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ABSTRACT: Recently, a class of non-Lorentzian supersymmetric Lagrangian field theories
was considered, in some cases describing M-theory brane configurations, but more gener-
ally found as fixed points of non-Lorentzian RG flows induced upon Lorentzian theories.
In this paper, we demonstrate how the dynamics of such theories can be reduced to motion
on the supersymmetric moduli space of BPS solitons of the parent theory. We focus first
on the N = (1,1) o-model in (1 4 1)-dimensions with potential, where we produce a su-
persymmetric extension to the standard geodesic approximation for slow kink motion. We
then revisit the (44 1)-dimensional Yang-Mills-like theory with 24 supercharges describing
a null compactification of M5-branes. We show that the theory reduces to a o-model on
instanton moduli space, extended by couplings to additional fields from the parent theory,
and possessing (8+8) super(conformal) symmetries along with 8 further fermionic shift
symmetries. We derive this model explicitly for the single SU(2) instanton.
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Introduction. The study of String Theory and M-Theory relies on our understanding
of the dynamics of strings and branes, which has in turn motivated the longstanding study
of supersymmetric field theories. While one usually considers Lorentz-invariant theories,
there are many scenarios in which non-Lorentzian theories can arise, such as when a fixed
frame of reference or Lorentz-violating background are chosen. In many cases, the result
is a field theory with symmetry group given by some contraction of the Lorentz group,
such as the Galilean or Carrollian symmetry groups [1-4]. Also of interest particularly in
condensed matter systems are theories with Lifshitz scaling symmetry [5-8].

Another well established topic in high energy theory concerns classical vacua in possibly
topologically non-trivial sectors of a theory’s configuaration space: solitons. In particular,
one is often interested in solitons that saturate some BPS bound, as in supersymmetric
theories these describe non-perturbative vacua preserving some amount of supersymmetry.
Central to the study of the low-energy scattering of solitons was the work of Manton [9]
on BPS monopoles, where it was first argued that the dynamics of slowly moving solitons
can be captured by geodesic motion on the moduli space of static solutions. Later work
explored many different avenues, including applying similar methods to Yang-Mills solitons
of other codimension [10, 11], and most relevant to this work, the study of a supersymmetric
extension to this approximation [12-15] to determine the supersymmetric effective theory
for both the bosonic and fermionic soliton zero modes.

In recent work [16], a procedure was described in which one induces a non-Lorentzian
RG flow on a Lorentz-invariant supersymmetric Lagrangian field theory, described by a
parameter n. While for n # 0 the flow is invertible and uninteresting, the Lagrangian
diverges as we take n — 0. However, a non-Lorentzian Lagrangian description for the fixed



point theory was proposed, exhibiting preserved or even enhanced supersymmetry. The
construction necessitates the introduction of a Lagrange multiplier field, due to which the
dynamics reduces to motion on the moduli space of %—BPS solitons of the parent theory.

The purpose of this paper is to make explicit the reduction of such non-Lorentzian fixed
point theories to supersymmetric quantum mechanics on various soliton moduli spaces.
Such models will generically feature both dynamical coordinates on the target (moduli)
space, as well as couplings to time-dependant parameters descended from additional fields
in the parent theory. We will focus on two particular examples.

This paper is organised as follows. In section 1, we briefly review the construction
of [16] and outline the general procedure by which dynamics is reduced to quantum me-
chanics on soliton moduli space. In section 2, we present a particularly straightforward
application of this procedure for the case of kinks in the N' = (1,1), (1 + 1)-dimensional
o-model, where the procedure serves as a supersymmetric extension of the standard scaling
argument for the geodesic approximation [9]. In section 3, we revisit the non-Lorentzian
(441)-dimensional N' = 2 Yang-Mills-like theory first described in [17, 18] as a non-Abelian
M5-brane worldvolume theory, and later obtained via a rescaling of regular 5d super-Yang-
Mills in [16]. This theory has also more recently been recovered as a special case of a
more general DLCQ prescription for the M5-brane, via holography [19]. We show that the
theory reduces to a o-model on the moduli space of a general k-instanton in SU(N), and
that in doing so all supersymmetry is preserved. The reduction is performed explicitly for
the case of gauge group SU(2) and instanton number k = 1, or equivalently, a single unit
of momentum on the compact, null M-Theory circle as per the DLCQ description of the
M5-brane [20, 21]. In particular, the QM model takes the form of an N' = (4, 4) o-model on
the 8-dimensional moduli space My = R?* x (R*/Zj) of a single SU(2) instanton, coupled
to time-dependant parameters describing the finite energy zero modes of the initial world-
volume theory’s embedding coordinates X! and electric potential Ag. Finally, in section 4
we summarise our conclusions.

1 Non-Lorentzian RG-flows and their fixed point actions

We first briefly review the construction of [16] for a general supersymmetric Lagrangian
field theory. A rescaling of the coordinates and fields was considered with real parameter
71, under which the action and supersymmetry variation split as

S=n"1S_1+Sy+nS +...
S=n"1_1+0+n5+..., (1.1)

with S_; schematically taking the form
&Jz/ﬁxm, (1.2)

for some 2 made up of bosonic fields. In the limit  — 0, dynamics are localised to the
surface in configuration space defined by 2 = 0. It is shown that one can always choose



such that
(604 06)(So+S) =0, (1.3)
where

S = /ddx GQ (1.4)

introduces a Lagrange multiplier to impose €2 = 0, and the shift to the supersymmetry
variation & generically acts on both the original fields of the theory, and G. Then, Sy + S
is proposed as a Lagrangian description of the theory at the fixed point n — 0, which by
construction enjoys a Lifshitz scaling symmetry (with suitable scaling dimension chosen
for G), as well as the full supersymmetry of the parent theory.

This procedure is performed explicitly in a variety of cases, all relevant to M-theory
branes: maximally supersymmetric (A" = 2) super-Yang-Mills in five dimensions, the scal-
ing limit of which can be interpreted as recovering the DLCQ description of a stack of
Mb5-branes (for gauge group U(N)); and both the N' = 6 (ABJM) and N' = 8 (BLG)
Chern-Simons-matter theories describing stacks of M2-branes, the scaling limit of which
describes the U-dual of the M5-brane DLCQ. Each of these cases highlighted interesting
aspects of the procedure. In the former case, the supersymmetry was enhanced from 16 to
24 super(conformal) symmetries, a phenomenon that was later elucidated by a holographic
interpretation of the scaling limit [19], while in the latter case, a Lagrangian description of
the fixed point theory required the theory’s bosonic field content to be mixed and reformed
into new fields behaving homogeneously under the RG flow.

