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ABSTRACT: We present the complete formula for the cusp anomalous dimension at four
loops in QCD and in maximally supersymmetric Yang-Mills. In the latter theory it is
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Our approach is based on computing the correlation function of a rectangular light-like
Wilson loop with a Lagrangian insertion, normalized by the expectation value of the Wilson
loop. In maximally supersymmetric Yang-Mills theory, this ratio is a finite function of a
cross-ratio and the coupling constant. We compute it to three loops, including the full
colour dependence. Integrating over the position of the Lagrangian insertion gives the
four-loop Wilson loop. We extract its leading divergence, which determines the four-loop
cusp anomalous dimension. Finally, we employ a supersymmetric decomposition to derive
the last missing ingredient in the corresponding QCD result.
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1 Introduction

The cusp anomalous dimension is an important quantity in four-dimensional Yang-Mills
theories ranging from QCD to maximally supersymmetric N = 4 Yang-Mills theory. It
controls the leading ultraviolet divergences of Wilson loops evaluated along a closed contour
in Minkowski space-time containing cusps formed by two light-like tangent vectors [1, 2].
Two examples of such contours relevant for our discussion are a wedge formed by two
semi-infinite lines and a null polygon with edges along different light-cone directions.

The former example plays an important role in the study of infrared asymptotics of on-
shell scattering amplitudes and form factors [3—5]. It also naturally appears in the analysis
of DGLAP splitting functions in the semi-inclusive limit [6, 7], and in the resummation of
large Sudakov corrections due to soft and collinear emissions [8, 9]. In all these cases, the
contribution of soft particles is in a one-to-one correspondence with ultraviolet divergences
of semi-infinite cusped Wilson loops [3], allowing us to find the asymptotic behaviour of
the corresponding physical quantities in terms of the cusp anomalous dimension [10].

The study of infrared and collinear singularities in Yang-Mills theory is of considerable
interest (see for example refs. [11-14]) and the cusp anomalous dimension plays a key role
in it. In particular, the four-loop cusp anomalous dimension is the only missing contri-
bution to understand the double pole in the dimensional regulator of four-loop scattering



amplitudes. Currently, form factors relevant for the precise determination of hadron col-
lider observables such as the Drell-Yan or Higgs boson production cross section [15, 16]
are known to third loop order [17] and the advent of the next order is apparent [18-21].
Knowing the four-loop cusp anomalous dimension, and consequently more of the singu-
larity structure of these quantities serves as stringent check of such a computation. In
combination with the understanding of how scattering amplitudes factorise as particles
approach kinematic limits the understanding of infrared singularities allows to resum parts
of the perturbative expansion to all orders. The four-loop cusp anomalous dimension is a
necessary ingredient for resummation at next-to-next-to-next-to-leading logarithmic accu-
racy. Currently, such computations exist with numerical approximations for the four-loop
cusp anomalous dimension for a variety of observables. This applications range from the
extraction of the strong coupling constant from et e~ event shapes [22, 23] to precision
observables at hadron colliders like the transverse momentum distribution of electro-weak
gauge bosons [24-27].

Furthermore, null polygon Wilson loops and the cusp anomalous dimension are of
special interest in N/ = 4 super Yang-Mills theory (sYM). This theory has a number of
remarkable properties, e.g. the celebrated AdS/CFT correspondence, and is believed to be
integrable, at least in the planar limit [28]. Integrability has been successfully exploited to
predict the cusp anomalous dimension in planar A/ = 4 sYM theory for any value of the
't Hooft coupling A = g?N [29]. Extending the integrability approach to predicting non-
planar corrections to the cusp anomalous dimension is currently under active investigation.

Another remarkable property of N' = 4 sYM theory is that light-like Wilson loops
describe the asymptotic behaviour of off-shell correlation functions in the light-like limit,
when the operators approach the position of vertices of null polygon, and they are dual
in the planar limit to the so-called MHV on-shell scattering amplitudes. We shall use this
relationship below.

At present, the cusp anomalous dimension is known in full in QCD at three loops [2, 30].
At four loops, it has been computed analytically up to one special term that we specify
presently. The cusp anomalous dimension is known to have the so-called Casimir scaling
up to three loops [6]. Namely, the dependence of ycusp 0n the representation of the SU(V)
gauge group only enters through a quadratic Casimir. Starting from four loops this property
is violated due to the appearance of a new SU(N) color factor — the quartic Casimir built
out of two completely symmetric invariant d-tensors with all indices contracted [31, 32].

As mentioned above, in N/ = 4 sYM theory the cusp anomalous dimension is known
in the planar limit to any loop order. The non-planar correction first appears at four loops
and it arises precisely from the quartic Casimir mentioned above. At large IV, it is given
by the sum of two terms with one of them suppressed by the factor of 1/N?2. It is this term
that generates a nonplanar correction to the cusp anomalous dimension in N' = 4 sYM
theory at four loops.!

The new color factor arises from pure gluonic diagrams. Their contribution to Yeusp
is not sensitive to the matter content of the theory and, therefore, is the same in N/ = 4

! Another class of non-planar corrections in N' = 4 sYM theory is generated by instanton effects. The
leading instanton correction to the cusp anomalous dimension has been computed in [33].



sYM theory and in QCD. Thus, computing the four-loop correction to the cusp anomalous
dimension proportional to this color factor in the former theory, and adjusting the color
factors, we can predict the analogous contribution in QCD. This is the only missing term
in the existing four-loop expression for I'cysp in QCD mentioned above.

In this paper, we compute for the first time analytically the non-planar correction
to the four-loop cusp anomalous dimension, both in N' = 4 sYM and in QCD. We do
so using an approach based on a relationship of Wilson loops with correlation functions
of local operators. It allows us to avoid complicated Feynman graph calculations. We
validate our results by comparing them against previously known analytic (in the planar
case) and numerical (in the non-planar case) values, finding perfect agreement. Our result
for the four-loop cusp anomalous dimension in N' = 4 sYM in the adjoint representation
of SU(N) is
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where oy = g2/(47) is the fine structure constant. The corresponding QCD result can be

found in egs. (6.2) and (6.3) below.
The outline of the paper is as follows. In section 2, we begin by reviewing correlation

functions in N' = 4 super Yang-Mills and their relation to light-like polygonal Wilson loops.
We focus in particular on the case of the latter with a Lagrangian insertion, and review their
relationship to the cusp anomalous dimension. Finally, we discuss the integrand, F', for
the three-loop correlation function of the null rectangular Wilson loop with a Lagrangian
insertion. Section 3 is dedicated to the analytic calculation of the relevant three-loop
Feynman integrals. After reviewing the definitions in 3.1, we explain in section 3.2 our
method for choosing a basis of integrals possessing simple transcendental weight properties.
We make use of a convenient choice of loop variables to simplify this analysis. In section 3.3
we apply the differential equations method to compute all basis integrals. We present the
integrated results for F' to three loops in section 4. In section 5, we derive general formulae
for performing the integration over the Lagrangian insertion, to extract the cusp anomalous
dimension at the next loop order. Section 6 contains the main results of this paper — the
expressions for the four-loop cusp anomalous dimension in A/ = 4 super Yang-Mills and in
QCD, for an arbitrary representation of the Wilson line. Finally, we conclude and give an
outlook in section 7.

