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ABSTRACT: We discuss the testability of CP-violating phases at future lepton colliders
for the scenario which satisfies electric dipole moment data by destructive interferences
among several phases. We consider the general but aligned two Higgs doublet model
which has the CP-violating phases in the Higgs potential and the Yukawa interaction. The
Yukawa interaction terms are aligned to avoid flavor changing neutral currents at tree
level. The Higgs potential is also aligned such that the coupling constants of the lightest
Higgs boson with the mass of 125 GeV to the Standard Model (SM) particles are the same
as those of the SM at tree level. We investigate the azimuthal angle distribution of the
hadronic decay of tau leptons arising from production and decay of the extra Higgs bosons,
which contains information of the CP-violating phases. From the signal and background
simulation, we find that the scenario with finite CP-violating phases can be distinguished
from CP conserving one at future lepton colliders like the International Linear Collider.
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1 Introduction

Baryon Asymmetry of the Universe (BAU) is one of the fundamental questions of our
universe, which cannot be explained in the Standard Model (SM) for particle physics.
Baryogenesis is the most reasonable idea to explain BAU. There are various scenarios for the
realization of baryogenesis, such as GUT baryogenesis [1, 2], leptogenesis [3], electroweak
baryogenesis [4] and so on.

Electroweak baryogenesis is a promising scenario which relies on the structure of the
sector of electroweak symmetry breaking, in which the Sakharov conditions [5] are sat-
isfied by the sphaleron transition, additional CP violation in the extension of the Higgs
sector and the strongly first order electroweak phase transition. These can be realized
by introducing an extended Higgs sector, and various models of electroweak baryogenesis



have been investigated along this line such as those with additional isospin singlets [6-§],
doublets [9-14], triplets [15, 16] and so on. One of the simplest and interesting candidates
is the two Higgs doublet model (THDM) [17], in which additional CP-violating phases can
be provided by the Higgs potential and the Yukawa interactions. In addition, the first
order phase transition can be easily realized by the mixing among the scalar bosons [18],
or by the quantum non-decoupling loop effects on the effective potential due to additional
scalar fields in this model [19].

The parameter space of the THDM has been constrained precision measurements at
LEP/SLC experiments, LHC data [20-23] and various flavor experiments [24, 25]. Never-
theless, there is still a wide region of the parameter space for the scenario of electroweak
baryogenesis [26, 27].

There are notable predictions in part of scenarios, where the first order phase transition
is realized by the non-decoupling loop effect. Such a non-decoupling effect introduced to
realize the strongly first order phase transition can also affect various Higgs observables such
as the di-photon decay [28-30] of the Higgs boson and the triple Higgs boson coupling [31-
34]. This important features can be tested at future collider experiments such as the
high-luminosity upgrade of the LHC (HL-LHC) [35] and the International Linear Collider
(ILC) [36-38]. At the same time, the strongly first order phase transition in the early
universe produces static gravitational waves with a specific shape of the spectrum [39-47],
which can be also tested at future space-based gravitational wave interferometers such as
LISA [48], DECIGO [49] and BBO [50].

One of the most serious constraints on the CP-violating THDM is those from electric
dipole moments (EDMs) [51-60]. Current experimental bounds on the electron EDM and
the neutron EDM are given in refs. [61, 62]. It is getting common that it is not easy to
build a realistic scenario for successful electroweak baryogenesis with satisfying the EDM
data in the THDM. Other scenarios such as those with singlet extension are also being
explored [6-8].

In our recent paper [63], however, we have proposed a new scenario of the aligned
THDM, in which CP-violating effects from the Higgs potential and the Yukawa interaction
destructively interfere on the EDM, so that the current EDM constraints can be avoided.
In this scenario, two kinds of the alignment are imposed. Flavor changing neutral currents
(FCNCs) at tree level are avoided by the alignment on the Yukawa interaction terms [64].1
The other alignment on the Higgs potential realizes that the coupling constants of the
lightest Higgs boson with the mass of 125 GeV to the SM particles are the same as those of
the SM at tree level. We have shown that a sufficient amount of CP-violating phases can
exist in the Higgs potential and the Yukawa interaction, which can in principle reproduce
the current abundance of the baryon number.

In this paper, we investigate to test this CP-violating scenario of the aligned THDM
using the precision measurements of the decays of the additional Higgs bosons at future
lepton collider experiments. In such a CP-violating model with the alignment, the collider

! A mechanism with flavor symmetries to realize the Yukawa alignment has been proposed in refs. [65, 66]
in a CP-conserving scenario.



phenomenology of the extra Higgs bosons plays an important role to test the CP violation.
In particular, we focus on the decay of the extra Higgs bosons into a tau lepton pair in
order to see effects of the CP-violating phases from their kinematic structures. Testing CP
violating effects from the tau decay of the 125 GeV Higgs boson have been studied at the
LHC in ref. [67] and at electron positron colliders in refs. [67-70].2 Recently, in ref. [72],
the effect of the CP-violating phase in the Higgs sector on the decay of the additional Higgs
boson to a tau lepton pair has been discussed at the HL-LHC in the THDM with a softly
broken Z symmetry.

We calculate the azimuthal angle distribution of the hadronic decay of tau leptons at
the ILC by using MadGraph5 [73] and TauDecay [74]. From the signal and background
analysis, we find that the scenario with finite CP-violating phases, which satisfies the
current EDM data, can be distinguished from the CP-conserving scenario at the energy
upgraded version of the ILC.

This paper is organized as follows. In section 2, we give a brief review of the CP-
violating THDM with two alignments for the Higgs potential and for the Yukawa inter-
action. In section 3, we discuss the constraint of the several EDMs and the destructive
interference between the Barr-Zee (BZ) contributions in our model. In section 4, we discuss
the decay of the Higgs bosons. In section 5, we show the results of the simulation study for
the angular distribution of hadronic tau decays from the production and decay of the extra
Higgs bosons. We summarize our results in section 6. In appendices A and B, we present the
analytic formulae of the BZ type contributions to the EDM (chromo EDM) for any fermions
(quarks), and those of partial decay widths for the extra Higgs bosons, respectively.

2 Aligned two Higgs doublet model

We consider the CP-violating THDM in which the scalar sector consists of two isospin
doublets. We do not impose any symmetries other than the SM gauge symmetry. In our
model, we assume that the scalar potential V is aligned to realize the SM-ilke couplings
for the 125 GeV Higgs boson, and the Yukawa interaction term Lyykawa is also aligned to
remove new contributions to FCNCs at tree level. Then, we show that additional CP-
violating phases appear in the Higgs potential and the Yukawa interaction.

