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1 Introduction and conclusions

The traditional order parameters for the phases of four dimensional gauge theories are the
Wilson [1] and 't Hooft [2] operators. In recent years, the construction of nonlocal surface
operators [3], which insert probe strings, have enlarged the space of order parameters
of gauge theories. Indeed, surface operators can distinguish phases which are otherwise
indistinguishable using the Wilson-"t Hooft criteria [4].

A surface operator can be defined either by specifying a codimension-two singularity
for the elementary fields or by coupling a two dimensional field theory to the bulk four
dimensional one [3]. The couplings between bulk and defect degrees of freedom can result
in rich dynamics for the combined system, arising from the synergy of two dimensional and
four dimensional strong coupling dynamics. For a sample of early references on surface
operators see [5-12].

Surface operators also play a fundamental role in the six dimensional N' = (2,0)
supersymmetric field theory living on the worldvolume of a collection of Ny coincident and
flat Mb5-branes. A class of surface operators in this theory are labeled by a representation
R of An;—1 and admit an M-theory realization as a collection of M2-branes ending on the
M5-branes along the domain of support of the surface operator.

In this paper we give a microscopic two dimensional gauge theory description of all
such surface operators when the M5-branes wrap a punctured Riemann surface C' [13].

This realizes a surface operator in a four dimensional N' = 2 gauge theory.

C
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The surface operator associated to a collection of M2-branes labeled by a representation
R of An,—1 corresponds to the following two dimensional N = (2,2) gauge theory
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coupled to the bulk theory. A cubic superpotential couples each adjoint chiral multiplet to
the neighboring bifundamental chiral multiplets. The FI parameters associated to U(N;)
for j < n vanish. The ranks N; encode the representation R whose Young diagram

n
1

: |
LI m (1.2)
No—N1
— anl_Nn72
Nn_Nn—l

has n columns with N,, — N,,_1 > N,,_1 — Nyy_g > --- > Ny — N; > N; > 0 boxes.!

Advances in the computation of supersymmetric partition functions of four dimensional
N = 2 gauge theories on the squashed four-sphere Sgl [14, 15] have resulted in exact
formulas for the expectation value of Wilson [14] and 't Hooft operators [16] as functions
of the gauge couplings and masses of the hypermultiplets. The gauge theory computation
of the expectation value of surface operators supported on a squashed S? C S{f are not
yet available. However, recent results in the exact computation of the two-sphere partition
function of N = (2, 2) supersymmetric field theories [17-20], when suitably coupled to those
in [14, 15], provide a concrete avenue of investigation of the expectation value of half-BPS
surface operators in four dimensional N' = 2 theories on S{} using Feynman path integrals.

For the four dimensional ' = 2 theories obtained by wrapping M5-branes on punctured
Riemann surfaces, also known as class S theories [13], the Sj partition function in [14, 15]
admits an elegant representation [21] (see also [22]) in terms of two dimensional Toda CFT
correlation functions. In the correspondence between four dimensional N/ = 2 theories and
Toda CFT, the expectation value of Wilson and 't Hooft operators on Sgl are realized as
Toda CFT correlators in the presence of loops operators and topological webs [23-25] (see
also [26-28]). Degenerate vertex operators in Ay,—1 Toda CFT are conjectured to realize
the insertion of a supersymmetric surface operator [23] (see also [18, 29-32]).

In this paper we identify the two dimensional N = (2,2) gauge theory that realizes
an arbitrary degenerate operator in Toda CFT, which in turn corresponds to an arbi-
trary M2-brane configuration ending on wrapped M5-branes.? A degenerate operator with
Toda momentum a = —bS2, where 2 is the highest weight vector of a representation R(£2)
of An, -1, corresponds to the quiver gauge theory (1.1). The complexified FI/theta param-
eter associated to the U(N,,) gauge group encodes the position of the degenerate puncture

!The highest weight of R is Q = 2;21 WN;-N;_, in terms of the fundamental weights wx of An,—1.

2 Another class of surface operators can be realized by M5-branes, and are labeled by a partition p of Ny.
It was conjectured in [33] that the instanton partition function of four dimensional N'= 2 SU(N;) SYM in
the presence of such an M5-defect labeled by p is the norm of a Whittaker vector in the W-algebra W,. Some
checks of this conjecture and generalizations have appeared in [34-41]. We propose that the surface operator

associated to an M5-defect labeled by p, with Ny = K1 + - - - 4+ K,,, corresponds to coupling the bulk /' = 2

N,
superconformal field theory to the two dimensional N' = (2,2) gauge theory
¥

with N; = Ki + --- + Kj: vacua of this theory yield a monodromy for the 4d gauge field, which breaks
SU(Ny) to S[U(K1) x -+ x U(Ky)]. Surface operators labeled by a Young diagram have appeared in [42].



(the other FI parameters must vanish in this correspondence). The surface operator is
supported on an S? C S invariant under the U(1) x U(1) isometries of S;.3

The quiver gauge theory (1.1) can be used to construct a surface operator in any four
dimensional N = 2 gauge theory that contains an SU(Ny) x SU(Ny) x U(1) flavour or gauge
symmetry group. This is the flavour symmetry of the chiral multiplets charged only under
the U(V,) gauge group factor in (1.1). A surface operator is constructed by identifying
the common SU(Ny) x SU(Ny) x U(1) symmetry groups of the four dimensional and two
dimensional theories.

