PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: February 5, 2021
ACCEPTED: March 8, 2021
PUBLISHED: April 13, 2021

AdS, x S? x CY, solutions in Type |IB with 8
supersymmetries

Yolanda Lozano,” Carlos Nunez’ and Anayeli Ramirez®
@ Department of Physics, University of Oviedo,
Avda. Federico Garcia Lorea s/n, 33007 Oviedo, Spain

b Department of Physics, Swansea University,
Swansea SA2 8PP, U.K.

E-mail: ylozano@uniovi.es, c.nunez@swansea.ac.uk, anayelam@gmail.com

ABSTRACT: We present a new infinite family of Type IIB supergravity solutions preserv-
ing eight supercharges. The structure of the space is AdSy x S? x CYy x S! fibered over
an interval. These solutions can be related through double analytical continuations with
those recently constructed in [1]. Both types of solutions are however dual to very different
superconformal quantum mechanics. We show that our solutions fit locally in the class
of AdS, x S? x CY5 solutions fibered over a 2d Riemann surface ¥ constructed by Chio-
daroli, Gutperle and Krym, in the absence of D3 and D7 brane sources. We compare our
solutions to the global solutions constructed by Chiodaroli, D’Hoker and Gutperle for 3
an annulus. We also construct a cohomogeneity-two family of solutions using non-Abelian
T-duality. Finally, we relate the holographic central charge of our one dimensional system
to a combination of electric and magnetic fluxes. We propose an extremisation principle
for the central charge from a functional constructed out of the RR fluxes.
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1 Introduction

The Maldacena conjecture [2] and its extensions motivate the search for AdS backgrounds
preserving different amounts of Supersymmetry (SUSY), in different dimensions.

The half-maximal SUSY case is especially fructiferous. The correspondence between
linear quiver conformal field theories preserving half-maximal SUSY and half-maximal
BPS solutions with an AdS factor, leads to a precise map between infinite families of
string backgrounds and their dual super-conformal field theories (SCFTs). Indeed, various
works have developed the dictionary between d-dimensional SCFTs, the associated Hanany-
Witten brane set-ups [3] and the dual AdS;1; string theory backgrounds.

For the case d = 6, for which the strongly coupled conformal point is reached at
high energies, the papers [4-7] have outlined the holographic dictionary and many other
works have developed it. For d = 5, the works [8-14] presented backgrounds with an AdSg
factor and their UV-dual SCFTs. The dictionary for the case of four dimensional N = 2
linear quiver SCFTs and their AdS5 dual backgrounds was studied in [15-18] among other



works. The case of d = 3 SCFTs (arising at low energies after a RG flow) and the dual
AdSy4 backgrounds is studied in [19-21] among other works. The correspondence for the
case of two-dimensional (half-maximal BPS) low-energy SCFTs is particularly rich and
has received a lot of attention recently. With the lens described above (linear quivers,
Hanany-Witten set-ups and dual backgrounds), we encounter the works [22-30] among
various other papers.

The study of AdSy backgrounds in string/M-theory has a long and illustrious history.
With the point of view described above, partial aspects of the correspondence between
super-conformal quantum mechanics theories (SCQMs) of the quiver type and half-maximal
BPS backgrounds containing an AdSs factor were initially studied in [31-37]. The recent
works [1, 38, 39] made precise and concrete the viewpoint advertised above for different
infinite families of string backgrounds containing an AdS, factor.

This work presents a new infinite family of backgrounds with an AdS, factor. We focus
our presentation mostly on geometrical aspects of the new type IIB solutions. The con-
tents of this paper are distributed as follows. In section 2, we present the new backgrounds
preserving eight supersymmetries (four Poincaré and four conformal SUSYs). We study
the conserved brane charges and deduce the associated brane set-up, consisting on D1 and
D5 ‘colour’ branes (dissolved into fluxes) with D3 and D7 ‘source’ branes (present in the
background and violating Bianchi identities). NS-five branes and fundamental strings com-
plete this configuration. We define the holographic central charge following the procedure
and physical meaning advanced in [1]. The section is closed with a brief discussion of the
dual SCQM. In section 3 we connect our backgrounds with those presented in [34, 35]. We
point out that the presence of sources in our solutions extend (for the AdS, fixed point) the
results of [34, 35]. We also link the solutions in [1] with those of [34, 35] (under the above
mentioned restrictions). These links require a zoom-in procedure that we discuss in detail.
In section 4 we uncover a new and explicit infinite family of solutions of cohomogeneity-
two, by applying non-Abelian T-duality on the AdSs backgrounds of [23-26]. The study
of these backgrounds and their ‘completion’ following the ideas of [14, 40-43] is reserved
for a future study. We extend to the families of backgrounds discussed in this work a
relation uncovered in [1, 39] between the Ramond-Ramond sector of the backgrounds and
the holographic central charge. Such relation is discussed In section 5. A functional whose
extremisation yields the central charge is also presented. Finally, section 6 gives a short
summary of the work, together with some ideas to work on the future.

2 New AdS,; x S? x CY, backgrounds

In this section we present a new family of AdS, solutions with N/ = 4 Poincaré super-
symmetry in Type IIB supergravity. These geometries are foliations of AdSyxS?xCYgxS!
over an interval. Alternatively, they can be considered as foliations of AdS;xS?xCYs
over a 2d Riemann surface ¥ with the topology of an annulus. The NS-NS sector of our



solutions reads,

\ huh h \ R
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Here ¢ is the dilaton, Hs the NS-NS three-form and the metric is given in string frame.
A prime denotes a derivative with respect to p. The two-form Hs is defined on the CYs.
The coordinate v ranges in [0, 2x], while the p coordinate describes an interval that we
will take to be bounded between 0 and 27(P + 1) (see below). Note that v > 0 and
4hahg — (/)2 > 0 must be imposed to have a positive definite metric. The background in
eq. (2.1) is supported by the RR fluxes,
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Supersymmetry holds whenever,
v = 0, Hy —I—:);4H2 =0, (23)

where x4 is the Hodge dual on CY5. In turn, the Bianchi identities of the fluxes impose
—away from localised sources — that,

h S 1
=0,  dHy=0,  “EViy,hi+dhs - 272 A Hy = 0. (2.4)
8

In what follows we will concentrate on backgrounds for which Hy = 0 and 24 = E4(p).
These backgrounds are supersymmetric solutions of the Type IIB equations of motion if
the warping functions satisfy (away from localised sources),

=0, hl=0, =0, (2.5)

which makes them linear functions of p.



We focus on the solutions defined by the piecewise linear functions ﬁ4, hg considered
n [24, 25]. These are continuous functions with discontinuous derivatives. These imply
discontinuities in the RR-sector that are interpreted as generated by sources in the back-
ground. The solutions in [24, 25] have well-defined 2d dual CFTs. This requires a global
definition of the p-interval. We achieve this imposing that ﬁ4 and hg vanish at both ends
of the p-interval, that we take at p = 0,27(P + 1). Ending the space in this fashion, in-
troduces extra source branes in the configuration. For the backgrounds to be trustable (in
view of holographic applications), we need to impose that the sources are ‘sparse’, namely
that they occur separated enough in the p-interval. This imposes that P (the length of the
p-interval) is large.

