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1 Introduction

The natural observables in a CFT are the correlation functions of local gauge invariant
operators. They are finite and exactly conformal functions of the coordinates, provided that
the operators remain in generic positions. Putting the operators in a singular configuration
generates UV divergences and yields the breakdown of conformal symmetry. A well-known
example is the lightlike limit in which the correlator becomes a Wilson loop [1, 2]. The UV
divergent lightlike Wilson loops have a conformal anomaly [3] with interesting implications
for the dual IR divergent scattering amplitudes of massless particles. Besides, even the
finite tree-level amplitudes have another, collinear type of singularity, leading to a specific
conformal anomaly. It was first identified and dubbed “holomorphic anomaly” in [4] and
then studied in detail in [5-7].

In this paper we reveal a new mechanism of conformal symmetry breaking in finite
observables at the lowest, Born level of perturbation theory. They present a conformal
anomaly, which is not due to divergences, but to collinear singularities in momentum space
of a new type.

These observables are generalized form factors in conformal theories in D dimensions.
We discuss theories that are conformal at the classical level but not necessarily at the
quantum level. The generalized form factor!' involves a time ordered product of n local
operators, O(x1)O(z2) ... O(xy). It is defined as the matrix element of this product with
an on-shell state with m massless particles, p? =0,7=1,...,m:

F(z1,...,zn|p1,- -y om) = (O(x1)O(z2) ... O(xn)|p1, D2, - - -, D) - (1.1)

The operators naturally live in coordinate space, and the particles in momentum space,
hence the mixed x/p functional dependence of F'. One may say that the generalized form
factor is a hybrid between a correlation function of local operators (m = 0) and a scattering
amplitude (n = 0). As such, it has a much richer structure than these familiar quantities.
In the present paper we are interested in the conformal properties of this new object.

We work in the Born approximation — the lowest order of perturbation theory. At this
level there are no UV or IR divergences susceptible of breaking the conformal symmetry.
So it would be natural to expect that the quantities (1.1) inherit the classical conformal
symmetry of the theory. We show that in many cases this naive belief is not true. The
action of the conformal boost transformations becomes anomalous,

ZKl(fi) + ZKEij) F(xi,...,zplp1, ... pm) = Au(z,p) . (1.2)
i=1

Jj=1

The anomaly A, is a regular function, not a contact term. Here the conformal boost
generator consists of two pieces. The first piece K ,(f) acts in coordinate space, e.g. for a
scalar operator O(z) of conformal dimension A,

Kl(tm)A = (220 — 222" 0w — 2A1,,) . (1.3)

!The term “generalized form factor” was introduced in [8], to distinguish it from the standard form
factors involving a single operator.



The second piece K,(f ) acts in momentum space, more precisely on the lightlike momenta

p?> = 0. For example, a 4D lightlike momentum pu factorizes in a pair of chiral and
antichiral commuting helicity spinors, o p, = Ao, and the conformal boost becomes a

second-order differential operator [9],

. 52
(p) — 9507
K =20 ECh (1.4)
A similar realization of the conformal boost exists in six dimensions (see appendix A).

To be more specific, let us outline an example in 6D ¢3 theory. It is conformal at the
classical level, with the scalar field having the canonical dimension Ay = 2. We choose
both local operators to be elementary fields, O(x) = ¢(z), and consider the generalized
form factor with a single-particle scalar state ¢(p) in the Born approximation,
g €PT — eiPT2

F(z1,22|p) = (O(21)O(22)|6(p))Born = —5-

Tiy  i(pr12) (1:5)

This expression is manifestly translation, Lorentz and dilatation invariant, but what about
conformal boosts? This symmetry is broken, as shown by the anomalous Ward identity

2 1 ) )
(Z K,(fi):z + KL’”) F(z1,220p) = —gpp /0 de €€l PrIEHEE £ _ ¢ (1.6)
=1

derived in section 2.3 (see also appendix B). We can Fourier transform the local operators
of the generalized form factor (1.5) from position to momentum space, x1,z2 — q1, g2,

F(q1, g2lp) = (0(q1)O0(q2)|6(p)) Born = q%’;%fs@ (@1 +q@+p). (1.7)

In momentum space the anomaly in the Ward identity (1.6) becomes a contact term,

1
K97 F(q1,¢alp) = 47’9 p, /0 dg€€6 (g1 +€p) 89 (g2 + Ep) (1.8)

The conformal anomaly arises on a configuration where the off-shell momenta of the local
operators become collinear with the on-shell momentum of the particle, ¢}’ ~ ¢§ ~ p*.

The collinear ‘holomorphic’ anomaly of scattering amplitudes mentioned above has a
different origin. Consider, e.g., the MHV tree-level color ordered 4D amplitude for n gluons
of helictites (— — +...+):

(12)3 6 (Z;;l by Xi)
23)34) . ()

Ay ~ (1.9)
where (ij) := A\, are Lorentz invariant contractions of the chiral helicity spinors. This
amplitude has complex poles at A; ~ A;11, i.e. where the momenta of two adjacent particles
(except the first two) become collinear, p; ~ p;+1. When the derivative 0/ dX; from the
conformal boost generator (1.4) hits such a pole, it produces a contact term ~ 82 ((i i + 1)).
This resulting anomaly relates KA, to A,_1.



The mechanism of our new anomaly is more subtle, due to the presence of off-shell
momenta in the problem. Looking at the expression (1.7), it is hard to detect an obvious
problem, like the complex poles in (1.9), that is susceptible of breaking the symmetry. In
reality, the origin of the anomaly (1.8) is a hidden singularity in the product of the two
scalar propagators in (1.7) (for details see section 2). Importantly, the anomaly only takes
place in generalized form factors, i.e. when more than one off-shell momenta are involved.
Indeed, the same 6D ¢3 vertex can give rise to a standard form factor with one operator
and two massless particles,

F(qlp1,p2) = (O(9)|6(p1)$(p2)) Born = ;%5(6)(61 +p1+p2). (1.10)

Its conformal symmetry is not broken.

In the present paper we discuss several other examples of the same phenomenon. In
section 3.1 we examine the analog of the generalized form factor (1.5), based on the 4D
vertex ¢*. In section 3.2 we use a 4D vertex of the Yukawa type as an example involving
fermion operators with spin. In section 3.3 we consider a gauge theory coupled to scalar
matter. Here the generalized form factor exhibits both types of anomalies, the familiar holo-
morphic one and the new collinear anomaly involving the off-shell momenta. In all of these
cases the anomaly is due to a hidden singularity on a collinear momentum configuration.
However, revealing this singularity directly in momentum space is hard. Instead, we study
the anomalies in the mixed coordinate-momentum representation like (1.5). The Fourier
transform to position space smears the contact anomaly and makes it easily detectable. Its
explicit form is obtained most efficiently by the method of Lagrangian insertion, inspired
by the treatment of the conformal anomaly of the lightlike Wilson loop [3].

We emphasize that our examples are not supersymmetric, although some of them can
easily be extended to superconformal theories. We are concerned with the breakdown of
ordinary conformal symmetry. In this context we should mention the papers [6] and [10],
where the anomaly of the dual Q supersymmetry of the N' = 4 SYM superamplitudes is
interpreted as originating from collinear singularities. This dual supersymmetry is equiva-
lent to ordinary S superconformal symmetry, and hence the @) anomaly implies a conformal
anomaly as well. It should however be pointed out that @ supersymmetry is an on-shell
symmetry, realized non-linearly on the chiral superamplitudes or on the dual super-Wilson
loops, see [11-13]. Our conformal anomaly is much more basic, it has to do with a standard
linear symmetry.

One might think that the conformal anomaly (1.8) is almost invisible due to its contact
nature in momentum space. In reality, it has an interesting non-trivial manifestation for
loop integrals. The general belief is that conformal symmetry breaking at the quantum
level is related to divergences of loop integrals and that finite quantum corrections could not
spoil the symmetry. Here we show that this is not true. The contact conformal anomaly of
the trivalent vertex (1.8) serves as a ‘seed’ that, being inserted in a naively conformal loop
integral, localizes one of the loop integrations and produces a regular contribution which
breaks the conformal symmetry. The corresponding anomaly is not contact and is easily
detectable. The anomaly occurs in various finite 6D and 4D integrals with one or more



legs on the massless shell. The insertion of the 6D vertex (1.8) or of its 4D analog reduces
the transcedentality weight. Thus, the anomalies of the 6D one-loop boxes (section 4.1)
and hexagon (section 4.2) are simply given by logs and rational factors; that of the 4D
double box (section 4.3) by dilogs, etc. In this way we can find 2nd-order differential
equations for such integrals, with an easily predictable right-hand side. We check explicitly
that the known expressions for the 6D boxes and hexagon satisfy the predicted differential
equations. This procedure might provide us with useful information about the double box
and other unknown conformal integrals. It could serve as a new useful tool to test the
analytic expressions for these integrals.

