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ABSTRACT: We study the crossing equations in d = 3 for the four point function of two U(1)
currents and two scalars including the presence of a parity violating term for the s-channel
stress tensor exchange. We show the existence of a new tower of double trace operators
in the t-channel whose presence is necessary for the crossing equation to be satisfied and
determine the corresponding large spin parity violating OPE coefficients. Contrary to
the parity even situation, we find that the parity odd s-channel light cone stress tensor
block do not have logarithmic singularities. This implies that the parity odd term does
not contribute to anomalous dimensions in the crossed channel at this order light cone
expansion. We then study the constraints imposed by reflection positivity and crossing
symmetry on such a four point function. We reproduce the previously known parity odd
collider bounds through this analysis. The contribution of the parity violating term in the
collider bound results from a square root branch cut present in the light cone block as
opposed to a logarithmic cut in the parity even case, together with the application of the
Cauchy-Schwarz inequality.
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1 Introduction

Conformal field theories (CFT) have been very well studied, particularly in d = 3, where
they have been central to the understanding of several important phenomena in both
condensed matter physics and holography [1-6]. The three dimensional CFTs are special
in the sense that presence of a Chern-Simons term means that we can consider theories
which violate parity [7, 8]. Conformal invariance then completely fixes the three point
functions of operators, two U(1) currents and a stress tensor, for example, in such theories
upto two parity even and one parity odd independent parameters. Consider the three point
function of two conserved U(1) currents and a conserved stress tensor,

<]]T> = nf; <]]T> free boson 1 nif <jjT>free fermion + Dbj <]JT> parity odd>

where (.. .)free bosons (- - -)free fermion denote the correlator a real free boson and a real free
fermion respectively [9], while (...)parity odd refers to the parity odd structure [10]. The



numerical coefficients ng, ngc correspond to the parity invariant sector, while p; is the parity

violating coefficient. The parity violating structure is unique to d = 3 and it appears only
for interacting theories.

Constraints on the parameter space of three point functions of CF'Ts were first studied
for d = 4 in [11]. The authors consider localized perturbations of CFT in Minkowski space
which spread out in time. The energy measured in a direction, denoted by 7, is defined by,

oo
E; = lim 7’/ dt n'T}(t,rn), (1.1)
r—00 oo

where r is the radius of the circle on which the detector is placed and 7 is a unit vector
which determines the point on the circle where the detector is placed. The expectation
value of the energy flux measured in such a way should be positive for any state. This led
to constraints on parameters of three point functions (I'T'T) and (JJT') [11]. This analysis
was generalized to higher dimensions in [12, 13]. The central assumption to the collider
physics analysis is the average null energy is positive over any state.

Particularly, for d = 3, the collider bounds constrain the parameters to lie within a
circle on the (o — ag) plane [14].

of +aj < 4,
J J
ag = —M aj = Al (1.2)
() + n3) () + )

Chern-Simons theories coupled to fundamental matter were shown to saturate this bound,
that is they lie at the boundary of the disc [14, 15]. These bounds were obtained using the
assumption of the positivity of the average null energy condition for interacting theories
which were recently proved in [16]. This proof was based on monotonicity of relative
entropy.

On the other hand, causality considerations of the Lorentz invariant Minkowski CFT
can lead to non-trivial constraints on the OPE data of the CFT [17-25]. In [17], the
authors consider a four point function of scalar operators. The crux of the argument relied
on the fact that well-behaved Euclidean theories are in one to one correspondence with
causal Minkowski theories. Starting from an Fuclidean correlator, one gets all possible
Lorentzian correlators with desired time-orderings by analytic continuations. Singularities
of the Euclidean theories continue to be the singularities of the Minkowski theories but
now there are branch cuts appearing in the Minkowski theory exactly at the light cone. A
diagnostic of a causal Minkowski theory is the fact that commutators of operators must be
vanishing at space-like separations.

(WI[O(x),00)][¢) =0,  2*>0. (1.3)

It is easy to see that this commutator becomes non-zero when one operator crosses the
light cone of the other and not before that. This imposes restrictions on the behaviour of
the analytic continuations of the Euclidean four point function (¢(0)O(z, 2)O(1, 1)1(0)).



In short, reflection positivity and crossing symmetry ensures that certain Minkowski corre-
lators, often referred to correlators on the second sheet are analytic within a specific region
of the complex (z, Z) plane and cannot grow faster than the Euclidean correlator (correlator
on the first sheet). The resulting sum rules constrains the product of OPE coefficients ap-
pearing in the light cone expansion of the aforementioned correlator. This was generalized
to stress tensor exchange corresponding to spinning correlators in [26]. The light cone limit
of spinning correlator for stress tensor exchange is obtained using the differential operator
formalism outlined in [27]. Analyticity and reflection positivity properties of the Euclidean
correlator were used to obtain constraints on the parity even parameters of the three point
functions (JJT) and (TTT) in d > 3. The analysis of the parity even parameters of the
spinning correlators involved a non-trivial bootstrap decomposition of the correlator into
sum over composite operators in the dual channel to reproduce optimal bounds. The re-
lationship between causality analysis of the Lorentzian theory using bootstrap arguments
and average null energy condition, as used by Maldacena et al. was understood in [19].
Any Lorentz invariant unitary quantum field theory obeys the average null energy condi-
tion. The collider bounds are a direct consequence of this. This also produces the optimal
bounds for the spinning correlators without having to resort to any subtractions as done
in [26]. The method however bypasses solving the crossing equations or the anomalous
dimensions of the high-spin composite operators in the dual channel.

In this paper we study the modifications to the crossing equation due to the presence of
the parity violating terms in the three point functions of (JJT') via light cone bootstrap [28]
and extend the causality arguments of [17, 26] to parity violating theories in d = 3. We
consider the following four point function

(JH (1) " (z2)p(23)P(23)). (1.4)
Let us define the cross ratios
_ 37%29%4 _ 37%495%3 (1.5)
=72 .2 =2 .2 :
T13To4 Ti3To4

In [28], the authors have studied crossing the implications of crossing symmetry of this four
point function in the parity even sector. The s-channel defined by the limit v < v, while
the t-channel is defined by the limit v < u. The contribution of the identity in this channel
can be accounted by the presence of the following two towers of composite operators of
spin [ in the ¢ channel.

[l = T (0*™)0py Oy -+ - Opuy_, b, o] = D¢ + 1+ 2n, (1.6)
[jﬁb]nl = Ekup‘]uap(a%)amam Oy Ga — Ag +2+2n.

Here Ay is the conformal dimension of the primary ¢. The OPE coefficients of these
operators corresponding to the three point function (J¢[j¢]) and <J¢m where found
using crossing symmetry. The contributions of the parity even stress tensor exchange in
the s-channel are proportional to log(v) and these terms imply anomalous dimensions for

operators in (1.6). A brief review of the implications of the parity even sector is given



in beginning of section 3. In this paper we study the implication of crossing symmetry
due to the parity odd sector of the stress tensor exchange in the s-channel. We find that
the parity odd contributions due to the stress tensor exchange in the s channel of the
four point function in (1.4) introduces additional terms in the bootstrap equations. We
show that the crossing symmetry implies that the presence of a new tower of ‘parity-odd’
composite operators Or; of spin | and twist 7 = Ay + 1. We evaluate the corresponding
OPE coefficients, these coefficients are proportional to the parity odd term p; of the stress
tensor exchange in the s channel. The results for these OPE coefficients (J¢O) are given
in (3.39).

The parity odd as well as the parity even block for the stress tensor exchange in the
s channel are obtained using the embedding formalism developed in [27]. The input to
obtain these blocks is the scalar conformal block but with certain shifts in the conformal
dimensions of the external scalars. Then the spinning conformal block is obtained by the
action of certain differential operators on the scalar conformal block. One of the important
observations we make is that the leading contribution from the parity odd stress tensor
exchange does not involve any terms proportional to log(v) unlike the parity even sector.
This is because the seed scalar conformal blocks for the parity odd and parity even sector
are given respectively by

even 1 5 5
9 (w0) = L - 178, (2,2,5; | ) , (17)

G, v) = VL= (19)
(Vo+1) Vv

Note that in the limit © — 0,v — 0 the parity even block contains log(v) terms while the
parity odd does not. Due to this absence of the log(v) terms in the parity odd conformal
blocks there is no contribution to the anomalous dimensions of composite operators in the
t-channel. Since our analysis of the parity odd blocks is at the leading order in the light
cone limit, this observation of the absence of the contribution of the parity odd terms to the
anomalous is true at the leading order in the light cone expansion. It will be interesting
to study whether sub leading terms in the light cone expansion of the parity odd term
contribute to the anomalous dimensions in the corresponding double trace operators.!

We then consider the constraints imposed by reflection positivity and crossing sym-
metry on the four point functions of two U(1) currents and two scalars. We show that the
parity odd term contributes to the conformal collider bound through the Cauchy-Schwarz
inequality. The two bounds we obtain can be summarized in the figure 1 on the next page
(page 5).

The bounds obtained using the naive the bootstrap analysis is not optimal, it results
in the larger circle in figure 1. The optimal bound given in (1.2) which agrees with that
from the average null energy condition results by appropriately isolating the contribution
of the two classes of composite operators labelled by different twists as done earlier for
parity even theories by [26]. Furthermore we note that the nature of the singularity of the

light cone limit of the Euclidean parity odd correlator on the second sheet is different from

We thank Tom Hartman for raising this point.
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Figure 1. Comparative study of bounds.

that of the parity even one. To make it more precise, let us consider the light cone blocks
corresponding to the party even and odd OPE coefficients before applying the differential
operators given in (1.7). Conformal invariance allows us to choose the following kinematics
for our four point function

(e.J(0)p(z,2)p(1,1)e.J(00)). (1.9)

Under the analytic continuation z — ze~ 2™, both the blocks develop singularities on the
second sheet. While, for the parity even case, the origin of this singularity is due to
the presence of the logarithm term, for the parity odd case such a term is absent but
nevertheless the square roots in the denominator of (1.7) are responsible for the enhanced
singularity on the second sheet.

