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ABSTRACT: Double Field Theory (DFT) is an attempt to make the O(d,d) T-duality
symmetry of string theory manifest, already before reducing on a d-torus. It is known that
supergravity can be formulated in an O(D, D) covariant way, and remarkably this remains
true to the first order in o/. We set up a systematic way to analyze O(D, D) invariants,
working order by order in fields, which we carry out up to order /. At order o/ we recover
the known Riemann squared invariant, while at order a’? we find no independent invariant.

3 we show

This is compatible with the o’ expansion in string theory. However, at order o’
that there is again no O(D, D) invariant, in contradiction to the fact that all string theories
have quartic Riemann terms with coefficient proportional to {(3). We conclude that DFT

and similar frameworks cannot capture the full o/ expansion in string theory.
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1 Introduction

When we compactify string theory on a d-torus, 7¢, T-duality leads to an O(d, d) symmetry
group (for superstrings the group is larger but contains O(d, d)). While the exact symmetry
is O(d, d; Z), the massless sector of the theory displays a global O(d, d; R) symmetry [1, 2].
Double Field Theory (DFT) [3-5] is an attempt to make this duality symmetry manifest
already before compactification.! To achieve this one doubles the dimension, replacing
" — XM = (i, 2™), where the doubled coordinates X are rotated by O(D, D)
(D = 10 for superstrings and D = 26 for the bosonic string). The equivalence to the
original D-dimensional description is ensured by imposing an O(D, D) invariant section
condition which effectively eliminates half of the coordinates. Here we will work in a setting
where the section condition is solved in the standard way. Namely we take X™ = (0, 2™)
and correspondingly dyr = (0, Oy,). This is equivalent to working in generalized geometry
where the tangent and cotangent bundle of the manifold are unified [12, 13]. In particular
the structure group will consist of two copies of the Lorentz group SO(D — 1,1).

DFT leads to a reformulation of supergravity, which is very useful for certain types of
questions. However, it is not so clear whether this formalism can work when o'-corrections
are included (unless one restricts to the compactified situation). One reason to expect
that it would be difficult to describe higher derivative corrections is the absence of an

!See also [6-8] for earlier work. Nice reviews include [9-11].



O(D, D) covariant Riemann tensor [14]. Conversely, if it worked to higher orders in o' the
large O(D, D) symmetry could prove very powerful in restricting the form of o’-corrections
and organizing them. Indeed, in a remarkable paper [15] Marqués and Nufez showed
that the O(D, D) covariant formulation can capture the first order o/-correction to the
bosonic and heterotic string.? The corrections come about through a Green-Schwarz like
modification of the double Lorentz transformations. This correction in fact induces a whole
tower of a/-corrections, by requiring the closure of the corrected transformations, and the
resulting terms have the right form to be able to account also for the a/2-corrections to the
bosonic and heterotic string [21, 22].3 Recently these results have been used to find the
order o correction to generalizations of T-duality known as non-abelian and Poisson-Lie
T-duality [24-26] and closely related integrable deformations of the string sigma model [27]
(see also [28, 29]).

Given the success in describing the first o/-corrections to the bosonic and heterotic
string in an O(D, D) covariant way, it is natural to ask whether it can work to even higher
orders in o/. This is the question we will address here. Unfortunately, though perhaps not
too surprisingly, the answer appears to be no.

To attack this problem we set up a systematic procedure for constructing O(D, D) in-
variants in the frame-like formulation of DFT. In this formulation O(D, D) (and generalized
diffeomorphism) invariance is manifest and the non-trivial problem is to construct higher-
derivative terms which are invariant under (corrected) double Lorentz transformations.
The key idea is to work order by order in fields, which simplifies the required calculations a
lot. The simplest invariant to construct is the two-derivative action itself. At the next or-
der in o we have an invariant which starts as the Riemann tensor squared. We show that
constructing this invariant, we find precisely the o’-correction to the O(D, D) invariant
Lagrangian found in [15]. Our procedure also uniquely fixes the required correction to the
double Lorentz transformations, which was taken as input in [15]. This demonstrates the
(expected) uniqueness of the R? correction (up to the free parameter interpolating between
the heterotic and bosonic case). We then look for invariants involving higher powers of the
Riemann tensor, namely R? and R*. We show that there is no R? invariant. Such terms
are known to appear in the bosonic string effective action at order /2 [23], but our findings
are consistent with this since such terms will be generated as part of the R? invariant by
requiring the corrected Lorentz transformations to close to higher orders in o/ [22].

Finally we come to the most interesting case of the R* invariant at order o/ (four
loops in o-model perturbation theory). This is the first correction in the case of the type
IT string and takes the following form [30-32]

/3 1
SB) — m/dlox —Ge™2® thtg + 4sgsg> R*+ H-terms} , (1.1)

*Previous works on «a’-corrections in DFT include [16-20].

3More precisely, the R*-terms depend on two parameters, a and b, where b = 0 (or a = 0) gives the
heterotic R2-terms and a = b gives the bosonic ones. The induced a'?>-terms have coefficients a?, b* and
ab and if the ab-terms contain R® while the a? and b? ones don’t, this would match the form of these
corrections in the bosonic and heterotic case [23]. A detailed check of this remains to be done.



