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1 Introduction

In recent years we have seen renewed interest in (non-)Abelian T-duality [1, 2] of sigma
models. Its generalization [3, 4] includes RR fields and is often used to find new supergravity
solutions [5, 6]. Duality transformation can be performed whenever there is an isometry
of the sigma model background. However, dualization with respect to non-semisimple Lie
groups ¢ does not preserve conformal invariance [7] and dual models exhibit mixed gauge
and gravitational anomaly proportional to the trace of structure constants of Lie algebra
g corresponding to ¢ [8].

Non-Abelian T-duality also contributes to the study of integrable deformations [9, 10]
where similar problem has been dealt with [11]. After publication of [12] it became clear
that integrable deformations should satisfy the so-called Generalized Supergavity Equations



instead of usual supergravity equations. Since some deformations can be understood as non-
Abelian T-duals [13], one may ask whether dual models satisfy Generalized Supergravity
Equations in general.

Authors of [14] have found non-Abelian T-duals of Bianchi cosmologies [15] and have
shown that dual backgrounds indeed satisfy Generalised Supergravity Equations. In our
recent paper [16] we noted that beside “full” non-Abelian T-dualities used in [14] there
are other transformations that belong to the NATD-group investigated in [17]. Namely,
we considered B-shifts, S-shifts, “factorized” dualities and their compositions and we have
shown that backgrounds obtained by these transformations satisfy Generalized Supergrav-
ity Equations as well. The above mentioned transformations are best understood in context
of Poisson-Lie T-duality [18] and Poisson-Lie T-plurality [19]. Underlying algebraic struc-
ture of these transformations is the Drinfel’d double 2 formed by a pair of Lie subgroups
% and 9. Corresponding Lie algebras form Manin triple (9, g, g).

Formulas summarized in section 2 allow us to construct sigma models on Lie groups
4 and ¢ that possess generalized symmetries [20] and satisfy Generalised Supergravity
Equations for certain dilaton field. However, beside ¢ and 4 there might also exist other
pairs of groups 4 and ¢ that form the same Drinfel’d double 2. It is then natural to
ask what backgrounds on G or G we get by Poisson-Lie T-plurality and whether these
backgrounds satisfy the Generalised Supergravity Equations. For AdSs x S° background
this problem was addressed in [21].

In this paper we find Poisson-Lie T-plurals of cosmologies invariant with respect to non-
simple Bianchi groups. To do so, we consider semi-Abelian Drinfel’d doubles 2 = (%|«/),
where % are three-dimensional groups of symmetries of the particular cosmology and .o/
is three-dimensional Abelian group. Manin triples of such Drinfel’d doubles were classified
in [22]. It turns out that for each group % there are several Manin triples and many
embedings of these Manin triples into 0. Resulting plural backgrounds depend on many
constants [16] and it is a tremendous task to put down complete classification. Since it
is not always possible to present full results, we often restrict to particular examples of
Poisson-Lie T-plurality to show important features of obtained models.

The main goal of the paper is to show that new backgrounds obtained by Poisson-
Lie T-plurality satisfy Generalized Supergravity Equations. Straightforward application
of dilaton transformation formula [19] gives dilatons on 4 and ¢ that may depend on
coordinates of the dual group leading to puzzle discussed in [23]. Inspired by [21] we show
how to deal with this issue and present formulas that allow us to calculate vector field J
appearing in Generalized Supergravity Equations. The plural backgrounds, dilatons and
J then satisfy these equations.

Authors of [24-26] consider Yang-Baxter deformations of AdS; x S° and calculate
vector field J as Diw® from non-commutative structure © in the open string picture.
This works for “full” non-Abelian dualities, but not for “factorized” dualities (e.g. some
backgrounds obtained in [16]) or more general pluralities.

Plan of the paper is following. In next section we summarize basics of Poisson-Lie T-
plurality including transformation of dilaton and write down formulas for vector field J. In
sections 3.1, 3.2 we derive metrics, B-fields and dilatons obtained by Poisson-Lie T-plurality



of the flat background, and in sections 4.1, 4.2 we present metrics, B-fields and dilatons
obtained by Poisson-Lie T-plurality of curved Bianchi cosmologies with nontrivial dilaton.
It turns out that for appropriately defined vector field J all of them satisfy Generalized
Supergravity Equations.

2 Basics of Poisson-Lie T-plurality

In the first two subsections we recapitulate Poisson-Lie T-plurality with spectators [18, 19,
27].

2.1 Sigma models

Let .# be (n + d)-dimensional (pseudo-)Riemannian target manifold and consider sigma
model on .Z given by Lagrangian

£:87¢M'FMV(¢)8+¢V’ ¢“ :gb'u'(O'Jr,O',), n = 1,,7’L—|—d (21)

where tensor field F = G + B on .# defines metric and torsion potential (Kalb-Ramond
field) of the target manifold. Assume that there is a d-dimensional Lie group ¥ with
free action on .# that leaves the tensor invariant. The action of ¢ is transitive on its
orbits, hence we may locally consider # ~ (M |9) x ¥4 = AN x4, and introduce adapted
coordinates!

{8q, %}, a=1,....n=dimA, a=1,...,d=dim¥ (2.2)

where s, label the orbits of ¢ and are treated as spectators, and % are group coordinates.
Dualizable sigma model on A4 x¥ is given by tensor field F defined by spectator-dependent
(n+d) x (n+ d) matrix E(s) and group-dependent £(z) as

Fls,z) = £z) - B(s)-£0(@), &) = (10" ) &) (2.3)

where e(z) is d X d matrix of components of right-invariant Maurer-Cartan form (dg)g~!
on Y.

Using non-Abelian T-duality one can find dual sigma model on A x &7, where & is
Abelian subgroup of semi-Abelian Drinfel’d double 2 = (¥4|.<7). The necessary formulas
will be given in the following subsection as a special case of Poisson-Lie T-plurality.

In this paper the groups ¢ will be non-semisimple Bianchi groups. Their elements
will be parametrized as g = e T1em’T2e7°Ts wwhere % T2¢7°T5 and e’ 713 parametrize their
normal subgroups. Bianchi cosmologies are defined on four-dimensional manifolds, hence
dim .4 =1 and we denote the spectator s; as t.

'Detailed discussion of the process of finding adapted coordinates can be found e.g. in [27, 28].



