 If there is no covariant derivative acting on Fj,,, then other two blocks must both
contain nonzero Ds. We can rewrite one of those two blocks using Bianchi identity,
For example:

D3y FrioD15Fo3Fys = —D31 o4 D15 Fo3Fys + D3oFiaD15Fo3Fys .

The first term on the r.h.s. is already reduced to 7y = 2. The second term still has
g = 4, but now Fb3 becomes the special F,,,, and there are nonzero Ds acting on
it, so this actually belongs to the previous case.

In summary, every primitive operator with n4y = 4 can be reduced to ng = 2.
Third, for g = 2, the three field strengths may take forms like (Fj; Fiy, Fi) or (Fjj,
Fji, Fi1). We consider various different cases as follows:

a For configuration (Fjj, Fji, Fl), the only permitted operator is DgFioDF12F34. Other
seemingly qualified operators like DsqFioF1oF34 and FioDsyFioF3, actually have
higher length and therefore should not be taken into account, e.g.,

1
D3y FioF19F3y = §(D34F12F12F34 — Dy3FioF19F34) = [F34, Fi2]FiaF34.
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b For configuration (Fj;, Fj, Fy;), we can see Fjy, is the special one because it shares two
Lorentz indices with the other two F's.

b.1) If there is only one covariant derivative, say D; or D, acting on Fj;, we can
rewrite this block using Bianchi identity, relabel the Einstein indices and finally obtain
an operator belonging to case a. For example:

Fi19D4Fo3D1F34 = FioD3Foy D1 F3y — FioDoF34D1F34

1
= — 12Dy Fo3 D1 F3q4 — F12DoF34D1F3y = —§F12D2F34D1F34.

b.2) If there are two Ds acting on Fjj, the operator turns out to be a higher length
one, so it should be dropped out:

Fi19D14F53F34 = —F19 D19 F34 F34+F19D13F04 F34 = — F19 D19 F34 F34— F19D14F53F34

1 1
= —§F12D12F34F34 = —ZF12[F12,F34]F34 ~O(F%).

b.3) If there is no Ds acting on Fjj, it must take the form Tr(DyFiaFy3D1F34). This
can be rewritten as follows:

Tr(DyF12F23D1F34) = —Tr (D1 FoyFo3 D1 F34) + Tr (Do Fi1aFo3 D1 Fsy) .

The first term on the r.h.s. is reduced to fg = 0 class | Tr(Fh4F23F34) ]. The second
term on the r.h.s. belongs to the case b.1, since now F34 becomes the special Fj
and there is a D; acting on it. According to former discussion, this term eventually
belongs to case a.

For g = 2 operators, we prefer configuration (Fj;, Fji, Fj) instead of (Fyj, Fji, Fi),
because the former one has a simpler expression under decomposition F, app = €aB f ap T
€44 fap- The components from two Fji;’s must be both self-dual or both anti-self-dual
because contraction between f or f and antisymmetric tensor gives zero. If we probe the
minimal form factor for configuration (—, —, +) or (4, +, —), the particle with the opposite
helicity must be emitted from Fj;. That is why we choose the only independent ng = 2
primitive operator from case a.

Above analysis shows there are only two independent primitive class as shown in (A.1).
Based on this, one can construct basis of length-3 operators for any given dimension Ag
systematically by inserting pairs of identical D;s into the primitive ones until Ay is reached.

. . . ,/
B Preliminary operator basis OAO’i

In this appendix, we provide length-3 basis operators constructed by inserting DD pairs to
primary operators, as described in section 2.2. The underlined number (n 4+ m) represents
that there are n operators created from primitive operator Op; = Tr(Dj Fa3D4F53F14) and
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m ones from the primitive operator Op,
dim 6 (0+1)

1
06 1= gTI‘(FlgFlgFgg) .
dim 8 (1+1)
0/8,;1 = TK(D1F23D4F23F14);

dim 10 (3+2)

101 = Tr(D12F34D15F34Fs),
10.3 = Tr(DoF34D15F34 D1 Fys);
10:5 = Tr(D12F34 D15 F35Fys) .

dim 12 (6+4)

12:1 = Tr(D123Fy5 D196 Fi5 F36),
12.3 = Tr(D13Fy5 D196 Fy5 D2 Fg),
12.5 = Tr(D13Fy5 D26 Fy5 D12 Fs6),
Tr(D12Fys D13Fa6 D23 Fe),
T ( )

D193 Fy5D12F 46 D3 Fig),

127_

129_

dim 14 (10+5)

