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1 Introduction

The existence of an interacting theory of massless higher spins in flat space is usually con-
sidered to be problematic due to various no-go theorems (see [1]). While cubic higher spin
interaction vertices consistent with on-shell gauge invariance were constructed in various
approaches [3-17] it is not a priori clear if they can be completed by quartic and higher
vertices to a local gauge-invariant action that can be used to define non-trivial observables.
These issues were addressed in [18-20]' and recently in [21-23, 25, 26, 28].

Here we shall revisit the construction of quartic higher spin interaction vertices for a
minimal theory of a single tower of massless even spins j = 0,2,4,... (without internal
symmetry indices) and using the Lorentz-covariant S-matrix-based approach. We shall
assume that the theory should admit a Lorentz-covariant formulation with local on-shell
gauge-invariant cubic vertices and determine the type of non-localities that may appear in
the quartic vertices. We shall consider the tree amplitudes involving three scalar fields and
one spin j field and show that in the cases of j = 2 and j = 4 there exist local quartic
000j interaction terms in the action that render the amplitudes on-shell gauge invariant.
However, for j > 6 we shall find that the gauge invariance requires the introduction of
non-local four-point vertices in the action.?

One may wonder if the locality can be restored by extending the set of fields. We will
suggest that this may be possible by adding a second tower of even spin j > 0 fields with
specific couplings to the fields of the original set. There are indications that the resulting
extended interacting action may still lead, after the summation over all intermediate higher
spin exchanges, to a trivial S matrix. That would be in agreement with constraints im-
posed by gauge invariance (under the key assumption of locality) on massless higher spin
scattering amplitudes that can be found in a soft momentum limit.

A related question is about an underlying global symmetry of such conjectured flat-
space massless higher spin theory. While for the higher spin theory in AdS space there
is a natural higher spin symmetry algebra [29], it is unclear a priori if it has a flat-space
counterpart. By analogy with the Einstein theory that admits a conformal off shell exten-
sion [31] (found by introducing a conformally coupled scalar and then solving for it) one
may conjecture that there exists a massless higher spin theory which is invariant under the
same conformal higher spin algebra as the conformal higher spin theory [32, 33]. In contrast
to the higher-derivative but local conformal higher spin action, the action of the minimal
massless higher spin theory with two-derivative kinetic terms for a single tower of even
spins should be non-local. Its infinite dimensional global symmetry may then be expected
to constrain the S matrix to be trivial like in the conformal higher spin theory [34, 35].
That the scattering amplitudes of a massless higher spin theory in flat space should vanish
as a consequence of a higher spin symmetry was also argued for in [25].

We shall start in section 2 by discussing the conditions that gauge invariance imposes
on S-matrix elements, emphasizing that only the “linear” part of the gauge transformation

n particular, ref. [18] demonstrated the impossibility to complete by local quartic vertices the on-shell
gauge-invariant 3-derivative cubic vertex for three spin-3 fields.
®These conclusions were reported in [22]. Similar results appeared in [19] and also in [28].



(i.e. the part independent of the fields) constrains the S matrix. We will also review the
Lorentz-covariant local three-point vertices we will start with and specify the general form
of the quartic Lagrangian that will be relevant for the calculation of the 0005 tree-level
scattering amplitude.

In section 3 we will compute the tree-level 0005 S-matrix element, finding separately
the exchange part and the contribution of the quartic interaction term in the Lagrangian.
We will then consider their gauge transformations and extract the constraints imposed by
the gauge invariance of the total amplitude on the coefficient functions appearing in the
quartic vertex.

Section 4 will contain the analysis of these constraints. For j = 2 and j = 4 we will
find that there exist local quartic terms in the Lagrangian that are consistent with the
gauge invariance of the amplitude, while for j > 6 a quartic Lagrangian must be nonlocal.

In section 5 we will present a “minimal” choice of nonlocal terms required by gauge
invariance of the S matrix and suggest a way of eliminating the nonlocalities by introducing
an additional tower of “ghost-like” higher spin fields. It turns out that the additional quar-
tic nonlocal interaction of spin-0 particles required by this procedure is such that it cancels
the exchange part of spin-0 four-particle amplitude. Further nonlocal non-minimal terms
may completely cancel all the singular terms of the exchange part of the 0005 amplitude.

In section 6 we will consider the conformal off-shell extension of the Einstein theory and
show that its perturbative expansion is the same as that of the non-local action resulting
from integrating out the trace of the graviton field from the standard Einstein Lagrangian.
We will then conjecture the existence of a similar conformal off-shell extension of a massless
higher spin theory that may have the same symmetries as the conformal higher spin theory.

Appendix A will contain some details of the the contribution of the quartic Lagrangian
to the 0005 amplitude and its organization into a basis of contractions of the spin-j polar-
ization tensor used in section 3.

In appendix B we will place the results of sections 3-5 into a more general context
by presenting the analysis of the constraints imposed by the on-shell gauge invariance and
locality on generic massless higher spin scattering amplitudes ji ... 7,7. Similar analysis
was performed earlier in [19] with the same conclusions. We shall use the soft momentum
Pn+1 — 0 expansion generalizing the discussions in [36-39] to arbitrary couplings of higher-
spin fields.

In appendix C we will demonstrate that there exists a special choice of on-shell gauges
(or, equivalently, reference vectors in polarization tensors) for which the non-local four-
point vertex resulting from integrating out the trace of the graviton field in the Einstein
action gives a vanishing contribution to the four-graviton amplitude.

2 Lagrangian vs. S-matrix gauge symmetries and massless higher spin
interaction vertices

The construction of Lagrangians invariant under gauge transformations can be done using
the Noether procedure but this is typically difficult. In this section we will first argue that
a more efficient and technically more straightforward approach is to start with the S matrix



and demand its (on-shell) gauge invariance. We shall then review the known local Lorentz-
covariant cubic interactions of massless higher-spin fields and write down the most general
ansatz for the spin 0005 quartic Lagrangian which will be used in the following sections.

2.1 Gauge transformations from the perspective of the S matrix

Lagrangians exhibiting gauge symmetries are usually determined through an iterative
Noether procedure. One starts with a quadratic action and deforms it by higher-order
terms while simultaneously deforming the linearized gauge transformations in such a way
that the resulting action is invariant off-shell under the deformed transformations. This
procedure links the construction of the full action S = S + S3 4+ S4 + ... to the determi-
nation of a non-linear modification of the gauge transformations 6§ = 60 461 4+ 6@ 4 .
For the cubic part of the action one is to solve the equation

5§08, +5M18, =0, (2.1)

where 6V is a deformation of the gauge transformations linear in the fields. Thus, the
cubic action must be invariant under the linearized gauge transformations up to the term
proportional to the free equations of motion. The quartic action Sy is then found from

508, +6W8s 4538, =0. (2.2)

Determining higher 6(™ simultaneously with S, is not always straightforward, especially
in theories with many fields.

An alternative approach is to constrain the Lagrangian by demanding that the tree-
level scattering amplitudes following from it are invariant under the on-shell gauge trans-
formations. The essential advantage of this approach is that only the linearized gauge
transformations 6(°) act on physical scattering amplitudes. While field-dependent (“non-
linear”) terms in the gauge transformation,

0p~0O0e+ e+ ..., (2.3)

relate n-point Green’s functions to Green’s functions of at least n+ 1 fields, such terms are
projected out by the amputation relating the n-point Green’s functions and n-point scatter-
ing amplitudes at generic momenta. Indeed, for asymptotic states with momenta p1, ..., p,,
the amputation leading to the n-point amplitude selects the most singular term propor-
tional to pf2 ...p, 2 by multiplication with p? ... p2 and taking the on-shell limit pf = 0. For
an (n+r)-point (r = 1,2,...) Green’s function resulting from a nonlinear term in the gauge
transformations the momentum conservation requires that it should have a different pole
structure. Thus such terms are amputated away, i.e. all the nonlinear terms in the symme-
try transformations applied to Green’s functions are projected out by the LSZ reduction.?

30nce a Lagrangian that leads to gauge invariant scattering amplitudes is determined, one may use it
to find the nonlinear extensions 6%, 8 ... of the linearized gauge transformations. The only changes of
the Lagrangian that are still allowed are proportional to the free equations of motion (such terms can be
eliminated by field redefinitions not changing the S-matrix).



In the context of the Yang-Mills theory this is reflected in that the amplitudes are
invariant under the global part of the gauge group and vanish if the polarization vector of
a gluon €, (p) is replaced by the momentum

DA, =8 — Seu(p) =puelp). (2.4)

For massless higher-spin fields (¢s = ¢y,...,.,) the linearized gauge transformations are given
by the first term in (2.3), i.e. symbolically

60, = des_1 . (2.5)

The corresponding scattering amplitudes for any number of external legs and loop order
should thus be invariant under the following transformation of the polarisation tensor
Gp1-pe (p) (in momentum space representation)

0Py -ops (P) = p(u16u2~~u5)(p) . (2.6)

If the cubic action S3 is invariant off shell under the linearized gauge transformations (2.1)
then adding a quartic term Sy is not required by the Noether procedure. In non-trivial
cases when the invariance of S3 under (2.5) is only on shell, i.e. only up to the free equations
of motion as in (2.1), then adding S; is necessary. That can be seen from the S-matrix
perspective as follows. When a three-point vertex is put into a higher-point amplitude, the
inverse propagators generated by its gauge transformation (which vanish on shell) cancel
propagators and thus lead to a contact higher-point violation of gauge invariance. Repeat-
ing the argument implies that, barring special circumstances, vertices of an arbitrarily high
order are required.

2.2 Cubic and quartic terms in a massless higher spin action

We shall consider the totally symmetric massless Fronsdal fields in d = 4 [40] that can be

represented by

Bo(, ) = by () (2.7)

where u* is an auxiliary constant vector. To construct cubic vertices in the covariant form
one usually starts by specifying their traceless transverse parts. Then these vertices can
be promoted to off-shell ones [11, 12, 14-16]. For the calculation of the 000 scattering
amplitude in the following section (which will be similar to the one for j = 0 in [21, 41]) it
will be sufficient to know the vertices in the de Donder gauge

. . 1
Dog(z,u) =0, D = (0, 0u) = 5 (u- Dy)02 (2.8)
To compute S-matrix elements with one external higher-spin particle and several spin 0

ones we need only cubic vertices with at least one of the fields having spin 0. In this case
it turns out that the traceless-transverse vertices give already the consistent vertices in the



de Donder gauge, i.e. they do not require any completion. Thus the cubic action required
for the calculation of the exchange part of the (0007) amplitude is (see, e.g., [21] for details)

S3 [¢07 (bjzv ¢j3] = C0jajs /d4$ |:(8U2 ’ a9031)]‘2 (8u3 ’ aﬂclz)jg

X Go(@1) s (@2, u2) s (w3, us) |, o (29)

;=T

where 0y, = Op; — Oz;.