The remainder of this paper is concerned with taking the next step; namely, integrating
out the Lagrange multiplier G as well as other non-dynamical fields and thus reducing the
dynamics to a constraint surface ¥ in configuration space. In the cases considered, a
common feature is that as well as having G imposing 2 = 0, which for these examples
will be a Bogomol’'nyi-like equation defining a topological soliton, we also find a fermionic
Lagrange multiplier descended from one of the two chiral components of a fermion of the
parent theory, which imposes a Dirac equation on the other component. For the case of
super-Yang-Mills, we will have additional non-dynamical fields which further constrain X.

Then, to determine the constrained theory, we solve the constraints defining > and
evaluate the action on this solution. One can then use the supersymmetry of the par-
ent theory to determine how the coordinates on ¥ transform under supersymmetry in
the reduced theory. In considering this procedure for the M5-brane theory in section 3,
the presence of additional constraints requires some care, in particular in ensuring that
supersymimetry is preserved on Y.

2 Kinks in the N = (1,1), (1 + 1)-dimensional o-model with potential

We first present a scaling limit and the subsequent reduction to a quantum mechanical
model for perhaps the simplest supersymmetric theory containing BPS solitons: the A/ =
(1,1), (1 + 1)-dimensional o-model.



2.1 The parent theory

We consider the (1 + 1)-dimensional o-model with d-dimensional Riemannian target man-
ifold (M, g), local coordinates ¢’ and generic scalar potential W (¢). Letting = denote the
2-dimensional worldsheet with signature (—, +), we have action

S = % ﬂ d2z < — 6ij0ud'0" ¢ — g DiW D;W + igy ' o
1 o .
- §Ra 4 (DD P ) L (21)

The {W}?Zl are two-component Majorana spinors, with conjugate /" = (¢»*)”;. The co-
variant derivative of the 1)’ is defined in terms of the pullback of the Levi-Civita connection
Fé. ., in coordinate basis {¢'} on M,

Dy’ = 3,7 + T, (9,650t . (2.2)
We then find that S enjoys N' = (1,1) supersymmetry,

8¢t =i’
St = —@¢'e + (D'W)e — i (€7 )y" . (2.3)

Note, in general one can consider further potential terms for .S in terms of Killing vector
fields on M [22], which we choose to omit.

Suppose now that D;W has zeros at points p € P C M, and is non-zero elsewhere.
Thus, any finite energy configuration ¢ must satisfy lim, .1~ ¢ € P. Further imposing
that the points in P are isolated, we see that the space of finite energy configuration splits
into topological sectors corresponding to which element of P ¢ settles at as x — +oc.

We briefly review the construction of classical static solutions in each topological sector.
The bosonic part of the energy functional is given by

1 - S
Ehos, = 2/6156 (9ij010"' 0" + §ij0,0'0x ¢’ + g DiWD;W) . (2.4)

So, setting 9;¢' = 0, we perform the standard Bogomol’'nyi recasting of E}s. to arrive at

Ehos. = % / dz g;j (09" £ D'W) (0,¢) £ D'W)
T (W(o(o0)) = W(g(—00))) (2.5)
Hence, we have
Epos. 2 [W(¢(00)) = W(p(—00))], (2.6)

with equality precisely for configurations satisfying

Dp — D'W =0 if W(p(c0)) — W(p(—00)) >0 (kink) -
0,0° + DIW =0 if W(¢(00)) — W(d(—00)) <0 (anti-kink) '



It is easily verified that such kink solutions satisfy the second-order bosonic equations of
motion for ¢!, and are thus classical bosonic solutions. Upon solving (2.7) for the relevant
topological sector, one can then use supersymmetry to generate fermionic zero modes.

These static bosonic solutions define %—BPS states of the theory. This is easily seen
by decomposing spinors as 1’ = @bﬁr + b, with ¢ = %(1 + 7,) %" and similarly for e,
and noting

(51#3_ = v Oppe_ — ((%;(bi — DiW) €+ + fermions
St = 7,00, + (ax#' + DiW) €_ + fermions, (2.8)

and so depending on the sign of W(¢(o0)) — W(¢p(—00)), one of ey is broken, while the
other preserved.!

2.2 Scaling limit and fixed point action

We now consider a rescaling of the fields and worldsheet coordinates of the theory with
parameter 7. In particular, we choose our scaling such that the small 7 limit corresponds to
slow motion of the coordinates ¢, i.e. 3" < 9,¢%, and hence the theory at the fixed point
n — 0 will provide an effective theory for the leading order dynamics of a slow moving (i.e.
low energy) kink.

We expect to recover the standard argument after Manton [9] that these dynamics are
described by geodesic motion on the moduli space of the static solution. In this construc-
tion, the metric on the moduli space descends from the kinetic terms in the action. To be
more precise, if 5,¢° denotes the variation of ¢* with respect to a modulus m®, then this
metric is

Gos = / A Gi0ad'd50 (2.9)

One can propose an analogous metric for the Grassmann moduli [12], and thus try to con-
struct a supersymmetric quantum mechanical model that pairs the bosonic and fermionic
perturbations around the static bosonic kink. We will see that precisely this form for the
quantum mechanics emerges as we take n — 0.

Without loss of generality, we seek an effective action describing the slow motion
of a kink rather than anti-kink, and so restrict ¢’ to lie in the sectors of configuration
space satisfying W (¢(o0)) — W(¢(—o0)) > 0. The vacua in such sectors preserve the
supersymmetry e, which pairs ¢° with ¢° . Any fluctuations above these vacua will fall
into representations of this unbroken supersymmetry €.

So we seek a scaling of both the coordinates and fields such that the limit n — 0
will provide us with an effective theory for the leading order dynamics about a static kink
solution. Such a scaling should satisfy the following.

e Velocities should be suppressed relative to spatial variation, i.e. 0y < O,

LOf course, if W(oo) — W(—o0) = 0 then we have the trivial vacuum ¢ = constant € P, and full
supersymmetry is preserved.



e We want to describe the dynamics of the perturbations about the static solution, and
so the kinetic part of the action for ¢’ should appear in the scaled theory at order n°

e The original static kink should remain a classical solution, implying that
(6,,;(;7 — DiW) should scale homogeneously

e As we take 7 — 0, ¢’ should remain paired to ¥* under the supersymmetry e .

