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ABSTRACT: In this work we analyze F-theory and Type IIB orientifold compactifications
to study o’-corrections to the four-dimensional, N' = 1 effective actions. In particular, we
obtain corrections to the Kéhlermoduli space metric and its complex structure for generic
dimension originating from eight-derivative corrections to eleven-dimensional supergravity.
We propose a completion of the G?R? and (VG)?R?-sector in eleven-dimensions relevant
in Calabi-Yau fourfold reductions. We suggest that the three-dimensional, N/ = 2 Kihler
coordinates may be expressed as topological integrals depending on the first, second, and
third Chern-forms of the divisors of the internal Calabi-Yau fourfold.

The divisor integral Ansatz for the Kéahler potential and K&hler coordinates may be
lifted to four-dimensional, A’ = 1 F-theory vacua. We identify a novel correction to the
Kihler potential and coordinates at order o/?, which is leading compared to other known
corrections in the literature. At weak string coupling the correction arises from the inter-
section of D7-branes and O7-planes with base divisors and the volume of self-intersection
curves of divisors in the base. In the presence of the conjectured novel o'-correction re-
sulting from the divisor interpretation the no-scale structure may be broken. Furthermore,
we propose a model independent scenario to achieve non-supersymmetric AdS vacua for
Calabi-Yau orientifold backgrounds with negative Euler-characteristic.
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1 Introduction

Four-dimensional minimal super-gravity theories are of particular phenomenological inter-

est. The effective actions are commonly derived by dimensionally reducing ten-dimensional

supergravity actions arising in string theory with localized brane sources. The stringy im-

print arises in the form of o/-corrections' to the K#hler potential and coordinates of the

leading two-derivative action or in form of high-derivative couplings in four dimensions.

w.r.t, the string tension T as T~ ! = 27¢/.

"Which is given by o = 1% with string length ls. The canonical convention for the definition of o is



Such corrections have been shown to be crucial for moduli stabilization and thus to de-
termine the vacuum of the effective theory [1, 2]. However, to compute «'-corrections in
a truly minimal supersymmetric i.e. N' = 1 set-up has been a challenging endeavor. A
promising approach is to utilize F-theory which is a formulation of Type IIB string theory
with space-time filling seven-branes at varying string coupling [3]. It captures the string
coupling dependence in the geometry of an elliptically fibered higher-dimensional mani-
fold. The general effective actions of F-theory compactifications have been studied using
the duality with M-theory [4, 5]. A wide range of phenomenologically promising geometric
F-theory backgrounds are known to give rise to non-Abelian gauge groups [4, 6, 7].

The starting point of the M /F-theory duality is the long wave length limit of M-theory,
i.e. eleven-dimensional supergravity. Higher-derivative or higher-order ly;-corrections can
then be followed through the duality to give rise to o’-corrections in the resulting four-
dimensional A' = 1 theory. In this work we first compactify eleven-dimensional supergravity
including the next to leading order eight-derivative or lg{—couplings to three dimensions
on a supersymmetry preserving 8-dimensional background. More precisely, we preform a
classical Kaluza-Klein reduction of the purely gravitational M-theory R*-terms [8-13] on
elliptically fibered Calabi-Yau fourfolds. Furthermore, one needs to consider the G?R?
and (VG)? R%-sector, where G is the M-theory four-form field strength. One easily verifies
that all those couplings carry eight derivatives. We then implement the F-theory limit by
decompactifying the thee-dimensional theory to four space-time dimensions and interpret
the resulting o/-corrections to the two-derivative effective theory. In particular, we study
lf\s/[—corrections to the three-dimensional Kihler potential and K&hler coordinates of the N =
2 theory, which then modify the four-dimensional Kéhler potential and Kéhler coordinates
in the F-theory limit. We identify a new leading order o/?-correction to the Kéhler potential
and coordinates which may break the no-scale structure. It is then of interest to study its
effects in moduli stabilization scenarios.

We start the discussion in section 2 by reviewing the G?R? and (VG)?R?-sector. No
super-symmetric completions of those sectors are known. In this work we propose a com-
pletion of the bosonic terms relevant for Calabi-Yau fourfold reductions. We start from a
general basis and fix the coefficients via comparison to controlled theories upon dimensional
reduction. In particular, we compactify on Calabi-Yau threefolds and verify compatibility
with 5d, N' = 2 supergravity. Furthermore, upon reduction on S' x K3 we make use of the
Heterotic/IIA-theory duality.

This then allows us to fix the parameters such that we can perform a controlled di-
mensional reduction on Calabi-Yau fourfolds with a generic number of Ké&hler deformations
in section 3. Also in this section we review our previous results for the one-modulus case
for which the integration in a three-dimensional Kéhler potential and coordinates can be
performed exactly [14].

In section 4 we suggest a proposal for the three-dimensional Kéahler potential and
coordinates for a generic number of Kahler moduli of the Calabi-Yau fourfold background.
The key new approach in contrast to our previous attempts [15, 16] is the formulation
of the higher-derivative contributions as divisor integrals, analogous to the discussion of
the warp-factor in [15]. We argue in 4.1 that the new formulation can indeed give rise to



all relevant higher-derivative couplings in the reduction result obtained in 3.2. However,
to match the reduction result is beyond the aim of this work and we suggest that non-
trivial identities relating the higher-derivative objects are needed to perform this tasks.
Let us stress that obtaining the correct building blocks from a Kéahler potential and Kéahler
coordinates is a big leap forward as this steps meets heavy obstacles as pointed out in [15].
We then proceed in 4.2 by showing that the divisor integral Kéhler coordinates can be
re-expressed as topological integrals. This is very intriguing as it will allow for a F-theory
interpretation. Lastly, in section 4.3 we show compatibility with the one-modulus case [14].

In section 5 we discuss the F-theory uplift of the three-dimensional lﬁ/[—corrected Kahler
potential and coordinates to four dimensions. The classical uplift of the topological integrals
is well understood and can be performed rigorously. It is expected that the F-theory lift re-
ceives loop-corrections which result from integrating out Kaluza-Klein states on the 4d/3d
circle at one-loop. As we encounter a I$-correction to the Kéhler coordinates with [14]
logarithmic dependence on the Calabi-Yau fourfold volume reminiscent of such a loop cor-
rection we comment on a one-loop modification of the F-theory uplift. However, to present
a complete analysis of the F-theory uplift at one-loop is beyond the scope of this work. Due
to this the resulting a/?-corrected four-dimensional Kéhler potential and coordinates carry
free parameters we are not able to fix. The three-dimensional Kéhler coordinates generically
lead to a breaking of the no-scale structure which may remain present in four-dimensions.
This breaking of the no-scale structure is also consistent with the one-modulus case [14].
However, we conclude that a better understanding of the F-theory uplift at one-loop is
required before deciding on the ultimate fate of the a/?-correction to the four-dimensional
scalar potential.

To give an independent interpretation of the novel a’?-correction we take the Type I1B
weak string coupling limit [17]. The correction is proportional to the volume of the intersec-
tion curve of D7-branes and the O7-plane with divisors in the Kéhler base of the elliptically
fibered Calabi-Yau fourfold. Moreover, it depends on the volume of the self-intersection
curves of those divisors in the base. We also identify a second correction which survives
the F-theory limit. However it vanishes due to a conspiration of pre-factors. The latter
correction is proportional to the self-intersection of divisors in the base intersecting the
D7-branes and the O7-plane. Both corrections are expected to arise from tree-level string
amplitudes of oriented open strings with the topology of a disk or non-orientable closed
strings with the topology of a projective plane analogous to the o/?-correction encountered
in [18, 19]. We also discuss the latter in this work.

In section 5.4 we discuss the implications of the a’2-corrections on moduli stabiliza-
tion. We propose a scenario to achieve non-supersymmetric AdS vacua for geometric
backgrounds with negative Euler-characteristic x(Bs) < 0, where Bs is the base of the
elliptically fibered Calabi-Yau fourfold in F-theory. In the IIB picture thus for Calabi-Yau
oreintifold backgrounds with negative Euler-characteristic. The vacua are obtained due to
an interplay of the Euler-Characteristic correction [20] and the a/?-corrections to the scalar
potential.? We close by emphasizing that the discussion can be performed analogously for

2The form of the scalar potential due to the o’?-correction obtained in [18, 19] is similar to the one
obtained at order o/ in [2, 21].



Calabi-Yau fourfolds with x(Bs) > 0 which leads to de Sitter extrema. We thus suggest
that the scenarios may suffice to construct an explicit counter example to the recent conjec-
ture by [22]. Let us emphasize that we do not study explicit geometric backgrounds in this
work but derive constraints on the topological quantities such that vacua may be obtained.

2 Towards a completion of the G2R? and (VG)?R? sectors

In section 2.1 we review the known eleven-dimensional supergravity action at eight-
derivatives. In section 2.2 we consider the possibility of having additional G?*R? and
(VG)?R2-terms in the eleven-dimensional action, where G denotes the M-theory four-form
field strength and R is an abbreviation for the Riemann tensor. We propose a completion of
these two sectors relevant for Calabi-Yau fourfold reductions. Due to these potential novel
terms one encounters an additional parameter freedom in the reduction result in section 3.
However, as we do not make use of this parameter freedom in the remaining work let us
stress that this section stands independently. The reader more interested in the three and
four-dimensional effective actions can thus safely skip the technical section 2.2 and carry
on with section 3.

2.1 Higher-derivative corrections in M-theory

In this section we review the eleven-dimensional supergravity action including the relevant
eight-derivative terms. Note that we comment on a completion of the G*R? and (VG)?R?-
sector relevant for a Calabi-Yau fourfold C'Yy reductions in the next section 2.2. The

bosonic part of the classical two-derivative AN/ = 1 action in eleven dimensions is given by

1 1
2K3, S11 = R*x1—-GAxG—--CANGAG. (2.1)
My 2 6

The purely gravitational sector is corrected at eight-derivatives by R*-terms given by

1
2/6%1 Spr = /J\/[ <t87f8 — 24611611) R« 1-3%22BCA Xs . (22)
11

First derived in [23, 24] these terms can be shown to be re related to the R-symmetry
and conformal anomaly of the world-volume theory of a stack of N M5-branes [13]. Sec-
ondly, the known contributions [25] to the G*R? and (VG)? R%-sector of the four-form field
strength are given by

1
2k3, Sg = /M - <t8t8 + 96611611) G?R® « 1+ 515 (VG)*R? % 14256 ZG A+ G . (2.3)
11

The last term in (2.3) was argued to be necessary to ensure Type ITA/M-theory duality
when considering Calabi-Yau threefold compactifications [21]. The precise definition of
the higher-derivative terms in (2.2) and (2.3) can be found in the appendix in B.3. The
detailed index structure of the terms (VG)2R2 in (2.3) can be found in B.3.



2.2 Checks on the G2R3? and (VG)?R2-sector

No supersymmetric completions of the eleven-dimensional G?*R3-sector and (VG)?R?%-
sector are known. The eleven-dimensional eight-derivative terms involving two powers of
the four-form field strength are lifted from the corresponding terms in the Type ITA effec-
tive action. Those arise at the level of the five point-functions in the Type IIA superstring
and partial indirect conclusions can be drawn at the level of the six-point function [25].
However, let us stress that a conclusive study at the level of the six-point function and
especially at higher order n-point functions remains absent. In particular a supersymmet-
ric completion of the G?R3-sector and (VG)?R%-sector employing the Noether coupling
method would be of great interest. It is thus desirable to discuss possible extensions of
the G?*R3 and (VG)?R2-sector beyond the known terms.® In this section we accomplish
this task and provide a complete maximal extension of the eleven-dimensional G*R? and
(VG)? R2-sector relevant for Calabi-Yau fourfold reductions.*

Instead of computing string amplitudes or employing the Noether coupling method
we take a more pragmatic way here. In [14] a complete basis of eight-derivative terms
of the schematic form G?R3? was constructed. We then compliment this with a basis
for the (VG)2R2-sector given in appendix B.3, both of which contribute to the kinetic
terms of the three-dimensional vectors upon dimensional reduction. We follow the same
logic as in our previous work [14, 21] i.e. we derive constraints on the parameters of
the eleven-dimensional Ansatz by verifying compatibility upon dimensional reduction with
lower-dimensional supersymmetry. For example, as the R*-sector is known to be complete
one can fix certain lower-dimensional supersymmetry variables by dimensional reduction,
which then can be compared to the ones derived from the G?*R3 and the (VG)2R2-sector.

Let us next discuss the general form of the relevant terms in the basis of G*R? and
(VG)?R2%. The terms contributing to the three-dimensional effective action are those,
which do not contain any Ricci tensors or scalars as these vanish trivially on a Calabi-Yau
manifold. Taking into account the first Bianchi identity for the Riemann tensor a minimal
basis of these terms is given in appendix B.3. The general expansion of terms which may
contribute in addition to (2.3) to the three-dimensional action is then

17 24
2k, Gextragen — (2 > CiBi %1+ Y CipirB; x1 (2.4)
My = i=1

for some coefficients C; € R. To restrict the parameters in the Ansatz (2.4) we first take a
detour to Calabi-Yau threefold compactifications and furthermore discuss the dimensional
reduction on K3 x S'. Thus in particular, we provide the maximal complete extensions

3Note that there are other terms quadratic in G containing eight derivatives such as e.g. (V3G)2,
(V2G)2R and (V2G)V3R. All other terms do not constitute independent degrees of freedom in the eleven-
dimensional action. In other words they can be rewritten up to total derivatives in the basis of V2G5 R?
and G3R? by making use of Bianchi identities and the fact that G4 is totally antisymmetric.

“In other words due to the Calabi-Yau condition certain terms in the Ansatz yield zero upon reduction.
Those coefficients can not be fixed by our arguments but constitute a complete description relevant for
Calabi-Yau fourfold reductions.



of the eleven-dimensional G*R? and (VG)?R%-sector (2.4), which is compatible upon di-
mensional reduction with five-dimensional, A/ = 2 supersymmetry, i.e. by dimensional
reduction on Calabi-Yau threefolds to five dimension for a generic number of Kéhler mod-
uli. Moreover, we perform the dimensional reduction on K3 x S! to six dimensions and
employ the Heterotic-IIA duality to compare the resulting four-derivative couplings to the
well known terms on the Heterotic side of the duality. It turns out that these arguments
are very restrictive and allow us to parametrize the G*R3 basis with only five parame-
ters [14]. However, when allowing for an interplay with the (VG)? R%-sector the number of
independent parameters reduces from forty-one to thirteen.

Moreover, the above analysis allows us to infer that the G?*R3 and (VG)?R?-terms
are consistent with the partially known six-point function results [25]. Let us stress that
it would be of great interest to study additional constrains on this eleven-dimensional sec-
tor by circular reduction to type ITA effective supergravity. Any combination of novel
terms need to be vanishing at the level of the five-point one-loop string scattering am-
plitude with two NS-NS two-form field and three graviton vertex operator insertions.
We suggest that such a study will lead to fix the remaining parameter freedom in the
eleven-dimensional action.

By dimensionally reducing the extension (2.4) one modifies the kinetic couplings of the
three-dimensional vectors and introduces an additional parameter freedom. One may use
to this to rewrite the reduction result in terms of 3d, N = 2 variables. In section 3.2 we
perform the dimensional reduction of the G?*R3 and (VG)? R?-extensions to three space-
time dimensions on Calabi-Yau fourfolds with arbitrary number of Kahler moduli.

