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1 Introduction

The top quark (t) is the heaviest particle in the standard model (SM). The mass of top
quark has been one of the most important input parameters of the SM and its experimental
determination is crucial for precision test of the SM. For example, the recent global analysis
of electroweak precision observables reveals a good agreement with top-quark mass from
direct measurements [1]. Top quark also plays important role in renormalization group
running of the SM especially due to the large Yukawa coupling, where the stability of the
electroweak vacuum [2] is sensible to the precise top quark mass.

The mass of top-quark can be measured directly at Tevatron or LHC in top-quark pair
production with subsequent decays, e.g., through invariant mass distributions of various
decay products, with which the CDF, D0, ATLAS and CMS collaborations have reported
an unprecedented precision of about 0.5GeV [3–5]. The above measurements are supposed
to be affected by various non-perturbative QCD effects that are modeled by MC event
generators. The associated systematic uncertainties become more and more important as
the experimental precision improves and have been studied extensively [6–10]. There are
also discussions on intrinsic ambiguities of a precise definition of the top-quark mass due
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to infrared renormalon effects [11–13]. Many alternative methods on determination of the
top-quark mass have been proposed and carried out at the LHC in order to scrutinize the
experimental precision. That includes utilizing kinematic variables other than conventional
invariant masses in top-quark pair production [14–19], and using measurements of total
inclusive cross sections [20–22] or of distributions inclusive with respect to decay products of
top quark [23–25]. There are cases of using processes of associated production of top-quark
pair with a jet [26] or single top-quark production [27–29]. Besides, at future electron-
positron colliders the top-quark mass can be measured much more precisely via an energy
scan at threshold of top-quark pair production [30]. A recent review on various topics in
determination of top-quark mass can be found in [31].

In this work we perform a theoretical study on determination of the top-quark mass
through t-channel single top-quark production at the LHC. In particular we study in de-
tails transverse momentum distributions of the charged lepton from decay of the top quark
with which we determine the top-quark mass. Similar approaches have been adopted for
mass measurements in top-quark pair production [15]. It has been advertised that methods
with pure leptonic variables, i.e., not directly involving jets, will be less affected by vari-
ous non-perturbative effects, as well as by uncertainties from jet energy scale. Measuring
top-quark mass in single top-quark production [27–29] is complementary to those mea-
surements in pair production because of different dynamics of production including QCD
color flows, which leads to different theoretical uncertainties. It can provide independent
and valuable inputs to the global determination of top-quark mass. Besides, significant
efforts have been made to improve the theoretical description of t-channel single top-quark
production. We note that QCD corrections in single top-quark productions are in general
much smaller than those in pair production. The next-to-leading order (NLO) QCD cor-
rections in the 5-flavor scheme (5FS) are calculated in refs. [32–47]. The NLO calculation
in the 4-flavor scheme (4FS) is carried out in ref. [48]. Full NLO corrections including top-
quark leptonic decay are studied within the on-shell top-quark approximation [39, 41, 43]
and beyond [44, 45, 49, 50]. Code for fast numerical evaluation at NLO is provided in
ref. [46]. The NLO electroweak corrections are also calculated [51]. Soft gluon resumma-
tion is considered in refs. [52–58]. Matching NLO calculations to parton shower is done
in the framework of POWHEG and MC@NLO [49, 59–61]. Next-to-next-to-leading order
(NNLO) QCD corrections with a stable top quark are calculated in ref. [62]. The study
here are based on the NNLO calculations including top-quark leptonic decay under narrow
width approximation (NWA) as developed in refs. [63–66] that provide a realistic parton-
level simulation at NNLO. Moreover, we have used the structure function approach [67–69],
where the t-channel production can be factorized into two charged-current deep-inelastic
scatterings with light quarks and heavy quarks respectively. Gluon exchanges between the
two quark lines contribute at NNLO. They are suppressed by QCD colors and neglected
in our study. Progresses on calculation of those corrections have been made in [70, 71].

However, we should point out several potential problems on determination of top-quark
mass via single top-quark production. It suffers from large backgrounds due to top-quark
pair production as well as production of W/Z boson with jets. A pure signal sample can
only be obtained in a signal-enriched fiducial volume as shown in the ATLAS and CMS
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measurements [27, 28]. That indicates the measurements are less inclusive and also have
relatively low statistics as compared to measurements in pair production. The former one
is less concerned as far as precise theory predictions can be provided which is the main
topic of this paper. The shortcoming on statistics can also be overcome thanks to the high
luminosity of LHC.

The rest of our paper is organized as follows. In section 2, we describe leptonic ob-
servables and the sensitivity to top-quark mass. In section 3, we present our nominal
predictions on leptonic distributions including their intrinsic and parametric uncertainties.
Section 4 provides results of alternative theory predictions including those from different
heavy quark schemes and from MC generators. In section 5 we address further questions
on both theory and experimental sides related to the measurement and in section 6 we
show our projected precision of measurements at (HL-)LHC. Finally our summary and
conclusions are presented in section 7.

2 Leptonic observables

We demonstrate dependence of leptonic variables on the top quark mass in single top-quark
production. We use on-shell renormalization scheme in perturbative calculations. Thus the
top-quark mass we refer to in the remaining sections is always the pole mass. Specifically
we focus on transverse momentum distributions of the charged lepton.

We start with a pedagogical discussion based on a calculation at Born level. Kinematic
distributions of the charged-lepton can be understood as below. For decay of an on-shell
top quark in its rest frame, the triple differential decay width can be expressed as [72]

dΓ
dxdyd cos θ = G2

Fm
5
t

32π3
|Vtb|2

(1− y/ȳ)2 + γ2x(xm − x)(1 + S cos θ), (2.1)

with
xm = 1− ε2, ε = mb/mt, ȳ = m2

W /m
2
t , γ = ΓW /mW , (2.2)

where mb, mt, mW and ΓW are masses of the bottom quark, top quark and W boson,
and the width of the W boson, respectively. GF and Vtb are the Fermi constant and the
Cabibbo-Kobayashi-Maskawa (CKM) matrix element. The three kinematic variables are
x = 2El/mt, y = M2

lν/m
2
t , and the cosine between directions of the charged lepton and the

spin axis of the top quark. S = 1(0) corresponds to top quark being fully (un)polarized.
The Dalitz variables x and y fulfill kinematic constraints