The functions hy and hg are then defined as,

oep 0<p<om,
ha(p)="Tha(p) =T ak—kg—fr(p—%rk) 2nk<p<2m(k+1), k=1,...,P—1
ap — 52 (p—2nP) 2rP <p<2n(P+1),

2P 0<p<2m,
hs(p) = § pp+55(p —27k) 27k <p<2m(k+1), k=1,...,P-1 (2.7)
pp — 52(p—2wP) 27nP < p <2m(P+1).

The choice of constants is imposed by continuity of the metric and dilaton. This implies that

k—1 k—1
op = Z By, W = Z vj. (2.8)
=0 i=0

In turn, B and v must be integer numbers to give well defined quantised charges (see the
next subsection). In (2.6) the number Y is chosen such that,

TVolcy, = 1672, (2.9)

In most of our analysis in this paper we will concentrate on solutions for which v =
ug = constant. In that case the behaviour of the metric and dilaton at both ends of the

p-interval is
1
d52 ~ ;(ds%ds2 + ds§2) + dS%Yg +x (dx2 + d¢2) ) €_¢ ~ T, (210)

where z = p close to p = 0 and = = 27 (P +1) — p close to p = 27(P +1). This corresponds
to a superposition of D3-branes, extended on AdS;xS? and smeared on @ and the CYo,
and D7-branes, extended on AdSyxS?xCYs and smeared on .

The backgrounds in eqgs. (2.1)—(2.2) can be obtained applying the usual T duality rules
over the Hopf fibre of the three sphere of the AdSsxS? backgrounds in [39]. Additionally,
these solutions have the same structure as the geometries in [1], namely AdSsxS?xCYgxS!
foliated over an interval. The relation with the backgrounds in [1] is through an ana-
lytic continuation,

dsiqs, = —dsgz, dsi2 — —dsigg,, €” —ie?, F; — —iF,

U — —iu, /ﬁ4 — iﬁ4, hg — thg, p—ip, P — —i, gi — 19;.
(2.11)
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Figure 1. Relations between the infinite family of AdSs backgrounds to massive ITA constructed
in [23] (top left), the IIB AdSs backgrounds studied in [1] (bottom left), the ITA AdSs backgrounds
constructed in [39] (top right), and the new AdS, solutions in Type IIB given by egs. (2.1)—(2.2)
(bottom right).

These relations are summarised in figure 1.
Next we study the charges associated with the backgrounds in egs. (2.1)—(2.2) and the
associated brane set-up.

2.1 Brane charges and brane set-up

We compute the charges associated to our backgrounds using that the magnetic charge for
a Dp brane is given by,

1 N
Qng — (271_)710/ B Fg_p7 (212)

where Mg_), is any (8 — p)-dimensional compact manifold transverse to the branes. In
turn, the electric charge of Dp branes is defined by,

1 / ~
e - 2 2.13
@bp 2m)PHT Jaasoxs, (2:13)

where X, is the p-dimensional manifold on which the brane extends. In both expressions
we have set o/ = gs = 1. For the electric charges we need to regularise the volume of the
AdS, space. We take it to be the analytical continuation of the volume of the two-sphere,

Volagg, = 47. (2.14)

In the previous expressions F are the Page fluxes, defined as F=Fpne B They read,
for our backgrounds

=hgdy,
' (whly—hau!)

1
Fy=— (hg(p—27mk)—hsg) volags, Ad+— <2h +2hQ)VOISz/\dp,
1

N.)
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4
]_ ~, 1/ ~ "(uhl — hett!
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~ 1 ~ —(p=27k)u/ he —het!
Fy=—3 <(p—27rk)h4—(u (p=2m Z‘ﬂ)(“ B Bu)>volAds2/\V0182/\volcy2/\dp. (2.15)
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=t |zt | 22| 23| 2t x5:p =ra2"=0,|28=0,|2=0
D1 X X
D3 X X X X
D5 X X
D7 X X | x| x| X X X X
NS5 X X | x| x| x X
F1 X

Table 1. Brane set-up associated to our solutions. z" corresponds to the time direction of the

ten dimensional spacetime, 2!, ... 2% are the coordinates spanned by the CY, and 27, 28 are the
coordinates parametrising the S2.

In these expressions we have allowed for large gauge transformations of the By-field, By —
By + kmvolags,, as in [39] (see this reference for more details).

Before calculating the quantised charges associated to these fluxes it is useful to com-
pute the following quantities,

~ ~ 1 ~
dFy =hidpAdy, dF3= §h/8/(P—27Tk)V01AdSQ ANdpAdy,  dFs5=—hj voley, AdpAdyp,

_ 1 N
dFy; = —§hﬁ((p—27rk)volAd52 Avoley, AdpAdy, dFy=0. (2.16)

In these expressions h/ and hg are the ones that follow from eqs. (2.6)—(2.7),

1 & 1 &
Rl = o > (Br-1— Br)d(p — 27k), § =5 (-1 —wk)d(p — 2mk),
T k=1 27 4
Rl x (p —27k) = hl} x (p — 27k) = 26(z) = 0. (2.17)
We then obtain
dFs = dFy =0, (2.18)
and
. 1 &
dF; = 5 kzl(uk,l —)d(p — 27k) dp A da (2.19)
- 1 &
dFs = —? Z Br_1 — Br)d(p — 2mk) volgy, A dp A di. (2.20)

These results can be put in correspondence with the brane set-up summarised in table 1.
The fact that dﬁg = 0 and dﬁ’7 = ( indicates that the D5 and D1 branes play the role
of colour branes (dissolved in fluxes) in the brane set-up. On the other hand, dF; and
dﬁ5 being nonzero indicate that the D7 and D3 branes are flavour branes, that is, explicit
sources with dynamics described by the Born-Infeld-Wess-Zumino action.



Substituting hy and hg as defined by eqs. (2.6) and (2.7), together with egs. (2.9)
and (2.14), we find, in each p-interval [27k, 27w (k + 1)]

1 =~ VOlAdSQ> (VOLp) hg—hé(p—Qﬂk)
e _ - Foe ~
Vo (2m)? /AdSQXSw ’ ( 4m T 9 Hk
1 ~ 1 ~  /YVoley

e 1 =~ VOlAd32 TVOICY2 VOL/, h4 — hﬁl (p - 27Tk')
QDS — 6 / F7 = 3 — OZk:,
(27)° Jads,xCY2 xS, A 167 - 2

Qg;:/s ﬁlz/s y dF; = Vol /hgdp:(Vk_l—Vk)- (2.21)
P P X lp

Further, in the brane set-up the Fl-strings are electrically charged with respect to the
NS-NS 3-form Hs while the NS5 branes are magnetically charged,

1 VO]Ang) < 1 > /27r(k+1)
F1= 753 Hz = — dp=1,
1 (2m)? /Adsg a, < 4m 210 ) Joxk P

m 1 _ Volsz VOIw) -
N = (27)2 /s%sw s = ( 4m ) < 2r ) L (2.22)

2.2 Holographic central charge

To close this part of our study we compute the holographic central charge associated
to our solutions. Being the field theory zero-dimensional, the previous quantity should be
interpreted as the number of vacuum states in the dual superconformal quantum mechanics
(see [1, 39] for a further discussion of the physical meaning of this quantity). We follow
the prescription in [44, 45]. We get for the internal volume,

1 le2 Vol 2w (P+1)
Viow = [ d%y/e10 det g ug =~ 280 [T g — () o, (223)
0

and, finally, for the central charge

3Vint 3 2w (P+1) (u/)2
= = = — . 2.24
Chol1d = oA - = /0 hyhs T dp (2.24)

We have used that Gy = 87% and set units so that o/ = g5 = 1.