2 Cusp anomalous dimension from a correlation function

The connection between infrared asymptotics of on-shell scattering amplitudes and form
factors and ultraviolet divergences of semi-infinite cusped Wilson loops has been previously
used to obtain the cusp anomalous dimension. In this paper, we follow another approach
to computing the cusp anomalous dimension that relies on the relation between off-shell
correlation functions of local operators and light-like Wilson loops.



2.1 The quartic Casimir terms in different gauge theories

As was mentioned above, the cusp anomalous dimension governs the ultraviolet divergences
of light-like Wilson loops. The simplest example of such an object is a null rectangular
Wilson loop

(Wa(x1,29,23,24)) = ]\}A(tu Pexp (zjidx : A(:v))) , (2.1)

where the contour C is a rectangle with vertices located at four points x; that are light-like
separated, xiiﬂ =0 (withi=1,...,4 and i +4 = i). We took the representation to be
the adjoint, R = A, the reason for such a choice will be clear in a moment. We normalized
the Wilson loop by N4 = N? — 1, so that its perturbative expansion starts with 1.

The Wilson loop (2.1) has ultraviolet (UV) divergences due to the presence of the four
cusps. In dimensional regularization, with D = 4 — 2¢, its leading divergence is [34, 35]?

2 asN L L
log(Wa(x1, 22,75, 74)) = — ) (L6)2< . ) Il A +0(1/e), (2.2)
L>1

where F((:ﬁgp 4 are expansion coefficients of the cusp anomalous dimension in the adjoint

representation

L
asN L
Fcusp,A = Z (;) Ff:ugp,A' (23)
L>1

The relation (2.2) holds in a conformal Yang-Mills theory, otherwise it is valid up to terms
proportional to the beta function.

In a generic Yang-Mills theory with SU(NN) gauge group, containing ny fermions and
ng scalars, the cusp anomalous dimension takes the following general form at four loops

4 Jabed gabed dade dade Jabed qabed
Yeuspiit] o = (=) |Cpy® + HZA N R T W TR D )
Prtlag T Np 9 Ng f Ng s

(2.4)

where the subscript R refers to the SU(V) representation in which the Wilson lines are
defined, and Nr = trg 1 is the dimension of the representation. In the case of QCD and
N =4 sYM the relevant representations are fundamental (R = F') and adjoint (R = A).
The four coefficients v, 7§4), 7}4) and 75(4) are independent of the representation of the
Wilson lines.

The four terms inside the brackets in (2.4) contain four different color factors depending
on R. Sample diagrams contributing to these terms are shown in figure 1. The first term
in (2.4) is proportional to the quadratic Casimir Cr = T§T5. It only depends on the
quadratic Casimir in the adjoint representation, C'4 = N, as well as on the number of
fermions (ny) and scalars (ng) and on the quadratic Casimirs in the representations in
which these particles are defined. This proportionality property is usually referred to as

the Casimir scaling. The coefficient function v*) has been computed in refs. [18, 19].

2Here the additional factor of 2 is inserted to take into account that the Wilson loop is defined in the
adjoint representation (and not in the fundamental representation as in the mentioned papers).



(a) (b) (c)

Figure 1. Sample four-loop diagrams contributing to different color structures in eq. (2.4). Double

lines denote the four light-like Wilson lines, and wavy lines represent gluons. Diagram (a) con-

tributes to 75 ) or 7( ) for a scalar or fermion in the loop, respectively; diagram (b) contributes to

7@ diagram (c) contributes to v and 4 @),

The three remaining terms in (2.4) involve quartic Casimirs built out of completely

symmetric tensors

abc Ua o(c)o(d
dabed — 4'Zt Jre O riel ol (2.5)

in different representations. The above sum runs over all permutations of color indices.
Such color factors appear first at four loops and they violate the Casimir scaling. The
last two terms in (2.4) come from Feynman diagrams containing fermion and scalar loops
coupled to four gluons. The corresponding expansion coefficients 7}4) and 7§4) have been
computed in refs. [36, 37]. The main result of this article is the analytic calculation of the
last missing coefficient 754). Numerical results for this quantity were obtained in refs. [37—
40]. Since the matter dependence is known, the gluonic coefficient can be computed in
maximally supersymmetric Yang-Mills theory.® This theory has a number of remarkable

properties that simplify the calculation significantly.

2.2 The cusp anomalous dimension from a finite ratio of Wilson loops

In principle, one could attempt to compute (Wa(z1,z2,x3,24)) in N = 4 sYM directly
in perturbation theory in order to extract I'cysp,a. The main complications would be
a proliferation of Feynman diagrams and the evaluation of the corresponding complicated
four-loop Feynman integrals. Instead of attempting this direct calculation, we use a method
that avoids to a large degree the need for Feynman diagrams, and that only requires the
evaluation of a finite three-loop quantity.

The key insight is that we do not need to evaluate log(W(x1, z2,x3,x4)) fully, as
the cusp anomalous dimension appears in (2.2) as the leading double pole in dimensional
regularization. We can imagine log(W4(x1,x9,x3,24)) as being represented by multiple
integrals. Physically, it is clear that the cusp divergences arise from the integration over
particles that propagate at short distances along the light-like edges adjacent to the cusps.
The idea is that, upon rescaling the distances, we can isolate a divergent integral over the

3This is done using a supersymmetric decomposition, see refs. [37, 41].



overall scale and express the cusp anomalous dimension as the finite result of the remaining
integration. This is similar in spirit to [42]. Here we follow the approach of [43-45].

Let us consider a slightly more general object, namely the correlation function of the
Wilson loop with the insertion of the Lagrangian normalized by (Wa4),* [43, 46, 47] (see
footnote 2)

(Wa(z1, 22,23, 24) L(25)) 3 95%333%4

(Wa(wy, 2, 23,34)) 72 13573503575

F(x)+ O(e) . (2.6)

It will serve us as the finite integrand mentioned above. It is possible to show following [35]
that UV divergences cancel in the ratio of correlation functions on the left-hand side of (2.6),
so that it remains finite for ¢ — 0. As a consequence, the first term on the right-hand side
of (2.6) can be defined at D = 4. Conformal symmetry fixes it up to an arbitrary function
F(z) of cross-ratio [43]

_ IL‘%5$4215ZE%3 (2 7)
=2 .2 .2 ° :
15735724
It depends on four points x1,z9, 3, x4 defining vertices of a null rectangle and the La-
grangian insertion point x5. The invariance of the Wilson loop under cyclic permutation
of points x1,...,z4 leads to the relation F(x) = F(1/x).
In addition, F(x) depends on the rank of the gauge group N, and on the Yang-Mills
coupling ¢g2. As customary in the QCD literature,” we expand F(z) in powers of the fine
structure constant ag/m = g2/ (47?),

F(z) = (%N ) FO(z) + (%N)zpm(x) + <0‘5N>3F<2>(x)

s s s

(2.8)

4
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+ < :T > [Félgnar(‘r) + ]\IQFIEOI)’l—plaHaI'(x):| + O(Oéi) :
Note that the expansion starts at order a,. The function F(©) defines the correlator (2.6)
at Born level and the functions FX) describe corrections at L loops.

