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ABSTRACT: We present a detailed account and extension of our claim in arXiv:1610.01490.
We test the gauge/gravity duality between the N/ = 6 mass-deformed ABJM theory with
Uk(N)xU_g(N) gauge symmetry and the 11-dimensional supergravity on LLM geometries
with SO(4)/Zy, xSO(4)/Zy, isometry, in the large N limit. Our analysis is based on the
evaluation of vacuum expectation values of chiral primary operators from the supersym-
metric vacua of mass-deformed ABJM theory and from the implementation of Kaluza-Klein
holography to the LLM geometries. We focus on the chiral primary operator with con-
formal dimension A = 1. We show that (O(*=D) = N 3 fa=1) for all supersymmetric
vacuum solutions and LLM geometries with k& = 1, where the factor f(a) is independent of
N. We also confirm that the vacuum expectation value of the energy momentum tensor is
vanishing as expected by the supersymmetry. We extend our results to the case of k # 1 for
LLM geometries represented by rectangular-shaped Young-diagrams. In analogy with the
Coulomb branch of the A/ = 4 super Yang-Mills theory, we argue that the discrete Higgs
vacua of the mABJM theory as well as the corresponding LLLM geometries are parametrized
by the vevs of the chiral primary operators.
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1 Introduction

Gauge/gravity duality conjecture states an equivalence between a theory of quantum grav-
ity in (d+1)-dimensional spacetime and a quantum field theory (QFT) on the d-dimensional
boundary of the spacetime [1-3]. In its original context [1], the duality was conjectured for
string/M theory on AdSg.1 x X, with a compact internal manifold X', and conformal field
theory (CFT) living on d-dimensional boundary of the AdS space. Having the application
to realistic theories like QCD in mind, the extension of the conjecture to non-conformal
field theories was pursued soon after [4]. In particular, the conjecture was extended to
QFTs that are obtained from the CFTs either by adding relevant operators to the ac-
tion or considering vacua where the conformal symmetries are broken spontaneously. A
d-dimensional QFT, which is obtained as a result of either of those deformations, is dual to
a string/M theory on a spacetime geometry which is asymptotically AdS4,1 x X. However,
there is no complete formulation of string/M theory on a curved background. Hence, the
duality is mainly tested in the limit of a weakly curved classical gravity, which corresponds
to taking the limits of large N as well as large 't Hooft coupling constant A, N being the
rank of the gauge group.

One of the tests of gauge/gravity duality involves the calculation of the vacuum ex-
pectation values (vevs) of gauge invariant operators in the large N and A limits. On
the field theory side, the calculation follows the usual perturbation expansion where the
divergences in the bare quantities are subtracted using the standard renormalization proce-
dure. When those gauge invariant operators are chiral primary operators (CPOs) in highly
supersymmetric gauge theories, the vevs are protected from quantum corrections by the su-
persymmetry and they are determined in the classical limit. The corresponding procedure
on the gravity side goes as follows. Given a supergravity solution which is asymptotically
AdSg.1 x X, it is expanded in terms of harmonic functions on the compact manifold.
The compactification results in towers of Kaluza-Klein (KK) modes in (d + 1)-dimensional
gravity theory. The gauge/gravity correspondence dictates that for every gauge invariant
operator on the field theory side there is a corresponding gravity field among these KK
modes. The vev of the gauge invariant operator is then determined by applying the holo-
graphic renormalization procedure [5-12] to those KK modes in the (d + 1)-dimensional
gravity theory [13-15]. For a CPO of conformal dimension A, the vev which is obtained
using this procedure is proportional to the coefficient of 22 in the asymptotic expansion of
the dual scalar field, z being the holographic coordinate of the AdS space. This procedure
was implemented to determine the vevs of CPOs in the Coulomb branch of the N' = 4 super
Yang-Mills (SYM) theory and the dual type IIB string theory on a spacetime geometry
which is asymptotically AdS5 x S° [13, 14].

In [16], we reported a summary of our work which shows an exact gauge/gravity
duality relation for large N. Our analysis is based on the 3-dimensional mass-deformed
Aharony-Bergman-Jafferis-Maldacena theory (mABJM) of massive M2-branes, which has
N = 6 supersymmetry and Ug(N) x U_g(N) gauge symmetry, where k is the Chern-Simons
level [17, 18]. The mass-deformed theory is obtained from the original ABJM theory [19]
by adding a relevant deformation which preserves the full supersymmetry as well as the



gauge symmetry while the conformal symmetry is completely broken and the SU(4) global
symmetry is reduced to SU(2) xSU(2)xU(1). The mABJM theory supports sets of discrete
Higgs vacua, which are expressed in terms of the GRVV matrices with numerical valued
matrix elements [18]. The calculation of the vevs of CPOs in the large N limit is possible
due to the existence of these discrete vacua.

Since the mABJM theory is obtained from the deformation of a CEFT by relevant
operators, the spacetime geometry of the dual gravity theory should be asymptotically
AdSy x X. Tt was predicted that for the gauge theory describing massive M2-branes,
the dual gravity theory is M-theory on the 11-dimensional Lin-Lunin-Maldacena (LLM)
geometry [20, 21]. Indeed, the LLM geometry with Zj, orbifold and SO(2,1) x SO(4)/Zj, x
SO(4)/Zy, isometry is asymptotically AdSy x S7/Zy. In line with this prediction a one-to-
one correspondence between the vacua of the mABJM theory and the LLM geometry was
obtained [22, 23]. See also [24-29] for related works.

In this paper, we quantitatively test the above gauge/gravity duality in terms of the
vevs of CPOs. On the field theory side, some of the classical vacuum solutions are pro-
tected from quantum corrections due to the high number of supersymmetry. The vevs of
CPOs are determined by those supersymmetric vacua. We calculate the vevs of the CPO
with conformal dimension A = 1 for all possible supersymmetric vacua of the mABJM
theory for large N and general k. On the gravity theory side, we start with equations of
motion on AdSs x S7 background in 11-dimensional supergravity. In order to obtain the
4-dimensional equations of motion, we implement the KK reduction procedure on S”. The
LLM solutions were obtained in some unknown gauge. In order to solve the 4-dimensional
equations using the LLM solutions, we need to write the equations with gauge invariant
combinations for KK modes.! In general, the KK reduction leads to cubic or higher order
interaction terms among the KK modes, which results in non-linear equations of motion.
When we are interested only in the CPO with conformal dimension A = 1, the linearized
equations are sufficient. However, for CPOs with A > 2, one has to consider non-linear
equations [32], where some non-trivial field redefinitions are required to relate 4-dimensional
and 11-dimensional fields. See [13, 33-35] for non-linear results on the AdSs; x S° back-
ground. Here we focus on the A = 1 case. According to the gauge/gravity dictionary [2, 3],
we read the vevs from the asymptotic expansions of the KK scalar modes. As a result, we
obtain an exact holographic relation which is given by

(O@=D) = N2 fiacy), (1.1)

where we consider the k =1 case, f(a) is a function of the conformal dimensions and also
depends on some parameters of the LLM solutions, but does not depend on N. For a given
N the number of supersymmetric vacua is equal to the partition of N and the above result
is valid for all supersymmetric vacua [22, 23]. We also extend this result to k£ > 1, however,
for some specific types of the LLM solutions.

IFor the linearized equations of motion on AdSs x S7 background in de Donder gauge, see [30, 31]. It is
important to note that, recovering the equations of motion of gauge invariant fields from those of the fields
in the de Donder gauge is not straightforward.



The paper is organized as follows. In section 2, we summarize the one-to-one corre-
spondence between the discrete supersymmetric vacua of the mABJM theory and the LLM
solutions with Zj orbifold. In section 3, we discuss CPOs in the ABJM theory and obtain
the vevs of the operators in the case A = 1. In section 4, we apply the KK reduction
to 11-dimensional supergravity equations of motion and obtain linearized equations for
4-dimensional gauge invariant KK modes. In section 5, we use the method of holographic
renormalization to read the vevs of CPO with A = 1 from the asymptotic expansion of
the LLM solutions and compare the field theory and the gravity results. In section 6,
we draw some conclusions and discuss some future directions as well. We also include
three appendixes where we discuss some general features of spherical harmonics on S7,
give some details about asymptotic expansions of the LLM solutions as well as the proof
of equation (5.48).

2 Vacua of the mABJM theory and the LLM geometries

The N' = 6 ABJM theory with U(N); x U(N)_j gauge group is a superconformal CS
matter theory with CS level k and it describes the low energy dynamics of N coincident
M2-branes on the C*/Z;, orbifold fixed point [19]. One interesting feature of the ABJM
theory is that it allows supersymmetry preserving mass deformation [17, 18]. That is, the
resulting mass-deformed theory called the mABJM theory has still AV = 6 supersymmetry
though the conformal symmetry of the original theory is broken under the deformation.
This deformation is achieved by adding some terms to the Lagrangian of the ABJM theory,
which break the global SU(4) symmetry to SU(2) x SU(2) x U(1). Solving the classical
vacuum equation of the mABJM theory, it was shown that the classical vacuum solutions
are discrete and represented by the GRVV matrices [18]. Some vacuum solutions for given
N and k are protected from quantum corrections and have one-to-one correspondence with
the LLM geometries with Zj [22, 23] quotient in 11-dimensional supergravity. In this
section, we briefly review the correspondence.