These requirements determine an essentially unique choice of scaling, given by

t— nflt 1/11 — 773/41/Ji

T — 77*1/2:1: P — 7]1/41/13

¢ =t e =i ey
€~ — e, (2.10)

where we use the two degrees of scaling symmetry already present in S (scaling by world-
sheet ‘mass dimension’, and local scaling diffeomorphisms of M) to keep g;; and W fixed
under the scaling by 7. The action and supersymmetry variations then take the form

S = 77_15_1 + So + 1Sy

5:77—1571_{_60_}_77517 (211)
with
1 2 in i ij
571 = 5 :d T (— gijabe a:]cgb] -4 DiWDjW>
1 . . . i ; - T j
So = 9 |- d*x (gijatéﬁzatcﬁ” — g Dbl — 20} (9ij Dy — (DiD;W) )W—)
1 . =i j i) 7J
S, = 5 | d*z (—Zgijler’YtDﬂbi — L (Riji + Rawj) ' vk eri) (2.12)
S, = = (0:6' — D'W) ey
So¢' = i€l

S0ty = YeOpd'e— + il ( PR ey
S0’ = 0 d'es + (0x¢" + D'W) e
19" = i1,
19’ = il (Pl e . (2.13)

We’ve used that for a torsion-free connection, F;k(a@/ﬂ;)wlj = F;k(E_wi)@/}ﬁ =0. ‘
In the n — 0 limit, we localise onto classical minima of S_j, i.e. solutions to d,¢" —
D'W = 0. By utilising a generalisation of the procedure of [16] for non-constant metrics



in the quadratic constraint imposed by S_1, we propose the following action for the theory
at the fixed point n — 0,

-1 o . .
S = 5 / A’z (gijat(ﬁlat(ﬁj + 2G; (ax(bl — DlW)

— igij " Dy’ — 2i9" (9;jDs — (D; D;W) )wi) , (2.14)
where here the target space 1-form G;(t,x) acts as a Lagrange multiplier imposing the
Bogomol'nyi equation. S then has N = (1,1) superysmmetry, given by

Y R
Slpi = ’yt(‘)t(bie_ + zl“;k( 711&5)6_&_ + Gi6+
SIW_ = 7t8t¢i6+ + (qub’ + DZW) €_
0G; = iey (ngGﬂﬁlf + gij D’ + & (Rijia + Rawg) v ( 711/15))
+i€,(—gg[%dﬁg+(l%[%LV)¢i) . (2.15)
2.3 Reduction to constraint surface

The Lagrange multiplier G; imposes the constraint ¢! — D'W = 0, and hence ¢’ is con-
strained to live on the kink moduli space, where crucially the moduli m®(t) are allowed to
depend on time. Then, the bosonic part of the action on this constraint surface is given by

5 1 S 1
bos. _ ~ 2 . 3 j _1 0B
Sy, 5 /Ed T gij019' O 4 DW=0 2/dt Gapn“m” (2.16)

with G, as defined in (2.9). Thus, as expected we reproduce the standard moduli space
approximation.

We also have a fermionic Lagrange multiplier, given by the now non-dynamical ¢i+.
This imposes a fermionic constraint, such that the complete constraint surface can be
denoted ¥ = {C! = 0,C} = 0}, where

Ci = 0,¢' — D'W
Ci = Dy — (D'D;W)y . (2.17)
We then find?
s =i (Ch—Thclyt)
0Cy = (Dt@ + S RECH (W iyl ) — iI‘}k(zﬁ{%Cé’D Vi€t
+(u¢@u0%wmq)a, (2.18)

and hence we are able to restrict to ¥ without breaking any supersymmetry. In principle,
we can then solve the constraints (2.17) to determine ¢* and v’ in terms of a set of both

2We necessarily have that the full set of equations of motion from S transform into one-another under

6. We see here, however, that the constraints defining ¥ transform only amongst themselves.



bosonic and fermionic time-dependant moduli. Upon substituting these forms for ¢* and
Yt back into S, we determine the supersymmetrised low energy effective action. The
supersymmetry transformation rules for the moduli are determined from those of ¢’ and
¥ (2.15). In particular, we see that the bosonic and fermionic moduli are paired under
the supersymmetry e, while the ‘broken’ supersymmetry e_ lives on as a shift symmetry
for its Goldstino mode " .

Finally, it is instructive to consider an explicit example. We take (M, g) = (R,J) and
W(p) = A (a2q§ — %¢3). This choice describes a single scalar field in a ‘double dip’ potential
(0,W)? = N2 (¢? — a2)2. Finite energy configurations have lim, 4., ¢ = +a. Restricting
to sectors satisfying W (¢(o00)) — W (¢p(—00)) > 0 corresponds to requiring ¢(oo) > ¢(—o00).

We now solve the constraints Ci = 0,C; = 0 for the sector defined by ¢(c0) =
a, p(—o00) = —a, i.e. the kink solution. These read

Os¢ — A (a* = ¢*) =0
Outh— + 209 = 0. (2.19)

We find the general solutions

o(t,z) = atanh [a (z — y(t))]
Y_(t,x) = —Aa®sech? [Aa (z — y(t))] x_(t), (2.20)

where y(t) € R is the position of the kink at time ¢, and x_ () is a negative chirality spinor.
The action S evaluated on . is then

% 2 .
Sy, = 3/\a3/dt ((6ty)2 - zx_’ytatx_) , (2.21)
with supersymmetry
Sy = i€+X_
Ox— = (Opy) yrey — 26 . (2.22)

We indeed find that ey defines an N = 1 supersymmetry on this (free) QM model, while
€_ describes a trivial shift symmetry for its Goldstino mode x_.

2.4 n — 0 in the quantum theory

Our focus in analysing this (1 + 1)-dimensional model has been to develop a toy model
for the conceptually comparable but technically much more difficult example of the non-
Lorentzian 5d model for the M5-brane [17, 18], as discussed in section 3. In particular, in
considering the n — 0 limit we have localised exactly to the soliton moduli space, and thus
have neglected possible quantum corrections to the resulting quantum mechanical model.
While the focus of this paper is this classical construction, it is worth briefly discussing
how one can include quantum corrections to this procedure, so as to make closer contact
with the existing literature on the quantisation of fields around solitons [23]. In particular,
we shall see that by taking the n — 0 limit in the full quantum theory, we will generically



have 1-loop corrections to the final QM action corresponding to loops of the fluctuations
transverse to the moduli space. Further, we will see that 1-loop corrections also arise if we
instead start with the fixed point action (2.14), and that (at least in this simple example)
these corrections match those of the former calculation.