Let us now explain how we can combine egs. (2.6) and (2.2) to obtain the cusp anoma-
lous dimension from F. On the one hand, we observe that once we integrate the Lh.s. of
eq. (2.6) over x5, this yields a derivative of log(W (1, x2, x3,24)) W.r.t. the coupling. On
the other hand, comparing to the r.h.s. of eq. (2.2), we see that the leading divergence of
that quantity is controlled by the cusp anomalous dimension:

dPxs (Wa(z1, z2, 23, 24)L( 2 [ da
[ttt B ) 2 [ e as 00/, (29)
0

S

irP/2 (Wy(xq, 22, 23,14)) e

and I'cysp,a can then be expanded perturbatively as in eq. (2.3). As a consequence, once
we know the finite ratio in eq. (2.6) at (L — 1) loops, integrating over x5 and extracting the
leading divergence allows us to compute the cusp anomalous dimension at L loops. The

4This object naturally appears in the method of Lagrangian insertions, see eq. (2.13) below.
®Notice that the results in [45] were expanded in powers of g2 N/(87?).



detailed derivation was performed in ref. [45] using two different regularizations, with the
same result. The effect of the integration over x5 is given by a functional Z relating the
function F'(x) to the cusp anomalous dimension. We have

1 0
I[F($)] = _ZQS@FCUSp(QSa N) R (210)
where 7 acts on individual terms as in
77 = Sn0P) (2.11)
p

We refer the reader to ref. [45] for a definition of the functional in terms of Feynman
integrals. In order to apply the last relation we write F(x) in the form of a small z
expansion. The reason why small z asymptotics is related to the cusp anomalous dimension
can be understood from eq. (2.9) — the cusp singularities arise from x5 approaching the
cusp points z;. Using the definition (2.7), it is easy to see that in this limit x — 0 or x — 0.
Due to the symmetry z — 1/x we can map both regions to small . The complexity of the
calculation is reduced considerably by obtaining the cusp anomalous dimension at L loops
from the (L — 1) loop quantity F'(x).

2.3 The Wilson loop integrand from a correlation function

Our goal is therefore to obtain the function F(z) at three loops. In the conventional
Feynman diagram approach one would compute (IW4L(x5)) and (W4) in dimensional reg-
ularization and then find their ratio (2.6). Here we follow a different strategy that is based
on a relationship between correlation functions and light-like Wilson loops. It will allow
us to obtain the integrand for F(z), bypassing Feynman diagram computations.

Our starting point is the four-point correlation function of half-BPS operators in NV = 4
sYM theory

G4 = ((’)(xl)(’)(:cg)(’)(xg)(’)(m)) s (2.12)

where O = tr(®/®7) — 167/ tr(®X®X) is bilinear in scalar fields ® (with I = 1,...,6)
defined in the adjoint representation of the SU(NN). The operator’s scaling dimension A = 2
is protected from quantum corrections by supersymmetry.

At weak coupling, the perturbative expansion of G4 in powers of the coupling a; can be
obtained using the method of Lagrangian insertions. This method relies on the observation
that a derivative of an n-point correlation function with respect to the coupling is given
by an (n 4 1)-point correlation function involving the insertion of Lagrangian

0

Qs
Oovg

Gy = / 5 (O(31)0 () O(3) O (224 £ (5)) (2.13)

The correlation function itself can be expanded in the strong coupling constant as

Gy= i (O‘?)L Gl (2.14)

L=0



Differentiating repeatedly with respect to the coupling, we can express the L-loop correction
to G4 in terms of (4 4+ L)-point correlation functions involving L insertions of N' =4 sYM
Lagrangians

1
GflL) = /d4x5 ... d4x4+L GSL?)L )

G = (O(21)O(22)O(x3)O(24)L(x5) . . . L(z451))? . (2.15)

Here the superscript ‘(0)” was introduced to indicate that the correlation functions are
computed in the Born approximation.

The relation (2.15) allows us to interpret GES% as Feynman integrands at order g2L.
They are rational functions of the distances az?j = (v; — x;)? (with i,j = 1,...,4+ L).
The form of the functions is heavily constrained by the symmetries of N' =4 sYM theory.
Namely, the fact that the half-BPS operators O and the Lagrangian £ belong to the same
supermultiplet leads to a hidden symmetry of (2.15) under permutation of points 1, ..., x4
and s, ..., r441 [48]. At four loops, this symmetry, combined with conformal symmetry
and the requirement for (2.15) to have correct behavior in various OPE limits, fixes the
leading, planar part of Gz(l?% uniquely whereas the non-planar part of the integrand can be
determined up to four arbitrary coefficients [49].

These coefficients were determined in the recent paper [50] by matching the non-planar
part of GES%: 4, computed in ref. [51] using the reformulation of N' = 4 sYM in twistor space
to the analogous expression for the same correlation function obtained in refs. [48, 49].
Thus, the construction of the four-loop integrand of the correlation function (2.12) is now
completed.

To make a connection to the Wilson loops considered in the previous subsection, we
examine the limit 2%y, ¥35,23,,23; — 0 when four operators in (2.12) become light-like
separated in a sequential manner. As was shown in ref. [52], the correlation function
simplifies in this limit and its leading asymptotic behavior is given by the product of

Born-level contribution GELO) and light-like rectangular Wilson loop Wy,

lim G4/G510) = (WA(CCl, Iro, X3, 1‘4)> . (2.16)
xiiJrl—)O

This relation has a transparent physical meaning. In the first quantized picture, G4 de-
scribes the propagation of a scalar particle along a closed contour that goes through the
point x;. In the light-like limit this particle has infinite energy. As a consequence, it
propagates along a classical trajectory that coincides with C and its interaction with an
induced radiation gives rise to an eikonal phase. The latter is given by a Wilson loop in
the same representation in which the scalars are defined. This explains the choice of the
representation in (2.1).

We note that eq. (2.16) is somewhat formal, as the ratio of four-dimensional correla-
tion functions on the left-hand side diverges in the light-like limit 37121 41 — 0 and requires
a regularization. However, for the purposes of the present paper, we can use the rela-
tionship (2.16) at the level of the loop integrands. In other words, we can profit from the
known integrands for the correlation function (2.15) in order to obtain the four-dimensional



integrand for the function F'(z). In the following, for simplicity of notation, we write the
relations between G4 and F'(z) in an integral form, but keeping in mind that they hold at
the level of the four-dimensional integrands.