2.1 Higgs potential

The most general form of the Higgs potential is given by
V= —pd(0]@1) — p3(®]ds) — [u3(®]d2) + hoc]
1 1
+ A (@]81)7 4 SAa(D5B2)” 4 A (@] @1) (BLB) + X (D1P1)(B] D)

{3100 + ra@l0n) + xo(@len) | (@100 + e (2.1)

2The impact of the CP-violating phases in the Higgs sector on the Higgs boson decays may also be tested
at future lepton colliders [71].



where ,u%Z and A1 234 are real, while p3 and As,6,7 are complex. Without loss of generality,
the two isodoublet fields (@1, P2) are taken to be the Higgs basis [75, 76] defined as

G* HT
P = ) , P = . ) (2.2)
%(v + hY +iGP) %(hg +ih9)

where G* and G° are the Nambu-Goldstone bosons, H* are the charged Higgs bosons and
h? (j = 1,2,3) are the neutral Higgs bosons. The vacuum expectation value v is related
to the Fermi constant G by v = (vV2Gr)~'/2. We can move to the general basis of the
Higgs doublets by the U(2) transformation. The relation between the parameters of the
Higgs potential in the different bases can be found in ref. [63]. The stationary conditions

for the Higgs potential
oV

= — , 2.3
8h§-’ &1=(d1) (23)
Po=(D2)
lead to 1 1
M% = 7)\17]2’ M% = 7)‘6’02' (24)
2 2
The remaining dimensionful parameter is redefined as M? = —pu2 below. The squared mass
of the charged Higgs boson is given by
1
ma. = M* + 5)\3112. (2.5)

The squared-mass matrix for the neutral Higgs bosons in the basis of (h{, h9, h) is given by

)\1 Re[>\6] —Im[)\ﬁ]
./\/l2 = U2 Re[>\6] ]\1]4722 + %()\3 + A+ Re[)\5]) —%Im[)\5] : (2'6)
—Tm[Ag] —1Tm[)) M2+ 1A+ A — Re[As))

This is diagonalized by the orthogonal matrix R as RT M?*R = diag(mlzqo, m%o, m%o) The
1 2 3

mass eigenstates of the neutral Higgs bosons are expressed as
hi = Ri;H;. (2.7)

In the model, since one of the complex phases can be absorbed by redefinition of the
two doublet fields, the Higgs potential has 11 parameters which are v, M, A1 234, |X5,6,7|
and the 2 physical phases. Hereafter, we take arg[As] = 0 by using the phase redefini-
tion, ((I)I@g) —s e—targ[As]/ 2((1)‘;@)2), and we also redefine the other complex parameters as
/\677€_iarg[)‘5}/2 — )\6,7~

We assume the following alignment for the Higgs potential,
Ag =0, (2.8)

in which the mixing matrix is diagonalized as R;; = d;;, so that the neutral Higgs bosons
do not mix with each other. The squared masses of the neutral Higgs bosons are then given



m%lo = \o?, (2.9)
1

mggzﬂfﬁ%§Q3+A4+R@pdw% (2.10)

2 M2 4 S04 A As])v?

Mg = +j3+4—RddW- (2.11)

We identify HY as the discovered Higgs boson with the mass of 125 GeV, and we consider
that the other Higgs bosons Hgﬁ and H* are heavier. Consequently, there are 7 free
parameters which can be chosen as follows

M,mHg,mHg,mHi,)\g,Pq\ and 67, (2.12)
where 07 = arg[\7| € (—m, 7.

2.2 Yukawa interaction

The most general form of Yukawa interactions is given in terms of ®; and ®, as follows
2 - -~ — -
Lyukawa = — (Q’Ly;k%u’}z + Q' 1Yk ®rd R+ L' LYe 1 Pre' R + h.c.> ; (2.13)
k=1

where &, = i02®} and y 1 are the 3x3 complex Yukawa coupling matrices in the weak basis
for the fermions. The left-handed quark and lepton doublets are defined as Q’; and L', and
the right-handed up-type quark, down-type quark and charged lepton singlets are defined
as u'g, d' g and €', respetively. The mass matrices for up-type quarks, down-type quarks
and charged leptons are expressed as U?/LJ /N2, vya1/V2 and vye 1 /2, respectively. By the
unitary transformations of fermions f’ L.k = UL RfL R, these matrices are diagonalized with

real and positive eigenvalues. In the mass basis, the Yukawa interactions are rewritten as
_ M, - ~ - M,
ﬁyukawa = _Q% (\/ﬁvuq)l + pu(I)2> UR — QCLl (\/ivd(:[)l + pd(I)2> dR
_ M.,
— Ly, \/57(1)1 4+ pe®P2 | eg + h.c., (214)

where Q% = (ur, Vexmdr)? and QdL = (VCTKMUL,dL)T with Vekwy being the Cabibbo-
Kobayashi-Maskawa (CKM) matrix. The fermion-mass matrices M are diagonal, while
py are 3 x 3 complex matrices whose off-diagonal elements generally induce dangerous
FCNCs which are strongly constrained by flavor experiments.

In order to remove new contribution to the FCNCs at tree revel, we consider the
alignment for the Yukawa sector proposed by Pich and Tuzon [64] as

Yr2 = Cf Yf1, (2.15)

where (; are complex parameters. Thus, y;1 and yyo are diagonalized at the same time,
and then py are expressed as p, = ?Mug}j and pge = ?Mdﬁg‘d’e. We mention another
prescription to avoid the FCNCs suggested by Glashow and Weinberg [77], in which a Zs



Model Cu Cd Q
Our model arbitrary complex | arbitrary complex | arbitrary complex
Type-I THDM 1/tan 1/tan g 1/tan g
Type-I1 THDM 1/tan —tan 3 —tan 3
Type-X THDM 1/tan 1/tan g —tan 8
Type-Y THDM 1/tan —tan 3 1/tan 8

Table 1. The (; factors in the THDMs. The names of the models are referred to refs. [64, 79].

symmetry is imposed to the Higgs sector to forbid one of the Yukawa matrices for each
type of fermions. In this case, four types of Yukawa interactions appear depending on the
Zj charge assignment for the right-handed fermions [78, 79]. The (; factors of each model
are summarized in table 1.