where tgtgR* denotes

eeag 1 b1 b
tgl agtB1 8Rala2b1b2Ra3a4bsb4Ra5aﬁb5b6Ra7asb7b8 (1'2)
and similarly for egegR*. As customary we have defined eg so that

ai--ag _bi---bg ay---aged

1

: ehits,, (13)

and tg is defined by
tabedefgn M MSAMET MY™ = 8 tr(My My Mz My)—2 tr(My My) tr(Ms My)+cyclic(234) (1.4)

for anti-symmetric matrices Mj 23 4. The same terms also occur (along with other terms)
for the heterotic string [33, 34] and the bosonic string [35]. The fact that, unlike the lower
corrections, it is proportional to the transcendental number ((3) means that it cannot be
part of the lower invariants and must be independent. Interestingly we find that O(D, D)
invariance fixes precisely the correct tgtg-structure of the quartic Riemann terms, at the
leading order in fields. However, when we analyze the conditions further, we find that it is
not possible to complete this invariant at the fifth order in fields preserving global O(D, D)
and local Lorentz symmetry. Therefore, imposing O(D, D) symmetry before compactifica-
tion, as is typically done in DFT, is not consistent with the string o’-expansion at order

o3,

Let us emphasize that our results do not imply that there is any problem with the
duality symmetry in the compactified theory. Indeed, restricting to backgrounds with d
commuting isometries, it should be possible to express everything in an O(d,d) covariant
way, as was done at order o/ in [36] (see also [37, 38]). Indeed, this could be very useful to
fix the form of higher o'-corrections, for example T-duality on a circle has been recently
argued to fix the form of the string effective action uniquely to order o’ [39, 40].

The outline of the rest of the paper is as follows. After introducing what we need
from the flux formulation of DFT in section 2 we analyze the problem of constructing
O(D, D) invariants at the leading order in the number of fields in section 3. We then go
to the subleading order and, after showing how the two-derivative action is recovered, we
formulate necessary conditions for the higher leading invariants to extend to the subleading
order in fields. In section 5 we analyze the R? invariant and show that we recover the first
o/ correction of [15] including the required correction to the Lorentz transformations. Next
we show that there is no (independent) R? invariant, while in section 7 we analyze the case
of R* and show that while consistency requires it to take the expected form involving the
tensor tg further analysis reveals an obstruction to completing it with terms of fifth order
in fields. We end with some conclusions.

2 Elements of the O(D, D) covariant formulation

Here we will introduce the elements of the O(D, D) covariant formulation of DFT, which
we will need. We will use the frame-like formulation of DFT [3, 41, 42], where the structure
group consists of two copies of the Lorentz group. More specifically we use the so-called
flux formulation of [15, 43]. Throughout we assume that the section condition

YoMz =0 (2.1)



for any Y, Z, is solved in the standard way, taking dys = (0, 9,,), so that we are really just
working with a rewriting of (super)gravity? as in generalized geometry.
The basic building block is the generalized (inverse) vielbein parametrized as

1 [ePa,  _clFHanp — o(+)am
ﬁ _61(1_) - eg—)anm e((l_)m

It transforms under O(D, D) as E M(X) — EAN(XR)RyM, with RyM a constant
O(D, D) matrix, and under double Lorentz transformations as EaM — A4BEM with

A non-constant and block-diagonal A = (A(H) A(5)). The two sets of vielbeins e*) for
the metric Gy, transform independently as A& e®) under the two Lorentz-group factors.

EM = (2.2)

To go to the standard supergravity picture one fixes the gauge e(*) = (=) = ¢, leaving
only one copy of the Lorentz-group. The dilaton ® is encoded in the generalized dilaton d
defined as

e 2 =22/ @ (2.3)

There are two constant metrics, the O(D, D) metric n48 and the generalized metric HAE,

which take the form
70 h 0
P =nap = <?7 ) . HAP = <n ) : (2.4)

0 —7 07
where ) = (—1,1,...,1) is the D-dimensional Minkowski metric. From these we build the
projection operators
1
PAB = 2 (AP £ HAP) (2.5)
2
The flat tangent space indices A, B, ... are raised(lowered) with n4®(n4p), while the gen-
eralized vielbein is used to convert between these indices and coordinate indices M, N, .. ..
We define the derivative with a flat index as
oa=FEAMoy, 0 =1(0,0,). (2.6)

The diffeomorphism and B-field gauge transformation invariant information in the
generalized vielbein is contained in the generalized fluxes defined as

Fapc = 38[AEBMEC}M , Fp= aBEBMEAM +20ad. (2.7)

They are manifestly O(D, D) invariant and they are the basic building blocks from which to
construct an O(D, D) invariant action. The generalized fluxes satisfy the following Bianchi
identities

40 4Fpep) = 3Fap"Fopip,  20aFp = —(0° — FO)Fapc . (2.8)

4The formalism we are using can describe the bosonic low-energy string effective action or (the bosonic
sector of) the heterotic string effective action with the gauge fields set to zero. There exists a simple
extension to include Ramond-Ramond fields (and fermions) and describe also type II strings, e.g. [44-46].

®In particular we have the usual expressions for the O(D, D) metric and the generalized metric in a
coordinate basis

MN M _AB . N 01 MN M4,AB 1+ N G- BG™'B BG™!
K A (1 o>’ " AT En ( -¢'B G



We also have
[04,08] = Fapc 0°. (2.9)

Using the projection operators (2.5) we can split the generalized fluxes into different
components. We will use a notation where we denote indices projected with Py (P-) by
over(under)lining them. The components of the generalized fluxes are

Fp, F., Fp, Fi, Fac, Fae. (2.10)

abe?

We will also do the same for the derivatives, e.g. 9z = (P1E)g"™ 0. In this formulation
O(D, D) invariance is manifest and so is diffeomorphism and B-field gauge transformation
invariance. The price we pay for this is that local (double) Lorentz invariance is far from

manifest. In fact the generalized fluxes transform similarly to connections as
5FABC == 38[A)‘BC] +3)‘[ADFBC]D’ 5FA = aB)\BA +)\ABFB, (211)

for an infinitesimal transformation A = 1+ \. Using the fact that the non-zero components
of \ are )\%) and )\g;) the non-trivial transformations under A(*) are

d d d b b
OF = 38[5)\@4—3)\[5 Faa OF 5 = 81/\54—)\ng¢§+2)\[5 E g 0Fz = 0" N+ e s
(2.12)
and under A(=) the same with over-/underlined indices exchanged

0Fabe = 3010 3N Foda s 0Fave = OahvetAa’Fap+27 Flagie » 6Fa = 0" Apa+ A Fp -
(2.13)
To construct O(D, D) invariants, we need to find combinations of these six fields and their

derivatives, which are invariant under the above transformations.%

Normally we would
solve this problem by constructing covariant field strengths. However, in the present case
such quantities don’t exist. In particular, to leading order in fields, the would-be field
strength of Fr— i.e. 46[5F@], vanishes by the Bianchi identities (2.8). These also imply

that the would-be field strength of F5 also does not exist. Finally, for Fg., which is similar
to the spin connection, we can define the “curvature” [47]7

Reg.q = 20aFyq — FopeF“cd — 2Fale“Fyq » (2.14)
which transforms as

eab

This is the closest we can come to a Riemann tensor, however the last two terms in the
transformation show that it is not a Lorentz covariant object. Note however that at the
leading order in fields it does behave like the Riemann tensor, Rz , ~ 0, a fact that will
be important later. Before proceeding to the construction of invariants, we will briefly
describe the linearization of the generalized vielbein.