We first consider the partition function of the theory (2.12) at finite 1, analytically
continued to Euclidean signature,

Z, = /D¢sz exp{ — (n7'S-1 + So +151) } . (2.23)

Then, as is familiar from localization calculations [24], we can determine the 7 — 0 limit
of Z, by treating 7 as a semiclassical expansion parameter — sometimes referred to as an
auxiliary Planck constant.? In other words, we expand in 7 around the (moduli space of)
saddle points of S_;.

We choose boundary conditions such that we lie in a particular kink sector. In other
words, we fix ¢ at x = +00, and assume W (¢(o0)) — W(¢p(—o0)) > 0. Then, to describe
the QFT around the classical minima of such a sector, we shift S_; as

S_1 = S_1 = [W(d(00)) = W(g(~00))] = % / &’ gij (0:¢" — D'W) (02" — DIW)
(2.24)

where the overall sign difference from (2.12) arises from the Wick rotation to Euclidean
signature. Now let ¢}, (z; m*(t)) be a solution for ¢’ lying on the saddle point locus of S_j,
i.e. 0,0, — D'W(¢q) = 0. Here, the functions m®(¢) denote the (time-dependant) moduli.
We then expand,

P (t,x) = ¢ly(a;m®(t)) + n'/26¢° (2.25)

where the perturbations d¢’ lie transverse to the moduli space,

/ dx gingmﬁ =0. (2.26)
Then, we find
1 (625 .
Z, = /DmD((ngS) Dy exp {—S0[¢C1] -3 /d% 5¢' (W&blj [%]) 5’ + 0(771/2)} :
(2.27)
Hence, taking n — 0, we have
Zy = / D Dt 2y 150p € 01%a] (2.28)
where
1 (825 . 525 12
Zriop = [ DD exp {5 [ 067 (55t 0al) 07| = |aee (£ 0k teut)|
(2.29)

3Tt is implicit that the overall quantum parameter  has been set to 1.



Hence, the classical moduli space action Sy[¢.], precisely as discussed in section 2.3 up to
a Wick rotation, receives quantum corrections from Z.j0p, which we have neglected in our
classical analysis. In particular, setting g;; = d;; for simplicity, we have

5%5_1
0t pi
It is natural then to ask how we should interpret the QFT defined by what we called
the “fixed point’ action S (2.14). We can once again consider the path integral, this time

[ba1] = —05502 + (k0 0; W) (1) Dud, + (0:0W ) (0,06 W) (2.30)

remaining in Lorentzian signature,

Z = /DqﬁquDGeiSW = /D¢Dw DG exp {z'so[¢>,w] —|—i/d2x G; (80" —DiW)} .

(2.31)
Integrating out the Lagrange multiplier G;, we arrive at
Zy= / D¢ Dy 6§ (9,6 — DIW) ei%0lo¥] = / Dm Dy 2y j0pe”1P 1, (2.32)
where, again taking g;; = d;; for simplicity,
Z1loop = {det (5ij3x - @'ajw(éf)cl)ﬂ o (2.33)

Once again, we find that the action constrained exactly to the moduli space Sp[¢q] receives
corrections in the form of a one-loop determinant. Indeed, it is not hard to see that we
have Zi100p = Z1-loop- Defining Ajj = 6;;0, — 0;0;W (dc1), we have that

(ATA) = (=0ik0p — 00k W (da1)) (64jOx — OO W (da1))
= 0,02 4 (40,0, W) (he1) Dubt, + (0:0x W) (0;0,W)

ij
%5,

and so
Z11oop = [det (A7) R [det(AT) det ()] T et (A = By . (235)

Hence we have shown, at least in this simple kink example and with flat target space, that
the one-loop corrections to the moduli space action are independent of our choice to either
consider the 7 — 0 limit in the full quantum theory, or to just use the fixed point action S
to begin with.

3 Instantons in 5d super-Yang-Mills, and the M5-brane

We now turn our attention to a non-Lorentzian Yang-Mills-like theory in 5 dimensions,
given by the action [16, 18]

1 4 of1 1 1 I I
- - 1.
— %mr_pom + iU _T;D; U, + 511/+r_rf[xf, \y+]> : (3.1)

~10 -



Here we have indices i,5,...=1,2,3,4and I,J,... =6,7,8,9,10. The I'-matrices form a
real 32 x 32 representation of 11-dimensional Clifford algebra with signature (—,+,...,+).
Furthermore, we define I'y = % (I'o £T'5), and all spinors are taken to be real.

We have gauge field A, = (Ao, 4;) with p = 0,1,2,3,4, with field strength F),, =
OuA, — 0,A, —i[A,, A)]. The matter fields transform in the adjoint of the gauge group
G = SU(N). They are the 5 scalars X!, I = 6,...,10 and a single spinor field ¥
satisfying I'g1o345¥ = —W. The + subscript denotes chirality under I'gs = I'_4, i.e.
U, = % (1 £Tg5) ¥. The spatial 2-form Gj; is anti-self-dual; G;; = —%sijlekl.

The theory enjoys 16 rigid supersymmetries and a further 8 superconformal symme-
tries, which are neatly contained in the field transformations

6XT =ie, 71w _ 4 ie 71w,

6Ag =i W, —ie, W_

6A; = —ie, ;T W

o0, = FyTieys + iFijrijms_ + (DX T ey

§U_ = —Fylie- + (DoX")I'T ey + (D XT) T e

+ %[XI, X/IMT ey + 3G,y Tey —4X'TI(

6Gij = %g_mrkrijpk\p_ —ie;TijDoW_ — e Ty T XD W ] +3i(_ T Ty ¥_,  (3.2)

where

. er =& +aT i
e=¢+ (2T +2'Ty) ¢ = (3.3)
e =&+ $2F1C,

and Ig12345€ = &, T'o12345¢— = —(_. Then, neglecting boundary terms at temporal infinity,

we have

1 : ~
05 = tr / &z 9; [ e (lFoz-\lf_ —i (DiX") T

+i (DeXT) T_T'T, 0 — %

(X7, X7] r_r”rim)
+ e < — BTy 0y — i (D;XT) T 0, + iijmrirjk\Iz)
+44ixt¢ 1t Fi‘lq] . (3.4)
Thus, for suitable boundary conditions we have 6.5 = 0.
The on-shell conditions of this theory were first derived as a special solution to a set

of equations defining a representation of the 6-dimensional (2,0)-supersymmetric tensor
multiplet [17], in the context of which the theory described a null compactification of a
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stack of Mb-branes. Further analysis [25] showed that the dynamics reduced to geodesic
motion on instanton moduli space, thus leading to the light-cone proposal for the (2,0)
theory [20, 21]. However, this construction provided only the bosonic sector of the resulting
QM model, while also specialising to spherically symmetric, commuting zero modes for the
fields Ag, X 1.