We would like to stress that in the usual calculations, such as the previous one, giving
rise to the holographic central charge, only the NS-NS sector of the backgrounds needs to
be taken into account. We will point out an interesting relation between the holographic
central charge and the RR sector of our AdSs solutions in section 5. Such relation has been
previously encountered in the AdSy solutions constructed in [1, 39].

2.3 Aspects of the dual Conformal Quantum Mechanics

Whilst the main focus of this work is not the Quantum Mechanical analysis of the duals

to the backgrounds in egs. (2.1)—(2.2), we add below some thoughts along this direction.
In the papers [1, 24, 25, 39] concrete quivers were proposed as UV-descriptions of

weakly coupled 2d QFTs or 1d Quantum Mechanics. It was conjectured that these quivers



become strongly coupled at low energies and a conformal fixed point arises. Checks for
these proposals were presented in each of the works [1, 24, 25, 39], for the different systems
under study. These checks deal with RG-invariant quantities that can be well-identified in
the UV and IR descriptions.

As we indicated around eq. (2.11) and summarised in figure 1, the backgrounds of
section 2 arise after an Abelian T-duality on the backgrounds of [39]. This suggests that
the quantum mechanical system proposed in [39] should also apply here. We are in fact
T-dualising across a non-R-symmetry-direction, hence we expect the amount of SUSY to
be the same. The R-symmetry of the quivers in [39] is SU(2)g, and there is also a global
SU(2)4 symmetry. We are choosing a U(1)4 inside SU(2), for our dualisation. Therefore,
our dual quantum mechanical system should have SU(2) g x U(1), symmetry. This is in fact
geometrically realised by the presence of the round S? and the circle S}ZJ in the backgrounds
of section 2.

Since the string sigma model in a background and in its T-dual is the same, we ex-
pect the same dual quantum mechanical systems for our backgrounds as those for the
backgrounds [39] (only that perhaps it will be written in a different language).

Using this reasoning, we may think about the SCQM as that arising in the very low
energy limit of a system of D3-D7 branes — dual to a four dimensional N' =2 QFT. This
system is ‘polluted’ by one-dimensional defects. These are Wilson loops (arising from F1-
D5) and ‘t Hooft loops (arising from NS5-D1) added to the background, see for example [46].
Note that both the D1’s and the D5’s extend on the -isometric direction. From the
discussion above, it follows that the dual SCQM to our backgrounds is the description of
these one-dimensional defects inside a four dimensional A" = 2 QFT. In fact, in the IR
the gauge symmetry on both D7 and D3 branes should become global. This implies that
these branes must be sources/flavours, as it occurs in the backgrounds of section 2. By the
same token we have two lines of one dimensional gauge groups: 11, U(q;) and TI1_; U(u;)
realised on D5 and D1 branes in each p-interval. This is reflected by the counting of
branes of eq. (2.21). The nodes in the [27k, 27 (k + 1)] interval will have SU(Bx — Bk+1)
and SU(v;, — vg41) flavour groups, realised on the D3 and D7 branes, as also reflected by
eq. (2.21). The brane set-up is the one described in table 1.

As was found in [39], our 1d system should also have Wilson lines (in an antisymmetric
representation) inserted in the different gauge nodes of the quiver. These Wilson lines
arise from the massive fermionic strings that stretch between D1s in the k-th interval and
D7s in all other intervals. The Wilson lines would be in the (v, ...,v,_1) antisymmetric
representation of the U(uy) gauge group. The same applies to the massive D3-D5 fermionic
strings and the antisymmetric Wilson lines on the U(ay) groups. As in [39], this information
can be encoded in Young diagrams.

We would also have a dynamical CS-term of each gauge group. This comes from the
massless fermionic strings stretched between D1-D7 and D5-D3 branes. The coefficient can
be extracted studying the WZ action for a D1 along [¢,] and a D5 along [t, CYq,1]. As
expected, these coefficients are quantised.

The field content of the UV-quantum mechanical quiver follows directly from the anal-
ysis of Appendix B in [39]. In fact, each node contains a (4, 4) vector multiplet and a (4,4)



Figure 2. The proposed quantum mechanical quiver. This follows from the analysis of open strings
in the Hanany-Witten set-up.

adjoint hyper, (0,4) bifundamental hypers join the two types of colour, D5 and D1, branes,
(4,4) twisted bifundamental hypers join the D7 sources with D5-branes, and the D3 sources
with D1 branes, respectively. Finally, (0,2) Fermi multiplets join source D7 with colour
D1s and source D3 with colour D5 branes. The quiver diagram is depicted in figure 2.

3 Connection with the AdS, x S? x CY, X ¥ backgrounds of Chiodaroli-
Gutperle-Krym

In this section we relate our backgrounds to the general class of AdSy x S? x CYy x ¥
solutions to Type IIB supergravity with 8 supercharges found by Chiodaroli, Gutperle and
Krym (CGK) in [34]. We show that our solutions fit locally in their classification in the
absence of D3 and D7 brane sources (in this sense our backgrounds extend those in [34] at
the AdSy point). A similar analysis shows that the family of AdSy solutions to Type I1IB
supergravity recently found in [1] also fits in their general class.

3.1 Review of the CGK geometries

The CGK backgrounds are dual to one dimensional conformal interfaces inside the two
dimensional CFT associated to the D1-D5 system. These solutions (unlike ours) interpolate
between AdSs in the IR (at the interface) and the AdSs x S* x CY; solution of Type 1B
supergravity in the UV. We shall focus on the AdS, fixed points and compare them with
both the backgrounds discussed in section 2 and the solutions found in [1].

In [34], the authors used techniques developed in [19, 47] to find half BPS solutions
that preserve eight of the sixteen supersymmetries of the AdS3xS3xCY, vacuum, and are
locally asymptotic to this vacuum solution. They provided an ansatz for the bosonic fields
in Type IIB supergravity for a foliation of AdSsxS2xCY; over a two-dimensional Riemann
surface ¥ with a boundary, and found that the local solutions of the BPS equations can
be written in terms of two harmonic and two holomorphic functions defined on ¥. The
solutions corresponds to a D1-D5 configuration with extra NS5 branes and fundamental



strings, but vanishing D3 and D7 brane charges. We will see that our solutions fit locally
within this class of solutions in the absence of D3 and D7 brane sources. Our D3 and D7
sources are localised in p and smeared in the 1-coordinate. The mapping explained below
is valid at points in p where the sources are not present.

We start summarising the local solutions constructed in [34]. The metric for the ten-
dimensional spacetime is given, in Einstein frame, by

ds? = fidsigs, + fdsse + f3dsgy, + p°dzdz, (3.1)

where the warping factors f; (i = 1,...,3) and p are functions of z and Z, the local
holomorphic coordinates of 3. The orthonormal frames can be written as,

fidsias, = M @€, i12=0,1,
f3dsis = 6,56 @ e, Ji2=2,3,
f3dsty, = Oppae™ @ k2, kio=4,5,6,7,
72dzdz = G @ b, a,b=8,9. (3.2)

The NS-NS and RR three-forms are written as a complex three-form, defined as G =
e®Hs 4 ie~®(F3 — x Hs). This form is given by,

G = g((ll)e“01 + g£2)6“23 . (3.3)
In turn, the self-dual five-form flux is,
Fy = hae®'? 4 h ™07 4= 2.7, (3.4)

where the self-duality condition implies h, = —¢, bﬁb.