2.2 Formulas for Poisson-Lie T-plurality with spectators

Drinfel’d double = (¢|¥) is a 2d-dimensional Lie group whose Lie algebra d is equipped
with an ad-invariant non-degenerate symmetric bilinear form (.,.). The Lie algebra 0
decomposes into double cross sum g >t g of subalgebras g and g [29] that are maximally
isotropic with respect to (., .) giving rise to Manin triple (9, g, ). This means that mutually
dual bases T, € g, Te € g, a=1,...,d, satisfy relations

(T, Ty) = 0, (T*, T =0, (T,, T% = &?, (2.4)

and due to ad-invariance of the bilinear form (.,.) the algebraic structure of Manin triple

is given by

For many Drinfel’d doubles 2 = (¢|¥) several Manin triples may exist. Suppose that
we have sigma model on 4" x ¢ and the Drinfel’d double is formed by another pair of
subgroups G and G corresponding to Manin triple § > g. Then we can apply the full
framework of Poisson-Lie T-plurality [18, 19] and find backgrounds for sigma models on
N x G and N x 4. Relation between groups ¢ ,g and {é\, ¢ is given by relation between
the Manin triples. In terms of group elements it reads

l=g(yh(@) =§@)h(z), €2, 99, hed, Ged, hed.
The mutually dual bases T, € §, T* € §, a = 1,...,d, satisfying
(Ta, Tp) =0, (T°, T" =0, (T, T = 8¢

then must be related to T, € g and T € g by linear transformation

(-9

where C' is an invertible 2d x 2d matrix. Given the structure constants FZ; of 0 =gixxg

and 1?'1]; of 0 = g < g, the matrix C has to satisfy equation
CPCIET = FS,C. (2.9)
To preserve the bilinear form (.,.) and thus (2.4) and (2.6), C also has to satisfy
CECY(Do)pg = (Do)ab (2.10)

where (Dg)qp are components of matrix Dy that can be written in block form as

041
Do=|.%"4). (2.11)
14 04



In other words, C is an element of O(d,d) but, unlike the case of Abelian T-duality, not
every element of O(d,d) is allowed in (2.8).
For the following formulas it will be convenient to introduce d x d matrices P, Q, R, S as

(5= (D)- (9 ()

and extend these to (n + d) x (n + d) matrices

1, 0 (0,0 (0,0 (1,0
S G (B () IR

to accommodate the spectator fields. It is also advantageous to introduce block form of

E(s) as
. Ea/g(s) Eab(S) a _ n a _
E(s)—<Eaﬁ(s) Eab(s)>’ B=1,....n, ab=1,...d

The sigma model on .4 x 4 related to (2.3) via Poisson-Lie T-plurality is given by tensor
=, . Ay Dy A\ BT . 1, O
F(s,z)=E()- E(s,2) - & (2), E() = SOl (2.13)
0 e(2)
where €(2) is d x d matrix of components of right-invariant Maurer-Cartan form (dg)g—*

onY¥Y,

~

~ ~ -1
E(s,@):(1n+d+E(s).H(¢)) -E(s), (2.14)

~ . On 0
(@) = < 0 (@) -a—l(@)> ’

and matrices 3(:&) and a(Z) are submatrices of the adjoint representation

ady+(T) =b(z) - T +a '(&)-T.
The matrix F (s) is obtained from E(s) in (2.3) by formula
E(s)=(P+E(s)-R)"'-(Q+ E(s) - S) (2.15)
so it is necessary that?
det (P+ E(s)-R) #0. (2.16)

Analogously we get tensor dual to (2.13) on .4 x 4.

Formulas (2.13)—(2.15) reduce to those for full Poisson-Lie duality if we choose P =
S =04 and Q = R = 1,;. Furthermore, for a semi-Abelian Drinfel’d double the well-
known Buscher rules for (non-)Abelian T-duality are restored. If there are no spectators
the plurality is called atomic.

~ ~ ~ -1
*For regular E(s) formula (2.14) simplifies to (Eil(s) —I—H(:fc)) and det (Q+ E(s)-S) # 0 is also
needed.



2.3 Generalized Supergravity Equations and transformation of dilaton

Main goal of this paper is to verify whether backgrounds obtained by Poisson-Lie T-
pluralities satisfy Generalized Supergravity Equations of Motion [11, 12, 30, 31]. They
can be written in different forms. We adopt convention used in [14] so the equations read?

1

0= Ry — {Hyupe H,/” + Y, X0 + Vi X, (2.17)
1

0= 5V Hppu + X Hpp + VX = Vo X, (2.18)

0=R-— %HPO.TH’”T +AV,XP — 4X, XN (2.19)

where

Hppy = 0pBuy + 0uByp + 0, Bpy,

V,, are covariant derivatives with respect to metric G,
X, =0,24+T"Fop,

® is the dilaton and vector field J will be defined bellow. For vanishing J the usual beta
function equations are recovered.
Formula for transformation of dilaton under Poisson-Lie T-plurality was given in [19] as

~ 1 ~
$(2) = @(y) — 5 n ] det [(N + H(g:«)M) a A)} ) (2.20)
where y represent coordinates of ¢,

3(y) = Bly) + 5 In | det [(1+ () E(s)) aly)] | (221)

®(y) is the dilaton of the initial model and
M=S8TE(s) - o', N=PT —RTE(s).

Problem with the formula (2.20) is that in general it is non-local in the sense that
y = y(Z,x) obtained by decompositions of Drinfel’d double elements

l=g(h() =4@h(z), €D, g9, hed, Geb, hed. (2.22)

This is the cause of the puzzle mentioned in [23], namely that  in formula (2.20) for dilaton
on ¢ depends not only on coordinates # of the group ¢ but also on coordinates Z of 4.
For coordinates y depending linearly on  and Z

YR (&, 7) = dF 2" + AT,

which holds for all cases bellow, the problem can be solved in the following way. We set

30(y) = d°(dk ™)

3We consider here only bosonic fields in the backgrounds.



and vectors j for backgrounds on .4 x 7
T =0, a=1,... dim.A,

. 1. PO N
JdimAm <2fabb — ‘;y dka> vm, a,bk,m=1,...,dim%. (2.23)

For the dual model on A x 4
(y) = @(d""z),

g0, g (Lt - Sl ve (221)

where YA/Q, V¢ are left-invariant fields of the groups g?, 4 and fbac and f", are structure
constants of their Lie algebras. Note that in case of Poisson-Lie T-plurality linear combi-
nations of left-invariant vector fields need not be Killing vectors of plural backgrounds as
they satisfy condition [18] of pluralizability

(L5, Fhuw = Fus Vi FoV2 (2.25)

with generally nonvanishing right-hand side. Nevertheless, it turns out that all nontrivial
vectors J and J found below are Killing vectors of corresponding backgrounds.

For non-Abelian T-duality, authors of [24, 32] calculate components J# of vector J
using

(Div©)* = D, 0" (2.26)
where?

O = —(G+B)-B-(G-B) )

G and B are symmetric and antisymmetric part of tensor F and D, is covariant derivative
with respect to

G/u/ == (g_B'gil 'B>p,1/

Unfortunately, as we shall show on many examples below, this formula does not work in
general for Poisson-Lie T-plurality.