0 ≤ y ≤ (1− ε)2, ω− ≤ x ≤ ω+, (2.3)

with ω− = 1−p0−p3, ω+ = 1−p0+p3, and p0 = (1−y+ε2)/2, p3 =
√
p2

0 − ε2. Distribution
of transverse momentum of the charged lepton (pT,l) defined as with respect to axis z can
be derived from eq. (2.1). For simplicity we first assume a zero width of the W boson and
a massless bottom quark. For unpolarized top quark average transverse momentum of the
charged lepton can be calculated as

〈pT,l〉 ≡
∫
pT,ldΓ∫
dΓ = π

16
1 + 2ȳ + 3ȳ2

1 + 2ȳ mt. (2.4)
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It is straightforward to show that eq. (2.4) also holds for a polarized top quark with the spin
axis not necessarily coincident with the z axis. Substituting mass values of mt = 172.5GeV
and mW = 80.385GeV [73], we arrive at

〈pT,l〉 = 37.21
(

1 + 0.695 δmt

172.5 GeV

)
GeV, (2.5)

assuming a small shift of the top-quark mass of δmt. Thus a 1GeV shift of the top-quark
mass translates into a 0.4% change of the average transverse momentum. Effects of the
finite W boson width can be included by integrating fully in y instead of using narrow
width approximation. The average transverse momentum is increased by one permille for
a W boson width of 2.2GeV as compared to NWA,

〈pT,l〉 = 37.21
(

1 + 0.0009 ΓW
2.2 GeV

)
GeV. (2.6)

Effects due to the finite bottom quark mass are expected to be even smaller with the result
given by

〈pT,l〉 = 37.21
(

1− 0.0004 mb

4.5 GeV

)
GeV. (2.7)

At hadron colliders kinematics of the charged lepton can be measured in both the
single top-quark production and top-quark pair production in which the top quarks are
boosted in general. For a boost along the z axis it will not affect the transverse momentum
distributions of the decay products. Now considering the top quark travels perpendicularly
to the z axis with a velocity β, the average pT,l from the decay of an unpolarized top quark
is given by

〈pT,l〉 = 37.21 (1− 0.0015β + 0.257β2)√
1− β2 GeV, (2.8)

as derived from eq. (2.1) keeping up to O(β2) terms in the numerator. At the LHC 13TeV
the top quark in t-channel singly production has an average pT of about 40GeV, while the
average is about 120GeV in pair production. They correspond to roughly a velocity of top
quark of 0.2 and 0.6 respectively. From direct calculations of production with subsequent
leptonic decay of the top quark at leading order (LO), we obtain the following results for
LHC 13TeV,

〈pT,l〉t−ch = 38.38 GeV, 〈pT,l〉tt̄ = 56.37 GeV, (2.9)

which are in agreement with estimations using eq. (2.8) together with the corresponding
velocities at the LHC.

From above discussion we understood the precise distributions of the charged lepton
will depend on modeling of the top-quark kinematics and polarizations in the production.
They can be sensitive to QCD corrections in production and in decay of the top quark.
Besides, in experimental measurements various selection cuts are applied that can further
change distributions of the charged lepton.
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3 Theory predictions

In this section we present our main results on predictions of the leptonic observables. We
first identify the signal regions used for the LHC measurement and show the sensitivity of
the proposed observable to the top-quark mass. Then we present our theory predictions
based on a next-to-next-to-leading order calculation including decay of the top quark.
Discussions on scale variations and parametric uncertainties are also included.

3.1 Signal regions

In experimental measurements various kinematic cuts are applied due to finite coverage of
detectors, such as transverse momentums or rapidities of the reconstructed jets, electrons,
muons and photons. For the single top-quark production, additional cuts or selections are
required in order to suppress SM backgrounds from the top-quark pair production and
associated production of W/Z bosons and jets. We follow closely fiducial regions used in
the CMS analyses at 8 and 13TeV [28, 74].

We require one charged lepton in the final state with pT > 26GeV and |η| < 2.4, and
include only one family of leptons from decay of the top quark in results through the paper
unless otherwise specified. We use the anti-kT jet algorithm [75] with a distance parameter
of D = 0.4. Jets are required to have pT > 40GeV and |η| < 4.7. A clustered jet at
parton level is defined as b-tagged if it has a non-zero net bottom-quark number in the
constituents and further has |η| < 2.4. In addition a constant b-tagging efficiency of 50% has
been applied. Light jets are defined as jets that are not b-tagged. We consider two signal
regions for t-channel production, CMS-SA and CMS-SB. Both are required to have exactly
two jets in the final state with one being a b-tagged jet and the other being a light jet. We
require the transverse mass of the charged lepton and the missing transverse momentum
from neutrinos to be greater than 50GeV. In CMS-SB the light jet is required to stay in the
forward region, namely |y| > 2.5, which can further increase the signal to background ratio.

We demonstrate the sensitivity of the leptonic distributions to the top-quark mass
in figure 1 for LHC 13TeV. We show transverse momentum distributions of the charged
lepton in the two signal regions with a top-quark mass of 172.5GeV or shifted by 5GeV,
calculated at NLO in QCD. The lower inset shows ratios of the distributions with different
top-quark masses. Details of the calculation will be explained later. The increase of top-
quark mass leads to a harder pT spectrum in general. At very large pT , enhancements
of the distribution are cancelled out because of the increasing importance of top-quark
kinematics from production. Results of two signal regions show a very similar dependence
on the top-quark mass.

We prefer to use a single variable to extract the top-quark mass, rather than from a
template fit to the full leptonic distribution. We choose the variable as average pT of the
charged lepton. We can select different windows of the pT spectrum to be included. We plot
relative change of the average pT when varying the top-quark mass by 1GeV, as a function
of an upper limit placed on pT in figure 2. For both signal regions the sensitivity saturates
to a value of about 0.3% when the upper limit reaches above 100GeV. In latter sections we
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Figure 1. Transverse momentum distribution of the charged lepton within the two fiducial regions
at NLO in QCD for different choices of top-quark mass, calculated in the 5FS for LHC 13TeV.
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Figure 2. Induced change of the average transverse momentum of the charged lepton within the
two fiducial regions when varying the top-quark mass by 1GeV, as a function of an upper limit on
the transverse momentum, calculated at NLO in QCD in the 5FS for LHC 13TeV.

will present results for two representative values of the upper limit, 100GeV and 200GeV,
respectively. Inclusion of high pT region usually leads to larger theory uncertainties.