The paper ends with several technical appendices. In appendix A we summarize the
realization of the conformal group in position and momentum spaces, including lightlike
momenta. In appendix B we present a direct proof of the anomaly (1.6). In appendix C
we give the derivation of the anomaly in a gauge theory. In appendix D we discuss the cuts
(discontinuities) of the 6D box integrals and of the corresponding conformal Ward identities.

2 Generalized form factor in D = 6 scalar ¢ theory

In this section we disscuss in detail the simple example from the Introduction, that of a
would-be conformal form factor in 6D scalar ¢ theory with Lagrangian L = 7( Oud)*+40°.
We show that the careful treatment of the singularities exhibits a conformal anomaly.

2.1 The ¢3 vertex as a generalized form factor

Let us start with the Born-level three-point Green’s function

g dSxg
@eote)oms = 25 [ Aort (21)
Here we use the free 6D massless scalar propagator 1/x%.2 The integral (2.1) is finite and
manifestly conformally covariant.? This is natural, since the classical theory is conformal.
We stay at Born level, so the non-vanishing S—function plays no role.
Now, let us define the generalized form factor obtained by amputating one leg of the
three-point function. To this end we first Fourier transform, e.g., point x3,

dSx 1 dSzy  eiPro
/' 4 .4 .4 _>/ . 4 4 ::I(xlva:?’p)a (22)

3 3 2
e T19x20T30 I TygToo P

then multiply by p? and put the leg on shell,

d6x0 eszo

_— 2.3
i3 xlox‘éo (2:3)

Flan,20.p) i= (6len)o(e)l o)y = 9 lim [ T3

2In this paper the massless scalar propagator in D—dimensional momentum space is defined with
Minkowski signature (+ — ... —) and Feynman prescription 1/(g*> + i€). In coordinate space it becomes
efiﬂ(Dfl)/22D72F(D/2 _ 1)ﬂ_D/2($2 _je)i=D/2,

3Conformal symmetry fixes the form of the three-point function up to a normalization constant,
C(:E%Qx%x%g)*l. We do not need this explicit expression for our argument.



We would expect the result to be conformal as well because the amputation procedure
does not involve any IR or UV divergences. In fact, this is not true, as shown below and
has already been announced in the Introduction. The breakdown of conformal symmetry
is described by the anomalous Ward identity (1.6) in the mixed x/p space or equivalently,
by (1.8) in momentum space. Where does the anomaly come from?

The Fourier transform of the three-point function (2.2) is conformal for p? # 0,

(Z PP v 2) I(x1,29,p) = 0. (2.4)

We want to understand what happens when p? = 0, that is, with the form factor (2.3). Its
explicit expression shown in (1.5) is worked out in appendix B.2 (see (B.10)). The conformal
properties of the result are also examined in appendix B.2. We apply the off-shell x—space
generator K L(Lﬁ):? (see (A.2)) and the on-shell p—space generator K,(Lp ) (see (A.12)). The
calculation yields the anomalous Ward identity (see (B.16))

2
(Z KSR, + KE?) F = p, A1, 22,p) (2.5)

=1

where the anomaly function A(z1,r2,p) can be written in the integral form (see (B.17))*

1 _
A(xy,z2,p) = _/ dg ¢€ elpm)etilpra)e, (2.6)
0

Moreover, as shown in appendix B.2, there exists no function made of the two points x1, x9
and the lightlike momentum p which satisfies the exact conformal Ward identity (2.4). This
is only possible if p? # 0.

What is the deep reason for this anomaly? The Fourier integral in (2.2) comes from
the conformal three-point function (2.1), so it is invariant under the combined action of the
conformal boosts K ISTA)ZQ and K/(f;))A:Q‘ In particular, the factor e”*0 /p? transforms with
a weight factor ~ xp, needed to compensate the weight of the measure and of the two
x—space propagators. After the amputation in (2.3) we act with K (p )A _y, to adjust for the
weight of the missing propagator factor. One would think that the mtegral should remain
invariant. However, the weight factor ~ x, together with the on-shell condition p? =0
make the integral diverge. To regularize it, we may modify the dimension of the measure,
d5~2¢x, but this creates a mismatch of the conformal weights ~ e. This factor multiplies
the pole 1/e€ of the divergent integral and results in a finite anomaly term.

We exploit this mechanism in section 2.3 for the alternative, and in practice most
efficient proof of the anomalous Ward identity. It is inspired by the treatment of the
conformal anomaly of the lightlike Wilson loop in ref. [3] and consists in inserting the
Lagrangian, zf L(zy), in the path integral as a way of revealing the anomaly. For the third
proof in appendix B.3, we start with the off-shell Fourier integral (2.2), then act with the

conformal generator and take the on-shell limit.

4From here on we omit the coupling constant g.



2.2 Anomalous Ward identity in momentum space

To elucidate the nature of the anomaly, we Fourier transform the form factor (2.3) from
position to momentum space, x1,x2 — q1, g2, and obtain (up to a normalization factor)

5O (g1 + q2 +p)
Q1QQ

F(qh q2.p) = (2.7)
We want to study its behavior under the off- and on-shell conformal boosts (A.6) and (A.12),
respectively. At first sight, apart form the singularities at ¢> = 0 (regulated with the
ie prescription), this distribution shows no particular problem which might cause the
anomaly (1.8). However, there is a hidden singularity in the collinear regime p ~ g1 ~ go.

This is difficult to see directly in momentum space, therefore we start from the mixed
x/p representation of the form factor (1.5) and of its anomaly (2.5). Fourier transforming
both sides of eq. (2.5) with the anomaly in the form (2.6), we obtain the anomalous
conformal Ward identity for the form factor in momentum space

1
(ZK@ _, + K >> F = 4in® p, 6 (a1 + @2 +p) /0 dE€E6 (g +¢p). (28

The anomaly is localized on a configuration where the three momenta become collinear,

q=-Ep, @=—-(1-%p, 01, (2.9)

According to appendix A.2, the conformal boost goes through the momentum conser-
vation delta function, so the Ward identity (2.8) can be rewritten in the simplified form

(be‘f)AZQ T K

1 L
) i = A [ a66€80 0+ ) = AP ). (210

We use this result in sections 4.1 and 4.2 to derive the conformal Ward identities for the
6D box and hexagon integrals.

We emphasize that the anomaly is due to the on-shell leg (or massless particle) in the
form factor. Indeed, in momentum space the three-point function (2.1) has the form

5(6)((11 + ¢+ q3)
@ a3 q3

(d(q1)o(q2)0(q2)) = (2.11)

Being the Fourier transform of the exactly conformal integral (2.1), this distribution sat-
isfies an anomaly-free conformal Ward identity. When the third leg is amputated, the
distribution develops a collinear singularity on the surface (2.9), which yields the anomaly.

We can apply the same argument to the 6D form factor (O(x)|¢p(p1)¢p(p2)) with a single
operator and two on-shell legs. Its expression is

et(P1+p2)z

(O(x)|p(p1)o(p2)) = i pa)? tie’

(2.12)



or in momentum space

5(6)((1 + p1 +p2)

. 2.13
q% + ie ( )

(O(9)|p(p1)9(p2)) =

The collinear singularity at p; ~ po is regularized by the ie prescription. Acting with
the conformal boost generators on the right-hand side of (2.12), we find zero. Unlike the
holomorphic anomaly of the scattering amplitudes discussed in the Introduction, here the
collinear regime p; ~ po does not yield a breakdown of conformal symmetry.

This example illustrates the general phenomenon of collinear conformal anomaly. In
addition, it also serves as a ‘seed’ for revealing the conformal anomaly of some finite loop
integrals discussed in sections 4.1 and 4.2.

2.3 Derivation of the conformal anomaly by Lagrangian insertion

The method used in appendix B is not easy to generalize to form factors with several
operators O(z). The corresponding expression (the analog of eq. (1.5)) depends on many
kinematical variables. Working it out and finding its anomaly is a non-trivial task.

The most efficient way of deriving the conformal anomaly is by a Lagrangian insertion
in the path integral [3]. We consider the Green’s function (¢(z1)¢(z2)|¢(p)) in the theory
with modified action

dPz (1 1

Here the dimension of the measure has been changed to D = 6 — 2¢ while the scalar
field keeps its canonical dimension Ay, = 2 and the difference is compensated by the
dimensional regularization scale u. When performing a conformal transformation with
generator K* in the path integral, there is a mismatch between the canonical dimension
Ar = 6 of the Lagrangian L(x) and the modified measure [ dPxy. This leads to a
breakdown of conformal invariance originating from the term A zff = (D—Ap) 2y = —2exl)
in the conformal boost (A.2). The symmetry breaking term takes the form of an insertion
~ € [ dPzoxh L(zo) into the Green’s function. Then, if the integral over x( has a pole 1/e,
in the limit € — 0 this results in a finite conformal anomaly. Naively, we would not expect
a pole in a tree-level calculation, but once again this is not true.