In the basis of the mass eigenstates of the fermions and the Higgs bosons, the Yukawa
interaction terms are expressed as

int _
[’yukawa - Z {

f=u,d,e

2
- \v[ {_CuﬂR(M:EVCKM)dL + Caur(VokmMa)dr + CeﬂLMeeR} H' +hec.,

Y oIt <M/f~f) frH] + h.c. } (2.16)

7=1

where K,gc are the coupling factors for the interactions of the neutral Higgs bosons to the
fermions which are given as

K} = Raj + [Roj +i(—2L;) Raj] |Cyle’ 20, (2.17)

with §; = arg[(s] € (—m,n] and I, = 1/2,I; = I. = —1/2. In our model, due to the
alignment of the Higgs potential R, = d;i, the factors /@? are expressed as

H} =1, (2.13)
= [yle! 2%, (2.19)
/<cf = i(—2I})K5 7 (2.20)

We can see that the Yukawa couplings for HY are real at tree level, while those of HS73
contain the CP-violating phases.

2.3 Kinetic terms of the scalar fields

The kinetic term of the scalar doublet fields is given as
Liin = |Du®1|? + | D, P (2.21)

The covariant derivative D,, is given as D, = J, + igga—;Wﬁ + igl%Bu, where go and ¢;
are the SU(2)r, and U(1)y gauge coupling constants, respectively. In the mass eigenstates



of the gauge bosons and Higgs bosons, the trilinear Higgs-gauge-gauge type couplings are
given as
3 2m%v mQZ 0

Ekin D) ;le (UW,LLWH + vaZ”) H], (222)
where the masses of the gauge bosons my (V = W, Z) are defined as my = gav/2 and
myz = /g5 + g3 v/2. When the alignment limit R, = d, is taken, the couplings of HYV'V
are the same as those of the SM, and the interactions of HYVV and H{VV vanish at tree
level.

2.4 Theoretical and experimental constraints

The dimensionless parameters of the Higgs potential are constrained by the perturbative
unitarity [80-83] and the vacuum stability [84, 85]. These constraints can be translated
into those of the masses and the mixings. The masses and mixings of the Higgs bosons are
also constrained by the electroweak S, T and U parameters [86, 87]. New contributions
to the T parameter from the additional Higgs bosons vanish at one-loop level by imposing
Mpo = My and A\¢ = 0, because of the custodial symmetry in the Higgs potential [88-92].
In addition, the constraints from the B physics experiments are taken into account [24]. In
particular, we refer to ref. [25] for the constraint on my+ and (. For instance, for my+ =
200 GeV, the upper limit of |(}(4| is given to be 0.32 (2.4) for arg[( (4] = 0 (1). The EDM
experiments constraining new CP-violating effects are discussed in next section. Finally, we
comment on constraints from direct searches for additional Higgs bosons at the LHC, which
provides upper limits on the cross section times branching ratio. We confirm that in our
benchmark scenario which is defined in the next section, our prediction of the cross section
times branching ratio is typically two orders of magnitude smaller than the upper limit [93].

3 Scenario cancelling the electric dipole moment

We review the scenario without large EDMs which has been studied in the previous
work [63].
3.1 Constraint from the electric dipole moment data

The EDM d; of a fermion f is defined by the effective Lagrangian as

dr - )
Lepm = —Efo”V(Z’YEJ)fF#m (3.1)

where F),, is the electromagnetic field strength tensor and o = %[7“, ~]. For the neutron

EDM, there are also the contribution from the chromo-EDM (CEDM) of a quark defined as
d¢

LcEpM = —jq(iUW(WE’)unm (3.2)

where the G, is the QCD field strength tensor.
The most severe constraint on d. has been given by the ACME collaboration using
the thorium-monoxide EDM which gives the upper limit |d. + kCs| < 1.1 x 1072 e cm at



the 90% confidence level (CL) [61]. The second term Cg is defined as the coefficient of the
dimension six operator for the electron-nucleon interaction given as £ O Cg(€ivyse)(NN).
The coefficient k is given as k ~ O(1071%) GeV? e cm [57]. According to the discussion
given in refs. [55, 57|, the value of kCyg is typically two orders of magnitude smaller than
the current bound in our benchmark scenario which is introduced below. Therefore, we
neglect this contribution, and we simply consider the bound on the electron EDM as
|de| < 1.1 x 1072% e em (90% CL) in the following discussion. In our previous paper [63],
we confirmed that the neutron EDM d,, does not give stringent constraints, so that we
focus on the constraint from d. in the following discussion.

3.2 Destructive interference between the Barr-Zee type contributions

The dominant contributions to dy are given by the two-loop BZ type diagrams [94], while
the one-loop contributions are negligibly smaller than them because the one-loop diagram
contains two additional powers of small Yukawa couplings for light fermions compared with
the BZ diagrams. From the discussion in ref. [51], we can estimate d.(1-loop) ~ O(1073%)
e cm, while d.(2-loop) ~ O(107%7) e cm in the typical input parameters with O(100) GeV
of the masses of extra Higgs bosons and the x; factors of O(1).3 Therefore, the BZ type
contribution is typically two orders of magnitude larger than the current upper limit of
|de|, and some cancellations are required to satisfy the data.

In the alignment scenario, there are two types of contributions to the BZ diagram
shown in figure 1. Thus, the BZ contribution to df can be expressed by the type of
particles in the loop as

dy = dy(fermion) 4 d¢(Higgs). (3.3)

We note that gauge boson-loops d.(gauge) do not contribute to the BZ diagram, because
they are proportional to Z?:l lelm[ﬁ?] which becomes zero in the alignment limit R;; =
di;. Each contribution can be further classified by the intermediated gauge boson as

dp(X) = dj(X) 4+ dF (X) +df (X). (3.4)

The explicit expression of each contribution d}/(X ) (V = ~v,Z and W) in the THDM
with the alignment of the Yukawa interaction are given in appendix A. We note that non-
BZ type diagrams at two-loop level mediated by Higgs bosons and gauge bosons are also
proportional to 22:1 lelm[/ﬁ;] [53, 55, 60], so that they vanish in the alignment limit.

In ref. [63], we have considered the destructive interference between the contributions
from the fermion-loop and Higgs boson-loop. Requiring d. =~ 0, a relation for the extra
coupling constants and the CP-violating phases appears. When the extra Higgs boson
masses are nearly degenerate and 63 = 0 is assumed, such a relation is given as

(A1 4+ AZ17 4+ AV IV |G| sin(0, —0.) = — (B7J7 + BZJ7 + BY ) |xqsin(07 —0.),
(3.5)

3In addition to the differences of the power of small Yukawa couplings and the loop factor between
one loop and BZ contributions, a difference of loop functions and the additional factor e? given in the BZ
contribution provide a factor of O(100) in the ratio of the one loop to the BZ contribution [51]. Thus, one
loop contributions are typically (9(1077) smaller than two loop BZ contributions.
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(1-1) Fermion-loop. (1-2) Higgs boson-loop.