3.2 NNLO predictions

NNLO predictions for the t-channel single top-quark production in the 5-flavor scheme are
calculated using the phase-space slicing with the N -jettiness variable [76–79] together with
the method of “projection-to-Born” in ref. [80]. Details for the NNLO calculation in the 5FS
can be found in refs. [63, 64]. In the calculation, QCD corrections can be factored as from ei-
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〈pT,l〉 CMS-SA CMS-SB
[GeV] < 100GeV < 200GeV < 100GeV < 200GeV
LO 47.33+0.03

−0.03(47.33) 49.31+0.09
−0.08(49.31) 47.38+0.01

−0.02(47.38) 48.73+0.05
−0.04(48.73)

NLO 47.78+0.17
−0.14(48.06) 50.37+0.38

−0.30(50.67) 47.49+0.13
−0.09(47.84) 49.66+0.36

−0.27(50.02)
NNLO 47.65+0.09

−0.03(48.01) 50.10+0.09
−0.16(50.49) 47.35+0.14

−0.03(47.75) 49.25+0.17
−0.12(49.67)

Table 1. Average transverse momentum of the charged lepton within the two fiducial regions at
various orders in QCD in the 5FS for LHC 13TeV. Scale variations are evaluated by taking envelop
of results with 9 scale choices. Numbers in parenthesis correspond to predictions without including
QCD corrections in decay of top quark.

ther fermion line with heavy quarks or light quarks neglecting certain color suppressed con-
tributions [67–69]. We also include consistently the NNLO corrections in decay of the top
quark as originally calculated in [81] using narrow width approximation. We focus on pre-
dictions for the top-quark production at LHC 13TeV. Results for top anti-quark production
can be obtained through a CP transformation with substitutions of the parton distributions.

We use a PDF set of PDF4LHC15_nnlo_30 with αS(mZ) = 0.118 [82–87], and a
nominal value of the top-quark mass of 172.5GeV. The central scales of QCD renormal-
ization and factorization are set to half of the top-quark mass. A lower value of the QCD
scale in 5FS was suggested in ref. [88] which shows those quasi-collinear logarithms to be
resummed are accompanied by a universal suppression from phase space integration, as
also supported by numerical calculations in [66]. We evaluate scale uncertainty by varying
the two scales independently with a factor of two and taking the envelope of results with 9
scale choices. Effects due to finite width of the W boson, finite mass of the bottom quark in
top-quark decay, and finite width of the top quark, are included by adding their corrections
calculated at leading order. For example, the off-shell effects of top quark are modeled with
a Breit-Wigner shape at LO. The resulted average pT of the charged lepton differs with
that in the NWA by 0.03GeV, which are added into our final NNLO predictions calculated
with NWA. We will discuss off-shell effects beyond leading order in section 5.2.

We show transverse momentum distributions of the charged lepton in the two signal
regions in figure 3 at various orders in QCD together with scale uncertainties for LHC
13TeV. In the lower inset of each plot we show ratios of the predictions to a common
reference calculated at NNLO with nominal scale choice. The NNLO corrections lead to
a softer spectrum due to both soften of the top-quark pT and additional radiations in
top-quark decay [81]. Size of the NNLO corrections ranges from -5% to -35% for the
pT region shown. Moderate reduction of scale uncertainties are seen when including the
NNLO corrections. However, the scale variations at NLO underestimate the size of NNLO
corrections for the signal region CMS-SB especially in the high-pT tail.

We present detailed results on the average pT of the charged lepton in table 1 for the
two signal regions and with two choices of the upper limit on pT . Numbers in parenthesis
correspond to predictions when excluding QCD corrections in decay of the top quark,
i.e., only including corrections in production of the top quark. We find the leading order
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Figure 3. Transverse momentum distribution of the charged lepton within the two fiducial regions
at various orders in QCD in the 5FS for LHC 13TeV. Scale variations are evaluated by taking
envelop of results with 9 scale choices.

predictions show a rather small scale variation, which can be understood since the change
of scales at LO only impact the overall normalization and longitudinal boost of the system,
not the shape of the transverse momentum distribution. The LO predictions can not
describe well distributions of transverse momentum of the top quark, especially at high
pT , as explained in [66]. The NNLO corrections lead to a reduction of the average pT by
less than 0.2GeV if the upper limit of 100GeV is applied. The corrections are slightly
larger if instead the upper limit of 200GeV is used. The final NNLO predictions show scale
uncertainties at the level of 0.1GeV which are comparable to the change as induced by a
shift of the top-quark mass of 1GeV.

QCD corrections from top-quark decay are large comparing to our target precision of
the average pT . They reduce the average pT by about 0.3∼0.4GeV at NLO. The NNLO
corrections from top-quark decay further decrease the average pT by 0.1GeV in the case
of signal region CMS-SA. We recall that NNLO corrections due to top-quark decay consist
of two parts, one from pure two-loop corrections in top-quark decay and the other from
one-loop corrections in decay combined with one-loop corrections in production. Both of
the two pieces are important. Cancellation between them may occur depending on the
observables and kinematic region considered. We also show predictions on total fiducial
cross sections in table 2. The NNLO corrections reduce the cross sections by about 6% for
signal region CMS-SA, with predictions located at the lower boundary of the NLO scale
variations. The reduction is about 10% for the signal region CMS-SB.
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σfid. CMS-SA CMS-SB
[pb] < 100GeV < 200GeV < 100GeV < 200GeV
LO 1.55+0.16

−0.21(1.55) 1.59+0.17
−0.22(1.59) 0.724+0.06

−0.08(0.724) 0.739+0.06
−0.08(0.739)

NLO 1.17+0.03
−0.08(1.31) 1.22+0.03

−0.08(1.36) 0.545+0.02
−0.02(0.613) 0.562+0.02

−0.02(0.632)
NNLO 1.10+0.02

−0.02(1.24) 1.14+0.02
−0.02(1.29) 0.493+0.01

−0.01(0.563) 0.506+0.01
−0.01(0.579)

Table 2. Fiducial cross section at various orders in QCD in the 5FS for LHC 13TeV. Scale
variations are evaluated by taking the envelop of results with 9 scale choices. Numbers in parenthesis
correspond to predictions without including QCD corrections in decay of top quark.