The simplest four dimensional N' = 2 class S theory in which we can include a surface
defect is the theory of Nf2 hypermultiplets. This theory is realized by wrapping Ny M5-
branes on a trinion with two full and one simple puncture. We explicitly show that the
partition function of this theory in the presence of the surface operator labeled by a repre-
sentation R () is given by the Toda four-point function* obtained by adding to the trinion

a degenerate field with momentum o = —b$2
e (S 1.3
s2cs : (1.3)
b O ®

The two dimensional quiver gauge theory (1.1) is coupled to the four dimensional field
theory by (weakly) gauging the SU(Ny) x SU(Ny) x U(1) flavour symmetry associated to
the trinion. The coupling can also be described by a cubic superpotential between the bulk
hypermultiplets and the fundamental and antifundamental chiral multiplets on the defect.
The combined 4d/2d quiver diagram describing the insertion of the surface operator in this
four dimensional theory is

(1.4)

This construction can be enriched by allowing one (or both) of the SU(Ny) flavour
symmetry groups of (1.1) to be coupled to one (or two) SU(Ny) gauge group factors of a
four dimensional theory. An interesting theory where such surface operators can be inserted
is four dimensional N' = 2 superconformal SQCD. The SQCD quiver description

3Degenerate operators with momentum o = —Q/b correspond to the same quiver gauge theory but
now supported on the other U(1) x U(1) invariant S* C S;. The most general degenerate momentum
a = —bQ) — Q' /b corresponds to the insertion of the associated surface operators on both $’s, but with a
non-trivial coupling at their intersection points, namely the poles of Sg.

4The four point function in (1.3) contains full @), simple o, and degenerate X punctures.



makes an U(Nf)2 flavour symmetry manifest. Both sides of the quiver represent a hyper-
multiplet transforming in the bifundamental representation of the SU(NNy) gauge group and
a U(Ny) flavour group. The two dimensional gauge theory (1.1) can now be coupled to
SQCD by identifying the two dimensional flavour symmetry with the U(Ny) flavour sym-
metry of either of these hypermultiplets and the SU(NNy) gauge group. The two resulting
surface operators in SQCD are realized by the following 4d/2d quiver diagrams (we intro-
duce the hybrid node (] to denote a four dimensional gauge group which gauges a two
dimensional flavour symmetry):

The correspondence we propose between these surface operators and Toda CFT cor-
relators predicts a duality between the two coupled 4d/2d theories in (1.6), since SU(Ny)
SQCD is the theory on Ny Mb5-branes wrapping a sphere with two full and two simple punc-
tures. The weakly coupled regime of SQCD corresponds to a pants decomposition where
the two simple punctures belong to distinct trinions, which are joined by a thin tube. In
this framework, coupling the two dimensional theory (1.1) to either of the two hypermul-
tiplets in SQCD correspond to inserting a degenerate operator with momentum o = —b{2
in either trinion. The partition functions of the two surface operators in SQCD are thus
both realized as the same five-point function of two full, two simple, and an additional
degenerate puncture:

(1.7)

In this language, the two 4d/2d quiver diagrams (1.6) correspond to two different degen-
eration limits of the five-point function. It is important to note that this “node-hopping”
duality of the 4d/2d theory is distinct from the usual S-duality of four dimensional ' = 2
SQCD. The node-hopping duality was first observed in the superconformal index of some
4d/2d theories in [42], whose 4d/2d quiver notation we have borrowed. The superconformal
index with surface operators has been considered in [43-46].

More generally, the surface operator (1.1) can be inserted in an arbitrary class S
theory whenever the corresponding Riemann surface has at least one simple puncture.’

SInserting multiple degenerate punctures near distinct simple punctures corresponds to including mul-
tiple surface operators built using distinct SU(Ny) x SU(Ny) x U(1) groups of the four dimensional the-
ory. In a pants decomposition where the degenerate punctures are all inserted near the same simple
puncture, the surface operator describes a single two dimensional gauge theory coupled through a given
SU(Ny) x SU(Ny) x U(1) symmetry group.



The generalized S-duality symmetry groupoid of a class S theory, which is realized as the
Moore-Seiberg groupoid of the punctured Riemann surface, is enriched in the presence of
surface operators. The addition of a degenerate puncture to the Riemann surface allows
for further pants decomposition of the enriched Riemann surface, and thereby more duality
transformations, that go beyond the dualities of the purely four dimensional theory. The
node-hopping duality (1.6) provides an example of a new duality of the 4d/2d system.

In the second part of the paper we “geometrize” dualities of two dimensional ' = (2, 2)
quiver gauge theories in terms of symmetries of Toda CFT correlation functions. The quiver
gauge theories we consider are

PR
’
\

Py

where an adjoint chiral multiplet can be added to any gauge group factor. Each adjoint

PN
\
1

chiral multiplet is coupled to the neighboring bifundamental chiral multiplets through a
cubic superpotential, while nodes without an adjoint chiral multiplet have a quartic super-
potential for the neighboring bifundamental chiral multiplets. Finally, the N; fundamental
and antifundamental chiral multiplets have no superpotential coupling.

We show that surface operators obtained by coupling these two dimensional gauge
theories (1.8) to class S theories have a Toda CFT realization. The quiver with n gauge
nodes corresponds to the insertion of n degenerate fields labeled by either symmetric or
antisymmetric representations of An,—;. The n complexified FI parameters encode the po-
sition of the n degenerate punctures. We now build the representations labeling degenerate
punctures recursively from the matter content of (1.8). If the U(N,,) factor has an adjoint
chiral multiplet, then the representation carried by the n-th puncture is of symmetric type,
and otherwise of antisymmetric type. Then sequentially for each gauge group factor U(N;)
from j = n—1 to 1, the j-th puncture is labeled by a representation of the same type as the
(7 +1)-th puncture if there is an adjoint chiral multiplet, and otherwise by a representation
of the other type. The Young diagram labeling the j-th puncture has N; — N;_; boxes for
1 < j < n, where Ny = 0. See table 1 for useful special cases and figure 1 for a concrete
example. The sphere partition function of the surface operator inserted by (1.8) in the
trinion theory of free hypermultiplets is the Toda CFT correlator

We also identify the gauge theory corresponding to multiple degenerate punctures labeled
by arbitrary representations of Ay, 1.