Calabi-Yau threefold checks to 5d, N = 2. In the following we derive constraints
on the coefficients C; in (2.4) by demanding compatibility with N' = 2 supersymmetry in
five dimensions upon compactification on a Calabi-Yau threefold. The l&—corrections give
contributions to the five-dimensional vector multiplets of the N' = 2 supergravity which
is expressed in terms of a real pre-potential F(X’) and real special coordinates X!. Note
that physical scalars in the vector multiplets obey

1
F(xh = 31 C1 XIXIxK =1, (2.5)

The totally symmetric and constant tensor C7yx is entirely determined by the U(1) Chern-
Simons terms ~ Crjx A'F7FE which however do not receive lﬁ-corrections. One con-
cludes that also the physical scalars X! remain uncorrected.

We dimensionally reduce the action (2.4) with general coefficients C; on a Calabi-Yau
threefold Y3 to five dimensions. As our focus is on the kinetic terms for the vectors we note
that in order to dimensionally reduce one expands

G = Fip AwE"s (2.6)

with the field strength of the five-dimensional vectors F¢, and the harmonic (1, 1)-forms
on the Calabi-Yau threefold wic Y3, i=1,...,h(CY3). The constraints imposed by super-
symmetry are then inferred by making use of Shouten and total derivative identities on the



internal space C'Y3. The condition one encounters is that novel terms (2.4) may no con-
tribute to the five-dimensional couplings, which is equivalent to the non-renormalisation
of (2.5). The computation is in principal straightforward (but tedious) and leads us to
impose the relations among the coefficients Cy ..., Cy;. Details can be found in the ap-
pendix (B.21).

Heterotic and type ITA duality. In this section we compactify (2.4) on K3 x S'. We
first circular reduce the basis of forty-one G?R? and (VG)?R?-terms to ten dimensions on
R x St to obtain a I§;-modified ITA supergravity theory. The only terms relevant for us
are the ones which arise from

Guinno = €5 Hyno, M,N,0=1,....10, (2.7)

where 11 denotes the direction along S' and with H the field strength of the type IIA
Kalb-Ramond tensor field. We then check compatibility of the novel induced H2R3-terms
making use of the ITA-Heterotic duality by dimensional reduction on K3. Compactifying
type IIA on K3 is dual to the Heterotic string on T4. For our purpose it is enough to
show that when compactifying the novel H?R3-terms on K3 those do not induce any ll(\j/[-
correction to the six-dimensional action. the absence of four-derivative terms is imposed,
which results in one further constraint on the parameters. In particular, the additional
constraints on the C’s arises from imposing the vanishing of the four-derivative terms such

as e.g.

~ x(E3) HOPWe f6D vimn RS0 (2.8)

with u,v =1,...,6. One then infers the additional constraints on the parameters in (2.4)
to be 1

Cy=0, C)= —6(803 +2C31 4 C35 + 36Cy + 3Cs) - (2.9)

This concludes that by fixing the parameter (2.9) the proposed maximal extension of G*R3
and (VG)?R%-terms in the M-theory effective action is fully consistent with the indirect
six-point functions results discussed in [25].

3 Three-dimensional effective actions revisited

F-theory may be viewed as a chain of duality maps which allows one to derive controlled
IIB orientifold backgrounds at weak string coupling with D7 branes and O7-planes [3-5].
The starting point of this journey is eleven-dimensional supergravity, which compactified
on an appropriate eight-dimensional internal space gives a 3d, N = 2 supergravity theory.
Latter is related via the F-theory lift to a 4d, N' = 1 supergravity theory. The main
objective of this section is the dimensional reduction of eleven-dimensional supergravity
including the novel eight-derivative couplings (2.4) on Calabi-Yau fourfolds for a generic
number of Kéhler moduli in section 3.2. We start our discussion with a review of the
generic properties of 3d, N' = 2 supergravity theories in section 3.1. Finally, we conclude
this section with a review of the one-modulus case in which the warp-factor as well as the
higher-derivative couplings can be matched to the 3d, N’ = 2 variables [14].



Background solution. Let us set the stage by reviewing the fourfold solutions includ-
ing eight-derivative terms studied in [26-28]. The background solution is taken to be an
expansion in terms of the dimensionful parameter®
2 (47 “%1)§ 2 579

= ma 2k1; = (2m)° Iy (3.1)
which reduces to the ordinary direct product solution R"? x C'Y; without fluxes and warping
to lowest order in .. At order a? a warp-factor W® = W®(z, z) and fluxes are induced.
The background solution is known [27, 28] to then take the form

<d32> — 7 o® <€_2a2 W(2>17m, dridz? + 26 W) Imim dzmd§m> , (3.2)
(G) = a G + dvolgiz A d(e 3 VY. (3.3)

By solving the eleven-dimensional E.O.M.’s for the metric g, of the internal space one
encounters that it seizes to be Ricci flat i.e. Calabi-Yau [18]. It receives a correction at

order o as

Gmm = G + 2 G G ~ OmOp %@ (JONTO A Fy), (34)

where ¢(© is the lowest order, Ricci-flat Calabi-Yau metric and J© is its associated Kéhler
form and where Fj the non-harmonic part of the third Chern form. Latter is however
irrelevant for the following discussion, as it only contributes couplings to the effective
action which are total derivatives [19]. Furthermore, (3.4) includes an overall Weyl factor
@ = —312 5O (¢’ A J©), which was first discussed in [28] and a warp-factor W® (z, z)
satisfying the warp-factor equation

A© W ol 4 %az GO AGY — 32218 02X = 0. (3.5)

The background value of the four-form field strength (3.3) is given by the sum of the internal
flux GO € H*(CYy) and a warp-factor contribution. Due to lowest order supersymmetry
constraints the flux is to be self-dual with respect to the lowest order Calabi-Yau metric.
Note that we do not discuss the corrections to the gravitino variations at order lf\s/[ here but
refer the reader to [28] for a detailed discussion. Let us emphasize that the [{;-gravitino
variations are not known as a supersymmetric completion of eleven-dimensional super-
gravity at higher /yj-order remains elusive. However, it is widely believed that (3.2)—(3.5)
constitutes a supersymmetric background.

3.1 Three-dimensional gauged N = 2 supergravity

In this section we briefly review N' = 2 gauged supergravity in three dimensions where all
shift symmetries are gauged. Shift symmetries corresponds to an isometry of the geometry
of the scalar field space. Three-dimensional maximal and non-maximal supergravities are
discussed in [29]. For our purpose it is sufficient to consider three-dimensional N' = 2

®We follow the conventions of [13].



supergravity coupled to chiral multiplets with complex scalars N, which are gauged along
the isometries 1% and subject to the constant embedding tensor ©,,. One then infers the
simply form of the A/ = 2 action to be

1 1
SNQZ/ 5R*1—KQI;VN“A*VNI’—§@abA“/\Fb—(VDJFVF)*I, (3.6)
M3

where K ; = Ona0y3 K is a Kahler metric with Kéhler potential K. The gauge covariant
derivative VN is defined by VN¢ = dN®+ 6y, %’ A¢. The F-term scalar potential in (3.6)
is given by

Vi = &K (KPD,WD,W — 4|W ), (3.7)

with K% = (K= the inverse of the Kéhler metric given by a hermitian matrix and
W a holomorphic super potential. Furthermore, one finds that Vp = K ab 0aDOyD — D?
where D is a real function of the chiral fields N?. Lastly, note that the vectors in the
Chern-Simons term (3.6) are non-dynamical.

Dualization of the action. ~ One may now split the chiral fields as N* = (M7, T;) and
dualizes the chiral multiplets in (3.6) with bosonic component T; into vector multiplets [30].
Note that dualization is in general not possible but requires Im7; to admit a shift symmetry.
Upon Legendre dualization the theory depends on the kinematic potential K which is
expressed in terms of the quantities of the dual theory as

. . A 0K
KM,T)=K(M,L)—ReTl; L', L'=-— . .
(M,T) = K(M,L) - Re SReT (33)

One then derives the dual action to take the form®

1 N 1 . .
SN =2, dual = / SR 1= Ky DM A DM + 1Koy dL' A wdL
M3

1 -~ . 1 . . . -
+ y KL FiNxFI + i@ijAZ AF) 4+ F'ANm([Kpip VMY
3

— / (VD + VF) * 1, (3.9)
M3
with kinematic couplings given by
KLiLj = 8LiaLjK . (310)

Note that the scalars L’ belong to vector multiplets. One may furthermore infer
from (3.8) that

Ko, = —%f(“” . Rel; = Ky;, gg = %f(““ . (3.11)
J
50One may choose a constant embedding tensor such that
1Y = —2ide”, 1 =["=0, 17=0, ©;;,=0.



Left to discuss is the dualization of the scalar potential.” The F-term scalar potential in
the vector multiplet language is then given by

Vi =X [KM’WDMIWDMJW A+ LKy, LJ‘)}Wﬂ : (3.13)

where we have assumed that the superpotential does not depend on the scalars L in the
vector multiplet. This case is relevant when matching to the string theory reduction result
in which the superpotential does not depend on the Kéahler moduli, i.e. non-perturbative
effects such as M5-brane instantons are absent. For the discussion in this work (3.13) will
be sufficient.

3.2 Calabi-Yau fourfold reduction for generic h':!

In this section we discuss the reduction result of M-theory involving the eight-derivative
action (2.1)—(2.3) and (2.4) on the warped background (3.2)—(3.5) and allow for an arbitrary
number of Kahler moduli of the internal manifold. Latter is achieved by deforming the
background metric as
Gmin = Gma + 100w (3.14)
where dv’ = §vi(z) are infinitesimal scalar deformations and {w”} are harmonic (1,1)-
forms w.r.t the background Calabi-Yau metric ¢, with i = 1,...,h%!(CY}). The non-
vanishing contribution for the dynamical three-dimensional vectors AL is derived by®
Guomn = Flwe . F'=dA". (3.15)

pur=rimn

To enhance the readability of the main text in the following we shift the more technical
steps to the appendix. To express the reduction result we need to introduce several higher-
derivative building blocks. Among them the familiar second and third Chern-forms ¢y and
c3, respectively, and Z, Zm, Zmmnn and Vij, ;5. All higher-derivative objects are w.r.t. the
zeroth a-order Calabi-Yau metric. Their precise definition can be found in appendix A, in
particular (A.19)—(A.26). Here let us schematically note that

Z, Zonms Zommnn ~ (R)®, Vi ~ (Vi) (Vo) (R)”, Qij ~ (wi)(w)) (R) - (3.16)

where R denotes the Riemann tensor on the internal manifold and V is the covariant deriva-
tive w.r.t. the Calabi-Yau metric. The warp-factor dependence can be elegantly captured
by introducing the warped volume and warped metric

., 1 27117 (2
Ve =Va3w, ¥ = | WOsO1, G = [ SV A0 (3.17)
Vi 2V Jy,
"The D-term results in
Vo= KMy To T - KXY 9,.T0,D-D, D= —%Li 0, L. (3.12)

8Note that in the presence of 1$;-correction the deformations (3.14) and (3.15) may receive higher-order
corrections as discussed in [15, 16], none of which alter the dynamics of the resulting theory. We thus omit
them from the present discussion.
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which at zeroth order in « reduce to V and G;; = % fy4 wz@ A *(‘))w]@). We also introduce

9
K =iVy oPm + Za® [ gW@| 5O 1, (3.18)

2 Y
which at lowest order simply reduces to K{” = iVwi,™ = % fy4 W ANJONJO A JO,
Note that we use the notation IC;O) to abbreviate the intersection number evaluated in the
background, in contrast to the analogue quantities K; which may vary over the Kéhler
moduli space. With these definitions we state that the action including the lg/l—corrections
to the kinetic terms [15, 16] is given by

1 . 4 o .
Skin = 5 — [R x1— (Gl + V2 K] K] )dév' A xdsv! — VG| F' N +F’
R11 J M3
. . 2 —
— AoVt A xdovT = / <768Zw§%mw;0m — 3072iZmﬁw§O)”mw;§)s> x© 1
0JCY,
. . 2 — —
+ v A sdvd = / 30722mm§w§0)nmw;0>sr %@ 1
0 JCY,
— F' A xFia?Vy / ( — 256 Zw;,) Wi +192(7 — al)izmﬁw;")f%;m%) x© 1
CYy
+ F' A %Fia?V, / 384(1 4 a1) Zmarsw,” "MW @ 14 ©;; AT A F] . (3.19)
CYy

The one parameter freedom a; arises from the uncertainty inherent in the (VG)2R2-sector.
From the novel sector [21] we find
i j 2 0) , (0)7
651 =256 F* A «xF7a®V y Zwimawi T+ 1. (3.20)
4

Note that (3.20) is precisely cancelled by the same structure in (3.19). Lastly, one performs
the dimensional reduction of (2.4) to give the potentially novel terms

58y = F' A *Fﬂ'oﬂv/

<8i(a3 + a4) Zyiw "MWV % 1 — 8a3Zm,—W§w(0mmw;0>§r> *© 1
Yy

VE %

+ F A*FIa2V [ agea A Qyj, (3.21)
Yy
with the coefficients as, a4 result from the unfixed eleven dimensional parameters, ag =
—C9 + 4C5 and a4 = 18C4. Let us close this section with some remarks. Note that
in (3.21) one obtains a term proportional to the second Chern-form. In the limit h'! — 1,
i.e. the one-modulus case we see that

65y — a4 Z (3.22)

as the term );; vanishes. For the physical arguments provided in [14] where the one-
modulus case is discussed we infer that 652 — 0 as it would change the physical interpre-
tation else-wise. Hence in the remainder of this work we assume C4 = 0 and thus a4 = 0.°

9Comparison to five point-scattering and six-point amplitudes can in principle fix the 11-dimensional
coefficient of the basis, thus also Cj.
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Furthermore, note that the action (3.19) depends on the infinitesimal deformation §v. To
establish the connection to the full field space v*, i.e. the coordinates on the K#hler moduli
space we replace dv* — v in the following.!” This will become relevant for the discussion
in section 4.

3.3 Review one-modulus Kahler potential and coordinates

The dimensional reduction of the eleven-dimensional supergravity action including higher-
derivative terms on a warped Calabi-Yau fourfold background with one Kéhler modulus,
i.e. hb'! = 1 case was discussed rigorously in [14]. We devote this section to reviewing
this discussion, in particular the derivation of the Kéhler potential and coordinates of the
3d, N = 2 theory. As a starting point we may take the limit h'! — 1 of the generic
Calabi-Yau fourfold reduction result presented in (3.19)—(3.21). One then infers that the
l&—corrected action takes the standard form

1 1 1
g3d :/ “R#1+-Grp(L)dL A *dL+ ~Gp(L) F A F, (3.23)
My 2 4 4

with
Gro(L) = —ﬁ(1 ~ 384a ZL) = - +15360% Z 7, (3.24)

and with the topological coupling depending on the third Chern-form given by
2:(27r3)/ esANJ, Z=ViZ, (3.25)
CYy
where we have used that J = wovi. We can integrate the metric G 11, to obtain the kinetic
potential K (L) and coordinate
K =4log L +1536a® Z L (log(L) — 1) +4, (3.26)
L=V i-3a2W V1, (3.27)
where we have chosen the integration constants in a convenient way.