3.3 Parametric uncertainties

We investigate dependence of our predictions on various inputs and the associated paramet-
ric uncertainties. That includes the parton distribution functions, QCD coupling constant,
and bottom quark mass. Uncertainties due to parton distribution functions are estimated
following the PDF4LHC recommendation [82] and using PDF4LHC15_nnlo_30 PDF set.
We calculate the dependence on QCD coupling constant by varying αS(mZ) by ±0.0015
from its nominal value of 0.118, and using PDFs of the same αS(mZ) values. We use
MMHT2014 PDF set [89] with different bottom-quark masses to calculate the changes
when varying the pole mass of bottom quark by 0.5GeV. The impact on average pT of the
charged lepton and on the total fiducial cross section are summarized in table 3. We also in-
clude corresponding numbers when varying the mass of top quark by 1GeV for comparison.

We find in all cases the parametric uncertainties on average pT are at the level of
0.01∼0.02GeV, and are small comparing to the dependence on the top-quark mass. On
another hand, the total fiducial cross sections show larger uncertainties. For example,
the PDF uncertainties are 2%∼4%, and the uncertainties due to bottom quark mass are
1%∼3% if taking error of bottom quark mass as 0.2GeV [89]. The total fiducial cross
sections are insensitive to the top-quark mass, unlike the average pT of the charged lepton.

4 Alternative theories

We present two alternative theory predictions concerning both the perturbative and non-
perturbative components in t-channel production of single top quark. Comparison with
our nominal predictions can lead a better understanding on the related theoretical uncer-
tainties.

4.1 Heavy-quark schemes

It is known that the t-channel production can also be calculated in a factorization scheme
with a fixed 4 light-quark flavors. The 5FS has the advantages of resumming large loga-
rithms of bottom-quark mass due to gluon splitting into bottom quarks from the initial
state. The 4FS maintains full bottom quark mass dependence through fixed order with
current predictions available only at NLO in QCD. We note that leading order calculations
in 4FS already contain ingredients appearing at next-to-leading order in 5FS.
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[GeV]/[pb] CMS-SA CMS-SB
< 100GeV < 200GeV < 100GeV < 200GeV

PDFs(68% C.L.)
δ〈pT,l〉 0.014 0.023 0.021 0.022
δσfid 0.040 0.041 0.020 0.021

αS(mZ)(0.0015)
δ〈pT,l〉 < 0.01 < 0.01 < 0.01 < 0.01
δσfid 0.017 0.018 0.005 0.005

mb(0.5GeV)
δ〈pT,l〉 < 0.01 < 0.01 < 0.01 < 0.01
δσfid 0.064 0.066 0.029 0.030

mt(1.0GeV)
δ〈pT,l〉 0.11 0.14 0.12 0.14
δσfid 0.0039 0.0035 0.0013 0.0011

Table 3. PDF uncertainties on the average transverse momentum of the charged lepton and on
the fiducial cross section within the two fiducial regions, followed by induced changes on the same
quantities when varying αS(mZ), mb, and mt by the amount in parenthesis.

Critical questions arise on the use and agreement of the two heavy-quark schemes in t-
channel single top-quark production, with efforts at understanding made in refs. [48, 88, 90].
In a recent study by one of the authors [66], we compare predictions at NNLO in 5FS to
those at NLO in 4FS without decaying of the top quark. We found the two schemes agree
within a few percent in general for the shape of kinematic distributions of the top quark,
and differ on the overall normalizations. We conclude that 5FS provides a better modeling
on t-channel production when both are evaluated at comparable perturbative orders. Here
we extend the comparison to include leptonic decay of the top quark, focusing on the
leptonic observables discussed.

We use MCFM [91, 92] program to calculate t-channel single top-quark production with
subsequent decays in the 4FS. The original calculation was detailed in ref. [48]. We use
CT14 NNLO PDFs [86] with 4 light-quark flavors through the comparison and a bottom-
quark mass of 4.75GeV. We set the nominal QCD renormalization scale and factorization
scale to half of the top-quark mass. Scale variations are evaluated with the 9-scales envelope
same as before.

We show 4FS predictions on transverse momentum distributions of the charged lepton
in figure 4 for the two fiducial regions, compared with the NNLO predictions in 5FS. In the
comparison the NLO predictions in 4FS include the NLO corrections in top-quark decay,
and the NNLO predictions in 5FS include further NNLO corrections in decay. We find the
LO and NLO predictions in 4FS show less differences as compared to the case of stable
top quark in ref. [66]. That is because of the jet veto condition applied, namely requiring
exactly two jets in the final state. For the same reason the NLO predictions in 4FS agree
well with NNLO ones in 5FS even for the overall normalizations. Shape differences of the
two predictions can be understood as due to both the harder pT spectrum of the top quark
from production in 4FS and the inclusion of NNLO corrections from decay in 5FS. The
scale variations are slightly larger in the high pT region for the 4FS predictions.
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Figure 4. Transverse momentum distribution of the charged lepton within the two fiducial regions
at various orders in QCD for LHC 13TeV, comparing 5FS with 4FS. Scale variations are evaluated
by taking the envelop of results with 9 scale choices.

〈pT,l〉 CMS-SA CMS-SB
[GeV] < 100GeV < 200GeV < 100GeV < 200GeV
LO(4FS) 48.45+0.02

−0.05(48.45) 51.65+0.12
−0.14(51.65) 48.22+0

−0.06(48.22) 50.79+0
−0.10(50.79)

NLO(4FS) 47.94+0.08
−0.18(48.11) 50.33+0.23

−0.49(50.55) 47.79+0.07
−0.20(47.89) 49.72+0.20

−0.44(49.83)
NNLO(5FS) 47.65+0.09

−0.03(48.01) 50.10+0.09
−0.16(50.49) 47.35+0.14

−0.03(47.75) 49.25+0.17
−0.12(49.67)

Table 4. Average transverse momentum of the charged lepton within the two fiducial regions at
various orders in QCD for LHC 13TeV, comparing 5FS with 4FS. Scale variations are evaluated by
taking the envelop of results with 9 scale choices. Numbers in parenthesis correspond to predictions
without including QCD corrections in decay of top quark.

