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1 Introduction

Deformation quantization [1, 2] has been explored much in the associative setting. If one
drops the condition that the star product be associative, some of the usual methods are no
longer available. The classification of such star products therefore remains open. In this
paper, we present one general result in this direction, motivated by a recent resurgence of
interest in magnetic-monopole systems [3-8], where standard quantization methods show
that associative algebras cannot constitute consistent quantizations of the relevant observ-
ables [9, 10].

In the original version of deformation quantization, associativity of the star product
represents an important condition on the coefficients in the formal power series of the prod-
uct. If one works with star products without the condition of associativity, at first sight it
may seem easier to find acceptable versions because they may appear to be subject to fewer
consistency requirements. However, if one is forced to use a non-associative star product
for physical reasons, one is not fully liberated from imposing conditions on the associator

[a,b,c] =ax(bxc)— (axb)xc. (1.1)
For a specific set of basic observables, the associator, like the usual commutator
[a,b] =axb—bx*a, (1.2)

is prescribed based on physical arguments.



Formulated for position and momentum components as basic observables, the com-
mutator of an acceptable star product should be [g¢;,pj] = ih{q;,p;} = ihd;;, mimick-
ing the Poisson bracket. If these are coordinates of a charged particle (with electric
charge €) moving in the magnetic field B!(g;) of a magnetic monopole distribution, so that
divB = 9;B' # 0, the classical brackets are modified: they are twisted Poisson brackets
for which the Jacobi identity does not hold [11-13]. An algebra that quantizes the bracket
endows phase-space functions with a new product x and the associated commutator (1.2)
and associator (1.1). The Jacobiator of the commutator is proportional to the totally an-
tisymmetric part of the associator and can be non-zero for non-associative x-products. In
the present context, one is led to the relations [9, 10]

[gi:45] = 0 (1.3)
(gi, pj] = ihdy; (1.4)
[pi pj] = iheeijp B (1.5)
g5, 2",27] =0 (1.6)
[pi pj, pk] = —h’e€ijp0 B! (1.7)

to be realized by a star product. Here (z7)%_, is a collective notation for the Cartesian coor-

dinates (g;, pi)?zl. In the absence of a magnetic charge density, one can introduce a canon-
ical momentum m; with zero brackets for its components. However, the definition, m; :=
pi + A;, makes use of a vector potential A through B = rotA, which does not exist if divB
does not vanish. Instead of a zero associator in standard star products, the specific form
of (1.7) imposes restrictions on acceptable star products for magnetic-monopole systems.
Most of the usual properties of quantum mechanics are no longer valid and must be
modified when observables cannot be represented as associative operators on a Hilbert
space. In some studies, a weaker condition given by an alternative algebra has been found
advantageous [14-16] — if it can be realized. An alternative algebra is one where the
associator (1.1) is completely antisymmetric, or, equivalently, where the *-product obeys

ax(axb) = (axa)=*b

(axb)xb=ax(bxb) (1.8)

for any a, b in the algebra. Many well-known non-associative algebras are of this form, such
as the octonionic ones. Requiring an algebra to be alternative, provides a priori a tempting
option for the case of a charged particle in the background of magnetic monopoles, in
particular in view of the total anti-symmetry of the basic relation (1.7).

However, in this report we demonstrate the impossibility of such an algebra as a set
of quantized observables of a charged particle in the presence of magnetic monopole den-
sities, obtained by deformation quantization. While (1.7) implies a totally antisymmetric
associator for linear functions of the basic observables, the associator of general algebra
elements is not guaranteed to be totally antisymmetric. Different examples for algebras
consistent with the relations (1.3)—(1.7) have been constructed using star products [3-8],
one of which has explicitly been shown to be non-alternative [17, 18]. In what follows, we



will analyze the possibility of alternative monopole star products in general terms, using
deformation theory, the basics of which we first recall in the next section.

2 Deformation quantization with non-associativity

The classical theory is described by the commutative algebra of smooth functions on T*R?,
equipped with the bivector field!