We consider several dualities in two dimensional ' = (2,2) theories, realized as sym-
metries of the corresponding Toda CFT degenerate operators. As described below (see also
table 2), some dualities correspond to the crossing symmetry exchanging two degenerate
operators, while others correspond to conjugating all Toda CFT momenta, under which



2d Gauge theory Field content Representation Equation

SQED Ny 1) Ny Fundamental (2.19) p. 17

SQCD @ Antisymmetric (2.51) p

SQCDA ‘ Symmetric (2.88) p. 33
with W =3", G Xlq .——8—~. Two symmetrics (2.106) p. 37
with W = Tr X!*+! @ Quasi-rectangular ~ (2.111) p. 38

H U(N;) quiver Nels ‘@ ' Antisymmetrics (2.114) p. 41

with some adjoints @ and symmetrics

:@ Arbitrary (2.146) p. 48

H U( ) quiver

Table 1. Correspondence between surface operators defined by N' = (2,2) gauge theories and
degenerate vertex operators labeled by representations of A, 1. The positions of degenerate
operators are controlled by a combination £ of FI and theta parameters for each gauge group U(N),
which differs from z = e=27¢+? by a sign: (—1)"/ if the group has an adjoint chiral multiplet and

otherwise (—1)"™*N =1 where n; is the number of fundamental chiral multiplets for that group.

The U(Ny) X -+ x U(Ny) linear quiver given below has adjoint chiral multiplets for
U(N1) and U(Ny), hence two cubic superpotential terms coupling these to neighbor-
ing bifundamental multiplets. It also has two quartic superpotential terms coupling
bifundamentals charged under U(Nz), and those charged under U(N3). The partition
function of the surface operator inserted by coupling the theory to Nf2 hypermultiplets is
captured by a Toda CFT correlator with two full punctures at 0 and oo, one simple at 1
and four degenerate punctures at x4 = 24, 3 = 2423, To = 242329, 1 = £423%2%1, where
5y = (_1)]\73+Nfz47 39 = (_1)N2+N4+N3_1237 29 = (_1)N1+N3+N2—122’ 3 = (—1)N2Z1.

The degenerate punctures are labelled by the (N4 — N3)-th symmetric, the (N3 — Na)-th
antisymmetric, the (No — N7)-th symmetric, and the Ni-th symmetric representations,
depicted by cartoons of their Young diagrams. Whenever two neighboring punctures
have a different type of representation the corresponding gauge theory node has no
adjoint, while neighbors of the same type yield an adjoint. The end node U(Ny) is

special and has an adjoint because the first puncture is symmetric.

Figure 1. Example of how multiple Toda CFT degenerate punctures map to a quiver gauge theory.

the fundamental weights of Ay, transform as (W) =w N;—N- We also establish these
dualities through explicit evaluation of the exact two-sphere partition function [17, 18] of
dual theories. This completes the dictionary between symmetries of Toda CF'T correlators
and dualities of 4d/2d gauge theories (see table 3).



Duality Quiver Dual parameters Toda symmetry
Seiberg - © NP = Ny —N, 2D = (—l)ﬁfz, Conjugation p. 51
D—1- q, mP = —m (—wa)C = —bwyp
ik =S, =N, 2P =271, Crossing p. 56
(2, 1ke D_qmP=m simple — degenerate
=INy - N . .
Kutasov— D _( 1)Nf—ﬁfz Conjugation p- 59
Schwimmer b (=Nbhy)¢ = —NPbhy
q l+1 —(q, M- =-—m
Quiver 2 NDJD = Nf 1;— Njy1—N; Crossing p- 63
: i j T % FiEL T FjEEL WN;—Nj_1 7 WN;11—N;
Quiver :@ NJD =jN; — N; Vj Conjugation p. 66
. c _
P=1-q,mP”=-m WN;~N;-1 = WNP-NP |

Table 2. Dualities of N' = (2,2) quiver gauge theories realized as symmetries in the Toda CFT.
Chiral multiplets are denoted by ¢; (fundamentals), ¢; (antifundamentals), and X (adjoint). Each
has a twisted mass m and an R-charge q. FI and theta parameters combine into z = e~ 27¢+1?
for each gauge group U(N); denoting ny and n, the numbers of fundamental and of adjoint chiral
multiplets, we also define 2 = (—1)™+(a=D(N=1) 5 For Seiberg and Kutasov-Schwimmer dualities,
the magnetic theory contains extra free chiral multiplets whose charges are identical to those of

mesons in the electric theory. We assume ]AV; < Ny.

. o ol ¢ 2d Seiberg duality [17]: our section 3.1
! - Kutasov-Schwimmer: our section 3.2
2d Seiberg and (2,2)* dualities

for quivers [48]: our section 3.3

Toda CFT move — Gauge theory duality
il o :\,}:,: — 4d generalized S-duality [13]; [21]
\“:f“’ i o Jr “1"’ — 4d/2d node-hopping [42]
: Sy 2d flop transition [47]; [18]
Y <~ ¥ —
<~

!

Table 3. The effect of a few Toda CFT moves on the corresponding 4d/2d gauge theory. Besides
the symmetry under changing trinion decomposition, Toda CFT correlators are also invariant under
conjugation of all momenta. Full punctures are drawn as solid lines, simple punctures as dashed
lines, and degenerate punctures as dotted lines. References are to papers describing the gauge
theory duality and to papers giving its relation to Toda CFT.

The detailed description of the rest of the paper follows. Section 2 is devoted to
the correspondence between surface operators labeled by two dimensional quiver gauge
theories and Toda CFT degenerate operators. We derive the identification by coupling



the two dimensional theories to the trinion theory of free hypermultiplets, as this choice
of a free four dimensional theory lets us concentrate on the two dimensional theories. The
S? c Sgl partition function of these surface operators corresponds to Toda CFT correlators
involving one simple, two full, and additional degenerate operators.