Combining together (2.6) and (2.16) we obtain

lim o

2
x40 das

4 2 .2
(G4/GY) = / @5 21T pla). (2.17)
Ve T15T95235T 5
Strictly speaking, the light-like limit and integration do not commute and the integral in
eq. (2.17) requires a regularization. Since we only need the integrand for our purposes,
we keep the integral in four-dimensions and ignore its divergences. Replacing G4 with its
expression (2.15) we can now construct the function F(z) at three loops. Indeed, as was
shown in [52], the ratio of correlation functions take the following form in the light-like

limit

1 (asN\" [d* d*
hm G4/G —1+ZL'<a >/a:5 TTZH_LIL(xl,...,x5,...,1:4+L),

2 2
a7 410 L>1 ™ s 1T

(2.18)
where the integrand Iy, is obtained from GELO% defined in (2.15) for 22, = 23, = 23, = 23, =

0. The explicit expressions for I}, are given below. Applying (2.18) we obtain an analogous
representation for a logarithm of the ratio of correlation functions

1 [fasN Lordte d*z
lim log(G4/GO)) ZL‘( > /.25... i;;LgL(x1,...,x5,...,x4+L),

12+1 —0 LZ]- T [
(2.19)
where Gy, are expressed in terms of the functions I;, according to
gl(l‘l,..., ):Il(.Tl,...,CL‘g,),
Qg(xl,..., ):I (xl,..., ) Il(l'l, m5)11(a:1,...,x4,x6)
gg(l‘l,..., ) I (:L‘l,..., ) (:L‘l, 1'5)12(1'1,...,134,1‘6,137)
+ 20 (21, ... @s) L1 (21, .., 24, 26) 1 (201, . . . T4, 27)
— Li(xq,...,24,26)2(21,...,25,27) — L1 (21, ..., 24, 27)[2(21, ..., 26)
(2.20)

and so on. Matching eqs. (2.17) and (2.19) we obtain an integral representation for F'(x)
in terms of functions Ir. The latter are given by®

2 .2
227375,

5 P(L)(xl, ey T4qL) -

(2.21)

IL(CL‘l e .’E4+L) ==
Y (—4)L [ls<icarr 23,5, 73,2, H5§i<j§4+L x

6The additional factor of (—4)” in the denominator comes from the different definition of the integration
measure in [49].



Here P(X) are homogeneous polynomials in :c?j of degree (L — 1)(L + 4)/2 whose explicit
expressions can be found in [48, 49].

Up to three loops, i.e. for L < 3, the polynomials P“) do not depend on N. At four
loops, P™ receives a non-planar correction

1) _ p 1 »@
P( ) - Pplanar + mpnon—planar :

(2.22)

As was mentioned above, the planar part can be fixed uniquely whereas the general ex-
pression for the non-planar part involves a few arbitrary coefficients

P&

non-planar

=c1Q1+ Qo+ c3Q3+c1 Qs+ dy Ry +ds Ry + d3 Rs, (2.23)

where the explicit expressions for (); and R; can be found in [49] (see egs. (5.23) and (5.20)
there). Here the polynomials R; are proportional to Gram determinants depending on the
points z; (with i = 1,...,8). If all vectors z' are four-dimensional, the Gram determinants
vanish and Plgizl_planar
determined in ref. [50] in D = 4 dimensions, ¢; = ¢ = ¢3 = 0 and ¢4 = —6.

does not depend on the coefficients d;. The coefficients ¢; have been

Combining together relations (2.17)—(2.22), we obtain the following expression for the
non-planar correction to the function (2.8)

F(3) 1 / d4x6 d4$7 d4-758 Pr(ligl—planar(xl’ T 1'8)

planar(T) = 37 .
non-planar 3! 4 (472i)3 H6§i§8 5”%15”%@95%133?11 H5§i<j§8 w?j

The planar correction to F'(x) admits a similar representation with Péil)l_planm

(2.24)

replaced by

a lengthy expression involving a linear combination of PYW and the product of lower loop

planar
polynomials P P®2) - subject to ¢ 4 5 + - -- = 4. To save space, we do not present
the corresponding expression.

We can use the relation (2.24) together with (2.10) to compute the non-planar correc-
tion to the cusp anomalous dimension at four loops. Notice that applying (2.10), we have
to treat xf as a D-dimensional vector. In this case, the Gram determinants do not vanish,
R; # 0, and may contribute to (2.23). As was shown in [48, 49], the consistency of (2.18)

with the OPE of the correlation function (2.12) for x?z 41 — 0 implies that the polynomial
pW

nonplanar
the edges of light-like rectangle with vertices at the points =1, zs,z3,x4. In D = 4 dimen-

has to vanish when one of the integration points x; (with i = 5,...,8) approaches
sion, this leads to the general expression (2.23). Repeating the same analysis in D # 4 we
find that the above mentioned condition is satisfied provided that

3¢y —3dy +4dy = 0. (2.25)

We use this relation and replace the coefficients ¢; with their values to get from (2.23)

p®

non-planar

9 3
=—6Q4+ §R2 + dq <R1 + 4R2> + d3 Rg3, (2.26)

with d; and ds arbitrary. The terms proportional to di; and ds3 satisfy separately the OPE
condition mentioned above. This implies that the regions of loop integration that poten-
tially produce divergences are suppressed. For this reason, we expect the corresponding

~10 -



terms to have a smooth and vanishing four-dimensional limit. In other words, since the
integrand is finite at every point in D = 4 —2¢ and in D = 4 dimensions we expect that the
result of the D-dimensional integration equals the result of four-dimensional integration
after the dimensional regulator is taken towards zero. As a consequence the coefficients of
ds and d; in (2.26) give vanishing contributions to the integral. To verify this, we show
in the next section explicitly that the d; term on the right-hand side of (2.26) produces
a vanishing contribution to (2.24) and, therefore, can be safely omitted. For the term
proportional to d3, we then assume the same based on the above argument, and thus set
dy = d3 = 0 in our calculation. In summary, we obtained the loop integrand for F(z) at
three loops from the corresponding correlation function G4 at four loops.

Before proceeding to computing the Feynman integrals contributing to F'(x), we make
two further simplifications. First, we make use of the conformal invariance of F(z) to
send the point z5 to infinity. This leads to the expression x = 2%;/z3, for the cross-
ratio (2.7), and likewise removes the x5—dependence from eq. (2.24). Second, the resulting
expressions for the integrals in (2.24) depend on four points 1,9, z3,z4 that are null
separated ZE?Z 41 = 0. Introducing the dual variables p; = x;11 — z;, we notice that these
integrals resemble momentum integrals contributing to on-shell four-particle scattering
amplitudes. This will be discussed in the next section.

3 Three-loop integrals from differential equations
In this section we compute the three-loop Feynman integrals contributing to F'(z).