Later work [18] determined the action (3.1) giving rise to these on-shell conditions. It
was then shown that the theory could be found as a scaling limit of 5d super-Yang-Mills,
corresponding to a stack of space-like compactified Mb-branes in the limit that the com-
pact direction became null [16]. It was further noted that in this limit, super(conformal)-
symmetry was enhanced from 16 to 24 supercharges, a process further explored holograph-
ically [19].

Evident from its construction as a scaling limit, S enjoys a Lifshitz scaling symmetry.
We introduce the notation [®] = (a, b) for an object ®, where a is the mass dimension, and
b the Lifshitz scaling dimension. Then,

[2°] = — [4o] = (~1,-1) )=

(

o) = - 141 = (-1.-3) w1-(33)
(
(

(X' =(1,1) [€+] =
[Gij] = (2,2) (-] =

0
11
[1/57] = (1,0 1= (5:3) - (35)
3.1 Reduction to constraint surface

We now reduce the theory by integrating out non-dynamical fields. Letting E(®) = 92%
denote the on-shell condition corresponding to a field ®, we find

EGiy) — EF*

2" W
EY-) =T, D; v,
XY = p;p;xT — B, T_T!w,
EW0) = D Foi + U, T_0, (3.6)
EW) = —DyFy; + DGy +i [ X1, D;XT] =, 0,0 — U_T,0,
E) = —i0_DogW, +ilyD;¥_ +T_T7 [ X1 0], (3.7)

where we have assumed suitable (i.e. Dirichlet or Neumann) boundary conditions for X!
and A at spatial infinity. Indeed, it is the time-dependent parameters describing such
boundary conditions that determines the energy of these fields, and hence they will gener-
ically appear in the reduced quantum mechanics.
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The first four of the equations (3.6), corresponding to the non-dynamical fields in S,
define the constraint surface ¥ = {E(Gu)’E(‘I’—),E(XI),E(AO) = 0}. The Gj; equation
of motion restricts A; to the moduli space Z; y of a degree k instanton for some k > 0.
In particular, we have dim (Zj y) = 4kN [26]. The ¥_ equations restricts ¥ to solve
the gauge covariant Dirac equation. Using index theorem techniques, we find that the
moduli space of normalisable solutions is described by 8kN Grassmann parameters. This
calculation follows the standard argument [26], but crucially differs by a factor of 4 from
the standard result of 2k/N for an adjoint fermion in four dimensions due to our use of
32-component spinors of Spin(1,10).*

The kinetic term for ¥, in S implies kinetic terms for these Grassmann parameters
in the reduced theory. Hence, on-shell in the reduced theory, there are 8kN/2 = 4kN
Grassmann degrees of freedom, and thus Bose-Fermi degeneracy is recovered on-shell. The
remaining two equations restrict the non-dynamical X! and Ay to the solution space of
gauge covariant Poisson equations, and thus will be determined up a set of zero modes.

Our aim is now to constrain the theory to ¥ without breaking any supersymmetry.
We find that under the supersymmetry (3.2), the constraints transform as

1
SE(Gii) — _1€+F7FijE(\Ij7)
SEW-) = <E<XI)F1 + E<A0>) et
) =, (DD EC) 4T (D7D — a0 [X7, - ]) BY2) - Try [BG9), w_])
+e.r'r,D,EY-) 4 20 T EY-)
SEA) — ¢, (FiDiE(‘I’” ir 1! [XI,E(“L)] ~Ty [E(Giﬂ,\p,D
— e D, EY-) 4 3¢C_EMY-) (3.8)
In particular, we note that § (X B ‘E and §E (o) !E are generically non-zero for e non-zero,
and thus only the supersymmetry £_ is unbroken by restricting to X.

We now show that this issue can be remedied such that the surface ¥ preserves the
full 24 supercharges. We introduce a shifted supersymmetry ¢, defined by

0X'=6X" —ie, W — &, T Iy + ¢(x, =ie MU, — & 1 Ty + ¢y,
640 = 0A0 + e Vo — ey X + ¢ =V — eI x+ 9, (3.9)

with = & on other fields. Here, x is a spinorial field satisfying

D;Dyx =T [Fy;, 4]+ T,T! [D; X, 0, ], (3.10)

*Usually, the relevant index is proportional to tr(75V,YuYpYo) = 4€uvpe Where the {7, }4—; form a basis
for the 4d Euclidean Clifford algebra, and the fermionic zero modes in the background of an instanton
(rather than anti-instanton) have negative chirality under 75 = y1v2y37a. The equivalent object in our
formulation is tr(I'12341 ;%) = 32¢;51. We indeed have I'1234 W4 = —W ., and so have non-trivial zero

32

modes. Taking into account the additional chirality condition on W under I'gs, we find % x =5 =4 times

as many zero modes.
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while qﬁ{ X) ¢(a) are each solutions to the gauge-covariant Laplace equation, i.e. DiDicb(I X) =
0, D;iD;¢ 4y = 0, which effectively allow for different boundary conditions on x. Then, it
XDl =0, 6EA0)

Y. without breaking any supersymmetry. We then calculate (again neglecting boundary

is easily seen that we have SE( = 0 and thus we can restrict to

terms at temporal infinity)

L1 - _
38 = gztr/d4x da” ( (ie1 W — & T x + ¢(ay) B

- (i€+FI\IL e, Ty - ¢>(IX)) E(X’))

1
+ tr / d*z dz° 0, [ G <F0i1“_x + (DX -1’y
9

+i (DoX!) T_I'T; 0 — % (X!, x7] F]_“”Fi\lf+>

+E ( — iFo Dy Wy —i (D;XT) DT 0, + ;E<Ga‘k>r+rirjk\11_>
+ X TT Wy — Fodgay — (DiX7) ¢~(’X)] . (3.11)

Thus, we find that for suitable boundary conditions at spatial infinity, and choices of
x> b(a), we have 6S|s = 0.