2.1 Supersymmetric vacua of the mABJM theory

To reflect the global symmetry of the mABJM theory we split the 4-complex scalar fields
as follows

YA = (z%, W), (2.1)

where A = 1,2,3,4 and a,b = 1,2. Then the vacuum equation of the mABJM theory,
Lbos = —Vbos = 0, is written as

ik
2
W, ZW,, — W, Z°W, = 0, 2w, 2% — Z°W, 2% = 0, (2.2)

k
z2°2{2" - 2'Zjz" = - 2=z, whewwit — witw,wie = Eyyte,
71'

where p is a mass parameter. The general solutions of the matrix equations in (2.2) have
been found in the form of the GRVV matrices [18]. For given N and k, there are many



possible solutions satisfying the equations in (2.2). A systematic way to classify the vacuum
solutions is to represent those as direct sums of two types of irreducible n x (n+1) matrices,
Mé”) (a = 1,2) and their Hermitian conjugates, Mé"’. These rectangular matrices are the
GRVYV matrices

Vn 0 01
Vn—10 02
M = L , MY = S o (23)
V20 0vn—1
10 0 n

where n =0,1,--- , N — 1. The vacuum solutions are given by
M
ga _ |1k M
0 — 9 )
2m O(ny1+1)xni
O(nf+1)><nf

0n1><(n1+1)

pk On; x(ni+1)

Woa % Mgni+l) (2.4)

,((l,nf)

(n)

The solution contains N,, rectangular matrices of the type My’ and N/ rectangular matri-

ces of the type Mf,"). From now on we refer to N,, and N, as occupation numbers [22, 23].
Here Ny and N/ denote the numbers of empty columns and rows, respectively. Since Z®
and W' are N x N matrices, the occupation numbers, N,, and N/, should satisfy the
following two constraints,

o0 e}
N = Z[( ) (N, +N’)] S N.=3 N, (25)
n=0 n=0
At quantum level, only a subset of these classical solutions, which satisfy the conditions,
0<N, <k, 0<N, <k, (2.6)
remains to be supersymmetric [22].

2.2 LLM geometries and their droplet picture

The LLM solution with SO(2,1) x SO(4) x SO(4) isometry in 11-dimensional supergravity
is conjectured to be dual to the theory of massive M2-branes [20, 21]. Later, the mABJM



theory with CS level & = 1 is proposed to be the theory of massive M2-branes. For the
mABJM theory with general k, one has to consider the Zj, orbifold of the LLM geometry
as the dual gravity theory [23].
The LLM geometry with Zj orbifold is given by
ds? = —Gtt(_dt2 + dw% + dw%) + Gm;(de + dQQ) + Gggdség/zk + GéédSQSS/Zk, (2.7)

2

§3 7, are metrics of the two S3’s with Zj, orbifold and the warp factors
k

where dsgg, 17 and ds
are given by

9~ 1 2/3 1 2/3
4“09\/1_22 f Z_Z2
Gtt = - - o G = Y )

f? ’ 2p10y?
i 2/3 o 2/3
Jis+2 G fon/3 -2 (2.8)
0= | —71 ; =\ =7 .
210 (3 = Z) o\ 2m(3+2)
with
F@.9) = VI=4Z2 =4V, pe =t (2.9)
As we see in (2.8), the geometry is completely determined by two functions, which are
given by
2N+l : - o~ 2N+l .
o DM (z—%; o —1)H#
2=y EET) gy BT ()
i=1 2/(2—7:)? + 7 i=1 2/ (2—T:)? + 9

where Z;’s are the positions of the boundaries between the black and the white regions and
Np is the number of finite size black regions in the droplet representation, as we will see
below. We also note that the two functions satisfy the relation, ydV = —x3 dZ with ez = 1.
The corresponding 4-form field strength is given by

Fy=—d(2®h™2V) Adt Adwy Adws + pg* [Vd(57€C) + h2e* % d(j7e )] A ds
+ gt [VAd(§Pe ) — h?e 3 %o d(§2e*P)] A dS2s, (2.11)

where dQ3 = —(sin 0/8)d0 A dp A dip, dQd3 = —(sin /8)df A deg A dip in the Euler coordinate
system.? The Z; quotient acts as (1[), 1]1) — (11) + 4%, U+ %) [23, 36]. The 4-form field
strength in (2.11) can also be expressed in terms of Z(Z,y) and V(Z,y) by using the
relations [37-39]

L _ 72 Agu2, /X — 72 1
h2_ 4 20 YHo 4 2G_§+Z 2.12
=) e = ——, e =1 . (2.12)
Y f 54
2Vielbeins for S% in terms of the Euler angles are given by o' = —sinwdf + sinf cosydep, o

cospdf + sinfsinypde, o> = dip + cosfdp with ranges of the angles, 0 < § < 7, 0 < ¢ < 2w, 0
1 < 4m. The metric on the 3-sphere and the volume form with unit radius are written as d5253
1 (d9? + sin? 0d¢? + (dip + cos 0dp)?).

Al



We note that the function Z(Z,9) at § = 0 has a value % if To;_1 < T < T9; and it has
a value —% if Z9; < T < T9;41. Based on this fact, the LLM geometries are represented
in terms of an infinite strip in the Z-direction with regions of Z(z,0) = —% denoted by
black color and regions of Z(%,0) = % denoted by white color. This is called the droplet
representation. See the figure 1. Since the function Z(Z,0) is —3 if # < ; and it is £
if £ > Zany4+1, N being the number of finite black regions, we note that the strip also
contains an infinite black region below Z; and an infinite white region above Zon,41.

For every droplet picture there is a symmetric point such that the length of all finite
size black regions above this point is the same as the length of all finite size white regions

below the point. This point is called the Fermi level Zz, which is given by

Np
Ip =11+ Z('%?H-l — i’gi). (2.13)
i=1
The strip is divided into excitation levels above and below the Fermi level, where each level
has length k. The levels are labeled by non-negative integers n = 0,1, 2, - starting at the
Fermi level. A given droplet representation is then parametrized by a set of parameters
{ln, 1} with [, corresponding to the length of the black region in the n-th level above the
Fermi level and I/, corresponding to the length of the white region in the n-th level below the
Fermi level. Since the length of the black or white region in a given level cannot be bigger
than k these parameters should satisfy the condition 0 < ,,,1/, < k, which is the same
as (2.6). Actually, it have been suggested that there is one-to-one correspondence between
the LLM solutions and the vacua of mABJM theory [23]. Since, the LLM solutions are
classified by {l,, I/,}, while the field theory vacua are classified by the occupation numbers
{N,, N/}, the one-to-one correspondence is given by

{l,, I} < {N,, N, }. (2.14)

An alternative representation of the LLM solutions is given in terms of Young diagrams.
In Young diagram representation, the lengths of the white and black regions correspond
to the lengths of the horizontal and vertical edges of the Young diagram, respectively. See
figure 1 for the parametrization of droplet picture and Young diagram.

3 Vevs of CPOs in mABJM theory

For the Coulomb branch of the N' = 4 SYM theory, the adjoint scalar fields X*’s satisfy
the vacuum equation [X?, X’] = 0, which means the matrix representations of the scalar
fields describing the vacuum moduli are diagonal. As a result, the U(N) gauge symmetry
is broken to U(1)". The vacuum moduli preserve the N’ = 4 supersymmetry while the
conformal symmetry is completely broken. The vevs of CPOs are non-renormalizable due
to high supersymmetry and they can parametrize the Coulomb branch vacua. On the other
hand, in the type IIB supergravity, some BPS solutions describing D3-branes distributed
over finite region of the transverse space were obtained [40]. These solutions are asymptotic
to AdSs x S°. According to the gauge/gravity dictionary, the vevs of CPOs is read from
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Figure 1. (a) A droplet representation of the LLM geometry with SO(2,1) x SO(4)/Zy x SO(4)/Zy,
isometry. The horizontal width does not correspond to any coordinate but added for clarity. (b)
The Young diagram corresponding to the droplet picture (a).

the asymptotic expansion of the dual scalar fields. Calculating the vevs of CPOs with lower
conformal dimensions, the exact dual relations for the Coulomb branch of the A" =4 SYM
theory in the large N limit were tested in a systematic way [13, 14].

Now we compare the mABJM theory and the Coulomb branch of the SYM theory.
There are some differences between these two theories. For instance, the mABJM theory
is constructed by adding some relevant terms to Lagrangian of the ABJM theory and
have discrete Higgs vacua with matrix representations composed of numerical elements,
while for the Coulomb branch of the A/ = 4 SYM theory, the Lagrangian is undeformed,
instead it is defined by choosing some non-vanishing vacuum moduli, which are composed
of continuous parameters. However, these two theories are similar in the sense that the
theories are away from the UV fixed point and they preserve the full supersymmetry with
the dual geometries asymptotic to AdS times a compact manifold. Based on these facts
and the known results of the Coulomb branch of the A" = 4 SYM theory, one can expect
that similar phenomena may happen for the Higgs vacua in the mABJM theory. That
is, the Higgs vacua of the mABJM theory are parametrized by vevs of CPOs and those
vevs are read from asymptotic expansions of the LLM geometries using the holographic
renormalization procedure.

In this section, we construct the CPO with A = 1, which manifests the global symmetry
of the mABJM theory. We also calculate the vevs of the oprator for all supersymmetric
vacua of mABJM theory for general k in the large N limit.

3.1 CPOs in ABJM theory
The gauge invariant CPOs of conformal dimension A in the ABJM theory are given by
A)B )t aBn n
OB = oBL By (y Ay Ly ey, (3.1)

)



where A,B---=1,---,4 and C’fﬁ?ﬁfg;ﬁn are symmetric in lower as well as upper indices
and traceless when tracing over one lower index and one upper index. The CPO in (3.1) is
written by manifesting the global SU(4) symmetry of the ABJM theory. On the other hand,
in the mABJM theory the CPOs have to manifest the SU(2) xSU(2)xU(1) global symmetry.

