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evaluation of vacuum expectation values of chiral primary operators from the supersym-

metric vacua of mass-deformed ABJM theory and from the implementation of Kaluza-Klein

holography to the LLM geometries. We focus on the chiral primary operator with con-

formal dimension ∆ = 1. We show that 〈O(∆=1)〉 = N
3
2 f(∆=1) for all supersymmetric

vacuum solutions and LLM geometries with k = 1, where the factor f(∆) is independent of

N . We also confirm that the vacuum expectation value of the energy momentum tensor is
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1 Introduction

Gauge/gravity duality conjecture states an equivalence between a theory of quantum grav-

ity in (d+1)-dimensional spacetime and a quantum field theory (QFT) on the d-dimensional

boundary of the spacetime [1–3]. In its original context [1], the duality was conjectured for

string/M theory on AdSd+1×X , with a compact internal manifold X , and conformal field

theory (CFT) living on d-dimensional boundary of the AdS space. Having the application

to realistic theories like QCD in mind, the extension of the conjecture to non-conformal

field theories was pursued soon after [4]. In particular, the conjecture was extended to

QFTs that are obtained from the CFTs either by adding relevant operators to the ac-

tion or considering vacua where the conformal symmetries are broken spontaneously. A

d-dimensional QFT, which is obtained as a result of either of those deformations, is dual to

a string/M theory on a spacetime geometry which is asymptotically AdSd+1×X . However,

there is no complete formulation of string/M theory on a curved background. Hence, the

duality is mainly tested in the limit of a weakly curved classical gravity, which corresponds

to taking the limits of large N as well as large ’t Hooft coupling constant λ, N being the

rank of the gauge group.

One of the tests of gauge/gravity duality involves the calculation of the vacuum ex-

pectation values (vevs) of gauge invariant operators in the large N and λ limits. On

the field theory side, the calculation follows the usual perturbation expansion where the

divergences in the bare quantities are subtracted using the standard renormalization proce-

dure. When those gauge invariant operators are chiral primary operators (CPOs) in highly

supersymmetric gauge theories, the vevs are protected from quantum corrections by the su-

persymmetry and they are determined in the classical limit. The corresponding procedure

on the gravity side goes as follows. Given a supergravity solution which is asymptotically

AdSd+1 × X , it is expanded in terms of harmonic functions on the compact manifold.

The compactification results in towers of Kaluza-Klein (KK) modes in (d+ 1)-dimensional

gravity theory. The gauge/gravity correspondence dictates that for every gauge invariant

operator on the field theory side there is a corresponding gravity field among these KK

modes. The vev of the gauge invariant operator is then determined by applying the holo-

graphic renormalization procedure [5–12] to those KK modes in the (d + 1)-dimensional

gravity theory [13–15]. For a CPO of conformal dimension ∆, the vev which is obtained

using this procedure is proportional to the coefficient of z∆ in the asymptotic expansion of

the dual scalar field, z being the holographic coordinate of the AdS space. This procedure

was implemented to determine the vevs of CPOs in the Coulomb branch of the N = 4 super

Yang-Mills (SYM) theory and the dual type IIB string theory on a spacetime geometry

which is asymptotically AdS5 × S5 [13, 14].

In [16], we reported a summary of our work which shows an exact gauge/gravity

duality relation for large N . Our analysis is based on the 3-dimensional mass-deformed

Aharony-Bergman-Jafferis-Maldacena theory (mABJM) of massive M2-branes, which has

N = 6 supersymmetry and Uk(N)×U−k(N) gauge symmetry, where k is the Chern-Simons

level [17, 18]. The mass-deformed theory is obtained from the original ABJM theory [19]

by adding a relevant deformation which preserves the full supersymmetry as well as the
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gauge symmetry while the conformal symmetry is completely broken and the SU(4) global

symmetry is reduced to SU(2)×SU(2)×U(1). The mABJM theory supports sets of discrete

Higgs vacua, which are expressed in terms of the GRVV matrices with numerical valued

matrix elements [18]. The calculation of the vevs of CPOs in the large N limit is possible

due to the existence of these discrete vacua.

Since the mABJM theory is obtained from the deformation of a CFT by relevant

operators, the spacetime geometry of the dual gravity theory should be asymptotically

AdS4 × X . It was predicted that for the gauge theory describing massive M2-branes,

the dual gravity theory is M-theory on the 11-dimensional Lin-Lunin-Maldacena (LLM)

geometry [20, 21]. Indeed, the LLM geometry with Zk orbifold and SO(2, 1)×SO(4)/Zk×
SO(4)/Zk isometry is asymptotically AdS4 × S7/Zk. In line with this prediction a one-to-

one correspondence between the vacua of the mABJM theory and the LLM geometry was

obtained [22, 23]. See also [24–29] for related works.

In this paper, we quantitatively test the above gauge/gravity duality in terms of the

vevs of CPOs. On the field theory side, some of the classical vacuum solutions are pro-

tected from quantum corrections due to the high number of supersymmetry. The vevs of

CPOs are determined by those supersymmetric vacua. We calculate the vevs of the CPO

with conformal dimension ∆ = 1 for all possible supersymmetric vacua of the mABJM

theory for large N and general k. On the gravity theory side, we start with equations of

motion on AdS4 × S7 background in 11-dimensional supergravity. In order to obtain the

4-dimensional equations of motion, we implement the KK reduction procedure on S7. The

LLM solutions were obtained in some unknown gauge. In order to solve the 4-dimensional

equations using the LLM solutions, we need to write the equations with gauge invariant

combinations for KK modes.1 In general, the KK reduction leads to cubic or higher order

interaction terms among the KK modes, which results in non-linear equations of motion.

When we are interested only in the CPO with conformal dimension ∆ = 1, the linearized

equations are sufficient. However, for CPOs with ∆ ≥ 2, one has to consider non-linear

equations [32], where some non-trivial field redefinitions are required to relate 4-dimensional

and 11-dimensional fields. See [13, 33–35] for non-linear results on the AdS5 × S5 back-

ground. Here we focus on the ∆ = 1 case. According to the gauge/gravity dictionary [2, 3],

we read the vevs from the asymptotic expansions of the KK scalar modes. As a result, we

obtain an exact holographic relation which is given by

〈O(∆=1)〉 = N
3
2 f(∆=1), (1.1)

where we consider the k = 1 case, f(∆) is a function of the conformal dimensions and also

depends on some parameters of the LLM solutions, but does not depend on N . For a given

N the number of supersymmetric vacua is equal to the partition of N and the above result

is valid for all supersymmetric vacua [22, 23]. We also extend this result to k > 1, however,

for some specific types of the LLM solutions.

1For the linearized equations of motion on AdS4 ×S7 background in de Donder gauge, see [30, 31]. It is

important to note that, recovering the equations of motion of gauge invariant fields from those of the fields

in the de Donder gauge is not straightforward.
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The paper is organized as follows. In section 2, we summarize the one-to-one corre-

spondence between the discrete supersymmetric vacua of the mABJM theory and the LLM

solutions with Zk orbifold. In section 3, we discuss CPOs in the ABJM theory and obtain

the vevs of the operators in the case ∆ = 1. In section 4, we apply the KK reduction

to 11-dimensional supergravity equations of motion and obtain linearized equations for

4-dimensional gauge invariant KK modes. In section 5, we use the method of holographic

renormalization to read the vevs of CPO with ∆ = 1 from the asymptotic expansion of

the LLM solutions and compare the field theory and the gravity results. In section 6,

we draw some conclusions and discuss some future directions as well. We also include

three appendixes where we discuss some general features of spherical harmonics on S7,

give some details about asymptotic expansions of the LLM solutions as well as the proof

of equation (5.48).

2 Vacua of the mABJM theory and the LLM geometries

The N = 6 ABJM theory with U(N)k × U(N)−k gauge group is a superconformal CS

matter theory with CS level k and it describes the low energy dynamics of N coincident

M2-branes on the C4/Zk orbifold fixed point [19]. One interesting feature of the ABJM

theory is that it allows supersymmetry preserving mass deformation [17, 18]. That is, the

resulting mass-deformed theory called the mABJM theory has still N = 6 supersymmetry

though the conformal symmetry of the original theory is broken under the deformation.

This deformation is achieved by adding some terms to the Lagrangian of the ABJM theory,

which break the global SU(4) symmetry to SU(2) × SU(2) × U(1). Solving the classical

vacuum equation of the mABJM theory, it was shown that the classical vacuum solutions

are discrete and represented by the GRVV matrices [18]. Some vacuum solutions for given

N and k are protected from quantum corrections and have one-to-one correspondence with

the LLM geometries with Zk [22, 23] quotient in 11-dimensional supergravity. In this

section, we briefly review the correspondence.

2.1 Supersymmetric vacua of the mABJM theory

To reflect the global symmetry of the mABJM theory we split the 4-complex scalar fields

as follows

Y A = (Za,W †a), (2.1)

where A = 1, 2, 3, 4 and a, b = 1, 2. Then the vacuum equation of the mABJM theory,

Lbos = −Vbos = 0, is written as

ZaZ†bZ
b − ZbZ†bZ

a = −µk
2π
Za, W †aWbW

†b −W †bWbW
†a =

µk

2π
W †a,

WaZ
bWb −WbZ

bWa = 0, ZbWbZ
a − ZaWbZ

b = 0, (2.2)

where µ is a mass parameter. The general solutions of the matrix equations in (2.2) have

been found in the form of the GRVV matrices [18]. For given N and k, there are many
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possible solutions satisfying the equations in (2.2). A systematic way to classify the vacuum

solutions is to represent those as direct sums of two types of irreducible n×(n+1) matrices,

M(n)
a (a = 1, 2) and their Hermitian conjugates, M̄(n)

a . These rectangular matrices are the

GRVV matrices

M(n)
1 =



√
n 0√
n−1 0

. . .
. . .√

2 0

1 0

 , M(n)
2 =


0 1

0
√

2
. . .

. . .

0
√
n−1

0
√
n

 , (2.3)

where n = 0, 1, · · · , N − 1. The vacuum solutions are given by

Za0 =

√
µk

2π



M(n1)
a

. . .

M(ni)
a

0(ni+1+1)×ni+1

. . .

0(nf+1)×nf


,

W †a0 =

√
µk

2π



0n1×(n1+1)

. . .

0ni×(ni+1)

M̄(ni+1)
a

. . .

M̄(nf )
a


. (2.4)

The solution contains Nn rectangular matrices of the typeM(n)
a and N ′n rectangular matri-

ces of the type M̄(n)
a . From now on we refer to Nn and N ′n as occupation numbers [22, 23].

Here N0 and N ′0 denote the numbers of empty columns and rows, respectively. Since Za

and W †a are N × N matrices, the occupation numbers, Nn and N ′n, should satisfy the

following two constraints,

N =
N−1∑
n=0

[(
n+

1

2

)(
Nn +N ′n

)]
,

∞∑
n=0

Nn =
∞∑
n=0

N ′n. (2.5)

At quantum level, only a subset of these classical solutions, which satisfy the conditions,

0 ≤ Nn ≤ k, 0 ≤ N ′n ≤ k, (2.6)

remains to be supersymmetric [22].

2.2 LLM geometries and their droplet picture

The LLM solution with SO(2, 1)× SO(4)× SO(4) isometry in 11-dimensional supergravity

is conjectured to be dual to the theory of massive M2-branes [20, 21]. Later, the mABJM
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theory with CS level k = 1 is proposed to be the theory of massive M2-branes. For the

mABJM theory with general k, one has to consider the Zk orbifold of the LLM geometry

as the dual gravity theory [23].