SA direct argument that generalized diffeomorphism invariance requires the Lagrangian to be expressed
in terms of the generalized fluxes, using the tools introduced in the next section, is provided in appendix A.

"Exchanging the over(under)lined indices leads to the same object up to a sign due to the Bianchi iden-
tities.



2.1 Linearized level

At some points in our calculations it will be convenient to linearize around flat space.

Taking
Gmn = Nmn + hmn ) an = bmn7 (2-16)
where R, and b,,, are the linear fluctuations of the metric and B-field, we find
EaM = EQM e M (2.17)
where
1 1 lha — b _lham
EOM _ = sM ApdBnNMY oM = — 2/t m m 2
4 \/5( A 1 N1 ) \/5 _%ham - )\am - bam _%ham + )\am
(2.18)

where A\, are the parameters of the infinitesimal Lorentz transformation relating the two
vielbeins, (=) ~ (14 A)et) ~ 1 + %h + A. It is convenient to define

b a a
. a M (0) 1 b —h% + 0%
éap=€éa Epy=—= . 2.19

AB A BM 2 <hab + bab bab + 2)\ab ( )
Note that it is anti-symmetric, é4p = é[4p]. The linearization of the three-index generalized
flux Fapc in (2.7) becomes

Fapc = 38[AéBC] . (2.20)

3 Invariants at leading order in fields

We wish to find O(D, D) invariant Lagrangians and to simplify this task we will work order

by order in fields. We will follow a similar approach to the classic paper by Utiyama [48],

which analyzed the possible gauge invariant Lagrangians in some standard gauge theories.
We assume that the action takes the form

S, = / dX e %L, (3.1)

where n denotes the order in fields and L, is constructed from the generalized fluxes and
their flat derivatives. We will also assume that at leading order in fields the Lagrangian L,
is invariant under double Lorentz transformations. We will therefore not consider Chern-
Simons terms (at leading order in fields), since they are not very relevant for the questions
we want to ask.

Let us focus on one of the Lorentz factors with parameters A(*). To leading order in
fields the non-trivial Lorentz transformations (2.12) become

5P ~ 305\ 0F g~ Ochgg,  0Fz~ "Ny (3.2)

bel 1
We denote the derivatives of the Lagrangian with respect to the fields and their deriva-

tives as

0L, (rabe,Av- Ay _ _ OLn Gobe A Ay _ I 2 _
0(04,.-4, Fz) (04, -, Fop) 0(04,--n,Fz7)
(3.3)

GaALAr _



To leading order in fields the condition that the Lagrangian be invariant under the A(T)
transformations then reads

N . B _
> (Ga,Al---Ak Oayo "N + 3G ARG 4 g Ay + Gobed A 8A1"'A’“§)%> =0
k=0

(3.4)

where N is the highest number of derivatives that occurs. We now follow the same approach
as Utiyama. First we note that terms with different numbers of derivatives acting on A are
clearly independent, so each term in the sum must vanish separately giving the conditions

GE’AI'"AkaAI...AkB)\E—i—3G%’A1"'Ak8,41.‘.,4k5)\%+GEQ’AIH'A’CaAl.‘.AkQ)\E =0 VEk. (3.5)
Taking k£ = 0 this becomes
G0 Ny + 3G 0N + G0N = 0. (3.6)

We have to be careful because, due to the section condition 8;Y9°Z + 9,Y 9%Z = 0, the
last term can mix with the other two terms. This can of course only happen for terms in
G% where the index ¢ is sitting on a derivative. To take this ambiguity into account, we
let HH% denote terms with the index ¢ sitting on a derivative and H% be the same with
the index ¢ replaced by €. The condition then splits into the two conditions

Gobe 1 ppobe — o gFlagh 4 3Gabe 4 prabe — . (3.7)

Since H®¢ comes from H¢ it cannot contain n° so it cannot mix with the naGE—term.
The same is true for G2 since it is anti-symmetric in all three indices. Therefore the
last equation implies G* = 0 and 3Geb¢ 4 fabe — (. The last condition implies that all
components of H abe vanish except the piece which is anti-symmetric in abe, but since € is
sitting on a derivative by assumption this means that also @ and b are sitting on derivatives,
i.e. it takes the form H%¢ = gllWab X99Y Z for some W, X,Y, Z. Clearly the derivatives
cannot act on the same field since that would give zero due to anti-symmetry since the
derivatives commute to leading order. Therefore H has to contain at least three fields.
Therefore, we have found that the Lagrangian can contain fields without a derivative only
in the combination

Fd" WP XY Z + 3F 5 0"Wo* X0y 7. (3.8)
Clearly by looking also at the A(~) variation we will find the same but with over(under)lined
indices exchanged, however this is not independent due to the section condition which
implies that Fapc0tX0PYdCZ = 0.