Determining the Kéahler potential. One may next dualize the vector multiplet to a
chiral multiplet, whose metric derives from a Kéhler potential. As outlined in section 3.1
this is achieved by a Legendre transformation of the kinetic potential

K=K —LReT, ReT = 0.K . (3.28)
One thus derives the Kihler potential K (T + T) to be
K =4log L —15360> Z L = —3log (V + o* (4% + 512 2)) (3.29)
with corresponding coordinate
ReT = % 4153602 2 log L = 4V1 + 1262 V™1 — 115202 Z log V. (3.30)

Note that all quantities in the Kéahler potential (3.29) depend on the one-modulus V),
i.e. the overall volume.

10Ppossible obstructions and subtleties to this step for higher-derivative couplings of non-topological nature
were discussed in [31].
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The no-scale condition and the scalar potential. We next argue that the E&—
suppressed corrections to the Kéhler potential in (3.29) generically lead to a breaking of
the no-scale condition and thus generate a F-term scalar potential. One straightforwardly
computes that

Ky KTy = KTy 1536 C 2 (3.31)
g T_KTT_ Vo '

One may next infer the scalar potential originating from the breaking of the no-scale
condition. It enters the effective action via the F-term scalar potential'!
K (§-TT T 2 2 ’W0|2
Vi = (K™ DrWDrW —4|w[*) = ~15360* 32 . (3.32)
Note that it exhibits a runaway direction for V — oo if fy4 cs AJ < 0.2 In (3.32) we
assumed that the complex structure moduli are stabilized by the GVW superpotential [33]
given by

1
W=5 GYAQ, Qe HY(Y), (3.33)

M Y'Y
which in the vacuum then takes the constant value W,. A critical assessment of this two
step procedure is discussed in [34-36]. The runaway behavior of (3.32) for large volume V
signals an instability of the solution for the case of a non-vanishing Wy as recently examined
in [37].

Let us conclude this section by emphasizing the importance of the one-modulus re-
sults in particular the integration into a K&hler potential and coordinates. In a following
section we will show compatibility with the generic moduli case which is exceedingly more
complicated due to the appearance of non-topological higher-derivative contributions to
the Kahler metric.

4 Three-dimensional Kahler potential and coordinates

The eleven-dimensional higher-derivative corrections manifest themselves in terms of lg/[—
modifications of the kinematic couplings of the two-derivative three-dimensional super-
gravity theory as discussed in the previous section 3.2. The objective is to express these
l&—modiﬁca‘cions to the kinematic couplings in the language of three-dimensional, N' = 2
supergravity. Namely these must result from a llf{'/[—correction to the Kéhler potential and
Kahler coordinates, i.e. fixing the complex structure on the Kéhler moduli space. We re-
viewed this procedure for the one-modulus case, i.e. h"' = 1 in 3.3. In this section we
propose a novel description of the Kéahler coordinates in terms of divisor integrals. Due to
these specific divisor integrals of the Calabi-Yau fourfold one manages to reproduce all high-
derivative structures appearing in the reduction result of the Kéhler metric (3.19)—(3.21)
which we discuss in section 4.1. To motivate our Ansatz note that the Kéhler coordinates

"Note that superpotential can not be renormalized perturbatively but may be subject to e.g. M5-
instanton corrections which correspond to D3-instantons in the F-theory limit [32].

12An example with this property and A% = 1 is the sextic fourfold. For the sextic one finds
fy4 c3 Aw = —420.
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are expected to linearise the action of M5-brane instantons on divisors D;.'? This implies
that the T;’s are expected to be integrals over divisors D;. In particular the Ansatz depends
on the first, second and third Chern-form of the Divisors ¢; 23 = ¢€123(D;). Let us first
recall further definitions

‘a—CMP/‘CWW%—@ﬂ3/ %,%y—/‘Ww*l,ﬁp—w%/“%*1.@@
CYy D; D; D;

7

The Ansatz for the Kéahler potential and coordinates depends on the real parameters
ai,...,a9 and K1,...,Kg. We assert the Kéahler potential to take the form

K = -3log (V +a? (4%-7/ + k1 Z00+ ngﬁu’)) , (4.2)
and for the Kahler coordinates to bel4
2o & K ; |
ReT; = K; +ao° | & +3¥; + ﬁgvzjv] + k4 ZilogV + ﬁ5v7}v] + keT; ) . (4.3)

Note that the warp-factor part of this Ansatz was fixed in [16, 39].1% In (4.3) we introduce
a novel divisor integral higher-order correction

7;2041/ 51/\51/\51+042/ 51/\52+O&3/ 53+O&4/ 0151/\51/\j

+a5/ C%él/\jAjJraG/ C152/\j+a7/ x6(¢1 A J) A & (4.4)
D; D; D;

7

—i—Ozg/ *6(61Aj)A51A61+a9/ C1¢1 A x¢Cq
D-L' Di

with C; = *g(¢1 A j2) = 2R,,™," and i = 1,...,h"! and where D; = PD(w;) are the
Poincare-dual divisors to the harmonic forms w; the Calabi-Yau fourfold. Furthermore,
¢1,¢9,¢3 are the corresponding Chern-forms of the Divisor and J = ¢*J the pull-back of
the Kahler form ¢ : D; — CY}. In the following c3 is the third Chern-form of C'Y;. Note
that although ¢;(CYs) = 0 the divisors i.e. sub-manifolds of complex co-dimension one
generically have ¢ (D;) := ¢; # 0. Let us use the notation

Z =2, (4.5)
in the following. Furthermore, we choose the normalization
ag =1, (4.6)

which is argued for in section 4.1. Note that as in the Ansatz (4.3) we allow for additional
pre-factors (4.6) can be imposed without loss of generality.

13In fact, as discussed in [38] a holomorphic super-potential of the schematic form W « e Ti can be
induced by such instanton effects.

MWe omit constants shifts such as Z; in the definition of the Kahler coordinates.

15Comparison of the warp-factor contribution of the one modulus Kihler coordinates (3.30) and (4.3)
suggest that %, — 9% V=4 in the one-modulus case.
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Let us next briefly outline the logic of this section. In 4.1 we compute the variation
of the Ansatz (4.4) w.r.t. Kéhler deformations of the Calabi-Yau fourfold and show the
correlation with the higher-derivative structures encountered in the reduction result. We
will argue in section 4.2 that the Ansatz (4.2) and (4.3) can be rewritten solely in terms of
topological quantities of the divisors. All the higher-derivative structures of the reduction
result (3.19)—(3.21) appear. This steps fixes the relative factors aq,...,a9 with one re-
maining free parameter ao. In section 4.3 we discuss the compatibility of this Ansatz with
the one-modulus case which can be integrated exactly into a Kéhler potential [14] which
induces certain relations among the k’s in the Ansatz. However, a precise determination
of the remaining k-parameters is beyond the aim of this work. We conjecture that the
matching of the reduction result is possible with the Ansatz (4.4), (4.2) and (4.3) which
then may fix all the parameters uniquely. Lastly, we provide further indirect evidence for
this claim by comparison to the newly discovered structures (3.21) proportional to the
second Chern form of the Calabi-Yau fourfold which may also be reproduced by the novel
Ansatz. This insight however is not used in the direct line of arguments which precedes
through the following sections.

4.1 Kahler coordinates as integrals on CYjy

To write the integrals (4.4) defined over Divisors D; = PD(w;) as integrals over the Calabi-
Yau fourfold we note that e.g.

/ 51/\51/\51:/ C1 N C1 N CL AN w;. (47)
D; CYy

Note that it is crucial to maintain ¢; instead of ¢ as latter would vanish due to the Calabi-
Yau condition. The induced metric on a minimal divisor D; inherited from the ambient
space is itself Kéahler [40, 41] but generically not Calabi-Yau. Let us note that in previ-
ous work we considered the correction written in terms of topological quantity namely the
third Chern-form of the Calabi-Yau fourfold. One may write the Kéhler coordinates (4.4)
in terms of a basis of well defined CYy-integrals in terms the Calabi-Yau metric and co-
variant quantities thereof such as the Riemann tensors if the parameters in (4.4) obey the
following relations

1 1 1

045:_§041+ﬂ+10447

1 1
04625042-1-57
ar=az+ 1,

1 1
a8:§a1—§—a47
g = —Ckl—i-é. (4.8)

Thus in other words by imposing (4.8) we can rewrite the Kéhler coordinates in terms of
a higher-derivative density on the Calabi-Yau fourfold, which as we argue in appendix A.1
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may take the form

T; = wiNX, X ~R> (4.9)
CYy
with the higher-derivative (3,3)-form X defined in the appendix (A.31). One can easily
verify the property
Tt = Z. (4.10)

To compute the Kahler metric we need to take derivatives of the Kéahler potential w.r.t. to
the Kéhler coordinates as

K Rk 0K ok ol 92K
Kij = = Ak —+ W (411)
OReT;0ReT;  OReT;0ReT; Ov OReT; OReTj OvRdv
with hy 5 5
v ReTjN=Y _ ij 2 ek lj
= - = K9 — W — - 4.12
OReT; ( ovt ) K o”rsK ((%k T+ )’C ’ (4.12)

where K is the inverse intersection number of the Calabi-Yau fourfold defined in the
appendix (A.11). The variation of 7; w.r.t.to the Kahler moduli fields of the Calabi-Yau
fourfold constitutes the crucial new ingredient to generate and match the higher-derivative
structures in the reduction result (3.19)-(3.21) of the Kéhler metric. Let us next discuss
it in more detail.

Variational derivative of Kahler coordinates. The aim of this section is to argue
that the Ansatz for the Kahler potential (4.2) and Kéhler coordinates (4.3) may repro-
duce the Kahler metric in the Legendre dual variables which are in agreement with the
reduction results. In other words we are able to encounter all relevant higher-derivative
structures found in the reduction result (3.19)—(3.21). However, let us stress that to pre-
cisely match the factors in the reduction result is beyond the aim of this work. It is expected
that additional non-trivial identities relating the higher-derivative building blocks (4.14)
and (3.19)-(3.21), and (4.16) are required to perform this task.

Let us proceed with the main argument. It is straight forward to compute derivatives
of the previously encountered topological objects [19] w.r.t. to the Kéhler moduli fields as

0 0
Z =27, —
ot ovJ

Z;=0. (4.13)

Let us note that due to (4.13) no terms proportional to the logarithm of the volume —
logV — appear in the Kéhler metric nor in the Legendre dual variables and thus (4.3)
and (4.2) are in agreement with the reduction result in this regard.

Let us next compute the variation of 7; in (4.9) w.r.t. to the K&hler moduli fields which

gives
aT——3IC-T+5IC-T-+3T~+3Z-IC-+4z'/ Dnwi™wn ™1, (4.14)
avjz—vjzvzj J Vz] Cy4mnz YE] ) .
where
7;]':/ *8(wi/\Wj/\J)/\X. (4.15)
CYy
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To compute (4.14) we make extensive use of the compute Algebra package xTensor [42].
We provide some more technical details in appendix A.3. There we also discuss couplings
of the Kahler metric proportional to the second Chern form of the Calabi-Yau fourfold.
By using the relation

1 I o
Vij = _6/ (1 Zmawi" " w;" 5 + 2 Zmarswi W) * 1, (4.16)
Yy

one infers that (4.14) can be put in relation to megw?mwf ®and ). Let us emphasize

that establishing the relation of topological Kéhler coordinates and the building blocks
of the Kéhler metric obtained by dimensional reduction ~ megw?mw? as well as ~
Zymnwiw;s™ has been a long standing problem posed in our previous work [15, 16].

Let us close this section by providing further arguments in favor of our conjecture. By
evaluating (4.11) one obtains that the Kéhler metric K;; contains Vi /Cij1,T; and IC(ﬂ;-).lG
Those structures arise naturally from the variation of the Kahler coordinates (4.14), in
particular Tj; ~ ICkllCiﬂﬂ} + .... It has been argued for analogous relations in [43, 44].
Concludingly, the divisor integral Ansatz (4.3) manages to reproduce all relevant higher-
derivative building blocks which appear in the reduction result (3.19)-(3.21). However,
we also find that we have one additional object namely );; which does not appear in
the reduction result but would be generated by our Ansatz. In [15] we had argued for a
relation in between the .# and higher-derivative objects which in the light of this work
most certainly is in need of a revision. Let us close this section with remarks on the
warp-factor in the Kéahler potential and coordinates and its potential connection to the
higher-derivative structures. In appendix A.3 we review the integration of the warp-factor
into a Kéhler potential in particular in (A.51) — (A.62) . From the definition (A.20) one
immediately infers that yijvj = yjivj = 0 and thus it takes special simplified role in the
process of matching the reduction result. One may speculate that a relation V;; ~ .%;; can
be established to proof the conjectured integration into a Kéahler potential which revises
the claims of [15].

4.2 Topological divisor integrals as Kéhler coordinates

In this section we argue that the Ansatz for the K&hler coordinates (4.4) may be rewritten
in terms of “topological quantities” by fixing the coefficients in the Ansatz. The quotation
marks refer to an abuse of the word as the integrands can be reduced to topological inte-
grands by factorizing out Kéhler moduli deformations, e.g. the intersection number of the
Calabi-Yau fourfold C;;i; is a topological quantity, in contrast to the volume of a complex
curve K;;i. Latter is not as it depends on the position in moduli space. However one
may write it in terms of the topological intersection numbers by factorizing out the Kahler
moduli fields as ;5 = ICijklvl.