D1934F56D1237F56Fu7),
Tr(D124F56D1237F56 D3 Fyr),
14:5 = Tr(D124F56 D137 Fs6 D23 Fur),

a1 = Ti(
( )
( )

147 = Tr(D1234F56 D7 F56 D123 Fu7),
( )
( )
( )
(

143_

Tr(D14F56D237F56 D123 Fu7),
Tr(D123F56 D124 F57 D34 Fr),
113 = Tr(D123F56 D1234 F57 D4 Fer),
115 = Tr(D1234F56 D1234 F57F7) -

149_

1411_

dim 16 (15+7)

"
16:1 = Tr(D12345F67 D12348 Fo7F5s),

1!
165 = Tr(D123s5 For D124s Fo7 D34 F5s),

167 = Tr(D12345 Fs7 D18 Fe7 D234 Fig),

(

16:3 = Tr(D1235 Fer D1234s For D4 Fig),
(
(

= TI‘(F12F13F23).

Og.o = Tr(D1Fo3D1 Foy Fyy) .

10:2 = Tr(D12F34 D5 F34 D1 Fys),
10:4 = Te(D12F34 D1 F35 Dy Fys),

12:20 = Tr(D123Fy5 D16 Fy5 D2 F6),
12.4 = Tr(D123Fu5 D6 Fiys D12 F36),
12:6 = Tr(D3Fy5 D126 Fi5 D12 F36);
Tr(D12Fa5 D123 Fu6 D3 Fe),

Tr(

D193Fy5D193F 46 F56) .

128_

1210_

D234 F56 D127 F56 D3 Fyr),
Tr(D1234F56 D17 F56 D23 Fyr),
146 = Tr(D14F56D1237F56 Das Fyz),

a2 = Ti( )
( )
( )
14:8 = Tr(D124F56 D37 F56 D123 Fy7),
( )
( )
Tr( )

144_

Tr(D4sF56D1237F56 D123 F47);
Tr(D1234F56D12F57D34Fp7),
D234 F56 D123 F57 D4 Fg7),

1410 -

1412 -

1414 -

16:2 = Tr(D12345 Fs7 D1238 Fo7 D4 Fsg),
16:4 = Tr(D12345 Fs7 D128 Fi7 D34 Fsg),
16:6 = Tr(D125Fo7 D12348 Fe7 D34 Fg),
16:8 = Tr(D1235 Fer D1ag Fer Do3a Fig),
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16:0 = Tr(D125 Fe7 D134s Fe7 D234 Fsg),  Ofg.q0 = 15F67D12348 F67 D234 F58),

)
1611 = Tr(D12345 F67 Ds For D1234F58),  Of.10 = Tr(D123s For Dag For D234 Fis),
)
)
)
)

T ( ) Tr(D
( ) (
16:13 = Tr(D125FerD3ag FerD123aFg),  OYg.14 = Tr(D15Fs7D2sas ForD123a Fig
16:15 = Tr(Ds Fs7 D1234s For D123aFss);  Ofg.16 = Tr(Di23aFo7 D125 Fos D3as Firs
( ) (
( ) (
Tre( ) Tre(

)

b
16 17 = Tr(D123F7D12345 Feg D5 Frg), 16 18 = TIr(D1234F67D1235Fs8 Das Frg),
16:19 = Tr(D12345 F7 D123 Fos Das Frg),  Ofg.00 = Tr(Di234Fe7D12345 Fes D5 Frg),

D345 FerD1234Fes D5 Frg),  O'fg.99 = Tr(D1234s FerD123as Fes Frg) - (B.6)

As discussed in section 2, the above operators are not the final basis choice, we still
need to solve descendant relations as constraints and symmetrize the operators which do
not have symmetric properties. As shown in appendix C, the final basis operators we
choose are linear combinations of these preliminary ones.

C Operator basis up to dimension 16

In section 2.2 and 2.3 we’ve explained how to find length-3 basis operators from both field
theory method and on-shell method by showing an example at dimension 10, and these
two strategies apply for general operator dimensions.

As mentioned in (2.23) there is a freedom in choosing which non-descendant operators
to be replaced by the descendant ones. We require that the scalar factors f((go )t (see
table 10, here + for a-sector, — for [-sector) of the chosen operators should have the
following forms:

Lofobe (= — ) u™(u™ 4+ v™ 4+ w™) s%é)_s)m, (m#1,m+n< %)

2. fabe (=, —, =) u™ 4+ o™+ w™ 3%3? 02 (m£1,m< 806

3. d%e (=, —, +): u(w™ — ™) 3%3?_8)/2, (m#0,m+n< %)

4. %, (=, —, —): (u—w)(u—v)(w—w) (W +v™+w™) si53 2 (m A Lm < Bei)
Here u = 312 ¢ = 328 4y = and Ay is the dimension of the operator.