3 Poisson-Lie T-plurality of flat background

3.1 Bianchi III cosmology

First we shall study Poisson-Lie T-pluralities that follow from the Bianchi 7171 invariance of
Minkowski metric. Consider six-dimensional semi-Abelian Drinfel’d double® 9 = (%;| %)
whose Lie algebra @ = by;;r < a is spanned by basis (11, 7s, T3, fl, fQ, ZF3) with non-
vanishing commutation relations

[, T3] = T3, [I0,T% =T°%  [I3,7% =-T. (3.1)

*Note that © is the antisymmetric part of F~' (s, z).
5By HBrrr and brrr we denote the group Bianchi I171 resp. its Lie algebra and by .7 and a we denote three
dimensional Abelian group resp. its Lie algebra. Similar notation will be used in the following sections.



The group %yr is not semisimple and trace of its structure constants does not vanish. Lie
algebra 0 of this Drinfel’d double admits several other decompositions into Manin triples
found in [22].

In adapted coordinates the Bianchi 111 flat cosmology is given by metric®

100 O
0 t20 0
0 00 e 22

The corresponding matrix E(s) can be found by setting y; = 0 in F. The background is
invariant with respect to the action of Bianchi 11 group generated by left-invariant vector

fields
Vi = Oy, + Y3 Oys, Vo = 0Oy,, V3 = 0y,. (3.3)

The metric is flat and there is no torsion so the equations (2.17)—(2.19) are satisfied if
we choose dilaton ®(y) = 0 and vector J = 0. This background was mentioned in [33]
where the authors noted that its non-Abelian dual does not satisfy standard beta function
equations.

The equation (2.21) implies @@ (y) = % and formula (2.20) for new dilatons then
simplifies to

O(i,7) = yl(f;”f)

1 ~
L } det [(N + H(:%)M) a(@)] ‘ (3.4)
Hence, for every g g it is necessary to express y; in terms of & and z from (2.22).

3.1.1 Transformation of byry <X a to byyr < byr and to its dual

As was found in [22], the algebra of the Drinfel’d double 2 = (%r1|<) can be decomposed
into Manin triple @ = by;; > by; spanned by basis (1, Ty, T3, 7", T2, T3) with non-trivial
algebraic relations

~

[T\laT\Q] - _T\Qy [T15T2] = (f?) + T2)7 [T\lvfg] = _T\Q) (35)
[Ty, T? = -T", [T2,73) = T".

Left-invariant fields of & = B and G = By are

‘/}lzaril +j:28i'27 ‘72:83@27 ‘/}3:8@37
‘71:8@17 VQZ_E38:731+ 89?27 ‘73:6@3

There is rather large number of solutions of equations (2.9) and (2.10) giving linear
mappings (2.8) between generators of by < a and byry > by (cf. the table of Poisson-Lie
identities of by >t a in [16]). However, up to a change of coordinates and gauge shift of the
B field, all the resulting plural backgrounds F on & are equivalent. Since the parameters

SFor typographic reasons from now on we shall use subscripts to label group coordinates.



coming from mappings C' can be eliminated in plural backgrounds by transformations of
coordinates or gauge shifts, it is sufficient to consider matrix

100000
001000
010000
000100
0-10001
001010

which gives rise to tensor F on ¢ calculated from (2.13), (2.14) as

-10 O 0

F(t.a) 0t 0 0

»L1) = t2 t2
00 €271 42 _621} 2

0 0 t2 6211

62.’21 +t2 62.’21 +t2
The metric is not flat but its scalar curvature vanishes. It is possible to find coordinate
transformation that brings the metric to the Brinkmann form of a plane parallel wave

(2u2 - 1) 23 — 323
(14 u2)?

The background is accompanied by a non-trivial torsion

ds® = du® + 2du dv + dz3 + dz3.

~ 2
H = mdu VAN ng VAN dZ4.

This background was repeatedly found in [35-37] as non-Abelian T-dual of flat metric.
Let us now focus on the dilaton. Change of Manin triples given by mapping (3.6)
induces transformation of coordinates of the Drinfel’d double. From (2.22) we find that

y1 = 21, Y2 = T3 — T2, Y3 = To + I3,

U1 = T1 — T2T3, U2 = I3, U3 = Ta.
As ®O) (y) = 4., we need only y; and that gives us o0 = %1 From the formula (2.20) we
obtain transformed dilaton

. 1 )
B(t,31) = —5In (th*Q’“ + 1) .

Vector J given by both (2.23) and (2.26) vanishes, Generalized Supergravity Equations
become standard beta function equations, and one can check that they are satisfied.
For sigma model on ¢ different C' matrices give different backgrounds. For instance,

using

000100

0-10001

001010

100000

001000

010000

Co=Dp-C1 =



we obtain tensor
-1 0 0 0

9 _

0 i —5%25 0
— _ t4+:1:2 t4+1‘2
]:(t,$2) — 0 2 2 2 2
ti4+z2 1422

0 0 -1 1

with non-trivial curvature and torsion. To find the dilaton and vector J we express Y1
from (2.22) as y; = #;. Dilaton

B(t,7s) = —%m (t + 2)

found by Poisson-Lie T-plurality generated by Cy = Dy - C; transforming by > a to
brr 1 byr satisfies Generalized Supergravity Equations if the vector

j = (O> _17 O¢O)

is calculated via (2.24). Formula (2.26) fails to provide correct J as

DVGV":(O, L 0,0).

142
Using
000-100
0010 -10
1 1
Oy = 0100 O
-100 0 00
0000 01
0000 10
we get torsionless background
-1 0 0 O
_ 0 vz =27 0
Fltm)=| (07 ot
z3+1 z3+1
0 0 -1 1

From (2.22) we find that y; = —%; and formulas (2.20) and (2.24) give
_ 1 _
(I)(t,i'z) = _§1n (t2(1+a_7%)) ’ J = (07070)0)

The standard beta function equations are thus satisfied. Since D,©"* = <0, —%, 0, O),

we see that formula (2.26) is again not applicable.

~10 -



3.1.2 Transformation of byry <X a to byyr X brrrii; and to its dual

Lie algebra 0 = by &< by is spanned by (T\ 1, fg, T 5, 7Y T2 T 3) with non-trivial algebraic
relations

[,1/;17T2] = _4f27 [thl] = 2T27 [thQ] = (_2,1/;1 +4T2)7
[Ty, T% = —4T", [T!, 7% =2T".

The left-invariant fields of ¢ and ¢ are

‘71285514-4.@2(9532, ‘72:8227 ‘73:6:%37
Vi = 6_2f2851, Vo = 0z,, Vi = Og,.

There is again rather large number of linear mappings (2.8) between by;; > a and by <
brrriii depending on many parameters. The backgrounds obtained by plurality are quite
complicated, hence, we shall restrict to two simple ones.