Let us note that here we will be interested in determining non-local structures required
by gauge invariance in four-point vertices in a massless higher spin theory in flat space
that has only manifestly local and Lorentz-invariant cubic vertices. In the direct light-cone
approach developed in [7] there are additional lower-derivative cubic couplings, which are
required for the necessary consistency conditions (Poincaré algebra) to be satisfied, that
do not have local Lorentz-covariant counterparts. The light-cone approach of [7] need not
a priori be equivalent to an approach based on manifestly covariant local cubic vertices we
are assuming here. It would still be interesting to study the role of these additional lower-
derivative couplings in the construction of the four-point interaction Lagrangian either
directly in the light-cone approach [26] or using their non-local covariant versions (cf. [25,
28]) but we expect that the additional non-localities associated to them cannot cancel
against the non-local terms coming from manifestly covariant cubic vertices (2.9) that we
shall discuss below.*

Most of the qualitative conclusions below will not depend on a particular choice of
the coupling constants coj,j, in (2.9). Still, to be able to present closed-form analytic
expressions for the exchange amplitudes (found by summing over all intermediate spins)
and thus for the related terms in the quartic vertices it is natural to follow [21] and choose
Cojajy @S in [7]°

pi2tiz—1
C0jajs = 9 m (2.10)
Here ¢ is an overall dimensionless coupling counting the power of fields in interaction
vertices and ¢ is a unique dimensional parameter (that will be set to 1 in what follows but
can be easily restored on dimensional grounds). Note that cgppp = 0, i.e. there is no cubic
scalar self-coupling.

The on-shell gauge invariance of the cubic vertices implies that the gauge transforma-
tion of the exchange part of a four-point amplitude is a local function of momenta. It may
be cancelled by a gauge transformation of the contribution of a four-point vertex in the
Lagrangian, as it happens in the case of the standard gauge-invariant Lagrangians with
spins less or equal to 2. Below we shall explore the possibility of this cancellation in the
case of four-point 0005 scattering amplitudes.

4We thank R. Metsaev and D. Ponomarev for useful discussions of this issue.

5 Another motivation for this choice is that the same cubic coupling constants appear in the covariant
higher spin theory in AdSs [42], suggesting that they may also appear in its flat-space limit, assuming it
exists.



The most general expression for the 0005 Lagrangian written in momentum space can
be represented as follows®

J/2
Looo; = Z Vik(p1,p2,13) ¢0(p1) (2ip2 - 8u)*do(p2) (2ips - 8u) " o(ps) bj(pa,u). (2.11)
k=0

Here 0, acts only on the last factor ¢;(p4,u) (cf. (2.7)) and all u-dependence goes away
after the differentiation. The vertex functions Vj, (k = 0,1,...,/2) are so far arbitrary.
The k£ = 1 term in the sum in (2.11) can be set to zero since, up to a total derivative, it
is equivalent to a shift of Vjq if ¢; is taken to be transverse. We will nevertheless keep it
for the symmetry of the resulting expressions. Also, note that Vjg is symmetric under the
interchange of p; and py while Vj; /5 is symmetric under the interchange of ps and ps.

As was mentioned above, one may attempt to determine the quartic Lagrangian
through the Noether procedure, which links the construction of the Lagrangian to a non-
linear modification of the gauge transformations. Instead, below we will constrain the
coefficient functions Vj; in (2.11) by demanding that the S-matrix element 000; is gauge
invariant.

3 The 0005 scattering amplitude

In this section we will compute the scattering amplitude of three scalars and one spin j
field starting from the Lagrangian containing the standard Fronsdal kinetic term (in the
de Donder gauge) plus the cubic vertex (2.9) and the quartic vertex (2.11).

The momentum (Mandelstam) invariants will be defined as
siv = (pi +pr)°, s12 + 513+ 523 = 0. (3.1)

We shall also use the following notation for contractions of the spin j field (its Fourier
transform) with momenta:

b0 d, k) = (a0 . (gn - 00) d(p, ), ki4...+k,=7. (3.2)

Thus ¢;(p, (cq)?) = (cq- du) d(p,u) = ?9;(p, ¢’), ete.

3.1 Exchange contribution and its gauge transformation

The calculation of the exchange part of the 0005 S-matrix element from the covariant
cubic action (2.9) follows [41] and, especially, [21], where this was done for the case of
j = 0 using the action (2.9), (2.10). The only difference compared to j = 0 case comes
from the presence of the spin-j polarization tensor ¢; and the coupling of this field. The

SWe omit the overall momentum conservation factor 6™ (py + p2 + ps + pa).



amplitude decomposes in the usual way into s-, t- and u-channel exchanges,

A = A 4 A AT (33)
A — 2;1922@(194, (2ips)?) [F(25) + )] (3.4)
a5 = 2 1 i) [F6201) + B30 35)
A — Zi:"f@(m,(zim)j) FP) + FEE) (3.6)

The functions Fj(y) are given by

() = (43" 11N |
= 3 e —s(3r) (- sw). e

where J; and I; are the Bessel and the modified Bessel function, respectively, and ¢ is the

(172’374)

scale parameter in (2.10) (set to 1 below). The arguments y of the function F; in

the s-channel are defined by

1

2
§(y$’2’3’4))2 = 513 — S23 = 2/ —s13523 = (/513 £ V512 + 513 ). (3.8)

(3717274) and y:(|:27371»4)

The arguments in other channels, y , are obtained by relabeling. It is

useful to introduce the following notation

Xi2g = 29° ['7:9'(992’3’4)) + ]:j(y(_l’z’SA))} = Xo3,
Koz = 2g° []:j(yf’g’M)) + Fj(y(_2’3’174))} = X391, (3.9)

3,1,2,4)) n

X319 = 2¢° |:fj(y<(|’ }—j(yg’m’@)} = Xi32,

so that (3.3) becomes”
A% = 52’(123 ¢ (pa, (2ip3)’) + %X%l ¢ (pa, (2ip1)’) + £X312 ®j(pa, (2ip2)’) . (3.10)

Under a gauge transformation (2.6) of the spin-j field the contraction of its polarization
tensor with some vector ¢, i.e. ¢;(pa4, ¢’), becomes

¢j(p1,@’) = §(pa-@)ej—1(pad ). (3.11)

In our case ¢ is the momentum of one of the spin-0 particles. Because of the momentum
conservation and transversality of the polarization tensor and the gauge parameter one
momentum (other than py) can be eliminated from the contraction with €;_;. Choosing

"For j = 0 these expressions reproduce the 0000 exchange discussed in [21] up to the change of notation
Sij — —Sij-



it to be p; and using the same notation as in (3.2), i.e. denoting by €;_1(p, a™, b~17") the
contraction of €;_; with a symmetric product of n vectors a and (j —1—n) vectors b we find

SA = —(Xia3—Xag1) j€j—1(pa, (2ip3)’ 1) — (Xs12— Xaz1) j €j—1(pa, (2ip2)’ ™) (3.12)

+ Aoz ( CIA 61 (o1, (2img) /271, (2ip2) 1) + €51 (pa, (2ip2) 7, (2ips)72)|
j/2—1
Z Ck 1|:€] 1 p47 (22172) 7(22'133)]716)4‘63'—1(}747 (21']73)]6717 (21172)]!6)}) ’

where Cf are the binomial coefficients (we used that C]j-‘:f = C'j’-“__l1 and Cj i 21_1 = Cj i 21)

Let us note that if the fields were taking values in the adjoint representation of some
internal symmetry group, then the s, ¢t and u channel contributions would be dressed with
additional color factors. Gauge invariance would then need to be demanded separately for
each independent color factor. There are three different partial amplitudes, corresponding
to the traces Tr[l,2,3,4], Tr[2,3,1,4], Tr[3,1,2,4], and therefore three different gauge
transformations that must be cancelled separately:

GATT +0AFT,  OAT + AT, OAT + AT (3.13)

In either abelian or non-abelian case, the non-trivial gauge transformations of the exchange
contributions imply that a “contact” 000; term that should come from the four-field La-
grangian (2.11) is required to be added to restore gauge invariance of the full amplitude.

3.2 Contact term contribution and its gauge transformation

It is straightforward to write down the contribution A% of the four-vertex (2.11) to the
0005 tree-level amplitude; we present it in appendix A together with its gauge variation
§A. Separating the independent contractions of the gauge parameter €;_1 and collecting
similar terms we find

SA% = —(js2aBa + 534D32.1) €j_1(pa, (2ip2)’ 1)
—(js3aBs + 524Da31) €j-1(pa, (2ips)’ ")

- <”;824323 + <; + 1) 334D23,j/2—1> €j—1(pa, (2ip2)?/271, (2ips)i/?)

- <;834Bz3 + <; + 1) 8247932,]'/2_1) ej—1(pa, (2ip3)?/271, (2ip2)?/?)  (3.14)

jj2-1
— Y [(G =k +1)534 Das 1 + ksoa Dase €51 (pas (2ip2)* ", (2ips) )

k=2
ij2-1

= Y [(G = k+1)524 D1 + ksza Dso g €51 (pa, (20p3)* ", (2ipa) ) .
k=2

The coefficients B and D are the combinations of the four-vertex functions Vj; defined in
egs. (A.3)—(A.7) of appendix A.