51237 51237 8123
Under this constraint we can reduce the number of candidate operators and do not

violate the completeness. However, there is still some choice freedom. For example, the
number of independent non-descendent operators for dimension-12 (dabc, — — +)-sector is
1, but there are two non-descendent scalar factors satisfying the stated forms: u(w —v)s?y5
and w? — v2s2y5. Here during computation we choose the former. Generally speaking,
the choice freedom can not be avoided, and the different operator choices correspond to
different tree-level scalar factor.

The chosen basis operators are listed in following tables, labeled as Oa /g, 7/4,i» Where
Ay is the dimension operator, o/ denotes helicity sector (introduced in (2.34)), f/d
denotes color factor f®¢/d®¢ and i denotes numbering. All the new basis operators are

linear combinations of old ones given in (B.1)~(B.6) labeled as O} ;.
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In the following tables, we show the tree level minimal form factor of every basis
operator in spinor-helicity formalism. As for length-3 operators, spinor structure of minimal
form factor is universal within each given helicity sector. Concretely, a- and S-sectors,
namely (—, —,+)- and (—, —, —)-sectors, correspond to spinor factors:

a: Ay = (12)3[13][23],  B: As = (12)3(13)(23). (C.1)

Apart from that, each scalar factor is written as a power of s123 times a polynomial of ratio

variables u = 212 p = 52 4 = 513
5123 5123 S$123

For dimension 6, the only independent length-3 operator is
Os;:1:1 = Oga1 (C.2)
with tree-level minimal form factor As. Basis operators at dimension 8, 10, 12, 14, 16 are
given in table 12, 13, 14, 15, 16.
In our Supplementary material which gives explicit expressions of two-loop finite re-

mainders, the operators are arranged in following orders: (f, a)-sector, (f, 5)-sector, (d, a)-
sector, (d, 3)-sector.

o dimension 8: 1+14-0+0
{Osiasf;1, Osiigin
e dimension 10: 24+2+140
{O1050:7:1, Or050: 132, Or036: 131, Or036: 1,2, Or0ssds1 }
e dimension 12: 44-3+2+1
{O12055:15 -+, Q1505505 Or28: 1315 - -+ O12:8: £33, O1250051, O12500052, O1248: 51}
o dimension 14: 6+4+4+1
{Owsasri1s -+ Orasasrse, Oragipins - -+ Oraspifsas Orasandsts - > Orssdias Oraipipn }
o dimension 16: 94+5+6+2

{016;04;1‘;1’ ) OlG;a;f;Eh 016;B;f;17 R Olﬁ;ﬂ;f;fn Olﬁ;a;d;h SRR 016;a;d;Gv Olﬁ;ﬁ;f;lv
OlG;ﬁ;f;Z}
Since descendants are always kept into basis choice, the remainder list of basis operators
at a certain dimension cover all the remainders of lower dimensional basis.
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1
basis operator FO (=, — 4) | FO(— - —) cotor
factor
Oafi1 = 0/8/;1 - %8206;/5#;1 Ay 0 febe
Os;g: 151 = %aQOﬁ;ﬁ;f;l 0 %5123 As fobe

Table 12. Final basis operators at dimension 8.

basis operator FO (= - 4) FO(— = ) f:iltoorr
O, = 30° Ot 3512341 fabe
Or0:as152 = O — Olos 5512341 u 0 fabe
O10,a:4:1 = Ofo,2 — Ol 2512341 (w — ) 0 dabe
Oroi5551 = %6406;5;1‘;1 i3%23A2 fabe
Owo;p:72 = Ologs 12034y (u? + 02 +w?) | fobe

Table 13. Final basis operators at dimension 10.

basis operator ]:(O)(—, —,+) -7:(0)(—7 - =) color

factor

O1i0;51 = iaélo&a:f;l %5%23141 0 fabc
O12;0;52 = %82010;a;f;2 isfzsAl u 0 fabc
Ol2;&;f;3 = 01,2;1 - 03/2;10 i5%23Al u? 0 fabc
O12a;54 = Ofoq + 0/1(2;4 + O %5%23141 (U2 + 0% + w?) 0 fabc