Next we consider the condition (3.5) at k = 1 which reads

GTPOpP A + 3G PpeA 7 + GPPAp A = 0. (3.9)

Next we must split the index D = (d,d). Note that we may assume that if this index is
sitting on a derivative it takes only the value d, since we can always use the section condition



in the original Lagrangian to arrange this. The last term can mix with the others in the
same way as for k = 0 but this just gives rise to the same invariant decorated by an
extra derivative so we may ignore this for the moment. Then looking at the 9z.A;-term

we see that it can only vanish if Gabed

is actually anti-symmetric in the two underlined
indices. Similarly the d;-A_-terms imply that Gad nw and that Gbed is completely
anti-symmetric. The latter however gives a trivial contribution since a term G%’E%Fﬁ
in the Lagrangian then vanishes due to the Bianchi identity for F-—. Therefore we may

G%’d

set = 0. We are left with the following condition

(G 4 + 3G 4 G7) egh gy = 0. (3.10)

This requires 3Gabed 4 Glabldle = o but this again leads to something trivial due to the

Bianchi identities, namely (3[5F‘ ] ™~ %8@F@. We conclude that G®¢¢ = 0 and the

bl
remaining terms imply G®%¢ = nE[bGa] 4 Putting all this together we have found that the
Lagrangian can contain 0F only in the combinations

(a) a[EFE]@
(b) 0°Fy
(c) Ouky+0Fy;

or as (3.8) decorated by extra derivatives. From the A\(~) variation we find the same with
over(under)lined indices exchanged, but these are again not independent.

Considering terms with more derivatives on the fields, corresponding to k& > 1 in (3.5),
does not lead to anything new. One just finds that the Lagrangian can depend also on
derivatives of the objects found for k =0 and k = 1.

4 Invariants at subleading order

We will now formulate the conditions for the leading order invariants to extend to the
next order in fields. At this order, we can no longer require the Lagrangian to be Lorentz
invariant, but we must allow it to transform by a total derivative.

4.1 Two-derivative action

Let us first consider the simplest case of the (two derivative) action itself. There is a unique
leading order invariant at dimension 2 which does not have free indices namely 0%Fy;. To
extend this invariant to the next order in fields we take®

L = 40"Fz + Lo, (4.1)

where Lo denotes terms that are quadratic in fields. Requiring this to be invariant, up to
a total derivative, under the A(t) variation (2.12) gives the condition

2FUC YN + AP Ny + GROP N + G0N + 3G 0N + T =0, (4.2)

8While this is a total derivative at the leading order in fields this will not be the case at the next order.



where the G’s are defined as in (3.3) and T encodes the total derivative terms. In this case
it is easy to see that the total derivative terms are not needed and a solution is given by

_ _ — 9 — — —
Te =0, G" = —4F%, G = gFa’w, Gbe = gpeab (4.3)

which, upon integration, produces precisely the known Lagrangian [43] (up to the overall
sign and exchange of underlined and overlined indices)

— — — 1 JR—
L =40"Fz — 2FFg + FYF ;. + gFGbCF%. (4.4)

4.2 Higher invariants

We are interested in possible higher order (in ') invariants that can be added to this lowest
order action. We know from our analysis in the previous section that at the leading order
in fields they must be constructed from the following combinations of fields (or derivatives
of these)

Fr 0" WP XY Z + 3F ;-0 WP X7y Z

)
(0)
(c) R~ O"Fy
(d) Ry~ 0uF;+0°F 5

a

However, (c) and (d) are, up to subleading terms, the generalized Ricci scalar and general-
ized Ricci tensor, which vanish by the equations of motion of the lowest order action (4.4).
Therefore any invariant built using these can be removed by field redefinitions. Further-
more (a) cannot lead to any invariants of dimension less than 10. This is because the
derivatives must act on fields which are again of the forms listed above. The possibility of
lowest dimension is of the form

Fo0"ROPROPR + 3F5-0'*RO"ROVR (4.5)

abc

with all the indices on the R’s contracted. This has dimension 10 and so occurs at order
a’*. Therefore, since we will confine ourselves to invariants up to order o3, they must be
constructed out of R , and its derivatives at the leading order in fields. The possible
invariants are therefore R™ for n = 2,3,4 or 82R2, 9*R? or 9°R3. However, that latter
three can actually be removed by field redefinitions (at leading order in fields). To see this
we note that the first of these has the form

R 0e Ry, - (4.6)

But we may use the fact that G[ER@C 4 ~ 0 to write this a something involving the divergence
of R. But now we note that

O Ry ~ 2070 Py g ~ —20" 01 F g ~ 201 (0 Fy + 0" Fgz ) (4.7)

where we used the Bianchi identities (2.8) in the second step. The final expression is
proportional to the equations of motion (to leading order in fields). This shows that terms



involving a divergence of R can be removed by a field redefinition, modulo terms of higher
order in fields. This rules out non-trivial ?R? and 0*R? invariants. Finally the 9?R3

terms have the three possible structures

99:R%qge,  Ra,  0°RUIGPR_ < RO, R°%0Reaay.  (4.8)

abef ad p__ e
RPEOR abef cdg 7’

bef
The first can be written (up to total derivatives) as terms of the form RRO?R, which can
be removed just as for RO?R. The second and third involve (up to a total derivative) the
divergence of R and can therefore also be removed. This leaves us with R™ for n = 2,3,4
as the only possible invariants up to order o/3. Therefore our higher derivative corrections
are of the form

L=R"4+Lpt1+Lpso+..., (4.9)

where the subscript on L denotes the order in fields. We will analyze the conditions for
L4171 to exist.