The organization is as follows. In section 2 and 3, we set up the differential operator
which correctly reproduces the contribution of the stress tensor block in the light cone
limit. The modifications to the crossing equation is discussed in section 3.2. In section 4,
we compute the causality constraints on the four point function of two U(1) currents and
two scalars.

2 Spinning correlator: JJT from ¢¢T

In this section we derive the parity odd contribution to the three point correlation function
involving two U(1) currents, j, of scaling dimension 2 (A = 2) and a stress tensor T'
(A = 3) [10] from the three point function of the stress tensor with two scalar operators ¢
with the same scaling dimension of the currents in d = 3 [9]. Following [27], the differential
operator required to obtain the parity odd JJT correlator from ¢¢T is given by,

(§(P1; Z1)j(Pa; Zo)T (P33 Z3) = (apl(jf)t + 5D1(:f)t) (d(Pr; Z1)(Po; Zo)T (P35 Z3)),
(2.1)



where we have expressed the correlators in the embedding space formalism.

DA (G(Py; 20)0(Po; Z)T(Pss Z3)) = (3{1} +4{2}).

Dl (0(Pr: 20)6(Py: Z2)T(Py: Z3)) = (8 {3} +4{4}),

where {E} is the differential basis and is given by [27]
=y —be13Has + 2e03Hy3 — 4ea3V1 23V3 12

{1} = 3 5
64(P1.P2)(P1.P3) (PQ.P3)

[3) = 10€13Ho3 — 6eaz Hiz + 4V3 12(5e13V2 31 — 2€23V1 23)

64(Py.Po) (P Ps3)3 (Po.P3)3 !

(3) = —2e13Ha3 + 6ea3Hy3 + 4€13V231V3,12
AP P) (PLPs P (Po. )8

{ZL} _ —10€23(H1 3 + 2V1 23V3,12) + 6e13Ha3 + 8e13Va31V3 12

64(Py.Py) (Py.P3)3(Po.Ps)? ’

(2.3)

where

Hy; = =2((Z:.2;)(P,.Fy) — (Z:.F))(Pi.Z5)]
v = Zb)(BBy) — (Zi-Py) (B By)
L (P]Pk) ’

€ij = (Pi.Py)e(Zi, Zj, P1, Py, P3). (2.4)

Note that P;s and Z;s are defined in a five dimensional embedding space. To project into
the real 3 dimensional space, one uses the following projection formulae

P' = (1,22, 2",

s gy Ly
Zt = (0,2;.2;, 21",
1
2
Pi.Zj — Zj.Tij,
ZZ‘.Z]' — 2524,

0 0 1 11

2 .2 5.2

E(ZZ‘,Zj,Pl,PQ,Pg) — 2.%’1'.2@' 21']'.2]' xry Ty T3] . (25)
K v P o Y
Z; Zj Ty Ty Ty

In order to compare it against the known structure of parity odd three point functions
in literature [7, 10] we re-express the building blocks of the three point functions in the
embedding space i.e. H;j, V; ji and €, in terms of the tensor structures used in [7]

— 4 p2

— 4 p2



Lo
Vigy = — 20810,
La3
3?%29523
Vog1 = Q2.
3531
.CU x
V’3712 = 23 31Q 1
12
5
i X X
s = 4 So(|zas]| .12!| 31 )’
7
S" T 5 X XI-
s = 4 3 (|23 |. 12]| 31|)7
1
3 5
e1s = —a2rlezllzizllza) (2.6)

1

where P;, ; and S; are defined in [10]. They are related to 151‘, Qz and S'Z in the following
manner,

P} = Plies. (2.7)
The three point function defined in [14] is given by,
Q%Sl + 2]52253 + 2]53252

|z12|z23|231]

(JiT) = p;
(2.8)

Using the identities in equations (2.6) and (2.5) in equation (2.1), we compare it with (2.8).
We use the following identity in getting rid of S; in eq. (2.8)

Q35 = (=2PF + Q1Q3)S; + (—2PF + Q1Q2) 5. (2.9)

We find that,

(P 2Py Z2)T (P Z5) = 120 (D + D) (6P 20)0(Pos Za)T (s Zs))

(2.10)

1152

3 Spinning conformal blocks and crossing symmetry

The spinning conformal blocks for two U(1) currents and two scalars can be formally
written down as follows,

H(z,2) = (j(P1, 21)j (P2, Z2)p(P3)p(Ps)),
B P,.P, o012 P,.P, Loss ZA \ Z Qk Z“P)GAl ,Az,Az, A4(u’w)
PPy P,.Ps 707900 —2P,.P,)> (01+02)(_2P3,P4)%(03+04)’

P,.P,P3.P, P,.P,Ps.Py
RS Lo L LI e bt ) (3.1)
P, P3Py P, P, PPy Ps




where o; = A; +1;. Géﬂ;AzA&m (u, w) is the conformal block corresponding to exchange of

operator O and Qs are tensor structure that appear due to the external spinning operators.
It will be convenient to define another cross-ratio v, where
U

v= (3.2)

We will be using both the sets (u,v) and (u, w) throughout the paper. The spinning confor-
mal block is fairly complicated and in practice we will need the leading two exchanges for
our purpose. This was achieved in [27], by applying the differential operator correspond-
ing to the three point function of the two external operators and the exchanged operator
onto the scalar conformal block. Assuming the lowest twist operator after the identity
exchange is the stress tensor, the resulting spinning conformal blocks in the embedding
space formalism are then obtained from the scalar blocks in the following manner [27, 28],

a1 Hyp AT
JP3 P a0
121734
_|_ S

(4(P1, Z1)j (P, Z2)p(P3)p(Py)) = C (Deven — Dodd)Wr(A, A, Ay, Ay)

(3.3)

where the first term is the identity exchange, and Deyen and Dyqq are the parity even
and parity odd operators respectively corresponding to stress tensor exchange. The pre
factors have been fixed by comparing the leading term in the conformal block at the limit
u — 0,v — 1 with the following

(J(0)J(20)d(2,2)p(1,1)) ~ (J(0)J () T'(1,1)). (3.4)

The s-channel scalar block with operator O, with dimensions Ap and spin lp, ex-
changed in the embedding formalism is given by,

PQ.P4 %Am Pl.P4 %AM GE,)AMA%AS’AM(U,U))
PP, P,.Ps (Pl.PQ)%(AH_AQ)(P3.P4)%(A3+A4)

Wo (A1, Ag, Ag, Ay) — (

1
(_2)%(A1+A2+A3+A4) ’

X (3.5)

_ P1.P,P3.Py _ P.PoP3.Py o\ 2 (A14+Ax+Az+AY)
where u = FEpEp and w = pEEEEEE and the factor (—2)2 has been

introduced to match with the scalar block in projected coordinates. The parity even
operators are given by,

3C
DevenWr (A, A, Ay, Ay) = a3 ((2)\jjT—87TJ> D11D22+(2)\jjT—

9C;

87r) D12D21_2>\jjTH12)

1,1
XY Wr(A, A, Ay, Ay),
(3.6)

where \j;7 and C; are the two independent parameters of the three point function of
(JJT). They are related to the parametrizations of [9] as follows,

c= )‘jjTu ZSd(c + 6) =Cj. (37)



The normalization factors ay, ay are fixed by matching it with the two point function in [9].
a1 = g = 1 (3.8)

The three point function coupling Ag¢r has been fixed as follows. From [28] the three point
function of two scalars and a conserved stress tensor in embedding space is given as follows

‘/232
(Pra)(2e7175) (Prg) (571 (Pyg) (5+1)

($(P1)p(Po)T(Z3, P3) = Ao (3.9)

We demand that in projected coordinates, this matches with the three point function of [9].
Agyd \ B Ayd
d—1)sq’ YT T T (4 = 1)sg/anCr

The normalization constant «g is fixed in the following manner. Starting from the three

Aoor = — (3.10)

point function (¢p¢T) (after stripping off 5\¢¢T), we need to act the differential operator on
the three point function to get the (JJT') of [9]

as = 1. (3.11)

The parity odd differential operators are similarly given by,

7: .
DoaaWr(A, A, Ay, Ag) = _11]9;2 <D<3> +D<4>) Wr(A, A, Ay, Ay),
1,0 0,1
D® =8D1Dyy +4D1Dazy
0,1 1,0

D(4) = 8D2D12 Z +4D2D11 Z .
(3.12)

The explicit expressions for the differential operators are

Dy = (Pl.Pg)(Zl.aaPz) —(Z1.P) <P1‘66P> —(Z1.2) <P1 822> + (P1.27) (Zl 622> ,

D1y = (PlPQ) <Zlapl> - (leg) <P16P1> + (Z1P2) <Z1@Z1> ,
3 9 0 d d

Dl =€ <Z17P1>81317P276F)2> + € (Zl,Pl,ajjl’ZQ’azz) ,

~ 0 0 0 9

Da = (P Py ) +e (2P 2 )

(3.13)

The other two differential operators Do; and Dsy can be obtained from the above
equations by 1 <> 2. The operator Z“’b acts on the scalar block Wo(A, A, Ay, Ay) as
follows

a,b
D> Wo(A A Ay, Ay) = Wo(A+a,A+b,Ag, Ay). (3.14)



The action of the differential operators Deyven and Dogq are explicitly given in the ap-
pendix A.