—%az(’)mﬁmz

O12;0501 = %82010;04(1;1 i5%23A1 (w —v) 0 dabc
O12;05d;2 = O/1l2;2 - 0/1,2;3 + 0,1/2;8 - O/1l2;9 i8§23A1 u(w — v) 0 dabc
Or2;8;1 = %asoﬁ;ﬁ:f;l 0 %5?23142 fabc
Or2if:2 = 50°Or0ip: 12 0 $5123A2 (u” + 0" +w?) fabe
O12:8,5:3 = 0/1,2;10 0 §5§23A2 (u3 +0° + wS) fabc
O12;8,a;1 = Oilz;s - 0/1/2;9 0 %5123142(“ - U)(U - w)(u - w) dabc

Table 14. Final basis operators at dimension 12.
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basis operator ]-"(0)(*7 —+) ]_—(0)(77 - =) color

factor

O1450;51 = %aﬁos;a;f;l é5?23A1 0 fabc
O14;0;52 = ia4010;a;f;2 §8?23A1 U 0 fabc
Ouairs = 30°Orziairia 5123 A1 u? 0 fabe
Org5a554 = %82012&#;4 éS?QSAl (u2 +0* + wz) 0 fabc
Orasai535 = Olg1 — Ofsas %8%3141 u® 0 fabc
Orss055:6 = Ota1 + Ofar + Os10 §‘9§23A1 (W’ +v* + w?) 0 fabc

*%82012;5#;3

O14505d51 = i84010;a:d;1 §5?23A1 (w—w) 0 dabc
Orssasa2 = $0°O12,07a52 1580341 u(w —v) 0 dabe
O14;0;d;3 = 0/1/4;2 - /1/4;3 + %32012;&&,1 %5?23141 u(w —v) 0 dabc
014;a;d;4 = 03,4;7 - '1/4;10 - %82012;/3;11;1 %5?23141 (w - U3) 0 dabc
Ora;pip51 = %asoﬁ;ﬂ:ﬁl 0 %65%23142 fabc
Owpipz = 10" Or0ip:5:22 0 5512342 (u? + 0 + w?) fabe
O148,8;3 = %82012;ﬂ;f;3 0 T16541123A2 (u3 +0® + w3) fabc
Ora;8, 54 = Ofa1s 0 1—165%23,42 (u* +v* +w) fabc

Owpan = 39°Or28:1 0 55123 42(u — v)(u — w)(v — w) debe

Table 15. Final basis operators at dimension 14.
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basis operator ]:(0)(—, —+) FO (= =) color
factor
O16;05$1 = %3803;,1#;1 %811123‘41 0 fabc
OlG;a;f;? = %86010;(1;1‘;2 11*6541123*41 u 0 fabc
O165a:553 = i84012;a;f;3 %653123A1 u’ 0 fabc
O16;055:1 = 19" O12;0,1:4 15512341 (u° + 0% +w?) 0 fabe
O16:0:f5 = 39°Oraas135 LstagAr v 0 fabe
Oi6ia:1:6 = 30°O1,a:536 15512341 (U +0° +w?) 0 fabe
OIG;a;fﬂ = 03/6-,1 - 0/1,6;22 %541123141 u? 0 fabC
O165a:5:8 = Ofe.1 + O1s,7 + Os.10 %341123141 u(u® +v® + w?) 0 fabc
—Ofs17 — 05,10 — Ofei22
O16ia:839 = Of6.1 + Ofs11 + Ols.1s ﬁsﬁsAl (u* +v* +w) 0 fabc
_%82014;[3#;4
O16;011 = éaﬁoloqa;d;l %63%23A1 (w =) 0 o
O16:0:d:2 = 30 O12,050:2 155123 A1 u(w — v) 0 dobe
O16;01a;3 = %82014;04@;3 %65%23141 u?(w —v) 0 dobe
O16;0;d;4 = %92014;11;11;4 11*68“1323141 (w® —v%) 0 dabe
O16;05d;5 = 0/1/6;7 - 0/1/6;10 + 0/1/6;20 - 03/6;21 1—165‘1123A1 u(w3 - UB) 0 dabc
_i84012;ﬂ;d;1
O16:0:a:6 = 01611 — O16;15 — Oei20 + O %5§23A1 (w* —v*) 0 dobe
O16:8;5:1 = iamoﬁ;ﬂ;ﬁl 0 £3§23A2 fabc
O16;8; 152 = éaGOlo;B;fQ 0 3%8?23A2 (u2 + v+ w2) fabC
O16:8,5:3 = 20" O12,8,433 0 L stas e (U + 0 +w?) fabe
Or6:p:5:4 = 30°Oraip: 114 0 szstasdz (u! 0t +wh) fave
Olﬁ;ﬂ;f;s = 0/1,6;22 0 3%5?23142 (U5 +0° + w5) fabc
Or6:p:01 = 0" O12,8.0:1 0 35123 A2(u — v)(u — w)(v — w) dobe
O16:830:2 = Otea7 — Oe10 — Ofsi20 + Ot 0 §3?23A2 (u—2)(u—w)(v—w) e
x(u? + v? 4+ w?)