It is well known fact that the coefficients CgAl)BlAn B are identified with the similar co-
efficients Cy,__;, , which defines the scalar spherical harmonics on S (see appendix A) [4].
These coefficients also satisfy the same orthonormality condition as those of the spheri-

cal harmonics;

Therefore, one can fix these coefficients knowing the corresponding coefficients of the spher-
ical harmonics on S7. In appendix A.3, we list the first few scalar spherical harmonics on
S7, which are needed to read the coefficients for CPOs with lower conformal dimensions.
In particular, the coefficients of the CPO with A = 1 are determined in appendix A.4 and
the operator is given by

_ 1

3.2 vevs of CPO in mABJM theory

Here we calculate the vevs of CPO with A =1 in mABJM theory. As we see in (3.1), the
CPO we are considering is composed of the complex scalar fields Y4’s and their complex
conjugates. For a given supersymmetric vacuum, the scalar fields near the vacuum are
expanded as

YA =vA+ 74, (3.4)

where YOA’S (A =1,2,3,4) denote the vacuum solutions represented by the GRVV matri-
ces [18], and Y*’s are field operators. Inserting (3.4) into (3.1) of a CPO with conformal
dimension A, we obtain

(OWB),, = 0B (v + Z<5O§A)>O + % — corrections, (3.5)
7

where (- -+ ), and (- - - )¢ denote the vevs of operators in the mABJM theory and the ABJM
theory, respectively, and 5(’)1@‘ is an operator containing at least one Y4 or Y4, The %-
corrections in (3.5) come from the contributions of multi-trace terms [41-43]. Here we
also note that quantum corrections of scalar fields are absent due to the high number of
supersymmetry of the mABJM theory. The second term in (3.5) is a one point function in
a conformal field theory and is vanishing. Therefore, in the large N limit we have

(OB (¥ H))m = O (Y. (3.6)

For CPO with A =1 the vevs are obtained by plugging the vacuum solutions in (2.4)
into (3.3). Since Z§ is a block diagonal matrix, which contains IV, of the rectangular matrix



M| while W{® contains N/, of the matrix M| we have

oo

oyt _ oty oy _ BE N (n) 4 ™)
Tr(ZOZaO WO aO) ot 7;)(]\[’Vl Nn)Tr(Ma Ma )
1k
=5 > (No = Nj)n(n +1), (3.7)
n=0

where in the last step we have used the rectangular matrices in (2.3). Then, we obtain

[e.9]

(OB=Dy 4\l;§7r Z(N” — N))n(n+1). (3.8)

This result is valid for all supersymmetric vacua of mABJM theory with finite £ in the

n=0
large N limit.

4 KK reduction and gauge invariant modes

The KK reduction of 11-dimensional gravity to 4 dimensions involves compactification of
the fields on S”.% In this section we apply the KK reduction to the 11-dimensional gravity
on AdSs x S” to obtain 4-dimensional equation of motion on AdS, background. Such KK
reduction was carried out in the de Donder gauge in [30, 31]. However, the LLM solutions
of our interest in this paper are in a different gauge and can not be analyzed based on
the results obtained in the de Donder gauge. Therefore, we carry out the reduction in a
generic gauge and write the equation of motion for gauge invariant dynamical fields.

4.1 11-dimensional gravity equations of motion

The bosonic part of the 11-dimensional supergravity action is given by

_ 1 11 1 pqrs
S = 167G /d x {\/ g(R 48quTSF

+2 (4|)2 ePrpapqdari T CP1P2P3 FQ1"~!14F7"1"-7"4 ’ (4'1)
where we used the index notation p,q,r,--- =0,---,10, &12310 = _1 is the Levi-Civita

symbol. The 11-dimensional Newton’s gravitational constant is

1

G = — (2xlp)?, (4.2)

where [p is the Planck constant. The functional variation of the action gives the following
equations of motion for the metric and the 4-form field strength:

1 1 1
qu - igqu = Z8< - §gqurstuFTsm + 4FpstquStu>a

L g
Op(eFP7%) + 2. (4')26p1 P a o Foygs = 0, (4.3)

3The ABJM theory is dual to M-theory on AdSs x S7/Z;,. Here we consider k = 1 case, for simplicity.
We will extend our results to general k case eventually.

~10 -



where e = /—g. Using the index notation (u, v, p,---=0,---3), (a,b,¢,---=4,---10) we
write the AdS, x S” solution of the equations of motion in (4.3) as follows

2

ds? —dt* + dwi + dw; + dp®) + L*ds%s,

Fuvpe = — 7 Cnvpos and it is zero otherwise. (4.4)

Here €40p0 = \/|9AdS,| €uvpo is the Levi-Civita tensor for the AdS4 space, and L is the
radius of S7.

4.2 Fluctuations on AdS, x S7

We consider a solution which is asymptotically AdS, x S” so that we can write it as

8pq = 9pq + hpg,
Cqu = Cpq'r + Cpqr <~ qu'rs = pqrs + quTS7 (45)

where hpq, Cpgrs fpgrs Tepresent deviations from the AdSy x S7 geometry and they become
small fluctuations in the asymptotic region.* Plugging this back into (4.3), we obtain the
following equations of motion for hy, and fpers up to linear order,

V'V phgr + V'V ghpr — V2 hpg =V V ph" — Rhy,
1
—0pg (_Rrshr5+vrvshr5—v2hr7.) +ZS
1 pqgrs 1 r stu 1 rst rst
+ﬂgqupqrsF - ihrsF ptqu - 6 (fprsth +Fprstfq ) = 07 (46)

(Frstu Frstuhpq_4gpq hrs quv Fstuv)

et P i Py g = 0. (4.7)

1
(e fWS)+5ap(ethpq7”S)+4ap(eh£1’Fq’”slt)+ e

It is convenient to write the above equations for the AdS, and S7 indices separately
a a a a 6
vauhup+vpvyhup+v vuhya+v V,,hua—(vpvp—kv va)huV_Vuvy(hpp‘Fh a)+ﬁhulj

12 6 a ag a a a a ag
— G {LQth—LQh A VIV i+ VOV B+ (VPV VNP hp — (VPV 4+ VOV ) (h7, +hY,)

1 TR OTAR 1 oTA 1 oTA
+@ (FM/\HFP Py =49 hpe F 5 F ) +ﬂ9;wfpﬁ>\Fp —§hPUF’JM)\FV

1 gT T
- 6 (fMPaTpr +prUTFMp ) = 07 (48)

VPV uhap + VPV ahyp + VOV yhay + VOVl — (VPV, + VOV hya — Vi Va(BP, + 1Y)

6 1 1
+ ﬁhﬂa + @FVpUTFVpUThua - gfapUTFupaT =0, (49)

4We use a notation in which the objects in 11-dimensional supergravity are denoted by bold font symbols
whereas the AdS, x S7 values of those objects are denoted by normal font symbols.
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6
VOV ahy+ VOV shap -V Vahie t VVihae—(VOV 4 VoV o) hay = Va V(W 1)+ 75 ha

12 6
—Yab [Lzhpp - ﬁhcc+vpv0hpa+vcvdhcd+ (VPN hpe—(VPV ,+ VOV L) (R, +h%))
1 pvpo 4 OTAK 1 poTA
+Z8(FuupoF hab_4gabhpaF.,—)\,.€F )"’_ﬁgabfpo'T)\F =0, (410)
and

Vo fTHP + Vo foHP + = (v WNE 4 LA oo

+%(Vgh“a)F"“”” + 5haavc,FWP +4V, (h[jFWPP’) + Vo (hEFHPT) = 411

0,  (411)

Vo [T+ Vp [ —VA(h FFA) =0,  (4.12)
Vo for® 4 Vo fr® =0,  (4.13)

(4.14)

1
Vafo'abc + vdfdabc + 6(11 asy V4abcfa1--~a4FI/1~~-u4 — 07

(41)?

where we have used the identities V,fP4"¢ = %8p(equr5) and Vp(hgqurs]t)
19, (eh Farslty,

4.14

4.3 Expansion in S” spherical harmonics

The fluctuations hy, and c,q- can be expanded in S7 spherical harmonics as

() = b (2)Y D (),
hya(2,y) = ( Y7 (y) + s/ (2)VaY " (1),
(o) = (s DY (4) + 0T (2) VW0 () + 5 () VWV Y 1),
() = SR (@Y (),
Cuvp(T,y) = 514, (x)Y 1 (y),
Cva(,y) = T (€)Y (y) + 51, () VaY 1 (y),
Cuab(T,y) = 75[21@) B () + o (x )V[ayl( ),
Canelir ) = F55(2) ﬁ;( ) () ), (115)

where z is the AdS; coordinate and y is the S7 coordinate. For the definitions of the
spherical harmonics on S7, see appendix A. The notation (ab) means symmetrized traceless
combination which is defined as

1
= 9T, (4.16)

1
*(Tab + Tba) - 7

Tiar) = 5

where g, is a metric on S7. The notation [abc---] means anti-symmetrization among
indices, a, b, ¢, - - -, for instance,

1
Tiw) = 57 (Tab — Tha)- (4.17)
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The expansion (4.15) follows the convention of [13, 44]. The expansions of the 4-form field
strength fluctuations fy,4-s are read from f = de,

Iz Vpo]

Vil @)Y () — st (2) VY 1 (),

(2,9) = 4V s, (@)Y 1 (y),

(z,y) = 3V, pvp
Frvas(@,y) = 2Vt 2 (2) Y3 (y) + 20,7 (2) Vi Y, (1),
(z,y)
(z,y)

= V™ (@)Y (y) - 362 (2) Y Yfﬂ(y)
= 4t"5 (2) VYoo (v), (4.18)

where we have used the fact that v[avb]yh (y) =0, V[aVbe( ) =0, and V|,V Y q = 0.