The LLM geometry with Zk orbifold is given by

ds2 = −Gtt(−dt2 + dw2
1 + dw2

2) + Gxx(dx̃2 + dỹ2) + Gθθds
2
S3/Zk

+ Gθ̃θ̃ds
2
S̃3/Zk

, (2.7)

where ds2
S3/Zk

and ds2
S̃3/Zk

are metrics of the two S3’s with Zk orbifold and the warp factors

are given by

Gtt = −

4µ2
0ỹ
√

1
4 − Z2

f2

2/3

, Gxx =

f
√

1
4 − Z2

2µ0y2

2/3

,

Gθθ =

 fỹ
√

1
2 + Z

2µ0

(
1
2 − Z

)
2/3

, Gθ̃θ̃ =

 fỹ
√

1
2 − Z

2µ0

(
1
2 + Z

)
2/3

(2.8)

with

f(x̃, ỹ) =
√

1− 4Z2 − 4ỹ2V 2, µ0 =
µ

4
. (2.9)

As we see in (2.8), the geometry is completely determined by two functions, which are

given by

Z(x̃, ỹ) =

2NB+1∑
i=1

(−1)i+1(x̃−x̃i)
2
√

(x̃−x̃i)2 + ỹ2
, V (x̃, ỹ) =

2NB+1∑
i=1

(−1)i+1

2
√

(x̃−x̃i)2 + ỹ2
, (2.10)

where x̃i’s are the positions of the boundaries between the black and the white regions and

NB is the number of finite size black regions in the droplet representation, as we will see

below. We also note that the two functions satisfy the relation, ỹdV = −?2 dZ with εỹx̃ = 1.

The corresponding 4-form field strength is given by

F4 = −d
(
e2Φh−2V

)
∧ dt ∧ dw1 ∧ dw2 + µ−1

0

[
V d(ỹ2e2G) + h2e3G ?2 d(ỹ2e−2G)

]
∧ dΩ3

+ µ−1
0

[
V d(ỹ2e−2G)− h2e−3G ?2 d(ỹ2e2G)

]
∧ dΩ̃3, (2.11)

where dΩ3 = −(sin θ/8)dθ∧dφ∧dψ, dΩ̃3 = −(sin θ̃/8)dθ̃∧dφ̃∧dψ̃ in the Euler coordinate

system.2 The Zk quotient acts as
(
ψ, ψ̃

)
→
(
ψ + 4π

k , ψ̃ + 4π
k

)
[23, 36]. The 4-form field

strength in (2.11) can also be expressed in terms of Z(x̃, ỹ) and V (x̃, ỹ) by using the

relations [37–39]

h2 =

√
1
4 − Z2

ỹ
, e2Φ =

4ỹµ2
0

√
1
4 − Z2

f2
, e2G =

1
2 + Z
1
2 − Z

. (2.12)

2Vielbeins for S3 in terms of the Euler angles are given by σ1 = − sinψdθ + sin θ cosψdφ, σ2 =

cosψdθ + sin θ sinψdφ, σ3 = dψ + cos θdφ with ranges of the angles, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, 0 ≤
ψ ≤ 4π. The metric on the 3-sphere and the volume form with unit radius are written as ds2S3 =
1
4

(
dθ2 + sin2 θdφ2 + (dψ + cos θdφ)2

)
.
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We note that the function Z(x̃, ỹ) at ỹ = 0 has a value 1
2 if x̃2i−1 < x̃ < x̃2i and it has

a value −1
2 if x̃2i < x̃ < x̃2i+1. Based on this fact, the LLM geometries are represented

in terms of an infinite strip in the x̃-direction with regions of Z(x̃, 0) = −1
2 denoted by

black color and regions of Z(x̃, 0) = 1
2 denoted by white color. This is called the droplet

representation. See the figure 1. Since the function Z(x̃, 0) is −1
2 if x̃ < x̃1 and it is 1

2

if x̃ > x̃2NB+1, NB being the number of finite black regions, we note that the strip also

contains an infinite black region below x̃1 and an infinite white region above x̃2NB+1.

For every droplet picture there is a symmetric point such that the length of all finite

size black regions above this point is the same as the length of all finite size white regions

below the point. This point is called the Fermi level x̃F , which is given by

x̃F = x̃1 +

NB∑
i=1

(x̃2i+1 − x̃2i). (2.13)

The strip is divided into excitation levels above and below the Fermi level, where each level

has length k. The levels are labeled by non-negative integers n = 0, 1, 2, · · · starting at the

Fermi level. A given droplet representation is then parametrized by a set of parameters

{ln, l′n} with ln corresponding to the length of the black region in the n-th level above the

Fermi level and l′n corresponding to the length of the white region in the n-th level below the

Fermi level. Since the length of the black or white region in a given level cannot be bigger

than k these parameters should satisfy the condition 0 ≤ ln, l
′
n ≤ k, which is the same

as (2.6). Actually, it have been suggested that there is one-to-one correspondence between

the LLM solutions and the vacua of mABJM theory [23]. Since, the LLM solutions are

classified by {ln, l′n}, while the field theory vacua are classified by the occupation numbers

{Nn, N
′
n}, the one-to-one correspondence is given by

{ln, l′n} ⇐⇒ {Nn, N
′
n}. (2.14)

An alternative representation of the LLM solutions is given in terms of Young diagrams.

In Young diagram representation, the lengths of the white and black regions correspond

to the lengths of the horizontal and vertical edges of the Young diagram, respectively. See

figure 1 for the parametrization of droplet picture and Young diagram.

3 Vevs of CPOs in mABJM theory

For the Coulomb branch of the N = 4 SYM theory, the adjoint scalar fields Xi’s satisfy

the vacuum equation [Xi, Xj ] = 0, which means the matrix representations of the scalar

fields describing the vacuum moduli are diagonal. As a result, the U(N) gauge symmetry

is broken to U(1)N . The vacuum moduli preserve the N = 4 supersymmetry while the

conformal symmetry is completely broken. The vevs of CPOs are non-renormalizable due

to high supersymmetry and they can parametrize the Coulomb branch vacua. On the other

hand, in the type IIB supergravity, some BPS solutions describing D3-branes distributed

over finite region of the transverse space were obtained [40]. These solutions are asymptotic

to AdS5 × S5. According to the gauge/gravity dictionary, the vevs of CPOs is read from

– 7 –
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xF

x2j

x2j+1

x2j+2

x2j-1

l0

l1

l’1k

k

k

k

k

k

x2j+3

l’n
x1

l’0=0

ln
x2NB+1

x2-x1

x3-x2

x2NB
-x2NB-1

x2NB+1-x2NB

(a) (b)

Figure 1. (a) A droplet representation of the LLM geometry with SO(2, 1)×SO(4)/Zk×SO(4)/Zk
isometry. The horizontal width does not correspond to any coordinate but added for clarity. (b)

The Young diagram corresponding to the droplet picture (a).

the asymptotic expansion of the dual scalar fields. Calculating the vevs of CPOs with lower

conformal dimensions, the exact dual relations for the Coulomb branch of the N = 4 SYM

theory in the large N limit were tested in a systematic way [13, 14].

Now we compare the mABJM theory and the Coulomb branch of the SYM theory.

There are some differences between these two theories. For instance, the mABJM theory

is constructed by adding some relevant terms to Lagrangian of the ABJM theory and

have discrete Higgs vacua with matrix representations composed of numerical elements,

while for the Coulomb branch of the N = 4 SYM theory, the Lagrangian is undeformed,

instead it is defined by choosing some non-vanishing vacuum moduli, which are composed

of continuous parameters. However, these two theories are similar in the sense that the

theories are away from the UV fixed point and they preserve the full supersymmetry with

the dual geometries asymptotic to AdS times a compact manifold. Based on these facts

and the known results of the Coulomb branch of the N = 4 SYM theory, one can expect

that similar phenomena may happen for the Higgs vacua in the mABJM theory. That

is, the Higgs vacua of the mABJM theory are parametrized by vevs of CPOs and those

vevs are read from asymptotic expansions of the LLM geometries using the holographic

renormalization procedure.

In this section, we construct the CPO with ∆ = 1, which manifests the global symmetry

of the mABJM theory. We also calculate the vevs of the oprator for all supersymmetric

vacua of mABJM theory for general k in the large N limit.

3.1 CPOs in ABJM theory

The gauge invariant CPOs of conformal dimension ∆ in the ABJM theory are given by

O(∆) = C
(∆)B1,··· ,Bn

A1,··· ,An
Tr
(
Y A1Y †B1

· · ·Y AnY †Bn

)
, (3.1)

– 8 –
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where A,B · · · = 1, · · · , 4 and C
(∆)B1,··· ,Bn

A1,··· ,An
are symmetric in lower as well as upper indices

and traceless when tracing over one lower index and one upper index. The CPO in (3.1) is

written by manifesting the global SU(4) symmetry of the ABJM theory. On the other hand,

in the mABJM theory the CPOs have to manifest the SU(2)×SU(2)×U(1) global symmetry.

It is well known fact that the coefficients C
(∆)B1,··· ,Bn

A1,··· ,An
are identified with the similar co-

efficients CIi1···i2n , which defines the scalar spherical harmonics on S7 (see appendix A) [4].

These coefficients also satisfy the same orthonormality condition as those of the spheri-

cal harmonics;

C
(∆1)B1,··· ,Bn

A1,··· ,An
C̄

(∆2)A1,··· ,An

B1,··· ,Bn
+ (c.c.) = δ∆1∆2 . (3.2)

Therefore, one can fix these coefficients knowing the corresponding coefficients of the spher-

ical harmonics on S7. In appendix A.3, we list the first few scalar spherical harmonics on

S7, which are needed to read the coefficients for CPOs with lower conformal dimensions.

In particular, the coefficients of the CPO with ∆ = 1 are determined in appendix A.4 and

the operator is given by

O(∆=1) =
1

2
√

2
Tr
(
ZaZ†a −W †aWa

)
. (3.3)

3.2 vevs of CPO in mABJM theory

Here we calculate the vevs of CPO with ∆ = 1 in mABJM theory. As we see in (3.1), the

CPO we are considering is composed of the complex scalar fields Y A’s and their complex

conjugates. For a given supersymmetric vacuum, the scalar fields near the vacuum are

expanded as

Y A = Y A
0 + Ŷ A, (3.4)

where Y A
0 ’s (A = 1, 2, 3, 4) denote the vacuum solutions represented by the GRVV matri-

ces [18], and Ŷ A’s are field operators. Inserting (3.4) into (3.1) of a CPO with conformal

dimension ∆, we obtain

〈O(∆)〉m = O(∆)(Y A
0 ) +

∑
i

〈δO(∆)
i 〉0 +

1

N
− corrections, (3.5)

where 〈· · · 〉m and 〈· · · 〉0 denote the vevs of operators in the mABJM theory and the ABJM

theory, respectively, and δO(∆)
i is an operator containing at least one Ŷ A or Ŷ †A. The 1

N -

corrections in (3.5) come from the contributions of multi-trace terms [41–43]. Here we

also note that quantum corrections of scalar fields are absent due to the high number of

supersymmetry of the mABJM theory. The second term in (3.5) is a one point function in

a conformal field theory and is vanishing. Therefore, in the large N limit we have

〈O(∆)(Y A)〉m = O(∆)(Y A
0 ). (3.6)

For CPO with ∆ = 1 the vevs are obtained by plugging the vacuum solutions in (2.4)

into (3.3). Since Za0 is a block diagonal matrix, which contains Nn of the rectangular matrix
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M(n)
a , while W †a0 contains N ′n of the matrix M̄(n)

a , we have

Tr(Za0Z
†
a0 −W

†a
0 Wa0) =

µk

2π

∞∑
n=0

(Nn −N ′n)Tr(M(n)
a M̄(n)

a )

=
µk

2π

∞∑
n=0

(Nn −N ′n)n(n+ 1), (3.7)

where in the last step we have used the rectangular matrices in (2.3). Then, we obtain

〈O(∆=1)〉m =
µk

4
√

2π

∞∑
n=0

(Nn −N ′n)n(n+ 1). (3.8)

This result is valid for all supersymmetric vacua of mABJM theory with finite k in the

large N limit.