Before we write these conditions, we must take one more complication into account.
That is the fact that we can also correct the Lorentz transformations themselves at higher
orders in o/. In fact, this is needed to correctly account for the first o’-correction for the
bosonic and heterotic string. To allow for this we take the Lorentz transformation of the
generalized vielbein to be

6EAMEBM:)\AB+3\AB, (4.10)

where 5\,43 are higher order in o' and constructed out of the parameters A4p and the
fields. We may assume that the only non-zero components of Aap are 5\@ = —5\@ since
the diagonal components can be absorbed into the gauge parameters A— and )\@.9

The higher order correction to the Lorentz transformations will lead to a mixing of
terms from the lowest order Lagrangian and the higher o/-terms in the Lagrangian. The
variation of the lowest order Lagrangian (4.4) gives rise to

407 — F®)0" N\ + 40% (\ap F2) + 40gp 00 F® + 4F9E6gf\@ , (4.11)

at leading order in fields. However, the first two terms lead to total derivative terms and
partially integrating also the last term we find

4(8QF5 + %FQE):\EG + total derivatives. (4.12)

Now we can state the condition that a leading order invariant, of the form R™, can be
completed to the next order in fields to

Lo(R)+ Lpy1+ ... . (4.13)

9We have to demand that these transformations close to the order we are working. We have
(4, 6']EAMEBM =[N, Nas + [V, S\]AB - 5\/]AB +0Map — 8 Aan + higher order terms.

Closure of the transformations requires the r.h.s. to be again of the form (4.10) plus a generalized diffeo-
morphism
SEA™ Epnt = 2004V — FapeY© .

~10 -



The condition coming from (possibly corrected) Lorentz invariance is then, looking only at
the A(t)-terms in (2.12) and (2.15),'°

— G R 6N

N _ _ _
+) (GﬁﬁAl"'AkaAl... AN+ 3GeAT ARGy g A G ARG A,&AE)
k=0

+ 4(0UF" + 0:F )Ny, = 04T, (4.14)

where we have defined

- )
OR 5.4

(4.15)

while the remaining G’s are define as in (3.3) with L,, replaced by L. Here T4 accounts
for possible total derivative terms. Expanding X and T4 as!!

N N _
T4 =" TobAA AR, 4 A Aed =Y Aad™ M A0 L a N (4.16)
k=0 k=0

we get from the terms with no derivatives on A the condition
A(BUFT 4 05 F ) 3g, ™ = 0T + 9,T%, (4.17)
while the terms with one derivative on A give the conditions

— GO g — G 3G HOY 4 4(OLF T+ 07 F 9T ) oy =T 4 T 4 T
(4.18)

G+ H 4 4(9LF° + 0, PeT ) Ay =Tob 1 9 70 1 g Tebde
(4.19)

There will of course be more conditions coming from the terms in the variation with two or
more derivatives on A but the above conditions turn out to be sufficient for our purposes.
Recall that here H%¢ denotes (arbitrary) terms involving ¢ and H%¢ is the same with
¢ — 0°.

It will be convenient to have simpler conditions to deal with, which will be necessary
but not sufficient. This is obtained by noting that the combination d¢F E+8J7F def vanishes
(to this order in fields) when the equations of motion are imposed. Therefore if we restrict
ourselves to field configurations solving the equations of motion the \ contributions drop
out. In fact it will be simpler to restrict the field configurations even more to require
Fy = 0"Fspc = 0%F,pc = 0. Note that this is consistent with the Bianchi identities. The
first condition now becomes

DT 4 9.7 ~ 0 (4.20)

"Note that the first two terms in 6R in (2.15) don’t contribute.
1YWe may use the freedom to add a generalized diffeomorphism to the Lorentz transformation to set for
example all )\Eé“b‘al'“ﬁk =0.
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and we may set T®C ~ 0. To see this we note that we may assume that there are no
cancellations between the two terms due to the section condition, since such contributions
would just cancel out in d4T4. Therefore the only way the equation can hold without
restricting the field configurations is if TC = 6DT%[CD I. But then we can write TEC)\% =
8D(TE[CD ] A=) — TablCD)] Op A and the first term drops out and the second has a derivative
on A and such terms are already accounted for. Finally, suppose we have T%C % 0, e.g.
Tabe — FQEWEEe for some Wage. We must then have F° @agw%e ~ 0 which requires

W“bae = %Wﬁg . But if this is the case we may again take the derivative to act on A instead

(up to terms involving a divergence of Fﬁa) and such terms are already accounted for.

Therefore we may drop TC completely and the remaining conditions reduce to

— GUMERT,, — Gl 4 3G 4 gt~ 9pT PP Gt g~ 9pTPE . (4.21)

These simplified conditions turn out to be enough to rule out O(D, D) invariants of the
form R? and R*. An invariant of the form R? is known to exist and we will now see how
it can be derived from these conditions.

5 R? invariant
The only possible structure of the form R? is
Ly =R™R . (5.1)
We want to find L3, cubic in fields, such that
Ly+ Ls (5.2)

is Lorentz invariant up to terms of higher order in fields and total derivatives. We will
show that L3 exists and reproduces the known cubic terms in the o’-corrected action.
At the same time, our analysis fixes the correction to the Lorentz transformations again
reproducing the known correction and showing that the result at this order is unique.

We will first work in the approximation F4 ~ 0*Fzpc ~ 0%F,pc ~ 0. Then we need
to satisfy the conditions (4.21), which become,

_QRabde 7 Edi,3 —G[ang]E—FBG%—i-H abe | total derivatives , G4 (%~ total derivatives .

(5.3)
If we symmetrize the first equation in bc and drop terms where these indices are sitting on
a derivative the last two terms on the L.h.s. drop out and we find the condition

g 1 — 7 1 5 = -
— 2R, e _ EG“nbc + iG(bnc)“ ~ 9% — terms + total derivatives. (5.4)
Furthermore, since

- 1 - - - _
R®, FOde 5aa(F”@F@) — 9bFlal, pede (5.5)
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we find that G ~ total derivatives. Going back to the original equations and noting that

R%@FE@ ~ gR[%diFE]@ 4 8[6(1_75}@}75@) _ 8EF[EdiFE]@ (56)

we read off
G% ~ Rmdeé]@ + total derivatives,
Hoabe QaEF[EdiFE}@ + total derivatives, (5.7)
Gabe . 99¢ Fla,, FPe 4 total derivatives.