More comparisons can be found in table 4 for the average pT of the charged lepton.
The numbers in parenthesis correspond to predictions without including QCD corrections
in decay of top quark. We find scale variations of LO predictions in 4FS are small and un-
derestimate the genuine NLO corrections especially when including high-pT regions, similar
to the case of LO predictions in 5FS. The difference on average pT between NLO predictions
in 4FS and NNLO predictions in 5FS is about 0.3GeV for the fiducial region CMS-SA and
0.4GeV for the fiducial region CMS-SB. Half of the difference can be attributed to the dif-
ferent treatment on corrections in decay of the top quark. Scale variations are slightly larger
for average pT from NLO predictions in 4FS. Predictions of the two schemes overlap in
general once considering both scale variations. Similar results for the total fiducial cross sec-
tions are shown in table 5 where even better agreement are seen between the two schemes.
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σfid. CMS-SA CMS-SB
[pb] < 100GeV < 200GeV < 100GeV < 200GeV
LO(4FS) 1.08+0.16

−0.12(1.08) 1.13+0.16
−0.13(1.13) 0.464+0.07

−0.06(0.464) 0.480+0.08
−0.06(0.480)

NLO(4FS) 1.12+0.02
−0.02(1.18) 1.16+0.02

−0.02(1.22) 0.503+0.01
−0.01(0.528) 0.517+0.01

−0.01(0.543)
NNLO(5FS) 1.10+0.02

−0.02(1.24) 1.14+0.02
−0.02(1.29) 0.493+0.01

−0.01(0.563) 0.506+0.01
−0.01(0.579)

Table 5. Fiducial cross section at various orders in QCD for LHC 13TeV, comparing 4FS with
5FS. Scale variations are evaluated by taking the envelop of results with 9 scale choices. Numbers
in parenthesis correspond to predictions without including QCD corrections in decay of top quark.

4.2 Parton shower and hadronization

We compare our parton-level results with those from various Monte Carlo generators both
in 5-flavor number scheme. We calculate the fiducial cross sections and distributions at
NLO in QCD matched with parton shower using MG5_aMC@NLO program [93]. We
generate matched events with stable top quarks that are further decayed with MadSpin [94].
Events are then passed to various generators for parton shower and hadronization, including
PYTHIA6 [95], PYTHIA8 [96], and HERWIG7 [97]. Finally the events are analysed with
MadAnalysis5 [98] and FastJet [99]. We use same input parameters as in previous fixed-
order calculations for PDFs, QCD scales and selection cuts. We have checked the total
inclusive cross sections agree at NLO in the two calculations. In MC simulations one
difference with respect to fixed-order calculation is on definition of b-tagged jet for which
we use the default method implemented in MadAnalysis5. Be specific, for each event after
jet clustering, one searches for intermediate b quarks in the MC record. The clustered jets
are considered as a b-tagged jet if it can be associated with a MC b quark inside the jet
cone. Similarly a b-tagging efficiency of 50% is applied on the b-tagged jet.

We show MC predictions on transverse momentum distributions of the charged lepton
in figure 5 for the two fiducial regions, comparing with the NNLO predictions calculated
earlier. We find HERWIG7 provides different predictions comparing with PYTHIA6 and
PYTHIA8 while the latter two show very good agreement. That can be due to different
shower algorithms or possibly the way of different shower programs handling decayed reso-
nance, for example as studied in refs. [49, 100]. We can also compare MC predictions with
the NNLO predictions. It is interesting that the two show very good agreement on shape
of the distribution though the normalization is higher by about 10% for PYTHIA6 and
PYTHIA8. Such agreement is non-trivial since the matrix elements used in MC predic-
tions do not include NLO corrections in top-quark decay which have large impact on the
pT distribution as shown in table 1. Parton shower resummation takes into account part
of the missing NLO and NNLO corrections and brings the MC predictions closer to the
NNLO fixed-order predictions.

Comparison on the average pT of the charged lepton are summarized in table 6 along
with the fiducial cross section shown in table 7. In both tables we also include NLO fixed-
order predictions with and without corrections in decay of the top quark. As a cross check
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Figure 5. Transverse momentum distribution of the charged lepton within the two fiducial regions,
comparing predictions at fixed-order and those from various event generators in the 5FS for LHC
13TeV.

we show the NLO predictions calculated in 5FS with MCFM and NWA, which agree well
with our results. The small differences are due to off-shell effects at LO included in our re-
sults as mentioned earlier. For MC predictions, numbers in parenthesis correspond to turn-
ing hadronizaiton off in the generators. The hadronization corrections are small for all gen-
erators considered, within the statistical uncertainties which are about 0.03GeV for the av-
erage pT . Hadronization reduces the fiducial cross section by a few percents for HERWIG7.
From table 7 we find normalizations of MC predictions generally lie between NLO predic-
tions with and without corrections in top-quark decay. On the other hand, for the average
pT , MC predictions are closer to the NNLO predictions. The MC predictions on the average
pT from different parton showers show a spread of 0.2 ∼ 0.4GeV due to different approxi-
mations used for higher-order QCD corrections. That is not surprising since the NLO QCD
corrections from top quark decay alone can induce a shift of similar size. We note that there
exist MC generators including full NLO QCD corrections [49, 51] which will be discussed in
the following section. In the future once a calculation at NNLOmatched with parton shower
becomes available we expect the dependence on parton showers can be largely reduced.

5 Discussions

In this section we further discuss several theory and experimental subjects which are rel-
evant for extraction of the top-quark mass. That includes impact of various experimental
selections, for example, contributions from leptonic decay of τ lepton in top-quark decay,
isolation of lepton from jets, and b-tagging efficiency. Theory topics include contributions
of non-resonant diagrams, non-factorized corrections, and electroweak corrections. In ad-
dition, we estimate various standard model backgrounds and propose a possible solution
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〈pT,l〉 CMS-SA CMS-SB
[GeV] < 100GeV < 200GeV < 100GeV < 200GeV
PYTHIA8 47.66(47.69) 50.05(50.06) 47.43(47.47) 49.25(49.30)
PYTHIA6 47.54(47.51) 50.01(49.97) 47.23(47.24) 49.15(49.18)
HERWIG7 47.40(47.38) 49.77(49.66) 47.09(47.14) 48.90(48.89)
NNLO 47.65 50.10 47.35 49.25
NLO(w/o decay) 47.78(48.06) 50.37(50.67) 47.49(47.84) 49.66(50.02)
MCFM(w/o decay) 47.81(48.08) 50.40(50.70) 47.52(47.87) 49.69(50.04)

Table 6. Average transverse momentum of the charged lepton within the two fiducial regions,
comparing predictions at fixed-order and those from various event generators in the 5FS for LHC
13TeV. Numbers in parenthesis correspond to MC predictions without including hadronization or
fixed-order predictions without including QCD corrections in decay of top quark.