4 KK reduction and gauge invariant modes

The KK reduction of 11-dimensional gravity to 4 dimensions involves compactification of

the fields on S7.3 In this section we apply the KK reduction to the 11-dimensional gravity

on AdS4 × S7 to obtain 4-dimensional equation of motion on AdS4 background. Such KK

reduction was carried out in the de Donder gauge in [30, 31]. However, the LLM solutions

of our interest in this paper are in a different gauge and can not be analyzed based on

the results obtained in the de Donder gauge. Therefore, we carry out the reduction in a

generic gauge and write the equation of motion for gauge invariant dynamical fields.

4.1 11-dimensional gravity equations of motion

The bosonic part of the 11-dimensional supergravity action is given by

S =
1

16πG11

∫
d11x

[√
−g

(
R− 1

48
FpqrsF

pqrs

)
+

1

2 (4!)2 ε̃
p1p2p3q1···q4r1···r4Cp1p2p3Fq1···q4Fr1···r4

]
, (4.1)

where we used the index notation p, q, r, · · · = 0, · · · , 10, ε̃0123···10 = −1 is the Levi-Civita

symbol. The 11-dimensional Newton’s gravitational constant is

G11 =
1

32π2
(2πlP)9 , (4.2)

where lP is the Planck constant. The functional variation of the action gives the following

equations of motion for the metric and the 4-form field strength:

Rpq −
1

2
gpqR =

1

48

(
− 1

2
gpqFrstuF

rstu + 4FpstuF
stu
q

)
,

∂p(eFpqrs) +
1

2 · (4!)2
ε̃p1···p4q1···q4qrsFp1···p4Fq1···q4 = 0, (4.3)

3The ABJM theory is dual to M-theory on AdS4 × S7/Zk. Here we consider k = 1 case, for simplicity.

We will extend our results to general k case eventually.
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where e ≡
√
−g. Using the index notation (µ, ν, ρ, · · · = 0, · · · 3), (a, b, c, · · · = 4, · · · 10) we

write the AdS4 × S7 solution of the equations of motion in (4.3) as follows

ds2 =
L2

4ρ2

(
−dt2 + dw2

1 + dw2
2 + dρ2

)
+ L2ds2

S7 ,

Fµνρσ = − 6

L
εµνρσ, and it is zero otherwise. (4.4)

Here εµνρσ =
√
|gAdS4 | ε̃µνρσ is the Levi-Civita tensor for the AdS4 space, and L is the

radius of S7.

4.2 Fluctuations on AdS4 × S7

We consider a solution which is asymptotically AdS4 × S7 so that we can write it as

gpq = gpq + hpq,

Cpqr = Cpqr + cpqr ⇐⇒ Fpqrs = Fpqrs + fpqrs, (4.5)

where hpq, cpqr, fpqrs represent deviations from the AdS4 × S7 geometry and they become

small fluctuations in the asymptotic region.4 Plugging this back into (4.3), we obtain the

following equations of motion for hpq and fpqrs up to linear order,

∇r∇phqr+∇r∇qhpr−∇2hpq−∇q∇phrr−Rhpq

−gpq
(
−Rrshrs+∇r∇shrs−∇2hrr

)
+

1

48

(
FrstuF

rstuhpq−4gpqhrsF
r
tuvF

stuv
)

+
1

24
gpqfpqrsF

pqrs− 1

2
hrsF

r
ptuF

stu
q − 1

6

(
fprstF

rst
q +Fprstf

rst
q

)
= 0, (4.6)

∂p(ef
pqrs)+

1

2
∂p(eh

p
pF

pqrs)+4∂p(eh
[p
t F

qrs]t)+
1

(4!)2
ε̃p1···p4q1···q4qrsfp1···p4Fq1···q4 = 0. (4.7)

It is convenient to write the above equations for the AdS4 and S7 indices separately

∇ρ∇µhνρ+∇ρ∇νhµρ+∇a∇µhνa+∇a∇νhµa−(∇ρ∇ρ+∇a∇a)hµν−∇µ∇ν(hρρ+haa)+
6

L2
hµν

−gµν
[

12

L2
hρρ−

6

L2
haa+∇ρ∇σhρσ+∇a∇bhab+(∇ρ∇a+∇a∇ρ)hρa−(∇ρ∇ρ+∇a∇a)(hσσ+hbb)

]
+

1

48

(
FρσλκF

ρσλκhµν−4gµνhρσF
ρ
τλκF

στλκ
)

+
1

24
gµνfρστλF

ρστλ−1

2
hρσF

ρ
µτλF

στλ
ν

− 1

6

(
fµρστF

ρστ
ν +fνρστF

ρστ
µ

)
= 0, (4.8)

∇ρ∇µhaρ +∇ρ∇ahµρ +∇b∇µhab +∇b∇ahµb − (∇ρ∇ρ +∇b∇b)hµa −∇µ∇a(hρρ + hbb)

+
6

L2
hµa +

1

48
FνρστF

νρστhµa −
1

6
faρστF

ρστ
µ = 0, (4.9)

4We use a notation in which the objects in 11-dimensional supergravity are denoted by bold font symbols

whereas the AdS4 × S7 values of those objects are denoted by normal font symbols.
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∇ρ∇ahbρ+∇ρ∇bhaρ+∇c∇ahbc+∇c∇bhac−(∇ρ∇ρ+∇c∇c)hab−∇a∇b(hρρ+hcc)+
6

L2
hab

−gab
[

12

L2
hρρ−

6

L2
hcc+∇ρ∇σhρσ+∇c∇dhcd+(∇ρ∇c+∇c∇ρ)hρc−(∇ρ∇ρ+∇c∇c)(hσσ+hdd)

]
+

1

48

(
FµνρσF

µνρσhab−4gabhρσF
ρ
τλκF

στλκ
)

+
1

24
gabfρστλF

ρστλ = 0, (4.10)

and

∇σfσµνρ +∇afaµνρ +
1

2
(∇σhλλ)F σµνρ +

1

2
hλλ∇σF σµνρ

+
1

2
(∇σhaa)F σµνρ +

1

2
haa∇σF σµνρ + 4∇λ

(
h[λ
σ F

µνρ]σ
)

+∇a
(
haσF

µνρσ
)

= 0, (4.11)

∇σfσµνa +∇bf bµνa −∇λ(h a
σ F

µνλσ) = 0, (4.12)

∇σfσµab +∇cf cµab = 0, (4.13)

∇σfσabc +∇dfdabc +
1

(4!)2
εa1···a4ν1···ν4abcfa1···a4Fν1···ν4 = 0, (4.14)

where we have used the identities ∇pfpqrs = 1
e∂p
(
efpqrs

)
and ∇p

(
h

[p
t F

qrs]t
)

=
1
e∂p(eh

[p
t F

qrs]t).

4.3 Expansion in S7 spherical harmonics

The fluctuations hpq and cpqr can be expanded in S7 spherical harmonics as

hµν(x, y) = hI1µν(x)Y I1(y),

hµa(x, y) = vI7µ (x)Y I7
a (y) + sI1µ (x)∇aY I1(y),

h(ab)(x, y) = tI27(x)Y I27
(ab)(y) + vI7(x)∇(aY

I7
b) (y) + sI1(x)∇(a∇b)Y I1(y),

haa(x, y) = φI1(x)Y I1(y),

cµνρ(x, y) = s̃I1µνρ(x)Y I1(y),

cµνa(x, y) = ṽI7µν(x)Y I7
a (y) + s̃I1µν(x)∇aY I1(y),

cµab(x, y) = t̃I21µ (x)Y I21
[ab] (y) + ṽI7µ (x)∇[aY

I7
b] (y),

cabc(x, y) = t̃I35(x)Y I35
[abc](y) + t̃I21(x)∇[aY

I21
bc] (y), (4.15)

where x is the AdS4 coordinate and y is the S7 coordinate. For the definitions of the

spherical harmonics on S7, see appendix A. The notation (ab) means symmetrized traceless

combination which is defined as

T(ab) =
1

2
(Tab + Tba)−

1

7
gabT

c
c, (4.16)

where gab is a metric on S7. The notation [abc · · · ] means anti-symmetrization among

indices, a, b, c, · · · , for instance,

T[ab] =
1

2!
(Tab − Tba). (4.17)
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The expansion (4.15) follows the convention of [13, 44]. The expansions of the 4-form field

strength fluctuations fpqrs are read from f = dc,

fµνρσ(x, y) = 4∇[µs
I1
νρσ](x)Y I1(y),

fµνρa(x, y) = 3∇[µv
I7
νρ](x)Y I7

a (y)− sI1µνρ(x)∇aY I1(y),

fµνab(x, y) = 2∇[µt
I21
ν] (x)Y I21

[ab] (y) + 2vI7µν(x)∇[aY
I7
b] (y),

fµabc(x, y) = ∇µtI35(x)Y I35
[abc](y)− 3tI21µ (x)∇[aY

I21
bc] (y),

fabcd(x, y) = 4tI35(x)∇[aY
I35
bcd](y), (4.18)

where we have used the fact that ∇[a∇b]Y I1(y) = 0, ∇[a∇bY I7
c] (y) = 0, and ∇[a∇bYcd] = 0.

We note that, under the U(1) gauge transformation the 3-form gauge field transforms as

c3 → dΛ(2). However, the 4-form field strength is invariant under this transformation.

Therefore, the field strengths in (4.18) are written in terms of U(1) gauge invariant com-

binations which are defined as

sI1µνρ(x) ≡ s̃I1µνρ(x)− 3∇[µs̃
I1
νρ](x),

vI7µν(x) ≡ ṽI7µν(x) +∇[µṽ
I7
ν] (x),

tI21µ (x) ≡ t̃I21µ (x)− 1

3
∇µt̃I21(x),

tI35(x) ≡ t̃I35(x). (4.19)

Plugging (4.15) and (4.18) into the (µ, ν)-components of fluctuation equations in (4.8)

and projecting onto the scalar harmonics Y I1 , we obtain

−
(
� + ΛI1 +

8

L2

)
hI1µν +∇µ∇ρhI1νρ +∇ν∇ρhI1µρ − gµν∇ρ∇σhI1ρσ

+ gµν

(
� + ΛI1 − 22

L2

)
hI1 −∇µ∇νhI1 + ΛI1

(
∇µsI1ν +∇νsI1µ

)
− 2gµνΛI1∇ρsI1ρ + gµν

(
� +

6

7
ΛI1 +

6

L2

)
φI1 −∇µ∇νφI1 − 6gµνΛI1

(1

7
ΛI1 +

1

L2

)
sI1

+
4

L
∇[µs

I1
ρσλ]ε

ρσλ
ν +

4

L
∇[νs

I1
ρσλ]ε

ρσλ
µ − 1

L
gµν∇[ρs

I1
σλτ ]ε

ρσλτ = 0, (4.20)

where � ≡ ∇µ∇µ. We have used the AdS4 × S7 solutions in (4.4) and the results of

the integrals of spherical harmonics listed in appendix A. The tracing over (µ, ν)-indices

in (4.20) gives the following equation for scalar fields

(
2� + 3ΛI1 − 96

L2

)
hI1 − 2∇µ∇νhµν − 6ΛI1∇µsI1µ

+ 3
(
� +

8

7
ΛI1 +

8

L2

)
φI1 − 24ΛI1

(1

7
ΛI1 +

1

L2

)
sI1 +

4

L
∇[µs

I1
νρσ]ε

µνρσ = 0. (4.21)

From the equation (4.9), we obtain the following two equations by projections onto
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∇aY I1 and gabY I7
b , respectively(

� +
24

L2

)
sI1µ −∇µ∇νsI1ν −

(6

7
ΛI1 +

6

L2

)
∇µsI1 +

6

7
∇µφI1

−∇νhI1µν +∇µhI1 −
1

L
sI1ρστ ε

ρστ
µ = 0, (4.22)