First of them is given by matrix

—-400 0 0 O

000 0 01

010 0 0O

C1= 1 1

000—-30-—3

—-201 0 0 O

000010

for which tensor F has the form
-1 0 0 0
R 0 16e8i;t2 __ 8 — 0
Flan=| , "5 "7
4+685:1 (4+68i‘1)t2

0 0 0 1

The background is curved and torsionless. From the change of decompositions (2.22) we
express Y1 as
y1 = —4x1 — 2%9.
Dilaton
B(t,81) = —=1 ﬁ(4+ 801
1) =—5n{ e
satisfies Generalized Supergravity Equations with J = (0,0,0,0) but Div® = (0,0, —2,0).
Torsionless background

-1 0 0 0
0 P 562i2t2+e4i2 (i17t2)
(4 7. = 4(5—-2e2T2 4472 )12 2(5-2e2T2 44722
f(tyl'hl?) = e49—g2(t2+2‘71)—562”22t2 ( AT (4t4+i%))
2(5—2e%72 417212 (52272 447212
0 0 0 1

- 11 -



is obtained by Poisson-Lie T-plurality given by Dy - C;. Transforming byrr o<t a to by <
brrr we get dilaton

(i)(t@’z) = —% In (t2 (—262922 + et 4 5))

that satisfies beta function equations, i.e. Generalized Supergravity Equations with J =
(0,0,0,0). That disagrees with formula (2.26) giving Div© = (0, —4e~2%2,0,0).
Another Poisson-Lie T-plurality is given by the matrix

400000
002000
010000
00-1%00
200 003
000010

Co

that leads to background

-1 0 0
0 16e8%1¢2 32t4
A o 16¢4 8% 16¢4 8%
F(t,#1) = 0 O a3 Ve
16t44e3%1  16t44-e5%1
0 0 0

_ o O O

with nontrivial torsion. For C5 we find that
== 431 4 2o, q)(D) = 211,

and the background supported by dilaton
~ 1 X 1
(I)(t,i'l) = —5 In <2 t4€78:61 -+ 8)

satisfies Generalized Supergravity Equations with J= (0,0,—2,0) obtained by both (2.23)
and (2.26). Background obtained by the Poisson-Lie T-plurality given by Dg - Cy trans-
forming b7y <1 a to byrp; < by is

-1 0 0 0
0 AT 42 22 (1614 +e272 (44221 —1)+1)
Firom o) 16t4—2e**2+e*2+1 2(16t4—2e272 +e17241)
F (21, 22) = 272 (—16t4+e272 (4712 +1) 1) 4e*7242 (73 +1) 0 (3.7)
2(16t4—2e272 4172 4+1) 16t —2e2%2 432 11
0 0 0 1
Dilaton ) .
P(t,z2) = 3 In <264x2 (16t4 —2¢%%2 4 172 4 1))

calculated via formula (3.4) and background (3.7) satisfy Generalized Supergravity Equa-
tions with non-constant vector

J = (0,—4e"%*20,0)

~12 -



obtained from both (2.23) and (2.26). Although it is not obvious, J is a Killing vector
of (3.7). This example shows that components of left-invariant fields need to appear in
formulas (2.23), (2.24). Papers [14, 16] dealt only with semi-Abelian Drinfel’d doubles
where V&™ = §%™ vectors J were constant and proportional to the trace of structure
constants so the full form of (2.24) was not necessary.

3.2 Bianchi V cosmology

Next we shall study Poisson-Lie T-pluralities that follow from the well-known Bianchi V
invariance of the flat metric that in adapted coordinates reads

-10 0 0
0t 0 0
0 0et2 0
00 0 e2¢?

Flt,y1) = (3.8)

Authors of [7] first noticed that non-Abelian dual of this background is not conformal.
Further study of the emerging gravitational-gauge anomaly was carried out in [34].
Metric (3.8) is invariant with respect to the action of Bianchi V' group and can be
obtained by formula (2.3) if we consider six-dimensional semi-Abelian Drinfel’d double
2 = (PBy|</) and Manin triple 9 = by < a spanned by basis (Tl,Tg,Tg,Tl,fZN“Q,T?’) with
non-trivial comutation relations
(11, o) = T, (T4, T3] = Ty, 1y, T%] = -T2, (3.9)
[Ty, T% = —T°, [Ty, T =T", (T3, 7% =T".
The group Ay is not semisimple and trace of its structure constants does not vanish. The
algebra 0 allows several other decompositions into Manin triples g i g.

Corresponding dilaton can be again chosen ® = 0 and transformation formu-
las (2.20), (2.21) now give

~

1 .
$(a,7) = ~p1(a,7) = 5 In } det [(N n H(:%)M) a(@)] ‘
so it is again necessary to find how y; depends on Z,Z using (2.22).

3.2.1 Transformation of by > a to byy_, > a and to its dual

Lie algebra 0 = by _, > a is spanned by (QA“ 1, fg, T 3, T, T2, T3) with algebraic relations

Ty, Ty) = — T, [T, Ts) = Ts, 11, 7% = T?, (3.10)
[fhj—ﬁ] = _T37 [f%TZ] = _T17 [T3>T3] = Tl'

Left-invariant vector fields of 4 and ¢ are

‘7123@1+C@23@2—@33@3, ‘72:5:22, ‘732(9:23,
Vlzafla %:ai"za %Zﬁfg
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Mappings that transform commutation relations of Manin triple by <1 a to those of
byr_, ™ a are in general given by matrices

1 C12 c13 —C12C15 — €13C16 C15 C16
0 0 0 —C12C25 — C13C26 €25 C26
O C26 €25 €C16C25 —C15C26 0 O
C _ C26C65 —C25C66 C25C66 —C26C65 C26C65 —C25C66 (3 11)
1 0 0 0 1 0 0 :
O €66 1 €16C65 —C15C66 0 0
€25C66—C26C65 626—625’6# €25C66 —C26C65
1o}
0 0 0 —C12C65 — C13C66 C65 C66
and
-1 c12 c13 €12€15 + €13C16 C15 Cl16
0 C36 €35 €16€35 —C15C36 0 O
C36C55 —C35C56 C35C56—C36C55 €C35C56 —C36C55
o 0 0 0 €12€35 + €13C36 €35 €36 519
2= 0 0 0 -1 0 O ( : )
0 0 0 C12C55 + €13C56 C55 Ch6
0 C56 1 €16C55 —C15C56 0 O
C35C56—C36C55 36— -0 €36C55—C35C56

€55
Although backgrounds calculated from Cj and Cs seem rather complicated at first sight,
dependence on constants c;; can be eliminated in the resulting metrics and c¢;; appear
only in B. Moreover, the torsion vanishes in both cases, hence, up to coordinate or gauge
transformations, tensors F are equivalent to

-10 0 0
~ 0t 0 0
FEID= | g g c2mp2

00 o0 €

t2

(3.13)

Such background can be obtained directly if we choose c12 = ¢13 = ¢15 = ¢16 = ¢35 = €356 =
0 and c36 = ¢55 = 1 in Co, in which case we perform “factorized” duality

-100 0 00
10 0 00
00 001

0
0
¢ ;
F 000-100
0
0

(3.14)

00010
01 000

i.e. Buscher duality” in coordinate ys.
Tensor (3.13) together with dilaton

~

(I)(t,.ftl) =—Int+ 1

found from (3.2) and y; = —2; obtained using (2.22) satisfy standard beta function equa-
tions.