3.1 Definition of the integral family

The Feynman integral in (2.24) involves the conformal polynomial Péizl-planar defined
in (2.26). It can be expanded into a sum of terms given the product of distances xfj
In spite of the fact that the integral (2.24) is finite, each individual term may produce
divergences. For this reason we set up the calculation in D = 4 — 2¢ dimensions, and take
the limit € — 0 at the end.

After sending x5 to infinity, as explained at the end of the previous section, we find that
the Feynman integrals contributing to (2.24) and to the analogous expression for fois

planar
belong to a family of integrals with 15 denominator factors

G '_/deGdD:wdeg (—1)2321%
at,...,a1s (i?TD/Q)?’ (:E%G)al(1:%6)(12($§7)a3(x%7)a4(l§8)a5($%8)a6
1
(236)77 (w87) 28 (235) 20 (xF,) 10 () 11 (23,) 112 (27,) 13 (23,) 114 (23g) 415
(3.1)

X

We will see presently that this integral resembles momentum integrals computed previously
for three-loop two-to-two scattering processes [53]. In order to do so, we interpret the x’s
as dual variables, according to

r1=0, 22=p1, x3=p1+p2, Ta=-ps, Te=ki, xr=ky, az=ks. (3.2)
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(a) (b)

Figure 2. Diagram (a) represents a triple ladder diagram contained in integral family (3.1) in the

dual variables. Each line with index ¢, separating two regions labelled by the coordinates z;, and z;,,
1217i2
in the dual variables. The internal lines with indices ¢ = 1,...,15 correspond to the 15 propagator
factors in (3.1).

denotes a denominator factor (z7 , )* Diagram (b) represents the complete integral family (3.1)

Here, we consider four p; corresponding to a four-particle scattering process. We take p;
as ingoing, ordered according to pi,pa,ps,ps.” Furthermore, the sum over momenta is
conserved and they are light-like.

We define scalar products of the momenta by
201 pa = § = 235, 2p1-p3 =t = a3,, 2py -p3 = —s —t. (3.4)

Using the definition (3.1), one may represent all planar three-loop two-to-two scattering
integrals. For example, the triple ladder integral is given by G1,1,1,1,1,1,1,1,1,1,0,0,0,0,0, Se€e
figure 2a. However, the use of dual coordinates has further advantages. It allows us also to
write down products of lower-loop integrals. For example, the product of a one-loop box
integrals with a two-loop ladder integral is given by G1,1,1,1,1,1,1,1,0,1,0,0,1,1,0-

What integrals occur in F'? At leading color and up to three loops, we have precisely
planar three-loop integrals, and products of planar lower-loop integrals. Up to the unusual
fact that products are considered, these integrals have a clear interpretation in terms of
planar scattering processes. The non-planar corrections to F' do not have such a simple
interpretation, but they can still be expressed in our notation. We found the graphical

representation shown in figure 2b useful.

"Our notation for the integral family follows the one for the triple ladder integral in ref. [53] as far as
the labelling of propagators is concerned. However, note that here we use a different ordering of external
momenta.
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Some readers might wonder wether the integrals under consideration are related to
non-planar three-loop integrals considered in refs. [54, 55]. This is not the case. Moreover,
there is one important difference, which is somewhat surprising. Although the integrals
defined in eq. (3.1) cannot in general be drawn as planar two-to-two scattering diagrams,
they do share important analytic properties with planar integrals. It turns out that their
Feynman parametrization is positive definite if 5,7 < 0, such that in this region the integrals
are real-valued. Moreover, it can be seen from figure 2b that the integrals only have cuts
in the s- and t-channel since the diagram does not have adjacent external lines of p; and
p3 or po and py, just like planar integrals. For these reasons we expect them to be free of
u-channel cuts [56]. This will be important when fixing boundary conditions for differential
equations in section 3.3.

In practice, in order to analyze the integrals containing polynomials @4, R1 and Ry (see
egs. (2.24) and (2.26)), it turns out that we need integrals with up to thirteen propagators,
i.e. thirteen non-negative indices a; in eq. (3.1). Note that this is three more, and hence
considerably more complicated, compared to the integrals that were computed in [53].

We performed the reduction of all integrals needed using the program FIRE5 [57].
As a result, we obtained 257 master integrals, meaning that any integral that we need
can be expressed in terms of the latter.® In the next section, we explain how we chose a
particularly convenient integral basis.

3.2 Integrand analysis via improved Baikov variables

In the previous section we found that the integral family of eq. (3.1) is described by 257
master integrals. Before proceeding with their calculation, we will choose a convenient
integral basis for the latter. In order to do so, we rely on insights into the structure
of Feynman integrals from [58, 59]. The main idea is that the Feynman loop integrand
contains the key information on the structure of the functions appearing after carrying out
the space-time integrations. In particular, the singularity structure of the integrand, and
its residues, allow one to predict key features of the outcome of the integration, such as
the transcendental weight properties of the answer.

In practice, following [58, 59], we consider loop integrands of the type appearing in
eq. (3.1), and search for integrands that are free of double poles, and whose leading singu-
larities are normalized to be independent of the external kinematics. In order to do so, we
make use of the algorithm [60] (and an independent implementation of it) that is based on a
particular parametrization of the integration variables, combined with partial fractioning.
Although this algorithm has been applied in many similar situations, the present case is
challenging due to the large number of propagator factors. For this reason we made certain
improvements that we discuss below.

The first improvement is based on the observation that certain loop integrands can be
written as dlog differential forms, in such a way that the integrand is expressed as a single

8Computing the integrals, we observe some additional identities, at least to a certain order in the e
expansion. Therefore this basis may be overcomplete. This does not affect the validity of our calculation.
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term [61, 62]. The key example we need is that of the one-loop on-shell box integrand,

x%3$%4d4x6 _ st d*k _ i@@@% . (3'5)
wigrdgadsrls  k2(k 4 p1)2(k + p1 4 p2)?(k — pa)? a1 Qp a3 o4

Here the new variables «a; are closely related to the original propagators,

o — 2 oy — +p1)° ay = AP +p2)? oy = & — pa)? (3.6)
(k—k1)*" (k—k1)?" (k—k1)* (k—k1)?

where k% corresponds to the two solutions of the maximal cut condition. We note that
this is closely related in spirit, but different to the Baikov representation. There, one
chooses as new integration variables a set of propagator factors (and possibly irreducible
scalar products), in D dimensions. Here, we consider the four-dimensional part of the
loop integrand, and our new variables are normalized by (k — k%)2. As a result, the
change of variables is rational in our case. It was observed in many examples (see for
example refs. [59, 60]) that an analysis of the four dimensional leading singularities of a
Feynman integral allows to determine if an integral has uniform transcendental weight in
D dimensions.