After describing our gauge theory setup, and recalling explicit expressions for the
Sg and S? contributions, we proceed to expand S? partition functions in various limits and
compare them with Toda CFT results. First, we review the case of SQED in some detail in
section 2.1: this U(1) gauge theory corresponds to the insertion of the simplest Toda CFT
degenerate vertex operator, labeled by the fundamental representation of A Ny—1 [18]. Then,
we move on to U(N) SQCD in section 2.2, which corresponds to inserting a degenerate
operator labeled by an antisymmetric representation of Ay, 1. Using new braiding matrices
derived in appendix A.3, we prove that the Toda CFT correlator and the partition function
of the 4d/2d theory are equal. We then describe in section 2.2.3 how one can decouple
some free hypermultiplets from the four dimensional theory and chiral multiplets from
the two dimensional theory: the procedure translates to a collision limit where two Toda
CFT vertex operators combine into an irregular puncture (see also appendix A.6). In
section 2.3, we add adjoint matter to SQCD to get SQCDA, and find that it corresponds to a
degenerate operator labeled by a symmetric representation. We then consider SQCDA with
different superpotentials in section 2.3.3 and give their Toda CFT interpretation. Finally,
in section 2.4, we show that the previous results arise as special cases of surface operators
described by the quivers (1.8), which correspond to the insertion of several (symmetric and
antisymmetric) degenerate operators. We briefly discuss a brane diagram interpretation of
the dictionary. By fusing representations, we deduce in section 2.4.2 which surface operator
corresponds to an arbitrary degenerate operator. All cases are summarized in table 1.

Section 3 describes dualities of two dimensional N' = (2,2) gauge theories which can
be obtained as manifest Toda CFT symmetries. The dualities relate the IR limits of these
theories, and we probe them by comparing S? partition functions of proposed duals. The
contribution of free hypermultiplets to the partition function of the 4d/2d theory plays
little role. We find several Seiberg-like dualities (generalizing the duality found by Hori
and Tong [49]) relating theories with similar matter content but different gauge groups (see
table 2). The dualities are most clearly seen through the matching with the Toda CFT,
but we also show directly in appendix B that the S? partition functions of dual theories
are equal.’

We start in section 3.1 with the two dimensional analogue of Seiberg duality [50], be-
tween N = (2,2) U(N) SQCD with Ny flavours, and U(Ny — N) SQCD with Ny flavours.
The corresponding Toda CFT correlators are simply related by conjugating all momenta.
This operation provides us with the precise map of parameters: NP = Ny — N, 2P =
(=1)Nrz, and mP = i/2 — m for the complexified twisted masses of every chiral multi-
plet.” In addition to fundamental and antifundamental chiral multiplets, the U(Ny — N)

5This was shown previously for SQCD with N; fundamental and N} < Ny — 2 antifundamental chiral
multiplets [17], and generalized very recently to arbitrary j\fvf in [48]. Our proofs follow the same logic but
also apply to theories with an adjoint chiral multiplet and a superpotential.

"By coupling the flavour symmetry to a constant background vector multiplet, chiral multiplets can be
given twisted masses and R-charges, which combine into a complex parameter m for each chiral multiplet.



theory involves a free chiral multiplet transforming in the bifundamental representation
of the flavour symmetry group S[U(N¢) x U(Ny)]. These free chiral multiplets couple to
the charged multiplets through a cubic superpotential, which must have total R-charge 2
(complexified twisted mass i) to be supersymmetric. As was also observed recently in [48],
the theories differ by a shift in the FI parameter associated to the U(1) flavour symmetry.
In section 3.1.2, we deduce Seiberg duality relations between theories with Ny fundamental
and ]Tf} < Ny antifundamental chiral multiplets (with 2P = (—1)]@ z). For this, we let some
of the twisted masses of antifundamental multiplets go to infinity and take into account
the renormalization of the FI parameter: this limit precisely corresponds to merging the
Toda CFT operators inserted at co and 1 into an irregular puncture [51].

We then move on in section 3.2 to dualities of U(N) SQCDA, which has fundamental,
antifundamental, and adjoint chiral multiplets. Without further restriction, the theory
features no duality. We find two choices of superpotentials for which the theory has a dual
description: both dualities appear to be new in two dimensional N' = (2,2) theories.

In section 3.2.1, we consider SQCDA with the superpotential

Ny

WuZE:@XH%, (1.10)
t=1

described by a choice of Ny integers I; > 0, where ¢;, ¢; and X are the fundamental,
antifundamental, and adjoint chiral multiplets. The theory is a simple generalization of
N = (2,2)* SQCD.® The constraint on R-charges due to the superpotential translates to
a very natural constraint in the Toda CFT language. Namely, the momentum labeling the
simple puncture gets fine-tuned to become a degenerate operator, labeled by a symmetric
representation of Ay,—1. The crossing symmetry exchanging these two degenerate vertex
operators thus provides us with a duality between two dimensional SQCDA theories with
the superpotential (1.10). The U(NP) dual theory features the same chiral multiplets
and superpotential as the U(N) theory, with identical complexified twisted masses, NP =
Sl — N, and 2P =271,
In section 3.2.2, we consider SQCDA with the superpotential

W =Tr X! (1.11)

for some integer [ > 0, where X is the adjoint chiral multiplet. We find a direct analogue
of the four dimensional Kutasov-Schwimmer duality [52, 53]. It turns out that given the
superpotential constraint, conjugation maps the (symmetric) degenerate operator describ-
ing U(N) SQCDA to the degenerate operator describing U(N?) SQCDA. The dual gauge
theory has NP = INy — N, 2P =z, m? =mx — my, ’fthD =mx — my, and mg =mx. As
in four dimensions [52, 53], the dual theory features | additional free chiral multiplets in
the bifundamental representation of S[U(Ny) x U(NN)], which correspond to mesons of the
electric theory. As for SQCD, the limit where twisted masses of some chiral multiplets are

SN = (2,2)* SQCD is the mass deformation of the N = (4,4) theory of a U(N) vector multiplet
coupled to Ny fundamental hypermultiplets. Its cubic superpotential W = 3~, ;X ¢: corresponds to taking
all lt =1.



very large yields similar dualities between theories with a different number of fundamental
and antifundamental chiral multiplets.

Lastly, we describe dualities of quiver gauge theories in section 3.3. We consider the
U(N1) x --- x U(N,) quiver theories (1.8) which correspond in the Toda CFT to the
insertion of n degenerate vertex operators. Dualities of another type of N' = (2,2) quiver
gauge theories were considered recently in [48].

In section 3.3.1 we apply Seiberg duality or the N' = (2,2)* duality (depending on the
presence or absence of an adjoint chiral multiplet) to gauge group factors U(N;) with j < n.
We show that the duality translates to the exchange of degenerate punctures numbered
j and j 4+ 1 in the Toda CFT. Each permutation of the n degenerate punctures is thus
realized as a combination of such Seiberg and N = (2,2)* dualities.