"Duality is accompanied by a change of sign in #; that is necessary to get (3.10).
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Let us note that metric (3.13) can be brought to the Brinkmann form of a plane-parallel
wave

) 2
ds® = i23du2 + 2du dv + dz5 + dz}
u
found earlier in [35-37] as non-Abelian T-dual of flat metric.

Backgrounds F on ¢ found from mappings Dy - C; and Dy - Co can be simplified
substantially since after suitable coordinate transformation they differ from background

-1 0 0 0
t2 o T2 (E3t4
~ (z3+1)t4+23 (z3+1)t4 423 (23+1)t4 423
F(ta f?a 'CES) - X2 (53%"'_1)1:2 Cfgfgtz
(z3+1)t4+a3  (23+1)t4 423 (23+1)t4 423
0 _ f3t4 532:?31‘/2 t2 (t4+jg)

(2+1)t1+33  (23+1)t4+33  (Z3+1)t4+73
obtained using Dg - Cr only by a constant shift of the B field. Since y; = —&1, we find
dilaton and vector J as

1 _
B(t, To, T3) = —5n (t* (73 +1) +73), J =(0,-1,0,0)
and the Generalized Supergravity Equations (2.17)—(2.19) are satisfied. On the other hand,
we have Div® = (0,0,0,0) # J.
3.2.2 Transformation of by X1 a to by X by and to its dual
Lie algebra 0 = by > by is spanned by (fl, T\g, T\g, T',T? T3) with algebraic relations
11, T5] = T, [T, T3] = T5, [Ty, 7% =Ty — T?, (3.15)
[T, T3 = -To —T%, [, T =T' [I3,T°=T", (T2, 7% =T

Left-invariant vector fields of ¢ and ¢ are

‘71:8:21_£28§32_§:3ai'37 ‘/}2:8"227 ‘/}3:6@37
Vl = 8:7313 ‘72 = _j36i1 + 8@27 ‘73 = 8:53-

Mappings C that transform the algebraic relations of Manin triple by <t a to by > by

are given by matrices

1 c12 c13 —ciac15 — c13c16 15 16
0 coo o3 —ci5022 — C16C23 0 0
o = 0 c32 ¢33 —ci5c32 — 16033 0 0
0 0 1 0 0
0 % % L's4 e
0 _8272 _% Lea 623632033022633 622033032623032
where
Isy = 2c13c32 + c15 (c23C32 — C22033) €32 + €33 (C16 (C23C32 — C22C33) — 2612)’
2¢92C33 — 2¢23C32
gy = —2c13¢92 + 2c12¢23 + (c15C22 + c1623) (C22€33 — 023032)’

2c99c33 — 2c03€32
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and

-1 12 C13 c12€15 + C13C16  C15  C16
0 0 0 C12C25 + C13C26 C25 €26
0 0 0 C12€35 + C13C36 €35 (36
C2=1 o 0 0 1 0
0 525036636526035 c26— % 754 6375 0376
0 526035636525036 C2SCSGCE5C26535 64 -% %
where
~ —2ci16c35 + c12 (C25¢36 — €26¢35) €35 + €36 (2¢15 + 13 (C25C36 — C26C35))
T = 2¢95C36 — 202635 ’
ot = —2c16C25 + 2¢15¢26 + (C12¢25 + C13¢26) (C25C36 — C26C35)

2¢96C35 — 2025C36
For ¢12 = c13 = ¢15 = ¢16 = 23 = c30 = 0 and c99 = ¢33 = 1 the matrix C7 is equal to

B-shift

0000

0000

1000

100

010

0001

Cio =

S O O O O =
o O O = O
= O

(Sl

Background
—-10 0 0
- 0 t 0 0
F(t,21) = 0 0 4e3%1¢2 2e4%1 ¢4 (3.16)
e4£1t‘f+4 64501154_;'_4
0 0 - 26411t4 46211t2
e&ht4+4 e&ﬁt4+4

obtained by this #-shift can be brought to the Brinkmann form of a plane parallel wave
5 2u? (u4 — 5) (z% + zi)

ds du® 4 2dudv + dz3 + dz3 3.17
(u4 + 1)2 3 4 ( )
accompanied by a non-trivial torsion
~ 4du
H= 1+u4dUAdZ3/\dZ4' (3.18)

This background was found in [37] as non-Abelian T-dual of flat metric. Dilaton that
together with (3.16) satisfies beta function equations is

~ 1 t4 4@1
@(t,il):—ln< c +1>.

2 4
Dual of (3.16) calculated using Dy - C1g reads
g
-1 0 0 0
0 2 Z3t2 4279 Tot? 4273
B t+73+73 2(t4+23+13) 2(t4+33+23)
F(t,T2,73) = 0 22327 (z3+4)t4 4423 2184 Zoz3t* —4z32 43273 |, (3.19)
2(t4+a3+73) 42 (t4+23+73) 42 (t4+a3+73)
0 _t232-28, 246 4o T3t4 447212 — 43273 (Z3+4)t1+433
2(t4+z3+232) 482 (t4+a3+33) 42 (t4+23+32)
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and with dilaton

D(t, 79, T3) = —% In (#* (t' + 23 + 73))

it satisfies Generalized Supergravity Equations with J = (0,2,0,0). However, Div © =

(0, 52,0, 0)
For c19 = c13 = c15 = ¢16 = c96 = ¢35 = 0 and co5 = c36 = 1 the matrix Cs is equal to

(-shift followed by factorized duality

-100 0 0 O
0000 10
0000 01
Cop = 3.20
71 ooo-100 (3:20)
0100 0 3
0010 —50
Background obtained by transformation (3.20) is given by tensor
-10 0 0
- 0 ¢ 0 0
F(t,z1) = 0 0 A el (3.21)
Att4et®l 4ptgetin
0 0 B 26411 Ae2%1 2

4t4+e4:%1 4t4+e4§tl

that again gives plane parallel wave (3.17) with torsion (3.18). Dilaton that together
with (3.21) satisfy beta function equations is

~ 1 |
(t,41) = =5 In (t4e_4x1 - 4> .