16The precise form of the Kahler metric results from (4.11) by inserting our Ansatz (4.3), (4.2) and by
using the properties of the intersection numbers listed in equation (A.11). Furthermore, one may use the
relations on the higher-derivative building blocks (A.33) and (A.34).
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To set the stage note that any closed form such as ¢; may be written in terms of its
harmonic part plus a double exact contribution

é1 = Hé + 00N, (4.17)

where X is a function on the divisor. From the closure of ¢; and by using inferred relation
thereof in appendix A.2 one may show that the Ansatz for the K&hler coordinates (4.4)
can be rewritten as

T—Oél/ 01/\01/\614-@2/ 01/\02—1—043/ 63+/ Cl/\J/ 51/\51/\j
D; D; D;

7, K3 7

/ 01/\J/ Cl/\J/ 51/\J2—|—/ 51/\J/ 52/\j
D; Ki Jp, D;

7 K3 3

+2a6/ >T<6(H61/\J)/\52—(2a4+8a5)/ 4~<6(H51/\j)/\51/\51
D, i
40&5
Ki

e N J? / &1 A xeHE (4.18)
D; D;

where KC; denotes the volume of the divisor D;. Note that in order to obtain (4.18) one
fixes the coefficients such that

a7 =205, ag=2a4 —8as, g = —4as. (4.19)

Additionally requiring that we can write 7; as integrals on the Calabi-Yau fourfold one is
led to additional constraints which in combination with (4.8) then impose

| _, 1 Y
0[1_6’ a3z =1, a4 = 127 a5 = U,
1 1 1
(16:54-5042, a7:1+a27 a8:_87 ag:o' (420)

One thus infers from (4.20) the final form of the higher-derivative Kéhler coordinate divisor
integral to be

1 - . .
Ti= = C1 NClLAN\C+ as C1 N\ Cy +
6 /o, D; D;

1 1 - - 5
+(1+a2)/ 61/\J2/ 52AJ+(1+a2)/ ¥6(Hey A J) A
2 Ki Jp, D;

1 - - =
—/ *6(Hey NJ) N1 Néy. (4.21)
D;

1 N N
& A J? GLACLAJ
126; Jp, /D cana

6

Let us note that (4.21) is in indeed a sum of “topological integrals”. In this sense after
factorizing out Kéahler moduli deformations one may vary the integrands of (4.21) w.r.t. the
induced metric on the divisors D; and find that the resulting variation constitutes a total
derivative. This follows straightforwardly from the properties of ¢1,¢é,¢é; and J. The
integrands involving the hodge star ¢ crucially have it act on only the harmonic part of
the first Chern-form Hé;.
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4.3 One-modulus compatibility

The one-modulus case can be integrated exactly into a Ké&hler potential as discussed in
section 3.3. Thus in this section we examine the limit h''! — 1 of the generic moduli
case 3.2 to impose constraints on the k-parameters in the Ansatz. We focus on the higher-
derivative components and do not discuss the warp-factor contributions # and .% here.
Recall that
Z; = (27T)3/ c3 N\ w;, Z=2Z. (4.22)
CYy

We made the Ansatz for the Kéhler potential
K = —3log <V +a? (k12" + mg’ﬁvi)) , (4.23)
and for the Kéahler coordinates
2 g Ki, i Kir i

Rel; = K; + o | % +3¥%; + ngzjv + ke ZilogV + H5V7;1) +reT; | - (4.24)

Let us next analyse these expressions (4.23) and (4.24) in the case h'' = 1. One finds that
g 1

’Ci — 4V% s Kij — 12])% R ICijk — 24Vi R Kijkl — 1, KY — EV_% (4.25)

and from the expression (4.9) and (4.10) that in the one-modulus case

Ti — 2 with Z= (27r)3/ cs AWl (4.26)
CYy

The relation (4.26) follows from (4.4) and (4.18) due to the Calabi-Yau condition which
leads to a vanishing of terms proportional to ¢;. One furthermore notes that J = oni
and thus

Z=ViZ= (27r)3/ cs A (4.27)
CY,y

Ones concludes that (4.23) and (4.24) in the limit A'! — 1 become
K — —3log (V +a? (k1 + /-ig)]ﬁé’) , (4.28)

and
ReT; — 4V +a? ((4/@3 + 4k5 + /16)2 + k4 Z log V) , (4.29)

where we have used (4.25)—(4.27).Thus one infers by comparison to the one-modulus
case (3.29) (3.30) that

K14+ ke =512, 4dkg+4ks+ke=0, Kg=—1152. (4.30)

Additionally one aims to match the Legendre dual coordinates to the one modulus case. To
proceed one needs to specify the precise form of the Kahler coordinates in terms of Calabi-
Yau fourfold integrals. In section 4.1 we emphasized that the match with the divisor
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integral form remains ambiguous. Let us proceed with (4.15) for the remainder of this

section. One can then use )
0K 0K v

L'= o, ~ 9ui 0T, (4.31)
to find
i_ v o ij ij v
L' = v + v (FGGK IT; + (351 — 4Kz — dks — ke ) KV 25 — @(3/@1 — K3 — K5 + /<c4)Z>
(4.32)
To compute (4.32) we only used the fact that (%ﬂ)vi = —7; + Z; which follows from

Tiv' = Z. Lastly, by imposing (4.30) one infers a match of (3.27) with comparison of
the one-modulus limit of (4.32), i.e. the other [$,-contributions vanishes in the limit. One
can furthermore compute the scalar potential by evaluating (4.11) which can be performed
by using (A.34) and (A.11) contracted with (4.32). One finds for a non vanishing flux-

superpotential W that
’W() |2 4 K4
Vp = —Z, 4.33
Pyl (4.33)
which by imposing (4.30) matches the one modulus case given in (3.32). Moreover, note
that from (4.33) one infers that for the Ansatz (4.2) and (4.3) the no-scale structure is

broken due to the imposed compatibility with the one-modulus case.

Let us close this section with a critical remark. In section 4.1 and 4.2 we pointed
out that the lift of the divisor integral expressions to integrals on the Calabi-Yau fourfold
leaves certain parameters unfixed. In order to compute other quantities such as (4.33)
in full generality we suggest that a better understanding of the 7; contribution is to be
developed. Note that the arguments supporting the Z;log) — correction to the Kéhler
coordinates are more solid.

5 F-theory uplift to 4d, N =1

In this section we utilize the duality between M-theory and F- theory to lift the
Ip-corrections in the three-dimensional theory obtained in the previous section to
o/-corrections to the four-dimensional effective theory arising from F-theory compactified
on CYy. This requires the Calabi-Yau manifold to be elliptically fibered over a three-
dimensional Kahler base Bj.

In the following we consider the classical result of the F-theory uplift [5]. One may
parametrize the shrinking of the torus fiber by the parameter ¢ — 0. One then infers the
scaling of the fields v° ~ e and v® ~ e 1/2. This leads to an identification of the 3d, N = 2
multiplet field L° = % = %2 with r the radius of the 4d/3d circular reduction. To keep the
base volume finite in the limit one finds

2oy = Vou® (5.1)

For simplicity, let us restrict to a smooth Weierstrass model, i.e. a geometry without non-
Abelian singularities, that can be embedded in an ambient fibration with typical fibers
being the weighted projective space WPa3;. This implies having just two types of divisors
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D;, i =1,...h%(CYy). There is the horizontal divisor corresponding to the zero-section
Dy, and the vertical divisors Dy, o = 1, ..., h1"}(B3), corresponding to elliptic fibrations over
base divisors D%. Denoting the Poincare-dual two-forms to the divisors by w; = (wo, Wa),
one expands the Kahler form as

J = 0wy + v%wq (5.2)

where v is the volume of the elliptic fiber, and we choose the harmonic representatives of
the class. We are now in a position to discuss the F-theory uplift of the individual terms in

1 1 ~ ~
7;:/ 51/\51/\51+O&2/ 51/\52+/ c3 — / 51/\J2/ ciNCINJ
6 /p, D; D; 12K D; D;

1 1 = ~ -
+(1+a2)/ 61/\J2/ Eg/\J—i—(l—i-ag)/ ¥6(Her AN J) A é
2 Ki Jp, D; D;
1 .
—/ >T<6(H51/\J)/\51/\51, (5.3)
D;

6

and
Z, = (27r)3/ c3Awa (5.4)
CYy

where IC; is the volume of the divisor D;. Latter was discussed already in [18, 19] however,
we review these results in section 5.2. Note that the relation between the eleven-dimensional
Planck length Iy; and the string length I5 by the M/F-theory duality is obtained as

2rl, = V2. (5.5)

As in the F-theory limit one sends v0 — 0 decompactifying the fourth dimension by sending
to infinity the radius of the 4d/3d circle 7 ~ V3/2 — co. Thus after the limit all volumes
of the base B3 are expressed in terms of the string units [;. In the following we omit the
warp-factor # and thus .% from the discussion.

In section 5.1 we shortly comment on the uplift of F-theory involving one-loop correc-
tions resulting from integrating out massive KK-modes at one-loop in the circular reduction
from four to three dimensions. As those results are not well studied in the literature we
present an superficial discussion. Let us stress however, that as we are not able to fix all
parameters in the 3d, N' = 2 coordinates the ambiguity of the “one-loop” up-lift can be
hidden in the following section in the uncertainty of the parameters. In section 5.2 we
then analyse the terms in the Kéhler potential (4.2) and Kahler metric (4.3) surviving the
F-theory uplift. Finally, in section 5.3 we then combine the conclusions of sections 5.1
and 5.2 to discuss the 4d, N = 1 Kahler potential and Kahler metric. In particular we
give a string theory interpretation of the novel corrections and discuss the breaking of the
no-scale structure and the o/>-modified scalar potential.

5.1 The F-theory uplift

In this section we review the supergravity perspective of the F-theory lift identifying
the connection in-between the four and three-dimensional fields and their kinematic cou-
plings [5]. Note that by compactifying a general four-dimensional, N’ = 1 supergravity
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theory on a circle one matches the original four-dimensional K&hler potential with the
three-dimensional Kihler potential K or kinetic potential K. The resulting kinetic poten-
tial arising in the 4d/3d circular dimensional reduction takes the form

K(r,T,) = —log(r?) + K¥'(T,). (5.6)

To match (5.6) with the natural three-dimensional multiplets one may split L' and T;
such that
L'=(L=R, L*), T,=(Ty,T.). (5.7)

One is then led to identify that R is given by R = r—2, where r is the radius of the 4d/3d
circle [5]. Furthermore, the fields Ti, remain complex scalars in four dimensions whilst Tj
should be dualized already in three dimensions into vector multiplets with (R, A°) and then
uplifted to four dimensions as it arises from the four-dimensional metric. Note that one
computes the dualized kinetic potential K (R,ReT,) by Legendre dualization as discussed
in 3.1. In the F-theory limit one then identifies

gé = La|€:0 y Tab = Ta|6=0> (58)

where we denote the four-dimensional fields Lj* and Tg due to the fact that they correspond
to fields with couplings related to the base Bjs representing the Calabi-Yau orientifold in
the IIB picture, i.e. in the F-theory limit. Let us next review the classical analysis to
determine K (T?). Evaluating the intersection numbers Kijri for an elliptic fibration the
non-vanishing couplings are given by

Koagy = /ngv, ’Cgﬁv = / Wa A wg A wey . (5.9)
Bs
The kinetic potential and coordinates take the following form for an elliptic fibration
R(LY) = log(R) — 2log (vb + O(R)) +4, (5.10)
1
ReT, = K + O(R), Vy = glCa,ngg‘vag , (5.11)
or equivalently
% i 1 «
R(LY) = log(R) + log (alcf;me Liry + O(R)) 44, (5.12)
1 K, Ly L] . 1
Tp= b2 LY = —Kap, LE LY L] 1
Rel= o5 B2+ O, W) = gRan GLILL, (19

where we have replaced the L with L{* by means of (5.8) and made use of the relation
VO(Ly) = (V?)~2. Performing a Legendre transformation in order to express everything in
terms of T2 and comparing the result with (5.6) with R = 72 one encounters in the limit
r — oo that

F b S b p 1 ’Cgﬁ Lng
K"(T;) = —2log (V) = log (Vs(Ls)) , ReT, =K, = =—1 "= (5.14)
21 Vy(Ly)

where one has to solve T for L(T?) and insert the result into K*".
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Let us next comment on the case present in this work namely where one encounters
higher-order ll(\s/[—corrections to the three-dimensional fields. As suggested by the generic
4d/3d circular reduction result and one infers for the corrected the Kéhler coordinates that

ReT, — ReT?, (5.15)

where we analyse ReT? in the next section 5.2. The corrected Kéhler potential (4.2) can
be re-written as

K = —log(R) —2log (vb (1 + oﬁ%((m — k) Zov + mgffv{f‘)) + O(R)> , (5.16)
b

by making use of the sub-leading order of o. Thus in the limit » — oo one encounters
KF(T) = —21og (vb +a2((768 — fp) Zhuf + @7;%;;“) , (5.17)

where is Zg the F-theory limit of Z, derived in the following section 5.2 and ko = %Hg.
The identification of the dependence T is implicit.

Let us close this section with remarks on one-loop corrections to the F-theory limit
resulting from integrating out massive KK-modes which is expected to modify the rela-
tion (5.15). The log V-correction to the Kéhler coordinates (4.3) is reminiscent of such a
one loop correction. To see this one is to preform a dimensional reduction of a general
4d, N = 1 supergravity theory on the circle to three dimensions where massive KK-modes
are integrated out at one-loop. The case for pure supergravity is discussed in [45] which
yields the three-dimensional Kahler coordinates

ReT, % = 2= — —log(R). (5.18)

However, we are interested in a theory with additional chiral multiplets and vector mul-
tiplets which will lead to a modification of the purely gravitational result (5.18). We are
not aware of such a discussion in the literature and thus have no rigorous tool to argue
for the up-lift of the Z,logV correction in F-theory except the comments made in [14].
Let us assume in the following that the log V-correction in the Kéhler coordinates (4.3) is
absorbed entirely by the F-theory uplift. This leads us to write

ReT; = K; + k4 Z;log V, (5.19)

where for simplicity we only write the logarithmic correction to the Kéhler coordinates.
Considering (5.19) on the elliptically fibered Calabi-Yau fourfold one finds

1 2 2 _
Rel) = 7 — 0‘3“433 log R — %Zg log (V)% + O(R)),
2 2
ReT, = Kb, — “7 4 28 log(R) — 228 log (V") + O(R)) . (5.20)

The assumption that it is absorbed in the uplift immediately leads us to a revision of (5.15)
to

1 1
ReT, % — &~ @log R+ 5qu‘*d,

1
ReTal-loop N ReTgtree — a IOgR + ian4d’ (521)

~ 93 -



where K¢ is the four-dimensional classical Kihler potential. By matching (5.20) and (5.21)
one fixes the charges to ¢; = — 0‘23”4 ZP+O(R). Note that (5.21) and (5.20) are very sensitive
to a conspiration of factors. Thus at this stage as the one-loop F-theory uplift remains

elusive it cannot be excluded that a finite contribution in (5.20) may survive the F-theory
uplift such as
ReT? = K2, + a?k4 28 log (V) - (5.22)

Let us stress that different assumptions lead us to find (5.21) and (5.22) but a honest one-
loop computation needs to be performed to decide their validity. Note that (5.21) would
imply that by integrating out massive Kaluza-Klein modes only the three-dimensional
Kahler coordinates receive modifications whilst the Kéahler potential remains uncorrected.

Critical comments on Kaluza Klein one-loop corrections. As discussed in this
section the fate of the correction (5.22) in the F-theory approach can’t be determined with
certainty at this stage. The study of Kaluza-Klein induced loop corrections to the Kéahler
potential of 3d, N' = 2 and 3d, N = 1 of string effective supergravity actions remains an
open problem. Not only in the reduction from four to three dimensions but also form the
reduction from eleven to three dimensions KK induced one-loop terms may be generated.