We note that, under the U(1) gauge transformation the 3-form gauge field transforms as
c3 — dAy). However, the 4-form field strength is invariant under this transformation.
Therefore, the field strengths in (4.18) are written in terms of U(1) gauge invariant com-
binations which are defined as

Simp(@) = 3lh (1) = 3V (@),

Vi () = 8,3, (@) + V0] (),

N 1_ -
t,lfl(x) = tllfl (x) — gvutbl(x),
1 (2) = 113 (2). (4.19)

Plugging (4.15) and (4.18) into the (u, v)-components of fluctuation equations in (4.8)
and projecting onto the scalar harmonics Y1, we obtain

8 g
— (O+ A"+ )R, + VYR, + Y,V kL, — VP,
22
+ G (D + A - ﬁ>hh — VYo + A (Vs + Vusit)
1
= 29 A" V550 + g (D + gAh A A T (7A“ + )t

€N — ILePoAT — ), (4.20)

4 I o\ 1
+ v[ﬂ pg)\]e 7+ V[V PO I zgﬁ“’v[l’so)ﬁ]

L

where 0 = V,V¥. We have used the AdS; x S” solutions in (4.4) and the results of
the integrals of spherical harmonics listed in appendix A. The tracing over (u, v)-indices
in (4.20) gives the following equation for scalar fields

(2D 4300 %)hh — VIV, — 6AT VS

+3(0+ Sal 4 %)w — 24An (7Ah

= —) shoy 2 7 Vi = 0. (421)

L2 M Vpo‘]

From the equation (4.9), we obtain the following two equations by projections onto

~13 -



vey ! and g“beh, respectively

24 6 6 6
(O+ 555t = VaV'slt = (A" + 5 ) Vius" + 2V,0"
~V"h}}, + V,h" — 1811 €T =0, (4.22)

L°oPoT ok

18 3 3
—(D+Af7 )1)17 +V, Vol +( AT 4 —)v W= Syl e P 0. (4.23)

L2 L2 L ,U)\K] Iz
From the equations (4.10), we obtain four scalar equations by projecting on four different
elements: ¢y, vieyblyh wylaydlr anq y(ab)ler

A: + %)sll + (D + gAh + %)hh

Allv,u Il . *V[ I ,uzx)\/-i . @Ah(
7

H V)\f-i} 7

3 (D 420y —)dﬂl — VIVYRIL, =0 (4.24)
7 7 L? wee
5 5
pdi _ _929anh )\ 1 L | C4h
A (D oA )s 4 2o, (4.25)
o™ — 2VHT = —2VH97 =0, (4.26)
2

(O+ AP — S5)tP7 =0, (4.27)

Similarly, inserting (4.15) and (4.18) in to the equations of motion of fpgrs in (4.11)-
(4.14), and projecting onto the appropriate spherical harmonic elements, we obtain the
following set of equations

3
(O+A")sh, - 3v5v[u $th1s = oV hT
3 6
_ZGUWPVU‘ZSII - Vahh[o €uvp]” — fAhengscIrl =0, (4.28)
10 6
<D + A7 4 L2> vl — Zepwv%{; =0, (4.29)
2
<D + A2 4 L2> t2 =0, (4.30)
6 ” .
VP sph + 7 e VoS3 = VPR, = 0, (4.31)
Vol =0, (4.32)
V¥olr =0, (4.33)
D—ﬁ+A[35—6V # = 0,
12 NATIE N
O 25 +A™ 4 v 5 ] i1 =0, (4.34)
where pf35 = (135+3) and we have used the relation
€abe ™ P23, Y = 31/ plssy s (4.35)

to obtain the two equations in (4.34).

— 14 —



4.4 (Gauge invariant fluctuations

Some of the fluctuations hp, and fpes are related to each other or to the background
solution by diffeomorphic transformation. In other words, some of these fluctuations are
generated by the variation of some other fluctuations or the background under the infinites-
imal coordinate transformation z'? = 2P — £P. Up to linear order, these gauge-dependent
degrees of freedom transform as,

To obtain the gauge transformations of the 4-dimensional fields, we expand the gauge
parameter £P(z,y) in terms of the spherical harmonics on S7 as

bulry) = EL@YI(),  &ley) = €@V W) + €L @VaY (). (437)

Using (4.15), (4.18), and (4.37) in (4.36), we obtain the following transformations for
gauge-dependent coefficients of the spherical harmonics

Ohys, = V& + Vil duyl = Vel dst = Vgl + &1,
ot =0, SulT = 25{;), oslt = 25({;), Sl = zAflg({;). (4.38)

Based on these transformations, the following combinations are gauge invariant,

~ 1 N
ol = gl — Alight o =l — §V”“I7’ hiy, = hit, — V.8 — V5L, (4.39)

where éf} = s{} — %Vush.
Since the only non-vanishing component of the 4-form field strength is F),, -, the
non-trivial equations in second part of (4.36) are

S fryuwe = =AYV (0 Fu, L)Y, 6 fupa = EMFu VY. (4.40)

Then, we obtain the following results

- - 1 /-~
I T I I I o
S5y = €0 Flurs’,  Vidsly =< (55”1,,,) +ehE,, ) —0, (4.41)
The remaining coefficients associated with fp4s are all diffeomorphic invariant at
linear order.

4.5 KK reduction

The linear equations in subsection 4.3 are not all independent and some of the fields are
gauge degrees of freedom. In this subsection, we find equations of motion for gauge invariant
fields introduced perviously. We diagonalize those equations to identify the equations of
motion for physical modes.
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4.5.1 The equations for spin zero fields

Using equations (4.21), (4.22), (4.24), (4.25), and (4.28), we obtain the following equations
of motions for two gauge invariant scalar fields

(D + AR %)éh — 5" =0, (4.42)
(D + Ah)l/?h + 18(D - gAh)éh =0, (4.43)
where the gauge invariant scalar fields are
S = (18RI — uh), ol = (61 — Al sh) (4.44)
with
ut = L7V sk, (4.45)

Diagonalizing equations (4.42) and (4.43), we write them in terms of the mass eigenstates

(D C(h+ 6)L(;T1 + 12)) - <D _ -71(-7226)> D=0, (446)

where we have introduced
o — (I + 7)[18(11 — 1)¢™t + 791]
N 14(1y + 3) ’

(I — 1) [ = 18(I1 + 7)™ + 79"1]
14(11 + 3)

(4.47)
i =

In addition, from equations (4.27) and (4.34) we write the equations of motion for
three more fields which are already diagonal and gauge invariant

Io7(Io7 +6)\ 57,
(D - T)t — 0, (4.48)
(Iss + 3) (I35 + 9)\ 1155 (35 +3)(I35 — 3)\ 1135 _
(D - )t Iss — ), (D - )t_ —0, (4.49)

where 27 = tl27, fff5 = th’E’, and {535 = ¢135,

In general, the KK reduction means to construct a 4-dimensional gravity action, in-
cluding higher order interaction terms, from the equations of motion of fluctuation fields.
When one goes beyond the linear order, the higher order terms involve higher derivatives,
and then one needs to introduce some field redefinitions in order to have the corresponding
4-dimensional gravity action. For instance, at quadratic order, such field redefinition was
introduced in [13, 14]

St=3s"+J5; ; &¢I + L5, ; ViV (4.50)

I

where 3 represent any of the 11-dimensional fields, and S’ is the corresponding

4-dimensional field. The /i represent all the fields that appear in the quadratic part

~16 —



of the equations of motion. However, at linear order, which is what we are dealing with in
this paper, these field redefinitions are trivial and the 11- and 4-dimensional fields are the
same. Therefore, the fields éll,@ﬁfl,y”,ffs,tvf“’ are the correct 4-dimensional spin-zero
fields at the linear order and are denoted as ®'1, \11117T127,TJIF35,T£357 respectively. Based
on the parity transformation of the original 11-dimensional fields (h,q is a tensor, cpq, is
a pseudotensor), we note that the first three fields ®/1, U/t 7127 are scalar fields while the

last two fields Tffs,Tf35 are pseudoscalar fields.

4.5.2 The equations for spin one fields

There are three towers of KK vector modes. Combining equations (4.23), (4.26), (4.29),
and (4.33), we obtain the following equations of motion for two of those KK modes

1
(D + AT+ 8) ol + Sl =o,

12 12
6\ . 121\ .
<D + AT+ L2> i)y +12 <D + L2> B,7 =0, (4.51)
where A7 = —%, and we have introduced the following gauge invariant combina-

tions

= L¢PV, 0%, with 07, = ol7 + v, 07 (4.52)

V)"

Diagonalizing the two equations in (4.51) gives the equations of motions for two mass

eigenstates
I2 + 1217 + 23\ . I2-13)\ .
(D - ) =0, 0- =0~ )@/ =0, (4.53)
where
~T ~T ~T ~T
7317 = 2(I7 _ 1)1}#7 _ li ’1117 = 2(17 + 7)2}#7 + u,j . (454)
’ 4(17 + 3) ’ " 4(I7 + 3)

On the other hand from (4.30) we get the equation of motion for one more KK
vector mode

2\ .
<D + A2 4 L2> i =0, (4.55)

where tv{fl is equivalent to t{fl in (4.19).

Like in the case of the scalar fields, if we consider non-linear equations, the KK reduc-
tion will involve non-trivial field redefinition of the type (4.50). However, at linear order,
the above three KK vector modes are the correct 4-dimensional physical modes and they
are denoted as Vuh, U, 157, and T !{21. We note that the first two are vector fields while the
third one is a pseudovector field.
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4.5.3 The equations for spin two fields

Next we consider the gauge invariant equations of motion for 2-tensor fields. Using equa-
tions (4.20), (4.22), (4.24), (4.25), (4.28), and (4.31), with some algebra, we obtain the
following linear order equations for gauge invariant tensor fields

32\ - 90 10
(DA% + 2 )00 — T+ 3 (D4 A 4 )¢ (3v Vit T30 ) 8" =0,
5 7, 44 i 4 .
7<D+A1 LQ) @D 7L2 Guw®" = 52w =0
(4.56)
where we have introduced the following gauge invariant tensor fields
- - 7
ol =18h[L—ult,, o, = 5 (Vs 4+ Vst =V, Vs —hlL), (4.57)
and we have defined
L
uly = 5 (£ Vusiy + e/ Vs ). (4.58)

We note that 1[;11 = 1&11“ u and (;311 = &Il“ n are the gauge invariant scalar fields defined
n (4.44).