Let us review the implications of crossing symmetry for the parity even part of the
four point function (J(P1, Z1)J (Pa, Z2)p(P3)¢(Py)). The crossing equation can be written
down, in embedding space, as follows [28]

Hyp ApsT
Cy +
pa,pyt VOr

_ t t 5 t t
= Phsle Dl Wi, (22,86, 80) + Py Pl Mia,, (2286 B9)

7,0

DevenWT(Qa 27 Ad)? Ad))

+ Z P[j:d)}'r,l ’y[j’(z)]ﬂ',l87ij7¢]7,lw[tj)¢]7',l (27 27 Ad” A¢)

T,

~ ~ ~ t ~ t ~
i, 5,9 P, Wi, (22 Ao Be)s

(3.15)

where Wy is given by eq. (3.5) and action of the differential operators Deyen (eq. (3.6)) is
given in appendix A. The ¢-channel scalar blocks W{, (A1, Ag, Az, Ay) are obtained from
eq. (3.5) by 2 <> 4. The first term on the Lh.s. denotes the identity exchange in the s-
channel while the second term denotes the first correction to identity. The identity exchange
produces the OPE coefficients P4 , and P -

7,1 [ 7¢]Tl
exchange is responsible for the anomalous dimensions 7;. Note that in three dimensions,

on the r.h.s. while the stress tensor

we have a unique DogqWr(2,2, Ay, Ay) contribution apart from the usual parity even one
which was discussed in [28]. For now we just review the parity even case, we will discuss
implications of this modification to the crossing equation in detail in section 3.2. The

presence of the operators D[ and Df » on the r.h.s. is due to the fact that crossing

J> T,

7¢]T
symmetry implies that the t-channel receives contributions from two families of double

twist operators with twists given by [28§],
[, Plrt = JI/(a%)amauz Oy, 9, Tl = Ap+1+2n,
[, 0)rs = €rup 0P (0°") 0 Oy - O by Ty = Do+ 2+ 20
(3.16)

We restrict our analysis to n = 0 (and therefore 79) cases. The operators D[j,¢>]foz and

D[j~ 4, , can be fixed by demanding that they reproduce the correct three point function
9 7'07
(Jo[J, ¢]) and the action of D[ Bl and Dl[tj}i’] on the blocks W (2,2, Ay, Ay) are given
b 7'07
as follows,
¢ _
I O R DY) [ (Ee SR S o))
t _ At
D Giflrgs Di D,

(3.17)

~10 -



where the t-channel differential operators ij and [?f, denoted by the superscript ¢, are
derived from equation (3.13) by the (2 < 4).

0
D3 = (P,.P3) (Z2 8P2> (Z9.P3) P2.a

- 0 0 0 0
t __ = 7 - .
Dl = € <Zl,P1,8P1,P4, 8P4>+6 <Zl,P1, 8Pl,Z4, 8Z4>7

~ 0 0 0 0
Dj =¢(Zs, Py, -, Ps, - Z, P Z
4 6( 2 278P27 3 8P3)+6 2 278P27 37aZ3>
(3.18)
The shifts ZZRJ and ZZL] are done as follows
2]
> WH(A1, Ao, Az, Ag) = WhH(AL Ay +1i, Ag + j, Ay),
R
i7j
ng(Al,Ag,Ag, Ay) = WhH(AL + i, Ay, As, Ay + §). (3.19)

We study and obtain the OPE coefficients F; 4 , and P[ o,

anomalous dimensions. We will be discarding the differential operators subleading in [ in

and obtain the respective

our discussion.

3.1 Parity even and odd

We solve the bootstrap equation in the limit © — 0, v — 0. By conformal symmetry, we
can put our operators as follows.

(e.J(0)e.J(00)d(2, 2)p(1, 1)),
u=(1-2)(1-2), v =2Z. (3.20)

In the limit u < v,? the closed form expressions for the scalar blocks for an exchange of
operator O of dimensions A,, and spin [, on the Lh.s. is explicitly known [29],

Im
GggAl,AQ:ASaA4)(u,,U) — U%(A _lm) ( 21 (]_ — U)>

<Am+lm+Az—A1 A+l + A3 — Ay
o F1

A+l —v ).
2 ’ 2 * )

(3.21)

2Here v = -

- 11 -



We evaluate the parity even operators on lL.h.s. by explicitly acting on the scalar conformal
block by the differential operators Deyen and Dygq. The details of this can be found in
appendix A. We now solve the bootstrap equation to leading order in v. This is formally
solved by summing over the r.h.s. conformal blocks corresponding to the two classes of
double twist operators at large spin [28, 30]. The closed form expression for the large spin
t-channel scalar block for exchange of operator of dimension A and spin [ on the r.h.s. is
given by,

Aj+Ay—Ag—A
A1,A2,A3,A \/Z2Z+TUT/2U . E 4K—AlJrAzfAS*Az; (2l\/’lj)
Géyh 2,43, 4)(v,u) — 2 . (3.22)

VT

Note that this is in t}lle limit v < v in the t-channel. We assume the structure of the OPE
A;B!

pY

—(a+1) 1 _ 1
/dllo‘Kl,(le) =T F< “2“ ”)r( +02‘+”). (3.23)

For simplification of computation, the sums are performed first over the scalar blocks

coeflicients to be . With this ansatz the sums are performed by the following integral

before acting on by the differential operators. Instead of directly acting on the parity odd
differential operators in eq. (3.17), we adopt the methodology used in [26, 31] to evaluate
the action of parity odd differential operators on the scalar block.

t t o ((A1,A2,A3,A4) (uv),(1,2) l (142),17.(213) v
Dy, Wi, (22 B Be) ~ G v%) (m RV >

v
(3.24)
where,
V)i, v 2 v
m = g — o () (wig)”
T3
g 2 (zi)* — a2 (25"
JACH L) - zj( kz) . 2zk(1 J) (3.25)
(a:ika;ij:z:jkﬁ
We obtain the following OPE coefficients and anomalous dimensions [28]
P JTC 2 B8 = p JrC 2B At
Ul — T(Ay) ) U:8la I'(Ag)
. _ 32)\¢¢T(3CJ — 87T)\jjT)F(A¢) - _ 64)\¢¢T(167T/\jjT — 3CJ)F(A¢) ‘
Ulrot = 35520, JOrIT (Ag — 1) Uil — 37520, /OrIT (Ay — 1)
(3.26)

The computation was done by looking at the polarizations (++) and (zz). We note that
the anomalous dimensions are a function of the party even OPE coefficients of (JJT'). The
anomalous dimensions are as a result of the matching the logarithms that one gets due to
the stress tensor exchange block on the 1.h.s. with the r.h.s. of the crossing equation. We

- 12 —



also note that while only the composite operators [j, ¢];; contributed to the (++) polariza-
tion, both [j, 4] ; and [j, ¢]-,; contributed to the r.h.s. sum for the (zx) polarization [28].

Schematically,
H (v, u) ~ H[tj?:;]—:l(v,u),
HE™ (v, 1) ~ H[tjif;]”ﬂl(v,u) + H[tm] l(v,u). (3.27)

This leads to a non trivial subtraction rule while evaluating the collider bounds from
bootstrap [26]. By demanding that the anomalous dimensions be negative [28], we obtain
the parity even collider bounds in d = 3. We have also checked that the crossing equation
is satisfied for (+—), (—+) and (——) polarizations.

3.2 Mixed operators

In this section we study the modifications to the crossing equations due to the parity odd
stress tensor exchange in the s-channel. The modifications to the r.h.s. of the crossing

equation due to the presence of the parity odd term on the Lh.s. is as follows

o, Hy ApoT
P3Pt VOr

=D Pl Dl WV (22,80, M)+ Py Dl WH2,2,84,8y)
7,0 .

(Dcvcn*Dodd)WT(Qv 27 Aqﬁa Ati))

+ Z P[j7¢]7,17[j7¢]7—,laTij,d)]T,th(Z 2, Aqbv A¢)+P[j:¢]ﬂl')/[j:¢]7,l8—7—ij:¢]7,1Wt(27 2, A¢, Agb)
T,

+P’$Ll,7',lD;ln1W(t§(27 2u A¢, A¢)+Prln2,7,lD71nQW(t§(27 27 A¢7 A¢)
+P’3LI,T,l‘DT2T}W(%(27 2u A¢, A¢)+P73L2,T,ZD72712W(%(27 27 A¢7 A¢)v
(3.28)

where O are spin [ double twist operators with twist given by
To = 1+ A¢ + 2n. (3.29)

The operators D¥ are modifications to the crossing equations that have not previously
been studied. The differential operators are given to be

0,1 1,0
11 _ At ot 12 _ Pt
Dy, = D1Dys E ) Dy = D1Dy, E
R R

0,1 1,0
ngl = DZDIiQ Z’ D%f = DiDil Z :
L L
(3.30)

Their action on the scalar block is given in appendix C. an -5 are the OPE coefficients
corresponding to the respective differential operators. As we shall see their presence is
essential for the crossing equation to be satisfied in presence of the parity violating terms
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in eq. (3.28). In order to evaluate the contribution of the parity odd operators in the s-
channel to the crossing equation, we look at the polarizations (+z), (z+), (—z) and (z—).
For this choice of polarizations only the tensor structures corresponding to P 51 S are
non-zero and on the Lh.s., DevenWr(2,2, Ay, Ay) also drop out. Thus the 1nclus1on of
these extra structures on the r.h.s. is essential for the crossing equation to be satisfied.
Moreover we have also checked that the 1.h.s. parity odd conformal block do not contribute

to the corrections to the OPE coefficients P[j7¢]” and P -

bl . The crossing equation then

becomes
—AggT
VCr
Z Prlnl,‘r,lD'rlnlW(%(Qa 27 A¢7 A¢) + PT])-?,Q,T,ZD}T?W%(27 27 A¢7 A¢)
7,0