5.2 Topological integrals on elliptic Calabi-Yau fourfolds

In this section we discuss the F-theory uplift of the higher-order [;;-corrections appearing
in (5.3) and (5.4) resulting in o’-corrections. For topological integrals we can use adjunction
formulae to express Chern-classes of C'Y; and the divisors D, in terms of Chern-classes of
the base Bs. For details of the derivation of the adjunction formulae see appendix B.2.
One infers that

¢3(Dq) = c3(B3) — c1(Bs3) A ca(Bs) — 60¢3(Bs) — 60c3(Bs) A wy — é2(Dg) A we
52(Da) = 02(33) + 116%(33) + 1261(33) A wo + wi ,
é1(Da) = — wa (5.23)

where the ¢;j=123(Bs) on the r.h.s. of these expressions denote the Chern classes of Bs
pulled-back to C'Yy restricted to D,. Note that the Poincare duals of the harmonic (1, 1)-
forms in (5.23) are given by PD(wy) = Bs, and PD(w,) = D,. We choose to omit the
pull-back map in expressions in this section for notational simplicity. One furthermore
finds that

wg = —01(33) A wp - (5.24)

Note that the new contribution to the Kahler coordinates 7; is expressed as integrals on the
divisors D; where the Kahlerform is inherited from the ambient CY;. One may thus use
the decomposition (5.2) as well for J. In the F-theory limit one finds the scalings discussed
at the beginning of this section to imply

ane—%’ e = V=Ko~ e. (5.25)
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Using (5.23) and (5.25) one infers the contributions in (4.3) and (4.2) which survive the F-
theory limit. For the object defined as the third Chern-form of the Calabi-Yau fourfold (5.4)
one finds in the limit

Z, — Z2°=-60 (27r)2/Db c1(B3) A c1(B3). (5.26)

The leading order contributions which are non vanishing in the limit must scale as 74 ~
O(e"). The integrals in (5.4) which thus contribute are

/61/\62—>—12/ c1(Bs) At
o Db,
/63—>—60/ cl(Bg)/\cl(Bg)—12/ c1(B3) AWl
o Db,

Dg,

12
/ HCl/\J)/\CQ—>—’Cb/ wg/\Jb/ cl(Bg)AJb+12/ c1(B3) Aw
o Db, Db, Db,

[0

1 - 12
/ & /\J2/ CQAJ—>—/ ngJb/ c1(B3) A JY, (5.27)
Ka K Jpe, Dt

where we used (A.14) and where D? are the divisors of the base such that their pre-
image w.r.t.the projection m : C'Yy — Bs gives the vertical divisors of the Calabi-Yau
fourfold as D, = 7~ 1(D%).!" One thus infers the divisor integral contribution of the
Kahler coordinates in the limit to take the form

To — TP=2b _18(1+ as) (27)2 Klb/ wg/\Jb/bcl(Bg)/\Jb (5.28)
DQ

with K2 = % i) Bs w2 A J*2 the volume of the divisor D% and the Kihler form J® = wgvl‘f.
For further use let us define

2 2
we CL) / ngJb/ c1(Bs) A JY, (5.29)
Kb Joy Db
us = (27r)2/ c1(Bs) Awl . (5.30)
DY,

The contribution (5.29) takes a special role as it depends on the Ké&hler form of the divisor
and thus is non-vanishing upon taking derivatives w.r.t. Kdhler moduli fields. Note that
the F-theory uplift absorbs two-derivatives along the fiber thus the resulting corrections
are of order /2. It would be interesting to establish a connection to the a'?-corrections
to the Kihler potential predicted in the Heterotic string [46]. The U’-correction (5.30)
vanishes from (5.28) due to a vanishing pre-factor. As one may find that our constraints

imposed are too restrictive this correction may survive if an additional parameter freedom

"Note that in order to rewrite the integrals we note that e.g.
b b b
/ c1(B3) ANweg A wg, = / c1(B3) A wg, ,
Bs Db,

where we again omit the pull-back map on c¢1(B3) in the r.h.s. of the equality.
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is somehow introduced in the present discussion of divisor integrals. In the following we
thus as well comment on its potential origin and interpretation.

Let us next comment on some special cases before providing a Type IIB string in-
terpretation of the o/-corrections in (5.26) and (5.28). Firstly, for a trivial elliptic fibra-
tion, i.e. CYy; = CY3 x T? with CY3 a Calabi-Yau threefold, one infers that ¢;(CY;) =
¢i(CY3), i = 1,2,3, in particular ¢;(CY3) = 0. Furthermore, the divisors relevant in the
Kihler coordinates (4.3) are a direct product and obey ci(D? x T?) = ¢1(D?%), ca( D% x
T?) = (DY) and c3(D? x T?) = 0, see appendix B.2 for details. One infers that in this
case all corrections in (5.27) and (5.26) go to zero due to their scaling behavior in the limit
vY — 0 and thus the o/-corrections in the resulting 4d, A" = 2 theory are absent.

Secondly, one may study other N' = 2 F-theory vacua by taking Y; = K3 x K3, a
configuration discussed in [47] with a focus on o/-corrections. In this case ¢3(Yy) = 0
and thus the Z-correction (5.26) vanishes identically. The corrections resulting from the
divisors (5.27) vanish due to analogous arguments as in the above case. Concludingly, the
o/-corrections discussed in this work vanish in these N' = 2 set-ups.

Finally, let us stress that there are several additional lyi-corrections to the fourfold
volume surviving the F-theory limit. Let us again go back to the example of the product
geometry Yy = X3 x T2, without D7-branes. The o/-corrections involving the Type IIB
axio-dilaton 7 have been computed by integrating out the whole tower of T2 Kaluza-Klein
modes of the 11d supergravity multiplet [9], which results in W02 X(CY3) E3/o(7,7) with
E3 /5 the non-holomorphic Eisenstein series. Note that it obeys the correct scaling behavior
to survive the F-theory limit. One expects that the proper treatment of the KK-modes in a
generic elliptic fibration is crucial to encounter the Euler-characteristic o/
to the 4d, N' = 1 Kihler potential inside the F-theory framework.'®

-correction [20]

5.3 4d, N = 1 Kihler potential and coordinates

The discussion of the uplift of the o/-corrections in the previous sections 5.1 and 5.2 enables
us to infer the resulting 4d, V' = 1 Kahler potential and coordinates. Let us use the dimen-
sionless coefficients from now one, where all dimensionful quantities, e.g. o’-corrections are
expressed in terms of the string length I, we thus write

1
2
One infers that
JCIN=1 — _9]0g (Vb + a2 ((768 — o) 2o + RQTZU,‘;‘D , (5.32)
and
b b 2 Kb Kb b
ReT. = K2 + « </@3V0‘ Zlvp + /@5—]}0‘ Tovy — 4(ks + Ks) 7;) . (5.33)
b b

Note that we have argued in 5.1 that the logarithmic term may be absorbed in the F-theory
uplift as a one-loop correction and is thus not present in (5.33). To verify this assumption

8 An alternative approach was taken in [48].
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is of great interest. One may however perform the uplift of this term which then leads to
a modification of (5.33) of the form

o? k422 log Vy (5.34)

as suggested in (5.22). Note that (5.32) and (5.33) depend on four unfixed parameters, due
to the additional freedom in (5.28). Further studies are required to proof the existence of
the o'-corrections in (5.32) and (5.33) and especially (5.34). Nevertheless, let us proceed
by giving a string theory interpretation of the novel corrections to the four-dimensional
Kahler potential and coordinates.

String theory interpretation and weak string-coupling limit. We follow the weak
string-coupling limit by Sen [17] which is performed in the complex structure moduli space
of CYy to give a weakly coupled description of F-theory in terms of Type IIB string theory
on a Calabi-Yau threefold with an O7-plane and D7-branes. Where the CY3 is a dou-
ble cover of the base Bs branched along the O7-plane. Let us stress that the class of
this branching locus is the pull-back of ¢;(B3) to C'Y3. In section 5.2 we considered the
topological divisor integrals on the geometries described by the smooth Weierstrass model
i.e. non-Abelian singularities are absent. In this case Sen’s limit contains a single recom-
bined D7-brane wrapping a divisor of class 8cj(B3). This follows from the seven-brane
tadpole cancellation condition. As was noted in [49, 50] this D7-brane is of the character-
istic Whitney-umbrella shape. It would be interesting to extend the study to geometries
with non-Abelian singularities analogously to [19].

The Z?-correction (5.26) was discussed extensively in [18, 19] and we refer the reader
to this work for details. Let us mention here however, that in more generic geometries it
morally counts the number of self-intersections of stacks of D7-branes and the O7-plane.
It should arise at tree-level in string theory and is of order o/2. In the geometry studied in
this work this can be checked by identifying

Vbrnor = 8 / E(Bs) Ay, (5.35)
CYs

where we omitted the pull-back map from Bj3 to its double cover CY3 in the integrand.
To give the string theory interpretation one identifies the string amplitude capturing it by

considering the Einstein-Hilbert term of the four-dimensional action in the string frame!’
Sigy O 1 / <VS _ 5777291131)3 o >R5 x5 1. (5.36)
(4) (271')7 lgg[QIB b 9 D7NO7 sc T4

Let us recall the general formula for the Euler number of Riemann surfaces, possibly non-
orientable and with boundaries, is

x(X)=2-29g—-b—c, (5.37)

where g, b, ¢ denote the genus, the number of boundaries, and the number of cross caps,
respectively. One thus infers that the correction in (5.36) arises from a string amplitude

9The superscript ® denotes quantities computed using the string frame metric.
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that involves the sum over two topologies, namely the disk ¢ = ¢ = 0,0 = 1 and the
projective plane g = b = 0, ¢ = 1. These are tree-level amplitudes of the orientable open
strings and non-orientable closed strings which is in agreement with the property that
the correction is intrinsically A" = 1, i.e. its presence is constrained by having DT7-branes
intersecting with an O7-plane.

Let us next give a string theory interpretation of (5.28). In fact, at weak string coupling
one infers that

/b c1(B3) AJ® ~ (Vpreps + 4Vorany) (5.38)
Da

where Vp7 and Vo7 are the volumes of the D7-brane and the O7-plane in C'Y3, respectively.
Both volumes are in the Einstein frame and in units of ;. By tadpole cancellation one
infers Vp7 = 8Vo7. It follows that

/ c1(Bs) Awd ~D7ND2 NDE +407NDE NDE, (5.39)
Dy,

are the self-intersection curves of the base Divisors DY intersected with the D7-brane and
the O7-plane in O3, respectively. Lastly, the W2-correction in (5.29) which is of order /2
and depends on the volume the self intersection curve of D?

/ wa A JY ~ VngDg , (5.40)
D

b
and furthermore
/b c1(Bs) A J" ~ Vornpy, + 4 Vornpe (5.41)
Da

the volume to the intersection curves of the D7-branes and O7-planes with the base divisors
D?%. One concludes that (5.29) is a product of the curve volumes (5.40) and (5.41) weighted
over the volume of the divisor D%. It is of the same order in the string coupling as (5.36)
and is thus expected to arise equivalently from a tree-level amplitude of the orientable open
string or non-orientable closed string amplitude in an orientifold background.

4d scalar potential and no-scale condition. = We next comment on the scalar poten-
tial resulting from (5.32) and (5.33). We assume that the complex structure moduli have
been fixed and thus the superpotential remains to be a function of the Kéhler moduli. The
F-term scalar potential of a 4d, N’ =1 theory is well known

Vit = e (KogD*WDPW - 3|W[?), (5.42)

with the superpotential W = W (ReT,,) and the Kéhler covariant derivative given by

N oK oW
DW= OReT, W+ OReT,,’

-1
Kop = (Orer, Orer, K) (5.43)
Let us next discuss the special case in which the superpotential is generated by fluxes in

F-theory (3.33) and non-perturbative effects are absent. We denote Wy as the vacuum
expectation value of the superpotential resulting after stabilizing the complex structure
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moduli. One then infers that for the Ké&hler potential (5.32) and Kéhler coordinates (5.33)

2 vanish. This can-

the F-term scalar potential (5.42) the resulting corrections at order o/
cellation was observed in [51, 52]. The terms in the Ké&hler coordinates (5.33) admit a
functional structure which remarkably never breaks the no-scale condition. Thus the sole
contribution to the scalar potential at order o/

term (5.34) to be

may arise from the speculative logarithm

3| Wol?

Ve =—a?
DV

IVARY S (5.44)

«

Let us emphasize that this is due to an assumption on the F-theory uplift. As the uplift of
this one-loop term remains elusive note that the pre-factor of the Z2-correction in (5.44)
might be subject to change and may vanish. In the further context of this work however it
is suggested that the a>-correction breaks the no-scale structure as seen from (5.44) as it
is interesting to study potential phenomenological consequences.?’ Let us emphasize that
the corrections Z%-correction (5.44) is of order o/? and thus leading with respect to the
well known Euler-characteristic correction [20]. It is of interest to study the connection to
the correction discussed in [53].

Let us close this section with two critical remarks. Firstly, the F-theory lift is performed
by shrinking the fiber i.e. making the geometry singular and thus other higher-order correc-
tions may become relevant. However, let us emphasize that all the corrections discussed in
this work are of topological nature and thus are expected to be protected in the F-theory
limit. Secondly, let us stress that we did not aim to prove the integration into 3d, N' = 2
variables of the reduction result. However, we suggest an Ansatz for the K&ahler coordi-
nates and Kéahler potential which allow to obtain all the higher-derivative couplings in the
Kahler metric obtained by dimensional reduction from the l§4 eight-derivative couplings to
eleven-dimensional supergravity. This is a necessary but not sufficient step, and it thus
remains to ultimately decide on the fate of the o/-corrections W? and Z°. In particular,
this applies to the phenomenologically interesting correction to the scalar potential (5.44).

5.4 Moduli stabilisation

In this section we comment on the vacuum structure of the potential generated by the
novel conjectured o/-correction (5.44). Furthermore, we study the interplay with the well

3_correction to the Kihler potential

e=—g.7 on* & oy, (5.45)

with x(CY3) Euler-characteristic of C'Y3. Note that it is of order O(a’®) and it depends on
the Type IIB string coupling.?! It is obtained from the parent N = 2 theory arising from
compactification of Type IIB on Calabi-Yau orientifolds [20, 54].>2 Note that Calabi-Yau

known Euler-characteristic o

_3
2

2ONot at least to increase the interest in the tedious study of o’-corrections.

21The correction is known to depend on the dilaton e~®. We assume that the dilaton is stabilized by the
flux background and we thus encounter the string coupling constant gs = (e®).

22To compute the correction to the scalar potential resulting from (5.45) we use the Kéhler potential and
coordinates obtained in [54].
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threefold in IIB is the double cover of the base B3 branched along the O7-plane. Thus in
particular we find that x(CY3) = x(Bs). As we discuss intrinsic A/ = 1 vacua in this work
we continue in the terminology of F-theory. We comment on the potential F-theoretic origin
of the correction (5.45) in section 5.2. Note that the string coupling dependence of (5.45)
makes it parametrically relevant although being sub-leading in o compared to (5.44).

Let us remark on the stability of the following scenarios in regard to higher-order
corrections in o and gs in the light of [55]. The classical correction to the scalar potential
vanishes due to the no-scale condition and thus the leading order g; and «o’-correction
determine the vacuum. Higher-order o'-corrections are parametrically under control as
one stabilizes the internal space at large volumes. Moreover the string coupling constant
gs may be achieved to be parametrically small thus higher-order string loop corrections may
be safely neglected. Details depend however on the relative pre-factors of the perturbative
terms given by topological quantities of the internal space.