So, to obtain the anomaly at lightlike p? = 0 we need to calculate

I

img (=2i€) [ a0 (o(1)6(02) (gf;j%wo)) ). (2.15)

e—0

We first consider the insertion of the cubic term in the Lagrangian at p? # 0,

D _ @ e'pro .
/ 0P 0218 (2) L (20) | 9(p)) 2 40 = / 00 T Ienanp). (216)

D 4
imz L10T20

5 Alternatively, we could insert the kinetic term Ly, = ¢[¢ into the scalar propagator lines. It is easy
to see that this is equivalent to inserting the interaction term.



Here we omitted the coupling constant and the dimreg scale g?u?¢. We are allowed to use
the (D = 6)—dimensional form 1/x% of the z-space propagators, since the finite O(e®) part
of this integral is irrelevant for our purposes.

We go through the standard procedure of introducing Schwinger parameters in the
integral in eq. (2.16) and doing the space-time integrations, with the result

1 o) D »2 _ . . _
I(x1,22,p) = —/ dé/ ™2 €€ et Emiatilpe)Hipra)t (2.17)
0 0

Then, to produce the factor .Z"g in (2.15), we differentiate with respect to p, and set p? = 0:0
—i [ P af(oo)0te2) L) |00y

1 oo D _ Iz . . .
= / d¢ / dnn®~2 €€ (—g +z‘§a:’f2> e~ Sty tilpriz)Eti(pr2) (2.18)
0 0 n

We are interested in the pole part of this expression, so only the first term in the parentheses
is relevant. We find

—i [ @yl oaota) La)6p) = 5 Alor,za,p) + O), (219

with A(z1,x2,p) defined in (2.6). Substituting this result in (2.15) reproduces the anoma-
lous conformal Ward identity (2.5).

It should be noted that the same mechanism of Lagrangian insertion can measure the
dilatation anomaly, if existing. In our example [ d”z L(zy) ... produces the integral (2.17)
which does not have a pole at p?> = 0 and hence there is no anomalous dimension. So, the
anomaly is only in the conformal boost. The reason for the pole there is the insertion of
zf which makes the integral in (2.15) diverge.

In conclusion, this method of deriving the conformal anomaly is the most efficient one.
The contact term in (2.8) is hard to detect directly. The Fourier transform (qi,gq2) —
(x1,22) smears the contact anomaly and makes it easily visible in the form (2.5), (2.6).

3 Conformal anomalies in D = 4 theories

In this section we show three examples of anomalous conformal Ward identities for tree-
level generalized form factors in 4D conformal theories. Firstly, we study the analog of
the 6D form factor (2.3) with a single-particle state for the 4D ¢* theory. Secondly, we
examine a Yukawa vertex where the two fermions are treated as operators and the scalar
is the on-shell particle. Finally, we consider a Yang-Mills field coupled to a scalar and give
an example of a generalized form factor of two composite operators with a three-particle
state. The Ward identities are derived in the mixed z/p representation by the method of
Lagrangian insertion. The anomaly in the momentum ¢/p representation occurs when the
off-shell momenta ¢ become collinear with the on-shell ones p.

5The result (2.17) is obtained by Wick rotation to Euclidean space. Before taking the limit p*> — 0 we
rotate back to Minkowski space, keeping p*> > 0 and 2, > 0 for convergence. The final result (2.19) can
be analytically continued to all values of z%,.



3.1 Scalar ¢* theory
3.1.1 The ¢* vertex as a generalized form factor

The 4D analog of the 6D ‘seed’ form factor from section 2 is defined by the ¢* vertex

d4$0 eipzo
—

F(a1, 22, 73,p) = {$(z1)$(22)0(23) [6(9) ) orn = /

(3.1)

- 2 2
U T10T20%30 Ip2=0

The ¢* theory is conformal at tree level, so naively the generalized form factor (3.1) should
be conformally invariant. However, this is not true as we show below.

Unlike the 6D analog in (1.5), this form factor is not expressible in elementary functions
in the mixed z/p representation. Introducing Schwinger parameters and doing the space-
time integrations we find the following integral expression

F($17$27333’p) = /dQ(OZ?Bz,Y) eia(px1)+iﬁ(px2)+i'y(px3) A_l(av ﬁa’}/?xl)x%x:i) ) (32)

where the measure is dQ(«, 8,7) := dadfdyd(a + 5+ v — 1) and we integrate over
a, 3,7 > 0. We also use the shorthand notations & := 1 — «, etc., as well as

A := aaz? + BBx3 + yyxi — 206(x122) — 2ay(z123) — 267 (223) - (3.3)

3.1.2 Conformal anomaly in x/p space

Here we show that the generalized form factor (3.1) satisfies the conformal Ward identity

3
(Z K/%):l + K,(f’)> F(x1, 29, w3,p) = pu A(21, 22, 73, p) (3.4)
i=1

with the anomaly given by
Az, 29, 23,p) = —/dﬂ(a,ﬁ,v) ge)+iBlpoz)+irpes) (3.5)

or explicitly,

eip;tgl

A(Iﬂl, 1:271"37]9) = Z

oE€ZL3

($0102p) (.1‘010329) ) (3.6)

We apply the method of Lagrangian insertion in D = 4 — 2¢ dimensions, described in
section 2.3. To obtain the conformal boost variation of the generalized form factor F' (3.1)
we need to calculate the residue

lim (~2ie) / dP gt (6(a1)6(2)(w3) L) | 6()) (3.7)

e—0

where p? = 0 and L(zg) ~ ¢*(x9). We start with the integrated Lagrangian insertion in
the off-shell version of F' given by

deO eipwo .
I(x1, 9, 23,p) := / —5 55— With p?£0. (3.8)
w2 T1p0T20T30



It has a Schwinger parameter representation similar to (3.2),
2

I(wl,xz,xg,p)Z/ Q(a, B,7) W”“B(p“)*”(”“)/ dnn° exp [—Zﬁ—m\]- (3.9)
0

Then we differentiate the integral (3.9) with respect to p,, set p? = 0 and extract the pole:

e . . . o0
O Tlrmo = 15 [ d0aBy)iom it e [ gyt e 1 o(e)

_r 0
- %A(x1,$2,1'3,p)+0(6 )7 (310)

with A defined in (3.5). Inserting the pole in (3.7) we arrive at the Ward identity (3.4).

We have confirmed this result by a direct check, namely, we acted with the conformal
boost generators on the integrand of (3.2), then numerically integrated over «, 3,y and
compared with the right-hand side of (3.4).

3.1.3 Conformal anomaly in q/p space

The Fourier transform z; — ¢; in (3.1) defines the generalized form factor in momentum
space,

- 1
F(q1,42,43,0) = 55— 0D(P), (3.11)
4749243

where P = q1 + g2 + q3 + p is the total momentum and the ie prescription is implied. Its
conformal anomaly is the Fourier transform of (3.4), (3.5):

(Z K8 +K )> F= 47T4pu5(4)(P)/ e, B,7) 6D (g1 + ap) 6D (g2 + Bp) . (3.12)

Like in the 6D case (2.8), the anomaly has support on the kinematic configuration where
the three (off-shell) momenta associated with the ‘operators’ ¢(z;) become collinear with
the on-shell momentum p of the incoming massless particle,

q=—-ap, @=-PFp, @g=(@+p-1)p. (3.13)

According to appendix A.2, we can omit one of the off-shell momenta and the momen-
tum conservation delta function in (3.12),

2
(i) 1
(Z Ku?A=1 + Kpr)> 2 2

— 4193 (a1 + g2 + p)?

=47r4p#/ Qev, B,7) 0 (a1 + ap) 6 (g2 + Bp) =: ALP)(p; a1, q2) . (3.14)

We use this result in section 4.3 to derive the conformal Ward identity for the 4D six-leg
double box integral.
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3.2 Yukawa vertex

In this subsection we show an example of a generalized form factor for operators with
Lorentz spin. The 4D Yukawa-type vertex [ d'z 1) (2)1®(z)¢(x) is conformally covariant.
We consider the following form factor corresponding to this trivalent vertex,

Faﬁ(ml,mg,p) = <¢a(xl)w’8(x2)’¢<p)>Born = (afmgm)aﬁ I(x17$27p)p2:0,6—>0' (3.15)

It is given by the double derivative of the scalar integral
dDLU() eipxo
I(z1,22,p) 3:/,D22» (3.16)
im2 L1020
where D = 4 — 2¢ and € > 0 is an intermediate regulator. Evaluating the integral yields a
compact expression for the form factor (3.15),

1 _
Faﬁ(l“bm,p) _ lin(1) (3x1(§x2)aﬂ I'(e) (33%2)_6 / d¢ i (pr1)+i€ (pr2)
€E—r 0

2 ! . - . i&(pz1)+i€(pz
= [ dg[i(@1ap)a” = 2(1+i(pr1o)€) 87| HmIHEGm) - (3.17)
12 /0