Figure 1. BZ type diagrams giving the dominant contribution to the electron EDM under the
alignment for the Higgs potential in which the contribution from the gauge boson loop vanishes.

where A and B are the constant factors:

AT = — sin” Oy 2 (3.6)
AZ:1(1—4sin29w)(3—85in29w)m7? (3.7)
3 cos? Oy v?’ '
2

AV = 3%, (3.8)
BY = 4sin® Oy, (3.9)

1(1—4sin?0y)

Z w
B = §W COS 29[/‘/, (310)

1

BY = —5 (3.11)

and I and J are the loop functions depending on the masses of the extra Higgs bosons:

1 .
IV:2/ dz [i—(l—z)} cy(2), (V =~ and 2), (3.12)
0
1 _ ~
™ :/ Q2" [2 —z} CWH(y), (3.13)
0 z 3
1 _
JV =2 dz(1— z)C’gg(z), (V =~,Z and W), (3.14)
0

where C’)GQI}’ (2) are given in appendix A, and its argument m 5 corresponds to the typical
mass of the additional Higgs bosons. From eq. (3.5), it is seen that the independent phases
0., 0. and 07 can be taken such that the fermion- and the Higgs boson-loop contributions
to d. cancel with each other.

In ref. [63], we found the benchmark parameter point which satisfies the electron EDM
data by using the SM input parameters shown in table 2. The new input parameters of the
THDM are also shown in table 3. In this benchmark point, we obtain |d.| = 9.5x1073? e cm
which is just below the current experimental limit. As we discussed in ref. [63], the value of
|d| is stable until about 107 GeV by using the renormalization equations at one loop level.
In addition, we confirmed that the Landau pole does not appear until about 10'° GeV.

In the following, we discuss the allowed parameter region by |d.| around the benchmark
point. We scan the 07 parameter with (—m, 7] and the |\7| parameter to be larger than



my = 1.29 x 1073, me = 0.619, my = 171.7,
mg = 2.93 x 1073, ms = 0.055, my = 2.89,
me = 0.487 x 1073, m,, = 0.103, m, = 1.746 (in GeV)
Qem = 1/127.955,  myz = 91.1876 GeV, my = 80.379GeV, ag = 0.1179
A = 0.22453, A = 0.836, p=0.122, 7 = 0.355

Table 2. Input values for the SM parameters at the mz scale. The fermion masses and the other
parameters are taken from refs. [95, 96] and ref. [97], respectively. The Wolfenstein parameters of
the CKM matrix A, A, p and 7 are defined in ref. [97].

M =240, myp =280, mpo =230, mpy= =230 (in GeV)
|Cu| = 0.01, |(4| = 0.1, |Ce| = 0.5, |A7| = 0.3, Ao = 0.5
0, = 1.2, 0y =0, 0. =m/4, 67 = —1.8  (in radian)

Table 3. Input values of the benchmark point taken from the previous paper [63] for the THDM
at the scale mz.

0.01, because they do not affect the discussion of the collider phenomenology given in the
next section.

In figure 2, we show the excluded region against for the electron EDM data on the
9= g0 (left), 6,-0. (center) and mo-Oc (right) plane under the scan of 07 € (—m, 7).
Each colored region is excluded for a fixed value of |A7| to be 0.01 (blue), 0.1 (yellow), 0.3
(green), 0.5 (red) and 0.7 (purple). We note that in the center panel all the regions are
allowed when |A7] > 0.7. The benchmark point is indicated by the star when we choose
07 = —1.8 and |A7| = 0.3. We can see that our benchmark point is allowed for |[\7| = 0.2
with an appropriate value of 67. From the three panels, we can see that larger parameter
regions are excluded for smaller |\7|, in which the Higgs boson-loop contribution cannot be
large enough to cancel the fermion-loop contribution. The behavior of each panel can be
understood as follows. In the left panel, the region with larger m g9 and mpyo is allowed for
smaller values of |\7|, which is simply because of the decoupling of the new contribution to
|de|. For smaller values of m 9, We see that a larger value of |A7] is required for larger m HY-
This can be understood by the fact that the Higgs boson-loop contribution becomes smaller
when my+(=m Hg) is larger, while the fermion-loop contribution does not become smaller
so much. Thus, a larger value of |A7| is needed to compensate for the reduction of the
Higgs boson-loop effect. In the center panel, the region with 6, ~ 6, £7n (n =0,1,2,...)
is allowed even for smaller |\;7|, because the fermion-loop contribution is proportional to
sin(f, —0.), see eq. (3.5). In the region apart from the above case, the fermion-loop becomes
significant, and the cancellation from the Higgs boson-loop is necessary with appropriate
value of |A7|. The behavior of the right panel can be understood in a similar way to the
center panel. Namely, the region with satisfying 6. ~ 0, + nn, i.e., #. ~ 1.2 and —1.9 for
0, = 1.2 is allowed even for smaller |A7|. If we consider the region apart from the above
case, a larger value of |\7| is required to satisfy the constraint from the electronEDM data.

~10 -



8,=1.2, Be=r1/4

m,.,g=280 GeV, m,.g=230 GeV
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Figure 2. Excluded region against for the electron EDM data on the m o-m HY (left), 0,-0, (center)
and mo-0 (right) plane under the scan of 67 € (—m,7]. We take 6, = 1.2 and 0. = m/4 in the left
panel, mpg = 280 GeV and mpy = 230 GeV in the center panel, 6, = 1.2 and mpy = mpg — 50 GeV
in the right panel. In all the panels, we fix |(,| = 0.01, |¢4] = 0.1, |{.| = 0.5 and 64 = 0. The blue,
yellow, green, red and purple shaded regions are excluded when |A7| is fixed to be 0.01, 0.1, 0.3, 0.5
and 0.7, respectively, where the colored region with a smaller value of |\7| includes that with larger
[A7]. The point marked by the star corresponds to the benchmark point when we choose 67 = —1.8
and |A7] = 0.3.

For a fixed value of ., we see that the required value of A7 becomes monotonically larger
when m o is larger due to the fixed relation of m o (= mpy+) = mpyg —50 GeV. In addition,
we also see that the allowed regions with the smaller values of |\7| become wider for the
larger m Y due to the decoupling of the new contribution to |d]|.