Clearly we will find the same conditions with overlined and underlined indices exchanged
by looking at the A(7)-variation. The fact that G*¢ depends on Fzap while G does not
depend on Fi—is potentially in conflict with the integrability condition

9°L 9L oG™e  pGel?
= or = . (5 .8)
OF;, OF.  OF0F OFyy  OFg,

However, in the present case this condition becomes
nE[ERm ef ~ total derivatives, (5.9)

which is indeed satisfied since REe F 201@ bl ef- Therefore we do not encounter a problem
in this case, but we will see that in the R* case we are not so lucky.

So far we worked in the approximation Fy ~ 0%Fspc ~ 0%Fypc ~ 0. We must now go
back and solve the general conditions (4.17), (4.18) and (4.19) including these terms. The
first step is to determine the total derivative terms T4. Consider the first condition (4.17).
We will now argue that we may set T abC — (). Since we may assume that T%C contains
only terms with F4 or a divergence of F4pc we find that in this case it can consist only of
the following terms

F%DaEFcDE : FCE[aaDFE]DE : FDacFED : F[aaDFE]CD : FcaDFED 7

oFF,FICD  §Cp pabD - plaghpe (5.10)

where each projection of the indices C'DFE should be considered an independent term. The
fact that 8CT%C is proportional to 9%F°¢ + %F@a implies that, in particular, there should
not be terms with two derivatives acting on one field. This reduces the above possibilities
to only B -

FEyLpleDl, — plag, phlleD] (5.11)

It is now easy to see that the only solution to (4.17) is T%C = 5\@% = 0. It remains only
to solve the conditions (4.18) and (4.19) or

—QRE@FE@_ G[EUB]E+3G%+ H%‘I—ZJ:(&QFE—" a?ng)j\gd%E — aETabd,E+adTﬁd,E,
(5.12)

Gbe 4 prabe — %T%’Q—l- ) QT@dag .
(5.13)
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Here we have used the freedom in making a generalized diffeomorphism to set :\54@9 = 0.

To solve these we note that T%L ~ F2 and the possible terms are (each projection of
the index F is an independent term)

F%EFCDE7 FCEEF@DE’ FEFECD’ FCFDE’ FDFCE7
’I’]CDUE, T]C[EVE]D , ,,,/D[EWg]C , (514)

for some U, V, W quadratic in F’s. We will assume that the Lagrangian does not contain
terms involving a divergence of F', which we can always arrange by partial integrations.
This means that in the above conditions the terms involving divergences of F' can only be
canceled by the A-terms. Since there are no such terms in the second equation it is not
hard to see that the only solution is

TOe — o) b el oy b pede pedppgb - pabdie — ¢ pobe peld o, fr b pdec pdlayyile
(5.15)
for some c1, co and

G = 19T PR 4 1 9gF ™ Ft 4 ey F, " 4 ¢y, F, ™ FEe 4 9¢) LR,
— 26, FP,0F P9 4 20, FEPOEE, — 26, F," P09 4 QW 4+ et — e

(5.16)
Looking at the structure of the divergence terms in (5.12) a little work shows that we
must take
T = e3P, g FEUTRIE 4 etygh g g Ta VI et (5)
T = 5, P pede g prlaldel g 0 o qelayyild (5.18)
Using this in (5.12) we find ¢3 = ¢4 =0, ngd =0,
— 1 _ _ — — — — —
Vye = 5(c5 = 4 FMEFC o + e F PP 4V, Wy = g FEIVF 5 (5.19)
and
{_ abe 1 abee L [@,.blc
)\gd = *ZC5F¢ 65 — ZCSF@E n-,
oy 1 S 1 g a1 por
Gabe = —5(es = 4)9l Py FAde 4 5C7a[aF§F|9|bC] + gC7FéagFabC, (5.20)

_ — 1 = 1 _ _ R
H™ = 0°US" + 5 (c5 = ) F g P + £ (205 — eq) O FF? — e FL0P P&,

G = g0 FIOF 75 — cg0gFeFI0 — OV
Plugging H abe into the expression for Gabe and requiring that there be no terms involving
0.4 F'p), since these contain a divergence of F' by the Bianchi identities (2.8), gives ¢; = 0
and ¢7 = 2¢5 — 4cs.

Finally, to complete the analysis we need to look also at the terms in the variation of
the Lagrangian with two derivatives on A (we cannot have more than two derivatives at
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this order in o). From (4.14) we get the conditions (note that S\EQ@CD =0, T9C.PE —

and H®D = 0 since there aren’t enough derivatives available at this order in o)

—GlEldlPle 4 3gabed | qabde — abed 4 pabde (5.22)
Gabled) _ pabled) (5.23)

We may use Bianchi identities to set Gabed — ), Plugging in the 77s we get (note that for
example G(&d cannot have a term proportional to n< since this would mean divergence
terms in the Lagrangian contrary to our assumptions)

U —yusb =0, V=0 (5.24)
and

GUEd = gaed = 0, T = (¢ — 2)FHEFy, + 2(c5 — 209) F F + s I Fye®

God — G = (c5 — 09) R Fole oo PIaldel g 07 (5.25)

Finally, imposing the integrability conditions, we find c5 = 2¢2, ¢g = cg = 0, I/Vla d_ 0,

G = GMd = o) — gadled) — g (5.26)

and we have the one-parameter family of solutions'?

. == 1 =
Aeg™C = —iaFdabfsg?
G = (2 — q)9lB P, Fide
G = —2009FIFy™ 1 ad F, P F 4 adyF, P F4 — (a — 2)0F T FPe | (5.27)
G™° = (a — 2)F™F°,,

G — o F, b prde

=aF, ,

where we renamed ¢ to a. Remembering that the A7) variation will give us similar expres-
sions where the over(under)lined indices are interchanged we finally find the Lagrangian

L=R"R  — ad FEFPF — 4 aF [, 9, F o — aF* 0, F —

cab cde eab

— bOF FP® Py bF ey Py — bR, Fy 4 O(FY) (5.28)

with a and b satisfying a + b = 2. Up to the overall coefficient and total derivative terms
this action coincides with the two-parameter action constructed in [15]. This is easy to see
using the simplified form given in [47] (see also [49]). Note that our derivation fixes the

modification of the double Lorentz transformations (4.10) at the same time to be
G, o b
SEM By = —i%ACdea + 589)\@176@!7 (5.29)

in agreement with the transformations proposed in [15]. Having reproduced the known
results up to order o/ we will now look for O(D, D) invariants at order o/? and o/3.