The local solutions of the BPS equations and Bianchi identities admit a description in
terms of four functions, A, B, H and K. The analysis in [34] shows that the functions A
and B must be holomorphic on the Riemann surface 3, whilst H and K must be harmonic.
The supergravity fields can be written in terms of these functions as,

e 2| H| — = e 2% H| _ _
f=pK (A+ADK-(B-B?), f= SPK (A+A)K - (B+B)?),
20
/4 :42:1{4’ (A é (A+A)K - (B+B?) ((A+AK - (B-B)?) .
_ _ N A+ A)|0.H|*
X:ﬁ(jBQ—BQ—(A—A)K), 5= x| ; )||B|4| : (3.5)

Here ® = —¢/2, where ¢ is the dilaton. For the five-form field strength, we define a
four-form potential, along CYs,

i B2 - B

Covs = =3 ~ 2K, 0:Cova = fip bz, (3.6)

where K is the harmonic function conjugate! to K.

!The harmonic conjugate of g is denoted as g and satisfies i9,g = 9.g.

~10 -



The potentials for the field strengths in equation (3.3) are written in terms of the
holomorphic and harmonic functions as

RO H(B+ B) s h1:1/8
A+ A)K —(B+BeZ 'V 2
H(B - B) ~ ~
p(2) — _ - — h /
Z(A—|—A)K—(B—B)2+ 1 +c.c.,
H(AB — 4B) .
m_ s B /
c 2(A—|—A)K—(B+B)2+ 2, B +Cc
H(AB + AB A0.H
@ =_ ( + ) + ho, hy = 8 + c.c., (37)

where h; and h; are harmonic functions conjugate to each other. In the previous expression
b and b are the potentials of the NS-NS three-form Hs and ¢V and ¢? are the
potentials related to the RR three-form Fj. These read,

Hs = db® A volpgs, + db® A volg
F3 = dCy — xHz = (deV — xdb™) A volpgs, + (de® — xdb@) A volg. (3.8)

The existence of sensible regular solutions imposes the following conditions on the
functions A, B, H and K,

e The harmonic functions A + A, B + B and K must have common singularities.
e No singular points should appear in the bulk of the Riemann surface .

e The functions A + A, K and H cannot have any zero in the bulk of the Riemann
surface.

e The holomorphic functions B and 9, H must have common zeros.

The previous conditions guarantee a non-vanishing and finite everywhere f; (except at
isolated singular points at the boundary), a finite fo in the interior of the Riemann surface
and vanishing at the boundary, and, finally, finite and non-vanishing f3 and e?® functions
everywhere on the Riemann surface, including the boundary.

The equations in (3.5) can be inverted to find A, B, H and K in terms of f; (i =

1,...,3), x and ®. One finds two possibilities, that we will refer as the “plus and minus
solutions”,?
f f4 f €<I> 2
Solo: H = fufaff, Ke= 5% Ap= e —ix, Bi= 2]f3 ViE=13. (39
4 @
Sol_: H = fifaff, Ko=20, 4 =Revoi Bo— 2;3 V-2 (3.10)

“

2The “plus solution” corresponds to our AdSs backgrounds and the ¢ minus solutions” to the AdSs»
geometries of [1]. Both these solutions are related through an analytical continuation, as explained around

eq. (2.11).
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0%
p=2m(P+1)

A S
_/_/_

p=0 >
M =27 ]

Figure 3. Riemann surface associated to our AdSy geometries. Given the periodicity of ¥ it defines
an annulus.

Inserting the “plus-solution”; equation (3.9), or the “minus-solution”, equation (3.10), in
the first expression of (3.6) one obtains, in both cases, the function associated to the
4-form potential,

CCYQ = _2E7 (311)

where K is the harmonic function conjugate to K, according the footnote 1.
In the next subsection we obtain the harmonic and holomorphic functions that give
rise to our backgrounds in egs. (2.1)—(2.2), as well as to the geometries in [1].

3.2 QOwur AdS; geometries and the “plus-solution”

In order to compare the generic backgrounds given by egs. (2.1)—(2.2) with the solutions
in [34, 35] we express our solutions in Einstein frame, to agree with their conventions.
We obtain,

f2 i /ﬁ4h§ 14 f2_ u 4E4h8—(u’)2 14
V2 \(dhahs — (w)2)3) T RV hihs ’

2

~ ~ 1/4

ha(4hahs — (u)2) T B T e
f3 ( 22h8 ’ € e 2 714 4718 (u) )
1/4

PO RSO
x=nw. 7= o (hadhans - 1) Covy = ohe (312

We emphasise that these expressions are valid at the points where h§ = Aﬁl’ = 0.

We take the p and v coordinates to define the real and imaginary parts of the z
variable. With this parametrisation, ¥ is an annulus, defined in the complex plane (see
figure 3),

z2=1+ip with Y € [0, 27] and p€[0,2m(P +1)]. (3.13)

Locally, our solutions are defined by the three functions u,iAL4, hg, which must be linear in
p. We take

u = ug + urp, hs =+ vp, E4za—|—ﬁp. (3.14)

- 12 —



Substituting (3.12) in (3.9) and taking into account (3.14), we find for the functions
A? B? H7 K7

!/
A= hg—ibhl = p—i p=2=4
8 “l}S H wz, 4 47
U up uq B hy o B _
= - = — — _— —_ = —-— = — — _ - . -1
1= 1 Z8(Z Z), K 5 =5 z4(z Z) (3.15)

It is easy to check that H, K, A+ A and B + B are harmonic functions and A and B are
holomorphic. The harmonic function K reads, in turn,
T

— _ ﬁ _
Kz—f(z—i—z):—z(z#—z), (3.16)

which is the harmonic function conjugate to the expression for K in (3.15).
From the equations (3.7), and using (3.15), we can then obtain the harmonic functions
and potentials associated with the NS-NS three-form,

1 ~

1
hl:—i(Z—E)y hlz—ﬂz“‘?),
W _ u1(2ug —iui(z — %)) _h 52 1 _ 317
W2+ (2ia+ (z—2)B)2ip+ (z—2p) 4(Z+Z)’ (3.17)
as well as those associated with the RR three-form,

L T N ro_Vio 2y H -
ho = 8(Z +z%) 4,u(z zZ), ho z8(z z°) 4(z—|—z),
(1 _ u1(2up—iur(2—2))(z+2)v . L2 w1 (Ziugtui(2—%)) .

- 8(ud+(2ia+(2—2)B) (2iu+(2—2)v)) 8(B(2—2)+2ix)

(3.18)

From these expressions we can recover H3 and Fj as given in egs. (2.1)—(2.2). Note that
h; and h; are harmonic functions conjugate to each other.