Based on this geometric realization of dualities for j < n, we construct in section 3.3.2
the full set of dual theories obtained through Seiberg and N = (2,2)* dualities acting
on any gauge group. We find no Toda CFT description of the duality acting on U(N,,),
except when all degenerate vertex operators are labeled by antisymmetric representations
of An,—1. Then, conjugating all Toda CFT momenta yields a different set of degenerate
operators of the same type, and it turns out that the corresponding dual gauge theories
are related by a sequence of Seiberg and N' = (2,2)* dualities on all nodes. A particular
case is the quiver (1.1) which corresponds to a single degenerate vertex operator labeled
by an arbitrary representation R: applying the same sequence of Seiberg and N = (2,2)*
dualities corresponds to conjugating R and all Toda CFT momenta. This result concludes
the description of dualities of two dimensional N' = (2, 2) gauge theories which correspond
to manifest symmetries of the Toda CFT.

Many new Toda CFT results are presented in appendix A. We describe notations and
the normalization of vertex operators (appendix A.1), compare one-loop determinants and
three-point functions (appendix A.2), work out new braiding matrices (appendix A.3), give
new fusion rules (appendix A.4), deduce new conformal blocks from the correspondence
(appendix A.5), and collide vertex operators to build irregular punctures of the Wy, algebra
(appendix A.6). Finally, appendix B features analytic proofs that vortex partition of dual
theories are equal, for Seiberg duality (appendix B.1), and for dualities of SQCD with an
adjoint (appendix B.2).

2 Surface operators as Toda degenerate operators

In this section, we consider half-BPS surface operators obtained by coupling two dimen-
sional N' = (2,2) gauge theories to four dimensional N/ = 2 theories of class S. We enrich
the dictionary between class S theories and Riemann surfaces by identifying surface oper-
ators which correspond to the insertion of arbitrary degenerate punctures.

To make the two dimensional features most visible, we restrict ourselves to surface
operators in the simplest class S theory, which is the theory on N; M5-branes wrapping a
sphere with two full and one simple puncture, namely the theory of Nf2 free hypermulti-
plets ®*4. The M-theory description makes an SU(N;) x SU(Ny) x U(1) flavour symmetry
manifest, and the hypermultiplets transform in the trifundamental representation of this
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group. All two dimensional theories we study contain /Ny fundamental chiral multiplets ¢
and Ny antifundamental chiral multiplets ¢ of a U(IN) gauge group factor. The 4d/2d cou-
pling takes the form of a superpotential term st Qs (<I>§7§1|2d) in two dimensions, which
identifies the flavour symmetries S[U(Ny) x U(Ny)] of these chiral multiplets? and of the
hypermultiplets. To write the superpotential term explicitly, the four dimensional N' = 2
hypermultiplets should be decomposed into two dimensional ' = (2,2) components. Cou-
pling the common flavour group to a constant background vector multiplet then gives
twisted masses to the two dimensional chiral multiplets and masses to the four dimensional
hypermultiplets, related by (2.17).
For definiteness, we place the four dimensional theory on a squashed sphere Sgl
xj)_l_ z3 + 23 N x3 + 23
02 02

=1 (2.1)

where b = ¢ /@, and we place surface operators at x3 = x4 = 0, hence on the squashed
two-sphere!?

r Iz
The full partition function of the 4d/2d theory is then the product

=1. (2.2)

ZS2CS£1 = Zg;?eZSQ (23)

of the partition functions of the free hypermultiplets on S [15] and of the two dimensional
gauge theory on the squashed two-sphere [17-19]. The two factors do not dependent on r,
but only on the equatorial radii ¢ and /.

The Sgl partition function of a single free hypermultiplet of mass m only depends on

the dimensionless mass'! m = vV £/ m. It reads [15]'?
Ze(m) = = (2.4)
Sb

TS+ 4 —im)
The Sgl partition function of the four dimensional theory is the product of Nf2 such in-
verses of Upsilon functions. The complexified masses mg of the Nf2 hypermultiplets in this
class S theory arise from coupling to a background vector multiplet the S[U(Ny) x U(Ny)]
flavour subgroup which is made manifest in the description as M5-branes wrapping a trin-
ion. With such masses, the Sgl partition function is then equal to a Toda CFT correlator
with one simple and two full punctures. Inserting one or more degenerate punctures in the
correlator corresponds to including the associated surface operator in the theory of Nf2 hy-
permultiplets: for given degenerate punctures, we will find the gauge theory description of

9The full flavour symmetry of the two dimensional quiver gauge theories we consider also contains a
U(1) factor, under which adjoint chiral multiplets have charge £2 and bifundamental chiral multiplets have
charge F1.

OTnserting the surface operators at ¢; = 2 = 0 instead would exchange ¢ < ?: we would find degenerate
operators with momenta f%Q instead of —bS), where 2 is a highest weight of Afol.
"1n our correspondence m also has an imaginary part, which is linked to the U(1) R-charges of the two
dimensional chiral multiplets.
1

'?The sign of m is irrelevant since the Upsilon function (A.9) obeys T(b+ ; —z) = T ().
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the associated surface operator by comparing the enriched Toda CFT correlator with the
partition function of the 4d/2d theory on S? C Sj.

The second contribution to the partition function of the S? C Sg‘ system is the partition
function of the two dimensional theory. We recall now the data defining an N' = (2,2) the-
ory of vector and chiral multiplets, and expressions for its partition function on S?. Besides
the gauge group G (throughout the paper, G = U(NN) or a product of such factors) and
the representation R of G in which matter multiplets transform, the S? partition function
depends on a (real) twisted mass m and a U(1) R-charge q for each chiral multiplet, that
is, for each irreducible factor in R. Those are conveniently combined as the dimensionless
complexified twisted mass

where / is the equatorial radius of the squashed S2. Furthermore, for each U(1) factor of G,
an FI parameter ¢ and a theta angle 9 can be turned on. It will be practical to consider

the complex combination
z = e 2mEHY (2.6)

for each U(1) gauge group factor. Unless stated otherwise, the parameters m and z are
generic. We also assume that R-charges are small and positive, 0 < Re(—2im) < 1, and
otherwise define the partition function by analytic continuation.