12Note that the apparent difference compared to (5.7) is accounted for by the total derivative terms.
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6 R?3 invariant

There is only one possible structure for the R3-terms namely

Ly = R%, R™ Ryt (6.1)

We will now show that it is not possible to find an L4, quartic in the fields, such that
L3+ Ly is Lorentz invariant up to total derivatives and higher order terms in the fields. To
do this we look at the necessary conditions (4.21) where we are neglecting terms involving
F4 or a divergence of Fypc. If we symmetrize the first equation in bc and drop terms
where one of these indices is sitting on a derivative we find

- — 1 - — 1 ~ - -
3F(C@Rb)?ggR“fﬂ + §G“nbc - iG(bnc)“ ~ O%€ — terms + total derivatives . (6.2)
This simplifies further to
_ - = 1 - — 1 _~+ - —_
3F(Cd£3]7Fb)9g6ang—d + §Ga17bc — §G(b77°)a ~ O"€ — terms + total derivatives. (6.3)

Linearizing the first term using (2.20) it becomes (up to the terms we are not keeping
track of)

— 6 d‘afgéagaaﬁé?g, (6.4)

which clearly cannot be written as a total derivative or canceled by the G%terms. This
shows that no (independent) O(D, D) invariant R3-terms exist. Of course, R3-terms can
be, and are, part of the higher order completion of the R2-invariant [22]. What we have
shown here is that they cannot come with an independent coefficient. Note that so far our
results are consistent with the string o’-expansion.

7 R* invariant
Consider L = Ly + L5 where
Li~RY — Ly~33F°. (7.1)

We will show that no L5, which would make L Lorentz invariant up to total derivatives
and higher order terms in the fields, exists.

It will be enough to work in the approximation where we neglect all terms involving
Fj4 or a divergence of Fapc. We then have the necessary conditions (4.21). In particular,
the first equation says that

- G%@ngi - G[ang]z + 3G + H ~ total derivatives . (7.2)

Symmetrizing in bc and neglecting for the moment terms where the index b or € is sitting
on a derivative the last two terms on the lL.h.s. drop out and we find the condition

o 1 — = 1 7 == -
— Ga(bdiFC)@ — iGanbc + §G(b770)a ~ total derivatives + 9% — terms, (7.3)

~16 —



which strongly constrains the possible form of the R*-terms. To see this we note that the
R*-terms have eight possible structures

Ly=cIi +cols + ...+ cglg, (7.4)
with
I = R, R Reg R", I = R, Reg L R RY",
Iy = Ry, RS R™" Ry, I = Ry, RIR™ jh Rghe, (7.5)
Iy = Ry, RO Ry R, Iy = Ry, R"/9R g, R™™
Iy = Ry, ;R Ry, R™9", Iy = Ry, R™OR M R™ .

Taking the derivative of Lj with respect to R_; . gives G and the condition (7.3)
becomes

eAF g 0T PP PP R ey FP o0 FPROT RO Ry |y 905 F2 g, 05 P90 F 7 g, RIS

Fdgh Fdgh

+ 207 F 40 FP90" F™M Ry ot g FC g0 FP907 F7 g Ryt + cs Fe0) FP 0 F% oy Ry
1 = 1. -

- ZGa'nbc + ZGbnca + (b <+ ©) ~ total derivatives + %% — terms, (7.6)

where for simplicity we ignored also terms involving d%. This condition requires that the
derivative can be taken out of the first two factors (recall that we are dropping divergences
of F'), which in turn requires

Cq4 = 265, Ccg — 207 . (77)

We also find G% ~ 0. Repeating the calculation but this time keeping track of the 9%-terms
one finds the additional conditions

Cy = —401 = —262, Cr = —203 = —406 . (78)

Clearly we will find similar conditions when we look at the A(~) variation and therefore we
should impose that L, is symmetric under exchanging underlined and overlined indices.
This requires cg = —4cq and leads to a unique expression

_ b . dagh . befg o dahe 7 bfgp__ dhe
Ls = Ry, [RIORG R 4 SR, R™R R — R (R™HRG , RO

1 be dagh _ 1 be  pdagh
— Baes R “LR g R — gREﬁRaﬁR ©gn R

cdfg pab  p_h
et R, [RCIRY ) R e

1
_é abe f

1 cdef rrabgh 1 ab cdgh
+ g Rapes </ g P Reggn + 35 Rape R ﬁRaﬂRc gh (7.9)

up to an overall coefficient. Remarkably, ignoring the difference between the over-
/underlined indices, this is precisely the form of the R*-terms in the string effective ac-

tion (1.1), namely
1

L =
1T 307

tstg R, (7.10)
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with #g (tg) defined as in (1.4) with over(under)lined indices. Note that the egeg-terms are
absent, but this is consistent since these terms are a total derivative at the leading order
in fields. At this stage things seem very promising but we are not done yet.

Going back to (7.2) we can now extract

Gabe ~ pdi-ds F[Edldg KE]QB..@S + 0P W X0V Z + total derivatives (7.11)

for some W, XY, Z where

ab 3 de .
CyC T 372R C1C2I%deg cy

a d b e
—gaFcl oF

ab 3oad  phe  p
R ngﬁ_gR 5192R 9304Rdec5c6

R—

€3847 Ydecycq

1 =5 — _
gadFa91§28ercg Ry

decscg

(7.12)

We also find H®¢ but all we need to know about these terms is that they do not contain
Foi or Fpe, which is clear from the fact that G%<d does not contain these fields.
But now we have to worry about satisfying the integrability condition

9L 2L aGabe  gGeld
or = . (7.13)
OF30F T OFOF, » OFg;  OFg,

The Lh.s. is n%@(tg K)*¢L plus total derivatives and, using the second condition in (4.21)
with over(under)lined indices exchanged, the r.h.s. vanishes up to total derivatives. This
therefore requires (tgK )“bﬁ to be a total derivative, since otherwise there will be an ob-
struction to writing the R* terms in O(D, D) covariant form. As a first check one can
verify that the Lorentz variation of (tgK)%% is indeed a total derivative. It is not very
hard to show that

3

(th)%g ~ _5’58]8*91"&6aEFEQIQQGEFEg:,,QAL&CF@s% + total derivatives . (7.14)
To see whether the first term is a total derivative we linearize the expression using (2.20)
and we get!'?