) D )
— B 2.1
II (8(]2 + €jik (Q)a > A 3]%’ ) ( )

pj

in the canonical linear coordinates (z)S_, = (q1, g2, g3, p1, P2, p3). For a vector field B with

non-vanishing divergence, this is only a twisted Poisson bivector: its Schouten bracket with

itself does not vanish but is given by
1

5[H,H] = II*(H) (2.2)

where the 3-form H takes the form
H =7*dB. (2.3)

Here the magnetic field B is considered a 2-form on R3 by means of B = eijkBidqj A dgF
and 7: T*R3 — R3 is the canonical projection. Maxwell’s equations link dB directly to
the magnetic monopole density: dB = *pmagnetic-
The bivector field II then induces the following bracket on the functions f,g €
= (T*Rg)a
1
(o) = 317 (@) 5% 20

This bracket is an antisymmetric bi-derivation, but no longer a Lie bracket and thus not a

(2.4)

Poisson bracket: the r.h.s. of (2.2) provides precisely the non-zero Jacobiator.

2.1 Star product

Deformation quantization turns the classical commutative algebra (C°°(T*R3), ) into the
quantum algebra A := (C°°(T*R?)[[A]], %), where A = 3ih is considered as a formal defor-
mation or expansion parameter:

fxg=>> NBj(f,9). (2.5)
=0

Here Bj: A x A — C are bilinear maps on A.2 To zeroth order in A, we have the classical
product given by pointwise multiplication, By(f,g) = f-¢g = fg. Following [1], we will

"We set the electric charge to e = 1 from now on.
2Using the same letter for these bilinear maps and the magnetic field should not cause confusion.



assume that B; is a bi-differential operator of maximum degree j which is zero on constants
for strictly positive j:

j
Bi(f.9) = > BY(f.g) for j=>1 (2.6)
k=1
6
ok f oy
k,l o k,l
Bi"(f.9) = > BihennesOgn o g gen 27

Iyyedg,J1,e =1

The property implies in particular that the star product defines a unital algebra, with the
unit function as unit.

Let us for a moment assume that x would be associative. In this case, we would have
that the commutator (1.2) evidently satisfies the Jacobi identity and also that [f, g * h| =
[f,g] x h + g = [f, h]. Both equations together, evaluated at lowest non-vanishing order in
A, imply that the antisymmetric part By (f,g) = %(Bl(f,g) — Bi(g, f)) of Bi(f,g) is a
Poisson bivector. On the other hand, for physical reasons, we want that the antisymmetric
part of the first order deformation is determined by the classical bracket:

By (f.9) ={/.9} (2.8)
This then shows that the x-product cannot be associative for the deformation quantization
of the above classical system, cf., in particular, eq. (2.2) — as anticipated already in the
Introduction.

In fact, in the present article, we want to strengthen eq. (2.8) in a two-fold way: first,
we require in addition that Bj is antisymmetric itself already, so that

Bi(f,g9) ={f.g}- (2.9)

This, in fact, is not really a restriction: it can be shown that every star product either
satisfies this condition or has an equivalent deformation for which (2.9) is fulfilled. We
will come back to this below and assume it for now in any case. Second, we want that
for linear coordinate functions on T*R3 the bracket determines the commutator even to
next-to-leading order, i.e. we require

el xx? — 2 %!

ih

= {2l 27}y + O(h?). (2.10)

The first condition is equivalent to requiring Bf (f,g) = 0 for all functions f, g, the second
one to demanding

By (z,27) = 0. (2.11)

We remark in parenthesis that the equation (2.10) is implied if the 2! are implemented as
distinguished observables in the sense of [2].



2.2 Monopole star products

Since we found above that the associator of the monopole star product cannot be zero, we
also expand it into a formal power series in A:
oo
A(f.g.h) = Fx(gxh) = (fxg)xh:=Y NA;(f.g,h). (2.12)
j=0
The maps B; and A; are not independent; in fact, A; is determined by the B; with ¢ < j.
It is easy to evaluate the low orders: we always have Ay = 0, because the point-wise
multiplication of phase-space functions is associative. At first order, we have

simply since Bj is bi-differential of order (1,1).
At second order, one finds

A2(f7gah) = fB2(gvh) - BQ(fag)h+ B2(f7gh) - BQ(fgvh)
+Bi1(f, Bi(g; h)) — B1(B1(f, 9), h) - (2.14)

For a non-associative star product, the coefficient Ao, as the first non-zero one in the ex-
pansion (2.12), plays a role similar to the coefficient B; in specifying conditions on the star
product as a quantization of the classical bracket. The totally antisymmetric contribution