Eq. (3.14) is written under the assumption that all the fields are singlets (i.e. the
theory is abelian). In the case when they take values in the adjoint representation of an
internal symmetry group the expression in (3.14) breaks up into contributions to the three
different trace structures, as in the exchange contribution discussed above. This separation
may be done by inspecting the explicit coefficients given in appendix A and assigning the
arguments of the coefficient functions Vj, in the four-vertex (2.11) as follows:

{(p17p2’p3)a (p?anapl)} — TI‘[l, 2a 35 4] ) {(p27p3ap1)7 (plap3ap2)} — TI‘[Q, 37 ]-74] )
{(p3,p1,p2), (P2, p1,p3)} — Tr[3,1,2,4]. (3.15)
3.3 Constraints from gauge invariance of the amplitude

The gauge invariance of the total 0005 amplitude
A=A + A (3.16)

demands that the variations (3.12) and (3.14) cancel each other, i.e. 0.4 = § 4% +5 A = 0.
This leads to the following constraints on the coefficients B and D and consequently on the
coefficients Vjj, in the four-vertex term in the Lagrangian (2.11). It is useful to separate
the j = 2 and j = 4 from the general j case.

e j = 2: here one has only two structures in the gauge transformation of the 0002
amplitude: €1(p4,2ip2) and €;(p4,2ips). The equations following from the vanishing of
their coefficients in the total variation 0.4 are:

251382 + 512823 = —2X312 + 24X031 ,
251983 + 513893 = —2X93 + 2X537 . (3.17)

® j = 4: here there are four independent structures in the gauge variation of the am-

plitude: e3(pa, (2ip2)?), €3(pa, (2ip3)?), €3(pa, 2ips3, (2ip2)?) and e3(pa, 2ips, (2ip3)?). The
equations following from the vanishing of their coefficients are:

459482 + 534 D321 = —4AX312 + 4 X371,

453483 + 504Do3 1 = —4X193 + 4X031,
2594823 + 3534D23 1 = +6X031 ,
2534893 + 38247)32,1 = +6AX5371 . (3.18)

® j > 6: setting to zero the coefficients in 6.4 of the terms proportional to

ej—1(pa, (2ip2)’ 1), €j—1(pa, (2ip3)? 1), €j—1(pa, (2ip2)?/?71, (2ip3)?/?), (3.19)
ej—1(pa, (2ip3)?/> 7L (2ip2)/?), €j_1(pa, (2ip2)7Y, (2ip3)?~9), €;1(pa, (2ip3)T Y (2ip2) ),

we find:

Js24Ba 4 534D32 1 = —j(AX312 — Ad31) ,
Js34B3 + 524Dag 1 = —j(X123 — Xa31)

,10,



J j . /2
5524523 + (2 + 1> $34Dg3 j 21 = +]X2310]]<£1 ; (3.20)

2
(j =k + 1)s34Daog 1 + ks24Das e = +jXon1C) 7 with2 <k <j/2-1,
(j —k+ 1)SQ4D32,k_1 + k834D32,k = —l—j.)(zglcjk__ll with 2 <k < j/2 —1.

J J ) ;
= 534823 + (2 + 1> $24D33 j /21 = +]X2310J]-£21 ;

4 Solution of the gauge invariance constraints on four-vertex coefficient
functions

In this section we will explicitly solve the above constraints for j = 2 (3.17) and j =
4 (3.18) and find the coefficients Vj;, in the corresponding local quartic terms in the
Lagrangian (2.11) that render the 0002 and 0004 amplitudes gauge-invariant.

We will also analyze the general j > 6 constraints (3.20) and show that they do not
have solutions corresponding to a local quartic 0005 Lagrangian. Relaxing the requirement
of locality, in section 5 we will find the leading non-local 000j interaction terms required
by gauge invariance and discuss their possible interpretation.

41 j=2

To simplify the discussion let us use the freedom in the four-field Lagrangian ansatz (2.11)
to set Vo1 = 0 as the corresponding term is equivalent, up to a total derivative, to a shift of
V0. Moreover, the left-hand sides of eqgs. (3.17) expressed in terms of Voo can be organized
in such a way that the symmetries of the right-hand sides become manifest. It then follows
that a general solution of (3.17) is

1
Voo(p1,p2,p3) = —?12%23 — 523 Vo(p1,p2,p3) (4.1)

where Vy has the properties®

Vo(p1, p2,p3) = Vo(p3, p2,p1), 523 Vo(p1,p2,p3) = 513 Vo(p2,P1.03) - (4.2)

It is possible to choose Vy(p2, p1,p3) to be such that it cancels the pole in the first term in
eq. (4.1) and leads to a local Lagrangian. It is therefore natural to express it in terms of
the value of Xjo3 at s19 = 0. Since s13 = —so3 at this point but not away from it, different
forms of Xj93ls,,—0 lead to different expressions for Voo which differ by local terms. We
shall describe two such forms. Let us define the function Ro which is related to the value
of X953 at 510 =10 (Cf. (37), (39))

593 RQ(SQ:}) = ]RGS(;(123 , 812 = 0) = _922 (12(\/ —8823) — JQ(\/ —8523)) . (43)

512
One possible option is to choose
1 1

V ) ) = -4
20 (P1, D2, P3) Dagy 123 + 51s

[813R2(513) + s23Ra(s23) + 812732(512)} ; (4.4)

8The former is required for the second term (4.1) to be a solution of (3.17) while the latter is due to
the symmetries of Vag.
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which leads to the following expression for the total 0002 amplitude:
$a(pa, (2ip3)?) N $a(p4, (2ip2)?) n P2(p4, (22'101)2)]

A:Aex+Act:i|:

$12 513 523
X [813732(813) + s23R2(s23) + 812732(812)} : (4.5)
An alternative choice for Vy (which also generalizes to j = 4 case) leads to
1
Vao(p1,p2,p3) = —R?ﬁzs — 523513 U2(p1, D2, 13) , (4.6)

Ra(s12) n Ra(s23) n Ra(s13)

. 4.7
2513523 2512813 25125923 (47)

U2(p17p27p3)

The corresponding 0002 gauge-invariant amplitude is then

21 . .
A= +§U2(p1,P2,P3) b2(pa, 2i(s12p2 — $13P3)%) + 2(pa, 2i(s23p3 — s12p1)7)
+ ¢2(pa, 2i(s31p1 — 832192)2)} - (4.8)

One can check that the poles of this expression match those of eq. (4.5).

It may not be surprising that it is possible to find a local quartic 0002 contact term
that renders the 0002 amplitude gauge invariant. The analysis in appendix B of gauge
invariance of the S matrix using soft limit does not lead to a non-trivial constraint on
0005 amplitude for 7 = 2 (and also for j > 2 as the 000 three-point amplitude vanishes
automatically, cf. (B.9)). Compared to the Einstein theory coupled to a scalar here in
addition we have higher-spin exchange diagrams implying the presence of higher derivative
terms in the associated four-point 0002 vertex.

4.2 j=4

The interaction of one spin-4 and three spin-0 fields is described by the two coeflicients
in (2.11): Vi and Vjs. As in the spin-2 case Vj; is equivalent, up to a total derivative, to
Vio. Let us note that the structure of the Vjs-dependent part of the Lagrangian (2.11), i.e.

do(p1) Vaz(p1,p2,p3) (2ipa - 0u)*Po(p2) (2ips - Ou)?do(p3) ¢a(pa), (4.9)

implies that only the part of Vjs which is symmetric in po <> p3 and antisymmetric in
p1 <> p2 (and consequently antisymmetric in p; <+ p3) survives. The p; > pa symmetric
part is a total derivative that can be ignored.

The solution to egs. (3.18) is found by noticing that the first two equations determine
Dos 1 and D3y in terms of X3, X391 in (3.9) and an arbitrary function which is then
obtained from the consistency of the last two equations. Locality of the Lagrangian also
requires that this function exhibits poles whose residue is given by the values of X235 at
s12 = 0. Accounting for all the constraints we find:

1
Viz(p1,p2,p3) — Vaa(ps, p2, 1) = —g°(s12 — 823) | — — + 25125135023 Ua(p1,p2,p3)|

15
1 s12)2 + 813893 — (s23)°
Vio(p1,p2,p3) = —E?’fm, —92( ) 60512 (s522)
1
—5(813)2823(512 — 2593)Us(p1, 2, p3) 5 (4.10)
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with Us(p1,p2,p3) given by (cf. (4.3))

Uitonpem) = (5 + o )R 5 (ot o )Rl + 5 (o o ) Rlom).

$13 523 813 512 S23 512
. 1
R(z) = 22 Ry(x) — %372 =0(1) , (4.11)
2
¢ Ra(z) = —%x (14(\/—835) - J4(\/—8:17)> . (4.12)
The total amplitude, written in a manifestly spin-0 symmetric form, is then
21 . 4 . 4
A= —§U4(p1,p2,p3) [454(1?4, 2i(s12p2 — 513P3)") + P4(pa, 2i(s23p3 — S12p1)")

+ ¢4(pa, 2i(s31p1 — 832172)4)}
- 4 4 4 4
v | (812)" + (S13 . S12)7" + (S23
(s12)” F (s13)° ¢4(P4,(2ZP1)4)+—( )" (523)
45| 512513523 512513523

1 4
+M¢4(m’ (Qip3)4):|
512513523

2i [ 5135923 . . 512523
da(pa, (2ip1)?, (2ip2)?) +
15 | S12 513

L2513 4 (2ipe)?, (2ip3)2)]
523
(s13)?

4 [(s93)2 . . . .
+— (i)¢4(p4,21p1>(21p2)3)+ b4 (pa, (2ip1)?, 2ip2)
45 S12 512

(s23)° (s12)°
513

—1—7813 b4 (pa, 2ip1, (2ip3)*) +
2
. . 512
b4 (pa, 2ipa, (2ip2)*) + (s12)
S23 523

¢4(pa, (2ip2)*h)

¢4(pa, (2ip1)?, (2ips)?)

ba(pa, (2ip1)?, 2ip3)

+(513)2

b4(pa, (2ip2)3, 2ips) | . (4.13)

While this expression superficially contains products of multiple s;. denominators, mo-
mentum conservation implies that not only all of its poles are at physical values (i.e. at
vanishing Mandelstam invariants) but also the corresponding residues are local.

4.3 j>6

The analysis of the j > 6 gauge invariance constraints (3.20) can be done in three steps:
solve the first two equations for Dag 1 and Ds3a 1 in terms of a free function, as for j = 4;
then solve the last two recursion relations; finally, use the consistency of the third and the
fourth equation to determine the remaining function.