4 Measurement of CP property

4.1 Decay of the extra Higgs bosons

We discuss the branching ratios of the extra Higgs bosons. Since we assume the alignment
limit, i.e., Rjr = 0z, the extra Higgs bosons mainly decay into a fermion pair. If it is
kinematically allowed, they can also decay into a (off-shell) gauge boson and another Higgs
boson. In addition, there are loop-induced decay processes such as HS,:& — v, Z7, gg and
H* - W*Z, W*~. Except for the HS73 — gg, these branching ratios are negligibly small;
i.e., BR(HY 3 — vy/Zv) and BR(H= — W*Z, W*~) [98, 99] are typically smaller than
O(107%). The analytic formulae of the decay rates are given in appendix B.

In figure 3, we show the branching ratios of HY (left), HY (center) and H* (right) as a
mpy+ and the other

function of the extra-Higgs-boson mass with m o — 50 GeV = m HY
parameters being the same as the benchmark point given in table 3. For HY, the dominant
decay modes are 777 /bb (tt) with their branching ratios to be about 50 (80) % when the
mass of HY is smaller (larger) than 2m;. On the other hand, HY mainly decays into Z*HY
and W**HT due to the mass difference, while the branching ratios of H) — 77~ and bb
can be O(10)% for myo < 2my. For H¥, the main decay mode is 7v (tb) if mp+ is smaller
(larger) than the top mass.
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Figure 3. Branching ratios of HY (left), HY (center) and H¥ (right) as a function of the extra-
Higgs-boson mass with mpo — 50 GeV = mpyo = Mmp+ and the other parameters being the same as
the benchmark point given in table 3.

4.2 Angular distribution

In our scenario, effects of CP-violating phases of the Yukawa interaction terms appear
in angular distributions of the decay products of the extra Higgs bosons. On the other
hand, the CP-violating phases of the Higgs potential do not directly affect the decays of
the extra Higgs bosons into fermions. However, by taking into account the necessity of
the EDM cancellation as discussed in section 3, the existence of the CP-violating phases
in the Higgs potential can be indirectly proved by measuring the CP-violating effect in the
angular distributions.

We discuss the decay of the additional neutral Higgs bosons into a tau lepton pair
which has relatively clearer signatures than the others. Hadronic decays of the tau lepton
can be useful to extract the information of the CP-violating phase due to their simple
kinematic structure [67-69, 74, 100]. We thus consider H JO — 771t = X vX 0, where
X* are hadrons, for instance, 7%, p* or ali mesons. The p* (aiﬁ) mesons further decay
into 770 (77070 or 7t ERT).

The squared amplitude for H ]Q — 7777 = X vX T is calculated as

(MO, ¢=,0%,¢T)|2 x (14 cosf cosfT) —sinf~ sin 7 cos (20, — Ag), (4.1)

where the mass of the tau lepton is neglected and A¢ = ¢+ — ¢~. The angles #* and ¢+
are defined in association with the polarimeter hff in the rest frame of 7+ as depicted in
figure 4. The polarimeter hff is given by the momenta of the decay products of 7% in the
rest frame of 7+ as

-

ht o Ot — Ti°%, (4.2)
where

I = 4Re(J k™ - JF) — 2k, J*= - J&, (4.3)

15 = 2 p0Im(J=2 T EE0),
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Figure 4. Schematic pictures for the angles #* and ¢* defined in the rest frame of 7*. The z axis
is defined along with the direction of 7% in the rest frame of H JO

with k, (k) is the four momentum of the neutrino (anti-neutrino). In the above expres-
sions, J, Mi is the hadronic current given as
JE o gty (for X =x%), (4.5)
TE o gty — g, (for X = p*),  (4.6)
LB P+ w?) + (02, (o X =ai), (@D

where Q = q1 + g2 + g3 with ¢1#, ¢2* and ¢4 being the four momentum of 70, 7% and 7%
(7%, 7 and ), in the decay of ai — n07%7%F (af — 7*x*7F). The function F(Q?) is
given by

JE o gl — gf — Q"

. Bp(Q2) + aBp’(QQ)

F(Q%) = 4.8
@) Tt (48)
with a = 0.145 [74] and the Breit-Wigner factor
2
m
By(Q*) = - : (4.9)
mi, — Q% —iV/Q v (Q?)
The running width is
Iy (Q%) =Ty~ Q2 P (e Qe /Q°) (4.10)
my 38 (m2_ fm¥,m2, /m? )
where
B(a,b) = (1 +a® + b* — 2a — 2b — 2ab)"/2. (4.11)

By integrating out 6% in eq. (4.1), the angular distribution of the decay products of HS73
is obtained as follows

//dcoslecos@+ IM(HY = 7-7F = X v X+)2x 16 — 2 cos(20. — A), (4.12)

//dcosﬂ_d6080+ IM(HY =77+ = X vX )2 16 — 12 cos(20. — Ap+7), (4.13)
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where the normalized A¢ distribution for the decay of HY (HY) is plotted by the left (right)
panel in figure 5. It is clear that the shape of the A¢ distribution strongly depends on the
value of #.. In the next section, we perform the signal and background simulation whether
we can see the difference of the A¢ distribution at future lepton colliders.

5 Simulation studies at the ILC

In this section, we discuss the testability of the scenario cancelling the EDM at future lepton
colliders. In particular, we investigate the feasibility of measuring the effect of the CP-
violating phases at the ILC. First, we show the production cross section of the extra neutral
Higgs bosons, and define the signal process which contains information of the CP-violating
phases. Second, we discuss corresponding background processes. Third, we demonstrate
various distributions which are reconstructed from kinematic observables of the final state
particles, and consider background reductions by imposing appropriate kinematical cuts.
Finally, we give a brief comment on the testability of measuring the CP property at the
LHC. Throughout the analysis, we assume that the additional Higgs bosons are discovered
at future LHC experiments, and information of their masses are obtained to some extent.

5.1 Production of the extra Higgs bosons

In our scenario, the additional Higgs bosons are mainly produced from the following pro-

cesses,
ete” — HIHY,
ete” = vuHIHY, (5.2)
whose diagrams are shown in figure 6. We note that the couplings of H]QVV (1 =2,3)
vanish due to the alignment of the Higgs potential, so that the single productions of the

extra Higgs boson from the Higgs-strahlung process and the vector boson fusion cannot
be used at tree level. Assuming the expected performance of the ILC [36-38], we take
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Figure 7. Cross sections of ete™ — HIHY (left) and eTe™ — vHIHY (right) as a function of /s
for the benchmark point given in table 3.

the beam polarization for electrons (positrons) to be —80% (+30%),* by which the cross
section of eTe™ — HYHY is enhanced by 138% as compared with the unpolarized case.
In figure 7, the cross sections are shown as a function of the collision energy 4/s. Since
the eTe™ — HSH:? process is s-channel, the cross section is maximized when /s is taken
to be just above the threshold. In the benchmark point, the maximal value of the cross
section is given to be about 12fb at /s = 800 GeV.? It is seen that the cross section of
ete™ — vvHYHY is around three orders of magnitude smaller than that of ete™ — HYHY.
Therefore, we focus on ete™ — HJHY as the promising process to test the CP violation.