In order to define the 4-dimensional spin two physical modes, we write (4.56) in terms
of traceless tensor modes

90 32\ - 216 .
<D +AD ) Powy T = (D +AD L2> Oy = = Vi@ =0

44\ 14 .
(D + Al 4 L2> Bl + @%ﬂy) =0, (4.59)

where ﬂ(]; {L}j vi gu,ﬂ/}ll and q%lw) = Aily — i gw,ggh. Then we introduce the transverse
and traceless spin two modes, which should satisfy the transverse condition V#V* h{/lw) =0,
and diagonalized linear equation,

3L2 7L?
(I1+2)(1,+4) 30(I1+2)(I1+4)

Using (4.59), we can write the linear equation for the diagonalized spin two KK modes as

(O - M;) i, =0, (4.61)

.
By = Pan+ 35 %u

V(ny)éh — V(MV,,)@/AJH. (4.60)

where MIQ1 = %.

Similar to the spin zero case, the equation of motion for spin two modes contains
higher derivative terms starting from quadratic order. Therefore, one needs to introduce
field redefinitions of the type (4.50) in order to absorb those higher derivative terms. Such

field redefinition will result in the 4-dimensional spin two modes H (];y). However, at linear

L _jh
order, H () = h(w/)

To summarize, the KK reduction of the bosonic sector of the 11-dimensional supergrav-

are the correct 4-dimensional spin two KK modes.

ity yields, three towers of scalar modes ®/1, W/t 7127 two towers of pseudoscalar modes
T 55 and 1125 , two towers of vector modes VI7 and U, I7, one tower of pseudovector mode

TIQI, and one tower of spin-two mode HI
K (nv)
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5 Exact KK holography for LLM geometries

In this section, we want to obtain exact results for the vevs of the gauge invariant operators
in small mass expansion by using KK renormalization method [13-15] and compare with
the field theory results of section 3. At leading order in the small mass parameter, the
linearized equations of motion discussed in the previous section are sufficient. From the
asymptotic expansions of the LLM geometries, one can read the solutions of some physical
modes in 4-dimensional gravity, which are related to the vevs of gauge invariant operators.
For instance, the solutions of the KK mode, which are dual to the CPO with A = 1, are
completely determined from the leading asymptotic expansion of the LLM geometries.

5.1 Asymptotic expansion of the LLM geometries

As discussed in section 2, the LLM solutions are completely determined by two functions
Z(Z,y) and V(Z,9) in (2.10). With some algebra these functions can be written in terms
of the Legendre polynomials as follows

Z00,) = 5 |€+ 300+ 1) Pasa (6) = 2605 (€) + (1.~ 1) P ()] G (V200 ] ,
n=1
V(p.€) = 2 (143 0P ©) Cu (Vauop)"| (5.1)
n=1

with 7 = /22 4+ §2, and P,(§) are the Legendre polynomials. We

<&

where p = i—;, & =
have defined [39]

2NB+1 i- n
C, = ) —= | 5.2
; (-1) (ﬁli’;um/ﬁ) (5.2)

where A = kN — ij:Bl % is the area in the Young diagram representation of
the geometry and t;’s are the discrete torsions assigned at the boundary Z; between the
black and white strips in the droplet picture [23]. It can be shown that, the first two of
the parameters C,,’s satisfy an identity:

52 = 02 — 012 = 2. (53)

In terms of the (p, ) coordinates, the metric of the LLM geometries in (2.7) is rewrit-

ten as
2
d52 — _Gtt (—dtz -+ dw% =+ dw%) + Gpp <dp2 + ]f€2d§2> + GQ@CZS%:; =+ Géédé’%g, (54)
where G, = LfGC;ZI_

To implement the method of holographic renormalization, we should rewrite the solu-
tion in terms of the Fefferman-Graham (FG) coordinate system [45], where the holographic
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direction is well defined. In a geometry which is asymptotically AdS;y1 x X', the metric in
the FG coordinate system is given by

L% 0
ds® = %(dﬁ + gij(z,y)da'da?) + g(z, y)ds%, (5.5)

where z denotes the holographic direction and g(z,y) is some warp factor for the compact
space. In order to rewrite the LLM metric (5.4) in the form (5.5) we use the coordinate
transformations

p= p(Z, T)? §= §(Z,T), (5'6)

which should satisfy two conditions

o (32) 1 () i
o (52) (57) - = (5) (5) o

Then we obtain

L? 422
ds? = pPe) <dz + 381 (2,7) (—dt* + dwi + dw%))

+ g2 (2,7)dr* + g3 (2,7) ds%s + 84 (2,7) ds2S3, (5.8)

where

81 (ZvT) = Gu (P (Za T) >§(Za T)) )

£ (2.7) = G (p (,7) £ (2,7) [(g”> + 125 (25)] ,

g3 (2,7) = Goo (p(2,7),6(2,7),  84(2,7) =Gy (p(2,7),8(2,7) . (5.9)

It is non-trivial to solve the two conditions in (5.7) analytically. However, recalling the
asymptotic behavior of the LLM geometry, we note that the coordinate transformations
satisfy the boundary conditions p(z,7)|,—0 = 2z and &£(z,7)|.—0 = 7. To solve the condi-
tions (5.7) in the asymptotic region, we use the following ansatze,

p(z,7) = 2(1"‘@12#0"‘@222#3—1—”-)7
E(2,7) =T+ bizpo + ba2®ud + -, (5.10)
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where the a; and b; are determined from (5.7),

ay = 3\1/5(05’ —C3)T,
as = %( — 80501 +12C3CF + 3 (C3 — Cy) O} — 4C5C3Cy + CF — 4C2 + 30204)
+ % (44016 — 60C2CF — 100C3C5 + 9 (1102 + 5C4) CF — 12C2C3Cy
— 2703 + 5607 — 450204)72,
b = —3\1/5(05 — C3)(1 — 72),
by = —% (44016 — 60C2CY — 100C5CF + 9 (1103 + 5Cy) CF — 12C2C5C)

— 2703 + 5602 — 450204)7(1 — 7). (5.11)

Using the above coordinate transformations, the asymptotic expansions of the warp
factors g;(z,7) are obtained and listed in appendix B. The expansions depend on the 7
coordinate on S” so that we can use the results in appendix A.3 to replace the 7 dependence
in terms of the scalar harmonics on S7. Then we read the values of hi[; (i,j = t,wy,ws),
for I =0,2,4,---,

L3

hy; = |- 0 (1705 —51CoCf —28C5C3 47205 CF +42CoC3Ch —45C5 —7C3) +O (1) | mij
' (5.12)
p [ Lo (203 —3C2C1+C3)+0 (1) | mig 5.13
ij = 3, 1 201 3 o) | Mg (5.13)
r L2 2
hi = = ;1&0 (28C% —84C,Cf+28C5C3+9 (TC3—15Cy) C2+228C5C5C)
— 13503 —128C5+135C2Cy) +O (Mg)} Nijs (5.14)

where 7;; = diag(—1,1,1). Noting that hIl =0 in the FG coordinate, we obtain the values

z
I — ijph 422 ijp
of h't = g“h;} = FFn'hyj,

2
[ (1oz) (170? _ 5102011 — 28030{’ + 72022012 + 42C5,C3C7 — 4503 — 7032)

60
+O(up), (5.15)
h? = —44102(2C3 — 3CoC1 + C5) + O(ud), (5.16)
pt = (H02)’ (28C — BACHLCF + 28C5C3 + 9 (TC3 — 15C4) C2 + 228C5C5Ch
3v10
— 135C% — 128C5 + 135C2C4) + O(ug). (5.17)

In appendix B we have also listed the expansions of the components of the 4-form field
strength. Using (4.18), we read the values of the scalar fields @/* defined in (4.45) from
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€MP frupe = ALV fi s, Where fipw,» is listed in appendix B,

2
i = 3(‘%) (7CF — 21C,CF + 12C5CF + 6 (2CF — 3C5) C3C1 + 5C3 + 3C5)
+ O(up), (5.18)
@® = —481pz(2C} — 3C2C1 + C3) + O(), (5.19)

2
it = _2(%) (4C% — 120501 + 40505 + 9 (C2 + 15Cy) CF — 276C2C3C,

+136C3 + 135 (C3 — C2C4) ) + O(ug). (5.20)

In order to read the values of the scalars ¢’', we take the trace of hyp,

haa, = ¢Il Yll = gab (gab - gab) = gabgab —T. (521)
Then the results are read from the asymptotic expansions of g3(z,7) and g4(z,7) in ap-
pendix B,
2
P = (";’? (1405 —42CoCF+4C5C3 43903 CF —6CoC3C1 —10C5+C3) +O(kg),  (5.22)
¢® =4z (207 —3C201+C3) +O(1f), (5.23)
2
¢t = (5\(}% (—124C5 +372C,CF —124C5C3+9 (15C, —31C3) C2 —84C5C5Ch
+104C5 +135 (C5—C2C4) ) + O (). (5.24)
The values of the scalars s* are obtained from
Alv 1
arb I oayb I hpT I
VN hap) = s ' VIVIV (Vi YT =65 AT (7 + L?) Yy, (5.25)
by expanding,
1
VOV hapy = VOV gar — -On. (5.26)