The general solution of the first two equations in (3.20) reads:

J J
Doz 1 = _3723)(231 — s12 V(p3,p2,p1) D3z = —?%X231 — s13V(p2,p3,p1), (4.14)
where the symmetries of the equations require that

V(p1,p2,p3) = V(p3, p2, 1) - (4.15)
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This function must be chosen to cancel the pole in the first term in (4.14); as in the j = 2
and j = 4 cases, we choose its pole part to be proportional to the residue R; of the first
term (cf. (4.3), (4.12)):

(1 1
V(p1,p2,p3) = 2j <312 + 523> R;j(s13) + Y (p1,p2,p3) + Y (p3,p2,p1) (4.16)
' _ X123 ) g , ,
Rj(s23) s23 = ReS<2512 ;812 = 0> T T2 (2sgg )1 I (v —8s23) — Jj(v/—8s23)| . (4.17)

The function Y should be chosen to be such that the remaining equations are also solved.
The solution of the last two recursion relations in (3.20) is unique:

(DM s\ R s\
D3 = —Cj () D31+ — Cf Xz Z (— ) , (4.18)
J 513 513 r S13
—1)k-1 s k-1 1 k—2 s n
Do = LC]’“ (13> Dapg + — CF Xozy Y (— 13) ; (4.19)
J 512 512 " S12

where, as in (3.20), C’]’? are the binomial coeflicients.
As the last step, the third and fourth equations in (3.20) both determine the remaining
coeflicient Bas; demanding that the two solutions are the same, i.e.

(512)! /2y L 5135 512
W(l—(—l) )87232(231+28—23733(813)—7(Y(p1,p27p3)+Y(p3,p27p1)) (4.20)
(513)j /9 1 S12 513
(512)7/2-2 ( (1) )323 231 + 523 i(s12) j ( (p2,p3,p1) + (P17p37p2))

should fix the remaining function Y in eq. (4.16).

It turns out that there is no local (i.e. containing only positive powers of momenta)
solution for the function Y and thus for the coefficient functions Vjy, in the four-vertex (2.11)
in the higher spin action. This is essentially due to a too high power of the Mandelstam
invariants which needs to be compensated for the two sides of the equation (4.20) to be
equal. To see this explicitly it is sufficient to consider the case of j = 6 when we get

1
Re(z) = ag’z + O(z?), Xiog = 10@2(3%2 — 8s13523) + (’)(s?j) , a (4.21)

~ 1260

so that eq. (4.20) becomes

3a(s12 — s13) [(s12 — s13)" — 2512813(51 + 513)]
= 53 [Y(p1.p2,p3) + Y (p3,p2,p1)] — s33[Y (2,03, 1) + Y (p1,p3,p2)] . (4.22)
Since the left-hand side contains terms with powers of s12 and s13 smaller than 5, Y must
contain sy, and s3 factors. AsY enters (through (4.16)) the expression for Dag 1 in (4.14)

and thus, via (A.6), the Vj;, functions in (2.11), the 000 Lagrangian (2.11) cannot be local
for j > 6.
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5 Non-local terms in 0005 vertex for 37 > 6

The above analysis implies that for j7 > 6 there is no local quartic Lagrangian that renders
the 0005 amplitude gauge invariant. Let us now discuss in detail the structure of the
required non-local terms in the corresponding four-point interaction vertex and attempt to
suggest their possible interpretation.

Rather than finding the complete solution of the system (3.20), it is more convenient to
first make an ansatz for the non-local part of the functions Vj, in (2.11) and then determine
the numerical coefficients of various possible terms (ignoring all local contributions).

There are, in fact, many nonlocal solutions to the gauge invariance constraint equa-
tions. It turns out that it is possible to choose all the coefficient functions Vji(p1, p2,p3)
in (2.11) with £ > 0 to be local. Moreover, it is possible to choose Vg to have only a finite
number of non-local terms. Below we list representative expressions for g_szo (p1,p2,D3)
for j =6,...,12

—9*Vjo(p1,p2,p3)
m s”’i:% + local
23><41'><9” 31331—:23 + 22><3'><5'><11” Slss;r;m + local (5'1)
S S
10 QZWS”;T;” + W AT o W i +1°:al+s
12| grsaian Lt e, T s o ey, + local

For generic j > 6 the corresponding choice of the non-local part of the four-vertex function

is

VIlOIllOC(p17p2,p3> — 9 KJI(S%?-Q + SQH—Q)7 (52)

_ L . (5.3)
20271020 + )N+ D)2 + 5 + D!

Hjl

Transforming to position space, the nonlocal part of the 0005 Lagrangian (2.11) is then
(7—6)/2 '
LR = 73 21 600" 0%5260) = [0y OB OV 0] 05(0), (5.4

where all fields have z-space arguments and ¢;(u) = ¢;(z,u).
One may notice that the numerical coefficient of each term in the sum (5.4) factorizes as

V8yg
g222l+2/€jl = Cj; Cor4 Cji = 21 Y : e (5:5)
202701+ )20 + 5 + !
Then summing (5.4) over all j = 6,8, 10, ... we find (after a change of summation index)

ST Lpgmec Zcmo (.. 3“2”2% Z Cit[ Oy - - Oy (B - 0V 0] 5 (1)

7=6,8,... =0 ] =642
(5.6)
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This remarkable factorization suggests that it may be possible to eliminate the non-locality
in the four-vertex by introducing an additional family of spin? j = 20 +2 = 2,4, 6, ... fields
1; each coupled to the original ¢; fields with j > 2/ +6 (I =0,1,2,...). Since for fixed
spin j the Lagrangian Egggjl-oc has a finite number of singular terms, only a finite number
(7 —4, cf. eq. (5.4)) of these additional fields contribute to it.

The local hermitian Lagrangian that reproduces the nonlocal terms in (5.6) upon

integrating out v;(u) = ¢;j(x, u) fields may be written symbolically as

Lextra(, 1) = Z o1 2000142 (5.7)

—Z [coz $0(0 - 9,) 2o + Z -0) (9 - 0)" 2 0) b () | ot 2 (v) -

j=21+6

Note that the additional fields 1; are ghost-like — they have an unphysical sign of their
kinetic terms.

Assuming that a consistent action given by (5.7) together with further local terms
depending on ¢; and ¢; indeed exists and defines a local higher spin theory, then integrating
out 9 from (5.7) one finds also other four-point nonlocal terms (in addition to (5.6)). These
do not contribute to the 0005 amplitudes for j > 0 and thus are not constrained by our
previous analysis. Explicitly, they are

o0
L3560 = 52 (Cor)? dod1 ... #1526 & = 00041 - Otz (5.8)
pnontoc _ 1 S C. C. 5.9
> oom—QZ > Y Cuc (5.9)
J1,J2 =0 j1=21+6 jo=21+6

. 1 ,
X [(8U1 : 8)]18#1 . '8#21+2¢0] ¢j1 (UI>E [(8u2 ’ 6>]26M1 s 8#21+2¢0] ¢j2 (UQ) .

Thus the validity of (5.7) rests on the conjecture that these non-local quartic terms are
indeed present in the minimal higher spin theory and have precisely the right coefficients
to have the interpretation of exchange contributions of the second tower of ghost-like fields
;. While the four-scalar interaction (5.8) cannot be found from the requirement of gauge
invariance, the study of the gauge invariance of the 00j;j> amplitude may, in principle,
confirm the presence of (5.9).

If the non-local four-scalar vertex (5.8) is indeed present in the minimal higher spin
theory, we may find its contribution to the 0000 amplitude discussed in [21]. Since (5.8)
represents only the non-local (pole) part of the quartic vertex we are able to determine only

90One may understand the absence of a spin-0 field in this family based on the momentum dependence
of the three-field couplings. Assuming that the triple scalar coupling is nonvanishing and constant, a
scalar exchange in, e.g., the s channel of a 000 amplitude contributes ¢;(pa, (2ip3)?)/s12 and its gauge
transformation is just e;_1(pa, (2ip3)?~"). However, since there is no triple-scalar interaction among the
original minimal set of fields, the minimal-field exchange starts out as ¢;(pa, (2ip3)j)P2 (s12, s23)/s12, where
P> is a polynomial of degree 2. Therefore, there is no term in the gauge transformation of the minimal-field
exchange part that can be cancelled by a quartic term which is equivalent to a scalar field exchange.
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the pole part of the full four-scalar amplitude (in each channel). Using that at sj2 = 0 one
(1234 — 0 and y$’2’3’4) = /8513 (see (3.8)) the pole part of the s-channel exchange

has y*
(see (3.4), (3.7)) and contact contributions are, respectively,

2ig®

(AS%)ooo0| = ., o [1o(V/8s13) — Jo(v/8s13)] (5.10)

pole

& L (1 20+2 s
(A)ooo0| = 4i> (Car) <813> = 2ig> == [Io(v/8s13) — Jo(v/8s13)] . (5.11)

pole =0 2 512

We observe that the sum of egs. (5.10) and (5.11) vanishes, i.e. the nonlocal 0000 vertex
whose presence is required to eliminate the non-local 0005 vertex by introducing an extra
tower of fields v; leads to the cancellation of the s-channel pole in the 0000 amplitude.
By relabeling of momenta one then finds that all the poles in other channels of four-scalar
amplitude cancel out. It is then natural to conjecture that the full tree-level 0000 amplitude
is actually vanishing (cf. appendix B).

Superficially, it may seem that a similar cancellation can not occur for the 0005 am-
plitude with j > 6: the residue of the nonlocal part of Vjg in (5.2) is a polynomial while
the residue of the s-channel exchange (3.4) is a more complicated function. Closer inspec-
tion shows that the first (j — 4)/2 terms in the expansion of the exchange part exactly
cancel against the nonlocal part of Vjy. Moreover, as noted above eq. (5.1), the gauge
invariance allows further infinitely many nonlocal terms in Vjo; in writing eq. (5.1) such
“non-minimal” terms were set to zero. It is in principle possible to make other choices, in
particular, such that the complete pole part of the 0005 S-matrix element cancels out.

It is interesting to consider from this perspective the cases of j = 2 and j = 4 for which
we have found a local quartic Lagrangian rendering the corresponding 0005 amplitudes
gauge invariant. In these cases too the solution to the gauge invariance constraints was
not unique; it is possible that one can add some “non-minimal” singular terms that cancel
the poles of the exchange part of the amplitude. An indication that this may be possible
is that, up to local terms, the pole part is gauge-invariant.'® Thus, by adding non-minimal
nonlocal terms to the quartic 0002 and 0004 Lagrangian it should be possible to set to zero
the pole part of the corresponding amplitudes.

Under the conjecture that a local and gauge-invariant (but non-unitary) action for an
extended set of higher spin fields may indeed be constructed, the above observations may
be considered as a hint that such a theory may have a trivial S matrix; this would be
consistent with expectations based on no-go theorems (cf. appendix B).

6 Non-local actions and conformal off shell extension: spin 2 example

To explore types of non-localities in four-point vertices that may appear in gauge theory
actions leading to consistent S-matrices and also to try to uncover possible higher sym-

00ne can see this by choosing a momentum configuration in which one Mandelstam invariant is close
to zero; for such momenta the amplitude is dominated only by its pole part which, consequently, is to be
gauge invariant.
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metries associated with such actions, it is useful to discuss first the spin 2 example of the
Einstein’s theory as it may suggest possible higher spin generalizations.