Dual of (3.21) found from Dy - Cqp is

-1 0 0 0
1 _ 2%91%4%3 2Z3t2+ Ty
t2(z23+23+1) 262 (z3+23+1) 2t2(z3+23+1)
F(t,T2,23) = Ta— 2127, 4(z3+1)t4 473 —47ox3t—2(223+1) 2+ 2273
2t2(234+23+1) 4t2(x2+363+1) 4t2(23+23+1)
0 To—2027s  —ATaZsti+(47342)12 42073 A(z3+1)t4+23
2t2(23423+1) 4t2(z3+23+1) 4t2(z3+33+1)

(3.22)
It is torsionless and with dilaton

B(t, To, T3) = —%ln (t* (x5 +75+1))

it satisfies beta function equations, i.e. Generalized Supergravity Equations with J =

(0,0,0,0). However, Div© = (0,%,0,0).
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3.2.3 Transformation of by D a to byy_, X by;; and to its dual

Lie algebra d = by, > by is spanned by basis (ﬁ,fg,fg,Tl,TQ,T?’) with algebraic
relations

[T1,To) = T, [Ty, T5] = T,
[Ty, T = —T2, (11, T% = Ty + T?, [Ty, 7% = —T°, (3.23)
[T, T2 = (T3, T%) = T, 15,75 = Ty + T,
[Tl TQ] — [T27T3] — TS
Left-invariant vector fields of ¢ and ¢ are
‘?1:8@1 +£28§32_§738i'37 ‘//\é:ai'gu ‘/}E}:a{fjgw
Vl = 6526517 ‘72 = ai'g - £38‘53a ‘73 = 8f3-

Examples of mappings C that transform the algebraic structure of Manin triple
byr_, ™ a to byy_, by, are given by matrices

—-100 0 00
10 0 00
00 001
10-100 |’
00010
01 000

00000
00010
01000
00110
10000
0 00001

O OO = O = OO O

|
—_

Background obtained by Ci is given by tensor

—1 0 0 0
e2%1 (i“§+1)t2 ” 281 3412
~ tA4e2%1 (3241 t4+4e2®1 (3241 t44e2®1 (3241
F(t,21,23) = _ 543 ) ta( ) ezfcl(ff ) . (3.24)
the2®1 (22341)  t4+e2P1(23+1)  t4+e271(23+1)
0 13512 €21 35 €71 (1 +e??1)

e (2241)  tA+e®1(23+1) 2(t4+e21 (2341))

Together with the dilaton
o~ 1 N R
(I)(ta 5617 :E3) = *5 In <t66_4x1 —+ t26_2m1 (:i% + 1))

they satisfy Generalized Supergravity Equations with J = (0,0,2,0), but Div® =
(0,0,1,0).
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Dual of (3.24)

F(t, %1, %o, 73) = (3.25)
-1 0 0 0

0 2 Tt e2 (¢ 41) -1 372 714

A A A
| o —z1t24e2 (t441) -1 2(Z3+et®2a3 (14 41)+1)  e3P2mat?(—zit24e2 (14 41) 1)

A
3727514 3223512 (2112472 (14 41)—1)  e222¢2(e22(t441)—2e"2+1)
T A A A

where
A = 127211 — 9¢%2 4 272 (t4 +1)+1

and dilaton

1
O(t,To,73) = —ilnA (3.26)
calculated by the formula (2.20) satisfy Generalized Supergravity Equations with vector
J = (0,—¢%,0,0) but Div® = (0, _ efz,o,o).
Background obtained by C5 is torsionless and has the form

-1 0 0 0
e2t1 (:)3§+1)t2 1 €281 3412
~ e2®1(22+1)+1 e2®1(2241)+1  e21(82+41)+1
‘F(taj"l)j’.?)) = _ ( 3<1i> )+ ( :i+ )+ 3(29331;;3)+ . (327)
€221 (23+1)+1 (€21 (a3+1)+1)82 €281 (2341)+1
0 %1 g3t . €221 34 625”1(1+62§31)t2
€21 (23+1)+1 €21 (2341)+1 €231 (23+1)+1

Together with dilaton

- 1 X
O(t, 71,23) = —5111 <t2 (1 + ¥ (35 + 1)))
it satisfies Generalized Supergravity Equations with vector J = (0,0,0,0), but Div® =
(0,0,1,0).

Dual of (3.27) given by

-1 0 0
0 2 (1—2e%2)t4 1273 €327
— _ A A A
F(t,x1,%2,%3) = 0 (—1+42e%2)t—¢23, t2(t*+23 +2e4%223) 32 ((—142e%2)t2 71 ) T3
0 e?ﬁz s 372 ((71+2eAf2 2431 )T €222 (1726% +2e%72 )12
A A A

where
A= (1-2e" +2e*2) ¢! + 272

and dilaton )
(t, 79, 73) = —5 In (t* (e7472 — 27372 4 2¢7272) 4 73)

calculated by formula (2.20) satisfy Generalized Supergravity Equations with vector J =
(0,€72,0,0). On the other hand, Div® = (0, 3 — €72,0,0).
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4 Poisson-Lie T-plurality of curved cosmologies

4.1 Bianchi VI_; cosmology

Next we will transform curved Bianchi VI_; cosmology given by metric

—e *®Wq, (t)2az(t)* 0 0 0
0 a(t)? 0 0
F(t,) =
(t:31) 0 0 e May(t)? 0
0 0 0 eV ay(t)?
where
1 t
amw:vﬁmm(f”ﬁ+%§+®@0’ as(t) = /e T+

and dilaton ® = t. Its scalar curvature is

(—126% + 2pipa + p3) e 120 P2

R = 5
2p1p3

and beta function equations reduce to condition

1
B = 1 @pip2 + p3)

for constants p1,p2 and S3.

The metric is invariant with respect to the action of Bianchi VI | group and can be con-
structed by virtue of Manin triple @ = by, > a spanned by basis (11, T, T3, Tl, Tz, f3)
with algebraic relations

[Ty, Ty) = T, [Ty, T3] = T3, [1h,T% =T, (4.1)
[Ty, T% = —T°, [Ty, T%] = -T", [T5, 7% =T".

Structure constants of by , are traceless.

Drinfel’d double is the same as in section 3.2, where we have seen that beside 0 =
byr_, > a the algebra d can be decomposed into Manin triples by >x a, by > byy, by, >
by and their duals. In this section, however, the backgrounds are different as we use
different matrix E(s).