Let us now consider the integrand in eq. (3.1) for a; = 1, and with an arbitrary
numerator P(mfj) The denominator is naturally written in the dual x coordinates, and
contains three factors of the type (3.5). Therefore we find it natural to perform this change
of variable for each loop integration variable. We do so with «;, 8; and ~; corresponding
to xg,x7 and xg, respectively. The only new calculation w.r.t. (3.5) we need to do is for
factors of the type z2,. The latter is a rational function of a;, 3;, s,t. As a result, we obtain
for the integrand

4
doy; dB; dry; P
I:Hiﬁl
=1

2.9 .92 °
& Bi Vi TirrrgTis

(3.7)

2

where P stands for a polynomial in the z7;

variables. We call this representation improved
Baikov representation.

Our goal is to find as many numerators P as possible for which the integrand is free
of double poles and has constant maximal residues. In principle we could start with a
general ansatz for P, subject to certain power counting constraints, and compute residues.
As already mentioned, this turns out to be prohibitive due to the size of the integrand.
For this reason,we use a divide-and-conquer approach. First of all, most integrals we
are interested in contain only a subset of the 15 propagators, so that we can perform
a dedicated analysis for each of them. Each propagator structure defines what we call
an integral sector. Second, instead of running the algorithm directly for each of these
integral sectors, we analyze the integrand on cuts. In this way, each run of the algorithm
is faster, and we can easily combine the constraints on P arising from each cut. One of
the main advantages of the improved Baikov representation (3.7) is that it makes taking
cuts simple. In practice, we find that only a subset of cuts is needed to obtain candidates
for dlog integrands. Finally, once a candidate is found, we can test it using our algorithm
(this is considerably less complicated than running the algorithm for the whole ansatz).
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In this way, we arrive at a large set of dlog integrands. We complement them with
information on uniform weight integrals from ref. [53]. We then perform the integral
reduction of the corresponding (D-dimensional) integrals, which allows us to relate the
candidate integrals to a basis of master integrals. We then select a linearly independent
set of candidate integrals, and choose this as our new integral basis. In the next section
we derive and solve the differential equations satisfied by these integrals.

3.3 Analytic computation of the master integrals

Here we discuss the computation of the three-loop integrals via differential equations. We
denote by f the basis of integrals that was found with the methods discussed in the last
section. We find that the differential equations (for reviews, see [63, 64]) for this basis takes
the form

df(s,t;e) =ed|Arlogs+ Azlogt + Aglog(s +t) +A410g ! +2\/7 f(s,t;e), (3.8)
_ Z\/i

where d = dsds + dtd; and A; are some matrices. These equations are in the canonical
form proposed in [59], as expected for uniform weight integrals. Indeed, it is easy to read
off what properties the perturbative solution in € has, as we discuss presently. As one can
always choose one overall scale (by dimensional analysis), we can set ¢ = —1 without loss
of generality. In this way it is clear that the solution to (3.8) can be written, to any order
in €, in terms of iterated integrals of the alphabet

{z,14+2,(1+ivr)/(1 —iyx)}, (3.9)
where x = s/t. This is slightly more complicated compared to the differential equations
for the three-loop integrals derived in [53-55], which are described by the alphabet {z, 1+
z}. We note that it is possible to rewrite the alphabet (3.9) in terms of linear letters,
with singularities corresponding to fourth roots of unity, 1,4, —1, —¢, simply by changing
variables to x = —2z2. In this way, one can rewrite the solution in terms of Goncharov
polylogarithms. As we will see below, while the additional letter (1 + i\/z)/(1 — iy/x) is
needed in individual Feynman integrals, remarkably, we find that it drops out of the results
for F.

Let us now solve eq. (3.8) for fixed t = —1 and x = s/t. As discussed in section 3.1, f
is real-valued for z > 0, and we expect a branch cut along the negative real z-axis, so that
one needs to add a small imaginary part to  when analytically continuing to that region.
This is relevant when implementing the finiteness of the integrals at u = 0, as discussed
above, which corresponds to x = —1.

Our strategy for solving the differential equation is a follows: we write down the general
solution in terms of iterated integrals, with base point z = 0. Here the superscript ‘+’
indicates that we approach 0 keeping = > 0. This specification is necessary since the
Feynman integrals under consideration in general diverge as x — 0, with the rate of
divergence being controlled by the matrix A;. We parametrize the solution in terms of
real-valued integration constants at x = 0*.

Then, we analytically continue to negative x, and impose the finiteness condition at
x = —1. This constraint, together with the real-valuedness of the integration constants,
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turns out to fix all integration constants, except for a trivial overall normalization.? This
useful feature that the integration constants can be obtained effortlessly from physical
consistency conditions, has already been observed and stressed in a number of calculations,
see e.g. [53, 56, 65]. Finally, we fix the overall normalization by explicitly evaluating one
trivial integral in terms of Gamma functions.

In this way, we can obtain the analytic solution for all master integrals to any desired
order in . We are interested in computing F', a finite quantity. On the other hand, typical
on-shell three-loop integrals contain nested soft and collinear divergences that lead to up
to 1/€% poles. As a consequence, we need to expand the solution of the integrals up to
finite order, which corresponds to up to transcendental weight 6.

With this we can compute all integrals contributing to F(z) to three loops. In partic-
ular, an important check is the finiteness of the answer. Note that this property is highly
non-trivial, since individual three-loop integrals have poles up to 1/e5. We verify that this
is the case for the planar contributions to F'

Proceeding to the non-planar contribution, we are particularly interested in the non-
planar integral @4 and the Gram determinants R; and Rs, as discussed in the previous
section. We found there that ()4 by itself does not vanish in the D-dimensional OPE
limit, but the linear combination of eq. (2.26) does. Indeed, we find that Q4 has a 1/e
pole in dimensional regularization, while the combination appearing in eq. (2.26) is finite.
Moreover, we checked explicitly that the finite result is independent of the free parameter
d1. We take this as supporting evidence that our procedure is consistent and produces an
unambiguous finite answer.

4 Wilson loop with Lagrangian insertion at three loops

Here we present our novel three-loop results for F(z) defined in eq. (2.8). The tree-level,
one-loop, and two-loop contributions to F' have been computed in [43-45]. The first non-
planar corrections can appear in eq. (2.8) at three loops, i.e. at order af. They are the
main objectives of our work.

As a warm-up we begin by reproducing the lower-loop results. This serves as a welcome
validation of our procedure, and of the integrals computed in the previous section. We give
the formulas for completeness. We express them in terms of harmonic polylogarithms
(HPL) [66], since the latter will be appropriate when giving the three-loop results below.

We have

1
F(O)(x) — _Z’ (4.1)
FO(z) = 1Ho 0+ ~ (4.2)
8 116"
2 3 2 1 w2
F(Q) = —lH — 7H 7H - 7H - Q9 H_
(z) 16 Hoo = 75 Ho000 + 35 H0-1 + 16.10-1.0.0 + 39 10
7I'2 1 C3 Cg 1077T4
23 L H+—Z-H.. = Hy—X2H 4 — . 4.3
+ 1671000 ~ 75 H-1-1 7 911,00 + 16 707 g ! 5760 (43)

Here we omitted the argument x of the harmonic polylogarithms, for brevity.