−
(
� + ΛI7 +

18

L2

)
vI7µ +∇µ∇νvI7ν +

(1

2
ΛI7 +

3

L2

)
∇µvI7−

3

L
∇[νv

I7
λκ]ε

νλκ
µ = 0. (4.23)

From the equations (4.10), we obtain four scalar equations by projecting on four different

elements: gabY I1 , ∇(a∇b)Y I1 , ∇(aY b)I7 and Y (ab)I27 ,

−12

7
ΛI1∇µsI1µ −

1

L
∇[µs

I1
νλκ]ε

µνλκ − 30

7
ΛI1
(ΛI1

7
+

1

L2

)
sI1 +

(
� +

6

7
ΛI1 +

6

L2

)
hI1

+
6

7

(
� +

5

7
ΛI1 +

5

L2

)
φI1 −∇µ∇νhI1µν = 0, (4.24)

2∇µsI1µ =
(
�− 5

7
ΛI1
)
sI1 + hI1 +

5

7
φI1 , (4.25)

�vI7 − 2∇µvI7µ = −2∇µv̂I7µ = 0, (4.26)(
� + ΛI27 − 2

L2

)
tI27 = 0. (4.27)

Similarly, inserting (4.15) and (4.18) in to the equations of motion of fpqrs in (4.11)–

(4.14), and projecting onto the appropriate spherical harmonic elements, we obtain the

following set of equations(
� + ΛI1

)
sI1µνρ − 3∇δ∇[µs

I1
νρ]δ −

3

L
εσµνρ∇σhI1

− 3

L
εσµνρ∇σφI1 −

24

L
∇σhI1λ[σεµνρ]

λ − 6

L
ΛI1εµνρ

σsI1σ = 0, (4.28)(
� + ΛI7 +

10

L2

)
vI7µν −

6

L
ερσµν∇σvI7ρ = 0, (4.29)(

� + ΛI21 +
2

L2

)
tI21µ = 0, (4.30)

∇ρsI1ρµν +
6

L
εµνσ

λ∇σsI1λ = ∇ρŝI1ρµν = 0, (4.31)

∇νvI21ν = 0, (4.32)

∇νvI7νµ = 0, (4.33)[
�− 12

L2
+ ΛI35 − 6

√
µI35

L

]
t̃I35+ = 0,[

�− 12

L2
+ ΛI35 +

6
√
µI35

L

]
t̃I35− = 0, (4.34)

where µI35 = (I35+3)2

L2 and we have used the relation

εabc
a1a2a3a4∇a1Y I35

a2a3a4 = ±3!
√
µI35Y I35

abc . (4.35)

to obtain the two equations in (4.34).
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4.4 Gauge invariant fluctuations

Some of the fluctuations hpq and fpqrs are related to each other or to the background

solution by diffeomorphic transformation. In other words, some of these fluctuations are

generated by the variation of some other fluctuations or the background under the infinites-

imal coordinate transformation x′p = xp − ξp. Up to linear order, these gauge-dependent

degrees of freedom transform as,

δ̃hpq = (∇pξq +∇qξp), δ̃fpqrs = −4∇[pξ
tFqrs]t. (4.36)

To obtain the gauge transformations of the 4-dimensional fields, we expand the gauge

parameter ξp(x, y) in terms of the spherical harmonics on S7 as

ξµ(x, y) = ξI1µ (x)Y I1(y), ξa(x, y) = ξI7(v)(x)Y I7
a (y) + ξI1(s)(x)∇aY I1(y). (4.37)

Using (4.15), (4.18), and (4.37) in (4.36), we obtain the following transformations for

gauge-dependent coefficients of the spherical harmonics

δ̃hI1µν = ∇µξI1ν +∇νξI1µ , δ̃vI7µ = ∇µξI7(v), δ̃sI1µ = ∇µξI1(s) + ξI1µ ,

δ̃tI27 = 0, δ̃vI7 = 2ξI7(v), δ̃sI1 = 2ξI1(s), δ̃φI1 = 2ΛI1ξI1(s). (4.38)

Based on these transformations, the following combinations are gauge invariant,

φ̂I1 = φI1 − ΛI1sI1 , v̂I7µ = vI7µ −
1

2
∇µvI7 , ĥI1µν = hI1µν −∇µs̃I1ν −∇ν s̃I1µ , (4.39)

where s̃I1µ = sI1µ − 1
2∇µs

I1 .

Since the only non-vanishing component of the 4-form field strength is Fµνρσ, the

non-trivial equations in second part of (4.36) are

δ̃fλµνρ = −4∇[λ

(
ξI1σ Fµνρ]

σ
)
Y I1 , δ̃fµνρa = ξI1σ Fµνρ

σ∇aY I1 . (4.40)

Then, we obtain the following results

δ̃sI1µνρ = −ξI1σ Fµνρσ, ∇[µδ̃s
I1
νρ] =

1

3

(
δ̃sI1µνρ + ξI1σ Fµνρ

σ
)

= 0, (4.41)

The remaining coefficients associated with fpqrs are all diffeomorphic invariant at

linear order.

4.5 KK reduction

The linear equations in subsection 4.3 are not all independent and some of the fields are

gauge degrees of freedom. In this subsection, we find equations of motion for gauge invariant

fields introduced perviously. We diagonalize those equations to identify the equations of

motion for physical modes.
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4.5.1 The equations for spin zero fields

Using equations (4.21), (4.22), (4.24), (4.25), and (4.28), we obtain the following equations

of motions for two gauge invariant scalar fields(
� + ΛI1 +

12

L2

)
φ̂I1 − 14

3L2
ψ̂I1 = 0, (4.42)(

� + ΛI1
)
ψ̂I1 + 18

(
�− 5

7
ΛI1
)
φ̂I1 = 0, (4.43)

where the gauge invariant scalar fields are

ψ̂I1 = (18hI1 − uI1), φ̂I1 = (φI1 − ΛI1sI1) (4.44)

with

uI1 ≡ Lεµνρσ∇µsI1νρσ. (4.45)

Diagonalizing equations (4.42) and (4.43), we write them in terms of the mass eigenstates(
�− (I1 + 6)(I1 + 12)

L2

)
φ̌I1 = 0,

(
�− I1(I1 − 6)

L2

)
ψ̌I1 = 0, (4.46)

where we have introduced

φ̌I1 =
(I1 + 7)

[
18(I1 − 1)φ̂I1 + 7ψ̂I1

]
14(I1 + 3)

,

ψ̌I1 =
(I1 − 1)

[
− 18(I1 + 7)φ̂I1 + 7ψ̂I1

]
14(I1 + 3)

.

(4.47)

In addition, from equations (4.27) and (4.34) we write the equations of motion for

three more fields which are already diagonal and gauge invariant(
�− I27(I27 + 6)

L2

)
ťI27 = 0, (4.48)(

�− (I35 + 3)(I35 + 9)

L2

)
ťI35+ = 0,

(
�− (I35 + 3)(I35 − 3)

L2

)
ťI35− = 0, (4.49)

where ťI27 ≡ tI27 , ťI35+ ≡ tI35+ , and ťI35− ≡ t
I35
− .

In general, the KK reduction means to construct a 4-dimensional gravity action, in-

cluding higher order interaction terms, from the equations of motion of fluctuation fields.

When one goes beyond the linear order, the higher order terms involve higher derivatives,

and then one needs to introduce some field redefinitions in order to have the corresponding

4-dimensional gravity action. For instance, at quadratic order, such field redefinition was

introduced in [13, 14]

SI = šI + JsIJnJm ť
Jn ťJm + LsIJnJm∇µť

Jn∇µťJm , (4.50)

where šI represent any of the 11-dimensional fields, and SI is the corresponding

4-dimensional field. The ťJi represent all the fields that appear in the quadratic part
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of the equations of motion. However, at linear order, which is what we are dealing with in

this paper, these field redefinitions are trivial and the 11- and 4-dimensional fields are the

same. Therefore, the fields φ̌I1 , ψ̌I1 , ťI27 , ťI35+ , ťI35− are the correct 4-dimensional spin-zero

fields at the linear order and are denoted as ΦI1 ,ΨI1 , T I27 , T I35+ , T I35− , respectively. Based

on the parity transformation of the original 11-dimensional fields (hpq is a tensor, cpqr is

a pseudotensor), we note that the first three fields ΦI1 ,ΨI1 , T I27 are scalar fields while the

last two fields T I35+ , T I35− are pseudoscalar fields.

4.5.2 The equations for spin one fields

There are three towers of KK vector modes. Combining equations (4.23), (4.26), (4.29),

and (4.33), we obtain the following equations of motion for two of those KK modes(
� + ΛI7 +

18

L2

)
v̂I7µ +

3

L2
ûI7µ = 0,(

� + ΛI7 +
6

L2

)
ûI7µ + 12

(
� +

12

L2

)
v̂I7µ = 0, (4.51)

where ΛI7 = − I7(I7+6)−1
L2 , and we have introduced the following gauge invariant combina-

tions

v̂I7µ ≡ vI7µ −
1

2
∇µvI7 ,

ûI7µ ≡ Lεµνρσ∇ν v̂I7ρσ with v̂I7µν = ṽI7µν +∇[µṽ
I7
ν] . (4.52)

Diagonalizing the two equations in (4.51) gives the equations of motions for two mass

eigenstates(
�− I2

7 + 12I7 + 23

L2

)
v̌I7µ = 0,

(
�− I2

7 − 13

L2

)
ǔI7µ = 0, (4.53)

where

v̌I7µ =
2(I7 − 1)v̂I7µ − ûI7µ

4(I7 + 3)
, ǔI7µ =

2(I7 + 7)v̂I7µ + ûI7µ
4(I7 + 3)

. (4.54)

On the other hand from (4.30) we get the equation of motion for one more KK

vector mode (
� + ΛI21 +

2

L2

)
ťI21µ = 0, (4.55)

where ťI21µ is equivalent to tI21µ in (4.19).

Like in the case of the scalar fields, if we consider non-linear equations, the KK reduc-

tion will involve non-trivial field redefinition of the type (4.50). However, at linear order,

the above three KK vector modes are the correct 4-dimensional physical modes and they

are denoted as V I7
µ , U I7µ , and T I21µ . We note that the first two are vector fields while the

third one is a pseudovector field.
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4.5.3 The equations for spin two fields

Next we consider the gauge invariant equations of motion for 2-tensor fields. Using equa-

tions (4.20), (4.22), (4.24), (4.25), (4.28), and (4.31), with some algebra, we obtain the

following linear order equations for gauge invariant tensor fields(
�+ΛI1 +

32

L2

)
ψ̂I1µν−

8

L2
gµνψ̂

I1 +
90

7

(
�+ΛI1 +

32

L2

)
φ̂I1µν−

72

7

(
3∇µ∇ν+

10

L2
gµν

)
φ̂I1 = 0,

5

7

(
�+ΛI1 +

44

L2

)
φ̂I1µν+

2

L2
ψ̂I1µν−

40

7L2
gµν φ̂

I1− 4

3L2
gµνψ̂

I1 = 0,

(4.56)

where we have introduced the following gauge invariant tensor fields

ψ̂I1µν ≡ 18hI1µν−uI1µν , φ̂I1µν ≡
7

5

(
∇µsI1ν +∇νsI1µ −∇µ∇νsI1 − hI1µν

)
, (4.57)

and we have defined

uI1µν ≡
L

2

(
ε ρσλµ ∇νsI1ρσλ + ε ρσλν ∇µsI1ρσλ

)
. (4.58)

We note that ψ̂I1 ≡ ψ̂I1µµ and φ̂I1 ≡ φ̂I1µµ are the gauge invariant scalar fields defined

in (4.44).