The Einstein theory describes a massless spin 2 particle by a reducible Lorenz rep-
resentation — symmetric tensor A, = Gmn — nmn.ll Expanded near flat space its local
action Sg(h) = f d4m\/§R depends on both traceless t,,, and trace h parts of h,y,,

1 1

However, h may be viewed as unphysical — it can be gauged away on shell and thus does
not appear as an asymptotic state in the S matrix.'? Splitting A, into t,,, and h and
observing that only t,,, (subject to Ptin =0, Opmtmn = 0) may appear on external lines
in the S matrix one may first integrate out h. This gives an effective action for t,,,, which is
non-local Sg(t) = [ d*z(t0*t+00t0~200t + 0>ttt +0%t0~20tOt + Ottt + Ototd—20tot +. ..
and which should produce the same S matrix for gravitons as in the Einstein’s theory. In
the transverse gauge Optm, = 0 the non-localities in S g(t) will start only at t* order.

This action can be written in a closed form [ d4w\/§ (R — %RAAR) as it is related to
the Weyl-invariant off shell extension of the Einstein’s theory [31]. To find it one may start
with a conformally coupled scalar action, fix the Weyl symmetry by choosing the gauge
h = 0 and then solve for the “compensator” scalar field. There is an analogy with the Weyl
C? gravity where the Weyl symmetry is present off shell so that expanding near flat space
and fixing this symmetry by the h = 0 gauge one also gets an action for t,,, only, which here
is local but higher-derivative one: Sy (t) = [ d*z,/g C* = [ d*z(to*t+0*ttt+0* tttt+. ..).

One may then attempt to generalize the above construction to the higher spin case:
starting with a Lorentz-covariant quadratic plus cubic action for the Fronsdal higher spin
totally symmetric fields ¢s = (¢m,...m.) which are subject to the standard double-traceless
condition one may split them into the “physical” traceless ts and the “ghost-like” trace hs_o
parts and then integrate out hs_s. The resulting non-local action for ¢ should then lead
to the same S matrix as the original action for the Fronsdal fields and may be related to
a higher spin analog of the conformal extension of the Einstein theory. The corresponding
higher derivative counterpart will be the conformal higher spin theory invariant under the
infinite dimensional conformal higher spin symmetry [32, 33].

11n this section m,n, . .. will stand for 4d Lorentz indices. We will also assume summation over repeated
indices regardless of their position.

1276 recall, the linearized Einstein equations imply that 82h,, = 0, 8*h = 0 with the gauge condition
Omhmn = 0 assumed. The residual on-shell gauge transformations 0hmn = Om&n + On&m subject to
026, =0, 0*0mém = 0 allow setting h = 0 and removing all but the two remaining degrees of freedom
from t¢,,,,. Thus one can gauge fix h,,» to be both transverse and traceless by an “on-shell gauge”, but this
is not possible off shell.
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6.1 Integrating out the trace from the Einstein action
Let us start by recalling the near-flat-space expansion of the Einstein Lagrangian with Ay,
split as in (6.1)%3

LE(h):\/gR:X1+XQ+X3+X4+..., Xn:O(hn), (62)

X1 = 0pmOphimn — 0*h = 0 Optimn — 26211, (6.3)
3 1
X2 = Zaktmnaktmn - §8ktmnantmk + tmnathn - antknamtkm - 2tmk8kantmn
3 1 1
o0 h 2 n mtmn nh *tmn m nha 4
25 (O)? + 7Ot O+ O (6.4)

3 1 3
XS = _( - Ztmnamtsrantsr + tmsamtnrantsr + itnsamtnrartsm - §tnsamtnramtsr

+tm7‘tnsamantsr - tmntsramantsr - tmrtm882t7‘s
1
_Ztrktrkamantmn + thnamtnrastsr + 2tmntmsanartsr + tnsamtmnartsr

1 1 1 1 3
*Etmntmna2h - Ztmna2tmn h + Ztmrantm"amh - Qtnramtm"amh - E(amtnr)2h
1 1 1 1
+§8ntmr8mtnr + Zamtmnartrnh + §tmr8mantnr - Ztmntmranarh
5t Omh0ph 18t ho,h 1t ho,,0,h 3hahah (6.5)
32 mntmiitn 16 mtmntitn ] mntYmbtn 128 mYm . .

Solving for h at the classical level will then give a Lagrangian depending only on #,,,:

Let) =L@+ LP0) + LW ) +.... (6.6)
Explicitly, the quadratic part of the Lagrangian (6.2) is (dropping total derivatives in Xs)
1 1 3 1
LP (1) = —~OktmnOktmn + =OktmkOntmn + —= (Och)® + ~hdmOptm , (6.7
4 2 32 4
so that integrating out h from (6.7) we find
F@) ) = 1 1 1 i
E (t) = —Zaktmnaktmn + iaktmkantmn + gamantmné? OkOptpy . (6.8)

Eq. (6.8) is invariant under linearized reparametrizations dt,,, = 0m&n + On&m — %nmnakgk
with the non-local term giving the required extra terms that were coming from the variation
of h in the Einstein action. Remarkably, the quadratic term (6.8) has a simple expression

in terms of the linearized Weyl tensor:'4
= 1 _ 1
L (t) = 5Crmnitd > Crunt = JtasPrint™, (6.9)
1 Om,O.
P = pPg Pl — 5 P®Prrn,  Pun = n — % : (6.10)

13The expansion of the Einstein action to quartic order in hm, appeared, e.g., in [43-45] and the com-
putation of the four-graviton tree-level S matrix was discussed in [46].
“Recall that C2,,. = 2(Ra,, — 2R?)+ div and Ryn = —20%hmn + 0r0(mhinyr — 20m0nh + O(h?).
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b

where P% is the traceless transverse rank 2 projector.'®

Solving for h at the cubic level gives
_ 1
LW () = Xs(t) + 3 X1 (0072 Xa(0), Xo(t) = X (t,h = 0). (6.11)

Similarly, one can find the quartic term E%) (t). The resulting Lagrangian (6.6) is thus
non-local at each order in t,,,. It can be simplified by choosing the transverse gauge

Ot =0, X = Xalt 6.12
(t) - (6.12)

and thus fixing the remaining gauge symmetry. Then we get from (6.3)—(6.5) (dropping
total derivative terms in X3 and X)

— — 3 1
X,=0, X, = Zﬁktmnaktmn — 58ktmnantmk + b tomn » (6.13)
_ 1 1 1
XSZ*EtabBatmnabtmn + tabaatmnantmb - itabantmaantmb + §tabamtnaantmb s (6.14)
= 1
X4:_Etmntmn(artabartab - 2artab8btar)
1 1
+§tabtcb <2aatmnactmn - antarartcn - 28ntaractnr + &"tnaartnc) (6-15)
1 1 1
+5tarted §aktabak:trd_ iaktaraktbd“‘abtkaadtkr_ OptraOrtid —20pt ka Okt ar+ Okt ar Oty
Thus
_ 1 _ _ 1. o
Lg(t) = _Zaktmnaktmn + X3(t) + Xa(t) + Ya, Y, = 6X23 °Xs, (6.16)

i.e. the non-local contribution Yy arising from integrating out h starts at four-point order.
The resulting three-graviton amplitude is given by X3(¢) while the non-local Y con-
tribution to the four-graviton amplitude may be represented as'6

13 1 B L
}/4 - 6 88 (tmntmn) 28kan(tmntmk):|a |:88 (tabtab) 28rab(tabta7‘) (617)

3

1 1
- ﬁ(tmntmn)a2 (tabtab) - E(tmntmn)arakuwftar) + ﬂ(tmntmk)8k8n6728r8b(tabtar) .

Thus a non-local redefinition tm, — (82)71/2tmn relates the quadratic term in the Weyl theory to the
quadratic term in the Einstein action with the trace h integrated out. One may wonder if (6.9) may have
a non-linear generalization. Introducing an auxiliary tensor a,,nk (with symmetries of the Weyl tensor)
we may consider (6.9) as a result of integrating out amni in the Lagrangian L(a) = %amnklﬁgamnkl —
AmnklCmnki- It may first seem that such a Lagrangian could have a straightforward non-linear generalization
given that there exists a Weyl-covariant generalization of the §* operator acting on rank 4 tensor constructed
in [47]. However, the action [ d*z/g[2a™™" (V?+..)amnki—a™"* Crunri] can not be made Weyl-invariant:
if gmn has Weyl weight 1, C";; has weight 0 and amnii has weight 3, then the first term is invariant but
the second is not. Thus, in contrast with the C? action, the C(V? + ...)"'C type action will not be
Weyl-invariant.

SHere we drop terms with 92t,,, as graviton legs are taken to be on shell. This is justified as long as
this quartic vertex is not inserted in a higher-point scattering amplitude.
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One may wonder if this non-local h-exchange term should be contributing to the graviton
S matrix given the “unphysical” nature of the trace field (e.g. the “wrong” sign of its
kinetic term in (6.7) and its pure gauge role on shell). Also, given that the action (6.16)
leads to the same three-graviton amplitude there should be no change to the graviton
S matrix constructed according to the BCFW [52] prescription where it is determined by
unitarity just from the three-point graviton vertex.!” On general grounds, it is the complete
four-graviton amplitude given by the t,,, exchange part X30~2X3 plus local four-vertex
X4(t) plus the non-local four-vertex Y4(t) that should match the four-graviton amplitude
in Einstein’s theory. It is this total amplitude which is physical and gauge-independent,
while the split between exchange and contact contributions may depend on a choice of an
(on-shell) gauge or a particular choice of polarization tensors.

It may happen that the non-local term Yj in (6.17) (which by itself is not gauge-
invariant) does not contribute to the S matrix under a special gauge choice. Indeed, as we
will show in appendix C, there exists a choice of graviton polarization tensors for which the
on-shell matrix element of Y, vanishes. The same also applies to the matrix element of the
local four-vertex X, so that, for this choice of polarization tensors, the total four-graviton
amplitude is given just by the graviton exchange contribution.!® It is under this special
choice that the unitarity-based BCFW construction of the four-graviton amplitude from
the three-point vertices applies.