A3 (£,91) = 5 (Aa(f,9,1) + As(h, £,9) + Aa(g,h, )
_AQ(fvhag) - AQ(gafv h) - AZ(h7gaf))

to Ag, in view of (2.11), only depends on Bj if it is evaluated on linear functions of the
basic variables 2!: we have

1
A (2!, 27 28 = §J(x1,:z:J,:UK) (2.15)

where J(f,g,h) is the Jacobiator of By, i.e. of the classical bracket {-,-}. In particular,
A, (p1,p2,p3) = 4n*dB for a star product that quantizes a twisted Poisson bivector
obeying (2.2). It is then consistent to assume that As(p1,p2,p3) = A; (p1,p2, p3) is totally
antisymmetric, as written in the basic relation (1.7). The basic relations do not give us
direct statements about A, evaluated on functions not linear in the global coordinates z'.
We will assume that As(f,g,h) can be chosen totally antisymmetric even in this case —
since our aim is to prove that monopole star products cannot be alternative, there would
be nothing to show if this assumption were violated. However, this condition does not
already imply that the star product is alternative, since non-linear functions generically
lead to contributions to A(f, g, h) of higher order in A, which do not directly follow from
simple combinations of the basic relations (1.7).

We summarize our conditions on Ay in

Definition 1. A monopole star product is a non-associative star product * on
C>®(T*R3)[[N]] such that (2.10) holds, its associator to second order in X\ is totally an-
tisymmetric and further obeys the following conditions:



1. Ax(p1,p2,p3) # 0,

2. As(gi, 2!, 2’y =0 foralli=1,2,3 and I,J =1,...,6, and

3. Bl(QiaAQ(pbp?apfi)) =0 fO?” i = 1>273'

where (z1)8_, = (q1, 2,42, p1, P2, p3) are the canonical linear coordinates on T*R3.

2.3 Hochschild cohomology

For an associative algebra A, the space of multilinear maps from A to itself can be equipped
with a coboundary operator d, used in Hochschild cohomology. For a multilinear map
¢: A" — A of n arguments, d¢ is a multilinear function of n + 1 arguments given by

n—1
d¢(a0,a1, ce an) = ap - d)(al, e an) + Z(—I)Jqﬁ(ag, ey GG—1, A Qg 1y Qg2 e e ey an)
Jj=0

+(=1)"¢(ag; ..., an-1) - an . (2.16)

Hochschild cohomology plays an important role in classifying equivalent star products
with respect to a redefinition of higher orders in a A-expansion: if

[e.@]
D(f) = _Di(/)N (2.17)
j=0
with linear differential operators D; starting with Dy = id, for any given star product x a
new product ' can be defined by means of

D(f)* D(g9) = D(f xg). (2.18)

The condition on Dy ensures that D is invertible as a map on formal power series. If
functions in C*° (M) are written as symbols of operators, for instance by a Weyl correspon-
dence, a non-trivial map D changes the factor-ordering choice in the correspondence. To
first order, Bf = By — dD; while dB; = 0; see (2.13). The first Hochschild cohomology
therefore classifies inequivalent choices of B; which cannot be related by a different choice
of factor ordering. For a given bracket {-,-}, all star products quantizing it respect the
condition (2.8), but not necessarily (2.9).

If A is not associative, A, defined just like d for an associative algebra, is not a
coboundary operator: for a linear function ¢: A — A, we have

d¢(ag, al) = qapx ¢(a1) — ¢(a0 * a1) + ¢(a0) * a1 (2.19)

and

d*¢(ag, a1, a2) = A(ag, a1, ¢(az)) + Alao, ¢o(a1), az) + A(d(ao), a1, az) — ¢o(A(ao, a1, az))

(2.20)
with the associator A. Therefore, Hochschild cohomology is not available for non-
associative algebras. However, the coboundary operator d of the classical associative com-
mutative algebra of smooth functions may still be used in constructing non-associative



deformations, as we will do below. For instance, the product in (2.13) refers to -, not
to x. Moreover, we can refer to the standard argument [19] for changing the star product
within its equivalence class to show that the symmetric part in By can always be set to zero
and (2.9) be achieved. Thus, up to operator ordering, we can always assume that B is given
by the classical bracket, even if it is not Poisson, but for example twisted Poisson as here.