To proceed, we need to write down the general solution for A; in some gauge, as
described by the ADHM construction [27]. One can then seek the general solutions to
the three remaining constraints in terms of this ADHM data. The quantum mechanical
action for the reduced theory Sy; is then determined by evaluating S on these solutions
and performing the spatial integral. In particular, the bosonic sector of the theory will
reproduce the standard o-model with the usual moduli space metric as given by

gaﬁ = tr/d4x ((5QAZ) ((5/3141) . (312)

where « runs over the 4kN moduli of A;, and we have fixed the time evolution of A; to
lie transverse to gauge orbits. The full Sy, hence must be an extension to the maximal
N = (4,4) X-model on instanton moduli space Zj, x to include coupling to the zero modes
of XT and Ag. The theory will possess in total 24 supersymmetries, made up of the regular
8 rigid supersymmetries contained in £, their 8 superconformal partners in (_, and finally
an additional 8 contained in £_ which generically act only on the fermions and zero modes.

3.2 The single SU(2) instanton

We now focus on the particular choice of gauge group G = SU(2), and on the single
instanton (k = 1) sector. In the M-theory picture, this corresponds to a single unit of
momentum along the compact null direction [20, 21]. This particular sector and gauge
group are special, as they allow us to generate all 8k N = 16 Grassmann moduli of ¥
using an infinitesimal super(conformal) perturbation from a purely bosonic solution for
the constraints (3.6). For higher k£ and/or IV, one must seek the remaining 8(kN — 2) zero
modes via other means.
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3.2.1 Solving the constraints

We solve the constraints (3.6) defining the constraint surface ¥, first finding a purely
bosonic solution. The general solution for the instanton equation in the k = 1 sector is

Ai(t,z) = hA;h~ Y — i (9;h) W1, (3.13)

where A; is the k = 1 instanton in singular gauge [28],

2
Ai(t,z) = P i (@ —y); 909" (3.14)
(w—y)Q((x—y)2+p2)n A

Here, we have time-dependant moduli y;(t) € R%, p(t) € R, and g(t) € SU(2), where we
write t = 2¥. Additionally, we have allowed our solution to move freely along gauge orbits
over time, as signified by the gauge parameter h : R* — SU(2). We now choose the time
evolution of h such that the dynamical degrees of freedom of A; lie transverse to gauge
orbits, and as such the resulting model describes only these physical degrees of freedom.
This amounts to requiring that at any fixed time,

tr / d*z (D;A)9pA; =0, (3.15)
t=to

for any iA : R — su(2) that vanishes at spatial infinity. This final stipulation ensures that
g(t) remains intact as a physical degree of freedom [29]. Writing iw» = h™'h € su(2), (3.15)
is equivalent to

DDy = —D; (aofli) , (3.16)

where D; denotes the gauge covariant derivative with respect to A;. Introducing the no-
tation z;(t, ) = x; — y;(t) to denote the spatial displacement from the instanton centre at
time ¢, we have the solution

o

2y e — i) g0t (3.17)

w =
where we define @ by ¢~ '¢ = iu®c®. This in turn determines h for all time, given initial
value hg = h(tg) on some time slice ¢ = t3. Note, we could always shift w by some zero
mode of ZA?llA)Z, however, we shall see that such zero modes can be absorbed into the general
solution for Ag.

We now turn to the other equations. Writing X! = RX'h~!, we find

X)) =0 = D;D;X =0, (3.18)

Whﬂe, noting that DzFOz = Dz (60AZ — D,LA()) = —DZ'DiA(), and Writing A() = hz‘ioh_l,

we have

EW) =0 — D;D;Ay=0. (3.19)



Hence, we can write our bosonic solution as
A; = hAp™t — i (9;h) b1
Ag = hAph™*
X =nxTh 1, (3.20)

where X7 and Ay are zero modes of the gauge covariant Laplacian in the background of
the k = 1 instanton A; in singular gauge. By performing a further time-independent gauge
transformation, it is easily seen that hg can be arbitrarily fixed by gauge transformations,
and thus will not appear in any gauge invariant. Finally, we perform a gauge transformation
to bring our bosonic solution to a more convenient form,

A= 4
Ag=Ag—w
xf=XT, (3.21)
with
A P 1
A= mﬁszjgaag
2
_1; .. . 1Y _a - . —
hlh =iw= zm (75525 — u'z%) gotg ! . (3.22)

We indeed see that any zero modes we could have added to w could be absorbed into Ap.

With a bosonic solution in hand, we seek a general solution to the constraints (3.6).
In principle, starting from our bosonic solution, we can construct a solution with fermions
turned on by performing a finite supersymmetry transformation - sometimes referred to as
the sweeping procedure [26]. Then, each field ® is given by

0 (9)] 3 (9

What’s more, since § is parameterised by a finite number of Grassmann parameters, this

(3.23)

bos. solution bos. solution

series will necessarily terminate. However, this approach is cumbersome, and requires us
to solve (3.10) for x for generic configurations, and then calculate 5)(, 32)(, R

Thankfully, there is a more straightforward approach we can take. First, we fix A; =
A;. Then, we note that to generate a non-trivial solution to E(¥-) = DU, = 0 we
need only consider an infinitesimal variation of the bosonic solution (3.21). To see this,
note that on ¥ we have §E(Y-) = 0. In particular,

0= (SE(‘L))

- (iFiDié\I/+ 4Ty [SAi, \p+D

bos. solution

bos. solution

— i[;D; (3%) (3.24)

bos. solution
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And thus, 5\I/+ evaluated on the bosonic solution provides a solution for the F(Y-) = 0,
for gauge field A; unchanged. Performing this calculation, we find the solution

\If+ = FijFij (Ot + zkI‘kﬁ) = EjFija + 4Fijzj1—‘i67 (325)

where «, are Majorana spinors of Spin(1,10) with T'opsa = —Tgiesasx = a, To58 =
Fo123458 = B. In particular, a and 3 together make up 8k N = 16 Grassmann parameters,
and thus we have the general solution for ¥ .