+P1311,T,ID72n1W(t§(27 21 A¢7 A¢) + P??@%T,ZD%"?Wg(Z 27 A¢7 A¢)7

DogaW(2,2, A4, Ay) =

(3.31)

where the operators Dms are given in eq. (3.30) , while the action of the s-channel Dygq
operators is given in appendix A.2. Note that the differential operators D,qq are funda-
mentally different from their parity even counterpart. Because of the asymmetric shifts in
the differential operators, the light cone block will therefore not have any logarithm term
corresponding to Dygq operator. To be explicit, let us look at the shifted blocks for both
the parity even and parity odd differential operator for stress tensor exchange, before the
action of the differential operator itself. In d = 3 the shifted block corresponding to the
stress tensor exchange in the parity even sector (u < v) is given by

Z G Ad)qub) U) _ G?’S’AWAM(U,U)

1 55
= Z\/a(v—l)%ﬂ <2 25 1—7)),

(3.32)

as u — 0,v — 0, this develops a logarithmic singularity. In contrast, for the parity odd
blocks we have closed form polynomial expressions for the shifted blocks for u < v.

0,1
S GEEAA) ) = GEHER) (0, 0)

2
= M. (3.33)
(WVv+1) Vv
This does not have a logarithmic singularity as u — 0,v — 0. Proceeding similarly as
before, with the epsilon tensors evaluated with the help of appendix B and the following
ansatz for the OPE coefficients,

n B 12 Bal®
m77—7l - 2l ’ m»Tyl - 2l
YiX Yol X2
137,];7',[ = ol ’ 7?12,7,1 = ol (334)
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we have for the (+x) polarization,

2pju%_A¢ )\¢¢T

VCr
_ —iB2TYTT (J(A-Ap+5)) T (3 (A+As+2)) uF(-A=8)y
- VT
iBy2 T (L(Ay— Ay +6)) T (L (AgtAy+1)) u (CAz=Bs—1)
+
NG
,Z-YQ_HT“%(_A“X_Q)U%(_A”T_”F (3(X=8447) T (5(X+A4+2))
\/77—
Y2 T (At —3)uz(TAemXam Dy 3 (CAHT-DT (L, - Ay +6)) T (L (Xo+Ay+1))
—1 ﬁ .
(3.35)
Similarly for the (z+) polarization we have
—2pjus =A% Ay
NN
| —iB(0-1)27T (HA- A7) T (H(A+Ag2)) ud A2 b a0k
— e
+.B2272+TI“ (%(AQ—AQS"FG)) T (%(A2+A¢+1)) u%(—Az—A¢—1)U%(—A¢+T—2)(A¢+T_3)
) N
Y2y (AN (FAHTI (L(X A 45)) T (3 (X +A,42))
+1
NG
o2 T (A0 AR (3(X5 = Ay +6)) T (5(Xa+Ap+1))
—1 ﬁ .
(3.36)
For the (—x) polarization,
2pju%7A¢)\¢¢T
O /o
 —i(=140) B2 (L(A-Ag+5)) T (A (A+A4+2)) uz (A=A =2)y3(-RsH7-2)
— Ve
.322_1—“—1—‘ (%(AQ—A(b—‘_G)) T (%(A2+A¢+1)) ’LL%(_AQ_A¢_1)U%(_A¢+T_2)
1 ﬁ
LA X9 LA, dr—
Y2 (A us AT D AR (XA 4)) T (5(X +8442))
NG
+,(2v_1)3f22—1+m%<—A¢—X2—3>u%<—%+f—3>r (L(Xo—2446)) T (L(Xo4+A4+3))
(3 .
N

(3.37)
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For the (z—) polarization,

2942~ Agor
VCr
_ iB2*2+T(—A¢+T+1)F (L(A=Ag+5)) T (L(A+A4+2)) uz(A-2 23 (- Bptr-2)
NG
L Ao—A,—3) L(_ ,_
+Z~BQ2_1+TF (%(AQ_A¢+6)) T (%(A2+A¢+3)) ug( As—Ay 3)1}2( Ay+7-2)
VT
Y2y (80X 2 (CAtT DD (L(X A 4+5)) T (L(X+A4+2))
7 N
Yp2 A X Dy AT D (X~ Ag6)) T (5(Xo+Ag+1)

. 3.38
+1 NG (3.38)
A solutions for these set of equations is obtained with ¢ 79 = Ay + 1 and
pll o _ _pn V2 B i Aggr 1520 —5)
m,T,l m,T,l T (A¢ _ %) \/CiTQZ )

2= 8¢+ Lin A, [(Be—4)
P2, - _p2 _ VT Pioor . (3.39)

e VT

The parity odd contribution on the L.h.s. of the crossing equation is fundamentally different
from its parity even counterpart. While as seen from the crossing equation eq. (3.15) and
discussions henceforth, the parity even part of the stress tensor exchange block contributes
at one order lower than the identity exchange. It is directly responsible for the anomalous
dimensions of the operators in eq. (3.16). On the other hand the parity odd terms are
responsible for a new set of OPE coefficients corresponding to the tower of operators O
(1 =14 Ag + 2n) in the t-channel exchange. The essential difference is due to the fact
that there are no logarithm terms at this order in the v — 0, v — 0 expansion of the
parity odd conformal blocks corresponding to the stress tensor exchange. A simple reason
for the absence of logarithmic terms in the parity odd block is that it can be considered as
a transition between a double trace operators of opposite parity in the ¢ channel. This is

an off diagonal term and logarithms occur only in the diagonal term on expanding v™.3

4 Positivity constraints

In this section we will study the implications of reflection positivity and crossing symmetry
on the euclidean four point function. Following [17, 28], we define in light cone coordinates,

G(2,%) = (e.J(0)6(2, 2)é(1, 1)e.J (00)), (4.1)

where, € denotes the polarization tensor associated with the currents. The ¢-channel stress
tensor exchange for this correlator, we can get from egs. (3.3), (3.5), (3.6) and (3.12) by

3We thank David Simmons-Duffins for this argument.
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the exchange of 2 <+ 4. The operators O1,03 and O4 have been inserted at a space like
separation 7 = 0, while the operator Oy is taken at an arbitrary euclidean time.

Tr1 = (0,0,0) Tr9 = (7’, yg,0,0), xr3 = (0, 1,0), Ty = lim (O,CL,O).

a—r 00

(4.2)

Under the exchange 2 < 4, using the projection formulae eq. (2.5), the cross ratios now
become,

2 .2 2 .2
L14232 ~ L1439

2 20 W= 55 (4.3)
T, T

13124 12043

=41

The light cone coordinates are defined as z = y +i7 and Z = y — i7. With the chosen
kinematics, the cross-ratios become,

_(1-2(-%) )

i=(1-2)(1-2),

£

zZZ

In this analysis we will be interested in the limit Z — 1 while z is held fixed. Note that this
limit is different from the limit used in the analysis of the crossing equation in the previous
section. Let us define

z=1+o0, z=1+no, (4.5)

where o is complex with Im(c) > 0 and |o| < R, while 7 is real and satisfies 0 < n < R < 1.
Excluding the origin, this is a small disc in the complex ¢ plane and we refer to this as the
region D. The light cone limit translates to 7 — 0 with o held fixed [17]. We define the
following normalized four point function following [28],

(J"(0)9(2, 2)¢(1,1)J" (00))

GO = T G ey
iy P00z, D01, 1) (00))
Ch'lo) = 00 2)(L 1)) |

(4.6)

Following [17, 28], we summarise the arguments for the bounds in the following manner.
The Euclidean correlator, eq. (4.6), has convergent expansions in the various OPE channels
(s, t and u-channels). The crux of the argument lies in the fact that, using reflection
positivity in s-channel and u-channel expansions, it can be shown that the correlator Gﬁ”(a)
is analytic in the region defined as D as well as

Re (Ggw(a) - Ggw(a)) >0, oel|-R AR

Using these two conditions we obtain a bound on the OPE coefficients appearing in the
t-channel expansion of eq. (4.6) in the light cone limit. We proceed by evaluating the

17 -



leading term in the ¢t-channel stress tensor exchange of @#V (o) in the light cone limit. The
light cone limit of the blocks G(u,w) for operator O(A,,, ) exchange are defined as [29],

~ Im
G(A1,A2,A3,A4)(a ’l]}) — ,&%(Am*lm) ;1 1_3
) 2 U~}

Ap A=A A+l +A3—A U
2F1< +l —21_ 1 15 +l ;— > 2)Am+lma]—_lf>a

(4.7)

where, A;s indicate the dimension of the scalar operators at position P;s after the shifts
due to the differential operators. For our purposes, we consider stress tensor exchange of
Ay =3, 1y = 2.