σfid. CMS-SA CMS-SB
[pb] < 100GeV < 200GeV < 100GeV < 200GeV
PYTHIA8 1.23(1.24) 1.27(1.28) 0.565(0.570) 0.580(0.580)
PYTHIA6 1.24(1.25) 1.29(1.29) 0.555(0.559) 0.570(0.573)
HERWIG7 1.14(1.17) 1.17(1.21) 0.510(0.524) 0.535(0.548)
NNLO 1.10 1.14 0.493 0.506
NLO(w/o decay) 1.17(1.31) 1.22(1.36) 0.545(0.613) 0.562(0.632)

Table 7. Fiducial cross sections within the two fiducial regions, comparing predictions at fixed-
order and those from various event generators in the 5FS for LHC 13TeV. Numbers in parenthesis
correspond to MC predictions without including hadronization or fixed-order predictions without
including QCD corrections in decay of top quark.

on reducing their impact. Results shown here are calculated with MG5 at leading order
matched with parton shower and hadronization via PYTHIA6 unless otherwise specified.

5.1 Signal selection and corrections

We start with contributions from leptonic decay of τ lepton. They can be counted as either
part of the signals or a background to be subtracted. The inclusive cross sections from τ

decay are suppressed by a branching ratio of 17%. In the fiducial regions selected, the τ con-
tributions are further suppressed due to the pT threshold of charged lepton as well as the cut
on transverse mass, since more neutrinos are presented in final state. For the same reason
it has a softer spectrum for the charged lepton comparing to those from direct production.
As shown in table 8, the τ contributions amount to about 2% of the direct contributions
for the fiducial cross sections, and reduce the average pT of charged lepton by 0.1GeV.

In previous calculations we have not applied any isolation cuts on the charged lepton
from jets, which are usually imposed in experimental analyses. We repeat our NLO cal-

– 14 –



J
H
E
P
0
4
(
2
0
2
1
)
0
5
4

[GeV]/[pb] CMS-SA CMS-SB
< 100GeV < 200GeV < 100GeV < 200GeV

τ decay
δ〈pT,l〉 -0.13 -0.15 -0.13 -0.15
δσfid 0.026 0.026 0.012 0.012

lepton isolation
δ〈pT,l〉 0.10 0.10 0.05 0.06
δσfid -0.017 -0.017 -0.003 -0.003

b-tagging (40%) δ〈pT,l〉 0.08 0.13 0.005 0.007

non-resonant
δ〈pT,l〉 0.15 0.26 0.02 0.06
δσfid -0.018 -0.018 0.008 0.008

Table 8. Changes of the average transverse momentum of the charged lepton and of the fiducial
cross section within the two fiducial regions, when including contributions from τ decay, applying
lepton isolation, varying b-tagging efficiency, and including non-resonant contributions.

culations by further requiring ∆Rlj(b) > 0.4. The changes on fiducial cross section and
average pT are summarized in table 8. The isolation cut has less impact when requiring
the light jet in forward region, i.e., for the signal region CMS-SB, since then the charged
lepton is unlikely to be close to the light jet. We also vary the b-tagging efficiency from our
nominal choice of 50% to 40%. That leads to an overall rescaling of the cross section and
distributions except if there exist more than one true b-jets in the final state, which is the
case for beyond leading order. By repeating our NLO calculations we found the changes
on average pT is negligible for the signal region CMS-SB since it is unlikely the light jet is
due to mistagging of true b-jet. In reality nonuniformity of b-tagging efficiency may lead
to further changes of the average pT due to correlations between kinematics of the b quark
and of the charged lepton.

Next we move to various theory aspects starting with non-resonant contributions,
namely production of W+bj via electroweak interactions without a top-quark resonance.
Those non-resonant diagrams can interfere with the resonant diagrams and induce non-
negligible contributions as shown in table 8. The effects are much smaller in the fiducial
region CMS-SB due to non-forward nature of the light jet in non-resonant production. We
should mention that there are also non-resonant diagrams of W+bj production from QCD
interactions. They do not interfere with the others at LO and we leave them to the W+JJ

category that will be discussed later in the background section.

5.2 Non-factorized and EW corrections

The NNLO predictions presented are based on a calculation using NWA and structure
function approach. There exist missing QCD corrections due to non-factorized diagrams
starting at NLO, e.g., with a gluon connecting bottom quarks in production and in decay
of the top quark. Those non-factorized corrections have been studied in details in [45, 50].
They are formally of the size αSΓt/mt, namely suppressed by the width of the top quark,
but can be enhanced in certain kinematic region. We follow the strategy in ref. [51] on
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Figure 6. Transverse momentum distribution of the charged lepton within the two fiducial regions,
comparing predictions at fixed-order and those from event generators tj and Wbj (see text for
details) in the 5FS for LHC 13TeV.

identifying the corrections. We calculate the full NLO predictions for the production of final
stateW+bj and then subtract the contributions due to s-channel single top production and
associated production of tW . All contributions are calculated using MG5_aMC@NLO with
parton shower and hadronization applied from PYTHIA6, instead of calculated at fixed
order.

The resulting transverse momentum distributions of the charged lepton are presented
in figure 6, comparing with fixed-order results and MC result with PYTHIA6 shown in early
sections. The two MC predictions are denoted as tj and W+bj respectively. In comparison
the latter includes exact NLO corrections in decay of the top quark and further the non-
factorized corrections just mentioned. For transverse momentum below 100GeV we find
the W+bj predictions locate well in between previous NLO and NNLO fixed-order predic-
tions. We find a trend of large enhancement of the distribution at beyond 100GeV in W+bj

predictions though accompanied with significant MC statistical errors. In ref. [51] it also
shows the NLO electroweak corrections can induce a significant change on shapes of various
distributions. For comparison to experimental data, a recalculation of the full NLO QCD
and EW corrections focusing on transverse momentum of the charged lepton will be desir-
able. That can be done following various techniques outlined in ref. [51] and with a careful
separation of backgrounds that are already accounted for in the experimental analyses.