For a choice of supercharge Q in the supersymmetry algebra, and of a Q-exact defor-
mation term QV such that Q?V = 0, supersymmetric localization reduces the partition
function to an integral over saddle points of QV. When QV is chosen appropriately, in
particular with a positive semidefinite bosonic part, the integral is finite dimensional and
more tractable than the original path integral.

One choice of deformation term leads to an expression of the partition function as an

integral over the Coulomb branch [17, 18] ([54, 55] corrected a sign):'3

- 5 s (20 D

Beby, a>0 wER 2

2

(2.7)
Here, W is the order of the Weyl group of G, the sum is restricted to GNO quantized
fluxes B € b, and the integral over the lowest component ¢ of the vector multiplet ranges
in the Cartan algebra h of G. The vector multiplet one-loop determinant is a product over
all positive roots « of G, and the chiral multiplet one-loop determinant, a product over all
weights w of R, involves the complexified twisted mass w - m of the irreducible factor of R
containing w.'* When G = U(Ny) x --- x U(N,,), the classical contribution is

n Tr iai—&-& Tr io‘i—& n . .

Za(0,B,2,2) =[] |2 (it )zi ()] _ | a2 (2.8)
i=1 =1

and it is invariant under any ¢; — ¢; + 27 since B; are N; x N; (diagonal) matrices of

integers. The vector multiplet sign simply shifts ¢; — ¥; + (N; — 1)7.

130ur normalization differs by (2)%™" from [18] as this will simplify the expression of dualities.
YRoots and weights are linear forms on b, and we use the notation ao = a(o) € R.
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A different choice of deformation term [17, 18] localizes the path integral to the Higgs
branch of the theory rather than its Coulomb branch, yielding a finite sum

Z = Z (zZ)W res H(iaa) H y(—w(im + i0)) | Zy(v,m, 2) Zz(v, m, 2) (2.9)

ve{Higgs vacua} a weR

which includes a vortex contribution Z, depending holomorphically on z and an antivortex
contribution depending on z. Here, v(z) = %, and factors other than Z, and Z; are
obtained as the residue at ¢ = v and B = 0 of the Coulomb branch integrand. Higgs branch
vacua are defined as having non-zero vevs for the lowest component ¢ of some chiral fields.
They are labeled by solutions (o, ) of the D-term equation ¢¢! = & and of (o +m)¢ = 0,
where o and m act on ¢ through the action of G' and of the flavour symmetry group Gy.
The set of values of o for which the D-term equation has a solution depends on signs of
the FI parameters &; for each U(1) factor in G: each choice of signs leads to a different
expansion (2.9). Even after solving these equations, one must in principle evaluate Z, as
the volume of a moduli space of vortices. However, the Coulomb branch representation
provides a convenient short-cut: closing the do integrals (2.7) towards 0 — +ico depending
on the matter content and on signs of FI parameters expresses the partition function as
a sum over poles, which is then rewritten as a finite sum of factorized terms (2.9). The
manipulations are most easily done on specific examples, as we will see, but work for an
arbitrary gauge group and matter representation (see [18, appendix F]).

In the coming sections we associate a two dimensional N' = (2,2) gauge theory, hence
a surface operator, to each choice of representation R(£2) of A N;—1- We work out equalities
of the form

(62)
ZSQCS;)1

= A1 = 2 (Vo (00) Vi (1) Vi (0)V -, 7) ) (2.10)
between the partition function on S? C Sgl of the 4d/2d system associated to a given
representation R(2) and Toda CFT correlators with two full punctures at 0 and oo, one
simple at 1, and one degenerate.'® The position x of the degenerate puncture is related to
a complexified FI parameter z. The two dimensional theories we consider involve Ny fun-
damental and Ny antifundamental chiral multiplets of a gauge group factor U(N,), whose
twisted masses we denote by m; and mq.

Let us first explain how the factor A|z|*"°|1 — z|*"

can be absorbed into the partition
function (specifically the S? contribution). In the coming sections it will be easier to
manipulate explicit expressions of partition functions and correlators, hence we will keep

the factor explicitly, with the understanding that it has no physical content. In terms of

5Toda CFT notations are reviewed in appendix A.1. Vertex operators V., are labeled by their momen-
tum «, a linear combination of the weights hs (1 < s < Ny) of the fundamental representation of An,—1.
They are primary operators for the Wy, chiral algebra. Generic momenta depend on Ny — 1 parameters
and label full punctures. Semi-degenerate vertex operators, with momentum sch (or its conjugate —schn, ),
have null descendants under Wy, and label simple punctures. Degenerate vertex operators have momentum
—bQ — Q' /b for a pair of highest weights Q and Q' of representations of Anp-1.
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gauge theory data, it turns out that we can split

Ny

Ny

o Nn . o Nn . .« ~

Yo = (82, 0) — N, 1My, Y1 =77(€,0) + N, g (imy +imy) , (2.11)
I = )

and A = A°(Q,b) b= 2Nn 2 (imetime) swhere A°, 48 and A9 depend only on b and Q. The
factor decomposes as

Ala?0[1 = 2™ = [4°]a8]1 = af7] [Ja] 20/ ] {llb;Nfﬁjv”} Fmemay
(2.12)
and can be absorbed in the partition function through three different mechanisms. Firstly,
the two-sphere partition function is subject to certain ambiguities [19] (see also [56]). These
are captured by local supergravity counterterms [57]. A change in the renormalization

scheme changes the partition function by

Z = f()f(2)Z, (2.13)

where f is a holomorphic function of the complexified FI parameter z. This lets us absorb
the first factor in (2.12) as a renormalization ambiguity of Zg2 - si- Secondly, a constant

U(1) gauge transformation lets us shift the partition function by any power of |z|2 =
|22 hence absorb the second factor in (2.12). Finally, the third factor can be absorbed
through a complexified FI parameter zg = b>N2™r /(1 — 2)2¥» for the U(1) subgroup of the
flavour group S{U(Ny) x U(NNy)] which acts on the fundamental and antifundamental chiral
multiplets. Indeed, such an FI parameter multiplies the partition function by (zgZg)"",
where g is the bottom component of the background vector multiplet coupled to the U(1)
flavour symmetry, that is, og = >, (m; + my)/(2Ny).