(b K)oy ~ —48017 1,2 5, OV e%eg, + 2007 5 0P8 pethegy + . (7.15)

where the ellipsis stands for terms of higher order and total derivatives. It is clear from
the structure that this cannot be written as a total derivative. Therefore there is indeed
an obstruction to completing the O(D, D) invariant R*-terms with terms of fifth order
in fields. The existence of these terms in the string effective action means that it is not
compatible with O(D, D) symmetry.

13There is a small caveat here in that there are ambiguous terms that can cancel between G and He.
These are the terms involving W, X,Y, Z in G°*°. We could then have for example W = Fop- but all we

will actually need is that the derivative of H with respect to Fr—is a total derivative, which is indeed

the case either way.
1 Alternatively one can linearize (7.12) directly. Note that we are dropping terms involving 8%¢, 9%ézp
or 0%é,p which also implies that terms with a contracted derivative 0;é0“é¢é vanish up to total derivatives.
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8 Conclusions

3 (excluding Chern-Simons

We have analyzed possible O(D, D) invariants up to order «
terms). We have found that the only higher derivative O(D, D) invariant up to this order
is of the form Riemann squared. In fact it is known to capture the first o’ correction to the
bosonic and heterotic string effective actions [15] and it seems likely that its completion ac-
counts also for the a/2 correction in these theories [21, 22]. The absence of any R* invariant
at order o/ is problematic however. Such terms are known to appear in all string theories
with the transcendental coefficient ((3). It therefore appears, barring some loophole in our
analysis, that the frameworks of DFT /generalized geometry/Exceptional Field Theory!®
are not able to account for all the string o/ corrections beyond order /2. Optimistically
one could hope that all corrections with non-transcendental coefficients can be cast in an
O(D, D) invariant form. Note that this statement applies to the uncompactified theory.
Of course, if one compactifies on T¢ the O(d, d) symmetry should be there to all orders in
o/ [2]. Tt would be interesting to try to use it to constrain the form of higher o/ corrections
using similar tools to those used here (see [37, 38| for a somewhat different approach).

Note that in our analysis we have allowed for a general modification of the double
Lorentz transformations. We did not modify the generalized diffeomorphisms. However,
this does not lead to any loss of generality since a modification of these necessarily takes
the form &’ EAMEgy = Zap, for some anti-symmetric Z4p, which is equivalent to a
modification of the double Lorentz transformations (4.10). The only difference is that the
transformation of the generalized dilaton could be non-zero, but this also does not affect
our analysis since it leads to terms involving F4, which we were neglecting anyway.

Our results might have important consequences for generalizations of T-duality such
as non-abelian and Poisson-Lie T-duality. In the O(D, D) covariant formulation these
dualities become very simple (e.g. [50]) and this fact has been used recently to find their
first o’ correction [24-26]. These results extend to any order in o/ as long as an O(D, D)
covariant formulation exists. Since this does not appear to be the case at order o/3, this
argument breaks down at this order. In light of this it would be interesting to investigate
the fate of these generalized T-dualities at order o/3. Similar comments apply to closely
related integrable deformations of the string sigma model, whose o’ correction was found
using O(D, D) in [27]. Again our analysis suggests potential problems for these at order
a’3. Of course, when we restrict to abelian T-dualities and deformations built using these,
there should not be any problem in completing them to all orders in «/.
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A Argument that Lagrangian is expressed in terms of the generalized
fluxes

Here we will argue that generalized diffeomorphism invariance requires the Lagrangian to
be expressed in terms of the generalized fluxes. We follow the Utiyama approach [48] used
in section 3. Under a generalized diffeomorphism, parametrized by Y4, the generalized
vielbein transforms as

SEAM Epn = 2004Yp) — FapcY© . (A1)

When A and B are both over(under)lined this can be absorbed into a double Lorentz
transformation, so we may keep only the transformations with say A = @, B = b. For
simplicity we will ignore the dependence on the generalized dilaton. Defining

oL
AB1-By _
Gy 9Opp B (A.2)

and looking only at the Yz-terms, the requirement that the Lagrangian be invariant'® is

N - —
> (G P Pedp, (B [=0yYa+ FyeY ) + G P P, g, (™M [0 V5= FpeY )
k=0 B

=0. (A.3)

Terms with different numbers of derivatives of Yz are independent and looking at the terms
with the maximum number of derivatives of Yz gives

Gab’BlmBNaBl...BNbYa — Gba’BlmBNaBl.‘.BNQYa =0. (A4)

The part of G%B1BN anti-symmetric in the first two indices can only vanish in the
case N = 0, corresponding to the trivially invariant terms nap and Hap. For N > 0
the expression can only vanish because of anti-symmetry in b and one of the B; indices.
Looking at the Y,-terms instead we will find a similar condition with over(under)lined

indices exchanged. Together these imply that GAB-B1-By

is anti-symmetric in (say) the
first three indices. This means that the terms in the Lagrangian with the most derivatives of
E M are actually of the form 30B,...By[B: EAMEB]M = 0B,..By FaBB,- Now we can repeat
the same argument for the terms with N —1 derivatives of E4* and so on. Finally, including

also the generalized dilaton one finds that it should appear through the generalized flux Fjy.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

16WWe have not allowed for invariance up to total derivatives here, but we expect the end result to be the
same also in that case.
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