4The beam polarization is expressed as (Ng — N)/(Ng + Nr), where Ng and N are number of the
right-handed and left-handed particles, respectively [101].
®In this paper, we perform our analysis at the energy upgraded version of the ILC.
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Figure 8. Typical Feynman diagrams of the background processes.

5.2 Signal and background processes

By taking into account the decay property of the additional Higgs bosons and the recon-
struction of the azimuthal angle A¢ discussed in previous section, the eTe™ — HYHY —
bbr 7~ process is useful to test the CP-violating phase. For the signal process, we take the
benchmark point given in table 3. The decay rates of HY(HY) — 777~ and HY(HY) — bb
are then determined to be 11.8% (54.2%) and 9.92% (45.5%), respectively. The total de-
cay width of HY(HY) is given as 1.23 x 1073 (2.20 x 10™%) GeV. We take /s = 800 GeV
such that the signal cross section is maximized to be 12.3 fb and the integrated luminosity
£ = 3000fb~t.

We consider two types of the background processes. The first one has exactly the
same final state as that of the signal process, which arises from the pair production of the
neutral (off-shell) gauge bosons (figure 8-a), the Higgs-strahlung process (figure 8-b) and
the Drell-Yan processes (figure 8-c). The other one comes from the ¢ production with the
top decay: t — bW — brv (figure 8-d).
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We perform the simulation study by using MadGraphb [73] for generations of
bbrt 7~ (vi7) events which are passed to TauDecay [74] in order to consider the hadronic

* & 1ty 7F = ptr and 7T — aiv with their subse-

decays of the tau leptons, i.e., 7
quent decays p* — 770, ali — 77979 and ali — mExExF. The branching ratios of
these decays are given as 10.8%(7F — ntv), 25.5%(7F — 7t7%), 9.26% (1 — 7t 79700)
and 8.99%(7T — mtrtrTr) [102]. We do not perform the detector level simulation. In
addition, we assume the efficiency for the identification of a bottom quark jet to be 70%,
in which the mis-identification rate of jets from other quarks and gluons is estimated to be
less than O(1)%[103]. For the decay mode of the tau leptons, we also take the efficiency for
the identification of 7, p and a; mesons as 89.27%, 75.21% and 64.32%, respectively [104].
Although af have mainly two decay modes: af: — 757970 and af — 7t rtrT, we apply
the same efficiency to both modes. Since the energy resolution of jets is expected to be
AE = 0.17V/E at the ILC [105], the typical value of AE is given to be about 2GeV for
E = O(100) GeV. In the following analysis, we take a larger bin size such as 10 GeV for jet

energies as a conservative choice.

5.3 Distributions

We show various distributions for the signal and background events.

In figure 9, the bb invariant mass my; distributions for ee™ — bbrt7~ and ete™ —
bbr T~ v with the tau leptons decaying into 7, p and a; are shown. The black, green and
blue histograms are the distributions given by the signal events, the background from the ¢
production and that from bbr 7, respectively. We see the sharp peaks at around m HY and
Mg (mz and m H?) in the signal (background) events, while no particular structure is seen
in the ¢t background. We thus impose the invariant mass cut |m,; —m H§| < 10GeV (|my;—
m Hg‘ < 10 GeV) which extracts the signal events containing the decay of HY (HY) into bb.

In figure 10, we show the invariant mass distribution mpionstmissing for all the pions
produced by the decays of tau leptons and missing momentum after applying the m,; cuts.
This invariant mass distribution can be reconstructed by all the visible particles of the final
state and the information of the initial energy of the e*e™ collision. Again, we see the clear
peaks at around m HY and m HY in the signal events, because mpions+missing corresponds to
the invariant mass of the 777~ system from the Higgs boson decay. We thus take further
cut |Mpionstmissing — M HQ’ < 10GeV (|mpions+missing — M Hg\ < 10GeV), by which most of
the background events can be removed.

The number of events before and after applying the kinematic cuts for the signal and
background processes is summarized in table 4. After the two cuts of m,j; and mpions+missing,
no background event survives in our simulation.

In figure 11, we show the A¢ distribution after applying the m;; and mpionstmissing
cuts. For the signal distribution, we combine the events from HY — 777, HY — bb and
those from HY — bb, HY — 777~ by shifting the latter distribution with 7 radian, which
can be justified due to our assumption, i.e., the phases of the Yukawa couplings of HY and
HY are different by 7/2 radian. The red and black lines correspond to the scenario with
0. = m/4 and 0, and the bars for each of the bins correspond to the 1o error. From this
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Figure 9. The bb invariant mass m,; distribution for the benchmark point given in table 3 for
V/$ =800GeV and £ = 3000fb~!.
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Figure 10. Invariant mass distribution of all pions produced by tau decay and missing momentum
for the benchmark point given in table 3 after the cuts of the bb invariant mass such as [my; —mpg| <
10GeV and |my; —mpg| < 10GeV for /s = 800 GeV and L = 3000 fb~1.

figure, at the third (seventh) bin from left in which A¢ is about 1.8-2.7 (5.4-6.3), it is seen
that the data of the red histogram is —4.0 (4+6.1) o away from these of the black histogram.

Next, we survey the parameter region around the benchmark point. We focus on the
seventh bin of the A¢ distribution, and define the significance as

Acp = (Ng,—r/a — Necpc) /v Nepc, (5.3)

where Ng,_r /4 (Ncpc) is the number of signal events with 0, = /4 (without CP-violating
phases) in the seventh bin. The number of signal events for any scenarios are estimated
from these of the benchmark point by the production cross section and the branching ratios
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tt |pbrirm (Z22) (ZHY) (Zy*) (v**)| HSHS | S/VS+B
No cut 6093 | 10080 (4205) (1248) (3662) (179) | 1867 | 13.90
[mys—mpo | <10 GeV 272/308| 23/24 (0/0) (0/0) (2/2) (4/5) |934/933|26.64/26.23
[Mpions tmissing —mgo [<10GeV| 0/0 | 0/0  (0/0) (0/0) (0/0) (0/0) [934/933|30.56/30.55
Combined values after m,; cut 580 47 (0) (0) (4) 9) 1867 37.28
Combined values after two cuts 0 0 (0) (0) (0) (0) 1867 43.21

Table 4. Number of events of the signal and background of ete~ — bbrt7~ and ete™ — bbr 7 vw
for the benchmark point given in table 3 with /s = 800 GeV and £ = 3000fb~!. The efficiency
for the identification of a bottom quark jet is assumed to be 70%. The values in parentheses are
the number of partial events of ete™ — bbrt7~. In the second and third rows, the numbers given
in the left (right) side of the slash are the number after imposing the invariant mass cut for m HY
and m HY- The numbers given in the last two rows show the combined values obtained from the
different cuts for mgo and mgy.