3 The main result

Our main result is

Theorem 1. Let x be a monopole star product as defined above, cf. Definition 1. Then
the associator A(f,g,h) = f*(g*h) — (f * g) * h cannot be totally antisymmetric in its
arguments.

We will prove this result by making use of three lemmas:

Lemma 1. Let x be a star product obeying (2.10). If * is flexible at second order, that is
As(f,g,h) = —As(h, g, f), then By is symmetric.

Proof: We evaluate Ay in (2.14) on functions with f = h, writing the result as

A2(fa.g>f) = fBQ(.gaf) _BQ(fag)f+B2(fvgf) _BQ(fgaf>
= —2fB; (f,9) +2B;5 (f,f9) (3.1)

using the antisymmetric part B, (f,g) = %(BQ(f,g) — Bs(g, f)) of By, If As(f,g,h) =
—Aa(h, g, f) holds, As(f, g, f) =0, and we obtain

By (f. f9) =By (f,9). (3.2)

For an antisymmetric bi-differential form, this equation can hold only if the degree is (1, 1).
However, if B, has a contribution of degree (1,1), (2.11) cannot hold. Therefore, B, =0
and Bs is symmetric. O

In particular, the conclusion holds for a monopole star product (2.5). All explicit star
products that have been constructed for monopole systems indeed have a symmetric Bs.
For associative star products, Kontsevich’s formula [20] has the same property. If symmetry
of B; holds at all even orders j, the star product gives rise to a formal deformation of the
twisted Poisson bracket by powers of A2, or a Vey deformation as defined in [1].

Lemma 2. If (2.5) is a star product with symmetric Bo, then the totally anti-symmetric
part of As is equal to zero.

Proof: Using the definition of the associator and the star product, we derive

A3(f7gvh) = dB3(fugah) +BQ(f7 Bl(gv h))
—By(B1(f,9),h) + B1(f, B2(g, h)) — B1(Ba(f,9),h), (3.3)



where d is the coboundary operator of Hochschild cohomology, cf. eq. (2.16). In particular,
dBs(f,g,h) = fBs(g,h) + Bs(f,gh) — hBs(f,g9) — B3(fg,h). The totally anti-symmetric
part A3 of As, defined as in (2.15), is given by

3A3_(f7gv h) = B2_(fa 2B1_(g7 h)) + BQ_(h72B1_(fa g)) + 32_(972B1_(h’7 f)) (3'4)
+By (f,2B5 (9.h)) + By (f,2B5 (9,h)) + By (f,2B5 (9, h))

where, as before, B;(f, g) = % (Bj(f,g) — Bj(g, f)) is the antisymmetric part of B;.3 Since
all terms on the right-hand side of (3.4) contain a B;, By = 0 implies A3 = 0. O
We remark that for the last conclusion it is important that the antisymmetric part of As,
unlike the full Az, does not depend on Bs.

Lemma 3. Let x be a star product such that

O(fvg’hvk) = A2(fag7 Bl(hvk)) - AQ(fa Bl(g7 h)7k) + AQ(Bl(fa g)7h7k)
+BI(A2(gvh7 k)?f) _BI(A2(fag7 h)7k) (3'5)

1s not identically zero. Then the third-order contribution As to the associator is non-zero.

Proof: Again, we use the Hochschild coboundary operator and consider
dA3(f’gv ha k) = fA3(97 ha k;)_A?)(fgv ha k)+A3(f7 gh7 k)_A?)(f?.ga hk)+kA3(fa 9, h’) : (36)

Our goal is to show that dAs is non-zero for algebras with non-zero O, which implies
immediately also that A3 # 0. The Pentagon identity

fxA(g, h k) + A(f,g,h) k= A(f *g,h, k) — A(f,g* h, k) + A(f, g, hx k) (3.7)

for non-associative algebras can be used for a compact proof of this statement. Expanding
it to third order in A, we obtain

fA3(gvh7 k) + Bl(fa AZ(ga h7 k)) + kA3(faga h) + BI(AQ(fug7 h)7k)
= A3(fga hv k) - A3(f7gh7 k) + A3(fvga hk)
+A2(B1(f,9), h, k) — Aa(f, B1(g, h), k) + A2(f, g, B1(h, k)) (3.8)

where we used A1 = 0, cf. eq. (2.13). These terms can be organized to obtain

dA3(f>gvh>k) = A2(fvg>B1(hv k)) - A2(f7Bl(g>h)7k) +A2(B1(fvg)7hvk)
+Bl(A2(gah7k)7f) _Bl(AQ(fagvh)vk)' (39)

Alternatively, one can prove directly that dAg is of this form without invoking the Pen-
tagon identity, as shown in appendix B. The right-hand side of this equation is equal to
O(f,g,h, k). If it is not identically zero, As is non-zero. O

We are now ready to prove our main result:

3See appendix A for a detailed derivation of (3.4).