+k

9Typically, one needs to expand to some order €"** with k > 0, in order to obtain all constraints at

order €”.
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Let us now give the new results at three loops. The planar result is given by

4 2 4
®3) _ 3237 H €] H o H 15 H Ty
planar (£) = 11520 100 + 39 110,00 + 64 10,000 + 39 11000000 = &1 1,0

(3 2 3 4374 (3

- = H_ - —H_ - — H_ —H {1 —2=H_41_
16 10,0 =~ 761-1,000 = 76 1,0,0,0,0,0 T 1920 1 -1-1 ~ g 110
2 3 2

+— H 1 100+ -—=H_1-10000+ 9H—1,—1,—1 —s=H_ 1 110
16 16 8 32
1 w2 1 w2

——H 4 _4_ —H 1 1 _1_ - H 1 _1_.1_ —— H 1 _4_
-1t 1,0,0,0 + 16 1,-1,—1, 1+8 1L=1,-1,-1,00 = 55 1,-1,—2
Ly Sy, T g Ty
T -L-1-200 = ¢ Hot2 4 ool 120+ o H-1,-2000 = 551,21
1 2 1 G 117 2

—— H 4 _5_ —H_ 4 _ - H 1 _ — >=H 90— _
16 1,-2,-1,00 + T 3+ 3 1,-300 ~ ¢ 2,0 192 2,0,0
5 (3 w2 1 2

- —H_ —=H 5 _ —H_ o5 _ — H o _ ——H 5 _41_
3911720000 = 72, 1+ R 1,0 + 16 221,000 = 552,211
1 2 1 1172 5

—— H 5_1_ —H 5 _ — H 5 _ — ——H 39— H_
16 2,—1,—1,0,0 T 16122 + 3 2,—-2,0,0 192 30 7 35 3,0,0,0
32 3 3 5(¢3)2 723 s
—H 3 _ — H_5_ — —H_ —=Hy — = H,

Ty st g Hesm100 = qpllan0 ot g0 Ho = g Ho
7(s 3(3 1977 4 32 61776
—H_ —H 53— H o— —H_ . 4.4

e T 6 T 20 2T 32 4 T 96768 (44)

The non-planar part F 3)

non-planar
harmonic polylogarithms, it contains a rational dependence on z, as follows

has a novel feature. In addition to the dependence on

(3) R )

non-planar — 1 % mon-planar,1 + B rgizl—planar,Z : (4.5)
We find
Féizl—planar,l :gZHmo + 3%Ho,o,o + g;Ho,o,o,o + %Ho,o,o,o,o,o - 17T;SH_1’0
- ??;H—l,O,O,O - %H—LO,O,O,O,O - ?T;H—z,o,o — %H—Q,O,O,O,O + 73:; H 3
+ %H_&O,O,o + %H_4,0,0 + 57;26@ Hy + QIE"’ Hy — 717;}1_2 + ?);T;H_4 + f’()zg ,
(4.6)
Féizl—planar,Q =- ZZ:HO,O - %HO,O,O — g;Ho,o,o,o - %Ho,o,o,o,o,o - 193(;)4 H_1p
+ 3?ﬁ?’H—Lo,o - 71réH—1,0,0,0 - %H—l,o,o,o,o,o + ?g;H—l,—l + 937;211[—1,—1,0,0
+ %H—l,—l,O,O,O,O + ;:;H—L—Q,O + %H—L—z,o,o,o - ?);T;H—l,—?) - %H—L—:’,,o,o
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3 3 32 3 2 3
+ é —H_370 — 7H_370’070

H 99— -H._ S H o = 2 H 5 50—
3 20 = g1-20000 = 55 2-2 7 7eH-2-200 = 35 16
332 73 9¢s 72(3 3¢5 R7 1176
20 T Spg Db ISp %S pg 0 g . A7
16 e T R T L T R A T T-0T) (4.7)

Let us discuss the structure of these results. First of all, we note that the expressions
for F() have uniform transcendental weight 2L. From the point of view of the integrals
we computed, this corresponds to the maximal possible weight. This feature is typical
of calculations in N' = 4 super Yang-Mills theory. Second, we find that the first non-
planar correction (unlike the planar one) depends on more than one rational structure.
This corresponds to the fact that the non-planar integrand has two leading singularities,
namely 1 and 1/(1 4+ z), while the leading singularities of the planar integrand are a-
independent. This is reminiscent of the situation for non-planar three-loop two-to-two
scattering amplitudes, where the same leading singularities occur [55].

5 Cusp anomalous dimension from integration over Lagrangian insertion

The knowledge of F'(x) at (L —1) loops allows one to obtain the cusp anomalous dimension
at L loops. The detailed relation was found in [45], and we briefly reviewed it in section 2,
see egs. (2.10) and (2.11). The net result is that we need to perform a certain integral
transformation of F'(z). The action of the latter on a power of x was given in eq. (2.11),
and we repeat it here for convenience,

(5.1)

In this section, we show how to apply the functional Z to the terms appearing in F(z).

In particular, we are interested in the scenario where the function F(z) is a linear
combination of harmonic polylogarithms of the form of our results F(™). First, we observe
that the r.h.s. of eq. (5.1) vanishes if p is a non-zero, positive integer. Consequently, only
the first, O(z°) term of a convergent Taylor series expansion of a function would contribute
to this integral. However, the functions we are interested in contain also logarithms log®(z)
for positive integers a. We find that

a

7 [zPlog®(z)] = lim (;;I [xp'%}

£—0
1 2 (_1\at+p—-1 k—1
:EZ(D (W)smcw. (5.2)
pY — k! 2

The above expression is valid for positive integer p. Next, we want to apply this result
to the type of functions we are interested in. Note, that a HPL that admits a convergent
power series expansion for x € [0, 1] can be written as

m m =H _ n (—x)j" 1 1
s (2) \0""’0,’_17~~~70>-~-70,—1(x) (—1) E Tmn Mniccc omy
1 1 Jn>>51>1 Jn In—1 Wil
My, — my—
(5.3)
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Our integration rule of eq. (5.2) may now be easily applied to each term of such a series
expansion. The integral over HPLs that are regular at x = 0 consequently vanishes. If they
are multiplied by powers of log(x) we obtain a closed form expression by manipulation of
the indices appearing in the definition of a HPL (eq. (5.3)). With this we find the following
two integration rules.

a 1—a | - 7Tk_1 . wk
I[log (x)Hfmn,...,fml(x)]:(_l) a"z k! sm | —- H—(a+1—k+mn),...,—m1(_1)7

[\)

log”(z)
z memm-.rml(x)

Ilog*(x)H-m,,.....—mi (2)] (5-4)

w7l ke
Henra S T sin <2) H a1ty (1),
k=0

To derive the result of the second integration rule above one can simply make use of the
series representation of 1/(1 + x) around = = 0 and re-arrange summation indices. Notice
that the right-hand side of the above integration rules is given by linear combinations of
HPLs with argument —1, which can be evaluated in terms of multiple-zeta values using for
example the package HPL [67]. Since the functions F' are of the form considered above we
are now equipped to apply eq. (2.10).