120 ‘ Vs =800 GeV
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100r| -- Theory(6, =45°)
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Figure 11. The A¢ distribution for the benchmark in table 3 for 0 < A¢ < 27 for mpg = 280 GeV,
mpgy = my+ = 230 GeV, /s = 800 GeV and £ = 3000fb~!. The signal events are compared with
the theoretical prediction (dashed line). The bars for each of the bins correspond to the 1o error.
For the seventh bin of A¢ ~ 5.4-6.3, the 6.1 error of the black histogram (6, = 0) cannot reach
the red histogram (6. = 7/4).

of the additional Higgs bosons. We note that the stability of the EDM cancellation at a
high energy is not always realized for the scenarios different from the benchmark point.

We perform the scan for the coupling strength |(.| € (0,2] and the additional Higgs
masses mpg € (100,500] with the fixed mass difference m m9 = mpg — 50GeV. The other
parameters are taken to be the same as the benchmark point. On the other hand, we also
investigate the excluded region against for the electron EDM data with |A7| = 0.01, 0.1,
0.3, 0.5 and 0.7 under the scan of §; € (—m, 7], where 07 and |\7| do not affect on the
collider phenomenology discussed above.
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In the left panel of figure 12, the contour plot of the significance Acp is denoted by
the solid lines. The excluded regions against for the electron EDM data are denoted by
the color shaded regions above the dashed lines. The point marked by the star corresponds
to the benchmark point when A7 = 0.3 and 67 = —1.8. In the area of the left side of the
red (cyan, black and purple) solid line, we can get more than 1 (2, 5 and 8) o significance
on the A¢ distribution for /s = 800 GeV. It is seen that the significance is enhanced in
the parameter space with smaller masses and about |(.| = 0.5 because the number of the
evens of ete™ — 7177 bb increases. When the additional Higgs bosons are heavier than
2my, the HJQ — tt cannel opens, and the significance is drastically reduced due to the small
branching ratios of H. 8,3 — bb /7777 The color shaded region above the blue (yellow, green
and red) dashed line denotes the excluded region against for the electron EDM data which
are not allowed even if we take any value of §; € (—m,w] when |\7| are fixed as 0.01 (0.1,
0.3 and 0.5). The color shaded regions are piled up in the order of blue, yellow, green and
red. It is seen that the cancellation works well for the wide regions for |(.| in which the
electron EDM is satisfied, when |A7] = 0.1 (0.3, 0.5) and myyg is smaller than about 200
(320, 460) GeV. On the other hand, if the coupling strength |A7| is smaller or the masses
are larger, the cancellation does not work due to the unbalance of the two contributions
between the fermion-loops and the Higgs boson-loops on the BZ diagrams, so that the
allowed regions remain in which the small value of the overall factor |(.| on the electron
EDM. We note that if the electron EDM bound is improved by one order of magnitude,
the heights of all the dashed lines are made about 1/10, so that the parameter regions in
which the cancellation does not work well are surveyed. It is seen the remaining parameter
regions in which the cancellation works well can be tested from the A¢ distribution.

In the right panel of figure 12, the solid curves show the points giving Acp = 5 with
a fixed value of /s = 250, 500, 750, 1000 and 1250 GeV. At the point marked by the
star, the parameters are taken to be the same as the benchmark point when A7 = 0.3 and
07 = —1.8. The color shaded regions are the same as those in figure 12. Since the decay
cannel H ]Q — tt (j = 2,3) opens when the additional Higgs bosons have masses larger than
2my, the significance quickly decreases due to the dominance of this cannel on the decay
of H JQ . For m HY, < 2my, the test of CP violation by using the A¢ distributions can play a
complement role to the future EDM experiments when Ay < 3. From the above analysis,
the CP-violating scenario can be distinguished from the CP-conserving case at the ILC.

Finally, we mention the testability of the CP property in our scenario at the LHC. In
the aligned scenario, the neutral Higgs bosons are produced from the gluon-fusion process
gg — HS73 and the bottom quark associated production gg — HS73bB. However, these
production cross sections are very small, typically a few fb level in our benchmark point,
due to the small values of the Yukawa couplings, i.e., (;, = 0.01 and §; = 0.1 [63]. There are
pair production processes such as pp — HYHY, I—Iggf—fi [106-108] and H*H~, and their
cross sections are O(10) fb for the mass of the extra Higgs bosons to be O(200) GeV [63]. On
the other hand, the cross section of the tt production which would be the main background
are measured to be about 10 pb at the LHC with /s = 13 TeV [109]. Thus, at the LHC, it
is quite challenging to get the enough significance to see the A¢ distribution. In addition,
since initial energies for partons cannot be known, the reconstruction method for the tau
leptons used in our analysis cannot be simply applied.
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Figure 12. (Left) Contour plot of the significance Acp (red: Acp = 1, cyan: Agp = 2, black:
Acp = 5 and purple: Acp = 8) on the myo-|Cc| plane in the case with |¢,| = 0.01, |Ca| = 0.1,
0, =12,0,=0, 0, =7/4, mys = myo and mgo = myo — 50 GeV. The blue, yellow, green and
red shaded regions (the regions above each dashed curve) are excluded by the electron EDM data
for |A\7] = 0.01, 0.1, 0.3 and 0.5, respectively, under the scan of 67 € (—m, 7). The point marked by
the star corresponds to the benchmark point when A7 = 0.3 and 6; = —1.8. (Right) The points on
the solid curves give Acp = 5 with a fixed value of /s to be 250 (red), 500 (cyan), 750 (black),
1000 (purple) and 1250 (blue) GeV. The other configuration is the same as the left panel.

6 Discussions and conclusions

We have discussed the CP-violating THDM in which the Yukawa alignment is assumed to
avoid the FCNCs at tree level and the alignment in the Higgs potential is also assumed to
realize that the coupling constants for the 125 GeV Higgs boson are the same as those of
the SM at tree level. In ref. [63], we have found the non-trivial parameter regions in which
the electron EDM can be satisfied by considering the destructive interference between the
Barr-Zee type contributions even if the CP-violating phases have O(1).