Like in the preceding sections, we expect the anomalous conformal Ward identity

2
(Z Kl(j;CiA):g/Q + K/Sp)> Faﬂ(xla .T2,p) = Ppu Aaﬂ('rlal?ap) . (318)
=1

This is a matrix relation because the form factor F carries (chiral) Lorentz indices. The
space-time conformal boost generator (A.2) involves a term acting on them, —2iz"¥,,,. In
the case at hand X, = i(au&,,—ayéu) is the Lorentz generator in the spinor representation
(1/2,0). The conformal weights at points 1 and 2 equal 3/2 as for a Dirac spinor field.
The conformal anomaly A is obtained by the method of Lagrangian insertion from

section 2.3. We need to calculate the residue
Pu Aaﬁ(l'l, T2,p) = 213(1) 2¢ 8pu(8x1<§$2)aﬂ I(x1,22,p)|p2—0 - (3.19)

Introducing Schwinger parameters we obtain

1 fee) 2 - . . z
I(xl,xg,p) _ _/ dﬁ/ dn 77_1+6 e—%—Efnwﬁ-&-z(pm)ﬁ-i—z(pxz)ﬁ (3‘20)
0 0

(cf. eq. (2.17)). Substitution in (3.19) yields the anomaly

1 — — . . =
A @ranp) =2 [ A€ 60,7+ (6 = Ewnap)a)) |l (321)

Now we transform the above results to momentum space, in order to clarify the collinear
nature of the anomaly. The form factor (3.15) is given by the matrix product of two
momentum space fermionic propagators

~ aq Go )8
Fof (g1, ga,p) = DWoc (@)

5(P), (3.22)
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P1 P2 P1 D2 p1 b2

P3

Figure 1. Feynman diagrams contributing to the generalized form factor F(z4,zs|p1,p2,p3),
eq. (3.25), in the theory with the Lagrangian (3.24).

where P = q1 4+ g2 + p is the total momentum. The anomaly in the conformal Ward
identity (3.18) takes the form of a one-parameter integral

1 ~ —
20ty d0(P) [ de€€ (65, + €0 — 600" 8V ). (323)

In close analogy with the 6D trivalent vertex (2.8), the anomaly is supported on the collinear
configuration ¢, +&p = ga+E&p = 0. The new element is the Lorentz tensor structure carried
by the derivatives of the delta function.

3.3 (Gauge theory with scalar matter

In this subsection we present another example of an anomalous conformal Ward identity
in 4D conformal theories. We consider a massless scalar field in the adjoint representation
of some gauge group, interacting with the gauge field,

L=tr %(Dm)? - i(FW)2 . (3.24)

This theory is conformal at tree level. We define the gauge invariant operator O = tr¢?(z).
Then we consider the Born level form factor of two such operators with an external state
made of two scalars and one positive helicity gluon,

F(2a, 7p|p1,p2,p3) == (O(2a)O(23)|6(p1)d(p2)g" ™" (p3) ) Born - (3.25)

The computation is most easily done in momentum space, i.e. after Fourier transforming
the two operators O from position to momentum space, z,p — ¢qp. The two types of
tree-level Feynman diagrams are shown in figure 1. The result is (up to a color factor)

<1|Qa,1,3(ja,1’2>
(13)(23)q7 1421

F(a, @s|p1, p2, p3) = 6 (P) +(aeb), (3.26)

where we use the shorthand notations P = g +qp +p1 +p2 +D03, Gaji,....; = da+D0i+...+Dpj,
etc. This expression involves the off-shell momenta ¢4, q, as well as the on-shell ones
pi = |#)[i|. We remark that the Born-level generalized form factor of two weight-two half-
BPS operators Og¢/ in N =4 SYM is given by the same expression.

In the form factor (3.26) we observe the familiar two-particle collinear poles of the
type (ij)~!. As we have mentioned in the Introduction, they give rise to the so-called

- 12 —



“holomorphic anomaly” in amplitudes [4]. Here we discuss the more general situation of a
form factor, where some ‘legs’ are off shell, the others are on shell. We wish to show that
the collinear configurations of one off-shell and two on-shell legs cause new singularities
which lead to specific conformal anomaly terms. Unlike the obvious poles (ij)~!, the new
singularities are hard to detect in momentum space. This is why we now Fourier transform
the form factor (3.26) back to coordinate space, qq — 4. The Fourier transform can be
easily implemented by means of the formula’

diq e ((glp] _ " — 1 {l]z|p]
dm? ¢*(q¢+p)*  2i(zp) 2?

. (3.27)

The result is

etP1Za+ip2zy {<2’37ab|3]

F($a,$b‘p1,p2,p3) = 2 e'P3T Wflb‘]elpgxa} + (a — b) . (328)
(p3xab> T,

(23) (13)

Note that the pole at (pszap) = 0 is fake (its residue is zero), as can be seen by expanding

the exponentials. This is logical because the mixed x/p-space singularities are not physical.
The form factor (3.28) is not invariant under conformal boosts with generator whose

position space part K @A:Q is defined in (A.2) and the momentum part KLp ) in (A.9). In

s
appendix C we derive the anomalous Ward identity®

3 .
> KGR+ KP) | F= =2 e ot 316, 00, |3] A(va,a1,p0) +(a 0 b), - (3.29)
i=1

i=a,b

where
1 _
Aoy p) 1= — [ deg€eisonmidiom, (3.30)
0

A direct numerical calculation also confirms this result. Curiously, the expression for this
4D conformal anomaly function coincides with the 6D one in (2.6).

The anomaly is easier to obtain in the mixed x/p representation but its true nature
is revealed in momentum space. As in the previous examples, the origin of the anomaly
is a hidden collinear singularity in the momentum space expression (3.26). To see it, we
Fourier transform the anomaly term (3.29) back to momentum space, 4 — ¢q,b, and find

3 . 9 1
; . ~ T - -
D K + YK | F = 00 (P)[316,,0,,13] /0 4 €66 (gut +€ps) + (a ).
1

i=a,b 1=

(3.31)

The anomaly has support on the configurations where the off-shell momenta become
collinear with linear combinations of two on-shell momenta, g, +p1+£ps = qp+p2+Eps = 0.

"We thank Grisha Korchemsky for help with this integral.
8We ignore the holomorphic anomaly due to the poles (13)(23), etc. in this calculation.
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4 Conformal anomaly of loop integrals

An interesting corollary of the conformal anomaly of the Born-level vertices is the confor-
mal anomaly of certain Feynman integrals involving these vertices. We consider several
examples of one- and two-loop finite Feynman integrals, which are conformal if all the ex-
ternal legs are massive, p? # 0. We show that if some of the legs become massless, p% =0,
without causing IR divergences, the conformal symmetry is broken by the vertex anomaly.
We derive anomalous Ward identities in the form of 2nd-order inhomogeneous differential
equations. We check them against the known expressions for these integrals. In section 4.1
we consider the 6D one-loop boxes with different configurations of the external legs (on-
or off-shell). In section 4.2 we study the 6D on-shell hexagon and in section 4.3 the 4D
double box with two on-shell and four off-shell legs. Finally, in appendix D we reinterpret
the 6D conformal anomaly in terms of the discontinuities (cuts) of the integrals and of the
‘seed’ vertex (2.10).

One-loop momentum integrals are conformal if their legs are off shell, p? # 0. Indeed,
consider the integral

dPr¢
(ph P ) 0 ( ) £2(€+p2)2(€+p2 —|—p3)2...(£+p2+~--+pn>2’

(4.1)

where P = ' | p; is the total external momentum. If n > D/2 and all the external
momenta are off shell, p? # 0, the integral is UV and IR finite. We can Fourier transform
it to coordinate space. The result is a closed frame of free scalar propagators,

n

~ 1
In<1'17---7xn) :HW, Tp+1 =21 - (42)

i=1 \Wi,i+1
This expression is manifestly conformal with weight A; = D — 2 at each point. Con-
sequently, the function Z,(p1,...,pn) is also invariant under the action of the conformal

boost generator (A.6). The same is true for the reduced integral, where the delta function
and p, are dropped,

I( )_/ dPe
nPL o Pl = L 0 )2 (€ pa +p3)2 . (C+ P2t pu1)2(l— p1)2

It should be made clear that the conformal symmetry of these integrals has nothing to

(4.3)

do with dual conformal invariance [14, 15]. The latter is a hidden symmetry of some loop
integrals, while the former is just the native conformal symmetry of the theory.

The question now is what happens if some legs are put on shell, p? = 0, for a subset
{i} € {1,...,n}. Depending on the space-time dimension, the integral may develop an IR
singularity or remain finite. In the first case the regularization inevitably breaks conformal
invariance, but what happens in the second case? This is what we wish to investigate here.