Proof (of Theorem 1): by Lemmas 1 and 2, a monopole star product has an A3 with zero
totally antisymmetric part. If the star product is alternative, we must then have A3 = 0. If
the obstruction O provided by Lemma 3 is not identically zero, however, it is not possible
that A3 = 0. We now show that O # 0 for a monopole star product, discussing two cases
separately depending on whether the associator (the monopole density) is constant or a
function of the position.

For a constant associator, we may choose f = p1, g = p2, h = p3 and k = ¢g3ps. Using
the twisted Poisson bracket for Bj, all but the first term in O(f, g, h, k) are zero, while
As(f,g,Bi(h,k)) is proportional to the monopole density and therefore non-zero.

If the monopole density is not constant, we specialize O(f, g, h, k) to

O(fvg’ hvg) = AQ(Bl(f’g)7 hvg) - BI(AQ(fvg7 h)’g) : (310)

Since the associator is not constant, it depends on at least one position coordinate, say
q1 without loss of generality. If we then choose f = p2, g = p1 and h = p3 we have

Bl(AQ(fagah)vg) #OWhlle AZ(Bl(fag)vhag) =0. O

The conclusion is independent of the choice of the star product within an equivalence
class, with [4] or [8] as concrete examples, because alternativity is independent of the choice
of the ordering (the “gauge”) [21].

More generally, Lemma 3 gives us an obstruction to alternativity which only depends
on Bj and As, and therefore can be tested for general non-associative star products more
easily than the full associator.

4 Monopole Weyl star product

Two different star products have been proposed recently for the magnetic-monopole system,
one by using the Kontsevich formula [3-7], and one from Weyl products [8]. The former
is known to be non-alternative [17, 18]. Since it satisfies our assumptions, it provides an
explicit example for our general result. We now discuss the star product of [8] in more detail.

Ezample (Weyl star product): The star product of [8] has the first coefficient By(f,g) =
${f.g} with an atisymmetric bracket {f, g} = 311'/0; 8,9 given by an arbitrary bivector
1’7, Tt can therefore be applied to monopole star products. The second coefficient is

Bo(f,9) = — 5 TN (@40 £)(0501.9) — 51170, (9105 )(029) — (00 /) (Drg)
(4.1)
transferred to our notation. It obeys our assumptions. In particular, Bs has no contribution
of bi-differential degree (1,1), and it is symmetric thanks to the antisymmetry of the twisted
Poisson tensor II’Y. Therefore, our conditions on monopole star products are satisfied and
the algebra cannot be alternative. O

In [21, 22], an explicit expression for Bs is given as well. It is therefore possible
to compute Az in specific examples and show that it is not totally antisymmetric. In
particular, for monopole star products, it is not difficult to find functions f(p1, p2,p3) such

that A3(f7f>f)7£0



Lemma 4. Let x be a Weyl star product on C°(T*R3)[[\]] according to [8] which quantizes
a twisted Poisson tensor (2.1), and let f(p1,p2,ps) be a function of the fiber coordinates
of T*R3 such that Op,Op; | = 0 whenever i # j. The third coefficient of the associator of x
then obeys

4
Ag(f, 1, f) _ gl (aqlﬂpzps + 3q21-[p3p1 + (‘)q3ﬂplp2) Z Hpv(l)pd(2)8p0_<3) faﬁq(l)fafza(z)f’
oEZ3
(4.2)

summing over elements of the alternating group As = Z3 of cyclic permutations.

Proof: We have explicitly computed As(f, f, f) for arbitrary f using Cadabra software [23,
24):

o
As(f. f, f) = ;(HLMC?LHNO ONTIPQ Oy f Op f D0o f

~EM o, INC ONTIF? 00 f Op f OprOg f
—2 TIFMTINO 9, T1PQ Op f 00N f 0o f

+IEMTINOGLTIPC 0y f Onp f Dodg f> . (4.3)

For a monopole star product, the bivector II is a function only of the position coordinates
q; via the magnetic field. Therefore, L and N must be position indices for non-zero contri-

butions in the first two terms of (4.3). These terms are then identically zero because each

contains a factor of 9L IINVC, which is zero for a bivector of the form (2.1).