We have thus shown that our solutions can be obtained, locally, from the class of solu-
tions constructed in [34]. Note that in our analysis we have implicitly assumed that h§ =
and AZ = 0 also hold globally. This is necessary in order to match the axion and the 4-form
RR potential given in (3.12). This assumption — translated to our geometries — indicates
that we are not allowing for D7 and D3 brane sources, according to equations (2.16)—(2.17).
This agrees with the analysis in [34], which does not include either these types of branes.

We will show in subsection 3.4 that D3-brane sources can be included in the two
boundaries of the annulus following the formalism for the annulus derived in [35]. This
allows to recover the solutions in our class where D3-branes terminate the space at p =
2w (P + 1). Quite surprisingly, we will also see that, even if not included in the analysis
in [35], D7-brane sources can also be allowed at the end of the space. We will show that
they also manifest as (smeared) singularities of the basic harmonic function defined in the
annulus in [35].

Before that, we show in the next subsection that the AdSs geometries found in [1],
that we will refer as LNRS geometries, fit as well in the CGK class.
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3.3 The LNRS geometries and the “minus-solution”

As we already mentioned in section 2, our class of geometries can be obtained through
a double analytic continuation from the AdSs solutions studied in [1]. In this section we
show that the latter fit within the class of solutions referred as “minus solutions” in [34].

The warping factors, dilaton, axion and RR 4-form potential associated to the AdSs
geometries constructed in [1] (in Einstein frame) are given by,

o <4B4hs - (u’)2>1/4 o < hah} )1/4
VG Rihs ’ 27 V2 (dhghg + (w)2)3 )
1 (ha(dhahs + @)\ 1 [hs =
f§:\/§< a(4hy Z: (u) )) A ?78\/4h4hs+(u’)2,
4
. 1~ - 1/4
x=hw, = T (Rahi(dhshs + (w)) ", Cov, = —hyp. (3.19)

The Riemann surface is the same one defined in equation (3.13) and figure 3, and, as in the
previous subsection, we are also taking hg = 0 and ﬁﬁl’ = 0 globally, i.e. solutions without
D7 and D3 brane sources. This is needed to obtain the axion and RR 4-form potential of
the previous equations.

In this case the matching with the solutions in [34] is with the “minus-solutions”
defined by equation (3.10). Taking into account (3.14), the harmonic and holomorphic
functions read,

= hg —itphy = p — i B:‘—:LL1
A=hg—iphg =p—1ivz, 24 24,
u U .Ul hy o B
H——4—— T —2—8 (z—2), = o5 = 5 —z—4(z—z). (3.20)

As in the previous subsection, the functions H, K, A+ A B + B are harmonic and A and
B holomorphic. The harmonic function K reads exactly as in (3.16).
In turn, the harmonic functions that give rise to the NS-NS and RR three-forms read,

1 =
h=—2(+42), hi=1(-7),
__F AV 2 52 TP N V2 22
ha = 4( +z)—|—z8(z z%), ha z4(z z)+8(z +7%),
b(l):}(z+§)7 (2 — u1 (2up—iu (2 —%)) T

4 A= (2iptv(2—2))(2ia+B(2—72)))
vuy (2up—iui (z2—2))(247%)

8(u2 —(2ip+v(z—2))(2ia+B(2—72)))

(1):_u1(u1(z—§)+2z’uo) ~ @ _
¢ S@iatB—7)) > ¢

+ho.
(3.21)

From these expressions we recover the NS-NS and RR field strengths, H3 and F3, of the
solutions in [1].

3.4 The annulus

As we have already mentioned, the class of solutions constructed in [34] have vanishing D3
and D7-brane charges. Those solutions have a Riemann surface with a single boundary
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component. In the follow-up paper [35], the authors constructed solutions in which the
Riemann surface 3 has an arbitrary number of boundaries and non-vanishing D3 brane
charges. The D3-branes occur as poles of a basic harmonic function at the boundaries.
In this section we consider the simplest case of a Riemann surface with two disconnected
boundary components, namely the annulus. We will then see in subsection 3.5 that we can
recover the solutions with D3-brane sources at p = 27 (P + 1), the end of the space. Quite
surprisingly, we will see that D7-branes seem also allowed at the end of the space.
The annulus is defined as,

= {wec,ogRe(w) <1,0 < Im(w) < ;} (3.22)
with ¢ € RT. The points w+ 1 and w are identified, thus giving the topology of an annulus.
Its two boundaries, 031 2, are located at Im(w) = 0 and Im(w) = £. The annulus can be
constructed from a double surface i, which is defined as a rectangular torus with periods 1
and 7, where 7 is a purely imaginary parameter, 7 = it. The original surface > is obtained
as the quotient X = f]/j where J(z) = Z.

The construction of the solutions for the annulus in [35] proceeds in three steps. First, a
basic harmonic function with singularities and suitable boundary conditions is constructed.
Second, the harmonic functions, A+ A, H and K, are expressed as linear superpositions of
the basic harmonic function, evaluated at the various poles in the two boundaries. Finally,
the meromorphic function B is constructed such that it satisfies certain regularity condi-
tions. Some of these conditions come from imposing that the solutions asymptote locally
to the AdSs x S3 x CYy background. These regularity conditions will not be satisfied by our
solutions, first because they do not asymptote to this geometry and, second, because the
D3-branes (also the D7-branes) are smeared in the v direction. This introduces significant
changes in the regularity analysis. For this reason we will not give a detailed account of the
regularity conditions imposed in [35]. We will see however in the next subsection that our
solutions can still be recovered from the general formalism in [35] in an appropriate limit.

The construction in [35] of the basic harmonic function is carried out in terms of elliptic
functions and their related Jacobi theta function of the first kind,

01(w|r) =23 (~1)"e™ "2 sin[(2n + 1)w], (3.23)
n=0

as follows,

ubi(mulr) 27”“’) +ec. (3.24)

ho(w, @) =i ( 61 (Tw|T) T
This function has the following simple properties: it has a single simple pole on 0%, it
satisfies Dirichlet conditions away from the pole, and it is positive in the interior of X.

Notice that ho(w,w) has a singularity at w = 0, on the first boundary. This pole
can be shifted to any point on 9%; by a real translation, so that ho(w — 2, — ) has a
singularity at w = x. Instead, to obtain the harmonic functions with singularities at 09
one needs to define,

—w. (3.25)



Then the function hg(w’ + y,w’ + y) has a pole at w’ = —y, on the second boundary, for a
real y. In other words the pole is localised at w = y + it/2.

In the annulus the harmonic functions A+ A, B+ B, H and K are expressed as linear
combinations of hg harmonic functions with poles on both boundaries,

My My
A+ A= Z TgAhO(w—:L'gA,W—l'gA)—I— Z r;Aho(w’+yjA,w’+yjA),
La=1 ja=1
Mp My
B+ B = Z regho(w — ey, W — x0,) + Z r;-Bho(w'+ij,@'+ij),
tp=1 jp=1
My M,
H= Z reyho(w — xg,, W — x4,,) + Z 75 ho(W + Y, @ 4+ yjy),
ty=1 jr=1
Mg M
K=Y rocho(w =2, W =20 ) + Y 7 cho(w 4+ 4,0, @ + yjpe)- (3.26)
tx=1 Jr=1

Each harmonic function is taken to have M; poles x,, with ¢; =1,..., M; on 0%, and M/
poles y;, with j; = 1,..., M/ on 0Xs. The corresponding residues are ry, and rj,.