In order to define the 4-dimensional spin two physical modes, we write (4.56) in terms

of traceless tensor modes(
� + ΛI1 +

32

L2

)
ψ̂I1(µν) +

90

7

(
� + ΛI1 +

32

L2

)
φ̂I1(µν) −

216

7
∇(µ∇ν)φ̂

I1 = 0,(
� + ΛI1 +

44

L2

)
φ̂I1(µν) +

14

5L2
ψ̂I1(µν) = 0, (4.59)

where ψ̂I1(µν) = ψ̂I1µν− 1
4gµνψ̂

I1 and φ̂I1(µν) = φ̂I1µν− 1
4gµν φ̂

I1 . Then we introduce the transverse

and traceless spin two modes, which should satisfy the transverse condition ∇µ∇ν ĥI1(µν) = 0,

and diagonalized linear equation,

ȟI1(µν) = φ̂I1(µν)+
7

30
ψ̂I1(µν)+

3L2

(I1+2)(I1+4)
∇(µ∇ν)φ̂

I1− 7L2

30(I1+2)(I1+4)
∇(µ∇ν)ψ̂

I1 . (4.60)

Using (4.59), we can write the linear equation for the diagonalized spin two KK modes as(
�−M2

I1

)
ȟI1(µν) = 0, (4.61)

where M2
I1

= I1(I1+6)−8
L2 .

Similar to the spin zero case, the equation of motion for spin two modes contains

higher derivative terms starting from quadratic order. Therefore, one needs to introduce

field redefinitions of the type (4.50) in order to absorb those higher derivative terms. Such

field redefinition will result in the 4-dimensional spin two modes HI1
(µν). However, at linear

order, HI1
(µν) = ȟI1(µν) are the correct 4-dimensional spin two KK modes.

To summarize, the KK reduction of the bosonic sector of the 11-dimensional supergrav-

ity yields, three towers of scalar modes ΦI1 ,ΨI1 , T I27 , two towers of pseudoscalar modes

T I35+ and T I35− , two towers of vector modes V I7
µ and U I7µ , one tower of pseudovector mode

T I21µ , and one tower of spin-two mode HI1
(µν).
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5 Exact KK holography for LLM geometries

In this section, we want to obtain exact results for the vevs of the gauge invariant operators

in small mass expansion by using KK renormalization method [13–15] and compare with

the field theory results of section 3. At leading order in the small mass parameter, the

linearized equations of motion discussed in the previous section are sufficient. From the

asymptotic expansions of the LLM geometries, one can read the solutions of some physical

modes in 4-dimensional gravity, which are related to the vevs of gauge invariant operators.

For instance, the solutions of the KK mode, which are dual to the CPO with ∆ = 1, are

completely determined from the leading asymptotic expansion of the LLM geometries.

5.1 Asymptotic expansion of the LLM geometries

As discussed in section 2, the LLM solutions are completely determined by two functions

Z(x̃, ỹ) and V (x̃, ỹ) in (2.10). With some algebra these functions can be written in terms

of the Legendre polynomials as follows

Z(ρ, ξ) =
1

2

[
ξ +

∞∑
n=1

[(n+ 1)Pn+1 (ξ)− 2ξnPn (ξ) + (n− 1)Pn−1 (ξ)]Cn

(√
2µ0ρ

)n]
,

V (ρ, ξ) =
2ρ

L3

[
1 +

∞∑
n=1

nPn (ξ)Cn

(√
2µ0ρ

)n]
, (5.1)

where ρ = L3

4r̃ , ξ = x̃
r̃ with r̃ =

√
x̃2 + ỹ2, and Pn(ξ) are the Legendre polynomials. We

have defined [39]

Cn =

2NB+1∑
i=1

(−1)i+1

(
x̃i

2πl3Pµ0

√
A

)n
, (5.2)

where A = kN −
∑NB

j=1
t2j+1(k−t2j+1)

2 is the area in the Young diagram representation of

the geometry and ti’s are the discrete torsions assigned at the boundary x̃i between the

black and white strips in the droplet picture [23]. It can be shown that, the first two of

the parameters Cn’s satisfy an identity:

β2 ≡ C2 − C2
1 = 2. (5.3)

In terms of the (ρ, ξ) coordinates, the metric of the LLM geometries in (2.7) is rewrit-

ten as

ds2 = −Gtt

(
−dt2 + dw2

1 + dw2
2

)
+ Gρρ

(
dρ2 +

ρ2

1− ξ2
dξ2

)
+ Gθθds

2
S3 + Gθ̃θ̃ds

2
S̃3 , (5.4)

where Gρρ = L6Gxx
16ρ4

.

To implement the method of holographic renormalization, we should rewrite the solu-

tion in terms of the Fefferman-Graham (FG) coordinate system [45], where the holographic
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direction is well defined. In a geometry which is asymptotically AdSd+1×X , the metric in

the FG coordinate system is given by

ds2 =
L2

AdS

z2

(
dz2 + gij(z, y)dxidxj

)
+ g(z, y)ds2

X , (5.5)

where z denotes the holographic direction and g(z, y) is some warp factor for the compact

space. In order to rewrite the LLM metric (5.4) in the form (5.5) we use the coordinate

transformations

ρ = ρ(z, τ), ξ = ξ(z, τ), (5.6)

which should satisfy two conditions

Gρρ

(
∂ρ

∂z

)2

+
ρ2Gρρ

1− ξ2

(
∂ξ

∂z

)2

=
L2

4z2
,

Gρρ

(
∂ρ

∂z

)(
∂ρ

∂τ

)
+
ρ2Gρρ

1− ξ2

(
∂ξ

∂z

)(
∂ξ

∂τ

)
= 0. (5.7)

Then we obtain

ds2 =
L2

4z2

(
dz2 +

4z2

L2
g1 (z, τ)

(
−dt2 + dw2

1 + dw2
2

))
+ g2 (z, τ) dτ2 + g3 (z, τ) ds2

S3 + g4 (z, τ) ds2
S̃3 , (5.8)

where

g1 (z, τ) = Gtt (ρ (z, τ) , ξ (z, τ)) ,

g2 (z, τ) = Gxx (ρ (z, τ) , ξ (z, τ))

[(
∂ρ

∂τ

)2

+
ρ2

1− ξ2

(
∂ξ

∂τ

)2
]
,

g3 (z, τ) = Gθθ (ρ (z, τ) , ξ (z, τ)) , g4 (z, τ) = Gθ̃θ̃ (ρ(z, τ), ξ(z, τ)) . (5.9)

It is non-trivial to solve the two conditions in (5.7) analytically. However, recalling the

asymptotic behavior of the LLM geometry, we note that the coordinate transformations

satisfy the boundary conditions ρ(z, τ)|z→0 = z and ξ(z, τ)|z→0 = τ . To solve the condi-

tions (5.7) in the asymptotic region, we use the following ansatze,

ρ (z, τ) = z
(
1 + a1zµ0 + a2z

2µ2
0 + · · ·

)
,

ξ(z, τ) = τ + b1zµ0 + b2z
2µ2

0 + · · · , (5.10)
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where the ai and bi are determined from (5.7),

a1 =
1

3
√

2
(C3

1 − C3)τ,

a2 =
1

96

(
− 8C2C

4
1 + 12C3C

3
1 + 3

(
C2

2 − C4

)
C2

1 − 4C2C3C1 + C3
2 − 4C2

3 + 3C2C4

)
+

1

288

(
44C6

1 − 60C2C
4
1 − 100C3C

3
1 + 9

(
11C2

2 + 5C4

)
C2

1 − 12C2C3C1

− 27C3
2 + 56C2

3 − 45C2C4

)
τ2,

b1 = − 1

3
√

2
(C3

1 − C3)(1− τ2),

b2 = − 1

288

(
44C6

1 − 60C2C
4
1 − 100C3C

3
1 + 9

(
11C2

2 + 5C4

)
C2

1 − 12C2C3C1

− 27C3
2 + 56C2

3 − 45C2C4

)
τ(1− τ2). (5.11)

Using the above coordinate transformations, the asymptotic expansions of the warp

factors gi(z, τ) are obtained and listed in appendix B. The expansions depend on the τ

coordinate on S7 so that we can use the results in appendix A.3 to replace the τ dependence

in terms of the scalar harmonics on S7. Then we read the values of hI1ij (i, j = t, w1, w2),

for I1 = 0, 2, 4, · · · ,

h0
ij =

[
−L

2µ2
0

720

(
17C6

1−51C2C
4
1−28C3C

3
1 +72C2

2C
2
1 +42C2C3C1−45C3

2−7C2
3

)
+O

(
µ4

0

)]
ηij ,

(5.12)

h2
ij =

[
−L

2µ0

3z

(
2C3

1−3C2C1+C3

)
+O

(
µ3

0

)]
ηij , (5.13)

h4
ij =

[
L2µ2

0

36
√

10

(
28C6

1−84C2C
4
1 +28C3C

3
1 +9

(
7C2

2−15C4

)
C2

1 +228C2C3C1

−135C3
2−128C2

3 +135C2C4

)
+O

(
µ4

0

)]
ηij , (5.14)

where ηij = diag(−1, 1, 1). Noting that hI1zz = 0 in the FG coordinate, we obtain the values

of hI1 ≡ gijhI1ij = 4z2

L2 η
ijhI1ij ,

h0 = −(µ0z)2

60

(
17C6

1 − 51C2C
4
1 − 28C3C

3
1 + 72C2

2C
2
1 + 42C2C3C1 − 45C3

2 − 7C2
3

)
+O(µ4

0), (5.15)

h2 = −4µ0z
(
2C3

1 − 3C2C1 + C3

)
+O(µ3

0), (5.16)

h4 =
(µ0z)2

3
√

10

(
28C6

1 − 84C2C
4
1 + 28C3C

3
1 + 9

(
7C2

2 − 15C4

)
C2

1 + 228C2C3C1

− 135C3
2 − 128C2

3 + 135C2C4

)
+O(µ4

0). (5.17)

In appendix B we have also listed the expansions of the components of the 4-form field

strength. Using (4.18), we read the values of the scalar fields ũI1 defined in (4.45) from
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εµνρσfµνρσ = 4!εtw1w2zftw1w2z, where ftw1w2z is listed in appendix B,

ũ0 =
3(µ0z)2

10

(
7C6

1 − 21C2C
4
1 + 12C2

2C
2
1 + 6

(
2C2

1 − 3C2

)
C3C1 + 5C3

2 + 3C2
3

)
+O(µ4

0), (5.18)

ũ2 = −48µ0z
(
2C3

1 − 3C2C1 + C3

)
+O(µ3

0), (5.19)

ũ4 = −2(µ0z)2

√
10

(
4C6

1 − 12C2C
4
1 + 4C3C

3
1 + 9

(
C2

2 + 15C4

)
C2

1 − 276C2C3C1

+ 136C2
3 + 135

(
C3

2 − C2C4

) )
+O(µ4

0). (5.20)

In order to read the values of the scalars φI1 , we take the trace of hab,

haa = φI1Y I1 = gab
(
gab − gab

)
= gabgab − 7. (5.21)

Then the results are read from the asymptotic expansions of g3(z, τ) and g4(z, τ) in ap-

pendix B,

φ0 =
(µ0z)2

15

(
14C6

1−42C2C
4
1 +4C3C

3
1 +39C2

2C
2
1−6C2C3C1−10C3

2 +C2
3

)
+O(µ4

0), (5.22)

φ2 = 4µ0z
(
2C3

1−3C2C1+C3

)
+O(µ3

0), (5.23)

φ4 =
(µ0z)2

3
√

10

(
−124C6

1 +372C2C
4
1−124C3C

3
1 +9

(
15C4−31C2

2

)
C2

1−84C2C3C1

+104C2
3 +135

(
C3

2−C2C4

))
+O(µ4

0). (5.24)

The values of the scalars sI1 are obtained from

∇a∇bh(ab) = sI1∇a∇b∇(a∇b)Y I1 = 6sI1ΛI1
(

ΛI1

7
+

1

L2

)
Y I1 , (5.25)

by expanding,

∇a∇bh(ab) = ∇a∇bgab −
1

7
�hcc. (5.26)

Then using appendix B we obtain

s0 =−L
2 (µ0z)2

630

(
14C6

1−42C2C
4
1 +4C3C

3
1 +39C2

2C
2
1−6C2C3C1−10C3

2 +C2
3

)
+O(µ4

0), (5.27)

s2 =
L2µ0z

3

(
2C3

1−3C2C1+C3

)
+O(µ3

0), (5.28)

s4 =
L2(µ0z)2

216
√

10

(
−124C6

1 +372C2C
4
1−124C3C

3
1 +9

(
15C4−31C2

2

)
C2

1−84C2C3C1

+104C2
3 +135

(
C3

2−C2C4

))
+O(µ4

0). (5.29)

To determine the graviton mode, in addition to hµν we also need the values of the

tensor fields ũµν defined in (4.58). We can rewrite the definition in (4.58)as

ũI1µνΛI1Y I1 =
L

2

(
ε ρσλ
µ ∇νsI1ρσλΛI1Y I1 + ε ρσλ

ν ∇µsI1ρσλΛI1Y I1
)
. (5.30)
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On the other hand, from (4.18), we see that ∇afµνρa = −sI1µνρΛI1Y I1 . Using this into (5.30)

and noting that, for the LLM geometry, the only non zero fµνρa is ftw1w2τ , we obtain the

following results

ũI1ijΛI1Y I1 = 3!
4z

L

(
4
(
1− τ2

)
L2

∂τFtw1w2τ −
16τ

L2
Ftw1w2τ

)
ηij , (5.31)

ũI1zzΛ
I1Y I1 = −3!