In the third term, only L is required to be a position index, while M, N, O, P, and @)

are momentum indices if f depends only on momenta. The components II“M then equal

M since they contain one position and one momentum index. The remaining terms

in (4.3) yield

3
5 As(f £, 1) = =210, 1179 0y £ 8,08 f 00 f + 03,1172 0y f O, O f D00 f
+04, IV 0y f 8,50 f 000 f )
HITVO (95, TTVC 0y, f OnOu f 0000 f + 0g,TIV? Oy, f ONOU f D00 f
+0g, 119 8y, f OOy f 0000 f)

We collect terms with the same factor of 9,, 11!/ from derivatives of the bivector. Such
a contribution with 9, IT*7 is of the form

YO (=20, T1V9 0y f 8, On f 00q f + 0, T1V9 9y, f OnOu f D000 f)
_ qNo (9p, f (—aqlﬂplQaplaNf + 0y, TTP?P 9Ny, |+ O, TIPSO ONOps f)
_28102 facn szQ amaNf - 28193 fath Hng 8p1 aNf) 808Qf )

arranging by factors of first-order derivatives d,, f. By our assumptions on f, the index N

,10,



is determined in all terms for non-zero contributions and we obtain
(00, f (~T7200, M Q2 £+ 11200, 11722 52, | + 11720, 179 92, f)
20, [TIC0, 11722 92, f — 20, ST 00,1172 62, f) ) Do f
= (0, f (-I17€0, TIMC02 f + 117209, T1720 92 f + TIPC 9, TI7C 92 f)
O

—20,, fTIP'O0,, 11720 92 f — 20, fTIP*C0, TIPC 92 £)0p f)

setting O = @ in the last step, again by our assumptions on f. We now go through all
remaining choices of the only free index O. All contributions to terms containing g, P ©
cancel out. We arrive at

28p1 fIIP2P3 3q1 [1P2Ps3 8?,2 fazg f_28p2 fIIP1P3 8(11 [1P2Ps3 812;1 fazs f_28p3 fIIP1P2 aql [IP3P2 812)1 f@é f

_ P2P3 Do (1)Po(2 2 2
=20q, 117200 Y TPowPe@d, o fO | FOF  f-
oEZ3

Bringing back contributions with the remaining 9, 11’7, we have (4.2). O

For specific choices of f obeying the condition stated in the Lemma, we can compute
As(f, f, f) more explicitly. The first parenthesis in (4.2) is half the Jacobiator of the
bivector, which is non-zero for a monopole star product. The sum over cyclic permutations
depends on the specific f.

Ezample: Let 11 be a bivector as stated in the conditions on a monopole star product.

1. Let f = [p|? = p? + p3 + p3. We have
o o 2 2 — o o
Z [P P (2)apa(3)fapa(1)fapo(2)f =8 Z [P P @ Po(3) -

o€Z3 0E€Z3

With a bivector as implied by (1.5),
2 2 2y _ 92, .
As(Ipl, pl%, ) = S-i(p - B) divB. (4.4)

For a monopole star product, divB # 0, and p - B is generically non-zero for a
charged particle with momentum p moving in the magnetic field B. Therefore, a
monopole star product obtained from a Weyl star product cannot be alternative to
third order in A.

2. Another example in which (4.2) can be used is f = ei®P1 4 gio2p2 4 cia®ps for
(a1, a9, a3) € R3, a family of bounded functions. The sum over cyclic permutations
then equals

[IP2ps  [[Psp1

D P 2 2 2.2 2 11P1p2
o(1)Po(2 —q
Z 1P (1)Po( >8pa(3)f8pg(1) fapo(z)f—zal%ag o +

) e (P1+p2+ps)
oEZ3

aq a2
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For a bivector as in (1.5), we have

A3<eip1 4 P2 61-11037 ePL 4 o2 6ip3a ePL  eiP2 eips) (4'5)
1 2 3
— _éa%a%agei(alm+02P2+a3p3) i + i + i divB .
3 a1 (6] Qa3
For any non-zero B, there is a triple (a1, o, a3) such that B'/ay + B%/as + B3/as
is not identically zero. Therefore, every magnetic field with non-zero divergence
gives rise to an f with As(f, f, f) # 0.