Solutions for the final two constraints for X! and Ay cannot be generated in the
same way, as they are both quadratic in ¥. Instead, we solve them by inspection. It is
convenient to write the solutions as

X' = X1 X!
Ay = AO —w+ Ao , (326)
where as before DiDiX'I =0, Dz-DZ'AO =0, and

2 2)2
- + _
XTI — —M\IM_F_FI\L_

162
= iFy; (aU_T'Tyja + 82;aT T8 + 42,2, T _T'T;,5)

~ z2+p2 2,
AO . _(Hip2)‘lj+r_\lj+

= iFy; (al_Tja + 8z;al'_T;8 — 42;2,8T Ty, 8) . (3.27)

In summary, we find the general solution to (3.6) given by
2
_ P —a -1
A; = 20T pQ)nsz] gog

\I/+ = Fijl“ij (a + zkl“kﬂ)

XIZXI_M@ r. o
16p? e
2 2 2\2
3 P 2. —a - -1 (Z +p) T,

Finally, we need to solve for y in order to determine the supersymmetry variations of the
moduli parameterising the constraint space ¥. We can now split the terms in (3.10) into
parts linear and cubic in ¥, as

DiDix =T [00A; — DiAg + Dy, ¥4 + ;D [D; X1, W]

—y[D;Ag, O] + T, [D; X1 W, ], (3.29)
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with X' and Ay the fermion bilinears as defined in (3.27). We find the solution

. 22 + p? 2 )
X=X (mPQ)Fi [00A; + Diw, V]
8p2 " - B , ,
2 (24 2P (4n¢z212j2k ( (al_Tija)Tra+ (@l -I"Tjja) T Fka>

+4(22 = p?) iz (@T-Tyja) B+ (a-T'Ta) T73)

— 4227 2z ( (al'_Ty;0) TyB + (aI _T'T;0) T Fklﬁ)

+ 47822 (P05 — z2) ( (BT_T;;8) Ty — (BT_T'T;;8) T/ Fka>

+ o2t ( (BU-TyB) B — (BU-T'Ty8) T18) ) gog™  (3.30)
where y is a solution to

DiDi} = —T; [DjAg, O ] + I, [D; X1, W], (3.31)
for the so-far unspecified zero modes X7 and A,.

3.2.2 The reduced theory

Let m® formally denote the set of moduli y;, p, u®, o, 5 combined with the time-dependant
parameters describing the zero modes X! and Ag. We now want to determine the quan-
tum mechanical action for the reduced theory, along with how supersymmetry acts on
the m®. The action Sy is determined by simply evaluating our original action S on the
solutions (3.28).

To determine how supersymmetry acts on the m®, we first need to augment the su-
persymmetry variation ) by an infinitesimal gauge transformation with parameter 7, such
that the new variation lies transverse to gauge orbits. Indeed, we already did essentially
the same thing in defining w to force time evolution to lie transverse to gauge orbits, and
as such 7 takes the same form. Then, letting dsy; denote the supersymmetry of the reduced
theory, we have

04;
oxm® ( ! ) = —i€+FiF_\II+ + D;T
m

1
= Foilieq + FyTiT e + (DX DT ey +i[r, 4]

o aX[ o I _ I I . I
dxm =ie_ "V, — e T I"x + ¢(x) +i[r, X']

ome
0A ‘
(SZma 8m2 = zé_\I/+ — €+F_X + ¢(A) + D07-7 (332)
where
2
_ o~ 14 _a 9 u A
T=7— 22+ 2) (mj (0sys) zj — 2° (Onu )) gotg T, (3.33)

~ 18 —



and 7 is any solution to D;D;7 = 0, with different choices of 7 giving rise to different
transformations of the m® under dy,. Choosing 7 = 0, first equation of (3.32) is solved
to find

Oxy; = 4i (E+F_Fia)
oxp = 4ip (e41'-B)
oxu® = —iﬁ% (E_:,_F_Fijﬂ) . (334)

In particular, we note that the 16 supercharges contained in e, descend to full su-
per(conformal) symmetries of the reduce quantum mechanical model, while the final 8
supercharges in £ will appear as fermionic shift symmetries.

To proceed, we need to write down the general finite energy configurations for the
zero modes X', Ag. One can then solve (3.31) for X, and then seek solutions for qﬁ{ X)

and ¢(4) such that 65 as calculated in (3.11) vanishes for our solutions (3.28). Finally,
dxm® for the remaining moduli can be determined via (3.32), which will satisfy 655y = 0.
For simplicity, we present a consistent truncation of the set of moduli {m®} to include
only the spherically symmetric and regular modes of X!, Ap; this amounts to having
chosen spherically symmetric (but time-dependant) Dirichlet boundary conditions for X7,
Ag. We note, however, that due to the opposite sign gradient terms for X and Aj in
S, we generically expect additional higher modes whose energies cancel, but which may
nonetheless couple to fermions in the reduced theory. Leaving such analysis to future work,
we write the spherically symmetric solutions as
2 2

vhgogT!, Ay = ﬁpzwagaag*l, (3.35)

> z
—22+p2

for some v1:%(t), w?(t), as first considered in [25]. It is easily checked that these solutions do
indeed contribute finite energy for general v7:%(¢), w®(t). These choices admit the solution

()

(= (_ri [D;Ag, W.] + It [DZ-X[,\I/+]) . (3.36)

for (3.31). Then, for these configurations (3.35), we find
27T2 . -2 2(-a ay (e a 2. Ia,Ia
Sg:? dt (y¢y¢+2p + 2p° (4" — w*)(u® — w?) — 2p“ v
— 16ial_& — 32p%BT_f3
— 8p%i( — w* ) BT Ty B + 8piv" BT _T' rijﬂ) : (3.37)
while we find supersymmetries dx; given by
Ovy; = 4 (€+F,Fia)
onp = 4ip (e4I'-5)

oxu = —Zﬁg] <E+F_Fijﬂ)
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1

. 1 1
dva = Zyiri€+ - Z?/iFiF+C— + *F+§—
osf = p e+ in (U — w)Tjey + n vH T ey — 1r+g_
4p 16 J 161" J 4

+8i(e4-B) B —i (64T 3) T3
Syvl = in <€+F T'Ty,8 + ?qr '8 - 2§r1rij5>
— ienluhe (e T Ty 8) + ie™ql; (i — we) (e, T-T'Ty;B)
+ 875 (2 (BT _T8) (€:T-T78) — (BT _TB) (2D -T'Tje5) )
dxw” = —iefu" (€1 T'Ty;)
+ 8755 (2 (BT-TkB) (€:T-Tjp8) = 2 (BT-I'Ty;B8) (e, DT/ 3)
~ (BT-T'TiB) (6:T-T'T8) ) (3.38)
with
ey =& +IT4C . (3.39)
Note, in verifying 655 = 0, it is helpful to use the Fierz relations
(BT-T;B) (BT-Ti38) — (BT-T'Ty;B8) (BT-T'Ti;8) = 0
(BT-T'i;B) (BT-Tik) (€+T-Tj3) = 0 (3.40)

We recognise Sy, as an extension of the standard N' = (4, 4) o-model, with a flat metric on
the target space R* x R* (here, u® are the left-invariant SU(2) forms of the unit S3, which
combined with radius p gives a chart on R*). We note, however, that g is indistinguishable
from —g, and thus the actual target space is found by identifying ¢ = —g to find R* x
(R4 / Zg) which is indeed the hyper-Kéahler moduli space of a single SU(2) instanton. The
model is extended by six su(2)-valued time-dependant parameters vl w®* We see that
the full 8 rigid supersymmetries £ and 8 superconformal symmetries (_ now pair the
bosonic and fermionic coordinates on ¥, while the rigid supersymmetry £_ lives on as a
shift symmetry for its Goldstino mode «a.