4.1 Parity even

In this section we present the analysis for the parity even collider bounds. We look at the
parity even part of the differential operator eq. (3.6) (to be precise with 2 <+ 4). For going
round the cut we apply the following analytic continuation formula

1_igl+ oF1(a,b;c;x + ie) = eZimlatb=c) , gy (a,b;c;x)
€

2inl(c)e™ (=) By (a,b;a + b — ¢+ 1;1 — )
Flc=a)l(c=bl(a+b—c+1)

z>1.
(4.8)

We have checked that applying the differential operators before going round the cut is
identical to applying the differential operators on the conformal blocks, after going round
the cut. Technically the latter is simpler and we look at the polarizations G*+ and G%*,
for which there is no contribution from the parity odd differential operators eq. (3.12). On
the first sheet, G and G** have no poles as 7 — 0 with o held fixed. On the second
sheet, the correlator GH” (o) is

A 2 2567,/ 8mAjjr — 3C
Gito) = tim —252 . B0 hoerBndyyr = 30)

a—oo  at 3204/ Cro ’
Npx . CJ 2561 ’17)\ T(CJ—S?T)\"T)
Gyt(o) = lim — — f¢(§4 ey
a—00 3m%a \/@O’
(4.9)
Ayd
where )\¢¢T == _M@%

We see that the correlators develop singularities on the second sheet after going round
the branch cut. The above expressions for ¢-channel light cone singularity do not lead to the
most optimal bounds. As illustrated using crossing symmetry in section 3, a subtraction is
needed and the reason for it is the following, if we consider crossing symmetry of the four
point function (JJ¢¢), we find that in the dual channel, the large [ limit is dominated by
two classes of composite operators indicated by two different twists given by eq. (3.16)% [28].

4Equivalently, the stress tensor exchange in the t-channel of (J¢@J) correlator is reproduced by an
infinite tower of composite operators in s-channel [26].
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For the polarization (++), the s-channel stress tensor exchange is reproduced in the dual
channel by just the symmetric composite operator of twist 7 = 1 + Ay but for the polar-
ization (zx), both the classes of twists contribute. Following [26], in order to isolate the
contribution of the antisymmetric part in G** | we subtract in the following manner. The
subtraction for the leading divergent part is = times G+ and the subleading contribution
is _71 times that of G*+. This subtraction scheme has been discussed in detail in [26].> One
aspect of this subtraction is that the it was only the relative normalisation of the G*t in
comparison with G** that [26] was careful about, since the over all normalisation was not
crucial. However to get the bounds including the parity odd we should also be careful of
the overall normalization of the subtraction. We will see that G** and G+ can be thought
of as inner products in radial quantization. Therefore the normalization on performing the
subtraction is given by

A 1A A++ a 1 A++
( ;;ﬁeading (U) + 1 G'r],leading (0)> <G7xyjtsub—leading (U) + 3 Gn,sub—leading (U))

1+ (1+3)

G (o) =
(4.10)

Essentially we have divided each of the subtraction by the sum of the coefficients linear
combination considered. This is what would one would expect to do if one thinks of Gee
and Gt as norms (see section 4.3 and in particular discussions around eq. (4.23)). We will
see that this normalisation prescription as well the subtraction procedure reproduces the
conformal collider bounds including the parity odd term as obtained using the average null
energy condition. Performing this subtraction together with the normalisation we obtain

; 2 2560 /A (ST A7 — 3C
G+ (o) = lim — 287 4 2500/ MAeor (8mAjyr = 3Cy)

a—oo  qa?t 3r2a*\/Cro ’
= . 2CJ 128i\/ﬁ)\¢¢T(167T)\jjT — 3CJ>
Gy (o) = 1 .
n (o) v 5a* + 3atn2\/Cro
(4.11)
In terms of the collider parameter introduced in, [11]
N  Cy(d—2)dr 5 (ag —d? +d) T (2) (41
T 4(d —1)3 ’ ‘
the contributions become
-2 32C i 2)/nA
G (o) = Tim Cy  32Cyiaz +2)y/n 60T
n asoo gt a‘n2\/Cro
- . 2CJ 320Ji(a2 — 2)\/ﬁA¢¢T
Gyt (o) = ali}ngo Fl Py o . (4.13)

Note that the normalization of the sub-leading term of (zz) polarization matches with the
(++) one. The subtraction together with the normalization in (4.10) ensures this.

®See section 4.1 and 4.4 of [26].
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4.2 Parity odd

In this section we study the contribution of the parity odd terms to collider bounds. We
derive the singular contribution of the parity odd conformal blocks in the light cone limit.
We note that the light cone limit of the shifted stress tensor exchange conformal block
appearing in eq. (3.6), are completely different from the ones in eq. (3.12). The difference
arises due to the asymmetric shift operators in the two different cases. Let us illustrate
with an example. Let us consider the ¢t-channel light cone block for stress tensor exchange
for a four point function of scalars in d = 3 The analysis is carried out by taking the limit
z — 1 first.

lim (@ @) = ~/(z 1)z~ D)(z — 1)%2F (5, D51 z> . (4.14)

z—1 4 2’2
As z — ze~?™_this develops a singularity in the second sheet due to the logarithmic branch
cut in the hypergeometric function. In contrast, for the parity odd blocks we have closed
form polynomial expressions for the shifted blocks in the light cone limit.

2 5 i
) 2 F <2,;5;1—~>
2 w

i)
()
i)

()

2

G3Bo:86:2) (g, 1p) = i\/qi <1 -

G2Re268) (4, ) = (4.15)

For the (j%¢¢jT) correlator, acting on by the differential operators we have (by apply-
ing 2 <> 4 to the structures in appendix A.2 and appendix D), before going round the

branch cut,
iijfdd 1 -
— = i(z—1)z
1152 9a4\/22(22—1)4p]( )

(2—1)(z—1) 1 (z (z322 (—2\/§+2+12> +2%7 (2 (—4\/5—4%5)

—28\/§+32> +z (* (25 (9\/5—16) —5) —18\/§+4> 4z (7\/5—3)
+4\/£—1)+2\/E)) ,

Cap It 1
1152 18a*y/zZ(27—1)

4225 (z (25 (\/5—6) —4\/§+5> —18\/§+32> tz (—28\/5
+z (42 (7\/72—8) —5) +12> +4/ 27427 (9\/5—2) —1) —2\/5) ,

pi(z—1) (z—l)(2—1)<2(2322(2+4)
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ip I3t

1
1152 <9a4\/ﬁ(z21)
+247) =25 (2VZE+4VZE+2-1) +8V25-T) +2\/E—1)+2\/§)> :

_ip1j1§2 B (18a4¢?i(zz_1)3pj2\/m\/g(2(2(z22
(2v75+2-9)+22(2(7-3V22 ) +8V25-T) ~16V25+9) +6vz5-1)

sV GG (2(= (=2 (-2ve

—2@)) .

(4.16)

Note that the singularity structure for the parity odd case is different from the parity even
one due to the absence of log z terms in the expression. Here it is due the presence of the
square root branch cut. To see the origin of the singularity of going round the branch cut
with the prescription z — ze~ 2™, let us examine the asymmetrically shifted scalar blocks
in (z,2).

%lgi G286:86:3) (7, 1) = 4(vz 13/)24_ (1*32—\/15)(5 — 1)‘ (4.17)

Under the transformation z — ze~ 2™, the above expression picks up a pole on the second
sheet, due to the square root in the denominator. We systematically apply this procedure
to the parity odd blocks given in (4.16). Parametrizing the coordinates z,z as given in
equation (4.5), we obtain the light cone limit of the parity odd sector

(4.18)

This pole structure is independent of the way the differential operators are acted on the
scalar block. We can perform the analytic continuation and then act on by the differential
operators or vice-versa. We obtain the same result for both the cases.

4.3 Collider bounds

Now we have all the ingredients to formulate our bounds using the sum rule. Following [17,
31] we use the arguments of reflection positivity to bound the four point functions that we
have obtained in the previous section. Let us begin by reviewing the sum rule that one

~ 91 —



gets for the scalar case [17].

o 00)(z 2)6(1,1)0(c0))
Gilo) = 00 >¢<1,1>> ’

(4.19)

One can construct the following state in radial quantization by smearing the ¢ insertion
over an unit disc [17].

_ / L / 7 8y £ (. 61)b(me™ e O0)]0), (4.20)
0 0

Reflection positivity states that (f|f) > 0. Reflection positivity of the correlator, eq. (4.19),
in the s and u channels allows us to write the following sum rule for the t-channel when
the exchanged object is a conserved stress tensor,

Re (G;(a) - Gf](a)> > 0,
72 do (~G300) + G(0)) =0, (4.21)

where the contour D is the closed region spanned by a semicircle S in the complex o plane
of radius R centering the origin. We can decompose the sum rule as follows

Re /S do (—G;(a) +(;;;(a)) = Re /_ Z do (G;(o) - G;(@) >0, (4.22)

where we have used the reflection positivity constraint in the second line. Note that the
contour is to be traversed in S is counter clockwise. The integral over S can be now used to
isolate the singularities in the C;’,SY (o). This works out in the following way. While leading
terms of Gy (o) and G (o) cancel each other, the subleading terms of G (o) are analytic in
o but the first subleading term of G%(O’) has a pole in ¢. The integral precisely picks out
residue of this pole and this leads to certain positivity constraints on the residue. Similar
arguments holds for the spinning external correlators. For reflection positivity, we consider
the following states

1 2m ) )
>:/ drl/ do, f (r, Hl)gb(rlewl,Tle_zel)j“eu(ONO}. (4.23)
0 0

The corresponding ket state involves the inversion operator I*(x) = nH” — 25‘% and this
leads to some additional signs which one has to be careful about [28]. Let us denote the
state created by the e = 1 as |+) state and that created by e, = 1 as the |z) state.
Reflection positivity implies that

(+[+) =0,  (z]z) > 0. (4.24)

This leads to the sum rules corresponding to eq. (4.13) [28]. We note that the reflection
positivity stated above cannot capture the parity odd coefficient. This is due to the fact
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that the parity odd blocks do not contribute in the light cone limit for such a choice
of polarizations. We now consider the positivity and analyticity of the following state
lv) = (]4+) + a|z)). Reflection positivity implies,

(W|v) ~ (+[+) + al{+|z) + o™ (z]+) + aa™(z]z) > 0,
~ Re (va(a) - c’;wv(a)) >0, oc[-RR.
(4.25)

Reflection positivity also implies analyticity of G+ and G** correlator in the region D,

ﬁ o (G;;v(a) - G*;;v(a)) —0. (4.26)

Separating this integral over the semicircle and the real line, and considering the real part
we obtain,

Re <— / do (G} (0) + G5 (0)) —a / do (~C*(0) + G (0))
+a / do (-Gg+(a) + ég+(a)) + aa® / do (—Ggf(a) + ézx(@))

~ Re <_ /_ z do (Gf*(0) = G (0)) ~a /_ Z do (G57(0) ~ G57(0)
R

+a* /R do (G?(U) — éﬁ(a)) + oza*/

B | do (Gf]’”(a) - G;x(a))> >0,

(4.27)

where the inequality in the final line is a consequence of reflection positivity for the G**
state. Minimising with respect to «, we obtain Cauchy-Schwartz inequality

Re (R"*R™ — R**R*") > 0, (4.28)
where R%s are described below.