Finally there are also non-factorized NNLO QCD corrections in production stage which
are beyond the structure function approach, for example, from the double-box diagrams and
also interferences of t-channel and s-channel at NNLO. It is not clear how they may change
shape of various distributions. Giving the fact that they are suppressed by QCD colors
and also considering the size of the known NNLO corrections in production, we estimate
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their impact to the average pT to be within the scale variations considered. Similar non-
factorized corrections also exist in production of the Higgs boson and are estimated using
eikonal approximation [101, 102].

5.3 Backgrounds

The SM backgrounds mainly consist of top-quark pair production, single top-quark pro-
duction in s-channel and in associated with a W boson, QCD production of WJJ , and
diboson production. For QCD production of WJJ , the jet J can arise from not only a
bottom quark, but also a charm quark, even a gluon or a light quark. In the latter it mim-
ics the signal due to mistagging which we choose a rate of 3% for charm quark and 0.1%
for gluon and light quarks [74]. We summarize the fiducial cross sections of various back-
grounds and the average transverse momentum in table 9. For comparison we also show
backgrounds for top anti-quark production, and include numbers for signal process as well
which are calculated at NNLO. The average momentums are calculated from spectrums of
individual signals and backgrounds in the fiducial regions. They are close in size for signal
and backgrounds due to the same kinematic selections used, for instance, a threshold of
26GeV on pT of the charged lepton. In table 9 we do not repeat the row if the background
contributes equally to top quark and anti-quark processes.

In general the top-quark pair production is dominant among all backgrounds due to
the large cross section, though it requires the additional charged lepton or jets lie outside
the acceptance region. We veto any event with more than one charged lepton with pT >

10GeV. The primary charged lepton has larger transverse momentum in pair production
due to the relatively large pT of the top-quark. Large contributions are also seen for QCD
production of WJJ which has a harder pT spectrum for the charged lepton. The tW
associated production can contribute at a level of tens percents of the signal cross sections.
We note for signal of top-quark production, both tW− and t̄W+ production can contribute
as backgrounds. In the latter case the primary charged lepton comes directly from W+

decay leading to a harder pT spectrum. Backgrounds due to s-channel production or
diboson production are small. A typical feature can be seen from table 9 is that in signal
region CMS-SB where the light jet is required to be forward, almost all backgrounds are
suppressed by a factor of ten at least. The signal from t-channel production are less affected
due to the forward nature of the light jet.

From table 9 we find even in the region CMS-SB, the rate of tt̄ background can still
reach the same level as the signal processes. That can easily spoil the precision on mea-
surement of the average pT for the signal processes due to uncertainties on modeling of the
tt̄ background. Further more, any backgrounds from top-quark production depend on the
top-quark mass as well, which will complicate the extraction of the top-quark mass. One
important observation is that both the tt̄ and tW backgrounds contribute almost equally to
signal processes of charged lepton with positive and negative charges. The charge asymme-
try first enters at NLO for tt̄ production and is small at the LHC. In case of tW production
the asymmetry vanishes even at NLO. Thus one possibility is to measure the difference of
lepton pT spectrums for positive and negative charges. Dependence and associated uncer-
tainties on modeling of the tt̄ and tW backgrounds are minimized, though their statistical
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[GeV]/[pb] CMS-SA CMS-SB
< 100GeV < 200GeV < 100GeV < 200GeV

tt̄
〈pT,l〉 52.2 59.8 51.9 59.1
σfid 4.42 4.93 0.40 0.44

tW−(t̄W+)
〈pT,l〉 52.2 61.8 52.5 61.1
σfid 0.33 0.38 0.019 0.021

s-channel t
〈pT,l〉 47.6 50.6 47.2 49.4
σfid 0.044 0.046 0.007 0.007

s-channel t̄
〈pT,l〉 47.7 50.3 47.4 49.1
σfid 0.030 0.031 0.004 0.004

QCD W+JJ
〈pT,l〉 50.5 59.2 51.0 58.8
σfid 1.29 1.45 0.157 0.174

QCD W−JJ
〈pT,l〉 52.5 64.2 52.9 62.8
σfid 0.99 1.15 0.107 0.117

W+Z
〈pT,l〉 53.0 65.1 55.2 68.5
σfid 0.005 0.006 0.0008 0.0009

W−Z
〈pT,l〉 52.7 63.5 51.8 60.2
σfid 0.004 0.004 0.0005 0.0006

t-channel t
〈pT,l〉 47.65 50.10 47.35 49.25
σfid 1.10 1.14 0.493 0.506

t-channel t̄
〈pT,l〉 47.85 50.17 47.70 49.54
σfid 0.674 0.696 0.250 0.257

Table 9. Average transverse momentum of the charged lepton and fiducial cross section within
the two fiducial regions, for various background processes to t-channel top quark and anti-quark
production. The top-quark pair production or top-quark associated production with W boson
contribute equally to the two charge conjugate final states.

fluctuations remain. Sensitivity of the signal processes to top-quark mass and the theoreti-
cal uncertainties are almost unchanged when taking differences of spectrums with opposite
charges. That is because the differences of t-channel single top quark and anti-quark pro-
duction are mostly driven by different parton distributions at the light-quark line. At the
end, the uncertainties due to modeling of QCD WJJ background will be dominant. How-
ever, as mentioned earlier, a large fraction of WJJ background arise from production of
charm quark, gluon or light quarks which are misidentified as b-jets. One can further reduce
their impact by either imposing a tighter b-tagging criteria or using data-driven methods.
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6 Projection for (HL-)LHC

We provide an estimation on precision of the top-quark mass measurement can be achieved
in the coming run of LHC and HL-LHC. As explained earlier, the observable used is the
average transverse momentum of the charged lepton in the charge-weighted distribution,

〈pT 〉obs ≡
∫
pT,l[dσl

+ − dσl− ]
σl+ − σl−

=
∫
pT,l[dσl

+
S − dσl

−
S + dσl

+
B − dσl

−
B ]

σl
+
S − σl

−
S + σl

+
B − σl

−
B

= 〈pT 〉S + r

1 + r
[〈pT 〉B − 〈pT 〉S ] , (6.1)

where in the second line we have rewritten the average pT in terms of signal and back-
ground contributions. 〈pT 〉S(B) are the average pT of the charged lepton in the spectrum
of signal(background) alone,