Naturally, the Lifshitz scaling symmetry of the initial theory (3.1) descends to the
quantum mechanics, where it is more naturally viewed simply as a conformal symmetry.
In particular, in the notation of (3.5), we have
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] = (0,0 1= (-50)
v = (1,1) 1= (33) -
] = (1,1
[1/¢%] = (1,0) . (3.41)

We also note that there is an additional class of symmetries acting on the parameters

vl® w? corresponding to different solutions for qﬁ{X) and ¢(4). These symmetries are

I,a

trivially local, as v*'*, w® appear only algebraically in S. For instance, we have §,S = 0 for

Sav = (5,0_T1T;B) (z’a“bcﬁfj (€ —w®) — 87, (BT-TxB) )
baw® = (74T-T'TyB8) (ie™ i’ — 8, (BU-T'Tj8) ). (3.42)

for spinor o (t) with T'gi1934504+ = Tps04+ = o4. Such symmetries can be better understood
by considering the transformations

Ia ima (3 I
la v+ 22771']' (BILF Fijﬁ)
PURES vTby T 416 (BT _T'yiB) (BT-TwiB) M)
(ua — wa) + 2277]?J (ﬁrfrwﬁ) \ (t) ’ (343)

(@b —w) (ab — wb) +16 (BT _Tf) (BT-TwfB) "

where these expressions are understood as the corresponding (necessarily terminating)

oHwt =

power series in 8. Then, we have

D) 2
5yS = giz /dt [~ 472 0w+ 2] (3.44)
and so in particular, 5,5 = 0 for any A\, = —A,.

4 Conclusion

In this paper, we presented a general procedure by which the dynamics of a particular
class of non-Lorentzian supersymmetric field theories can be reduced to a supersymmetric
quantum mechanical model. Such non-Lorentzian theories can be found as fixed points
of induced RG flows [16], as well as from M-theory brane configurations both directly
and holographically [19]. They generically involve a Lagrange multiplier imposing the
Bogomol'nyi equation of a soliton preserving some amount of supersymmetry, and hence
in the examples we have considered the resulting models are supersymmetric o-models on
the moduli space of these solitons.

We first considered the particularly simple and instructive example of a %—BPS kink
in the N' = (1,1) o-model in (1 + 1)-dimensions with general potential, where we first
considered a scaling limit and corresponding fixed point non-Lorentzian theory. Reduc-
ing to the constraint surface ¥, we determined a recipe for writing down the relevant
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supersymmetric o-model on kink moduli space. We argued that this procedure provides
a supersymmetric extension to the standard scaling argument for the geodesic approxi-
mation for slow-moving solitons. Further, we discussed how one may calculate quantum
corrections to this procedure.

We then revisited the non-Lorentzian (44 1)-dimensional Yang-Mills-like theory, which
can be interpreted as a lightcone action for a stack of Mb5-branes. We demonstrated how
dynamics can be reduced to motion on a constraint surface 3 derived from integrating
out non-dynamical fields. With some care taken to deform the supersymmetry algebra,
we showed that the theory could be reduced to a supersymmetric o-model on instanton
moduli space, coupled to the zero modes of the embedding coordinates X' and electric
potential Ay. We derived this o-model explicitly for the case of the single SU(2) instanton
coupled only to spherically symmetric zero modes.

It would be interesting to consider non-Lorentzian RG flows and the subsequent soliton
o-models for other Yang-Mills solitons such as vortices and monopoles, especially when the
parent theory includes coupling to matter. Here, one would expect to recover known results
on the effective actions for these BPS solitons [12, 13, 30], generically augmented by a set
of couplings corresponding to matter fields of the parent theory.

It would also be interesting to generalise our analysis of the reduced theory in the SYM
case, firstly to include all zero modes for X’ and Ay, and then to use the ADHM formalism
to investigate higher instanton number. Such analysis would in particular determine how
the various modes of X and Ag appear in the reduced theory, and could thus shed light
on how different M5-brane configurations are recovered in the o-model. In doing such
analysis, one may hope to recover results analogous to the D4-brane supertube [31] in the
context of M5-branes.

The quantum mechanical model (3.37), which constitutes an extension to the standard
N = (4,4) o-model with hyper-Kéhler target, bears a resemblance to models obtained by
considering the low energy limit of N' =4 SYM in four dimensions, where one of the six
scalar vevs is taken to be much larger than the rest [23]. In particular, such a model also
possesses an adjoint valued SO(5) vector, akin to our v!. It would be interesting to make
closer contact with this construction, especially as it may help in constraining the form of
the aforementioned generalisations.

Recent work [19] showed that the theory (3.1) is in fact a special case of a non-
Lorentzian M5-brane theory that can be derived holographically. In particular, one consid-
ers AdS; as a timelike fibration over a non-compact complex projective space CP3, places
a stack of Mb-branes at fixed CP3 radius, and then takes them to the boundary. The
resulting theory is deformed from (3.1) by a parameter €2, which in particular deforms the
constraint imposed by G;;, and crucially introduces a kinetic term for the X I 1t would
be interesting to revisit this paper’s construction for this theory, and understand the role
of the ) deformation in the resulting quantum mechanics. Further, one finds that the
Q-deformed theory, and so therefore (3.1), possesses a large set of bosonic symmetries cor-
responding to a subgroup of the conformal isometries of AdS7 [32]. One would expect these
symmetries to descend to the quantum mechanical model.

Finally, it would be of interest to revisit the non-Lorentzian theories descended from the
(1+42)-dimensional BLG and ABJM/ABJ Chern-Simons-matter theories, which describe a
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configuration of M2-branes that is U-dual to the lightcone M5-brane configuration discussed

in this paper [16, 33]. The reduced theory would then be a o-model on Hitchin moduli

space [34], again extended to include couplings to additional fields in the parent theory.

We hope to report on these issues in due course.
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