No subtraction. Let us proceed at first naively and assume no subtractions and not use
the inner product constructed in (4.10). From equation (4.9) and (4.18) we obtain

R = —/Sda (—G;;"Wa) + CA?;'F(U)) ,

—32CJ\/77/\¢¢T(CLQ + 2)
T/ Cr ’

R = —/Sda (—G;””(J) + G;"”(U)) ,
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Figure 2. Circle with no subtraction.

R+ — /Sdo' (-Gfﬁ(o) + G§+(U)) ;

R — /S do (~G3*(0) + G3*(0))

_ 320J\/ﬁ)\¢¢’1"(*10 + 3&2)
31/ Cr '

(4.29)

Note that Age7 is negative and we have also scaled out the term a*. Putting these back
into eq. (4.28), we obtain

2\ , 6
<(12 - 3> + Oéj < 5, (430)
where we have used
2
2 J
2 _ . 4.31
%~ T6c? (4:31)

This bound is drawn in figure 2. The bounds that we get proceeding naively are not optimal
and do not coincide with that obtained using the average null energy condition. We do not
consider the subtractions as outlined in section 3.

Optimal bound. The optimal bound is obtained by taking the subtracted parity even
G* given in eq. (4.13). Our inequality therefore becomes

Re (R++Rm - R+$Rl’+) >0, (4.32)
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Figure 3. Optimal bounds.

where the individual components are described as,

R = - /S do (G (0) + C37(0))

*320‘]\/’7])\(;5(511(&2 + 2)
7w/ Cr ’

R** = —/Sda (—G:{x(a) + G:{x(a)) ,

R*T = /Sda (—G;x(o) + G’:]“”(a)) ,

R = /S do (~C57(0) + G37(0))

32CJ\/ﬁ)\¢¢T(a2 — 2)
T Cr '

(4.33)

Note that Ag¢7 is negative and as one would expect for a theory with no parity violating
terms, R* is positive. Putting these back into eq. (4.28), we obtain

a3 +aj < 4. (4.34)

This can be pictorially represented in figure 3.

These observations can be summarized in the figure 1.

Note that we have obtained the causality sum rules eq. (4.27) for different subtrac-
tion schemes in this section. We find that the optimal bounds coincide with the collider
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constraints evaluated in [14]. Obtaining this involved the subtraction symmetric traceless
tensor exchange in the (zx) component of the parity even contributions as well as a nor-
malisation as given in (4.10). Reflection positivity holds even after subtraction since all
we have done by the subtraction is to isolated the anti-symmetric tensor exchange. We
would like to have a more first principle method of arriving at the normalisation used
in (4.10). Performing the same analysis for the (TT'¢¢) to obtain similar bounds on the
OPE coefficients of the stress tensor will give us a clue.

Finally we note the fundamental difference between the nature of the singularity of the
light cone block on the second sheet for the parity even case and the parity odd case. While
for the parity even conformal block, it results from the logarithm of the hypergeometric
function, for the parity odd case this results from a square root branch cut. The absence
of logarithms at this order in the light cone expansion in the parity odd conformal block
can be technically understood as due to the asymmetric shifts in the scalar blocks due
to the Dygq operators of equation (3.12). This is also manifests itself in modifications
to the crossing equation, the parity odd corrections to the stress tensor exchange in the
s-channel give rise to new OPE coefficients (3.39) corresponding to a new class of double
twist operators rather than anomalous dimensions.

5 Conclusions

In this paper we have studied the modifications to the crossing equation for a four point
function of two U(1) currents and two scalars due to the presence of a parity violating term
in the stress tensor exchange in the s-channel. We find that for the crossing equations to
be satisfied, there exists a tower of new double trace operators in the ¢-channel. We find
the requisite differential operators which can give rise to such operator exchanges. An
infinite sum over such double trace operators reproduces the parity odd contribution in the
s-channel. We find that due to the structure of the parity odd blocks, such an exchange
contributes to the OPE coefficients rather than the anomalous dimensions of operators in
the t-channel. We also study constraints imposed by causality considerations on such a
four point function. We find that using reflection positivity and crossing symmetry we
can formulate a Cauchy Schwartz inequality which leads to the exact parity odd conformal
collider bounds that was studied previously [14]. For this purpose it was necessary to
look at the parity odd blocks in the light cone limit after certain analytic continuations.
The nature of singularity on the second sheet for the parity odd blocks is fundamentally
different from that of the parity even blocks [17, 26] even though the singularity structure
is the same. This again boils down to the differences in the structure of the party odd and
parity even conformal blocks which was responsible for absence of anomalous dimensions in
the crossed channel. Our results provide insight on how the constraints imposed on parity
odd three point function parameters by conformal collider physics emerge from reflection
positivity, analyticity and crossing symmetry. The fact that the bounds seen in collider
physics can be obtained this way resonates with the fact that any causal theory including
parity odd ones must satisfy average null energy condition [19] and hence the collider
bounds.
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There are several future directions. A naive generalization of this analysis to a corre-
lator of two stress tensors and two scalars should lead to conformal collider constraints on
the parity violating three point function of the stress tensors. Moreover similar to the four
point function considered in this paper, the crossing equation of the four point function
of stress tensors and scalars will be modified due to the presence of the parity violating
term in the stress tensor exchange in the s-channel. Differential operators for stress tensor
exchange in four point functions of four U(1) currents also have this parity odd term which
has not been considered before [28]. It will be interesting to see the modifications to the
crossing equation of this correlator because of the presence of the parity odd term.
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A Differential operators on r.h.s. for stress tensor exchange

The spinning conformal blocks have been expressed in terms of differential operators acting
on the scalar blocks eq. (3.5). There are two contributions to the final result. Explicit action
of the differential blocks on the scalar blocks can be grouped into parity even and parity
odd contributions.

A.1 Parity even

3C 9C
DevenW(2,2,A4,Ay) = a3 <<2)\jjT—87TJ> D11D22+(2/\jjT_87TJ) D12D21—2)\jjTH12>
1,1

XY W(2,2,A4,Ay)

3Cy even 9Cy even even
= <<2)\jjT—8 > 11 +(2)\jjT—8> 12 —2/\jjTl3 >
(A.l)

where the terms I$V*"s are given by

1,1
I = D1 Dy Y W(2,2,A4, )
(6%} 1

= (C2)5+5: (PP, (Py.Py)Be <(V1,23V2,1:>,—&-V1,24V2,14)Uwauaw—|—V1,23Vz,14(waw)2

+v1,24v2,13(uau)2—%f112 (u8u+w8w)) G520 R (0, w) (A.2)
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1,1
IS = D13Day Y W(2,2,A4, M)

Q@ 1 wVs 13V
N (—2);+A«> (P1.P2)3(P3.Py)2e ((1/1’231/2,13—1—‘/1?24%,14)uw8u8w+w(waw)Q
UV7 V, 1 3,A4,A
%(uau)%iﬂm (u@u—i—w@w)) GHP20 2 (u, w) (A.3)
1,1
I = Hip » W(2,2,A4,A)
- ag Hia 3,3,A0,0
T (=2)3+8¢ (Py.P,)3(Ps.Py)Ae Go (u, w)
(A.4)
A.2 Parity odd
DogaW(2,2, A¢, A¢) = 115; <D(3) + D(4)) W(2, 2, A¢, A¢)
= 1_125’:; (Ifdd T I:fdd) .
(A.5)
Where the terms IiOdd are given by,
1,0
Y = 8D1Dy Y W(2,2,A4,A)
_ 2€abcderP1bP§P2dP4€ P3Py \ 32 —-A
- <_(P1.P2)5/2P1.P3 (P2.P35)2 (Py.Py)3 (Pl.P4) (Ps.Pa) ¢

(wPl.Pg,Pz.P4 (132.133132.134131.22 (38MG(3’2’A¢’A¢’>(u, W)+6uBu B G225 20 (4 w)

+4w (3812”G(3’2’A¢’A¢)(u, w)

+wds GE2EeR0) (4 w)4ud, 02 G332 Re) (y, w)))—P1.P2 (2P2.P4P3»Zz
(2w283,G(3’2’A¢’A“’)(u,w)+9w83)G(3’2’A¢’A¢)(u,w)