Then using appendix B we obtain

L? 2

0= —g;f(f) (14C% — 420, CL+4C5C5 4390502 —6CoC5Cy — 1063 +C3)
+0(up), (5.27)
L2

§? =2 H0% (908 30,0y +C8) +O(ud), (5.28)
L2 2

st= (102) (—124C5 +37205,C1 —124C5CF +9 (15C, —31C3) CF —84C2C5Ch

21610
+104C3 4135 (C3 —C2C4) ) + O (1) (5.29)

To determine the graviton mode, in addition to h,, we also need the values of the
tensor fields @, defined in (4.58). We can rewrite the definition in (4.58)as

L
ﬂﬁl,jAth — 5 <€u paAvyslI)LAAhyh +e€, pa/\vusfl)bAAhyh) ) (530)
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On the other hand, from (4.18), we see that V¢ f,, 0 = —s{},/pAllYIl. Using this into (5.30)
and noting that, for the LLM geometry, the only non zero f,,pq iS fiw w,r, We obtain the

following results

ﬂ{;AhYIl = 3'f 12 Or Frwywor — 2Ftw1w27—) Nij, (5.31)

L
4(1—-7%)
L2

4z (4 (1 — 7'2) 167

4 2
Al Ay = —3!%

1
<8782Ftw1w27' + 3Z0‘1’Ftw1w27>

167 1
_ﬁ (athw1ng + 32Ftw1w27>:| .
Using again the results of appendix B, we read the values of ﬂf}y, for Iy = 2,4, ---. However,
since A = 0, we can not read &?W.
- 6L?
u?j = <— ZNO (20% —3C1Cy + 03) + O(,u%)) Nij (5.32)

L2 2
il = (—2 \/*1%(4016 — 12C,C + 4C5C% + 9 (C3 + 15Cy) CF — 276C,C5C, (5.33)

+ 135C3 + 136C% — 1350204) + (’)(,ué)) Nij

o 6L%u0 ., g 3

u,, = > (201 — 30102 + Cg) + O(Mo), (534)
2,2

il = Lﬂ%) (409 — 1205C1 + 4C3C5 4 9 (C3 4 15Cy) CF — 276C2C5Cy (5.35)

+135C5 + 136C5 — 135C5Cy) + O(ug)-

I
IJ, b
because for the LLM geometry h,q is zero.

Finally, the vector fields s/}, which are also needed to write the graviton mode, are zero,

5.2 Asymptotic expansions for the physical modes in 4 dimensions

The asymptotic expansions for the scalar and tensor fluctuations in the previous subsection
are at least linear in the mass parameter pg. If we truncate our results at pg order, the
only non-vanishing fields are the KK modes with I1 = 2. Keeping this in mind, we list
the linear order asymptotic expansions of some of the scalar and tensor physical modes
discussed in subsection 4.5.

Plugging the expansions of the previous subsection into (4.47), we obtain the asymp-
totic expansions for &1 and U,

¢ = O(1p), ®? = O(1p), ot = O(u3),
Wo0(2), W= G+ O, =0, (536)
where
B3 =207 = 3C1Cy + Cs. (5.37)

The solutions in (5.36) satisfy the linearized equation of motion (4.46).
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The asymptotic expansions of the remaining three spin zero modes, 727, Tf‘r’, T£35,
in (4.48) cannot be determined without having the explicit form of vector and tensor
spherical harmonics. However, those spin zero modes are not needed for our purpose here
for the following reason. In AdS/CFT correspondence [2, 3], the mass m? of a scalar field
on the gravity side is related to the conformal dimension A of the dual gauge invariant
operator by

m*Rigs,,, = A(A —d). (5.38)
In our case (R?MS4 = %2), where L is the S7 radius, we have
m?L* = 2A(2A — 6). (5.39)

Then the conformal dimensions of the gauge invariant operators, which are dual to the
spin zero fields are as follows:

e For the scalar field U/t we have

I
L(L—6)=2A(2A—6) = A= 2, {1 =246} (5.40)

For the scalar field ®t we have

I +12
(I + 12)(I; + 6) = 2A(2A —6) = A = = J; . {I1=0,2,4,---}.  (5.41)
e For the scalar field 727 we have
I 6
(L7 + 6)Iar = 2A(2A — 6) = A = 27; . (I =2,4,6---). (5.42)
e For the pseudoscalar field T 155 we have
I 3
(s +3) (s —3) = 2028 = 6) > A= L2 {15 =135} (543)
e For the pseudoscalar field T’ f’5 we have
Is5 +9
(Is5 +9)(Is5 +3) = 2024 = 6) = A= 27—, {I;; =135} (5.44)

In the above list, Tf’5 and T7% are pseudoscalars and cannot be the candidates for the
dual scalar fields of CPOs. In addition, if we are interested in CPOs of lower conformal
dimensions A = 1,2, ---, then ®/1 and T'27 are also not the candidates. The only scalar
fields which can be dual to CPOs with lower conformal dimensions are W', with I; =
2,4, . For a similar reason we also skip the asymptotic expansion of the vector fields in
subsection 4.5.2.
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The asymptotic expansions of the spin two KK modes are needed to obtain the vev
of the energy-momentum tensor in mABJM theory. Following the same procedure as the
spin zero modes, from (4.60) we obtain the asymptotic expansions of the spin two modes

H, = O(d),  Hi,) = O(ud). (5.45)

At pg order, we obtain a result which is consistent with the fact that the mABJM theory
is a supersymmetric theory and the vev of the energy-momentum tensor is vanishing.
Furthermore, if we go beyond the linear order, the spin two KK modes are modified by
field redefinition (4.50) and the vev of energy-momentum tensor should still be vanishing.

5.3 Comparison with field theory results

According to the holographic renormalization procedure [5-12], the vev of a CPO with
conformal dimension A is determined by the coefficient ¢(a) of 22 in the asymptotic
expansion of a dual gauge invariant scalar fields ® on the gravity side, i.e.
@y _ N
(O\RN,, = ﬁN¢ (5.46)
where N is a numerical number depending on the normalization of the dual scalar field in
11-dimensional supergravity, and A is defined as A\ = N/k in the ABJM theory. In the case
k = 1, the overall normalization in (5.46) is reduced to N 3. The N2 /V/A-dependence in the
right-hand side of (5.46) is a peculiar behavior of the normalization factor in holographic
dual relation for the M2-brane theory [19, 46, 47].

In the pervious subsection, we have shown that only the scalar modes ¥/t have non-
trivial asymptotic expansions at linear order in pg. At quadratic order or higher, more of
the scalar modes as well as the spin two modes have non-trivial asymptotic expansions.
On the other hand, holographic renormalization states that the dual operators of these
extra modes should have vanishing vevs. In order to reconcile these differences we need
the field redefinition [13] of the type (4.50) to obtain the correct 4-dimensional fields. The
field redefinition makes the asymptotic expansions of all the fields trivial except for ¥,
We have obtained the asymptotic expansion of the scalar field U2 in (5.36) while the vev
of the dual operator was calculated in the subsection 3.2. Using the gauge/gravity duality
relation in (5.46) and setting k = 1, these two results are related as

N2 24N2
oWy — L Ny =
(O = ZNVT ==

In order to fix the normalization factor N, we use the identity

N B3 0. (5.47)

i N3/2

3 [n(n F 1)l — 1 )}

n=0

B3, (5.48)

which is proved in appendix C. Then using (3.8) we rewrite the duality relation (5.47) as

BN , /
on HZO [n(n +1)(Nn = Ny) } = —T2Npo Z [ n(n+ 1)1, —1,)]. (5.49)
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Now recalling that p = 449 and using the one-to-one correspondence (2.14) between the
occupation numbers of the vacua in mABJM theory and the discrete torsions in the LLM
V2

geometries, the normalization factor is fixed as N = —g7=. Therefore, the vev of the CPO
with conformal dimension A =1 is given by

_ N2 pg
3V2m

In Young-diagram picture, 83 depends on the shape of a Young-diagram but not on the

<@(1)>m

Bs. (5.50)

size of the diagram, which means it is independent of the number of M2-branes. The re-
sult (5.50) is obtained for all possible supersymmetric vacua with large N in the mABJM
theory. The N %—dependence in the right-hand side of (5.50) exactly matches the N de-
pendence of the 11-dimensional Newton’s constant [46], which is fixed by the Bekenstein-
Hawking entropy formula. As it is expected by the holographic relation, this NV 3 behav-
ior also agrees with the total number of degrees of freedom of the M2-brane theory in
large N limit [47].

The extension of the above results to k& # 1 case is not straightforward. We postpone
such extension in most general setup to future work. Instead, here we extend the results
for the LLM geometries with rectangular shaped Young-diagram representations. In this
case the droplet representation has only one finite size black strip i.e. Ng = 1. The exact
dual relation is then given by

_ NVENug Gy = NV NNy
N 3\/§7r 5T 3\/577\”\

where N = A/k with A defined in (5.2) and we have introduced the ’t Hooft coupling
constant A = N/k in the ABJM theory. In the large N limit, N is reduced to N in (5.51).