In addition to the regularity conditions given in subsection 3.1, the harmonic func-
tions (3.26) satisfy an extra condition coming from the requirement that ¢*® > 0. Namely,
(A+ A)K — (B + B)? > 0 must be obeyed throughout . Furthermore, in this language
the first regularity condition can be written in terms of the residues as rarg = r%.

3.5 Zoom-in to our solutions

In this subsection we show that it is possible to recover well-defined global solutions with
source branes at the ends of the space from the general analysis above for the annulus.
These solutions do not satisfy most of the regularity conditions imposed in [34, 35|, and,
moreover, contain not only D3 but also D7-brane sources at the ends of the space. Still,
we will be able to recover them in a particular limit from the formalism in [35].

As we have already stressed, the choice of constants in the general h4 and hg functions
defined by equations (2.6) and (2.7) allows for discontinuities in the RR sector of our
backgrounds at each p = 27k value, with £ = 1,..., P. The discontinuities in /Hﬁl are
interpreted as generated by D3-brane sources, while the discontinuities in h§ are interpreted
as generated by D7-branes. Both types of branes are smeared in the 1 direction. The space
is terminated in the p direction by imposing that hy = hg =0at p=0,2n(P + 1). When
u = constant the closure of the space by setting 54 = hg = 0 generates D3 and D7 sources,
in the boundary of the space, as explained around eq. (2.10).

Instead, in the general discussion for the annulus in [35] the D3-branes occur as poles
of a basic harmonic function at its two boundaries. The basic harmonic function must
however be regular in the interior. Therefore, in order to fit in the discussion for the
annulus we need continuous ?Lg and hg functions. This is imposed taking

Br = B, v = v, for k=0,1,...,P, (3.27)
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in (2.6), (2.7), which implies
ag =k f, e = kv, for k=0,...,P. (3.28)

The solutions are then defined by the functions

~ I5} v

hy =2 hs =
4 P, 8 27Tp

o (3.29)

at all p-intervals. Yet, the closure of the space at p = 27(P + 1) requires that (P + 1)
D3-branes and (P + 1)v D7-branes are present at the end of the space. Instead of closing
the space by introducing sources as we did with the choice of E4 and hg functions given
by (2.6) and (2.7), these branes will be automatically present at the end of the space in
the annulus construction.

Let us now see how these solutions arise from the general formalism in [35]. We take
the annulus in (3.22) as defined from,

_Z _ 4 wh oY s_ P
w=o_=v+ip,  with ¢ =o—, p=_. (3.30)

Then ¢ € [0,1] and the parameter ¢ in the definition of the annulus is t = 2(P + 1). As
recalled in section 2, our class of solutions is valid when P is large. This allows us to
approximate the Jacobi theta function introduced in (3.23) by its asymptotic expansion
when t — oo,

T+ 4
bsin rw a2 je”ate Y, (3.31)

01 (Tw|T) |tm00 ~ 2e7 T
This approximation will be key in showing the matching with our solutions. Indeed, in this
approximation it is easy to see that the basic harmonic function defined by (3.24) reads,

T

h w) ~ 2

(w —w). (3.32)

This gives, at the two boundaries 9% and 9%,

T .
P+1(w_w)’

(w — ), (3.33)

ho(w — xp,, @ — xy,) ~ 27 +

_ i
ho(w/ + yji’w/ +y5) ~ “Pr1
respectively, where for the second boundary we have used the relation (3.25). These ex-

pressions are thus independent of the positions of the poles at both boundaries. This is in
agreement with the fact that our D3/D7 branes are smeared in the ¢-direction. We then
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get for the harmonic functions in eq. (3.26),

(3.34)

In order to match these expressions with the expressions for A + A and K given in
eq. (3.15) we take into account that w = z/(27), and we obtain,

My

(P+1
Z r¢, =0 and Z iy F+ 1y , (3.35)
La=1

ja=1 Am

for the matching of A 4+ A, and

Mg M
P+1
I S = (330
=1 jr=1 &
for the matching of K. Rescaling the residues as®
s
L2, e = % (3.37)

and replacing the sums by
Z . = —/ drf,, (3.38)
a=1

as implied by the smearing of the branes in the i-direction, we can finally interpret the

J

residues as the charge-densities of D7 and D3 brane sources at both boundaries of the
annulus. We would like to stress that even if the general formalism in [35] does not account
for D7-branes at the boundaries of the annulus, we have associated these to the (smeared)
poles of the basic harmonic function for A + A. The analysis goes in complete parallelism
to the analysis of the residues and poles of the K function, associated to the D3-brane
sources at both boundaries of the annulus. It is unclear to us the precise reason why this
seems to work in the presence of D7-branes.

3Note that a rescaling is also necessary in order to interpret the residues of the solutions in [48] as charges
of (p,q) 5-branes.

~ 18 —



Finally, from the matching of the B + B and H functions we find

Mp My Mg My, o

/ /
SR SRR s PO S FE P
lp=1 ip=1 Lp=1 ja=1

These expressions do not seem to have however a direct interpretation in terms of charges
of our solutions.

The previous analysis holds true as well for the LNRS backgrounds discussed in [1].
The matching of the A + A, H and K functions is valid for both solutions, while the
harmonic function B + B vanishes. Again, there are smeared D3 and D7-branes at the end
of the space with the same relations between residues and charges.

4 A new class of AdS; X S? X CY, X X solutions with ¥ an infinite strip

In this section we construct a new class of AdSs solutions to Type IIB supergravity with
8 supercharges by acting with non-Abelian T-duality (NATD) on the AdS3xS*xCY2xI,
solutions obtained in [23]. The non-Abelian T-duality transformation is performed with
respect to a freely acting SL(2, R) isometry group of the AdS3 subspace. This transforma-
tion gives rise to a new class of solutions in which the AdS3 subspace is replaced by AdSo
times an interval. These solutions fit in the classification of [34] for a Riemann surface with
a single boundary, equivalent to an infinite strip.

4.1 NATD of the AdS3xS2xCY> solutions

The study of NATD as a solution generating technique of supergravity was initiated in [49].
Further works include [50-53]. In all these examples the dualisation took place with respect
to a freely acting SU(2) subgroup of the entire symmetry group of the solutions. Instead,
in this section we perform the non-Abelian T-duality transformation with respect to one
of the freely acting SL(2,R) isometry groups of the AdS3 subspace.

In order to perform the dualisation with respect to the SL(2,RR) isometry group we
follow the derivation in [54]. We take the sl(2,R) generators analytically continuing the
su(2) generators, as t% = 7,/v/2, with

7‘1:<?é>, 7’2:<3_0i>, 7’3:<é_0i>. (4.1)
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These generators satisfy,
Tr(t*’) = (—1)26%, [t1, %] = iv2t3, [t2, %] = iv2t!, [£3,t1] = —iv2t2. (4.2)
A group element in the Euler parametrisation is given by,
g= e%‘z’”’e%e”e%wﬁ’, where 0<O0<m 0<Y<oo, 0<¢<o0, (4.3)

from which we write the left invariant one forms, L% = —iTr(t%¢~'dg), in the
following fashion,

L' = sinh 4df — cosh 1 sin 6d¢
L? = cosh 1)df — sinh 1) sin 6d¢
L? = — cosfde — dip. (4.4)

The backgrounds in [23] support an SL(2,R) isometry such that the metric, the Kalb-

Ramond field and the dilaton can be written as,?