The Lemma implies non-alternativity of monopole star products obtained from a Weyl
star product quantizing (2.1), but this already follows from Theorem 1. Having explicit
examples with As(f, f, f) # 0 implies further results.

A property weaker than alternativity is flexibility, for which, by definition, only anti-
symmetry with respect to the first and third entry is required:

A(fagvh) = _A(hvgaf)' (46)

Flexibility is important for quantum mechanics because it is a necessary and sufficient
condition [25] for the commutator

fo9l=fxg—g*f (4.7)

to be a derivation of the Jordan product

1
fog=5(fxg—gxf). (4.8)
Heisenberg equations of motion
df _ [f, H]
R 4.
dt ih (4.9)
with a Hamiltonian H then obey a product rule of the form
d(fog) df dg
=P L = 4.1
dt at 9T (4.10)

To second order in A, flexibility of the associator follows from (2.14) for any star product
with symmetric Bs. However, as with alternativity, this fact does not guarantee that
flexibility is realized at higher orders.

Another condition weaker than alternativity is power-associativity: a power-associative
algebra is defined as an algebra 4 such that the subalgebra generated by any single element
a € A is associative. For any positive integer n, the n-th power a” is then uniquely
defined even though the algebra product may be non-associative. For Weyl star products
of monopole systems, we have

Theorem 2. A Weyl star product which quantizes (2.1) with divB # 0 cannot be flexible
or power associative.

— 12 —



Proof: Since there is an f such that As(f, f, f) # 0, the associator cannot be antisymmetric
in its first and last arguments. Moreover, we have fx (fxf)— (f*f)*f = As(f, f, /N3 +
O(\*) and the subalgebra generated by f cannot be associative. O

5 Conclusions

We have shown that, under rather weak conditions, star products that quantize the phase
space of a charged particle in the presence of a magnetic monopole density cannot be
alternative. More generally, we have provided obstructions for a non-associative star prod-
uct with symmetric Bs being alternative. By the non-associative Gelfand-Naimark theo-
rem [26], this result, together with the fact that the algebra is unital, implies that there is
no norm that would turn the quantum algebra into a C*-algebra, even if the algebra can be
restricted to bounded functions; see (4.5). This version of our result strengthens the usual
statement that non-associative systems cannot be quantized in the standard way by repre-
senting observables on a Hilbert space. One way to circumvent the use of Hilbert spaces in
associative systems is to take an algebraic view point and define quantum states as posi-
tive linear functionals on the C*-algebra of bounded observables; see for instance [27]. For
non-associative systems of the kind studied here, this route must be generalized because
the star-product algebra cannot be turned into a C*-algebra. One can still use positive
linear functionals, but only on a *-algebra.

Non-alternativity rules out the use of octonions as realizations of observable algebras
of the relevant physical systems. Recently, in [28], octonions have been used to realize the
relations (1.5) and (1.7) for linear functions of the momentum components. An extension
to non-linear functions would encounter the same obstructions found here for star products,
and a purely octonionic construction would no longer suffice.
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A Details on a derivation

Starting from (3.3), and using all its cyclic permutations, we can write the fully anti-
symmetric part of As as

6A45(f,9,h)" = Ba(f, Bi(g, h)) — B2(B1(f,9), h) + Ba(h, B1(f, g))
—Ba(Bi(h, f)g) + Ba(g, Bi(h, f)) — B2(Bi(g, h), f)
—Ba(f, Bi(h, 9)) + B2(B1(f, h),g9) — Ba(g, B1(f, h))
+B2(Bi(g, f): h) — Ba(h, Bi(g, f)) + B2(Bi(h, 9), f) + (B1 > B2) .

(A1)
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Using the definition of the anti-symmetric parts of the B;, we have
6A3(f>gv h)_ = 2B2_(f7 Bl(gv h)) + 2B2_(h7 Bl(fag)) + 2B2_(ga Bl(h7 f)) (A2)

Finally, using the fact that the B; are linear in their arguments, we obtain the required
form for the fully anti-symmetric part of A3 as in (3.4).