+68wG(3’2’A¢’A¢)(u,w))—|—P2.P3P4.Z2 (—38wG(3’2’A¢’A¢)(u,w)—2w8§G(3’2’A¢’A¢)(u,w)
+6Udy 0,y G322 29 (4, w)

+4uw8u8,2UG(3’2’A¢’A¢>(u,w))))+uP1.P4P2.P3 (PI.PQ (2P2.P4wP3.22 (8u8u,G(3’2’A¢’A¢>(u,w)
+2u858wG<3’2’A¢’A¢)(u,w))+P2.P3P4.Z2 (38MG(3’2'A¢‘A¢>(u,w)+4u (363G(3’2’A"”A"’)(u,w)
Fudi GO AR (u,w) ) ) )

— Py PyPy PuPrZs (0,632 50%9) (u,0) 4200,0,G 755 (u, w)

+4y (28ZG(3’2’A¢’A¢)(U, w)

w0, G308 (u, w) Fud G AR (u, “0)))))
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Igdd

abede 25 PP PSP Z5 [Py P, -
+ <_ 86(ij P22) 5/12P32 ;’3 : \/E(Pg.ﬂx) Ad’wawG(s’Q’Ad)’Ad))(u,w))

deqpede 23 PP PSPYZE [Py P, B
+ ( 6(1;35.]322) 5;2;2.1234 ! \/E(Pg.&) Ay (G(3,2,A¢’A<ﬁ)(u7w)_QuauG(S,Z,Ad),Ad))(u,w)))

4€abcdeZgP1bPAfP§iZf

(P1.Py)3/2Py.Ps (Pi.Py) 2 Py. Py | P25t

+

(P3.Py) 24 (Pl.Png.P4w (361,)6:(3*2’%%)(% w)+2wd2 G 2R 20 (4, w))

—P1.PyP>.P3u (auG(B’Q’Ad”Ad’) (’LL, w)+2u8§G(3’2’A¢’A¢) (u, w)))

1

>< 75
(~2)3 72

(A.6)

0,1

= 4D1Dss > W(2,2,A4,A4)

eabcdezlaplbp?)cPQde (PI-P4

<(P1.P2) 5/2 (P1.Ps)2 (P1.Ps)®P2.Ps PQ.P4> (PP 5 (PQ'P‘* (ProPo) (- w)

(Py.PyPy.Zs—P1.PyPy.75) (36‘wG<2’3’A“”A¢)(u, w)-+4w (383G(2’3‘A¢’A¢>(u,w)
+w8§uG(2’3’A¢’A¢>(u, w)))

+P\.P,P,.Pu (132.133132.104131.Z2 (—36uG(2‘3’A¢’A¢)(u, w)—2ud2 G268 (4, )
+w (auawG<2’3’A¢’A¢>(u, w)
—wauaiG(2’3’A¢’A¢)(u,w)+u838wG(2’3’A¢’A¢)(u,w)))+P1.P2 (2P2.P4wP3.Z2
(020, GP205) (u, w)

+2w8u85)G(2’3‘A¢’A¢>(u,w))+P2.P3P4.Zg (38UG(2‘3’A¢’A¢)(u,w)
—6wDL WG PR R (4 w)+2ud G PR (y, w)

— w00, G205 (u,w)) ) )42 (P1P1) *Pa. P (Po.Py Py Za— Pr. Py Py, 22)

(68uG(2’3’A¢’A¢) (u, w)

) (gaic:@’?’*%vﬁw(u, w)+2ud3GE3R6 80 (4, w)))))

N eavede ZE PP PSPLZE PPy
(P1.P2)5/2P, .PsPy.PyPy.P3 \ PPy

(Pl.P4P2.P3u (6uG(2’3‘A¢’A¢)(u, w)+2u8§G<2’3’A¢’A¢> (u, w)) —P1.P3P>. Pyw

(0u G259 (1, w) 4208, G40 B9 1, w>)))
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dd
I3

a pb pc pd e
+ 26ab6d8Z2 Pl P4 P2 Zl (P3P4) 7A¢ <P1.P3P2.P4 (w (2w8§,G<2’3’A¢’A¢)(u7 w)
(Pl.P2)5/2P1.P3 i;lp;z (PZ-P4)2

— 0, G R0 Re) (u, w)) INICR I (u, w)) —P,.P,P>.Psu (38uG(2‘3’A"”’A¢) (u, w)

+2u83G(2’3’A¢’A¢) (u, w)))

1

>< 75
(~2)3 72

(A7)

0,1

= 8D:D1 > W(2,2,A4,A4)

2EabcdeZ§P1bP36P2de (Pl-P4

32 (py.Py) ~29
((Pl.P2)5/2(Pl.P3)2(P1.P4)3P2.P3 P2.P4) SEREY

(132.134 (P1.Ps)2(~w) (131.134132.21 (6wG<2’3’A¢‘A¢’>(u,w)+2u8u8wG(2‘3’A¢’A¢)(u, w)

+dw (265(:(2*37%%)(% w)

+wds G202 (y w)4ud, 82 G5 AR (y, w)))—Pl.P2P4.Z1 (38wG(2’3’A¢’A¢)(u,w)
+dw (305,628 (u, w)+wd, G35 (u,w)) ) )+ Pr.PuPr. Pou (Pr. Py
(2P2.P4wP3.Z1 (auﬁwG(Q’g’A‘/”A¢)(u,w)

+2w3u3§,G(2’3’A¢’A¢)(u,w))+P2.P3P4.Z1 (38uG(2’3’A"”A‘7’)(u,w)—6w8u8wG(2’3’A¢’A¢)(u,w)
+2u85G(2’3’A¢’A¢)(u, w)

—4uw8§8wG(2’3’A¢’A¢>(u,w)))+P1.P4P2.P3P2.Z1 (33uG(2’3’A¢’A¢)(u,w)
—|—6w(9u8wG(Q’g’Ad’’A‘b)(u7 w)

+4u (33ZG(2’3’A¢’A¢)(u, W) +wd2 0y GH326:26) (4 w)4udp G232 68 (y, w))))

—2P.P (Pl.P4) 2P2.P3UP3AZl <63uG<2’3’A¢’A¢)(u7 ’LU)+U (98§G(2’3'A¢’A¢)(u, w)

+2u83G(2’3’A¢’A¢)(u,w)))))
abeae ZS PPPSPSZ5 [Py P. _ f
* (‘&(3»? e\ B PP AeﬁuaqLG(Q’*%*%)(u,w))
4EabcdeZ§P1bP46P2de Pl.P4 —A (2,3,A4,A4)
+ ( (PL.1») /2Py P PP (P3.Py) "7 (G $:20) (y, w)

—200, GHHA 2 (u, w))
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dd
°° =

deapede Z3 PE PSP ZE _
+ Cabed 272747371 (P3P4) Ad) (Pl.P3P2.P4w (6wG(2’3’A¢’A¢)(u,w)

(P1.P2)3/2 Py P3Py Py | g-pt (Po.Py) 2

+2wd2 G E3 B2 (y, w)) —P1.P1P>.Psu (38uG(2’3’A¢’A"’) (u, w)+2ud2G 2326 26) (4, w)))

1
X5 A
R
(A.8)

1,0

4D2D11 Z W(27 2, Ad>7 A¢)

€abede 23 PP PS Ps PS ( PPy

3/2 (p, p,) 2
((Pl.P2)5/2P1.P3(PQ.PS)Q(PQ.P4)3 P1.P4) (Ps.Fa)

(Pl.Png.R;w (131.P2 (2P2.P4P3.Z1 (QwQQiG(S’Q’A‘f”A‘f’)(u, w)+9wd2 G3HA 2 (4, w)
+60,GE 2R (y, w))

+P3.P3Py. 7, (738wG(3’2‘A¢’A¢>(u,w)72w83jG<3’2’A“”A¢)(u, W)+6udy 8 G229 29) (4, w)
+4uw3u830(3’2’A¢’A¢>(u,w)))

L P\.PiPy.PsPy. 7, (38wG<3’2’A¢’A¢)(u7 W)+ 2wdR GO 2R (3 )

i (=0,0,G> 55 (u, w)

B2 GEBAEDD) (1 1) 4 udP Dy GO 2D D) (g, w))))—2 (Py.Ps)% (P2.Py) *wPs. 2
(6(‘9wG(3’2’A¢’A¢)(u7 w)

+w (QE)iG(S’Z’A¢’A¢)(u,w)+2w8§UG(3‘2’A¢’A¢)(U, w)))+P1.P4P2.P3u (Pl.P4P2.P3P2.Zl
(30,6502 (u,w)

+4u (38§G(3’2’A¢’A¢)(u, w)+u62G(3’2’A¢’A¢)(u, w)))—Pl.Pz (2P2.P4wP3‘Z1
(020,625 29 (u,w)

+2u838wG<3’2’A4”A¢)(u,w))+P2.P3P4.Z1 (38uG(3’2’A¢’A¢)(u,w)+4u (383G(3’2’A¢’A¢)(u, w)
AT ))))
a pb pc pd e
n 2€abede Z3 PY P35 Py Z3 [ P2 Py (P3.P;) ~2¢
(Pl.PQ) 5/2P1.P3P2.P3P2.P4 Pl.P4

(Pl.P(;PQ.P4’LU (8wG(3’2’A¢’A¢) (’LL7 w)+2w83,G(3’2’A‘7”A"’) (U, w)) —P1.P4P2.P3u

(auG<3’2’A"”A¢) (u, w)+2u8§G(3’2’A¢’A¢) (u, w)))
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Py.Py
P, Py