We are now ready to discuss how we will derive equalities of the form (2.10), or more
generally for a set of highest weights €; of An,_1:

Q; 5 S N o _
Zégé}sg = <Vaw(OO)Vm(1)Vao(0) T V-, (25, ij)> (2.14)
j=1

where g and ., are generic, m is semi-degenerate, and we have omitted the factors which
can be absorbed into the partition function. The dictionary between gauge theory and
Toda CFT data identifies the momenta g, ao, and m to the three factors of the flavour
symmetry group SU(Ny) x SU(N¢) x U(1) acting on fundamental and antifundamental
chiral multiplets:

Ny

1
aO:Q—gZimshs, m = (+ Nb)hy,
5;: N (2.15)
1. - 1 . .
aoo—Q—bszllmshs, %—bszl(l—i—lms—i—lms),
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with Toda CFT notations given in appendix A.1. The degenerate operators encode the
choice of gauge groups and matter content of the gauge theory.

As explained below, we will start in each case by matching the dependence of the
S? partition function on FI parameters zj with the dependence of Toda CFT correlators
on the position of degenerate operators x;. Once this is done, there remains a universal
relative factor between the S? partition function and the Toda CFT correlator, which turns
out to be a Toda CFT three-point function of two generic and one semi-degenerate vertex

operautors16

Ny Ny

Cl(ag, oo, 3h1) : (2.16)
sl_[ltl_II F(1+img + imy))

These Upsilon functions are precisely reproduced by the S;} partition function (2.4) of
Nf2 free hypermultiplets with (dimensionless) masses

11— b2 1(
st =1 - 7
st % b

mg + my) . (2.17)

The dimensionful masses (ZE)_Tlmst and twisted masses ¢~ 'mg and ¢~!m; both originate
from coupling the common flavour symmetry group SU(Ny) x SU(Ny) x U(1) to a back-
ground vector multiplet, and indeed, the relation between dimensionful masses has no

relative factor of b: B
ms + My o i

Mgt
Mt e 1 2.1
[\/[fzﬁgg]JF / 7 (2.18)

The masses mg can also be found by requiring that the two dimensional superpotential

Zsi 31qsP%4|2q is supersymmetric hence has R-charge 2 (complexified twisted mass i).
From this perspective, the shift in the four dimensional masses likely arises from mixing
the U(1)g symmetry with geometrical symmetries.

In section 2.1 and section 2.2, we identify degenerate vertex operators labeled by the
fundamental (resp. antisymmetric) representation of Ay, 1 to SQED (resp. SQCD). The
Toda CFT correlator is a four-point function which depends on a single cross-ratio z,
while the two dimensional theory has a single U(1) gauge group factor hence a single

—2m¢+Y - We prove as follows that the Toda correlator is

complexified FI parameter z = e
equal to the S? C S{} partition function. First, we write the Higgs branch expressions of
the S? partition function in the regions ¢ > 0 and & < 0, that is, [2| < 1 and |z| > 1.
The two expressions match with expansions of the Toda CFT correlator in the s-channel
|z| < 1 and u-channel |z| > 1 as described in table 4: the Higgs branch vacua correspond to
choices of internal momenta and we match the leading powers of |z|* = |#|?. On the gauge
theory side, the exponents of ]2]2 are read from the classical contribution, while on the

Toda CFT side the exponents of |z|* are sums of dimensions of vertex operators. We then

16Note the shift between sch; in the three-point function (2.16) and % in the (n43)-point function (2.14).
The insertion of degenerate operators near a simple puncture thus shifts the dictionary between the semi-
degenerate momentum of the puncture and the corresponding hypermultiplet mass. As a result, the node-
hopping duality relates surface operators in four dimensional theories which differ by shifts in complexified
masses of hypermultiplets.
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Gauge theory Toda CFT

Terms in the sum Higgs vacua Internal momenta
Asymptotics at 0 Classical contribution (22)V  (zz)2(@0—bh)=A(a0)=A(-bw)
Leading coefficient One-loop determinant Zq; Three-point functions

Holomorphic series  Vortex partition function Z, Conformal blocks (normalized)

Table 4. Relation between parts of the Higgs branch decomposition of the $? partition function,
and the s-channel decomposition of corresponding Toda CFT correlators. Explicit expressions differ
by Alz|*°|1 — #|*"", an ambiguity in Z.

derive the braiding matrices which relate s-channel and u-channel conformal blocks and
show that they are equal to the corresponding gauge theory data. These braiding matrices
let us express the monodromy around oo as a matrix in the basis of s-channel conformal
blocks (the monodromy around 0 is diagonal in this basis). Finally, we prove that the
S? partition function has only one branch point besides z = 0 and z = oo, and identify
gauge theory exponents with those in the t-channel  — 1 of the Toda correlator. Therefore
the monodromy matrix around 1 is simply the inverse product of the monodromies around
0 and oco. Since their monodromy matrices around all three branch points coincide, the
S? partition function and Toda CFT four-point function must be equal up to a factor with
no monodromy. Since in expansions around 0, 1 and oo the exponents match, the factor has
no pole on the sphere hence is a constant: it is precisely given by the S{} contribution (2.16)
of Nf2 hypermultiplets.

When the FI parameter £ is changed continuously from £ < 0 to £ > 0, the two dimen-
sional gauge theory experiences a flop transition between vortices carried by fundamental
matter and vortices carried by antifundamental matter. The flop transition is realized
in the Toda CFT as crossing symmetry from the s-channel to the u-channel [18]. This
geometric approach implies that the results for £ < 0 and £ > 0 are related by analytic
continuation. There is no Higgs branch expansion as ¢ — 0: instead, we build a decom-
position of the Coulomb branch integral in this limit. It would be interesting to provide a
gauge theory interpretation of this “t-channel” decomposition, and of the braiding matrices
relating & > 0 and £ < 0 vortex partition functions.