6 The four-loop cusp anomalous dimension in N/ = 4 sYM and QCD
Applying the method of the previous section we evaluate Z[F (L)] for L =0,1,2,3 and use

eq. (2.10) in order to determine the cusp anomalous dimension in A = 4 super Yang-Mills.
We find

asN 2 (a,N\? 117t [a,N\?
Famaten )= (%2) - 55 (*2) + 255 (%)

asN\*'[73x6  ¢2 1 (31 4 9 5
_< 7 ) [20160+8+N2<50407T +4>]+O(as)'

(6.1)

This is the full result to four loops for the cusp anomalous dimension in N = 4 super
Yang-Mills, for a Wilson loop in the adjoint representation.!® The expression is valid in
the supersymmetric DR scheme. The quartic Casimir term, and equivalently the first
subleading color term in eq. (6.1), is independent of the scheme choice at four loops. We
note that the non-planar four-loop contribution is negative.

We use (6.1) to derive the quartic Casimir part for pure Yang-Mills theory, follow-
ing [37]. Together with the known ns-dependent terms, this completes the full four-loop
cusp anomalous dimension in QCD. We present the full result here, in the MS scheme.

0Note that another common definition in the literature is Yx = 2T cusp,A-
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First, we recall the expressions up to three loops [2, 30]:

QCD Qg
Veusp,R = CR{T‘.

g\ 2 67 w2 5
+(W)%hﬁm—u>‘wﬂ4

as\3 [ o (11¢s 245 6772  1l1x? 55
Zs i T _ 2
+(7r) [CA<24 96 " 216 T 720 ) TTECR G T g

s 209 572\ 1 )
TpOa (=553 220 0T T
+"fFA( 6 216+54> 77 (nsTF)

as\4 Qcp,i
+(22) S ol (6.2)
At four loops, depending on the color factor, various terms were known either analytically

or numerically [18-20, 36, 37, 39, 40, 68-72].!1 We present for the first time the fully
analytic result, which is

cusp,R T

Qon, (1) _ o [ s ((1309Gs 1n%¢s 3 4515 | 42139 5525772+4517r4 313x
URTAN 432 144 16 288 10368 7776 ~ 5760 90720

TrC? _
tnptE A( 54 36 72 10368 1944 2160

29¢3 7°¢3  5¢s 17033 557 11774)

_361C3+77T2C3 131¢; 24137 6357 117r4>

9 6 4 5lsd 288 720

-l—nfTFCFCA <

37¢; 5¢s 143 9 35¢s Tt 1972 923
TrO% [ S22 - 224 Tr)?C - —
tnlE F( 21 2 Tass ) TOUTE O\ 57 1080 or2 Thisa

10¢3 7 299 1 23
“W”W*(‘9+mﬁMQ“W“f@m+w

AR (G 3G 556G w31t | AR (w2 G 5G
NR NR .

6 2 12 12 7560
(6.3)

For convenience of the reader we also print the above formula to six significant digits.
QCD Qg
Yeusp,R — Cr |: (?)

eF

2
+ (7) (1.03864C'4 — 0.555556m T)
T

3
+ (OL> (1.52982C3 — 1.45614Can T + 0.0562236Cpn s T — 0.0370370n3T3)
s

"Strictly speaking, the n;TrCrCrCa term is based on a conjecture [70]. The latter agrees perfectly
with the numerical value from [39, 40].
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4
n (OL> (2.38379C% — 3.44271C%n;Tr + 0.303089C4Cron s T
T

—0.242621C7n T + 0.911990CanFT7 — 0.333037Crn3T# + 0.0766956n 17

dabcddabcd abed jabed
—-£ ) : (6.4)

s\ A r_OF
ds Sh_TA 197915 — ny~B_"F0.483964
* ( 7 ) < Nr " N

This result is given for an arbitrary representation R of the Wilson loop. In the QCD
context there two choices for the representation, namely R = A (gluons) and R = F
(quarks). For the normalization of the SU(N) generators, we follow the conventions of [73,
74], which are

detdyed  NP(N?+36)  dpeld’  N(N?+6)  dpeldpe’  N*'—6N?+18

Ny 24 ’ Ny 48 ’ Ny 96 N2 ’

1 N2 -1
— Cy=N Cr =
27 A 5 F IN )

Tr = Ny=N?-1, Np=N. (6.5)

We remark that if one retains only the leading transcendental pieces of the QCD result (6.3),
i.e. the transcendental weight 2(L — 1) pieces at L loops, and switches to the adjoint
representation R — A, then one recovers (6.1), as expected [75, 76].

7 Conclusion and outlook

In this paper we computed analytically the non-planar part of the cusp anomalous dimen-
sion in N = 4 super Yang-Mills at four loop. Our result agrees with the previous numerical
results of refs. [37, 38]. N = 4 super Yang-Mills is expected to be integrable, and there
is considerable interest in finding ways to solve the theory. The planar part of the cusp
anomalous dimension is successfully described by integrability [29], with important input
from perturbative calculations [77]. We expect that our result, which constitutes the lead-
ing non-planar contribution to this quantity, will be an important reference value for future
integrability studies.

As was mentioned in the Introduction, the cusp anomalous dimension controls behav-
ior of the DGLAP splitting functions close to the end-point, or equivalently the large spin
asymptotics of twist-two anomalous dimensions, v(.S) = 2@ ¢usp log S+ O(S?) [6]. Using the
obtained result, we can predict nonplanar correction to these anomalous dimensions. At
present, nonplanar corrections to «y(.S) are known for lowest value of spins S = 0,2,4,6,8
both in N' = 4 sYM and in QCD [50, 78-80]. These expressions exhibit an interesting
structure and several conjectures have been formulated about the possible form of non-
planar corrections to (.S) for arbitrary spin S. It would be very interesting to find such
a formula. Our result provides the large spin asymptotics of v(.S) and it can be used to
constrain an ansatz for this function.

Having the result in N' = 4 super Yang-Mills, we derived the value for the purely glu-
onic quartic Casimir contribution to the cusp anomalous dimension in QCD. The analytic
value we computed agrees with the numerical result of ref. [40]. Our result provides the
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last missing ingredient for the full four-loop result in QCD. By assembling the known terms
from the literature, together with our new result for the gluonic quartic Casimir term, we
presented for the first time the complete result for the four-loop cusp anomalous dimension
in QCD, for an arbitrary color representation of the Wilson lines.

For convenience of the reader we provide supplementary material with our paper that
contain the results for F'(z) given in eqgs. (4.1)—(4.5), as well as the result for the cusp
anomalous dimension in N =4 sYM, eq. (6.1), and QCD, egs. (6.2) and (6.3).

Note added. After our article appeared publicly on the arXiv our result for the four-loop
cusp-anomalous dimension in N' =4 SYM was confirmed independently in ref. [81].
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