4.1 Conformal anomaly of the 6D one-loop boxes

In this and the next subsection we consider six dimensions. The one-loop integrals (4.3)
are finite for D = 6, even with some or all of the external legs on the massless shell. Here
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A A K (i i

I()m IQme Ith

Figure 2. 6D box integrals. Thick external legs are off-shell and thin are on-shell momenta.

we show that the conformal symmetry of the off-shell integral is in general spoiled by the
collinear anomaly of the trivalent vertices with one massless leg.
Consider first the one-loop integral (4.3) of the box type, i.e. for n = 4,

dby¢
i3 | 20+ p2)2(0 + pa + p3)2(L — p1)?

Lhox(p1,p2,P3) = (4.4)
According to the configuration (on-shell/off-shell) of the external legs pi, ..., ps one speaks
of zero-mass, one-mass, two-mass-easy, two-mass-hard, three-mass, and four-mass box in-
tegrals, see figure 2. Let us stress once more that unlike their 4D cousins, the 6D boxes
are finite, because the trivalent vertices with a massless leg at the corners do not cause
divergences in 6D.

The box integrals admit the following Feynman parameter representation

. /01 ﬁdalé (Zi=1 g — 1) | s

v 22
-1 Zi<j o Yis

where the region momenta are defined by y; — ¥i4+1 = pi, Y5 = Y1, SO Yij = Dii+1,...j—1- The
iterated integrations over a can be performed resulting in dilogs and logs. However, the
expressions are complicated and it is not obvious how to get a compact result.

According to [16] the 6D box integrals can be expressed in terms of the 4D box and
triangle integrals. We find particularly simple formulae in the cases of the zero-mass, one-
mass, and two-mass-easy boxes. In these cases the 4D triangles are absent and the 6D
boxes are given by the finite part of the 4D boxes:

1
TIom = [log <p12> + 772] , (4.6)
2p13 Ps
1 2 2 1 2 2
I = [LIQ (1 = ) + Ty ( = p;) + - log? <19122> + ”] , (4.7)
P13 P P33 2 b3 6
Lo . . .
Iome = R [Liz (1 — ap2) + Lig (1 — api) —Lip (1 - ap%) — Lip (1 - ap%?))} ) (4.8)
13

where a := 2772722 The results for Iy, and I, can also be found in [17].1° The
P3Py —P12P23

remaining 6D box integrals are more complicated because of the 4D triangle contributions.
The corresponding formulae can be extracted from [16].

9We thank Zvi Bern for the reference.
10We thank Claude Duhr and Dmitri Kazakov for discussions of these integrals.

~15 —
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(=) |C :
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+ + =0
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3 4

Py })—@ P y —_P3

\ W

Figure 3. Cancellation of the conformal anomalies of the 6D zero-mass box. The momenta of the
highlighted lines are collinear.

We wish to show that the box integrals, like the three-point vertex (2.7), satisfy anoma-

lous conformal Ward identities with anomaly A},

4
(Z K) 5O (P) Tyox = 6O (P) AL, (4.9)
=1

where K denotes either K Zip 41') (A.6) for an off-shell leg or K* () (A.12) for an on-shell
leg. The conformal weight of the massive legs is A = 6 —2 = 4, as explained after eq. (4.2).
To put the identity in a more practical form we use the property (A.13) and drop the delta
function together with one of the external momenta, p;,, i4 € {1,2,3,4}. Denoting the

indices of the remaining momenta by i1, iz, i3 € {1,2,3,4}\{i1} we obtain
(K!' + KD+ KL) Toox(Diys Pis Pi) = Ao (Di Do i) (4.10)

where DPis = —DPiy — DPip — pig'

The explicit form of the anomaly A

box
legs. The four-mass box is conformal since all legs are off-shell, i.e. A} = 0. If one or more

depends on the configuration of the external

legs are on-shell, the integration over the regions where the loop momentum ¢ is collinear
with the on-shell leg, in general spoils the symmetry. The zero-mass box Iy, (4.6) is an
exception. In this particular case the contributions from the four collinear loop integration
regions cancel in the sum and the integral is conformal, as explained below.

The conformal anomaly AE?D) (p; €) of the trivalent vertex at a massless corner with
inflowing loop momentum ¢ and on-shell momentum p is given by (2.10). We act on each
leg of Iy, with the conformal boost. If we ignore the anomaly, the transformation of the
external legs is compensated by that of the loop momentum, since we know that the four-
mass box is conformal. The effect of the anomaly amounts to replacing each vertex by the

contact term A/(fD), see figure 3. This localizes the loop integration on the configuration
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Figure 4. Anomalous conformal Ward identity for the two-mass-easy 6D box integral.

of collinear momenta. The remaining integration over & from (2.10) is straightforward,

6D -
K Iy = /d6£ A7 (pis ) _ b (4.11)
‘ (0= piy1)?(0 = piy1 — Piv2)? I Dhq

Summing up all four contributions, we find that the anomaly cancels,

4

4 Iz
(Z Kf) 5O (P) Iy = 450(P) S 5P — = 0. (4.12)
=1

2 2
i1 Pi—1iPiit1

The direct application of the conformal boost K* from (A.12) on the expression (4.6)
confirms that the massless 6D box integral has no anomaly.

The conformal symmetry of the remaining 6D boxes in figure 2 with on-shell legs
is broken by the collinear anomaly. The corresponding Ward identities are obtained as
above. We act with K on the on-shell legs and with KX_, on the off-shell legs. Each
massless corner i is replaced by the anomaly (2.10) which freezes the loop momentum, see
figure 4. The result of the integration over £ depends on the configuration of the adjacent
legs ¢ — 1, ¢+ 1:

i o 4p¢ )
on/on 2 =:a,
Pi—1iPiit1
: H _logr_ 2
i _ a r g : _ Di—q
Aoﬁ/on =1 <1 + e ) with r_ = .
» H ry logry . p2 1
Y p— 14+ ==+ th =
on/off 1 — T T4 s " P31
; “ r_logr—  rilogry a*
Y — . 4.13
onot = T\ T (-r2) Tam a4

Summing up the relevant anomaly terms, we find the following conformal Ward identities
for the remaining box integrals,

(KY + K + K+ K4) 8°(P) I = 0°(P) (A, + A2+ A2 0) L (414)
(KY + Kb + K + K1) 8(P) Lome = 0%(P) (AL 0+ Aif*;/oﬁ) : (4.15)
(KY + K + KY + K1) 8(P) T, = 0°(P) (AL + 420 ) | (4.16)

(K} + K& + K§ + KY) 6%(P) I3, = 65(P) Aigg/oﬁ (4.17)
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Figure 5. Conformal Ward identity for the 6D hexagon integral with all legs on shell.

We have checked the identities (4.12), (4.14) and (4.15) explicitly, in the form (4.10) by
acting with the conformal boost directly on the expressions (4.6), (4.7) and (4.8) for the
zero-mass, one-mass and two-mass-easy boxes, respectively. For the two-mass-hard and
three-mass integrals, to save effort we did not use the explicit expressions, but we acted
with the conformal boost on their a-parameter representation (4.5) and then performed
the a-integration numerically.

In conclusion, the one-loop 6D boxes are not conformal, except for the four-mass and
zero-mass cases. The breakdown is due to the collinear anomaly that we have revealed. We
can predict this anomaly without actually knowing the expression for the integral itself.

It would be interesting to investigate if the anomalous conformal Ward identities can be
turned into useful differential equations in momentum space. They will relate the /—loop
(pseudo)conformal integrals to (¢ — 1)—loop ones. Solving such equations could be an
alternative way of calculating (pseudo)conformal loop integrals.

4.2 Conformal anomaly of the 6D hexagon integral
Another interesting example is the 6D on-shell hexagon integral, p? =0,2=1,...,6,

1 dse
I ex — T g .
h im3 / 4 p1)2(L+p12)2(0 +p123)*(L — pse)?(£ — pe)?

This integral is finite. If all the legs are massive, the integral is conformal, see (4.3). In the

(4.18)

massless case the collinear anomaly breaks the conformal symmetry in a predictable way.

Besides the (anomalous) conformal symmetry, this integral is also dual confor-
mal [14, 15]. As a corollary, it is a function of three cross-ratios, and is expressed in terms of
weight three polylogarithms, see [18, 19]. Like in section 4.1, using the seed anomaly (2.10)
at each vertex, we obtain the conformal Ward identity depicted schematically in figure 5,

1 p22+1,i+2p7,2—1,i72
: 6 6 : PH 8 p?,i+1,i+2p?,i71,i72
ZKéL 6" (P) Inex =40 (P)Z 2 12 2 2 2 2 :
i—1 i—1 Pii—1Pii1 (Pi+1,i+21’i—1,i—2*pi,i+1,i+2pz‘,i—1,z‘—2)
(4.19)

We have checked it using the explicit functional expression for I,y from [18, 19].

"The possibility of a conformal anomaly in momentum space is mentioned at the end of ref. [18].
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Figure 6. Conformal Ward identity for the 4D double box. We act with K* on the on-shell legs
p3, pe, and with KX _, on the off-shell legs p1, pa, pa, ps.