In general, the unphysical trace exchange contribution should cancel some unphysical
(time-like, etc) part of the t¢,,, exchange contribution as t,,, by itself is not a physical
graviton.'® Indeed, for the agreement with the physical light-cone gauge approach, where
only the physical graviton modes are propagating, the contribution of the trace in the
full graviton propagator should be canceling against the contributions of other unphysical
modes contained in the t,,, propagator. For example, if we consider the graviton exchange
between two traceless and conserved stress tensors then the result is simply T7,n0 2 Thun
as the trace and longitudinal parts of ¢,,, do not contribute. However, if the trace of T,
is non-zero then its contribution survives and for consistency with unitarity (i.e. for the
absence of unphysical massless poles) its contribution should cancel against some part of
the contribution of the t,,, exchange.?’

6.2 Conformal off-shell extension of the Einstein theory

Let us now show that the same Lagrangian Lg(t) (6.6) obtained by eliminating h from
the Einstein Lagrangian can be found in a closed form from the Weyl-invariant off-shell

"By unitarity-based arguments the scattering amplitudes should be cut-constructible. The BCFW rep-
resentation expresses the Einstein four-point S matrix in terms of ¢ physical graviton vertex (at complex
momenta), and thus the trace should not be involved. This fixes the four-graviton vertex in terms of the
three-graviton one; this is not surprising as the four-vertex should be controlled by gauge invariance.

18 This parallels similar choices in pure gauge theories, where special choices of polarization vectors set to
zero the contribution of the four-gluon contribution to the tree-level four-gluon amplitude.

9Thus the trace can not be simply dropped out but should be properly integrated out, especially in loops
(where one should also take into account its coupling to ghosts).

20For example, in the minimally coupled scalar theory the contribution of the trace is local:
O™ PO 10" PO p = %¢QD¢2, so there is no contradiction with unitarity.
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extension of the Einstein theory found by first introducing a Weyl “compensator” — a
conformally coupled scalar field — and then solving for it. Namely, let us replace the
Einstein action by

$(0.6) = 35(%9) = [ dlayG(RE +060"00m0). (6.18)

where ¢ has an unphysical (ghost-like) sign of the kinetic term. The action (6.18) is
invariant under ¢/, = A(2)gmn, ¢ = A71(x)¢. For this theory to be perturbatively
equivalent to the Einstein theory, i.e. to have the same S matrix, one should assume that

2L je. that the expansion near

¢ has a non-zero constant value in the flat-space vacuum,
the vacuum values is defined by ¢mn = Nmn + Amn, ¢ =14+ .

If we fix the Weyl gauge ¢ = 0 we get back to the Einstein theory.?? Instead, we may
solve for ¢ in terms of the metric to obtain a “conformal off-shell extension” of the Einstein
gravity [31] — a theory which gives an equivalent graviton S matrix but has an additional
Weyl symmetry off shell (at the expense of having an extra non-local term in the action).
Explicitly, one finds [31]:

1

1 ) 1
09) =1+¢(9), Vit Rl+9)=0, ¢=-cATR, A=-V'4 R,

5.(0) = S(a.0(0) = [ d'eygol@)acts) = [ doys(R-gRATR). (619

The additional Weyl symmetry g/, = A(2)gmn of this action implies that S. depends
only on traceless graviton t,,, as one is allowed to fix the traceless gauge on h,,, even
off-shell.?3

Expanding (6.19) in powers of ¢,,, one can see explicitly, using (6.2)—(6.5), that the
resulting action is equivalent to Sp = [ d*zLg(t) found in (6.7)-(6.16) by integrating out
h from the Einstein action. This is of course not surprising as starting with (6.18) and
either gauge-fixing ¢ = 0 and solving for h or first gauge-fixing h = 0 and solving for ¢

should lead to the same action for t,,,.2*

2IThis choice of the vacuum breaks Weyl symmetry spontaneously, and thus also breaks conformal sym-
metry of the near-flat-space expansion.

22Some previous discussions of this conformal scalar theory and its equivalence to the Einstein one
appeared in [48-51].

230ne can check explicitly that h-dependence cancels between the two terms in (6.19).

4Let us note that the contribution of the second term in (6.19) to the four-graviton amplitude should be
local. The matrix element of that term with on shell gravitons should not have a pole because the residue
of this pole is the product of two on-shell matrix elements of gon with X5 in (6.13) which is zero. In
general, one may find the S matrix of Einstein’s theory by evaluating the action on a perturbative solution
of the Einstein equations Rpmn = 0 with hmn = k4 boundary condition where h{.% is an on-shell graviton
mode. Then the bulk of the Einstein action vanishes and the tree-level S matrix comes from the boundary
term [53]. As is well known, the one-loop correction to the graviton S matrix is finite as the UV divergences
vanish on shell [54]. If we could apply the same argument directly to the second term in (6.19) we would
conclude that it should produce trivial contribution to the graviton S matrix and thus the S matrix should
be, as expected, the same as of the Einstein theory. While leading to the correct conclusion, this logic has
a formal loophole: to compute the generating functional for the S matrix of the theory (6.19) we need, in
general, to solve the non-linear equations following from (6.19) rather than those from the Einstein action.
The difference compared to the one-loop counterterm example is that there the R? terms are treated as a

perturbation, while in (6.19) both terms should a priori be treated on an equal footing.
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6.3 Higher spin generalization?

Let us now comment on a possible extension of this construction to higher spins. Both
conformally extended Einstein theory (6.18) and the C? Weyl theory share the same sym-
metries — reparametrizations and Weyl invariance — but differ in the number of deriva-
tives in the kinetic term (two instead of four). The Weyl theory admits an extension to
the conformal higher spin (CHS) theory [32, 33] which is invariant under the conformal
higher spin symmetry generalizing both the reparametrizations and the algebraic Weyl
transformations.

This suggests, by analogy, that there may exist an “off-shell extension” of a massless
higher spin theory with two-derivative Fronsdal kinetic terms that contains an extra tower
of ghost-like “compensator” fields making it invariant under the same conformal higher
spin symmetry present in the higher-derivative CHS theory. Solving for this extra tower of
fields should then give an analog of the non-local action (6.19) having an extra algebraic
higher spin conformal symmetry and thus depending only on the “physical” traceless parts
ts of the original (double-traceless) Fronsdal fields ¢s.

An equivalent action (leading to the same S matrix) should originate upon explicitly
integrating out the trace parts hs_o of the fields ¢ in the interacting massless higher spin
Lagrangian L = Y ¢50%¢s + V3(¢) + Va(é) + ... . The kinetic term in the resulting non-
local action depending only on the traceless fields ¢ will be a generalization of (6.9), i.e.
it may be represented in terms of the same linearized Weyl tensors Cy ~ 9%ts as the C?
kinetic term in the CHS theory, i.e. (cf. (6.8))%

CO'5C, = t, 0%t + ... . (6.20)

Using the known local Lorentz-covariant cubic Fronsdal field interaction vertex V3 [14], it is
possible to find explicitly the corresponding non-local contribution to the four-point vertex
generated by integrating out the “trace” fields hs_o which should generalize the Y, term
in (6.16).

While not directly related, an extended higher spin theory with conjectured local
action starting with (5.7) that involved an extra tower of “ghost-like” higher-spin fields 1;
appears to resemble such a conformal extension of the massless higher spin theory. The non-
localities found upon eliminating the extra fields may look somewhat analogous to the ones
appearing in the higher spin generalization of (6.16), (6.17), (6.19). The ghost-like nature
of the additional fields v; suggests, that like the trace fields h,_o or conformal compensator
fields of the conformal off-shell extension they should not appear as asymptotic states in
the S matrix.

More explicitly, one could speculate that the extended local theory discussed in sec-
tion 5 may be a generalization of the action (6.18) expanded near flat space vacuum

*Note that this construction is different from the one in [55] where the higher-spin action depends only
on traceless fields and is local but has a reduced gauge invariance (the divergence of the gauge parameters
is constrained). It is also different from the approach of [56] which uses the full linearised higher-spin
curvature tensor rather than its Weyl part and thus does not have the conformal higher-spin symmetry and
involves more field components (unconstrained fields with non-zero traces, etc).
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(9=n+h, ¢ =1+ ) before fixing the Weyl symmetry, i.e. of L(h, ) = \/g[R+ Rp(2+
©) + 6(0p)?], with 1; in (5.7) being the counterparts of the ghost-like field ¢. Having
introduced the tower of v; one could discover that the resulting action has a hidden infi-
nite dimensional symmetry (generalizing the Weyl symmetry of L(h, ¢) given above). This
symmetry may be the conformal higher spin symmetry containing transformations that act
“non-diagonally” on the infinite set of higher spin fields (relating fields of different spins).
While this speculative scenario has an obvious flaw in that the conformal off-shell ex-
tension is not supposed to change the physical S matrix while the non-local quartic terms
that should be added to the minimal Lorentz-covariant higher spin action do contribute to
the S matrix, it still has appealing features. For example, the presence of a hidden infinite
dimensional conformal higher spin symmetry may provide an explanation of why the result-
ing S matrix may be trivial, as it is the case in the conformal higher spin theory [34, 35].26

7 Concluding remarks

Gauge invariance of the S matrix is a powerful tool for constraining the underlying La-
grangian. Locality of the Lagrangian is reflected in the S matrix having poles whose residues
are products of lower-point amplitudes. This circumvents the need for finding nonlinear
deformations of the symmetry transformations simultaneously with the construction of
quartic and higher-point interaction vertices in the Noether procedure.

Using this S matrix based approach we have shown that there exist local quartic
Lagrangians such that the four-point S-matrix elements of three spin-0 particles and either
one spin-2 or one spin-4 particles are gauge invariant in a higher-spin theory containing a
single tower of massless higher-spin fields with local Lorentz-covariant cubic interactions.
As in [21] we have used a specific choice of the three-point coupling coefficients (2.10) found
in [7], but our main conclusions should hold for a generic choice of these couplings.

For spins higher than four this is no longer possible without adding non-local quar-
tic vertices. We computed a minimal set of non-local quartic terms demanded by gauge
invariance and proposed that they may be eliminated by introducing an additional tower
of ghost-like massless higher-spin fields. For this procedure to work one also needs, in
particular, a quartic nonlocal interaction of four spin-0 fields and two spin-0 fields with
two higher-spin fields. The former are such that they appear to completely cancel the pole
terms in the exchange part of the 0000 amplitude suggesting that it may, in fact, vanish
identically. The same may apply also to other amplitudes.