4z2

L

[
4
(
1− τ2

)
L2

(
∂τ∂zFtw1w2τ + 3

1

z
∂τFtw1w2τ

)
−16τ

L2

(
∂zFtw1w2τ + 3

1

z
Ftw1w2τ

)]
.

Using again the results of appendix B, we read the values of ũI1µν , for I1 = 2, 4, · · · . However,

since Λ0 = 0, we can not read ũ0
µν .

ũ2
ij =

(
−6L2µ0

z

(
2C3

1 − 3C1C2 + C3

)
+O(µ3

0)

)
ηij , (5.32)

ũ4
ij =

(
−L

2µ2
0

2
√

10

(
4C6

1 − 12C2C
4
1 + 4C3C

3
1 + 9

(
C2

2 + 15C4

)
C2

1 − 276C2C3C1 (5.33)

+ 135C3
2 + 136C2

3 − 135C2C4

)
+O(µ4

0)

)
ηij ,

ũ2
zz =

6L2µ0

z

(
2C3

1 − 3C1C2 + C3

)
+O(µ3

0), (5.34)

ũ4
zz =

L2µ2
0√

10

(
4C6

1 − 12C2C
4
1 + 4C3C

3
1 + 9

(
C2

2 + 15C4

)
C2

1 − 276C2C3C1 (5.35)

+ 135C3
2 + 136C2

3 − 135C2C4

)
+O(µ4

0).

Finally, the vector fields sI1µ , which are also needed to write the graviton mode, are zero,

because for the LLM geometry hµa is zero.

5.2 Asymptotic expansions for the physical modes in 4 dimensions

The asymptotic expansions for the scalar and tensor fluctuations in the previous subsection

are at least linear in the mass parameter µ0. If we truncate our results at µ0 order, the

only non-vanishing fields are the KK modes with I1 = 2. Keeping this in mind, we list

the linear order asymptotic expansions of some of the scalar and tensor physical modes

discussed in subsection 4.5.

Plugging the expansions of the previous subsection into (4.47), we obtain the asymp-

totic expansions for ΦI1 and ΨI1 ,

Φ0 = O(µ2
0), Φ2 = O(µ3

0), Φ4 = O(µ2
0),

Ψ0 = O(µ2
0), Ψ2 = −24β3µ0z +O(µ3

0), Ψ4 = O(µ2
0), (5.36)

where

β3 ≡ 2C3
1 − 3C1C2 + C3. (5.37)

The solutions in (5.36) satisfy the linearized equation of motion (4.46).
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The asymptotic expansions of the remaining three spin zero modes, T I27 , T I35+ , T I35− ,

in (4.48) cannot be determined without having the explicit form of vector and tensor

spherical harmonics. However, those spin zero modes are not needed for our purpose here

for the following reason. In AdS/CFT correspondence [2, 3], the mass m2 of a scalar field

on the gravity side is related to the conformal dimension ∆ of the dual gauge invariant

operator by

m2R2
AdSd+1

= ∆(∆− d). (5.38)

In our case (R2
AdS4

= L2

4 ), where L is the S7 radius, we have

m2L2 = 2∆(2∆− 6). (5.39)

Then the conformal dimensions of the gauge invariant operators, which are dual to the

spin zero fields are as follows:

• For the scalar field ΨI1 we have

I1(I1 − 6) = 2∆(2∆− 6)⇒ ∆ =
I1

2
, {I1 = 2, 4, 6, · · · }. (5.40)

• For the scalar field ΦI1 we have

(I1 + 12)(I1 + 6) = 2∆(2∆− 6)⇒ ∆ =
I1 + 12

2
, {I1 = 0, 2, 4, · · · }. (5.41)

• For the scalar field T I27 we have

(I27 + 6)I27 = 2∆(2∆− 6)⇒ ∆ =
I27 + 6

2
, {I27 = 2, 4, 6 · · · }. (5.42)

• For the pseudoscalar field T I35− we have

(I35 + 3)(I35 − 3) = 2∆(2∆− 6)⇒ ∆ =
I35 + 3

2
, {I35 = 1, 3, 5, · · · }. (5.43)

• For the pseudoscalar field T I35+ we have

(I35 + 9)(I35 + 3) = 2∆(2∆− 6)⇒ ∆ =
I35 + 9

2
, {I35 = 1, 3, 5, · · · }. (5.44)

In the above list, T I35+ and T I35− are pseudoscalars and cannot be the candidates for the

dual scalar fields of CPOs. In addition, if we are interested in CPOs of lower conformal

dimensions ∆ = 1, 2, · · · , then ΦI1 and T I27 are also not the candidates. The only scalar

fields which can be dual to CPOs with lower conformal dimensions are ΨI1 , with I1 =

2, 4, · · · . For a similar reason we also skip the asymptotic expansion of the vector fields in

subsection 4.5.2.
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The asymptotic expansions of the spin two KK modes are needed to obtain the vev

of the energy-momentum tensor in mABJM theory. Following the same procedure as the

spin zero modes, from (4.60) we obtain the asymptotic expansions of the spin two modes

H2
(µν) = O(µ3

0), H4
(µν) = O(µ4

0). (5.45)

At µ0 order, we obtain a result which is consistent with the fact that the mABJM theory

is a supersymmetric theory and the vev of the energy-momentum tensor is vanishing.

Furthermore, if we go beyond the linear order, the spin two KK modes are modified by

field redefinition (4.50) and the vev of energy-momentum tensor should still be vanishing.

5.3 Comparison with field theory results

According to the holographic renormalization procedure [5–12], the vev of a CPO with

conformal dimension ∆ is determined by the coefficient φ(∆) of z∆ in the asymptotic

expansion of a dual gauge invariant scalar fields Φ on the gravity side, i.e.

〈O(∆)〉m =
N2

√
λ
Nφ(∆) (5.46)

where N is a numerical number depending on the normalization of the dual scalar field in

11-dimensional supergravity, and λ is defined as λ = N/k in the ABJM theory. In the case

k = 1, the overall normalization in (5.46) is reduced to N
3
2 . The N2/

√
λ-dependence in the

right-hand side of (5.46) is a peculiar behavior of the normalization factor in holographic

dual relation for the M2-brane theory [19, 46, 47].

In the pervious subsection, we have shown that only the scalar modes ΨI1 have non-

trivial asymptotic expansions at linear order in µ0. At quadratic order or higher, more of

the scalar modes as well as the spin two modes have non-trivial asymptotic expansions.

On the other hand, holographic renormalization states that the dual operators of these

extra modes should have vanishing vevs. In order to reconcile these differences we need

the field redefinition [13] of the type (4.50) to obtain the correct 4-dimensional fields. The

field redefinition makes the asymptotic expansions of all the fields trivial except for ΨI1 .

We have obtained the asymptotic expansion of the scalar field Ψ2 in (5.36) while the vev

of the dual operator was calculated in the subsection 3.2. Using the gauge/gravity duality

relation in (5.46) and setting k = 1, these two results are related as

〈O(1)〉m =
N2

√
λ
Nψ(1) = −24N2

√
λ

Nβ3µ0. (5.47)

In order to fix the normalization factor N, we use the identity

∞∑
n=0

[
n(n+ 1)(ln − l′n)

]
=
N3/2

3
β3, (5.48)

which is proved in appendix C. Then using (3.8) we rewrite the duality relation (5.47) as

µ

4
√

2π

∞∑
n=0

[
n(n+ 1)(Nn −N ′n)

]
= −72Nµ0

∞∑
n=0

[
n(n+ 1)(ln − l′n)

]
. (5.49)
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Now recalling that µ = 4µ0 and using the one-to-one correspondence (2.14) between the

occupation numbers of the vacua in mABJM theory and the discrete torsions in the LLM

geometries, the normalization factor is fixed as N = −
√

2
144π . Therefore, the vev of the CPO

with conformal dimension ∆ = 1 is given by

〈O(1)〉m =
N

3
2µ0

3
√

2π
β3. (5.50)

In Young-diagram picture, β3 depends on the shape of a Young-diagram but not on the

size of the diagram, which means it is independent of the number of M2-branes. The re-

sult (5.50) is obtained for all possible supersymmetric vacua with large N in the mABJM

theory. The N
3
2 -dependence in the right-hand side of (5.50) exactly matches the N de-

pendence of the 11-dimensional Newton’s constant [46], which is fixed by the Bekenstein-

Hawking entropy formula. As it is expected by the holographic relation, this N
3
2 behav-

ior also agrees with the total number of degrees of freedom of the M2-brane theory in

large N limit [47].

The extension of the above results to k 6= 1 case is not straightforward. We postpone

such extension in most general setup to future work. Instead, here we extend the results

for the LLM geometries with rectangular shaped Young-diagram representations. In this

case the droplet representation has only one finite size black strip i.e. NB = 1. The exact

dual relation is then given by

〈O(1)〉m =
N
√
kÑµ0

3
√

2π
β3 =

N
√
NÑµ0

3
√

2π
√
λ
β3, (5.51)

where Ñ = A/k with A defined in (5.2) and we have introduced the ’t Hooft coupling

constant λ = N/k in the ABJM theory. In the large N limit, Ñ is reduced to N in (5.51).

6 Conclusion

In this paper, we have calculated the vevs of the CPO with conformal dimension ∆ = 1

from all discrete supersymmetric vacua of mABJM theory as well as from the dual LLM

solutions of 11-dimensional supergravity and found an exact holographic relation between

the two results with k = 1 in the large N limit. Due to computational difficulties, we

treated the case k 6= 1 only for the LLM geometry with rectangular Young diagram. On

the field theory side, the vevs of CPOs are protected from quantum corrections due to the

high supersymmetry of the mABJM theory and as a result they are completely determined

by the supersymmetric vacuum solutions in the large N limit. The CPOs are given by single

traces of products of the complex scalar fields in the mABJM and their vevs are obtained

by evaluating those traces at the discrete supersymmetric vacua, which are represented

by the GRVV matrices. On the gravity side, the gauge invariant 4-dimensional scalar

fields which are dual to the CPOs were obtained from the KK reduction of 11-dimensional

supergravity. We showed that the gauge invariant fields obtained from the KK reduction

of the 11-dimensional LLM solutions satisfy the 4-dimensional equations of motion. The

equations of motion are satisfied order by order when we expand in powers of the mass
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parameter µ0. This expansion coincides with the asymptotic expansion in the holographic

coordinate z from which we read the vevs of the dual gauge invariant operators. For the

CPO with ∆ = 1, the vevs are given by the first order terms in the µ0 expansion of the

dual gauge invariant scalar fields. We have also carried out this procedure for the energy-

momentum tensor in mABJM theory and its vev is vanishing. This result is expected

because the theory is supersymmetric.