Extrema in the generic moduli case. In this section we discuss a scenario in which
all Kéhler moduli might be stabilized in a non-supersymmetric anti-de Sitter minimum for
manifolds with y(Bs) < 0. We argue for a model independent extremum and provide a
sufficient condition for the existence of a local minimum in generic geometric backgrounds
for Kahler cone coordinates vy* > 0 to be,

1
(KK vioy > =5 (Keg) V) vey Vo (5.46)

However, to show that is a true local minimum further studies in explicit geometries are
required. The stabilization is achieved by an interplay of the correction proportional to Zg
in (5.44) with the o/ Euler-characteristic correction (5.45) to the Kihler potential [20, 54].
To achieve positivity of the four-cycle volumes in the vacuum the o/-corrections additionally
needs to obey strict positivity and negativity conditions, i.e. the geometric background must
be suitable. Note that due to a similar potential all Kéhler moduli may be stabilized for
X(B3) > 0 as discussed in [2]. Let us emphasize that the we do not require non-perturbative
effects which are generically exponentially suppressed by the volume of the cycl/es. In future

2
to the scalar potential discussd in [2, 21]. The resulting potential in the large volume limit
then takes the form?3

work [56] we study a modified scenario by additionally considering the o395 ?_correction

398‘W0’2 ~ b
Vi = 74 V3 (f + R4 Z,, ’Ul? ) ) (5'47)
b
where Ry = —é. We note that the functional structure is similar to the o'-correction

discussed in [2, 21].2* One finds the AdS vacua where all four-cycle volumes K% are stabi-

lized at
9¢ 1

8laal ~ ZL(vg)’

(Kb)y = A2 20, with A= (5.48)

23We refer to the large volume limit to the regime at large volumes V° and weak string coupling such
that higher order o and gs-corrections can be neglected.
24The overall factor gs/2 in (5.47) stems from the dilation dependence of the Kihler potential.

— 30 —



where (v§) = 1 (vg") is the expectation value of the fields such that

Klg (vE)(v]) = 25 (5.49)

afy «
This scaling is required to ensure that Z5(vs") = 9¢ /(8 |&4]). In other words this additional
condition can always be satisfied as one concludes from (5.49) which fixes (v§) uniquely,
and thus implies (5.48). One infers the volume in the extremum to be

3EA? -9

b = ~
(V) = Siaa] "% (5.50)

and moreover that the value of the potential in the extremum takes the form

_3955 . ’WO‘Q -~

3 () —gBWe? <o. (5.51)

(vh) =

Note that since x(Bs) < 0 one infers that £ > 0. In the weakly coupled string regime
gs < 1 one generically achieves a large positive overall volume (V) > 0 in (5.50). Moreover,
positivity of all four-cycles volumes (K2) > 0 for Z% > 0 forall @ = 1,..., h"(B3) in (5.48)
and (5.49).25 From (5.51) one finds that one may achieve small values of (V) also for
a moderately large |[Wp| due to the strong string coupling suppression. By analyzing the
matrix of second derivatives in the extremum one infers

< 0? Ve > 39, |[Wo|?A?
81}?81}5 AP

3
(%’Cfig + WZQZZ) , N= &, =0 (552)

64 |4
where one concludes that v; > 0 and 2 > 0. The matrix fngng is positive semi-define,
however it was argued in [57] that ’CZ,B is of signature (1,h'1(Bj3)), i.e.it exhibits one
positive eigenvalue in the direction of the vector (v'). Thus to argue for a local minimum
one needs to analyse (5.52) in explicit models. One may rewrite (5.52) to be in the form

02 Vi _ 9 g, |Wo|2¢ 1 1
<avgav{j> ~ 16 (V)1 <<Vb> (o) () +2<’C2g>) : (5.53)

from which one infers a sufficient condition on the geometry for positive semi-definiteness
of (5.53) and thus for the existence of a local minimum to be

1
(KNI viroy > —5 (Kag) V) vty s Vo (5.54)

Note that in this paragraph we have assumed that the self-intersection numbers are van-
ishing to argue for the vanishing of the W? in the scalar potential (5.47). Thus (5.54) is
automatically satisfied by the non-vanishing of all four-cycle volumes in the vacuum. Thus
one encounters a local minimum for those geometries. Let us next compare the gravitino
mass with the string and Kaluza-Klein scale [58] for which one finds that

1 _2 W,
ms ~ (V)72 mgg ~ (V)73 mgjg ~ ‘<V’?>|' (5.55)

Z5Note that the mechanism could also be applied for different sign of the pre-factor of the Z2-correction
in (5.47) and would then lead to Z% > 0 for all @ = 1,...,h"'(B3) with opposite overall sign in (5.48)
and (5.49).
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Thus one infers by using (5.50) that

m 3
B2 g2 Wl
MKK

U [Wol /3

KK g%
ms  2[Al'V ¢ .

9
~ gd|[Wol, (5.56)
Thus for a weakly coupled string regime the hierarchies in (5.56) can be satisfied accord-
ingly. Let us conclude by noting that this mechanism might lead to a stabilization for all
four-cycles for geometric backgrounds with x(B3) < 0. This is achieved solely by an inter-
play of the Euler-Characteristic o/3-correction [20] with the a?-correction [18, 19]. As the
volume can be stabilized at sufficiently large values higher-order o’-corrections are under
control i.e. the vacuum may not be shifted.

Let us close this section with some remarks concerning the recent conjecture by [22]
which in particular implies the absence of local de Sitter extrema in any controlled string
theory set-up. Note that the discussion in this section can be performed analogously for
X(B3) > 0 which then leads to a de Sitter extremum as seen by equation (5.51) with
¢ < 0. To achieve a positive overall volume V° > 0 in (5.50) and positivity of all four-cycles
volumes K% > 0 one infers that Z2 < 0 for all « = 1,..., h"!(B3) and the opposite overall
sign choice in (5.48) and (5.49) which as well constitutes a solution. It would be interesting
to study explicit geometries where Z takes values such that a de Sitter extremum is
obtained. Let us close this section by emphasizing that the scenario in this section might
thus suffice as the starting point for a concrete counter example to the conjecture [22].

6 Conclusions

In this work we established a connection in between eight-derivative lf\”/[—couplings in eleven-
dimensional supergravity i.e.the low wave length limit of M-theory, and o'-corrections to
the Kahler potential and Kahler coordinates of four-dimensional A/ = 1 supergravity the-
ories. The derivation relies on the M/F-theory duality. In particular we argue for two
potential novel corrections to the Kihler coordinates and potential at order o/2. Notewor-
thy, one of them breaks the no-scale structure. However, we are not able to ultimately
decide on the fate of the proposed correction as a more complete analysis of the 3d, N' = 2
variables is required. Furthermore, it was the intention of the author to review our previous
work to allow to emphasize the open questions in this research program in a self-contained
way. We provide the completion of the eleven-dimensional G2R? and (VG)?R2?-sectors
relevant four Calabi-Yau fourfold reductions. We suggest that it would be of great interest
to match our proposal against 5-point and 6-point scattering amplitudes. Furthermore,
we provide the reduction result of the G2R? and (VG)?R?-sectors for Calabi-Yau fourfolds
with an arbitrary number of Kéhler moduli.

We conjecture a divisor integral basis for the three-dimensional Kéhler coordinates at
higher-order in ly;. This allows us to derive the non-topological higher-derivative couplings
obtained in the dimensional reduction from the novel Ansatz for the Kéahler potential and
Kahler coordinates. We suggest that in order to prove the integration into the proposed
3d, N = 2 variables additional non-trivial identifies relating the higher-derivative building
blocks are required. Then this amounts to fixing the remaining parameters in our Ansatz.
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We are able to fix several parameters by ensuring compatibility with the one-modulus case
in which the Kéhler potential and Kahler coordinates can be determined exactly as no
non-trivial higher-derivative couplings appear.

To connect the lgl—corrections in the three-dimensional Kéahler coordinates and Kahler
potential to the a’2-corrections in the 4d,N' = 1 theory we employ the well understood
classical F-theory uplift. Although it is expected that a one-loop modification of the F-
theory lift is needed we argue that in particular the novel log(V)- contribution to the Kéhler
potential and coordinates. It would be interesting to perform a dimensional reduction of a
generic 4d, NV = 1 supergravity theory in particular with vector and chiral multiplets where
the Kaluza Klein-modes are integrated out at one-loop extending the work of [45]. The
novel divisor integral contribution in four-dimensions is of order a/?. Let us stress that the
ultimate fate of the novel o/-corrections to the scalar potential shall be decided on in a
forthcoming work. Let us continue with a critical remark. The F-theory lift is performed
by shrinking the fiber of the Calabi-Yau fourfold, i.e. the geometry becomes singular in this
process. In this limit other higher-order UV-corrections may become relevant and modify
the uplift. However, the corrections discussed in this work are of topological nature and
are thus expected to be protected in the F-theory limit.

Although the resulting o/2-corrected scalar potential arisies from a conjectured cor-
rection to the Ké&hler coordinates it is of interest to study possible scenarios to obtain
stable vacua. We discuss a scenario in which the Z2-correction at order o2 interplays
with the o/® Euler-characteristic correction to achieve a non-supersymmetric anti-de Sitter
minimum for geometric backgrounds with x(Bs3) < 0. Moreover constraints on the topo-
logical quantities of the geometric backgrounds are derived such that a minimum may be
obtained. It would be of great interest to realize our constraints in explicit examples of
elliptically fibered Calabi-Yau fourfolds. Furthermore, we note that the scenarios provide
a model independent de Sitter extremum for geometric backgrounds with x(Bs) > 0. One
may extend the present analysis [56] by additionally considering the a/3-correction to the
scalar potential discussd in [2, 21]. Lastly, let us point the reader to an obvious extension
of the present work. Our analysis of geometries does not allow for no-Abelian singularities,
i.e. no non-Abelian four-dimensional gauge fields are present. It would be highly desirable
to analyse the uplift of the Kéahler potential and Kéahler coordinates for such backgrounds.

Acknowledgments

In particular, I am grateful to Andreas Braun, Michele Cicoli, Thomas Grimm, Michael
Haack and Raffaele Savelli for enlightening discussions and comments on the draft. More-
over, I would like to take this opportunity to express my gratitude to Sharon Law for being
a beacon of light and for her constant kind support. Lastly, many thanks to the string
theory group at the Seoul National University for its hospitality during my stay, where
parts of this work were initiated. This work was supported by the WPI program of Japan.

— 33 —



A Conventions, definitions, and identities

In this work we denote the eleven-dimensional space indices by capital Latin letters M, N =

0,...,10 and the external ones by u, v = 0, 1, 2, and the internal complex ones by m,n,p =
1,...,4 and m,n,p = 1,...,4. The metric signature of the eleven-dimensional space
is (—,+,...,4). Furthermore, the convention for the totally anti-symmetric tensor in

Lorentzian space in an orthonormal frame is €g12..190 = €912 = +1. The epsilon tensor in d
dimensions then satisfies

€R1'”RPN1”'Nd_pERl...RpML..Md,p — (_1)S(d _ p)!p!5N1 My - - 6Nd—pMd_p] , (Al)

where s = 0 if the metric has Riemannian signature and s = 1 for a Lorentzian metric. We
adopt the following conventions for the Christoffel symbols and Riemann tensor

1
Myn = 59RS(3M9NS + ONgMS — OSgMN) Run = R R,
RMpyps = 0pTM sy — 0sTM gy 4+ TM g T T g — TM o0 T gy, R = RyngMV,
(A.2)

with equivalent definitions on the internal and external spaces. Written in components,
the first and second Bianchi identity are

ROpyn + RO ynp + ROnpar =0
(VLR prn + (VR pyr + (VNR)pryr =0. (A.3)

Differential p-forms are expanded in a basis of differential one-forms as

1
A= EAMI---Mpdle VANPAN dpr . (A4)

The wedge product between a p-form A®) and a g-form A@ is given by

P+ 9!, m (a)
(AP AND ), gy = AR, 1 A gy (A.5)

Furthermore, the exterior derivative on a p-form A results in
(dN)Nasy v, = (P + 1)ONAng ) 5 (A.6)

while the Hodge star of p-form A in d real coordinates is given by

1
() = A M v, (A7)
Moreover,
A pea® = Lo | qmnn, a9

which holds for two arbitrary p-forms A®) and A,
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Let us next define the intersection numbers, where {w;} are harmonic w.r.t. to the
Calabi- Yau metric gmn

1
Kijki = / wi Awj Awgp Awp, Ky = Kijiot, Kij = ilcijklvkvl;
X
1 , 1 o
]Ci = glcz’jklv]vkvl y Y = E/Cijkl’uz?}]vkvl . (AQ)
Let us review well known identities such as
1
/wi N *gwj = —’Cij + VICz’C] . (AlO)
Let us note that the intersection numbers obey the properties
ICiUi = 4V, ’Cijl}j = 3’Cj s ICiijk = QICij
. . . 1 .
,Cijklvl = K:ijka ,CZk]Cjk _ 5; ’ ,Czklck _ gvz
o . 2 o . y
(5o’ )i = =301 (oK )it = =K K (A11)
with the inverse intersection matrix . The intersection numbers for the Kahler base are
given by
1
b b b b
Kopy = /B Wa Awg AWy, Karg = Kopgyvy » K = QICQBVUZ?UZ,
3
b_ Loy o By
V= glCamvb v, Uy - (A.12)
One may show that for a six-dimensional Kéhler manifold
b b K5 b b
o
*g (wa/\J ) = WJ — Wy (Alg)

with intersection numbers defined analogously to (A.9). In particular, this implies the
analogous relation

- 1 - -
/ §<6(H61/\J)/\52:/ 61/\J2/ ég/\J—/ é1AéEy, (A.14)
Dq ,Ca Dy Dq Dq

which holds due to the harmonicity of Hép (D).
We define the curvature two-form for Hermitian manifolds to be

R™p = R™psd2” NdZ°, (A.15)
and

TrR = R™,,,5dz" A dZ*,
TrR? = R™ps R impy5,d2" A dZ° A d2™ A dZ™
TrR? = R™ s R nyrysi R mrys,d2” A dZ5 A dz"™ A dZ50 A d2™ A dz™ . (A.16)
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The Chern forms can be expressed in terms of the curvature two-form as

c1 =1IrR,
cr = % (TrR* — (TrR)?) , (A.17)
c3 = %clcg + %cl ATYR? — %TIR?’ ,
4= i (cf — 6 TrR? — 8ici TAR?) + é((TrR2)2 — 2TrRY).
The Chern classes of a n complex-dimensional Calabi-Yau manifold C'Y,, reduce to
e3(CYng) = —gTrRi” and e(CYpaq) = é((TrR2)2 _oTRY,  (A8)

with TrR* defined analogous as in (A.16). Let us next define a set of higher-derivative
building blocks identified in [16] as

1 o o o
o (0) (0) (0)miminini p(0)mamanan2 P(0)M3man3ng
menn - Eemﬁzmlﬁzlmzﬁzgmg,ﬁzg6nﬁn1ﬁ1n2ﬁ2n3ﬁ3R R R )
(A.19)
and
1 _ _ _
S (0) (0) omn, (0)mimiyr0)m, (0)ning
Y;Jmn - E mmmlmlmgmgmgmgenﬁmﬁlnzﬁznsﬁsv W v w]'
« RO mamanzns po)mamanans (A.QO)

It turns out that the tensor Z,,mnn given in (A.19) plays a central role in the following and
is related to the key topological quantities on Yj. It satisfies the identities