In this work, for such a EDM suppressing scenario with O(1) phases, we have investi-
gated how to test the CP violation at future lepton colliders like the ILC. In our scenario,
since the alignment in the Higgs potential is imposed, the phenomenology of the extra
Higgs bosons is important. In particular, we have considered the processes containing the
decays of the extra neutral Higgs bosons into a pair of the tau leptons and we have per-
formed the simulation in order to know the feasibility to extract the information of the
CP-violating phase. From the signal and background simulation, we have found that the
scenario with finite , may be distinguished from the CP-conserving scenario at the energy
upgraded version of the ILC with the integrated luminosity of 3000 fb—1.

In our scenario, we have mainly considered relatively smaller mass differences among
the extra Higgs bosons. For larger mass differences, Higgs to Higgs decay modes can also
be used to test the CP-violating effect as discussed in the recent paper [110].
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As we have mentioned in ref. [63], this scenario with O(1) phases have the possibility
of electroweak baryogenesis. According to the discussion in ref. [12], even if the vacuum
expectation values of the Higgs doublets are taken to be ((®9),(®9)) = (v/v/2,0) at the
zero temperature, they can be ((®9),(®9)) = (v{,v})/v/2 at the finite temperature. If
such a phase transition can be realized, the top quark mass can be complex via (, in the
process of the strongly first order electroweak phase transition, and the BAU may be then
generated. In order to know whether the BAU can be explained in our scenario while the
current EDM data are satisfied at the same time, we have to perform the analysis for the
electroweak phase transition and baryon number creation at the finite temperature. We
also comment on the scenario of the loss of the alignment on the scalar potential at finite
temperature but the alignment occurs at the zero temperature. In this case, both vacuum
expectation values for both the scalar doublets can be non-zero at the finite temperature. It
is important to survey the effect to BAU in such a scenario, which is performed elsewhere.
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A Exact formulae of the Barr-Zee type contributions

We here present the Barr-Zee type contributions to the EDM (CEDM) for a fermion (quark)
d}, d? and d‘)ﬁv (dqc) given in egs. (3.3) and (3.4) in section 3. The fermion-loop contributions
to the EDM are

d}/(f) (16 )289foQfo/Qf’ (A'l)
XZ /O dz{lm[q;me[n;,}<i-2<1—z)>+Re[nj;]1m[an',]i}cfvf,o( ),
e 2m 1 m2
A3ty ) =gy No / dz{ miGj6) 2 blm[cfcd]}[cztu 2+ QIO (2),
(A.2)
d% <tb>"’g§mfzv/ld gy T [<<] [Qe(1-2)+Quz]CH ™ (2)
FUp=+3) 7(1671'2)2 ¢ 0 2 f §i¥] t z b2 z),
(A.3)
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the Higgs boson-loop contributions to EDM are

em 9H+HFHO? VH?
df (H")= (1672 )249fo(ZQH+H V) Zlm W 7/ dz(1=2)C 7. (2), (A4)
J

3 Iyt gFgo rl
dy (H*H®)= (167T2)2221m[mf]# i dz(l—z)CHiHO( 2), (A.5)
the gauge-loop contributions to EDM are
d}/(W) (16 )2 8gij lgWWV ZngIm '%f (A6)
! mi, mi H]Q (1—2) mi \ 1| VHO
X/O dz[{( _rrL%V)_F(l_Qm%V) mé, 2 _( _m%‘,>z Cyw (2),

2 1m2, &
4 (WH®) = 220w ZleIm[nf]/ dz

-z m%—li_miﬂ?
(1672)22 v2 - 0

2 - }( )OWH0 (2), (A-7)

z my,

and the quark-loop contributions to CEDM are

My

dg(q/): W

ldz{Im[/ij]Re[ch ] (1—2(1—z)> +Re[k!Im[x’ ]1}CgHg(z)
0 q g\ 5 q gl (Ydd Vo
(A.8)
where V' = ~, Z and N¢ is the color factor. The coupling constants are given by g7 Ff= =eQy,
9555 = 9:(I1/2 = Qpsty), gt~ = —i€, gurp-z = —igzcaw /2, IH+HFHO = (A3Ryj +
Re[)q]jo - Im[)q]jo)U, gwwa = —te and gwwz = —igzc%,v, where Qf are the electric

charges of the fermion, g7 = /g% + g2, sw = sinfy, e = cos Oy and cop = cos 20y .

_ 2 2
CH (2) = Co (0,0; mé, m, 1 Z)(TX +)sz> : (A.9)
—Z

and where Cj is the Passarino-Veltman function [111],

1 m?2 m2 m2 m3
L2 2 9y 1 3 2 3
Co(0,0;my, m3, m3) = — 5 { . log (m%) R - log <% . (A.10)

my—my | 2 3

We confirmed the consistency of our results with refs. [53-58].
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B Decay of the extra Higgs bosons

We here present the partial decay width of the additional Higgs bosons discussed in sec-
tion 4.1. We refer to refs. [112-115].

0 _ NCGFmH(_)m?c 4m% 32 o _— 4m?c -
DH—ff)= d 1-— (Re[kaﬂ) —|—(Im[/<a}]) 1—— , (B.1)

427

HY HO
. Gpaz(mHo) ?{0 2
I'(H; —g9)= 64+/275 A1/2 1/2 )| | (B.2)
9G2m m2 m2
0 * Vv %
F(HZ 4)¢V ) 8735va09[{0ve (méjo ’quo s (B3)
NC 1/2
+ 2 2
x[(m —mi—m ) (lyf [P+[yf2) —4mmpRelyf "y} | (B.4)
H* f AT Ygr fmy Yy Yplls .
where 74 =m2,/4m%, 6 = 5 — Lsin? Oy + 2 sint Oy, 8}, = 1 and ¢ = ]#(Hi) for

V* = Z*(W*). The couplings y;{ and yf, are given by £ D (fRyf I+ fLy]Jcr,fR)H+ + h.c..
The functions A(7) are given by

Af)a(7) =21 + (1 = 1) f()]7 72, B.5
A1/2(7') 27'71f(7')a (B.6)
and where
arcsin? \/T, for <1,
=93, Vi1 ]2 (B.7)
—3 [logl Vi 277} , for 7>1.

In terms of A(z,y) = 1 — 22 — 2y + (z — y)? with z = m% /m?

HO» the function G(z,y) is

given by
1
G(z,y)= my{Q(—l—Hﬂ)?’—Q(—l +2%)y+6(—1+z)y*—3 [1—|—(m—y)2 —Qy} ylogz (B.8)
+6(1+z—y)y\/—A(z,y) [arctan (—1—|—ac—y> +arctan <—1—|—:13+y> }

—A(z,y) —A(z,y)
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