1 o . .
ds? = zgw@)L“L” + Gyj(x)da'da? By = Byj(x)dz' N da’ ¢ =¢(x), (4.5)

where ¢ are the coordinates in the internal manifold, for i,j = 1,2,...,7, and L* are the
forms given by (4.4). All the coordinate dependence on the SL(2,R) group is contained in
these forms. The subsequent details on how to technically compute the NATD transfor-
mation have been developed extensively in the literature [49, 53] (see these reference for
more details).

The geometries obtained through NATD with respect to a freely acting SL(2,R) group
on the AdSs of the solutions in [23] are given by,

2 u‘ h4h8 2d5Ad52 \/7 5Cy, u" h4h8 d + dr

ds
st 4r2hyhg — u2 4hahsg + u’2

(47‘2714]18 — u2> (4/];4]18 + u’2>
2812
2r3hahs 4/)?L4hg —u(u — pu’)

2 — _A—VOIAdS - =
4r2hhg — u2 2 9 <4h4h8 + u’2)

e"2% =

)

4We have taken g"” = —Tr(t*t") to have signature (4, —, +).
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Additionally, the background is supported by the RR fluxes,

rh 1 uw
Fy=——23dr+— (4hg+0, | =] | d
h ?L/ 2 R /
Fy=— 5 ( A% dptrhs (4h4+ap {““Dm«) Avolga
8 <4h4h8—|—u’2) ha hsg
T2hg

hl 2 .
) < ZZ dr—rha <4hg+5’p

/
Ziu‘|> dp) /\VOlAdSQ,
hy

+ =
8 <4r2h4h8 —u2

1 ~ ~ uu’
Fy= o <4rhﬁldr— <4h4+3p L%J) dP) Avoley,

2,212 . R /
_ _ ruths <4rhgdp+ <4h4+ap [““D dr> Avolaqs, Avolge,
24 (4r2h4hg—u2) (4h4h8+u'2) hs
/H h/ 2 . /!
Fr=——— 4 ( ¥ dp+rhy <4h8+8p %]) dr) Avolgz2 Avolcy,
8 (4h4h8 —|—u’2) hs ha
2y, 2 R !
- U < 4% dr—rhg <4h4+ap [““D dp> Avolads, Avoloy,,
8 <4r2h4hg —u2) ha hs
Fy— TQUQEE ziu’

h] > dT)/\VOlAd32 Avolcy, /\VOlsz.

1
Q%mw4e@+@
) s

4 <4r2ﬁ4h8 — u2) (4E4hg +u/?
(4.7)

The previous background is a solution to the Type IIB supergravity EOM whenever
47r2hghg — u? > 0. Namely we get a well-defined geometry for

u

2\/ﬁ4hg‘

In the next section we show that a subset of the solutions defined by (4.6) and (4.7)
fit in the general classification of AdSyxS2xCYs x X geometries given in [34] with ¥ an

r>ry= (4.8)

infinite strip.

4.2 The NATD solution as a CGK geometry

In this section we discuss how the solutions given by (4.6)—(4.7) fit in the class of CGK.
Going to Einstein frame we get the warp factors of the metric, dilaton and axion,

ur?y/hg(4hahs + w?)1/4 uv/hig(4hahsr?® — u2)l/4

f12 = =~ ) f22 = = N
4(4hyhgr? — u2)3/4 A(4hahs + u'2)3/4
2 (4hahsr? — u2)Y/4 (4hahg + u'?) /4 b o \/ (4hahgr? — u?)(4hyhs + u'?)
3 ) - = = s
44/ hg 24h4
1 un/ o Vhs(4hahsr? — u2)Y4(4hyhs + u?)1/4
X:24<2V(/72_7’2)+4,U«P+ iAl4>7 ,02: s( s 2)2u ( 8 ) .

(4.9)
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u

24/ iz4ng =

Figure 4. Infinite strip associated to the NATD solution.

In x, the axion field, we have taken hg = p + vp, with pu, v constants. This choice
corresponds to backgrounds without D7-branes, as those constructed in [34].

The 2d Riemann surface associated to the solutions is the strip depicted in figure 4,
parametrised as,

z=p+ir  where pel0,2n(P+1)] and 71 € [rg,00], (4.10)

where the value of 7 is determined in eq. (4.8).
Taking the ‘plus-solution’ defined by equation (3.9) we obtain the A, B, H and K
functions in terms of the defining functions of our backgrounds, h4, hg and wu,

. : RV RN v
A=— <4u(r—ip)+2iu(r—ip)2+g(ru'—iu)), Bzﬁ S

ha \ hahs
U r(4hghg+u'?)
H=— K=——-- 4.11
24’ 25h8 ( )

We anticipate these functions are neither harmonic nor holomorphic. In order to ensure
harmonicity -in H and K- and holomorphicity -in A and B- we need to choose ' = 0. In
that case we obtain,

Ao 4p(r—ip)+2iv(r—ip)? _ _Z,Z2/L+ZV7 Bt _t
24 8 24 24
ru UQ B rhy (z—2) .
Hzﬁzfzg(zfz), KZ?:*l 5 (B(z+7)+20),
(4.12)

where we have used (3.14). The harmonic function conjugated to K is,
— 1 1
K= fﬁ(ﬂ(f +7%) + 2a(z + 7)), with Ceoy, = ﬁ(ﬁ(ﬁ — 5 +2ap).  (4.13)
Note that we have taken Eg = a + Bp, with «, 8 constants, which corresponds to back-
grounds without D3-branes, as those constructed in [34].
The functions associated to the complex three-form are,

i ~ 1

h=—1(z-72), hy = =7 (2 +7),

hy = — o (M(z2 +2%) + 2 (3 +23)> o = (M(22 — )+ 2 (5 —23)) . (414)
25 3 ’ 2 3
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Notice that h; and h; are harmonic functions conjugate to each other. The potentials given
in (3.7) are,

(z = 2)2(B(z + Z) + 2a) (v(z + Z) + 2u) + 4ud ’ 4 ’
2. = = 2, =2 _
O uogz Z)2u(z +2) + v(z° +29)) s,

16((z —2)2(B(z + 2) + 20) (v(z + 2) + 2u) + 4ud)

2
2 — _ "o h 4.1
‘ 16(3(z +2) + 2a) ™ (4.15)

which agree with the expressions (4.6) and (4.7) for v/ = 0.

The previous analysis shows that the new class of solutions constructed through non-
Abelian T-duality provide an explicit example of CGK geometries where the Riemann
surface is an infinite strip. We will provide a more detailed global study of these solutions
in a future publication.

5 Electric-magnetic charges and a minimisation principle

In this section we extend two results discussed in [1, 39] to our new infinite family of AdSs
solutions.

The first result is a relation between the holographic central charge in eq. (2.24) and an
integral of the product of the electric and magnetic fluxes of the Dp-branes present in the
background. This relates the holographic central charge in section 2.2, computed purely
in terms of the NS-NS sector of the background, with a calculation purely in terms of the
Ramond-Ramond sector.

Furthermore, in section 5.2, we explore this relation from a geometrical point of view.
We define a quantity in terms of geometric forms in our geometries and through an extrem-
isation principle relate it to the holographic central charge in eq. (2.24). In summary, in
this section we present a connection between the holographic central charge, the product
of the electric and magnetic charges and an extremised functional.