While the presence of this non-local four spin-0 term cannot be tested by the gauge-
invariance considerations, this may be possible for the terms with two higher-spin fields. It
would be interesting to study the constraints imposed on the higher-spin Lagrangian by the
gauge invariance of the 0071 j2 amplitude and check whether the terms in (5.9) are both nec-
essary and sufficient for the gauge invariance. A positive result would be a strong indication
that the introduction of the extra “ghost-like” fields to make the action local is indeed a
natural step and that the complete S matrix of the resulting theory may, in fact, be trivial.

2By S matrix here we mean the one for the original physical massless fields ¢; and not ¢; — like ¢ in
the above example of L(h, ) above they may not appear as asymptotic states.
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It would be interesting to extend the discussion of this paper to higher-point ampli-
tudes and extract from them the corresponding higher-point Lagrangian terms. There are
two possible approaches that one may use (which should be equivalent up to local field
redefinitions). Assuming that one have found a nonlocal Lagrangian up to terms with n
fields one may construct the exchange part of the (n + 1)-point amplitude and then fix an
(n + 1)-field term in the Lagrangian needed to restore gauge invariance of the S matrix.
It may happen that the resulting non-local terms may be replaced by local terms by in-
troducing a suitable set of auxiliary ghost-like fields. Alternatively, one may start with a
local cubic plus quartic Lagrangian of the extended theory and analyze only the four-point
amplitude but with any external legs, including the auxiliary ghost-like fields. Gauge in-
variance will demand again the presence of a non-local quartic vertices which one may then
convert again into local interactions by introducing further auxiliary fields, etc. Integrating
out the first n towers of auxiliary fields should reproduce the Lagrangian obtained in the
first approach, up to terms with n + 3 fields; it will also contain nonlocal interactions of
the higher towers of auxiliary fields.

With a motivation to understand possible types of non-localities in higher spin actions
we have also discussed the conformal off-shell extension of Einstein’s gravity and showed
that its perturbative action is equivalent to the nonlocal action obtained by integrating
out the graviton trace in the standard Einstein Lagrangian. By analogy, we conjectured
the existence of a conformal off-shell extension of massless higher spin theory containing,
in addition to the original tower of the Fronsdal fields, also a tower of ghost-like compen-
sator fields and noted a certain similarity to an extended local action that is suggested
by S matrix considerations. We conjectured that the latter may have the same infinite-
dimensional symmetry as the conformal higher-spin theory and may thus have a trivial S
matrix. Assuming the conformal extension of the Fronsdal massless higher spin theory may
indeed exist, it may also provide a link to the massless higher spin theory in AdS space by
choosing a different vacuum expansion point: AdS instead of the flat space.
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A Contact term contribution to the 0005 scattering amplitude

The contact term in the 0005 amplitude following from the quartic Lagrangian (2.11) is:

A = i Vio(p1,p2, p3)bi (pa, (2ip3)’) + i Vio(p2, p1, p3) s (pa, (2ip3)’)
+i Vio(p1, 3, p2) 95 (P4, (2ip2)?) + i Vio(p3, p1, p2) @ (pa, (2ip2)’)
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+i Vjo(p2, 3, p1)bj (pa, (2ip1)7) + i Vio(ps, p2, p1) b (pa, (2ip1)7)

+i (Vi j2(p1, 02, 3) + Vjj ja(p1, p3, p2)) 5 (pa, (2ip2)?/2, (2ip3)?/?)

+i (Vij2(p2, p3,01) + Vijj2(p2, p1. p3)) 5 (pa, (2ipr1 172, (2i 3)j/2)

+i (Vj;/2(p3, p1,p2) + Vjj2(p3, p2,p1)) 9 (p4,(22p1)j/2,(2ip2)j/2) (A1)
j/271

+i (Vi (p1.p2, p3) 95 (pa, (2ip2)*, (2ips) %)

+Vjk(p1, p3, p2) b (pa, (2ip3)*, (2ip2)’ ™))
i/2—1

+i Z (Vik(p2, p3.p1)d; (4, (2ips)*, (2ip1)7 ")
k=1

+V;k(pa, p1,p3) 0 (pa, (2ip1)F, (Qipg)j—k))
j/2—1

+i Z (‘/}k(p37p17p2)¢j(p4, (Qz'pl)k7 (2@2)]’71@)
k=1

+Vik(ps, p2,p1) 0 (pa, (2ip2)*, (2ip1)7 ™))
To study the cancellation of its gauge variation against that of the exchange part of the
amplitude it is important to choose an independent basis of contractions of the gauge
parameter. This can be facilitated by writing the amplitude in terms of an independent
basis of contractions of the spin-j polarization tensor with momenta. Eliminating p; from
these contractions we find:

A% = iBai(pa, (2ip2)’) + iBs;(pa, (2ip3)”) + iBaz; (pa, (2ipa)?/?, (2ip3)i/?) (A.2)

j/2—1 j/2—1
+i Y Dagndj(pa, (2ip2)", (2ips) ") +i Y Daondj(pa, (2ips)", (2ip2)’ ")
n=1 n=1

with the coefficients given by

By = Vjo(p1,ps,p2) + Vjo(ps, pr,p2) + Vjo(pe,p3, p1) + Vio(ps, p2, p1)
+(—1)7/2 (Vijs2(p3,p1,p2) + Vjj/2(p3, p2; 1))

j/2—1 j/2—1
+ Z ]k p37p17p2) + Z (_1)k‘/3k(p37p2ap1)7 (A3)
k=1

B3 = Vjo(Pl,‘psz?,)+VJO(292,P1,}?3) + Vjo(p2,p3,p1) + Vjo(ps, p2, p1)
+H(—1)7/ (ij/g(pz,pz,m) + Vjj2(p2,p1,p3))

j/2-1 j/2—1
+ Z ]k p27p37p1) + Z (_l)kv}k‘(p%plapfi)? (A4)
k=1

Bas(p1,p2,p3) = Vjjj2(p1,p2,p3)+Vjj2(p1,ps, p2)+ (Vjo(Pz,p3,p1)+‘60(p3,p2,p1))05/2
+(_1)J/2 (‘/33/2(172,]737?1) + V}j/Q(p27p17p3))
+(-1)7/2 (Vijs2(p3,p1,p2) + Vjj/2(p3, p2; 1))

j/2—1 j/2—1
+Z jk p2ap37p1)cj/]g +Z ]k(p3ap27pl)0j/2k kv (A5)
k=1

Da3.n(p1,p2,p3) = (Vjo(pg,ps,m) + Vio(ps, p2, 1)) C}
+(=1)72 (Vj;2(p2, 3, p1) + Viis2(p2,p1,03))C} o
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n

+Vin(p1,p2,p3) + Y (=1)*Vj(p3, p2, p1) O} F
k=1
j/2—1 j/2—1

+ Z Vit(p2,p103)CF + Y (1) Vji(p2.p3, p1)CI ;" (A.6)
k=1

D32,n(p1,p2,P3) = (Wo(p27p3,p1) + Wo(p3>p27p1))cj_n
+(—1)7/2 (ij/z(]?&pl P2) +ij/2(ps,p2,]31)))(7f/2

+Vin(p1,p3, p2) +Z *Vi(p2, p3,p1)CI )
k=1
j/2—1 j/2—1
.
- Z Vik(p3,p1,02)CR + Y (=1 Vik(ps, p2, p1)CI ™" (A7)
k=1

It is then straightforward to compute the variation of A% in (A.1) under the gauge trans-
formation (2.6). The resulting expression was given in eq. (3.14) in the main text.

B Soft momentum expansion of massless higher spin amplitudes and
gauge invariance constraints

Soft momentum limits of scattering amplitudes are known to contain information about
symmetries of a theory. In this appendix we shall analyze the soft-momentum limit of a
massless higher-spin theory with generic three-spin couplings given by vertices Vj, , j,. We
shall assume that the theory is local, i.e. that all poles in momentum variables appearing
in the (integrand of) scattering amplitudes may only come from on-shell propagators of
particles present in the original action.

We shall generalize the discussion in [39], which itself generalizes that of [36]. We shall
restrict consideration to the leading order of soft momentum expansion, which extends the
considerations in [37, 38] to effectively arbitrary couplings of higher-spin fields. Similar
analysis was carried out earlier in [19] with equivalent conclusions.

For notational simplicity we shall use a somewhat symbolic notation not including the
polarization tensor factors until the discussion of gauge transformation of the amplitude.

B.1 Expansion of the 0...0j5 amplitude

We shall start with an amplitude for n spin-0 particles with momenta p1,...,p, and one
spin-j particle with momentum p,,; = ¢ which will be taken to be small. In the ¢ — 0
limit there are two contributions to this amplitude shown in figure 1. Isolating the pole
part from the regular part (denoted by N below) and using the expression for the (0j;j2)
cubic vertex in (2.9) we get

A (p, L pasq) ZZ% “’z ' pl ((pi = @) - 0 Wiy (pi + 4,000 Py (s )

—I—N"1 “7(p1,...,pn,q) (B.1)
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1 S Z\ S
n+1 ! n+1'*’\l\l\lw !

Figure 1. The two types of contributions to a soft limit of an amplitude with n + 1 particles.
The first has a pole when p,+1 — 0 while the second does not. The zig-zag line represents a
particle of spin j whose momentum is taken to be soft; straight lines represent particles of spin j;
(i=1,2,...,n).

. lp/.“ = ,ij
= Y Y G W (pi+ 4, 0uw) Py (pi — g, 1)
T q-pi
+ Nulmuj(pla--'apnaQ)' (BQ)
Here the free indices p1, ..., pj are to be contracted with the spin-j polarization tensor of

the external soft field. The derivatives with respect to u and u’ represent the contraction
of the three-point vertex and the function W through the transverse-traceless projector
Pj(u,u’) in the propagator of an internal spin-j’ field; wu,u’ should be set to zero once
the derivatives 9, and 0, are evaluated (see, e.g., [21] for details on the Feynman rules of
Fronsdal higher-spin fields).