Table 16. Final basis operators at dimension 16.
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D Dilatation operator under new operator definition

In this appendix, we provide some details regarding the length-4 operators in section 4.3.

Dilatation operator with length-4. Back to perturbative expansion of dilatation
operator, by adding length-4 operators using (4.22)—(4.23), we modify the length-3 for-
mula (4.25) as

D = QE(Z(UQ + Zzg )3 + 2484)7

3 1 2 2
D) = 3€(Z?§—)>4 + 22, + Zi_)>3), (D.1)
2) — g7 (2 (2) (3)
D® = 4e ( 252/ 1_parg T Z3—>3’%_part T Zanall_parg T 4—>2>
Above formulae correspond to operator definition which does not include gauge coupling
as mentioned in Footnote 3. Again notice there is no mixing from length-2 operator to
higher length ones as mentioned in (4.15). For dimension-8 case, there is no operator with
length higher than 4, so including length-4 operators makes the operator basis complete
and (D.1) provide the full result.
Renormalization matrix is obtained from UV subtraction of loop form factors. Us-

ing (4.16)—(4.17), we consider following concrete relations. For the minimal form factors
with £ = L, one has

1 1 1 i (0
~7:( ) =F )B+<Z£1>L)‘]]:((9-)~B7 (D.2)
ﬁ . .
f(z) f@) 0fo .+ (2 glL) ]f((o) (ZéaL)ijféOj);B+(Z£QLL*1)¢]F((9(?%B’ (D-3)

which will be used to determine Z§23, Zigzl Zéi)?), Zéi)Q.
We also need to consider non-minimal form factors:

15 ;
E=L+1: ]:((’)?;R = ]:c(’)li);B 0‘7:0 BT (Zélw) ]:(0) (ZSLLH)/]:((')Oj);Ba (D.4)
E=L-—1: f’(Q) :J__.(Q) +( (2) )jf() (D5)
: O;;R O;;B L—L-1 O B :

Setting E = 4, one can use (D.4) to get Z§24 from one-loop 4-gluon form factors of length-
3 operators, and use (D.5) to get Zizlg) from two-loop 3-gluon form factors of length-
4 operators. These provide almost all information to determine the dilatation operator
2_))4 one needs to
compute two-loop 4-gluon form factors of length-4 operators, while to determine Zf’_))2 one

in (D.1), except matrix elements of Z£2_)>4 and Zf’_)ﬂ. To determine Zﬁ

needs to perform three-loop calculations, and these two types of data will not be discussed
in this paper. To determine the two-loop anomalous dimension of length-3 operators,
the information of ZAE2_)>4 and Zf’lz are not needed, which can be seen from an explicit
computation of eigenvalues (as also mentioned above (4.74) that three eigenvalues are
independent of the matrix elements z;;).

Note that dilatation operator (D.1) cannot be directly applied to the operator
choice (4.72), since it is derived from expansion (4.14) where the involved operators do
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not absorb any gauge coupling. In fact, (D.1) corresponds to following operator set:

2: Ogyo,
3: Osari1, Osipiris (D.6)
4

SRS
I

= = = =
=1, —2, =3, —4-

Operators basis and Z-matrix from (4.72) and (D.6) are related by a g-dependent
transformation:

/

. O B o'
Oi =Y M(9)5"OCas  Zo’ =D M(9)5"Zo," (M (90))o,” - (D.7)

Therefore eigenvalues of the two dilatation operators are not expected to be the same.
There are three out of seven eigenvalues calculated from (D.6) that are independent
of the unfixed two-loop matrix elements Z i ) and Z§ ), and their values are

—4 —4>
(1 22 7 (2 136 25 75793

The difference between (4.74) and (D.8) lies in the third eigenvalue at O(a?) order. This
difference purely originates from the g-dependent basis transformation.