<O(1)>m B3, (5.51)

6 Conclusion

In this paper, we have calculated the vevs of the CPO with conformal dimension A = 1
from all discrete supersymmetric vacua of mABJM theory as well as from the dual LLM
solutions of 11-dimensional supergravity and found an exact holographic relation between
the two results with £ = 1 in the large N limit. Due to computational difficulties, we
treated the case k % 1 only for the LLM geometry with rectangular Young diagram. On
the field theory side, the vevs of CPOs are protected from quantum corrections due to the
high supersymmetry of the mABJM theory and as a result they are completely determined
by the supersymmetric vacuum solutions in the large N limit. The CPOs are given by single
traces of products of the complex scalar fields in the mABJM and their vevs are obtained
by evaluating those traces at the discrete supersymmetric vacua, which are represented
by the GRVV matrices. On the gravity side, the gauge invariant 4-dimensional scalar
fields which are dual to the CPOs were obtained from the KK reduction of 11-dimensional
supergravity. We showed that the gauge invariant fields obtained from the KK reduction
of the 11-dimensional LLM solutions satisfy the 4-dimensional equations of motion. The
equations of motion are satisfied order by order when we expand in powers of the mass
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parameter pg. This expansion coincides with the asymptotic expansion in the holographic
coordinate z from which we read the vevs of the dual gauge invariant operators. For the
CPO with A = 1, the vevs are given by the first order terms in the po expansion of the
dual gauge invariant scalar fields. We have also carried out this procedure for the energy-
momentum tensor in mABJM theory and its vev is vanishing. This result is expected
because the theory is supersymmetric.

It seems that the discrete Higgs vacua of the mABJM theory as well as the corre-
sponding LLM geometries are parametrized by the vevs of CPOs. In other words, knowing
the vevs of enough number of CPOs, one can fully determine the shape of the droplet
picture of the LLM geometry and hence the discrete Higgs vacua of the mABJM theory.
For instance, the shape of the droplet with Ng = 1 is fixed by the value of the vevs of the
CPO with A =1 as follows. As it was discussed in subsection 2.2 the shape of the droplet
is fixed by the values of z; with i = 1,--- ,2Npg + 1. For N = 1, the values of %1, Zo,
and Z3 are determined by Cq,C5, and C5. For our coordinate choice C7 = 0, Cy = 2 from
the identity (5.3) while C5 is determined by the vevs of CPO with A = 1. Therefore, the
supersymmetric vacua corresponding to the droplet with Ng = 1 are parametrized by the
vevs of CPO with A = 1. This is a meaningful result because, if we can calculate the vevs
of enough number of CPOs, it is possible to project out the supersymmetric vacua from
the full set of classical Higgs vacua in the mABJM theory at a given Ng. Those super-
symmetric vacua are in one-to-one correspondence with the half-BPS LLM solutions. Our
quantitative results for the gauge/gravity correspondence contains partition of N different
cases. However, we need to accumulate more analytic evidences for CPOs with A (> 2)
and k (> 1) to completely determine the supersymmetric vacua at arbitrary Ng. We leave
these issues for future study [32].

Recently, it is reported that for the mABJM theory on S3, there is no gravity dual for
the mass parameter larger than a critical mass value [48]. See also [49-51]. Though the
setup is different from ours, where the mABJM theory is defined on R?1, it is intriguing to
investigate the gravity dual for our case in the large mass region and compare the results
with those of mABJM theory on S3.
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A Spherical harmonics on S7
The spherical harmonics on S7 are defined as follows
1
VYl = Ayl = —zh(h+ 6)Y", Scalar,

1
v2Ya[7 — AI?Ya[7 — _ﬁ(]? + 6[7 — 1))/;]77 Vector,
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1
VQY(Z:) = AI27Y(22b7) = —ﬁ(l227 + 617 — 2)}/(221)7), Symmetric 2 — Tensor,
1
vgy[ia _ Almy[i%]l = —ﬁ(Igl + 6151 — 2)}/[3]1, antiSymmetric 2 — Tensor,
2yI3s _ Alssydss _i 2 _ I35 ; i —_
\Y Y[abd =A Y[abd =72 (I35 + 6135 3)Y[abc], antiSymmetric 3 — Tensor,
Iy _ Ly _ Ii Iss
vaYa7 - vaYV(aQJ) - va}/[a?)}l - vay[afc} =0,
9" = 9"V = 9" = 0. (A1)

Here, when we write Y/» the subscript n denotes the number of components of the spherical
harmonics.

A.1 Scalar spherical harmonics

The scalar spherical harmonics on S” are the restriction of

1 ) A

I I

R R (A2)
to a seven-sphere, where x* with (i = 1,---,8) are the Cartesian coordinates of IR® and

the coefficients C’illlu_”1 are totally symmetric and traceless. In order to evaluate integrals
which are quadratic or cubic in the scalar harmonics, we use the following general formula

1 3L2%m

- :L.le'LQm —

o e - m (all possible pairing), (A.3)

where all possible pairing means, 6% for m = 1, (§1%2§%4 4 §hisgizia 4 §iviagizis)  for
m = 2 and a similar contraction for higher m.

Now consider
1

1 ; J , o A
— yhyh — — — 1 72 SRR S U SO, | Y B 51 A4
o7 o LT CZI_,,”1 le,_.]Jlfv ' N, (A.4)

where wy = %4 is the surface area of S7. Recalling that the C't are traceless and also that

the integral vanishes if any of the z* left un-paired, we note that we get a non-zero value
only when I; = J;
1

1 . o 4
- IiyJ1 I J1 (S ¥ S L N 2}
wr Jg7 ey wr L2 [ C“"'”l CJl""”l v v B

3 I Jy . ..
= mqh'”ih le"'jh (all possible palrmg). (A.5)
Because of the tracelessness of C1, when we sum over the sets of indices i and j, we get
contributions only from the terms in which the ¢ indices are paired with the j indices.
Those types of pairing result in a complete contraction of the Ct and C/! indices and the

total number of such terms is I1!. Therefore we get
1 yvhyh _ 31!
wr Jg7 21171(11 + 3)‘
where (CT1C71) = ch oh

(AR S AR T

(chhcy, (A.6)

. Actually, we normalize the scalar harmonics such that

(Chh¢/1y = §11. Expressions involving derivatives can be evaluated by using integration
by parts.
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A.2 Vector spherical harmonics
Consider a vector field in IR®

1 , .
V= T Voha e atn p=18 (A7)

with Vpl7 traceless and totally symmetric in the ¢;,--- ,7r, indices. It also satisfy pr;)h =
0.° The vector spherical harmonics Y,/” on S7 is defined as the component of such vector
field tangent to the ST with the 2% are restricted to the sphere. This can be written as
1 . .
I _ spyr ap1/T

Ya7 = e£}/p7 - ﬁeg‘/p;L..ihx“ “"T”7’ a = 1a"' a7v (A8)
where éP is the unit vector along the 2P Cartesian coordinates of IR® and é% is its projection
onto the a'® unit vector tangent to S7. Those projections are actually given by
OxP
a0’
where 0% are the coordinates of S”. In order to evaluate the integrals involving those vector

(A.9)

~p __
€y =

harmonics we use the following procedure. Lets consider
[ v o
ST

for any two vectors V,, Vj, tangent to S” and g, is the metric on S7. Using the definitions
in (A.8) we can write

| vag™i= | viengegyi, (A11)
S7 S7
Now we can make the following replacement

EPgel = AP1 = §P1 — P, (A.12)

where n? = % are the eight components of the unit normal vector to S”. This relation can

easily be verified by using the standard polar coordinates in IR®. Therefore we can write

/57 Vagab‘/b — /57 ‘/p((;pq _ npnq)vq‘ (A13)

Now we can evaluate the integrals of the vector harmonics by using the above results and
following the same procedure as those of the scalar harmonics. Lets see few examples

1 aby Iy J7 1 Dq D q\1/ 17 J7 i1 i1 1 Jr

m/‘;qg Ya }/2) :m S7(5 —n'n )‘/;7,1'1"4[7‘/;1,]'1'”]'17'% e XTI e 0T (A14)
Recalling that prpI7 = 0, the second piece is zero. In general we can drop the second
term in (A.12) if at least one of the two vectors involved is a vector spherical harmonics.
Therefore we have

1
i abyf7yj7 _
wr Jg7 g ta b wy L2

= __wwhy,
sy

Tensor spherical harmonics are also treated using procedures similar to that of vector

I . o .
vt VI g gl gt gl
g7 P Tpayein

(A.15)

spherical harmonics.

SWe will use the index notation where p,q, --- are the IR® indices and a,b,--- are the S7 indices.
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A.3 Scalar spherical harmonics on S7 with SO(4) x SO(4) symmetry

In dealing with scalar equations of motion, we mainly need the scalar spherical harmonics
which satisfy the following harmonic equation

<v2 + W) yh = (\}gaa(\/ﬁg“”ab) + W) v =o, (A.16)

where ¢gp is the metric on S7. We introduce the following coordinate on S7
dsgr = L* <d92 + cos?0dszs + sin29d52§3) . (A.17)

In obtaing the AdS, x S” as asymptotic limit of LLM geometry we saw that the § coordinate
of S7 is related to the a coordinate of LLM as 6 = «/2. Actually, it is better use the
coordinate 7 = cos a. Then we have

1 1+
ds%; = L? dr?
°sT (4(1—72) Tt

1—
dsgs + 27—d82§3> . (A.18)

Imposing the SO(4) x SO(4) symmetry, the spherical harmonics depend only on the 7
coordinate, which implies

— [(1 )2 — 4rp, 4 DL EE)

1 :|YII(T) =0.