Formula (2.20) for new dilatons

~

B(t,3) = Bt — %m ‘ det [(N n ﬁ(a:«)M) a(f;)} ’

does not depend on coordinates y and is, therefore, applicable for any Manin triple of this
Drinfel’d double.
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4.1.1 Transformation of by _, > a to by > a and to its dual
Lie algebra 0 = by > a is spanned by (ﬁ, T 2, fg, TY,T?% T3) with the algebraic relations

[le TQ] = fQ, [,1/;1) f3] = f37 [,1/;17 T2] = _T27 (42)
[Ty, T% = —T°, [Ty, T% =T", [T5,T°% = T"
Left-invariant vector fields of 52 and ¢4 are
‘7123931—»’@23@ — 23 0z,, ‘72:5:22, ‘732(9:23,
‘72 = 8:732, ‘23 = 6@3-

Vl = 85317
Mappings C that transform the algebraic structure of Manin triple by |, > ato by >xa
are given by matrices inverse to (3.11) and (3.12). After a suitable change of coordinates

we find that backgrounds obtained from these general solutions differ from background

—e a1 (t)%az(t)* 0 0 0
- 0 ay(t)? 0 0
F(t,21) = 0 0 Xigy(t)2 0 (4.3)
0221
0 0 0 £k

obtained using factorized duality (3.14) only by a torsionless B field. Note that F is again
invariant with respect to group %y. This metric is not flat and dilaton that together

with (4.3) satisfy beta function equations is
EI;(t, :i‘l) =pt+ 1 — lnag(t).

Dual of (4.3) is given by tensor
—e ™ Ptay(t)ay(t)? 0 0 0
0 as (t)2 Ty a2(t)4§:3
= _ A A A
./—"(t, €2, 1'3) = 0 T a1(t)%+az(t)?z2 _az(t)’z233 (44)
A A A
0 a2 (t)4i‘3 as (t)272i3 a2(t)2(al (t)2a2(t)2+5§)
A - A A
where
A = Bas(t)* 4 a1 (t)%ax(t)? + 73
Together with dilaton
_ 1
O(t, 9, T3) = Bt — B In A

background (4.4) satisfies the Generalized Supergravity Equations (2.17)—(2.19) for J =

(0,1,0,0). On the other hand Div© = (0,2,0,0).
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4.2 Bianchi VI, cosmology

Now we are ready to study Poisson-Lie T-pluralities of the most complicated curved cos-
mology invariant with respect to Bianchi V'I. Its Lie algebra is contained in semi-Abelian
six-dimensional Manin triple® d = by;_ > a spanned by basis (71, T, T3, Tvl, TVQ, TV3) with
non-trivial algebraic relations

[TlaTQ] = KTZ? [TlaT3] = T3a K 7& _1’ (46)
[TV, T% = —xT?  [1,T°%=-T°  [1,T?=xrT', [13,T° =T  (4.7)

Note that for Kk = 0, or k = 1, these are comutation relations of by, or by respectively.
The case k = —1 was treated separately in section 4.1. The group By, is not semisimple
and trace of its structure constants does not vanish. Lie algebra of the Drinfel’d double
(Pv1.|) admits several other Manin triples [22].

Metric of Bianchi VI, cosmology reads [14]

—e 220 g, (t)2ay(t)2az(t)> 0 0 0
0 a(t)? 0 0
Flt 1) = 4.8
(t:31) 0 0 e2Wigy(t)? 0 (48)
0 0 0 eiaz(t)?
where the functions a;(t) have the form
P1 (Zj—J1r)12 (s=1)pot _ k41
ai(t) = e®®) (f‘H‘l) e 2+ sinh  (++D? (p1t),
==y .
as(t) = ®® <’£11> e sinh™ =+ (pyt), (4.9)

1

K+1 P

as(t) = e (121) ¢™'% sinh ™+ (pyt),
KR

and dilaton is ®(¢t) = pt. The background (4.8) is invariant with respect to symmetry
generated by left-invariant vector fields

Vi= a1/1 — kY2 ayz - y3ay3’ Vo= ayga V3 = 83/3
satisfying (4.6). The beta function equations reduce to condition

g Wt p p? (4.10)
(k+1)2 4 ’

The background is torsionless and for 5 = 0 also Ricci flat.

8Linear transformation between basis of by, > a used in this paper and vectors X;, )Zj that span Lie
algebra of Drinfel’d double (64]1) in [22] is

1 —1
T = 77X1, Ty = Xo 7X3, T3 = Xo +X3, K= Ll a > 0. (45)
1+a a
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Formula (2.20) for new dilatons then reads

Kl

B(2,7) = Bt — %(1 + Ry (3, 7) — %m [det (v + Tia)ar) a(a)] |

so that, it is again necessary to solve y; from (2.22) and find how it depends on # and Z.

4.2.1 Transformation of by, < a to by, < byr and to its dual

Manin triple @ = by, > byy, which belongs to decompositions of the Lie algebra of
(B .| ), is spanned by (T4, Tz, T3, T, T?, T3) with algebraic relations

[Ty, To] = KT, [Ty, T5] = T,
[Ty, T% =Ty — kT2, [Ty, T% = —T, — T°, (4.11)
[T%TZ] = HT17 [f?)aTS] = T17 [T27T3] = Tl'

Left-invariant fields of 4 and € are

Vi = 0; — K29 03, — T3 O34, ‘7223932, ‘7323933,
vl = 81517 VQ = —I3 ai'l + a@z) ‘73 = 8133-

There are two different linear mappings (2.8) between by, < a and by > bs;. One
of them is given by the matrix

—1lcia c13  ciec15 +c13ci6 C15 C16
c 1
0 0 0 ﬁ po 0
0 0 0 (IQ + 1)613656 0 (Ii + 1)656
Q=100 o0 1 0 0
0 cs2 0 ci5c52 + c13056 0 C56
1 a2 1
€56 €52
0 0 (k+1)cse 5n+1 " (k+1)es2 0
and the second is
1 C12 c13 —C12C15 — €13C16 C15  C16
1
0 P 0 —E;—: 0 0
0 0 (/-i + 1)053 —(H + 1)616653 0 0
C=10 o 0 1 0 0
0 0 C53 —C16C53 — c12¢55 €55 O
1 e 1
€55 €53
O - (H+1)C55 O k+1 0 (H+1)C53

Tensors F on 4 = & = Py, calculated from these general forms are rather extensive.
Nevertheless, up to change of coordinates and gauge shift the backgrounds coming from
C4 are equivalent to

—e 424202 0 0 0
0 a? 0 0
F(t,31) = 0 0 a3 DI (n+ 1) (4.12)
aZa2c? +e?<’“+1)ilc§6 a§a§c§2+e2(“+1)ilc§
0 0 __ eI (st edy e (n+1)%a3ed, e
2.,2.2

2071 2. a2alc2. fe2(rtl)i] o2
azagcsy +e* (TP cEy ajafes, +e2 (T
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that can be obtained from C7 when all constants c;; except cs2 and cs6 are set to zero.
Since y1 = —21, we get

d(t,31) = Bt — }ln <C§202(t)2a3(75)26_2531('€+1) + C%G)
’ 2

(k + 1)csacs6

and J = (0,0,0,0) = Div ©. Dilaton together with (4.12) satisfies beta function equations
if the condition (4.10) holds. Coordinate transformation brings background on ¢ = %;;
calculated from Dg - C7 to the form