5.1 A relation between the holographic central charge and the RR fluxes

We provide a relation between the holographic central charge found in eq. (2.24) and the
fluxes of the Ramond-Ramond sector in eq. (2.2). Consider a Dp brane and the associated
electric ﬁp+2 and magnetic ﬁg_p Page field strengths. We define the “density of electric
and magnetic charges”, pp,, and ppy,, as follows,

1 A J P
Php = WFpH, Php = WFS—;?- (5.1)
From these we construct the quantity,

/ Y. Phpphy =

p=1,3,5,7

1 vOlcY> dhahs — (w)? 1 (2(h4h8)') w (R g
— Vol 2 / dp | —ats ) L LA
wVOAdSQ( 167+ P 8 6%\ Ths ) 16 (5, T s
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In the absence of sources Eﬁl’ = h¢ = 0 and, up to a boundary term, this is proportional to
the expression for the holographic central charge in equation (2.24). We explore below the
contribution of the sources to this expression. Notice that eq. (5.2) links the holographic
central charge in eq. (2.24)—a calculation purely in terms of the NS-NS sector — with one
purely in terms of the Ramond-Ramond sector.

5.2 An action functional for the central charge

Following the ideas of [55, 56] and the lead of the works [1, 39], we construct a functional
in terms of an integral of forms defined in the internal space. Once such functional is
extremised the holographic central charge in eq. (2.24) is recovered, up to a boundary term.

We define forms .J; and F; (for i = 1,3,5,7) on the internal space Xg =[S?, CY3, Sy,
I,]. These forms are inherited from the Page fluxes (2.15).° As explained in [1, 39], they
are the restriction of the fluxes to the internal space. Writing the Page fluxes in egs. (2.15)
in terms of forms J; and F; as,

Fy =i, F3 = Fi Avolaas, + J3, Fs = F3 Avolaas, + Js,
ﬁ7 =FA VOlAdS2 + J7, ﬁg =F7 A VOlAdS2. (53)

The forms J; and F; are,

1 / E/ _ Tl / ~
Ji = hgdy, J3 = 1 <2h8 + W)volsz A dp, Js = —hyvolcy, A dy
4

u'(uhg — hgu')
2h3
(u— (p—2mk)u) (uhly — hau!)
i

1/ ~ 1
Jr = _Z <2h4 + ) volcy, A VOIS2 ANdp, Fi= 5 (hlg(p - 27Tk7) - hg) dy

1
Fy=1 ((p — 2nk)hs —

> volgz A dp,

1 ~ o~
T = §(h4 — (p — 2mk)h))) volgy, A dip,

1 R _ _ 2 / /I /

Fr= - <(p PR Gl U ”k)“; (uhy = hsu )> voley, A volgs A dp. (5.4)
4 4hg
With the forms in eqgs. (5.4), we construct the functional,
C = .7:1/\J7+]:3/\J5—(J1/\./—"7+J3/\]:5)
X3
Ahghg — ()2 w2 (W2 W2 wi (B b
= — —— | =+ = — =+ loy, Avolge Ady Ad

/X8 ( 3 16 hi + h% + 3 h4 + hg Volgy, /A VOlg2 sz) P
(5.5)

We minimise the functional C by imposing the Euler-Lagrange equation for u(p),

’H// B!
' =ul=24+2]. (5.6)
h4 h8

®The same result can be obtained considering the Maxwell fluxes in (2.2).
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This equation of motion is solved if,
h‘/8/ = 07 EZ = O) u' = 07 (57)

the first two are Bianchi identities for the background and the last is a BPS equation. The
functional in eq. (5.5) can be rewritten as,

h/ h/ h// h//
— loy, Avolea AdiAd
2 <h4+h8>] 2 <h4+h8>>VOCY2 VOlg2 Qb P

(5.8)

The last term (that would vanish in the absence of sources), is proportional to the quotient

C’:1 <4E4h8—( ) +8
8 Jxg

of the number of flavours by the number of colours in each node. Using the condition
that the flavours are sparse, as explained below eq. (2.17), we see that its contribution is
subleading in front of the other terms. Furthermore, the boundary term gives a divergent
contribution. Indeed, for the case u = ug and hy, hg in eqs. (2.6)~(2.7) the boundary
term reads,

2w (P+1) h4 h’
/ % ? s
0 h ]

2mud

2 2
voley, Avolg: AdyAdp =~ lim —O(ap +pp+Bo+1o) Voley,

=—lim
e—0

(Qtoml +Qt0tal)VOICY2, (59)

where we regularised h4(0) = hg(0) = hy(2m(P+1)) = hg(27(P+1)) = . The divergence in
eq. (5.9) is associated with the presence of sources in the background as was found in [1, 39].

In summary, the functional in eq. (5.5) is proportional to the holographic central charge
of eq. (2.24), plus a subleading contribution and a boundary term. For our infinite family of
backgrounds, we have linked a calculation purely in terms of the NS-NS sector — eq. (2.24),
with a calculation purely in terms of the Ramond-Ramond sector — eq. (5.2), with the
extremisation of a functional constructed as a restriction of the Ramond-Ramond forms
to the internal space — eq. (5.5). We believe that this may be a generic feature, worth
exploring in backgrounds dual to various SCF'Ts in different dimensions.

6 Conclusions

We close this paper by presenting a short summary of the contents of this work and
proposing future lines of investigation.

This work presents two new infinite families of backgrounds with an AdSs factor. The
presentation focuses mostly on geometrical aspects of the new solutions. The new family
of backgrounds in section 2 can be obtained by analytically continuing the backgrounds
of [1] or via T-duality, on the Hopf-fibre of the S, from the solutions in [39]. These
connections are summarised in figure 1. A precise brane set-up was proposed for these
backgrounds and the holographic central charge was calculated. We used the brane set-up
to argue for a precise quiver. The IR dynamics of such quivers should be the SCQMs dual
to our backgrounds.
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The family of AdSs backgrounds in section 2 and that in the paper [1] have been
shown to be connected to the solutions of [34, 35]. In fact, under certain circumstances
they extend this class of solutions. The connection between these qualitatively different
backgrounds requires of a subtle zoom-in procedure that we explained in detail in section 3.

A second family of new backgrounds is presented in section 4. These interesting so-
lutions depend explicitly on two coordinates (labelled as p and r in section 4) and were
obtained by the application of non-Abelian T-duality on the AdS3 factor of the backgrounds
n [23]. We leave for future work to discuss the associated brane set-up, though it seems
clear that the ideas described in [14, 40-43] will play an essential role in the global-definition
of these solutions. By the same token, it would be interesting to study the integrability
(or not) of the backgrounds presented here, as well as those in [1, 39]. Integrable string
backgrounds dual to field theories described by linear quivers in dimensions d = 2,4, 6,
have been found in [57-60]. Similar techniques should probably apply for the d =1 case.

Finally, in section 5 the holographic central charge defined in section 2—a quantity
computed solely in terms of the NS-NS sector of the backgrounds, has been connected
with a calculation purely in terms of the Ramond-Ramond sector of our solutions. A
functional whose extremisation yields the holographic central charge was also discussed.
It should be interesting to find out if a similar structure occurs generically for other
AdS441 backgrounds.
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