This is the hypergeometric equation with the following two independent solutions

L hi+6 1 2)

44 97
L —2 I1+8 § 2)

Yi(r) =N oF (-
(A.19)

Yi(r)=N" B (-
(7_) 21471 < 4 ) 4 ) 2a7—

For Iy = 4i, (i =0,1,2,--), the first solution is a polynomial and the first few terms are

1

810

For later convenience lets invert these relation and write the following

TQZYO—S\/EY4
5 )

On the other hand, for I} = 4i +2, (i = 0,1,2,---), the second solution is a polynomial

Yo=1, v (1—572), ---. (A.20)

(A.21)

and the first few terms are

1
Y2=—\1+r ..., A.22
ol (A.22)
which gives
T=2/2Y? ... (A.23)
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A.4 Ch=2 and cA=1)

In subsection 3.1, we have stated the fact that the coefficients Ciil---i]l’ which defines the

scalar spherical harmonics in (A.2) are related to the coefficients CJ(BAl.)fL‘é;'A" of the CPOs

in (3.1). In this appendix, we determine these coefficients in the particular case of CPO
with conformal dimension A = 1. First lets determine Cizj from (A.2) and (A.22). Since
the solution in (A.22) is obtained by imposing the SO(4) x SO(4) symmetry, we rewrite
the scalar harmonics in (A.2) in a form that manifests this symmetry

4 8
1 o o
Y? = I3 Z ijfzrzxj + Z C’fjﬂx] , (A.24)
ij=1 i,j=5

with the R8 coordinates restricted to S7 are written as follows

x1:L<1—2H—>2cos <§> cos (QH_;/}), z? L<1;T>2cos<
x3:—L<1+T)QSin <0> sin (M>, 4 L(m)2sin<
2 2 2 2 2
x5:L<127—>2cos (Z) cos <¢+2T/1>7 x6:L<12T>2(:os (g) sin <¢+2¢>,
x7:—L<1;T)QSin (Z) sin <¢_2¢>, xS:L(l;—)2sin< ) (

From (A.22) we notice that Y2 depends only on the 7 coordinate of S”. Therefore, the
dependence on the remaining S7 coordinates should disappear in (A.24). This require-

8
I

ment gives

C} = C3, =C =Cjy, Cis = Cgs = C3; = C, Cl =0, fori#j.  (A.26)
The traceless condition (C’izjéij = 0) implies C%, = —C?Z while the orthonormality condition
gives C3 = ﬁ

In order to determine the coefficients of the CPOs, CS)A, we need to rewrite the scalar
spherical harmonics in terms of C* coordinates as

2 4
1 A Ay
YQ:ﬁ( S e Muay P+ S o yay B>, (A.27)
AB=1 A.B=3

where the C* coordinates are given by

gt =2l +ix?, PP =23 +irt, P =22 +iab oyt =27 + i (A.28)
Comparing (A.24) and (A.27) we obtain
o _Ch+C3 _ 1 o2 _Ci+Ch _ 1
1 2 2\/57 2 2 2\/57
o _ O+ GG 1 o _Ch+C 1
3 2 2/2’ 4 2 2/2'

cD* =0, for A# B. (A.29)
Hence the CPO of conformal dimension A =1 is given by (3.3).
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B Asymptotic expansions

In this appendix, we display the asymptotic expansion for the warp factors g;(z, 7) in (5.8)
as well as for the various components of the 4-form field strength F,,s in (2.11) using the
FG coordinates defined in (5.6). The expansion can be done to any desirable higher order
but we keep only up to ,u% for our purpose. Applying the ansatze (5.10) to the defining
functions Z(p, &) and V(p,&) in (5.1), we obtain the following asymptotic expansions for
the warp factors in FG coordinate system,

2 V2(2C5 —305C1 +Cs)T

L
gl(zaT):@ 1—poz 3

2
- (ﬁﬁ (80? —24C,C{ —28C3C7 49 (5C3+3Cy) CF —1205C5Cy

—9034+20C32 —270204)

2
- (‘ﬁz) (280? —84CH 0 +28C5C3 49 (702 —15C, ) C3+22805C5C4

—13503—1280§+1350204)T2+...] 7

L2
4(1—72)

2
ga(z,7) = {1+ (1o2) (— 1205 4360, C2+4C5C3 —3 (1303 4+3Cy) C2+12C5C5Ch

48

+7C§—80§+90204)+...} 7

2

L 203 —305C1 +C5)(1
gs(27) =5 (147) |:1+u0z( i —3C2C1+C5)(1+7)

3v2

2
* (M;S) (8C—24C5C1 —4C3CY+9 (3C3 +Cu) O3 =12C5C5C:

—3C§+8C§—90204)

2
+ (u;g) (7605 2280501 +28C5 €343 (69CF ~5C4) CF ~12C2C4Cy

—6303—8C§+150204)T

2
+ (*;%28) (12401%372020#124030%9 (31C2—15C,) C?+84C5CsC)

—135023—104C§+135CQC4)T2—|—--~:| ,

L (203 ~3C5C1+C5)(1-7)
8i(z,7)=—(1-7) [l—uoz Vi

2
e ;g) (8016—24020;*—4030§'+9 (3C2+C4) C2—12C5C5Cy

7303+8C’§f90204)

2
_ (ugog) (760§_22802cf+28030f+3 (6903 —5C4) C2—12C>C5C,

—6303—80§+150204)T

2
+ (“2%28) (124cf—372020f+124030f+9 (31C2—15C) C?+84C5CsCh

135023104C§+1350204)72+..l .
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The expansion for the components of the 4-form field strength are also obtained in the
same manner

3L° V2 (207 -3CoC1+C3) T
Ftw1w22’(zu7-):_8? 1_MOZ ( 1 3 )
2
+ (/;%zg) (1608 —48CHCH+28C5C3+27 (C2—Cy) C24+12C5,C5Ch
—15C5 —20C3+27C5Cy)
2
4 (Ho2) (409 = 12050 +4C3C3+9 (C2+15C4) CF 27605 C5C;

288
+135C5 +136C5 —135C2Cy) T2+ ] ,

Ftwlng (Z, T) =

L3 (20:13—302014-03)
8253 Ko \ﬁ

(koz)”

48

(4C8 —12C,CE+4C5C3+9 (C3+15C,) CF —276C,C3Ch

+1350§’+1360§—1350204)r+---] :

5 2
Fogp: (2,7) = —— (14+7)sinf MOZJF(MOZ) (207 =3C2C1+C3) (1467) ++-- | ,
Z 3\/5
L3 . (102)° /. 3
F9¢¢T(z,7):—z(1+r)sm9 poz+ 6v2 (2C7 =3C2C1+C5) (4+97) 4+ |,

)

L? 2 3 (MOZ)2
Féwz(zy):—g—z(l—f) sm@[uoz— 2 (205 —3C5C1+C5) (1—67)++

L3 L= 2)?
FéMT(z,T):Z(l—T)sme luoz—(“o ) (205 —3C5C1+C5) (4—97)++ -

6v/2

C Proof of (5.48)

In this section we prove the relation (5.48). We start from the definition of C}

1 2Ng+1
C=—— —1)my, C.1

where we have introduced the integers m; = Separating the even and odd terms

i
) 27rl13;,u0 '
we rewrite C; as

1 Mg 1
Ci=—=|mi+ ) (may1—my)| = —F—
VN ; ! ’ 27Tl%;£0\/ﬁ

The term in the square bracket is the position of the Fermi level defined in (2.13). Here
we choose a coordinate system in which the zero of the Z-coordinate is at the position of
the Fermi level i.e., 2 = 0 and hence C; = 0.

Np
F14+ Y (Faip1 —d2)|.  (C2)
=1
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With the above choice of coordinate system, we notice that the S5 on the right hand
side of (5.48) is equal to C3. However, for convenience we add % and write it as

2Np+1

p==(§-0) =~z X U ). ©3)

=1

Without loss of generality, we choose a droplet in which the Fermi level lies in the black
region. See figure 1. Then we can write (3 as

2j A 2Np+1 4
N3Py == " (=1)" (my —=m?) — > (=) (mi —m?), (C.4)
i=1 1=2j+1

where mg; is the position of the first boundary just below the Fermi level while moj 1 is
the position of the first boundary just above the Fermi level. Since the Fermi level is at
zero, we can rewrite the above equation as

2 ' 2Np+1 '
N385 = (1) (Imal = [mal®) = Y (=) (Jma] = [mal?) - (C.5)
i=1 i=2j+1
Using the relation
Imi|—1 1
> nn+1)= -3 (Imi] — |mal?) (C.6)
n=0

we obtain

2j |mil=1  2Np+1|m;|-1

N D DD D D ECe Y ACE S VR (C.7)

i=1 n=0 i=2j+1 n=0

Noting that for the first double summation, m;’s are negative while they are positive for
the second double summation, we write

27 —m;—1 2Np+1m;—1

Ak Y Y S ) am ). (C3)

=1 n=0 1=27+1 n=0

Next lets expand the summations over i, which gives

N3/2 —mi1—1 —mag—1 —magj_1—1 —mg;j—1
o il I DD DRSS D DR S EACE 25
L n=0 n=0 n=0 n=0
[mojr1—1  mojpa—1 mojys—1 maNg—1  mang41—1
+ Y Z Z - >+ Y (n+1). (C.9)
= n=0 n=0 n=0
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We combine the summations in each square brackets pair by pair, leaving the first term in
the second square bracket unpaired, to obtain

N3/2 [—mi—1 —m3—1 —mo;j_1—1
3 B3 = — Z + Z 4+ 4 Z n(n+1)
_nf—mg n=-—maq n=-—maj
[(moji1—1  majrz—1 maNg+1—1
Y+ DY e Y [+, (C.10)
| n=0 n=mzj42 N=M2Npg

We note that the summations in the first square bracket cover the white regions below the
Fermi level, while the summations in the second square bracket cover the black regions
above the Fermi level. However, we recall that in the k = 1 case, the occupation numbers
I, = 1 for the n!" excitation level located in a black region above the Fermi level while
I, = 0 for the n'" excitation level located in a white region above the Fermi level. Similarly,
the occupation numbers I/, = 1 for the n'" excitation level located in a white region below
the Fermi level while I/, = 0 for the n'* excitation level located in a black region below the
Fermi level. Therefore, we can write the summations in first square bracket as summation
over the entire region below the Fermi level by introducing I/, and also second square
bracket as summation over the entire region above the Fermi level by introducing /,,. Then

we obtain
N3/2 o
s Bs =D [nn+ 1) —1)], (C.11)
n=0

which is what we have in (5.48).
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