4.3 Conformal anomaly of the 4D six-leg double box integral
Another interesting example of a finite integral is the 4D double box depicted in figure 6,

& (p pe) = 1/ d*0y d'ly
box Wy -2 B0y d 303(0 — p2)?(61 — p1,2)2 (b2 — pa)?(Le — pas)? (1 + o + p3)?
(4.20)

Unlike the previous examples, the analytic answer for this integral is unknown and it is
believed not to be expressible in terms of harmonic polylogarithms. In particular, the
maximal cut of the double box integral is given by an elliptic integral [20].

If all of its legs are off shell, it is the Fourier transform of a frame of free scalar
:
corners and A = 3 at the middle points. This shows that the off-shell integral is conformal.

propagators 1/z7., with the same topology and with conformal weights A = 2 at the

We are interested in the case where the two middle legs are massless, p?,) =0, p% =0.12
The integral remains IR finite but its conformal symmetry is broken. As shown in the figure,
around the massless legs we find 4D ‘seed’ configurations of four momenta which have a
collinear anomaly, see (3.14). Acting with the conformal boost >, _; 5 4 5 Ki;a=2+Ks3+Ke,
we produce contact terms which lift one of the loop integrations. The anomaly can be put
in the following Feynman parameter form

=36 " Jo (04?11-2_1z-+14‘54%2_11')(04%2—21‘“"’54%2—21')(/Byzzzuﬂ+Byz2+1z‘+2)(5?/1'22‘+3"‘Byz‘zﬂz‘+3)7
(4.21)

where the region momenta are defined by y; — yi4+1 = i, Y7 = Y1, 50 Yij = Pijit1,...j-1- 1t
is straightforward to reduce this integral to polylogs of weight two.

We have checked this anomalous Ward identity by numerical integration. We used
a Feynman parameter representation for the double-box integral, similar to (4.5), and
acted on it with the conformal boost generators. Then we chose random kinematics in the
Euclidean region and performed the integrations.

In conclusion, our method produces a potentially useful 2nd-order differential equation
for the double box integral, whose right-hand side is given by polylogs of weight two. It is
interesting to clarify the relationship with the 1st-order differential equation from [21].

12Tp the literature this integral is referred to as the ten-leg double box, implying that the massive as well
as the massless legs come from ¢* vertices. We count six legs, four massive and two massless.
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5 Conclusions

In this paper we have revealed a new mechanism of breakdown of conformal invariance, at
the lowest, Born level of perturbation theory, hence in the absence of UV or IR/collinear
divergences. The phenomenon occurs in generalized form factors involving more than one
local operator and an on-shell state of massless particles. The breakdown is due to hidden
singularities on configurations in momentum space where the momenta of the operators
become collinear with the on-shell momenta of the particles. The contact nature of the
conformal anomaly makes it difficult to detect directly in momentum space. It is much
easier to see in the mixed representation, where the operators live in coordinate and the
particles in momentum space. There the anomaly is not of the contact type and can be
most efficiently worked out by the method of Lagrangian insertion. We have presented a
number of examples in 4D and 6D conformal theories.

We have found a practical application of the new conformal anomaly to the study of
loop momentum integrals. It concerns a class of /—loop integrals which remain finite if
some of their legs become massless. The integrals are conformal if their legs are massive
but the collinear region around a massless external leg creates a contact anomaly of the
type we are discussing. The loop integration makes this anomaly visible. It takes the
form of a 2nd-order differential equation whose anomalous right-hand side is given by
(¢ — 1)—loop integrals. We have verified explicitly these equations by acting with the
conformal boost on the known expressions of several one-loop scalar integrals, as well as on
the numerically integrated double box. Our differential equations might prove useful for
calculating unknown finite loop integrals. Differential equations of a different origin have
been successfully exploited in refs. [15, 18, 22]. It would be very interesting to combine
the two methods. Our new Ward identity adds to the list of usual checks on the analytic
expressions for finite conformal integrals, e.g. numerical evaluation, soft, collinear and
Regge limits.

In this paper we have restricted ourselves to 4D and 6D conformal theories but it is
straightforward to extend our results to 3D form factors based on the conformal ¢% vertex.
Another line of generalization is to study not only scalar finite integrals but also those with
fermion lines. We can expect similar anomalies and differential equations.

Our discussion here concerns only ordinary conformal symmetry. It can be extended
to the maximally supersymmetric N' = 4 SYM theory, which is conformal at all levels of
perturbation theory. In this theory there exist Born-level generalized form factors with
loop topology, so their conformal anomaly is expected to be non-contact. One should also
encounter an anomaly of the superconformal symmetry (S or S). It would be interesting
to clarify the relation to the dual Q, or equivalently, S supersymmetry of amplitudes
discussed in ref. [10]. Conformal and dual conformal (super)symmetry are at the base
of the Yangian symmetry of superamplitudes [23, 24] and more recently, of the multi-
loop fishnet graphs [25]. Our new anomaly mechanism may have implications for these
larger symmetries too. In particular, the considerations in the present paper should be
sufficient to describe the anomalies of the level one Yangian symmetry generators of the
fishnet graphs.
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Note added. Several months after the preprint of our paper appeared on the arXiv, an
interesting one-parameter integral representation of the elliptic 4D double box was derived
in [28]. Our Ward identity (4.21) could serve as a non-trivial check of this result.
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A Conformal generators in coordinate and momentum space

In this paper we consider the D—dimensional conformal group SO(2, D) realized in coor-
dinate and momentum space. We focus particularly on the cases D =4 and D = 6.

The familiar coordinate space realization of the translation P, and conformal boost
K, generators on a function of several points ¢(x;) with conformal weight A; and
D—dimensional Lorentz spin S; at each point, has the form

P =iy 0, (A1)
K g=iy (x?a b — 2yl Oy — 20ii y — 2iaV'Y ) (A.2)
wA,S i Oxt ipLy Ozt iLip i Hivp | .

i
Here 3; is the matrix part of the Lorentz generator L,, corresponding to the given rep-
resentation. They satisfy the conformal algebra [P,, K,| = 2iL,, + 2in,, D, where the
dilatation operator is D = —i)_, (mf O +Ai>. The generators are defined so that

the propagator of a massless scalar field with canonical conformal weight A = D/2 — 1,
(p(x1)d(x2)) = (22,)~P/? is invariant,

{P7 K, va} <¢($1)¢($2)> =0. (A?’)

The momentum space realization is obtained by Fourier transforming the x-space con-
formal generators (A.1), (A.2) according to the following rule with a test function ¢(x),

G 3(q) = / Py G p(z)  where 3(q) = / Py 9% p(z) (A4)

We find
P;(Lq) = Z Qip (A.5)
K9 =Y [—quqi 1242 0,00, +2(D — Ai) Dy + zz'zi,waqw} . (A.6)

7
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The Fourier exponential e is invariant under both generators,
(P + P@yeer =0, (KA + K7 \) e =0. (A7)

The arbitrary choice of the conformal weight A reflects the property of §(P)(z13) (the
inverse Fourier transform of €¥*12). Its total weight is D, but the individual weights at
points 1 and 2 cannot be distinguished.

Since the conformal boost generator (A.6) is a 2nd-order operator, the product of two
conformal functions of the momenta is in general not conformal. A useful illustration is
the product of a scalar propagator 1/¢* and some other scalar function ¢(q). We have

(9) 1 _ D qu
K9 | e =4(a+1-F) ot
1
+ e [—¢,0+2¢"0,0, +2(D — A —2)0,] ¢(q) . (A.8)

We see that this product is conformal only if A = D/2 — 1, i.e. the conformal weight
of a scalar field in D dimensions. Consequently, the function ¢(g) must have weight
A, = D/2+ 1. This is the momentum space equivalent of the coordinate space statement
that the equation O,¢(z) = () is conformal only if Ay = D/2 -1 and A, = D/2+ 1.

A.1 On-shell realization

The conformal group can also be realized on functions of on-shell momenta ¢(p) with
p? = 0. This realization depends on the space-time dimension. Here we give the details for
the cases of interest in this paper, D = 4 and D = 6.

A real lightlike momentum p,,, p?> = 0 in 4D Minkowski space is parametrized by a
complex conjugate pair of commuting chiral and antichiral SL(2, C') spinors, o/ .p, = Aq Aa.
They are defined up to a U(1) ~ SO(2) phase which is associated with the helicity of the
on-shell particle. This SO(2) is the little group (subgroup of SL(2,C)) which leaves p,,
invariant. In this parametrization the on-shell conformal generators take the form [9]

1 . - . o2
P, = 7 :7’010[06 )\ia)\d, K :25_04(1 —_—. Ag
I ;pu 9 “m ; w I — OAFONG (A.9)
A short calculation using the chain rule shows that
K, ¢(p) = KyPA_30(p) for D =4, (A.10)

on the space of on-shell test functions ¢(pas = Aata). Thus the off-shell, eq. (A.6), and
on-shell, eq. (A.9), versions of the conformal boost are compatible.