The factor ng (represented by the right blob in the first diagram in figure 1) is a
Green’s function with all but the i-th leg (carrying momentum p; + ¢) being on shell.
When ¢ = 0 it becomes an n-point amplitude once it is contracted with a polarization
tensor. Since for ¢ = 0 it is a scattering amplitude it should be gauge-invariant. Thus its
contraction with a polarization vector containing a factor of the corresponding momentum
should vanish. Therefore, (W;)q—0 = Wj/(pi, 0,) must obey the following relations (for
all values of j; and k)

0, ji #0, (B.3)
0, k=1,...4. (B.4)

I/I/j (pla au’)Rj; (pla U/)

/
i

Wir (piy ) (pi - u')* Py, (pi )

/
[

At the same time, the gauge invariance of the full amplitude (B.1) with respect to the
transformation of the spin j polarization tensor requires that

Qu; A (pas - pnsq) = 0, (B.5)

or, equivalently,

Z Zpé“ g Wi (pi+q, 8u/)le4(pi—q,u’)—i—qujN‘“'““j (p1,---yPn,q) =0. (B.6)
il

This relation should hold for any ¢, e.g., order by order in a small ¢ expansion. Below we
shall focus on the leading order in its small-q expansion.
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The leading O(¢") term obtained by setting ¢ = 0 in (B.6) gives

DO P W (piy Our) Py (pis ) = 0. (B.7)

Here we used the assumption of locality to drop the N-term in (B.6) which should not
have poles in ¢. Since here lez_ (taken at ¢ = 0) is an on-shell amplitude, it should obey
the gauge-invariance constraints (B.4) which imply that only the terms with j/ = 0 are
non-vanishing. Then the surviving W factor becomes simply the same as the scattering
amplitude A%0(py,...,p,) of n spin-0 fields, i.e. we get (for any 7)

A%Opy, o o) Zp P =0, (B.8)

As the sum of products of momenta does not, in general, vanish if j > 2 we conclude that

AO"'O(pl, ceypn) =0, (B.9)

i.e. if one starts with a local action then the scalar scattering amplitude should vanish, in
agreement with [37, 38].

Note that this conclusion is consistent with the cancellation of the poles of the 0000 am-
plitude observed in section 5 where we introduced a local action involving extra fields 1/Jj.27

B.2 Expansion of the j;...7,7 amplitude

Next, let us generalize the above discussion and consider the consequences of gauge invari-
ance for an amplitude with n particles of generic spins ji, ..., j, (with momenta py, ..., pn)
and an additional particle of spin j with soft momentum p,+; = q. We will again assume
that our starting point is a local interacting Lagrangian. As in the j; = ... = j, = 0
case analysed above, the ¢ — 0 limit of this amplitude then has a singular and a regular
contributions shown in figure 1:

| ]Djf(ua U/)
A (py, Dy ) ZZVW (03, ) Wy (pi+ 4, 0ur) =5 ==
K3

—I—N’“ Hi(pry.oypn, Q). (B.10)

Here we explicitly indicated only Lorentz indices that should be contracted with spin j
polarization tensor. As in (B.1), W, is a Green’s function with all but the i-th leg (with
momentum ¢ + p;) being on shell. For ¢ — 0 it becomes an n-point amplitude once it acts
on a polarization tensor, and thus it should obey the constraints (B.4).

The covariant three-point vertices V/"'"! (¢, p;, 9,) can be found in [14, 15]. In the

J:Jisd}
present case (relevant for the discussion of the first diagram in figure 1) the cubic vertex

2"While the couplings of these additional fields 1); are somewhat different from those of the minimal set
of fields, their momentum dependence is the same; therefore, the analysis of this appendix should hold also
in the presence of these additional fields.
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may be written as

Vigingt (@ P P gy Ou) = g g’ Vi7" (g, iy pir; Ou)
1 )
=D Y =) - 0, )
= Cjjij! a!ﬂ!ry!((q pi) - Oy) (B.11)

affty=n
0<n<min(j,j;,j;)

x (g - (i — pi)) " (ug - 0u) b5, (pis (pr — @) "7, 05, u]) .

Here we assume that the polarization tensor of the external leg ¢; is already a part of V
and the argument u corresponds to the internal line with spin j! and momentum p;;. We

also used the notation ¢;(a”,...,b") explained in (3.2). The coefficients c fixed in the

A
light-cone gauge approach [7] will be assumed a priori to be arbitrary.

The transformation of Vj,ji,jg under the spin-j gauge symmetry is given by the con-
traction of one of its free indices with the momentum ¢, or, alternatively, by replacing
one of the vectors uy by ¢. Then the only nontrivial contribution comes from ¢ - (p; — pir)
term; all other terms cancel out because of the on-shell gauge invariance of the three-point

vertex [14, 15], i.e.

1 g
q-0uyVjji.js (@ Dis Dir Uq; Ou) = 2q - Di 1 Z 131 |((q —pi) - 0u) "
i - alply!
a+pB+y=n
0<n<min(j,j;,j;)
x (ug - (pi = i) * " (ug - 0u) 65, (pis (P — @), 05, u))
= 2q - p; Fj,ji,jg(%pi? Uq; O) - (B.12)

Therefore, the spin-j gauge invariance of the amplitude (B.10) implies that

0 = q- Oy, (ub .. cug? A" (p1, .. pp.q))
=Y Fy (@ pistg; 0u) Wi (pi + ¢, 0w) Py (u, )
i
+ q - Ou, (Ul g NPH (o pnyq)) - (B.13)

Here the second line is the transformation of the contribution of the first diagram in figure 1
and the third line represents the transformation of the contribution of the second diagram.

To determine the general consequences of gauge invariance of the amplitude we shall
expand (B.13) at small g. While there may be interesting information contained in the
subleading terms (like, e.g., subleading soft theorems in YM theory [39]), here we shall
restrict consideration to the leading O(g") order.

Setting ¢ = 0 in (B.13) we find (assuming again the locality of the Lagrangian, i.e. the
regularity of NV in (B.13))

0= ZZF},ji,jg(O,pi;Uq;au) Wi (pis Owr) Pjr(u, )
% ﬂ

/
i

(_1)j§+ji72n+'y+ﬁ 9j+ji—2n+a+p—1

(pi : au)jé—n-&-w

=22 gl D

131~1
i gl a+B+y=n alfhy!
0<n<min,j:.3)
x(ug - pi)* (g - 04) 65, (piy p] ™, 05 ) Wig(pis 0ur) Py (u,l) (B.14)
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The transversality of the polarization tensor and the constraints (B.4) imply that all the
terms with j; —n+ 8 # 0 or j. —n+ v # 0 vanish identically. Therefore, the only
nontrivial constraints come from configurations of parameters for which j; —n+ £ = 0 and
Jji —n+~ = 0 are satisfied at the same time. Since 8,7 > 0 and n < min(j, j;, j;), the
solution to these constraints is

Then all the sums except the sum over the external particles collapse to a single term
and (B.14) reduces to

1 - 5
0= Z ijiji?(uq “pi)! 1¢jz’ (pi, 0%) Wj,{ (pi; Ou) Pjé (u, u/)
7

|
it

= ATy pn) D g (g pi) T (B.16)

7

For j = 2 we get the constraint that cyj;; must be the same for all j/, i.e. the spin 2
coupling must be universal (then cy;/; factorizes and the momentum conservation sets the
sum in (B.16) to zero).

For j > 2 the sum in (B.16) cannot vanish for generic on-shell momenta, it follows then
that the gauge invariance requires that either all the j; ... 7, amplitudes should vanish

Adtin = (B.17)
or we should have the following constraint on the three-point coupling constants
¢ijiji = 0, Ji<J. (B.18)

The latter condition (found earlier in [19]) (B.18) means that there should be no cubic
diagonal coupling (B.11) of a spin-j field with all smaller j; < j spins. In our discussion
of the 0...07 amplitude in the previous subsection we assumed that cjoo # 0 and thus
arrived at (B.17), i.e. (B.9).

The 3-point coupling constants found in the light-cone approach in [7] do not sat-
isfy (B.18)%® and then one should either relax the assumption of locality of the interaction
Lagrangian or accept the vanishing of the scattering amplitudes (B.17).

C Vanishing of the trace contribution to four-graviton amplitude

Below we sketch the argument for the vanishing of the on-shell matrix element of the
graviton trace contribution in the Op,t,,, = 0 gauge, i.e. of Y3 in (6.17), for a special choice
of on-shell gauge, i.e. for a special choice of the polarization tensors.

Let us for definiteness consider the amplitude where the particles 1 and 2 have negative
helicity (-2) while the particles 3 and 4 have positive helicity (+2). The main point is that

28We are assuming that the light-cone approach of [7] should correspond to a light-cone gauge fixing in
a Lorentz and gauge-invariant action.
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using the on-shell gauge invariance it is possible to choose the 4 polarization tensors ¥ (p) in
such a way that the following combinations with some free indices are simultaneously zero?’

€ (pl)ace_(pZ)bcg—‘r(pB)kng p4)mn = 0’ 5_(p1)a05+(p3)k05_(p2)bn5 p4)mn = O,
e (P1)ace (P)mee™ (D2)on g™ (P3)kn = 0. (C.1)

( (

Since the matrix element of Yy in (6.17) is given by a linear combination of such products
it then vanishes.

The reason for the relations (C.1) is the following. In the spinor helicity notation the
graviton polarization tensor may be represented as (for each helicity choice) e (p) = £*(p)®
e%(p) where ¢ is the polarization vector, i.e. ¢~ (p) = |ql{p|/[qp], €t (p) = |q)[p|/{ap).
Here ¢ = |g)[¢| is an arbitrary null vector, which can be chosen independently for each
polarization vector; this reflects the remaining on-shell gauge invariance.® Once chosen,
these reference vectors are not changed from graph to graph. The gauge transformation
el — p* translates into |¢) — |p) and |q] — |p].

Choosing g1 = ¢2 and g3 = qu, the scalar products of the polarization vectors become

e (p1) e (p2) ~ [q@2] = 1] = 0,
(pa) ~ [aipsllaipal{gzp1){gsp2)
pa) € (p2) - €7 (p3) ~ [q1pallarps](g3p1) (g3p2) - (C.2)

3
w
~—
© |
~~
3
M)
~—
)

Then choosing, e.g., g1 = g2 = p3 and g3 = g4 = p; sets to zero the last two products in (C.2)
and thus implies (C.1) and, as a consequence, the vanishing of the matrix element of Yj.

The above choice simplifies also the on-shell matrix elements of X3 in (6.14) and X,
in (6.15) since whenever two external on shell polarization tensors are contracted over (at
least) one index they do not contribute to the amplitude. For example, in X, there are
always at least two t,,, tensors contracted over one index, so with the above choice of
the polarization tensors the contribution of this local four-point vertex to the amplitude
also vanishes. This mirrors what happens in gauge theory where a similar choice of the
reference vectors ¢; sets to zero the contribution of the four-point contact term in the YM
action to the tree-level four-gluon amplitude; then the full amplitude is given just by the
exchange contribution.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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