Zmﬁ"mﬁ = Lnmmn — “mnnm v<o)mZmrﬁnﬁ = V(O)mmenﬁ =0. (A21)
It is related to the third Chern-form cg)) via
1
me - 'L2Zmr'rm,n = (27?)35(*(0)050))7117%;
7 =1i2Z,™ = 27)2 +© (JOA L), 2m)P +O (Y Aw”) = 270" (A.22)
and yields the fourth Chern-form cﬁf) by contraction with the Riemann tensor as

Zmﬁ"mnR(O)mmﬁn = (27'(')4 *(© CELO) . (A23)
We note that Y5 is also related to Z,mnn upon integration as
1 . - _ _ _
/ Y*ijmm %01 = _6/ (ZZmﬁwso)rmwj(.O)nF + 2Zmﬁrgw1§0)nmw}0)sr) +(© 1’ (A.24)
Y4 Y4

where the right hand side represents the same linear combination that will be relevant
in 4.1. Let us for further use define

Y4
Lastly in this work we encounter a new (2,2)-form object
Quj = Ripswy " 1w % dz™ A dz' Adz™ A dZ" (A.26)
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A.1 Divisor integrals in terms of CY, integrals

We define an arbitrary basis of higher-derivative (1,1) -forms convenient for the computa-
tions in this work

X1 = R s Ry ™ 0™ Ryinn, ™ d2™ A 2™
X2 = Ry s Rnyiims ™ Ry ™0, dz™ A dZ™
X3 = Roimms™ Rins g™ Ry ™0, ™ dz™ A dZ™
X4 = gmmBom, " ms P Ry ng " R ", d2Z™ N dzm

X5 = gmmnBm, ™ ms" Riny ™ 0y ™ R, ™0, ™ d2™ A dzZ™ (A.27)

These (1, 1)-forms can be expressed as integrals on Calabi-Yau fourfolds which admit
an interpretation as integrals on divisors D; of a Calabi-Yau fourfold as

/ (%8 Xp=1,.5) Aw; = / *8 Xk=1,..,5 » (A.28)
17 D;

where the r.h.s.is to be seen as pulled back to the divisor. Let us now recall the fact [40]
that any complex sub-manifold of a Kéhler manifold M is itself K&hler with induced metric
and Kahler form g, J of M. Thus in particular we find for the Divisors ¢ : D; — CYy the
Kahler metric and form *ig and *i.J, respectively, which are pulled back from the Calabi-
Yau fourfold. One may thus as well restrict Riemann tensors on the Calabi-Yau fourfold
to divisors D; expressed by the induced metric which generically obeys ¢1(D;) # 0. In
particular contractions of the Riemann tensors which do not vanish on the Calabi-Yau
manifold due to the Calabi-Yau conditions may be pulled back to the divisors and expressed
in terms of Riemann tensors in terms of the induced metric on D;. Note that the (1,1)-
forms in (A.27) expressed as integrals on divisors (A.28) in are of this form. By

We may write the Kéhler coordinates as (4.4) in terms as the new basis on CY} in the
following way if the coefficients obey the following relations

1 1
a5 = _éal + ﬁai’) + 10447
ag = 5062 + 50{3,
a7 = a2+ a3,
_ 1 1
ag = 20(1 30(3 Qay ,
1
ag = —aq + 80{3, (A.29)

one then infers that
7
T = ~3 / w; A *g <(a3 + 372 + 6793) X1 + (a3 + 371 — 1293) X2 + 3(v3 — a3) X3
CYa

+ 3(=2 + 7+ 75) X4 — 371 + 274 + 295) X5 ), (A.30)
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where X;—192345 are defined in (A.27), and where the freedom in the real parameters
Y1,...,7s results due to total derivatives which take different form on the divisors inte-
grals and Calabi-Yau fourfold integrals, respectively. The simplest choice in this work for
coefficients 71,72, y3 defines the higher-derivative (3, 3)-form to be

X = —% *g (X1 + Xo — Xg) R (A?)l)
and thus the Kahler coordinate modification is
7;22/ wi/\*g(X1+X2*X3)‘ (A32)
3 Jey,

Note that a3 = 1 which is in agreement with the divisor integral one-modulus limit.?®
Note that the choice of fixing a; does not limit the Ansatz for the Kéhler coordinates as
it amounts only to an overall coefficients which is anyway taken into account for in (4.3).
One may easily show that thus

Tiv' = JAX = Z, (A.33)
and from this property (A.33) that

9 i
<8vﬂ7;> v =T+ Z;

o2 . 0 0
<avkam7?> V== <aﬂ7€> - <akTJ) : (A.34)

Let us comment on (A.31). the combination of basis elements X;—; 2345 is a choice
compatible with the match to six-dimensional divisor integrals. In section A.3 we discuss
the variation of 7; w.r.t. to the Kahler deformations.

As the matching of the correction to the Kéahler coordinates in terms of CYy integrals
to the divisor integral expression is not unique, let us close this section on remarks other
possible choices of v1,72,73. Due to (A.33) the Ansatz (4.2) and (4.3) cannot depend
separately on T;v'. It is interesting to study the possible where (4.2) is modified by this
expression as well and (4.3) by %ICJ}UJ' . Let us close this section by discussing a caveat to
the Ansatz in this work namely that our choice for 7; (A.31) may be rewritten by splitting
integrals using the harmonicity of w;

1 1
Ti = 3 <—Zi + V’CiZ) . (A.35)

Let us emphasize that the insights of this work is that the higher-derivative structures
derived in dimensional Calabi-Yau fourfold reductions for A > 1 can be obtained by
variation of 7; before applying the integral split (A.35) which suggests an interpretation
in terms of divisor integrals. One infers that by imposing (A.35) first the Ansatz for the
Kéhler coordinates (4.3) does not carry any new information, i.e. those to steps seem not

26The coefficients in (A.30) are chosen as y1 = 8/3, yo = —4/3, v3 = 2/3, v5 = —4/3 — Ya.
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to commute. However, by choosing a more involved combination for the correction to the
Kahler coordinate in terms of Calabi-Yau fourfold quantities in (A.30) this caveat can be
prevented as then no analogous relation for (A.35) holds. Generically we expect the form
7: + T where in the one-modulus limit 7; — Z and 7Y — 0. This suggests that one might
need to extend the basis (A.27) to also contain terms with explicit covariant derivatives such
as e.g. ~ (VR)2. Moreover, one may not expect to capture the information of topological
quantities of divisors entirely by local covariant integral densities on the entire space but
may need to include additional global obstructions to succeed in the matching.

A.2 3d Kahler coordinates as topological divisor integrals

In this section we argue that the Ansatz for the K&hler coordinates (4.4) may be rewritten
in terms of topological integrals by fixing the coefficients in the Ansatz. Any closed form
on such as ¢; may be written in terms of its harmonic part plus a double exact contribution

¢ = Hé + 00, (A.36)
where A is a function on the divisor. From the closure of ¢; we infer that
Vi Rojnr” = 0. (A.37)
But equivalently one may use that
VmRnnrr = VmVnV”)\,
V™R, = V™V, V™A,
vanmrr = VmVan/\,
V™R,,"" = V™V, V"\. (A.38)

Using the above set of equations one may show that the Ansatz for the Kéahler coordi-
nates (4.4) can be written as

T—Oél/ 01/\01/\01+a2/ Cl/\CQ—I—Oég/ 63+/ Cl/\J/ 51/\51/\j
D; D;

’L k3 7

/ Cl/\.]/ Cl/\J/ 61/\J2—|—/ Cl/\J/ CQ/\j
D.

+2a6/ >T<6(I‘151/\J)/\52—(20[4—}-8045)/ 4~<6(H51/\J)/\51/\51
40[5
Ki

c1 N j2/ ¢ NxgHeq (ASQ)
D;

where KC; denotes the volume of the divisor D;. Note that in order to obtain (4.18) one
fixes the coefficients such that

a7 = 205, ag =204+ 8as, ag=—4as. (A.40)
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Additionally requiring that we can write 7; as integrals on the Calabi-Yau fourfold i.e. the
constraints (4.8) then imposes

=
_

041_67 0[3:1, a4:_ﬁ7 ()[5—0,
1 1 1
Ct6:§+§a2, C¥7:1+C¥2, a8:_67 C¥9:0. (A41)

Note that this coordinate (A.41) depends on the free parameter as. It would be interesting
to determine it by imposing some other constraint.

A.3 Variation w.r.t. Kidhler moduli fields
To compute the variation of covariant integral densities such as (3.12) w.r.t. Kdhler moduli

fields we deform the Calabi-Yau fourfold metric g,,7 in complex coordinates by

Gmn = Gma + 100 Wimn and  ¢"" — g™ — iSviw™ . (A.42)

The determinant of the metric subject to (A.42) derives to
V=g = V=g +ivV/—gviwin™. (A.43)

Note that we are only interested in linear deformations here thus we need to expand the
expression to O(Jv?). The Riemann tensors variation compute to

Ryvmnn — Bmmnn + Zévzvmvmwifm + §6U2Rmﬁnrwirm + §5U2Rmfrmrwirﬁ . (A44)

To evaluate the variation of higher-derivative object a computer algebra package such as
xTensor [42] is highly desirable. One may employ its power to generate a complete set
of Shouten identities, Bianchi identities and total derivatives to show that the variation
of (A.32) can be written as

0 3 )
@7; = —vlcjlﬁ + VICz’E +3Tij + Aij s (A.45)

where
Tii :/ g (wi Aw; AJ) A X, (A.46)
CYy

and
Az‘j = 4i/ Zmﬁwz‘ﬁsw]‘Sm * 1 — 62/ Zmﬁwjmnwiss * 1
CYy CYy

- 3

= 42/ Zmﬁwi”sszm x 1+ *ZJICZ . (A47)
CYi v

Let us stress that in order to compute (4.14) we make extensive use of the computer algebra

package [42], and a non-publicly self-developed extension for complex manifolds and tools

to perform the above computation. By using the relation

1

Vij=—=

6 / (iZmﬁWimejﬁf + Zmegwiﬁmwjgr) x1. (A48)
Yy
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We note in section A.1 that the we are not able to fix 7; precisely in this work. Thus let us
present here the variation of a different possible choice of the parameter freedom in (A.30)
which one may show then leads to analogous expression as (A.45). It is intriguing to note
that one can obtain also the novel higher-derivative structure in (3.21) by variation of the
alternative Kahler coordinates

0
— TS / 02/\Qij+/ czAJAQ}jJr/ ca NJANQE (A.49)
O cYs oY, oY,
with Q;; defined in (A.26) and with the (1, 1)-forms

Qi = (VmVawirs)w;™ Q% = (Vo V Wins)w; "5 - (A.50)
Note that the second Chern-form ¢y appears in this case (A.49) in particular in the combi-
nation as in (3.21). Note that (A.49) is of schematic form and we do not specify the factors

in this work.

Warp-factor and the Kéahler potential. Let us next review the integration of the warp
factor into a Kahler potential following [15]. To begin with, let us reduce our Ansatz (4.3)
and (4.2) to the warp factor related quantities which gives

K = —3log <v + 4a27ﬂivi> (A.51)
We therefore suggest that they take the form
ReT} = K; + o (ﬂ + 3%) (A.52)

where D; are h'!(Y}) divisors of Y} that span the homology Hs(Yy,R). The six-form Fg
in this expression is a function of degrees of freedom associated with the internal space
metric. It is constrained by a relation to the fourth Chern form ¢4 such that Fg determines
the non harmonic part of ¢4 as

cy = Hey + 185F6 . (A.53)

Note that (A.53) leaves the harmonic and exact part of Fg unfixed and we will discuss
constraints on these pieces in more detail below. The justification of the first term in ReT;
is simpler. Remarkably, this definition of the Kéahler coordinates as D; integrals will help
us to obtain the couplings [ e3°WE 1A T A w; A wj, which, as we stressed in our previous
work [16], cannot be obtained as vi-derivatives of the considered CYj-integrals. In order
to evaluate the derivatives of T; with respect to v’ and to make contact with the Kihler
metric found in the reduction result (3.19), we have to rewrite the integrals over D; into
integrals over C'Yy. Due to the appearance of the warp-factor and the non-closed form Fg
in (A.52) this is not straightforward. In particular, one cannot simply use Poincaré duality
and write T; as an integral over CY, with inserted w;. Of course, it is always possible to
write T; as a C'Yy integral when inserting a delta-current localized on D;, i.e.

1
ReT; = / (ge?’ffw(”(] NTAJ+ 1536a2F6> NG, (A.54)
CY4 °
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where ¢§; is the (1,1)-form delta-current that restricts to the divisor D;. Appropriately
extending the notion of cohomology to include currents [59], we can now ask how much ¢;
differs from the harmonic form w; in the same class. In fact, any current §; is related to
the harmonic element of the same class w; by a doubly exact piece as

This equation should be viewed as relating currents. Importantly, as we assume D, and
hence §; to be vi-independent, the v* dependence of the harmonic form w; and the current
Ai has to cancel such that 0jw; = —z'aéain. Importantly, once we determine 0;ReT; we
can express the result as Yj-integrals without invoking currents. We therefore need to
understand how each part of T; varies under a change of moduli. This will also fix the
numerical factor in front of Fg in (A.52).

In order to take derivatives of T; we first use the fact that D; and hence J; are inde-
pendent of the moduli v*, which implies

1 1
O;ReT; = / <e3a2W<2)wj ANINT+ =a?WATANT AT+ 15360428ng> Ad;. (A.56)
v \2 2

We next claim that we can replace §; with w; such that finally

8jW(2)wi/\J/\J/\J+1536a2/ w; NO; F .

Yy
(A.57)
Note that by using (A.55) the two expressions (A.56) and (A.57) only differ by a term
involving 90);. By partial integration this term is proportional to

1 1
@ReTi = - / €3Q2W<2>wiAWj ANJNJT+ ~a?
2 Y, 2

Yy

/1 1
/ \;00 (2e3a2w(2>wj AT NI+ 5@ WETNT AT+ 1536&23jF6> (A.58)
Yy
1. 1 5. - _
= / A <aa(e3a2W<2))wj AT AT+ =20, W)I AT A J+ 1536a2888jF6> .
v, P\ 2 2

It is now straightforward to see that the terms multiplying \; are simply the 0; derivative
of the warp-factor equation (3.5). One first writes (3.5) as

1 -
AT de3* W g1 — a2Qg = —giaa(e?’O‘QW@) ANTAJTAJT —a?Qs. (A.59)
Then one takes the v/-derivative of (A.59) by using the fact that Qg is given via
1
Qs =—5GVNGY - 32213 XV, (A.60)

which can easily be inferred by comparison to (3.5) and (A.53). The moduli dependence
of Qg only arises from the term involving Fg, i.e. one has 9;Qg = 30724 900;Fs. Hence
one finds exactly the terms in (A.58) such that this A; dependent part of the T; varia-
tion vanishes due to the warp-factor equation (3.5). The final expression (A.57) is then
written as

1
OjRel} = 5 / W i Nwy AT AT + 302K + 153607 / wiANOjFs.  (A.61)
Y4 Y4
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Evaluating (4.11) effective action will depend on the quantities
/ w; N\ @-FG\ and / JA 81‘8]‘F6’ , (A.62)
Y4 Y4

in order for the results to match the reduction result those terms need to interact with
the higher-derivative building blocks. One may use the freedom in the definition (A.53)
to accomplish this task. A concise match with the reduction result is beyond the scope of
this work.