B Proof of lemma without Pentagon identity

To begin with, let us write the third-order associator as before:

A3(f7gvh> = dB3(fagah') +BQ(f7 Bl(Q? h))
—By(B1(f,9),h) + B1(f, B2(g, h)) — B1(Ba(f,9),h), (B.1)

where dB,, = fB,(g,h) + Bn(f,gh) — hB,(f,9) — Bn(fg,h). If we apply the Hochschild
coboundary operator to As, the first term in (B.1) should give zero because d? = 0. (Again,
when applied to coefficients in an A-expansion of a non-assocative star product, only the
associative multiplication of smooth functions is used in the definition of d.) However, for
completeness we will explicitly show this. The part in dAs(f, g, h, k) involving contributions
only from the Bs terms has the form

Using the definition of dB,, for n = 3 gives

f<g Bs(h,k) + Bs(g, hk) — k Bs(g, h) — Bs(gh, k‘))

~(aBath )+ Ba(fou1b) ~ kB f.1) ~ Balfah, )
(1 Batan ) + Batr.ahb) £ Ba(f.gh) ~ BulFah. ) )
(1 Bala. k) + Ba(F.gh) — 1k Bal1.9) — Bat g,

Tk <f By(g.h) + Bs(f.gh) — h Ba(f,g) — Bs(fa. h)) |

Upon a close inspection of this expression, we see that there is a counterterm for each term,
and thus it is zero. We are left with the action of the coboundary operator on the last four
terms in (B.1). Concentrating, for now, on its action on the B terms, using the generic
definition of dB,, for n = 2, we obtain a part in dAs(f, g, h, k) that is of the form:

—f(32(9731(h, k)) — Ba(Bi(g, h),k)>
BZ(fgaBl(h’k))+B2(Bl(fgv )7 )
+Ba(f, Bi(gh, k)) — B2(B1(f, gh), k)
—Ba(f, Bi(g, hk)) + B2(B1(f, g), hk)

+k(32 £, Bu(g, ) — Ba(Bi(f. g>,h>) | (B.3)

— 14 —



Using the Leibniz property of By, and removing terms that identically cancel out, we are
left with

—f Ba(g, B1(h, k)) — f B2(B1(g,h), k) — B2(fg, B1(h, k))
+Ba(fBi(g,h), k) + Ba(f,9B1(h, k)) — Ba(hB1(f, 9), k)
—Ba(f,kBi(g,h)) + B2(B1(f, 9), hk) + k Ba(f, B1(g,h)) — k B2(B1(f,9), h) -

This expression can be cast into a more succinct form in terms of dAs, by adding and
subracting a few terms as follows:

dBa(f, 9, Bi(h,k)) — dBa(f, Bi(g, h), k) + dB2(B1(f, g), h, k) (B.4)
+B1(h, k)Ba(f,g) — Ba(h, k)B1(f, g) -

The action of the differential on the B terms in (B.1) gives an expression similar to (B.3),
with the roles of By and Bs exchanged. Again upon using the Leibniz property of B and
cancelling terms, we have the contribution to dAs as

—f B1(B2(g, h), k) — g B1(f, Ba(h, k)) + B1(B2(fg, h), k) + Bi(f, B2(gh, k))
—B1(Ba(f, gh), k) — Bi(f, B2(g, hk)) + h B1(B2(f, 9), k) + k B1(f, B2(g, h)) -

Using anti-symmetry and linearity in either of the arguments of Bj, and again adding and
subtracting a few terms, we introduce dBs as

Bi(dBa(g, h, k), f) — B1(dBa(f, g, h), k) — Ba(f, 9)Bi(h, k) + Ba(h,k)Bi(f,g). (B.5)
As the final result, (B.4) and (B.5) give

dAS(f7gvh7 k) = dBZ(fvgaBl(h7 k)) - dB?(fa Bl(g7 h)7k) +dBQ(Bl(f7 g)vh’ k)
"‘Bl(dBZ(g?h:k):f) _Bl(dB2(fvg7h)7k)' (BG)

To get the same result as in (3.9), which was obtained using the Pentagon identity, we
just use the definition of dBs in terms of the second-order associator as dBa(f,g,h) =
Ao(f,g,h)—Bi(f,Bi(g,h))+B1(Bi(f,g),h), and use the linearity of B in its first argument
in the last two terms.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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