In the case D = 6 we use the commuting spinor parametrization of a 6D lightlike vector
of ref. [26]. The complexification of the 6D Lorentz group is SL(4), and the corresponding
little group of a lightlike vector is SL(2) x SL(2). We use chiral spinors A4? carrying an SL(4)
index A and an SL(2) index a of the little group labeling the helicity states. The vector
representation of SO(6) is equivalent to the antisymmetric bispinor representation of SL(4),
so p, is given by the antisymmetric product of two chiral spinors, p“&fB = \)\B The
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Clebsch-Gordon coefficients 6;?3 are the 4 x 4 6D Pauli matrices (see appendix A in [26]).

In this spinor parametrization the on-shell conformal boost generator takes the form
82
_ _~AB

On the space of on-shell test functions ¢ (pAB = \a)B ) this is equivalent to

Ky p(p) = KIA_, ¢(p) for D=6. (A.12)

A.2 Conformal properties of the momentum conservation delta function

Here we prove that the momentum conservation delta function in expressions of the type
5D )(Z?zl ¢i)¢(gi) can be dropped when checking the conformal properties. It is sufficient
to show that K ,Sq)ap(q) = 0, where ¢(q) depends on (n — 1) momenta. For simplicity, we
consider the case n = 2, the generalization is straightforward.

We want to show that

(K@ + KF) {6P) g+ k) (k)| =0 iff KF (k) =0. (A.13)
Here we also assume that (k) is Lorentz invariant and homogeneous of degree Ay,
L#VQD ~ (k,LLak” — k’yaku)g@ = 0, kyaku@ = Ak@ . (A14)

The conformal generator in D—dimensional momentum space is given in (A.6), with A;
being the conformal weight associated with the point x; whose Fourier dual is g;. The
operator K| ,(f]) in (A.13) acts only on the delta function whose conformal weight is A, = D.
Switching the derivatives from its ¢ end to the k end and integrating by parts, we find

K@ 6P (g + k) = [ky Oy — 2" Oy O — 2D8js] 6P (g + k) (A.15)
therefore

(K@ + K®) 6P (g + k) = =280 6P (g + ). (A.16)

The operator K, l(f) acts also on the function ¢(k). We assume that it is invariant,
i.e. for some Ay we have K;(Lk) ¢(k) = 0. What remains are the mixed terms where the
second-order derivatives in K, flk) are distributed between 6(7) (¢ + k) and ¢ (k):

kO (00) = =2k, (0k,0) (Okv )
2K O Opn (6p) — 2k"((Opn0) (O p) + (Okv ) (Oenp))
— 2D (0400) p + ki (D0) (9, 0)) (A.17)
Going from the second to the third line we have used the properties (A.14) of the function
o(k). So, the net result from (A.17) is 2Ag (Okud) , which cancels the delta function
contribution (A.16), and we arrive at (A.13).

The same argument works if the momentum £k, is on-shell, k? = 0. After distributing
the derivatives from the generator K*) (A.10) or (A.12), we use the analogs of (A.14).
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B Calculation of the 6D ¢3 form factor and its anomaly

Here we present a direct derivation of the conformal anomaly in the generalized 6D form
factor in the mixed z/p-space representation (2.3). It is an alternative to the Lagrangian
insertion procedure from section 2.3.

We start with the Fourier transform of the three-point function (2.2), where we have
restored the ie prescriptions,

d6$0 e’Pro
; _ ' B.1
(w1, 22,p) / i3 (x%o _ i6)2( %0 - ie)Q(pz + i€) (B.1)

When p? # 0 this integral is conformal,

2
(Z K;SQ;Z):Q + K;(LI;J)AZQ) I(r1,22,p) = 0. (B.2)
i=1
We want to understand what happens when p? = 0, that is, with the form factor (2.3),
deO ez’pxo
F(x1,x9,p) = lim p*I(z1, za, :/, - - . B.3
e ) = I I s D) = [ s o g iR ey

B.1 Differential equation for the form factor

Let us examine the properties of the function F(xi,x2,p) following from its Lorentz,
dilatation and translation invariance. The off- and on-shell realization of the transla-
tions, eqs. (A.1) and (A.5), respectively, together with Lorentz invariance imply that
F(x1,20,p) = e2P®1722) (22 (pr1y)). Further, the scaling behavior of the integral
in (B.3) is given by 1/2%,, the rest should be a function of the dimensionless variable
(px12) only. We thus arrive at the following general ansatz

i 1
F($1,$2,p) = eip(ml—'—xQ) g;(;é) ) Q= §(p$12) ) p2 =0. (B4)
12

In addition, the function ¢(«) must be even,

p(a) = p(—a), (B.5)
as a consequence of the permutation symmetry of the integral in (B.3).
Now, hitting the integral by, e.g., [J; and using the identity [27]
5@2_12,6)2 — _4in%5 O (), (B.6)
we find the inhomogeneous differential equation
P

4

O F(xq,22,p) = —4 .
T2

(B.7)
Next, we use translation invariance to fix the frame x9 = 0. Then the ansatz (B.4) becomes

F(2,0.p) = 3¢ p(0) = 15 f(a). (B.3)
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The differential equation (B.7) takes the form

0| 2@ = - Sl +ar@] = - 4 . (B.9)

22 x
Its solution is f(a) = (e**—C)/(2ia) with a constant C. Then ¢(a) = (e!*—Ce™) /(2iq)
and the boundary condition (B.5) fixes C' = 1. We obtain the expression for the form factor

F(x1,22,p) = i2 e3p(or+az) BNQ

1
with o = =(px12), (B.10)
Ti9 2

coinciding with (1.5). Notice the absence of the unphysical pole at (pz12) = 0.
Later on we will also need the integral (B.3) with modified prescription of the first
propagator,

~ dSx etpro
F(xy, 23, :/ . , : : B.11
N B N N ] W —
We rewrite the ansatz (B.4) with a new function ¢(«). It satisfies a different boundary
condition. The integral (B.11) changes sign under the simultaneous complex conjugation,
exchange x1 <> x2 and also p <+ —p. This operation leaves « invariant, therefore we require

p(a) = —p(a)”. (B.12)

Next, we hit the integral (B.11) with (J; and use the complex conjugate of the identity (B.6).
Repeating the steps of fixing the frame zo = 0, defining f(a) = ¢"“$(a), we obtain the
differential equation

R 62104

0| (@) = - Sl + af @) =4

= prat (B.13)
Its solution is f(a) = (—e2®—C)/(2ia), hence ¢(a) = (—ei®—Ce~)/(2ic). The boundary

condition (B.12) fixes C'= 1 and we obtain ¢(a) = icosa/a. Finally,

F(ml, x9,p) = LQ eap(zitaz) LB (B.14)
xiy o
Note that this unphysical quantity has a pole at (pzx12) = 0. We define it with the principal
value prescription, which is compatible with the boundary condition (B.12).

B.2 Conformal Ward identities

Let us examine the conformal properties of the result (B.10). We need to apply the off-shell
x—space generator K ,(jfiA):Q (see (A.2)) and the on-shell p—space generator ]K,(f ) (see (A.12)).
To this end it is sufficient to use translation invariance and fix the frame x9 = 0.!> We go
back to the general ansatz (B.8) and obtain

(Kfj&ﬂ + KEL{’)A:4> fif) - % [2if — '] + i—’; [af” +2(1 —ia)f — 2if] . (B.15)

13The origin = = 0 is stable under conformal transformations.
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Conformal invariance would mean that the coefficients of the two vectors p, and x,, van-
ish. These two equations are incompatible, so we conclude that there is no function of
the form (B.4) satisfying the homogeneous Ward identity, i.e. which is an exact confor-
mal invariant.

Now we take f(a) = (e2** —1)/(2ia) for the form factor (B.10) and insert it in (B.15).
The term ~ x,, vanishes, while the term ~ p,, yields the anomalous Ward identity (2.5),

2 .
(Z KUY+ Ki?)A4> F=p, eép(mwﬂ%%&z(} = puA(z1,72,p),  (B.16)
i=1
where we have restored the translation invariant dependence on xo. Notice that if we
know in advance that the anomaly term is ~ p, only, as it is the case in (B.16), then
the differential equation following from the vanishing of the term ~ x,, and the boundary
condition (B.5) fix the solution (B.10), up to an overall constant.