It seems that the discrete Higgs vacua of the mABJM theory as well as the corre-

sponding LLM geometries are parametrized by the vevs of CPOs. In other words, knowing

the vevs of enough number of CPOs, one can fully determine the shape of the droplet

picture of the LLM geometry and hence the discrete Higgs vacua of the mABJM theory.

For instance, the shape of the droplet with NB = 1 is fixed by the value of the vevs of the

CPO with ∆ = 1 as follows. As it was discussed in subsection 2.2 the shape of the droplet

is fixed by the values of x̃i with i = 1, · · · , 2NB + 1. For NB = 1, the values of x̃1, x̃2,

and x̃3 are determined by C1, C2, and C3. For our coordinate choice C1 = 0, C2 = 2 from

the identity (5.3) while C3 is determined by the vevs of CPO with ∆ = 1. Therefore, the

supersymmetric vacua corresponding to the droplet with NB = 1 are parametrized by the

vevs of CPO with ∆ = 1. This is a meaningful result because, if we can calculate the vevs

of enough number of CPOs, it is possible to project out the supersymmetric vacua from

the full set of classical Higgs vacua in the mABJM theory at a given NB. Those super-

symmetric vacua are in one-to-one correspondence with the half-BPS LLM solutions. Our

quantitative results for the gauge/gravity correspondence contains partition of N different

cases. However, we need to accumulate more analytic evidences for CPOs with ∆ (≥ 2)

and k (≥ 1) to completely determine the supersymmetric vacua at arbitrary NB. We leave

these issues for future study [32].

Recently, it is reported that for the mABJM theory on S3, there is no gravity dual for

the mass parameter larger than a critical mass value [48]. See also [49–51]. Though the

setup is different from ours, where the mABJM theory is defined on R2,1, it is intriguing to

investigate the gravity dual for our case in the large mass region and compare the results

with those of mABJM theory on S3.
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A Spherical harmonics on S7

The spherical harmonics on S7 are defined as follows

∇2Y I1 = ΛI1Y I1 = − 1

L2
I1(I1 + 6)Y I1 , Scalar,

∇2Y I7
a = ΛI7Y I7

a = − 1

L2
(I2

7 + 6I7 − 1)Y I7
a , Vector,
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∇2Y I27
(ab) = ΛI27Y I27

(ab) = − 1

L2
(I2

27 + 6I27 − 2)Y I27
(ab), Symmetric 2− Tensor,

∇2Y I21
[ab] = ΛI21Y I21

[ab] = − 1

L2
(I2

21 + 6I21 − 2)Y I21
[ab] , antiSymmetric 2− Tensor,

∇2Y I35
[abc] = ΛI35Y I35

[abc] = − 1

L2
(I2

35 + 6I35 − 3)Y I35
[abc], antiSymmetric 3− Tensor,

∇aY I7
a = ∇aY I27

(ab) = ∇aY I21
[ab] = ∇aY I35

[abc] = 0,

gabY I27
(ab) = gabY I21

[ab] = gabY I35
[abc] = 0. (A.1)

Here, when we write Y In , the subscript n denotes the number of components of the spherical

harmonics.

A.1 Scalar spherical harmonics

The scalar spherical harmonics on S7 are the restriction of

Y I1 =
1

LI1
CI1i1···iI1

xi1 · · ·xiI1 (A.2)

to a seven-sphere, where xi with (i = 1, · · · , 8) are the Cartesian coordinates of IR8 and

the coefficients CI1i1···iI1
are totally symmetric and traceless. In order to evaluate integrals

which are quadratic or cubic in the scalar harmonics, we use the following general formula

1

ω7

∫
S7

xi1 · · ·xi2m =
3L2m

2m−1(m+ 3)!

(
all possible pairing

)
, (A.3)

where all possible pairing means, δi1i2 for m = 1 , (δi1i2δi3i4 + δi1i3δi2i4 + δi1i4δi2i3), for

m = 2 and a similar contraction for higher m.

Now consider

1

ω7

∫
S7

Y I1Y J1 =
1

ω7LI1+J1

∫
S7

CI1i1···iI1
CJ1j1···jJ1

xi1 · · ·xiI1xj1 · · ·xjJ1 , (A.4)

where ω7 = π4

3 is the surface area of S7. Recalling that the CI1 are traceless and also that

the integral vanishes if any of the xi left un-paired, we note that we get a non-zero value

only when I1 = J1

1

ω7

∫
S7

Y I1Y J1 =
1

ω7L2I1

∫
S7

CI1i1···iI1
CJ1j1,···jJ1

xi1 · · ·xiI1xj1 · · ·xjJ1

=
3

2I1−1(I1 + 3)!
CI1i1,···iI1

CJ1j1···jJ1

(
all possible pairing

)
. (A.5)

Because of the tracelessness of CI1 , when we sum over the sets of indices i and j, we get

contributions only from the terms in which the i indices are paired with the j indices.

Those types of pairing result in a complete contraction of the CI1 and CJ1 indices and the

total number of such terms is I1!. Therefore we get

1

ω7

∫
S7

Y I1Y J1 =
3I1!

2I1−1(I1 + 3)!
〈CI1CJ1〉, (A.6)

where 〈CI1CJ1〉 = CI1i1···iI1
CJ1i1···iI1

. Actually, we normalize the scalar harmonics such that

〈CI1CJ1〉 = δI1J1 . Expressions involving derivatives can be evaluated by using integration

by parts.
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A.2 Vector spherical harmonics

Consider a vector field in IR8

Y I7
p =

1

LI7
V I7
p,i1···iI7

xi1 · · ·xiI7 , p = 1, · · · 8 (A.7)

with V I7
p traceless and totally symmetric in the i1, · · · , iI7 indices. It also satisfy xpY I7

p =

0.5 The vector spherical harmonics Y I7
a on S7 is defined as the component of such vector

field tangent to the S7 with the xi are restricted to the sphere. This can be written as

Y I7
a = êpaY

I7
p =

1

LI7
êpaV

I7
p,i1···iI7

xi1 · · ·xiI7 , a = 1, · · · , 7, (A.8)

where êp is the unit vector along the xp Cartesian coordinates of IR8 and êpa is its projection

onto the ath unit vector tangent to S7. Those projections are actually given by

êpa =
∂xp

∂θa
, (A.9)

where θa are the coordinates of S7. In order to evaluate the integrals involving those vector

harmonics we use the following procedure. Lets consider∫
S7

Vag
abVb (A.10)

for any two vectors Va, Vb tangent to S7 and gab is the metric on S7. Using the definitions

in (A.8) we can write ∫
S7

Vag
abVb =

∫
S7

Vpê
p
ag
abêqbVq. (A.11)

Now we can make the following replacement

êpag
abêqb = γpq = δpq − npnq, (A.12)

where np = xp

L are the eight components of the unit normal vector to S7. This relation can

easily be verified by using the standard polar coordinates in IR8. Therefore we can write∫
S7

Vag
abVb =

∫
S7

Vp(δ
pq − npnq)Vq. (A.13)

Now we can evaluate the integrals of the vector harmonics by using the above results and

following the same procedure as those of the scalar harmonics. Lets see few examples

1

ω7

∫
S7

gabY I7
a Y J7

b =
1

ω7LI7+J7

∫
S7

(δpq−npnq)V I7
p,i1···iI7

V J7
q,j1···jI7

xi1 · · ·xiI7xj1 · · ·xjI7 . (A.14)

Recalling that xpY I7
p = 0, the second piece is zero. In general we can drop the second

term in (A.12) if at least one of the two vectors involved is a vector spherical harmonics.

Therefore we have

1

ω7

∫
S7

gabY I7
a Y J7

b =
1

ω7L2I7

∫
S7

V I7
p,i1···iI7

V J7
p,j1···jI7

xi1 · · ·xiI7xj1 · · ·xjI7

=
3I7!

2I7−1(I7 + 3)!
〈V I7V J7〉.

(A.15)

Tensor spherical harmonics are also treated using procedures similar to that of vector

spherical harmonics.

5We will use the index notation where p, q, · · · are the IR8 indices and a, b, · · · are the S7 indices.
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A.3 Scalar spherical harmonics on S7 with SO(4) × SO(4) symmetry

In dealing with scalar equations of motion, we mainly need the scalar spherical harmonics

which satisfy the following harmonic equation(
∇2 +

I1(I1 + 6)

L2

)
Y I1 =

(
1
√
g
∂a
(√
ggab∂b

)
+
I1(I1 + 6)

L2

)
Y I1 = 0, (A.16)

where gab is the metric on S7. We introduce the following coordinate on S7

ds2
S7 = L2

(
dθ2 + cos2θds2

S3 + sin2θds2
S̃3

)
. (A.17)

In obtaing the AdS4×S7 as asymptotic limit of LLM geometry we saw that the θ coordinate

of S7 is related to the α coordinate of LLM as θ = α/2. Actually, it is better use the

coordinate τ = cosα. Then we have

ds2
S7 = L2

(
1

4(1− τ2)
dτ2 +

1 + τ

2
ds2
S3 +

1− τ
2

ds2
S̃3

)
. (A.18)

Imposing the SO(4) × SO(4) symmetry, the spherical harmonics depend only on the τ

coordinate, which implies (
1
√
g
∂a
(√
ggab∂b

)
+
I1(I1 + 6)

L2

)
Y I1 = 0

=⇒
[
(1− τ2)∂2

τ − 4τ∂τ +
I1(I1 + 6)

4

]
Y I1(τ) = 0.

This is the hypergeometric equation with the following two independent solutions

Y I1(τ) = N I1
2F1

(
−I1

4
,
I1 + 6

4
,
1

2
; τ2

)
,

Y I1(τ) = N I1
2F1

(
−I1 − 2

4
,
I1 + 8

4
,

3

2
; τ2

)
.

(A.19)

For I1 = 4i, (i = 0, 1, 2, · · · ), the first solution is a polynomial and the first few terms are

Y 0 = 1, Y 4 =
1

8
√

10
(1− 5τ2), · · · . (A.20)

For later convenience lets invert these relation and write the following

τ2 =
Y 0 − 8

√
10 Y 4

5
, · · · . (A.21)

On the other hand, for I1 = 4i + 2, (i = 0, 1, 2, · · · ), the second solution is a polynomial

and the first few terms are

Y 2 =
1

2
√

2
τ, · · · , (A.22)

which gives

τ = 2
√

2 Y 2, · · · . (A.23)
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A.4 CI1=2 and C(∆=1)

In subsection 3.1, we have stated the fact that the coefficients CI1i1···iI1
, which defines the

scalar spherical harmonics in (A.2) are related to the coefficients C
(∆)A1···An

B1···Bn
of the CPOs

in (3.1). In this appendix, we determine these coefficients in the particular case of CPO

with conformal dimension ∆ = 1. First lets determine C2
ij from (A.2) and (A.22). Since

the solution in (A.22) is obtained by imposing the SO(4) × SO(4) symmetry, we rewrite

the scalar harmonics in (A.2) in a form that manifests this symmetry

Y 2 =
1

L2

 4∑
i,j=1

C2
ijx

ixj +

8∑
i,j=5

C2
ijx

ixj

 , (A.24)

with the R8 coordinates restricted to S7 are written as follows

x1 =L

(
1+τ

2

) 1
2

cos

(
θ

2

)
cos

(
φ+ψ

2

)
, x2 =L

(
1+τ

2

) 1
2

cos

(
θ

2

)
sin

(
φ+ψ

2

)
,

x3 =−L
(

1+τ

2

) 1
2

sin

(
θ

2

)
sin

(
φ−ψ

2

)
, x4 =L

(
1+τ

2

) 1
2

sin

(
θ

2

)
cos

(
φ−ψ

2

)
,

x5 =L

(
1−τ

2

) 1
2

cos

(
θ̃

2

)
cos

(
φ̃+ψ̃

2

)
, x6 =L

(
1−τ

2

) 1
2

cos

(
θ̃

2

)
sin

(
φ̃+ψ̃

2

)
,

x7 =−L
(

1−τ
2

) 1
2

sin

(
θ̃

2

)
sin

(
φ̃−ψ̃

2

)
, x8 =L

(
1−τ

2

) 1
2

sin

(
θ̃

2

)
cos

(
φ̃−ψ̃

2

)
. (A.25)

From (A.22) we notice that Y 2 depends only on the τ coordinate of S7. Therefore, the

dependence on the remaining S7 coordinates should disappear in (A.24). This require-

ment gives

C2
11 = C2

22 = C2
33 = C2

44, C2
55 = C2

66 = C2
77 = C2

88, C2
ij = 0, for i 6= j. (A.26)

The traceless condition (C2
ijδ

ij = 0) implies C2
11 = −C2

55 while the orthonormality condition

gives C2
11 = 1

2
√

2
.