B Higher-derivatives and F-theory

B.1 11d higher-derivative terms

The terms tgtgR* and tgtgsG2R? in require the definition

1
tévl...Ng_ (72(gN1N39N2N4 N5 N7 N6N8+9N1N5 NoNg  N3N7 N4Ng+gN1N7 NoNg  N3Ns N4N6)

= TG g g g g g g g g
+8 (gNzNagN4ngN6N7gN8N1 +gN2ngN6N3gN4N7gN8N1 +gN2ngN6N7gN8N39N4N1)
—(Nl<—>N2)—(N3<—>N4)—(N5(—>N6)—(N7<—>Ng)). (Bl)

Let us now discuss the various eight-derivative couplings in more detail. We recall the

definition
X5 = i(Tm4 - 1(Tm?)?) , (B.2)
192 4
where R is the eleven-dimensional curvature two-from RM, = %RMN PQde A dz@, and
erren R = MM Msep b ny N RN g, RN 0, 00, RN g RN 0
tstsRY = t§"Motg vy vg RV g, RN 00, RN g RN g (B.3)

where €17 is the eleven-dimensional totally anti-symmetric epsilon tensor and tg is given
explicitly in (B.1). Using €;; and tg the explicit form for the terms in section 2.1 are
precisely given by

253 RMy..M N1 N. N3N
€11€11G R” = " enn NG P M G M My

NsN, N7 N, NoN
X R 5 6M5M6R v 8M7M3R o l0]\49]\4107 (B4)

253 M. M. N No  RiRs pN3N. N5 N, N7 N,
tatsG R” = tg P te N, N G M RiB G A R R i R A g RS M Mg -

Finally, we need to introduce the tensor sfgl“'N 18 however its precise form not known.

Significant parts of it may be fixed following [60]. We argue for an extension in 2.1 of
this work. In order to express the kwon parts we use the basis B;, i = 1,...,24 of [60],
that labels all unrelated index contractions in s13(VG)?R2. The basis {B;} is explicitly
given in section B.3. The result can then be expressed in terms of a four-point amplitude
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contribution A and a linear combination of six contributions S;—1, .. ¢ which do not affect
the 4-point amplitude as

s18(VG)*R? = Si\gl'“NlSRNl...N4RN5.._N8VNQGNlo...N13VN14GN15.._N18
2 6
= A+ anSu+ Y anSy. (B.5)
n=1 n=3
The combinations A and S, are then given in terms of the basis elements as
A= —24Bs — 48Bg — 24Byo — 6By — 12By3 + 12By4 + 8By — 4Bag
+ B + 4B23 + Boy,
S1 = 4881 + 488 — 48B3 + 36 B4 + 96 B¢ + 48 By — 48 Bg + 96 B1g
+ 12Bj2 + 24B13 — 12B14 + 8By5 + 8B16 — 16 B17 + 6B19 + 2B2s + By,
Sy = —48B1 — 488y — 24By — 24B5 + 48 Bg — 48 Bg — 24Bg — 72B1
—24B13 + 24B14 — B + 4Bas3,
S3=12B; + 12By — 24B3 + 9By + 48 Bg + 24B; — 24Bg + 24 By
+6B12 + 6813 + 4B15 — 4B17 + 3B19 + 2Ba1
S4=12By +12By — 12B3 4+ 9By + 24Bg + 12B7 — 12Bg + 24 B1g + 3Bi12
+ 6B13 + 4B15 — 4B17 + 2By ,
S5 =4B3 —8Bg — 4By + 4Bs — B1a — 2B14 + 4B;s,
Se = By + 2B . (B.6)
Note that S3 to Sg vanish both on the considered Calabi-Yau fourfold background solution.

B.2 Adjunction of Chern-classes

Let us next discuss the adjunction of Chern-classes of divisors on an elliptically fibered
Calabi-Yau fourfold CY; which is a hyper-surface in a P3o; bundle of the Kéhler base Bs
denoted by P351(L)given by the vanishing locus of the Weierstrass equation

y* — (@ + fazt + g2%) =0, (B.7)
with f, g holomorphic sections of £* and £, respectively. The SL(2,Z) line bundle £ over
B together with the choice of f,g defines the elliptic fibration. One may show that the
first Chern class is given by

c1(CY3) = c1(Bs) — e1(£) (B.8)
where the r.h.s is pulled back to CY 3. Then the total Chern class is given by

C(Pdgl(ﬁ)) = C(Bd)(l + 2wo + 201(35)))(1 + 3wg + 301(33)))(1 + WQ) (Bg)

were wp is the harmonic (1,1)-form such that PD(wy) = B.?” Using adjunction formulae

for the
c(P321(£))
(1+ L)

2"We are using abuse of notation in the following using wo and c1,2,3 in the context of a concrete repre-

(CYy) = (B.10)

sentative of the class as well as the class itself.
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with
L = 6wy + 6¢1(B3) (B.11)

one then derives

Cg(CY4) = 03(33) — Cl(Bg) VAN CQ(B3) — 606:1))(33) — 600?(33) Ao
CQ(CY4) = 62(33) + 116%(33) + 1261(33) N wo
c1(CYy) =0 (B.12)

and furthermore
w% = —01(33) A wo , (B.13)

where the c;—123(B3) on the r.h.s. of these expressions denote the Chern classes of B
pulled-back to CYjy.

One may next iterate the adjunction formulae to find The Chern-forms of the vertical
divisors D,, of the Calabi-Yau fourfold which are pullbacks of divisors of the base D?.
Thus we denote the class of such divisors via its representatives of harmonic (1, 1)-forms
Wa, @ =1,..., A5 Thus one may use adjunction to write

c(Ps21(£))
1+L)(1+w)’

(Do) = (B.14)

with which one then derives

Cg(Da) = 03(33) —C (Bg) A 02(33) — 60051))(33) — 600%(33) N woy — CQ(Da) N Wq
CQ(DQ) = CQ(Bg) + 116%(33) + 1261(33) N wo + wg
c1(Do) = — wa (B.15)

where ¢j—123(Bs) on the r.h.sof the above equality are pulled back to the divisor D,,
which amounts to a simply restriction to the subspace D, C CYy. In particular we find
that the self intersection of divisors [D,] - [Dy] is generically non-vanishing.

Let us close this section by analyzing the case where the Calabi-Yau fourfold is a
direct product manifold e.g. CY; = CY3 x T? or CY,; = K3 x K3. The Chern-character
on product spaces X =Y x Z obeys ¢(X) = ¢(Y)c(Z). Thus we find for the Chern-forms

Cg(X) = Cl(Y) VAN CQ(Z) + CQ(Y) VAN Cl(Z) + Cg(Y) + Cg(Z) ,
CQ(X) = Cl(Y) A Cl(Z) + CQ(Y) + CQ(Z) ,
r(X) = &1 (V) + e (Z) . (B.16)

Furthermore, on may apply adjunction to compute the Chern-forms of C'Y3 in therms of
Chern-forms Divisors D? pulled back to C'Y3 which results in

cl(Dy) = why, ca(Dh) = e2(CY3), (B.17)

(o]

where we have used the Calabi-Yau condition ¢; (CY3) = 0. Divisors inside C'Yy = C'Y3xT?
wrapping the torus are as well a direct product of D% x T2. Thus by combing (B.16)
and (B.17) one can straightforwardly infer their Chern-forms.
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B.3 Basis of the G2R? and (VG)2R2-sector

Basis of the G2R3-sector. The complete eleven-dimensional G2R? terms may be writ-
ten in terms of the basis [21] The basis for the potentially relevant eight-derivative terms
involving the four-form field strength is

Mo Mg M. My Ms 15M M, Mo M. M,
Bi = G Gvgg My Mg My Baing, ™ RV R vy

Mg M. My Ms 15M M, Mo M. Mg M
Ba = G 270 G s My MgMo Baving, ™ 4772 RV Ry 607

My Ms RMM1M2M3 RM MeM~7
1

Mg M.
Bz = Guyns 27 G g My Mg Mo Bvi v M;

Mg My Mg M. My Ms 1M M, Mo M.
By = G pgmaMgmg G0 T80 Ry, 478 RYIVE2TS Rv My M Ms

Mg My Mg M, My Ms MM MaM:
Bs = Guagnmomgiig Gy ©7 73 R, 2 RV R vy M M

My Mg M, MyMs 1M M Ma M M,
Be = Gary 78 Gvigms MMy Baveng,™ 4777 RYTVV208 R v v

Mo Mg M. My Ms 1M M, Ms M- M,
Br = G Govgg My MgMo Bave vy, 2 RIS Rve vy v °

Mg M. My Ms 15M M, Mo M. Mg M
Bs = Guagnvg 270 G s My MgMo Baving, ™ 4772 RY572V5258 Ry, 7007

Mg M. My Ms 15M M, Mo M. Mg M
By = Gy 270 GvgMy MgMo Baving, ™ 4772 RYT5752V5258 Ry, 7607

Mg M. My Ms MM, MM Mg M
Bio = Gamg 20 GusMa MMy Bae™ a2 RYT55V5208 Ry, 607

Mg M, My Ms MM Mo M Mg M
Bi1 = Gams 57 Guagva Mgy Bar a2 R 52255 Ry, 7807

M. My MMy Mo M: M, M
RM4M2 5 R 123RM1 6M37

My Ms RMM1M2M3 RM MGM M~
1 4

Mg M,
Bi2 = Garan, 870 Givig Mg Mg M

Mg

M,
Biz = G v, G M5 Mg Ms Mo B,

M. M: M M7y Mo M: Me M
RM 4M2 5R 1412 JRMl 6M4 7

My RMM1M2M3 RM3M5M4M6

My RMM1M2M3 RM3M5M6M7

Mg M.

Bia = G, 2 G v Mg Mg M,
Moy Mg M.

815 == GM5 (i GM6M7M8M9 RMM1M2

Mg M
816 = GM4M6 89 GM5M7M8M9 RMM1M2

Mg M MMy Mo Ms 1My Ms M M
Bir = Gramg 2 G g Mo Mg Mo B Moy R 717288 REAMEHOHT (B.18)

Basis of the (VG)2R2-sector. The complete eleven-dimensional (VG)?R? terms may
be written in terms of the basis [60]. In order to discuss the term s;g appearing in (2.4)
and (B.5) we introduce the basis

By = Rugy nynts vy Rt vt agg VPGS g Mo GMMaMe Mo

Ms (M1 Ms M M (+Ma My M M,
Ba = Rupy MMy Bt Mo Mg s V72 G g VS GTRTATETS

Ms M M3 M. M Mz My Mg M
Bs = Rygy My vy Bvis Mg Mg V2 G 3 VO G2 A TSR0

M My M Ms o Mg Mo My M M
By = Ry My sty B Mgty M Vg G277V GO AR

B) = RM1M2M3M4 RM5M6M7 4v ! 2 3]\48]\49V 5 6 8 Y
B(i = RM1M2M3M4 RM5M6M7 4v ! 2 5]\48]\49v 3G 6 8 9
Bl = RM1M2M3M4 RM5M6M7 4v ! 2 5]\48]\49v 368 9
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M4VM1 GM3M5M

Ms ~ Mg M7 Mg M
sMgv 2 (Mo M7 M3 o

Bg = R, Moy M My Bovig Mg My

Maxo My M3 M Mg ~Ms My Mg M
By = Rapy Mynsmy Ravis g, VG0 g VO GRRETHERS

M M Ms My Ms o My My M Mg M,
Bio = Ryry oMMy Bais MgV pg G370 T8N0 G20 HE

M M Ma M, Mo /M Ms My M,
Bi1 = R vy Ryvigvig v, 2V g G172006 3, VOGRS

M4VM3 GMsMGM

M7 ~ Mo My Mg M
sMgv 7GM2M1Ms °

Bi2 = Rpy My sy Bvis Mg My
My M My M Mg My Ms My M
Bis = Ry vy sy Bt ™ Mg 2V g G270 Mg VOGS

My M Mo M. Mo ~Ms Mg My M
Bia = Ry vy sy Bt ™ Mg 2V g G2 M g VO GRS

My Mz Ma ~M, Ms M M7 Mg M
Bis = Ry v sy B ™ v 2V 2 G0 np v vy VPGS
My Mz M ~M. Ms Mg My Mg M
Bi6 = Ry vonvsvy By g 2V 2 G v v VP GO
My Mz Ma ~Ms My ~Mg My Mg M
Bi7 = Ry vy misvg B ™ g VPGP VRGeS

My M MsM My +Ms My Mg M
Bis = Ry vy misvig Bovis ™ g™ 2V g G270 pp g VLGRS

M7 Mg My

Big = Rgyno My vt Baas v MMV 1y G5 g W GMMa MM
Bao = Ragyno My vy Rags v MMM GV gy V2 GMo MM Mo
Bor = Ry monsnss Ragsazg ™2 MM GV g pgng, VMO G
Bas = Ruagyao vty v Raas M MM M2 G gy v ngy VM GMEMT MM
Bas = Rty miynts vy Bty MMM 3 G2 0 g VMO G MM Ms
Boy = RM1M2M3M4RM1M2M3M4VM5 GM6M7M8M9VMGGM5M7M8M9 . (B.lg)

The contributions to s13(VG)?R? are then formed from the linear combinations described
in (B.5). We write the eleven-dimensional action as

17 24
23, SEXtragen — (2 > CiBix1+Y CitirB; x1 (B.20)
My =1 i=1

with real parameters C1, ..., Cy; which are fixed by the reduction on a Calabi-Yau threefold
and compatibility with 5d, N3 super symmetry to

1 1

Cs = —504, Cr=-C1 — 506,
Co = 4C}5, Cio = —3C1 —2Cy — 8C3 — 18Cy — ;C’e; —Cy,
Ci1 = —4C3, Cip = 4C3,
Ci3 = —8C5, Ciy = —6C1 — 205 — 1205 — 36Cy — 3Cs — Cy,

1
Cis = 302 +3Cy, Ci6 = —203 — 4C3,

1
Ci7 = ZC'Q, Cos = 209 — Coy,

1 1 1 1
Cag = 1022 + 1023 - 1024 + 10267

1 4 2 1

Csp=—-C1 — §C22 — §C3 + §C30 — 604 — 5(3’6,
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1 4 1
Cs33=C1 — 5022 + 503 +6Cy + 506 )

4 1 1 1 2 1
Csr = —C1 — 303 - 5031 - 5034 - 6035 - 5036 — 60, — 506,

1 1 1 1 2
Csg = §C30+ §C31+§C34+6C'35+§C36,
1 1 1 3 1
Cso= 101~ 51 Cn+ 305+ 50+ G,
Cho = ~C1 + 20y + 2Cy1 + 2 Cys + 3Cs + ~C
10=501+ 50+ 301 + Css 4+ 7C6,
1 1 1 1 3 1
R R P 1 So 4 b B.21
Cn 401+303+12031+24C35+2C4+806, ( )

We then check compatibility of the novel induces H2R? terms making use of the ITA-
Heterotic duality. Compactifying type IIA on K3 is dual to the Heterotic string on T%.
One finds that additionally

1
Cy=0, C= —6(803 +2C31 + C35 + 36Cy + 3Cs) (B.22)

where more details can be found in section 2.2.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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