〈pT 〉S(B) ≡
∫
pT,l[dσl

+

S(B) − dσ
l−

S(B)]
σl

+
S(B) − σ

l−
S(B)

, (6.2)

and r is the background to signal ratio,

r ≡ σl
+
B − σl

−
B

σl
+
S − σl

−
S

. (6.3)

We neglect backgrounds other than from top-quark pair production and QCD production
of WJJ , which are small according to table 9. From eq. (6.1) we can extract the average
transverse momentum of the signal 〈pT 〉S using the measurement on 〈pT 〉obs and inputs of
r and 〈pT 〉B. From our theory calculation we can arrive at a linear model on dependence
of the average pT on the top-quark mass,

〈pT 〉S = pT,0 + λ

[
mt

GeV − 172.5
]
, (6.4)

where pT,0 is the average pT of signal for a top-quark mass of 172.5GeV. pT,0 and λ can
be derived from NNLO predictions shown in tables 1–3 together with the counterparts for
top anti-quark production. By combining eqs. (6.1) and (6.4) we can extract the top-quark
mass.

In the following we focus on the signal region CMS-SB with pT,l < 100 GeV. It benefits
from both lower backgrounds and smaller theoretical uncertainties. We estimate several
contributions to the final uncertainty of measured top-quark mass. The statistical uncer-
tainty on 〈pT 〉obs due to fluctuations of both signal and backgrounds, including tt̄ contribu-
tions, are computed with pseudo experiment assuming an integrated luminosity of 300 and
3000 fb−1 respectively and assuming top-quark decays into two families of leptons. Theo-
retical uncertainties on pT,0 are estimated with scale variations of the NNLO predictions
shown in table 1. In figure 7 we plot results on determination of the top-quark mass with a
hypothetical value of 172.5GeV. The horizontal bands indicate the statistical uncertainties
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Figure 7. Predictions on the average transverse momentum of the charged lepton in the signal
process as a function of the top-quark mass (band along diagonal direction) and the projected
measurement on the same quantity with only statistical errors (horizontal bands). Extracted top-
quark mass with various uncertainties are indicated by vertical lines.
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Figure 8. Predictions on the average transverse momentum of the charged lepton of the signal
process as a function of the top-quark mass (band along diagonal direction) and the projected mea-
surement on the same quantity with only systematic errors from background modeling (horizontal
bands). Extracted top-quark mass with various uncertainties are indicated by vertical lines.
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as propagated into 〈pT 〉S . The diagonal band represents the theory prediction of 〈pT 〉S as
a function of the top-quark mass including scale variations. The projected uncertainties on
the extracted top-quark mass are computed assuming linear error propagation, and are rep-
resented by vertical lines. For example, the statistical uncertainty is about ±0.3(0.1)GeV
with an integrated luminosity of 300(3000) fb−1. The theoretical uncertainty amounts to
+0.3 and −1.2GeV.

Further uncertainties are related to modeling of the backgrounds. We only need to
consider theWJJ background in this case since the systematic uncertainty for tt̄ production
cancels in the charge weighted pT distribution. A precise study on QCD WJJ background
is beyond the scope of current paper, and can be carried out with dedicated MC simulations.
We simply assign empirical numbers on systematic uncertainties of 〈pT 〉B and r fromWJJ

background. On one hand we assume they are 0.5GeV and 10% respectively, and reduced
by a factor of two in the optimistic case. The results are shown in figure 8 with the
horizontal bands representing uncertainty of 〈pT 〉S as propagated from systematic errors of
backgrounds. The uncertainty on measured top-quark mass is 0.8 and 0.4GeV for the two
scenarios respectively as shown by vertical lines in figure 8, comparing to the theoretical
uncertainty shown earlier. Thus we expect the full error budget of the extracted top-
quark mass consists of a theoretical uncertainty of about 1GeV from signal modeling,
a systematic uncertainty of 0.4GeV due to background modeling, and a much smaller
statistical uncertainty.

7 Summary

In summary we have studied the determination of the top-quark mass using leptonic ob-
servables in t-channel single top-quark production at the LHC. Extraction of the top-quark
mass from single top-quark production benefits from the fact that systematic uncertain-
ties are partially uncorrelated to those in top-quark pair production on both experimental
and theory sides. We demonstrate sensitivity of the average transverse momentum of the
charged lepton to the top-quark mass. Leptonic observables are generally believed to be
less affected by various non-perturbative QCD effects and the jet energy scale uncertain-
ties. We identify an appropriate signal region for such a measurement at the LHC with
enhanced signal to background ratio as well as stable theory predictions.

We present our NNLO QCD predictions under narrow width approximation using
structure function approach. We show that QCD corrections in top-quark decay play im-
portant role for such leptonic observables. We find a good convergence on predictions of
the average transverse momentum of the charged lepton with scale uncertainties well under
control. By comparing our fixed-order predictions to predictions from MC generators we
find the parton shower resummation can capture part of the NLO and NNLO corrections,
and the hadronization effects are in general small for leptonic observables. Besides, we
point out several corrections that need to be included when comparing our NNLO predic-
tions with data, including non-resonant corrections, non-factorized QCD corrections, EW
corrections, and so on.
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Moreover, we estimate various SM backgrounds to the signals considered. We propose
to use the charge weighted distribution in the measurement, i.e., difference between dis-
tributions of charged lepton with positive and negative electric charges. That can reduce
uncertainties due to modeling of SM backgrounds which contribute equally to final states
with different charges, for example, backgrounds from QCD jets production, top-quark pair
production, and top-quark associated production with a W boson. We construct a simple
model on dependence of the observed average transverse momentum of the charged lepton
to the top quark mass, and present projections for future (HL-)LHC measurement on top
quark mass. The statistical uncertainties and theoretical uncertainties due to hadroniza-
tion corrections are found to be small. Scale variations in our signal modeling transfer
into an uncertainty of about 1GeV on the extracted top-quark mass. However, the scale
variations should be considered as an optimistic estimation on the uncertainty due to the
missing higher-order corrections. Future works on the unknown non-factorized corrections
as well as on matching NNLO calculations with parton showers can provide a better under-
standing of the perturbative uncertainties. Lastly theoretical uncertainty due to modeling
of remaining SM backgrounds is estimated to be 0.4∼0.8GeV.
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