Dilatation operator under new normalization. As we mentioned in Footnote 3, if
we multiply all the length-4 basis operators by an overall coupling g just like (4.72), the
perturbative order of length-changed matrix elements will change and the running effect
of gauge coupling will enter in. The resultant dilatation operator do not take perturbative
expansion as (D.1), and instead it has:

~ 1 Bo (0
DO = (Z( Vot 20+ Z 4+ 280, + 0 Z&)
D) =3¢(25,), (D.9)

~ 2 B0
D@ — 4¢ <Z§_)>2 part+Z3—>3| part+Z4—>4| 7part+Z3—>4{ part+Z4—>3+ i Zzi—)>4> :

The dilatation operator (4.73) is obtained from definition (D.9).

However renormalization equations of form factors shown in (D.2)—(D.5) will not
change after such an operator normalization, because the order change of Z-matrix el-
ements will be compensated for by the order change of form factors.

E Two-loop remainder of Og,q. .1

In this appendix we provide explicitly the finite remainder of two-loop form factor of
Og.q f:1 for helicity setting (—, —, 4), which is used as an example for illustrating analytical
structures in various aspects in section 5. As shown in (5.2), the remainder has been

normalized by tree-level form factor (12)3[13][23] f,, ), +f .» where fg, ( ) + = 1. The machine
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readable form, as well as results for other operators, can be found in the Supplementary
material submitted together with this paper.

(2),+

(8u +9u?w+3uw? +2w3) T (v, w, u) n (v4+w)T5(u,v,w)
O8;a£31

deg3 N [ 6u? w
n (u+w)T3(v,u,w) 5 9 143

1
Sa —ﬂﬂj log(v)4v <+ w 54" log(u)—i—ﬁ

(3, (E.1)

(2),+
Ossai 51

1
= [25Tg(u,v)(108u403+252u4v2w+162u4vw2+36u4w3—|—33u303w
degy  L36Uw

+111u30%w? + 7203 vw® — 6udw? — 200203 w? — 33uv?w® — 60Ul vw* — 47U w®
—6uv*w® — 18uvw? —12uvw® — 12uw’ +6v*w® —6w") +v < w

1
+ 3676T2 (v, ) (—60u’ +54utvw+18u*v*w? + (—69u’v—51utv? —41u?
u

+9uv*w —60u*v3w+ 66uv w? +v < w)+ 180v3w3)
log(u)log(v)(25u? — 2uv+2uw — 202 +2w?)
+
12u?
n (—197u? — 12uw—12w?)1log?(v)
72u?

log(v) log(w) (7T1u?+6u+(6v*+v <> w)) 72 (143u% —u+(—v?+v > w))

+ +
36u? 36u?

55

-2 log2(w). (E2)

+v 4w

(2),+ _ 1 3,3,.3 3,6 3,5 3,4, 2
ROgn s o = 6wt log(u) (72u’v’w” + (648u°v° +1188u v’ w+432u v w

+198u2 00w+ 56 Tu2vPw? + 165u%v w? — 120uvbw? — 138uv®w? — 3605 w?

—282v°w* +v < w) +2366uvtw?) +

1
1 648usv3
216ubw (u+w)? og(v) (6487w

+1512uB0?w+972uBvw? +216ud w3 + 11700 v 3w+ 2934u" v w2 +1890u" vuw®
+3467u"w* +393uSv3w? +1305u5v? w3 + 843uSvw* +6163uSw’® — 204uPv3 w3
—516u°v2w* +138uPvw® +2615u°w’ — 465u*v3w?* — 357u*v?w® +87utvw’

— 471w — 6720 03w +348uB v w’ — 4861l vw” — 1740w + 5940 v3w®
+702u*v*w" —360u*vw® +2016uv W +396uv?w® +1080v3w®) +v ¢ w/ ,

(E.3)

(2),+ _ 1

Osmpa| = — 263403 w3uM +79020% w310 — 181786 v wtu’

deg0 1728u5v4(u+v)2w4(u+w)2(
+61092v*wtu® — 3478540 w5 u" — 348600 w u’ + 6876205155
—35348v%wSut — 682560 w u® +88248v"w u? — 13111208 wBu+ 295920818
+(=170640%u't — 143700 w?ut — 360720  wult — 5119207 w0 +170640%4 0
— 4568001 w3ul® —144081v°w?u ' + 143700 w?u'® — 15237005 wu°
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+360720°wu'® —511920%u° + 341280 1 — 1985600° w3 +46784v* w3y’
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