—e a2a2a3 0 0 0
0 1 (k+1)a3zs a2z
_ A Kese A (H—‘rl)ngA
f(t, fz, j3) == 0 o (n+1)a§i2 a%((ﬁ+1)20%0g6+a§j§) 7056A7(/€+1)a§a5052i25s3
K56 A K2c2gA k(k+1)csacisA
0 - ag:fg C5GA7(I€+1)H,§G§C52§325§3 0«% (G%Cgﬁ‘i’a%j%)
(k+1)es6 A k(k+1)cs2cigA c2eA

where
A = (& +1)%atcds + (r + 1)%a375 + 0373,

With the corresponding dilaton

= 1

fb(t,xg,xg) = ,Bt — 5 log <(I<;+1)C52656>

the background F satisfies Generalized Supergravity Equations with J = (0,0,0,0) ob-

tained from y; = —%; and (2.24). However, Div O is nontrivial and depends on as(t)as(t).
Transformation of Manin triple given by Cy gives similar results. All constants c;;

except cs3 and cs5 can be set to zero, and the only relevant difference is that in this case

y1 = &1, so the Generalized Supergravity Equations are satisfied with J = (0,0,0,0) and

J = (0,5 +1,0,0).

4.2.2 Transformation of by, > a to by, D} by, 4 and to its dual

The Manin triple by, > by, 4i; is another Manin triple of the Drinfel’d double (Ay 1, |<7).
It corresponds to (64/6;/4-9i1) in [22] by the transformation (4.5). It is spanned by
(T1, T, T3, T, T?,T?3) with algebraic relations

11, Th] = kT, [T),T5) =Ts, [1),T'] =T, [T),T% = -k T?,
[Ty, T% = Ty — T3, (15, 7% = k(T3 +T"), [T, T%] = x Ts, (4.13)
779 =7, 7,79 = 7, (72,79 = —n T2

Left-invariant fields of 4 and ¢ are
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There are two different Poisson-Lie T-pluralities between by, > a and by, <

by, .ii- One of them is given by the matrix

=1 12 €13 €12€15 + €13C16 c15 €16

c12 1
0 O 0 o e U
c 0 0 0 C13C36 0 C36
1= 0 0 0 C13C36 — 1 0 C36
0 C59 0 C15C52 0 0

C36 €36

and the other one is

1 2 cas —C12C15 — C13C16 15

0 C29 0 —C15C22 0

0 0 C33 —C16C33 0

02 - 0 0 C33 1-— C16C33 0
0 0 0 —a2 L

€22

€33

1 1
1 —c12 .= — C13 C16 (7 - 013) — C12C15 —C15 —Ci16

ci6
0
0
0
0

Cc2
1 1
—1 —c12 —c13 c12c15 + €13 (616 — @) —C15 Z- — C16

General forms of tensors and dilatons F ,EI\D on9d =94 = Py, and F,®on¥ =
PBvi1_. i are too extensive to display. Setting ci2 = c13 = c15 = c16 = 0 and c52 = c36 = 1

in C we get

—e‘45ta%a%a§ 0 0 0
0 a}(adad+e2("HD215252) 20411 5025, e?*1a2a2
=y A A A
f(t, X1, xz) = 62(N+1)£1’{a%§:2 e2ri] (62951 a%+a§) B e2(n 131 oa,
A N
76217101%(1% e2(rt1)E1 o5 6211a§
A A A
where
A = 62814202 1 q202 4 2(xHD)E1 252
142 392 2
and

(/I\)(t, i‘1, fz) = ﬂt — llog (_672(K+1)i1A> ]

2

Generalized Supergravity Equations with J = (0,0,0, k) obtained from (2.23) and y; =

—21 + T3 are satisfied under the condition (4.10).
Dual transformation gives

_e4tB
ajazag
0 a%ag-t,-j% _m(a%—l—il)ig e’m3a%+(e’”3—l>a§—£1
) 2,2 2,2
F(t, 71,72, 73) = s i s
y L1, 42, 43) = 0 r(af—21 )2 a?+a3+r2alz3 Ko
2,2 2,2
aj+aj a%(a%-ﬁ-a%) aj+aj
0 e’z3a%+(fl+e’$3)a§+fl KT 1
aj+aj aj+aj aj+aj

and
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Generalized Supergravity Equations with J = (0,0,0,0) are satisfied under the condi-
tion (4.10). Vectors J, J do not agree with Div ©.

Transformation of Manin triple given by particular form of C where
cig=ci3z=ci5=c16=0, cxp=c33 =1

gives again rather extensive tensors and dilatons. The only relevant difference is that now
y1 = &1 —2Z3 and the Generalized Supergravity Equations are satisfied with j = (0,0,0,—-1)
and J = (0, (k + 1)e=23,0,0). Vector J does not agree with Div© that depends on the
product ai(t)as(t).

5 Conclusions

We have presented many examples of Poisson-Lie T-plurality transformation acting on
flat or curved backgrounds invariant with respect to Bianchi groups %rrr, By, Bvr,. and
PByr_,. Coresponding dilatons were found using formulas (2.20), (2.21). In many cases the
dilatons were non-local in the sense that they were both functions of coordinates Z on 2
and Z on 4. We have shown how to deal with this issue if the dependency is linear. This
partially resolves the puzzle explained in 2.3.

It turns out that plural backgrounds and dilatons often do not satisfy the usual beta
function equations but Generalized Supergravity Equations provided the supplementary
vector field J is computed using formulas (2.23) or (2.24) presented in section 2.3. The
formulas were repeatedly checked not only for the examples presented here, but also for
other Manin triples given in [22] and their embedings into d. All tested backgrounds
and dilatons obtained by Poisson-Lie transformations (2.13), (2.14), (2.20), (2.21) satisfy
Generalized Supergravity Equations.

As we noted in the Introduction, complete classification of plural models is beyond
the scope of the paper as there are too many cases to discuss. Therefore, we present
Manin triples that demonstrate important properties of plural sigma models, dilatons and
vectors J. The examples show that vector fields J need not be constant as it turns out
in cases of plurality brr; >< a to brrrii D4 brrr, by > a to byy > by, and by, > a
to byr, > by . 4. Let us note that vector fields J are Killing vectors of corresponding
backgrounds in spite of the fact that they are linear combinations of left-invariant fields of
corresponding groups that satisfy condition (2.25) with generally nonvanishing right-hand
side. Beside that, we have shown that the alternative formula (2.26) for the supplementary
vector J developed for the (non-)Abelian T-duality does not work in general for Poisson-Lie
T-plurality.
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