In order to determine the coefficients of the CPOs, C
(1)A
B , we need to rewrite the scalar

spherical harmonics in terms of C4 coordinates as

Y 2 =
1

L2

( 2∑
A,B=1

C
(1)A
B yAy

∗B +

4∑
A,B=3

C
(1)A
B yAy

∗B
)
, (A.27)

where the C4 coordinates are given by

y1 = x1 + ix2, y2 = x3 + ix4, y3 = x5 + ix6, y4 = x7 + ix8. (A.28)

Comparing (A.24) and (A.27) we obtain

C
(1)1
1 =

C2
11 + C2

22

2
=

1

2
√

2
, C

(1)2
2 =

C2
33 + C2

44

2
=

1

2
√

2
,

C
(1)3
3 =

C2
55 + C2

66

2
= − 1

2
√

2
, C

(1)4
4 =

C2
77 + C2

88

2
= − 1

2
√

2
,

C
(1)A
B = 0, for A 6= B. (A.29)

Hence the CPO of conformal dimension ∆ = 1 is given by (3.3).
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B Asymptotic expansions

In this appendix, we display the asymptotic expansion for the warp factors gi(z, τ) in (5.8)

as well as for the various components of the 4-form field strength Fpqrs in (2.11) using the

FG coordinates defined in (5.6). The expansion can be done to any desirable higher order

but we keep only up to µ2
0 for our purpose. Applying the ansatze (5.10) to the defining

functions Z(ρ, ξ) and V (ρ, ξ) in (5.1), we obtain the following asymptotic expansions for

the warp factors in FG coordinate system,

g1(z,τ) =
L2

4z2

[
1−µ0z

√
2(2C3

1−3C2C1+C3)τ

3

− (µ0z)2

144

(
8C6

1−24C2C
4
1−28C3C

3
1 +9

(
5C2

2 +3C4

)
C2

1−12C2C3C1

−9C3
2 +20C2

3−27C2C4

)
− (µ0z)2

144

(
28C6

1−84C2C
4
1 +28C3C

3
1 +9

(
7C2

2−15C4

)
C2

1 +228C2C3C1

−135C3
2−128C2

3 +135C2C4

)
τ2+· · ·

]
,

g2(z,τ) =
L2

4(1−τ2)

[
1+

(µ0z)2

48

(
−12C6

1 +36C2C
4
1 +4C3C

3
1−3

(
13C2

2 +3C4

)
C2

1 +12C2C3C1

+7C3
2−8C2

3 +9C2C4

)
+· · ·

]
,

g3(z,τ) =
L2

2
(1+τ)

[
1+µ0z

(2C3
1−3C2C1+C3)(1+τ)

3
√

2

+
(µ0z)2

72

(
8C6

1−24C2C
4
1−4C3C

3
1 +9

(
3C2

2 +C4

)
C2

1−12C2C3C1

−3C3
2 +8C2

3−9C2C4

)
+

(µ0z)2

96

(
76C6

1−228C2C
4
1 +28C3C

3
1 +3

(
69C2

2−5C4

)
C2

1−12C2C3C1

−63C3
2−8C2

3 +15C2C4

)
τ

+
(µ0z)2

288

(
124C6

1−372C2C
4
1 +124C3C

3
1 +9

(
31C2

2−15C4

)
C2

1 +84C2C3C1

−135C3
2−104C2

3 +135C2C4

)
τ2+· · ·

]
,

g4(z,τ) =
L2

2
(1−τ)

[
1−µ0z

(2C3
1−3C2C1+C3)(1−τ)

3
√

2

+
(µ0z)2

72

(
8C6

1−24C2C
4
1−4C3C

3
1 +9

(
3C2

2 +C4

)
C2

1−12C2C3C1

−3C3
2 +8C2

3−9C2C4

)
− (µ0z)2

96

(
76C6

1−228C2C
4
1 +28C3C

3
1 +3

(
69C2

2−5C4

)
C2

1−12C2C3C1

−63C3
2−8C2

3 +15C2C4

)
τ

+
(µ0z)2

288

(
124C6

1−372C2C
4
1 +124C3C

3
1 +9

(
31C2

2−15C4

)
C2

1 +84C2C3C1

−135C3
2−104C2

3 +135C2C4

)
τ2+· · ·

]
.
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The expansion for the components of the 4-form field strength are also obtained in the

same manner

Ftw1w2z (z,τ) =−3L3

8z4

[
1−µ0z

√
2
(
2C3

1−3C2C1+C3

)
τ

3

+
(µ0z)2

288

(
16C6

1−48C2C
4
1 +28C3C

3
1 +27

(
C2

2−C4

)
C2

1 +12C2C3C1

−15C3
2−20C2

3 +27C2C4

)
+

(µ0z)2

288

(
4C6

1−12C2C
4
1 +4C3C

3
1 +9

(
C2

2 +15C4

)
C2

1−276C2C3C1

+135C3
2 +136C2

3−135C2C4

)
τ2+· · ·

]
,

Ftw1w2τ (z,τ) =− L
3

8z3

[
µ0z

(
2C3

1−3C2C1+C3

)
√

2

− (µ0z)2

48

(
4C6

1−12C2C
4
1 +4C3C

3
1 +9

(
C2

2 +15C4

)
C2

1−276C2C3C1

+135C3
2 +136C2

3−135C2C4

)
τ+· · ·

]
,

Fθφψz (z,τ) =−L
3

8z
(1+τ)2 sinθ

[
µ0z+

(µ0z)2

3
√

2

(
2C3

1−3C2C1+C3

)
(1+6τ)+· · ·

]
,

Fθφψτ (z,τ) =−L
3

4
(1+τ)sinθ

[
µ0z+

(µ0z)2

6
√

2

(
2C3

1−3C2C1+C3

)
(4+9τ)+· · ·

]
,

Fθ̃φ̃ψ̃z (z,τ) =−L
3

8z
(1−τ)2 sin θ̃

[
µ0z−

(µ0z)2

3
√

2

(
2C3

1−3C2C1+C3

)
(1−6τ)+· · ·

]
,

Fθ̃φ̃ψ̃τ (z,τ) =
L3

4
(1−τ)sin θ̃

[
µ0z−

(µ0z)2

6
√

2

(
2C3

1−3C2C1+C3

)
(4−9τ)+· · ·

]
.

C Proof of (5.48)

In this section we prove the relation (5.48). We start from the definition of C1

C1 =
1√
N

2NB+1∑
i=1

(−1)i+1mi, (C.1)

where we have introduced the integers mi = x̃i
2πl3Pµ0

. Separating the even and odd terms

we rewrite C1 as

C1 =
1√
N

[
m1 +

NB∑
i=1

(m2i+1 −m2i)

]
=

1

2πl3Pµ0

√
N

[
x̃1 +

NB∑
i=1

(x̃2i+1 − x̃2i)

]
. (C.2)

The term in the square bracket is the position of the Fermi level defined in (2.13). Here

we choose a coordinate system in which the zero of the x̃-coordinate is at the position of

the Fermi level i.e., x̃F = 0 and hence C1 = 0.
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With the above choice of coordinate system, we notice that the β3 on the right hand

side of (5.48) is equal to C3. However, for convenience we add C1
N and write it as

β3 = −
(
C1

N
− C3

)
= − 1

N3/2

2NB+1∑
i=1

(−1)i+1 (mi −m3
i

)
. (C.3)

Without loss of generality, we choose a droplet in which the Fermi level lies in the black

region. See figure 1. Then we can write β3 as

N3/2β3 = −
2j∑
i=1

(−1)i+1 (mi −m3
i

)
−

2NB+1∑
i=2j+1

(−1)i+1 (mi −m3
i

)
, (C.4)

where m2j is the position of the first boundary just below the Fermi level while m2j+1 is

the position of the first boundary just above the Fermi level. Since the Fermi level is at

zero, we can rewrite the above equation as

N3/2β3 =

2j∑
i=1

(−1)i+1 (|mi| − |mi|3
)
−

2NB+1∑
i=2j+1

(−1)i+1 (|mi| − |mi|3
)
. (C.5)

Using the relation

|mi|−1∑
n=0

n (n+ 1) = −1

3

(
|mi| − |mi|3

)
, (C.6)

we obtain

N3/2

3
β3 =

− 2j∑
i=1

|mi|−1∑
n=0

+

2NB+1∑
i=2j+1

|mi|−1∑
n=0

 (−1)i+1 n (n+ 1) . (C.7)

Noting that for the first double summation, mi’s are negative while they are positive for

the second double summation, we write

N3/2

3
β3 =

− 2j∑
i=1

−mi−1∑
n=0

+

2NB+1∑
i=2j+1

mi−1∑
n=0

 (−1)i+1 n (n+ 1) . (C.8)

Next lets expand the summations over i, which gives

N3/2

3
β3 =−

−m1−1∑
n=0

−
−m2−1∑
n=0

+ · · ·+
−m2j−1−1∑

n=0

−
−m2j−1∑
n=0

n (n+ 1)

+

m2j+1−1∑
n=0

−
m2j+2−1∑
n=0

+

m2j+3−1∑
n=0

+ · · · −
m2NB

−1∑
n=0

+

m2NB+1−1∑
n=0

n (n+ 1) . (C.9)
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We combine the summations in each square brackets pair by pair, leaving the first term in

the second square bracket unpaired, to obtain

N3/2

3
β3 =−

−m1−1∑
n=−m2

+

−m3−1∑
n=−m4

+ · · ·+
−m2j−1−1∑
n=−m2j

n (n+ 1)

+

m2j+1−1∑
n=0

+

m2j+3−1∑
n=m2j+2

+ · · ·+
m2NB+1−1∑
n=m2NB

n (n+ 1) . (C.10)

We note that the summations in the first square bracket cover the white regions below the

Fermi level, while the summations in the second square bracket cover the black regions

above the Fermi level. However, we recall that in the k = 1 case, the occupation numbers

ln = 1 for the nth excitation level located in a black region above the Fermi level while

ln = 0 for the nth excitation level located in a white region above the Fermi level. Similarly,

the occupation numbers l′n = 1 for the nth excitation level located in a white region below

the Fermi level while l′n = 0 for the nth excitation level located in a black region below the

Fermi level. Therefore, we can write the summations in first square bracket as summation

over the entire region below the Fermi level by introducing l′n and also second square

bracket as summation over the entire region above the Fermi level by introducing ln. Then

we obtain

N3/2

3
β3 =

∞∑
n=0

[
n(n+ 1)(ln − l′n)

]
, (C.11)

which is what we have in (5.48).
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