+ 2€abcd8Z§P1bP4€P2dZ16
(Py.Py)5/2 (Py.P;)2P5.Ps

(P3.Py) ~ 2

(PlAP4P2.P3 (u (2u83G(3’2’A¢’A4’) (u, w)—B, G2 R020) (4, w)) +GBE2R080) (y, w))

—P,. P3P . Pyw (38wG(3’2’A¢’A¢) (u, w)+2w8iG(3’2’A¢’A¢) (u, w))))

1

>< 75 .
(—2)§+A¢

B Epsilon tensors

For polarisations corresponding to (j*j 1 ¢¢), the epsilon tensors are,

CabereZ{ PYPS P P =

GabcerSPIbPSfPQfPf
Cavefe 23 PY P PY Z§
a pbpcpf e
6abcer2PlP4P2Z1
a pbpcpf e
6abcer2Pl]D4P3Z1

fabcerSLPQbPALCPSfo

For polarisations corresponding to (57 j%¢¢)

€abefe 25 PY PSPy Py
fabcerELPIbPBCPZfPf

zapbpepf z¢
€abcfelo 173179 49

zapbpepd z¢
€abcfeso 14479 41
€onope 20 PP PEPT 76
ancbe4o 41474473 41

eabcerSPQbPAfP;Zf

(A.9)
_ (a—1)a(z—2)
24 ’
=0,
_ (a - 1a
_ ai(a.— z)’
_ az —z(a+z—-1)
_ _(a—l)(z;l)(a—z) (B.1)
0,
(a—1)a(z —2)
21 ’
(a - l)a’
az(Z.— a)’
z(z - 1)’
(a—1)(a(z—1) — 22+ 2) (B.2)

For polarisations corresponding to (j~j%¢¢)

Gabcerilplb‘PiSCPQfPf

6abcf€ZSP1bP§P2fPf

0,
(a—1)a(z —2)
21 ’
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€abefe Z PYPSPY 7§ = ~———=

Caper 0PI PP 76 = 222 7

abefefo L1yl o £y — )
a pbpepfrre

€abefelo Py Py Py 27 = ————,

EabcergPSszpngf = - (B3)

For polarisations corresponding to (j*j~ ¢¢)

€apefe 23 PY PSPy PY = : ,
€apese 23 PYPS P PY = 0,

€apefe Z3PIPS Py 78 = -2 /7

€apefe Z3PIPSP) 28 = - 20

—Zla+z)+az+ 2
R e P — z 3

(a—1)(z—=1)(a—2)

EabcergPSszPng — i (B4)

t
C Action of D[J’d)]ml

In this section we study the effect of differential operators D[ 4], , On the conformal blocks
J>Plrg.l
¢ - t
Dij g1 V(A5 Agy Ag, Bg) = <z TA, -1 Z+D12 Z)

<Z+A D44Z+D432> (Aj, Aj, Ay, Ag) .

(C.1)
The kinematics of the four point function is
J(0, Z1)J (00, Z2)9(2, 2)9(1,1)
=(1-2)(1-2), v=2zZ. (C.2)

In the subsequent analysis, where we sum over the spins, the effect of the terms sub-
leading in the spin [ can be ignored.

0,1 0,1

DiQZDZBZW(AjaAj7A¢7A¢)

L R

1 PP\ as+a4+9) L(—A,—Ay—1) LA, A1)
= J P .P j @ P P J ®
1(P.P)" <P1.P3>2 (P1.Py) 2 (Py.P3) 2
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PP
(‘P2P4> CIGYEAVES) (Pl.ngl.P4P3.Z1 (Pl.PQ (PQ.P4P3.ZQ ((—AJ+A¢—|—1)2G(’U,U)
1-472

=2 (w(Aj—Ag—1)0,G (v, u)+2v (9,G (v, u)+v02G (v, u)+udy 9, G (v, 1)) ) ) +Po. Py Py. Zo
(G(v,u)(—Aj+As+1)°+4 (02G (v, u)v*+(—Aj+Ay+2) 0, G (v, u)v+u (— A+ Ay +2)

0uG (v, u)+200,0,G(v,u)+udaG(v,u)))) ) —2P1.Zo Ps.PsPy. Py (G(v, u) (—Aj+A4+1)?
+209,G (v, u) (—Aj+Ap+1)+u ((—3A;43A545)9,G(v, u)+2 (v0,0,G(v, u)+ud.G (v, u)))))
+Py.P3 (Py.PyPy.Zy (2P1.Z2 Pa. Py Py Py (2uv, 0, G (v, u)— (A= Ay—1) (Aj—Ay—1)G (v, u)
+209,G (v, u)—ud,G(v,u)))+Py.Ps (Pa.PaPs.Z5 (G(v, u) (—Aj+A4+1)>

+4v ((A;—A4) 0y G (v, u)+vI;G(v, 1)) )+ Po. P3Py Zo ((—Aj+Ap+1)*G(v, u)

=2 (w(Aj—Ag—1)0,G (v, u)+2v (9,G (v, u)+v8: G (v, u)+ud,9,G(v,u))))))

—2P.Py (2P1.Z5P3.PsPs.PyPy. 7y (—02G (v, u)u®—(A;—Ay—1) (A;—A4)G(v, u)
—2ud, G (v,u)))+Py.Py (Py.Py (Po.Z1 Ps. Zo (A —Ag—1) (Aj—Ap—1)G(v,u)

+200, G (v, 1) —udy G (v, 1)) —2uvdy 0y G (v, 1)) —2Py. P3 Z1. Za ((—Aj+Ap+1)G (v, u)

+udyG (v, 1))+ Ps. P3Py Z1 Py. Zo (G(v,u) (— A+ A g+1)*+200,G (v, u) (—Aj+Ay+1)

+u (—384304+5)0uG (v, u)+2 (v, 0, G (v, u)+ud2 G (v, u))))))))

(C.3)

where G (v,u) ~ G(A5:285:86FL86%1) (4 ;). For conserved currents A; = 2 in d = 3.
D Action of D}!!

0,1

DiDZS Z Wé(A]7 Aja A¢’ A¢)
R
1 PlP?) 3(=8+8,-1) L(-8,-4) 3(-25-8,-1)
= P, Py) 2 J ¢) (Py. Pa) 2 J ¢
8 (Py.P3)2 (Py.Py)3Ps. Py (131.133 (P1-Py) (P>.Fs)

PQ'P4 ia;-A a c e
(P1Pz> 2808026y pe PPy P{ Pl 75

(P3.Py (P2.PyP3.Z ((Aj—Ap)G (0, u) (—Aj4+Ap+1)42 (2(—Aj+Ay+6)02 G (v, u)v?
—v ((Aj=Ay)%=3) 9,G (v, u)—u(2A;—2A4—3)(Aj—Ay—1)0, G (v, u)

+2 (203G (v, w)v* +u (w(Aj—Ay—1)02G (v, u)+v (50,0, G(v, )
+4v9,02G(v,u)+2ud20,G(v,1))))) )+ Po. P3Py Zo (A j—Ay—2)(Aj—Ay—1)
(A;—A4)G(v,u)—2 (6(—Aj+Ay+3)02G (v, u) v +3(—A;+A4+2)20,G (v, u)v
+3u(—Aj+Ay+2)%0,G (v, u)+2 (202G (v, u)v> +u (205G (v, w)u*+3(— A+ Ay +3)
902G (v, u)u+6v(—Aj+Ay+3)0,0, G (v, u)+6v (00,0 G (v, u)+ud20,G(v,u)))))))
(P1.Py) 2+ Py. Py (2uP).P3 (Py.PyP3.Z5 (A j—Ay—1)(2A;—2A 5 —3)0, G (v, u)
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+2 (0(28—2A$—3)0,, 0, G (v, u)+u(— A+ A +1)02G (v, u) —2uvd20,G(v, u)))
+Py. P3Py 75 (A —As—2)(2A;—2A 4 —3)0, G (v, u)+20(—2A 4244 +3) 0,0, G (v, u)
+2u ((—=3A;43A4+7)92G (v, u)+2 (v020,G(v, u)+udiG (v, u)))))
+Py.ZoPy. P3Py Py (2 (2(—2A;42044+1)92G (v, u)v*+(2A;—2A,—3) (24, —2A 4 —1)
9yG(v,u)vtu ((5AT—(10A4+13)Aj+A4(5A4413)+9) 0,G (v, u)

+2 (30(=2A;+2A4+3)0,0,G (v, u)+2 (0,05 G(v, u)v?

+u (2(—A;+A4+2)05G (v, u)+20020,G (v, u)+udi G (v, u))))))

—(2Aj—2A¢—1)(Aj—A¢—1)(Aj—A¢)G(v,u))) P1.P2+2uP1.P3P1.Z2P2.P3 (P2P4) 2
1

((2A;-2A4—3) ((—24;42A4+1)9, G (v, u)+4ud. G (v, u)) —4u* I G(v, u))) (_Q)m
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_ 3-8 +86-1) (p p,)3(=8i=2g) (P P,) 3(—A;—As+1)
4(P,.P3)2Py.PyP3. P, Pl.P3> (Pr-Py) (P.Ps)

PPy
+2uv0,0,G (v, 1)) +20(—2A,4+2A4+3) 0, G (v, u)+2u(—2A,;+2A 4 +3) 0, G (v, u)
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eabcfepl P3P4 Zl Z2 (Pl.ngg.P4 (4 (’LL 3uG(v,u)+v 3UG(11, U)

+(A;—As—1)(Aj—Ay)G(u,v))—2P1. PsPo. Pyu ((—2Aj4+2A443) 0, G (v, u)
1

+2ud?G (v, u))) m

(D.1)

where G(v,u) ~ G(25:25:2611:86) (y )
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