The anomaly function A(z1,xe,p) can also be rewritten in the integral form (see (2.6))

1 _
memﬁz—/d&&@mﬁwm§ (B.17)
0

This identity is easy to check, but it is also useful to interpret it as a Fourier transform. We
again use translation invariance to fix zo = 0 and denote w = (px1). We get from (B.16)

eiw+1 .eiw_l

A(z1,0,p) = 2 + 2i 3 (B.18)
Then we use the Fourier transform [27]1
oo ) _i\m
/oo dww ™ e W = ((ml)lﬁ)' sign(&) for m > 1 (B.19)
and its inverse to rewrite (B.18) in the integral form
1
Afwr,0.p) = [ degge. (B.20)
0

Restoring the point x5 by translation invariance, we obtain (B.17).
In a similar way we derive the anomalous Ward identity for the integral F (B.11),

2 .
x; A i (eiap,) ¢ d COSQ .
(2 K", +nggz4> B = p ettt =20 —p Ao aap). (B2L)
The sum of the two anomalies (B.16) and (B.21) gives
~ : (pxlg) — 2

A+ A=2eP"2 ————— B.22
(pr12)? ( )

Repeating the steps from (B.18) to (B.20), we can rewrite this sum as follows:
A+ A=— / dg €€ sign (€) el Prti(pe2)E (B.23)

MHere w™™ is defined as the finite part of the singular distribution.
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B.3 Evaluation by Schwinger parameters

Here we present another independent calculation of the form factor and its conformal
anomaly. We first do the d®zq integration in (B.1), for p? # 0, by introducing Schwinger
parameters. The result is a single-parameter integral of a modified Bessel function of the
second kind [27]. Then we use the asymptotics for p?> — 0 and integrate over &,

zpa:l 1 - T 1
I(z1,22,p) = \/7 g€ e~ knz) <\/$%gp2§f> =2 ZAIOgPQ +...

(B.24)

The integral has a pole 1/p? and a cut starting at p?> = 0. The dots denote terms which
are not singular after acting with the conformal boost (A.6) (e.g., the next term in the
expansion p? log p? is finite after acting on it with K ,(;n )). The residue 7 of the pole is

) sin «v

i 1
T(x1,22,p) = Teip(l’ﬁ” with a = §(p:1:12), P> #0. (B.25)

T2

The expression for A(z1,x9,p) is the same as in eq. (B.16) but with p? # 0.
In the on-shell limit (B.3) only the first term in (B.24) survives, and we find the
generalized form factor defined in (B.3), in accord with (B.10),

F(.%'l,.’l,'z,p) = T($1)$27p2 = O) . (B26)

As we already know, this result is not invariant under conformal boosts. To evaluate the
anomaly, we use the fact that the off-shell integral I(x1,z2,p) is conformal, so substituting
the asymptotic expansion (B.24) in the Ward identity (B.2) gives

2
() () T (@ (x2) » )1 2
(21{ L+ KL >p2_ (KA + KA, + KPA ) 7Alogp* 4., (B27)

where the dots stand for the omitted nonsingular terms. Then we multiply both sides of
this relation by p?, take into account (A.8) in the form

KA 5 1/p*o(p) = 1/p* KUA_, (D), (B.28)
and that log p? produces a pole 1/p? upon differentiation,

(» )

lim p® K"\, log p* ¢(p) = 4p, ¢ (p) - (B.29)

p2—0

This enables us to take the limit p? — 0,

11210 ( KM:CZA) 9+ p) 4> T(z1,22,p) = Pu A($1,5U2,p2 =0), (B.30)
p?

in accord with (B.16). We see that the expression for the conformal anomaly is given by
the discontinuity A(z1,z9,p) on the cut of the integral I(x1,x9,p), eq. (B.24).
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Figure 7. Feynman graphs for the generalized form factor with Lagrangian insertion (C.2).

C Derivation of the Ward identity (3.29)

Here we show how the anomalous Ward identity (3.29) can be derived via the Lagrangian
insertion method described in section 2.3. We need to find the residue

lim e/dDa:g (O(x4)O(xp) (zhy Lyni(x0)) [¢(p1) o )9(+) (P3))Born » (C.1)

e—0

where D = 4—2¢ and we insert the Yang-Mills part of the Lagrangian (3.24). We start with
the generalized form factor of three operators with three on-shell particles. It is calculated
in momentum space. The contributing diagrams are shown in figure 7. The result is

(O(4a)O(an) L(90) |6 (p1) 6 (p2)9 ™ (93)) Born

_ s py | Blataa2s8l < 31123]  (1g2,a,[3][13]
- ( ) 2 2 2 2 2 2 T2 2 2
4,09 p91 2,00 NafNap 2,00 92092,0,091,2,0,0

+perm (a <> b), (C.2)

where P is the total momentum, P = ¢, + q, +p1 + p2 + p3. Then we Fourier transform this
result to coordinate space, qq, qp, g0 — Ta, Ty, To. Lo transform the last two terms in (C.2)
we use (3.27), and for the first term we use the formula

d'p d'q e‘”"z Wltlpalt)y _ (L gle)
An2am® p’P(qg+p)? 22w —y)?

(C.3)

The result for the generalized form factor in the mixed z/p-space representation is

[3|Zaoxpo|3]

(O(2a)O () L(w0)|$(p1)(p2) g (p3) )Born = gy — " Fab 1 Hirwpatizors
T Th0T
<2‘$50’3] [23] 1T0P3+iTap1 (eimopg _eiaszg) + <1‘$a0‘3] [13} eiazopg—i—ixbpg (eia:a]n _ei:copl)
<2‘$bo|2]l‘ibl‘go <1’$a0’1]1’3b$30
+perm (a<>b). (C4)

Like in (3.28), the poles at (zq40p1) = 0 and (xppp2) = 0 are absent.

Then we substitute (C.4) in (C.1) and extract the residue of the integral at the pole
1/e. We are interested in the divergent part, so we can use the D = 4 integrand. The last
two terms in (C.4) do not contribute to the residue, while for the first term we obtain

3|Za0mp0l3]  im?
[ Pantem B ot A0 + O, (O
aO b0 ab

with A defined in (3.30). Thus the Lagrangian insertion (C.1) yields the anomaly (3.29).
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D Unitarity cuts of the conformal Ward identities

Here we discuss the cuts of the 6D boxes and the corresponding conformal Ward identities.
For simplicity we consider the one-mass I, and two-mass-easy o, cases, figure 2, and
take the unitarity cut in the s = piQ channel. The explicit expressions (4.7), (4.8) have

the cuts
2 2
1
DISC Iy = 2mi —— |log P1a +log|1— Z;—‘l ,
P o pl 3 p2,3 Pio

Disc Iome = 2mi —— log (1 apiQ) . (D.1)
s pl 3

The integrals satisfy the conformal Ward identities (4.14) and (4.15), respectively, with the
right-hand sides given explicitly by eqs. (4.13). The anomalies are expressed in terms of
logarithm functions, so they also have discontinuities in the variable piQ,

3

Disc <A + A AR )——87rzp 2. (p2, —p2)2’
i (Al Al + An) = —Smisk P

8ipi 5 Py p3 s i
+ 2 2

pap; —Piopia | (P1a—13)% (1o —pi)?

(D.2)

BQiSC (Aof;fl/oﬂ + Aoﬂ/off)
1,2

Now we can explicitly check that the cuts (D.1) of the integrals I1,, and Iy, satisfy
conformal Ward identities whose right-hand sides are the cuts of the anomalies of the
integrals (D.2):

(KM + K + KY + K1) 65(P ) Djse I, = 5P ) Dise (A on + A o+ A2 )
1,2
(KY + K + KY + K1) 65(P )Dise Lo = 3°(P) Disc (Ao + Afot) (D.3)
1,2 1,2

This is an example of the generic phenomenon of commuting conformal anomaly and
unitarity cut.

These conformal Ward identities for the discontinuities of the loop integrals follow from
the anomaly of the cut of the trivalent vertex with p? = 0 and with the loop momentum ¢
(see the proof below),

(Kiheo + P ) (22000 () s = v, [ deetsion(@) 80+ €p). (D4

Using this result we can derive the Ward identities (D.3) for 1, and Is;,. by cutting the
relevant propagators, see figures 8 and 9. The first two contributions on the right-hand
side of figure 8 vanish. For instance, in the first term £ ~ p; on the support of the anomaly.
Momentum conservation at the vertex with ps and the cut condition imply that the lightlike
vectors £ + p1, po and £ + p; — po at the vertex are collinear. However, we assume that p;
and po are generic lightlike momenta.
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Figure 8. Conformal Ward identity for the s-channel cut of the one-mass 6D box. The momenta
of the highlighted lines are collinear. The first two contributions vanish.

(KY+KY+KE+KY)

Figure 9. Conformal Ward identity for the s-channel cut of the two-mass-easy 6D box.

Proof of (D.4). Consider the sum of the integrals (B.3) and (B.11),

, dSzy  ePro 1 1
F+F = . D.5
vi= [ R [(w%o—z'eﬂ*(x%we)? (B-5)

Its Fourier transform gives the cut of the propagator 1/(g? + i€) in the trivalent vertex,

R 5O (g1 + qo + i i 5O (q1 + go +
g2 + ic qi +ie  gi —ic G + 1€

The anomaly of the sum F +F was found in (B.23). Its Fourier transform is straightforward
and we arrive at (D.4).
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