In section 2.3, we identify degenerate vertex operators labeled by symmetric repre-
sentations of Ay,—1 to SQCD with an additional adjoint chiral multiplet (SQCDA). The
discussion is very similar to the previous cases, but braiding matrices are not available.!”
Instead, we check that the leading coefficients and powers of ]x|2 coincide, both in the
s-channel and in the u-channel. We then check that the S? partition function has a branch
point corresponding to the t-channel, and that the leading powers of |1 — £L'|2 coincide. As
before, the Toda CFT four-point function is equal to the S? partition function up to a
constant, which is the Sg‘ partition function of Nf2 free hypermultiplets.

17Tt is technically difficult to write down braiding matrices in this case. On the gauge theory side, the
Mellin-Barnes integral (used for SQED and SQCD to interpolate between |z| < 1 expansions) is much more
involved. On the Toda CF'T side, recursion relations for the braiding matrices contain many more terms
than for the antisymmetric case.
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In section 2.4 we identify the quiver gauge theory which corresponds to sets of de-
generate operators labeled by symmetric or antisymmetric representations of Ay, 1. The
identification is checked by comparing the expansion of the S? C S;f partition function and
of the Toda CF'T correlator in various limits. Seiberg-like dualities let us probe further lim-
its: as seen in section 3.3.1, permutations of the n degenerate vertex operators relate dual
gauge theories. First, we equate exponents and leading coefficients in the channel where
degenerate punctures are at 0 < |z1]| < --- < |x,| < 1. Thanks to dualities, exponents and
leading coefficients also match for all other orderings of the n degenerate punctures. By
symmetry, the gauge theory and Toda CFT exponents and leading coefficients also match
in all channels with 1 < |zi|,...,|zn| < co. In each of the 2(N!) channels the decom-
positions involve many exponents and factors, and all match. We then equate exponents
which appear in any of the limits x,, — 1 or z; — xj41, hence also in the limits z; — 1 or
xj — xy, thanks to dualities.

Building upon the identification of the quiver which corresponds to the insertion of
any number of antisymmetric degenerate vertex operators, we show in section 2.4.2 that
bringing all punctures x; = = to the same position yields a degenerate vertex operator
labeled by an arbitrary representation of Ay,—1: all other terms in the fusion of antisym-
metric degenerate vertex operators appear with higher powers of some |z; — xk|2 hence
are suppressed. This determines the quiver gauge theory corresponding to an arbitrary
degenerate vertex operator XA/_bQ.

The surface operators we consider are constructed by coupling Ny fundamental and
Ny antifundamental chiral multiplets of an N = (2,2) theory to Nf2 hypermultiplets. Mak-
ing some antifundamental chiral multiplets and some hypermultiplets massive yields surface
operators described by N = (2,2) theories with Ny fundamental and ]AV} < Ny antifunda-
mental chiral multiplets, coupled to Nf]AV;c free hypermultiplets. The limit corresponds to
a collision limit of the punctures Vj;, and V,_ in (2.14), which builds an irregular punc-
ture (see appendix A.6 and for Ny = 2 see [51]). We only study this limit for SQCD (see
section 2.2.3), but the discussion applies to all our surface operators.

2.1 SQED and Toda fundamental degenerate

We review in this section the case of N = (2, 2) SQED on S?, namely a U(1) vector multiplet
coupled to Ny fundamental and Ny antifundamental chiral multiplets, whose twisted masses
(plus R-charges) we denote by m, and m, for 1 < s < N;. It was shown [18] that the
S? partition function of SQED matches an A N;—1 Toda CFT four-point function, up to a
constant. We find that the constant factor reproduces the S{f partition function of Nf2 free
hypermultiplets with masses (2.17), hence the Toda correlator in fact captures the partition
function of the surface operator inserted in this free four dimensional theory. The precise

relation is'®
2880 i, 2, 2) = Ala |1 = 2P (Vo (00) V() Voo (0, 8) Vg (0)) - (2:19)

18 As explained below (2.10), the factor A|z|*™|1 — z|*™* can be absorbed into the partition function. To

compare gauge theory and Toda CFT results it is best to keep the factor explicitly.
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The Toda CFT correlator (see appendix A.l for conventions) features a degenerate field
17_1,;“ inserted at x = (—1)™ 2z and labeled by the fundamental representation R(hi) of
AN; -1, a semi-degenerate field XA/m at 1, and two generic fields XA/QO and YA/%O. Momenta are
related to twisted masses through

Ny
1
aO:Q—gZimshs, = (s + b)hy,
s=1
) N ) N (2.20)
aw:Q—BZimshs, %:52(1+ims+im3),
s=1 s=1
and the exponents and coefficient are
Ny
1 Ny —1
Yo=—— imy— L ——2+1), (2.21)
f s=1
Ny
Ny —1 1 . L
Y= - '];V b2 + F 2(1771/5 + lms) 5 (222)
I f s=1
A — be(1+b2)—b2—2b% ) (223)

Permuting the my, or the mg, does not affect the partition function. This is reproduced
in the Toda CFT by the invariance of XA/aO and ‘A/aoo under Weyl transformations (the
normalization is chosen to cancel reflection amplitudes). The similarity between g and ae
is also expected, as swapping them and changing z to its inverse amounts in gauge theory
to charge conjugation, which swaps mg and ms, and changes z to its inverse. Under this
transformation, Zg2 is invariant, while the Toda correlator receives a small shift controlled
by the dimension A(—bh;) of the degenerate insertion: this shift is absorbed by the factor
]a:\27°|1 _ 37|271.

In [18], the equality was shown directly thanks to known expressions [58] for the
Wi, conformal block involved. The approach does not generalize, because conformal blocks
with higher degenerate insertions were not previously known.'” Instead, we prove the corre-
spondence for SQED (treated here) and SQCD (see section 2.2) by comparing monodromy
matrices around branch points. In the main text, we find expansions around all branch
points and compare leading terms, as this is enough to fix uniquely the dictionary between
gauge theory and Toda CFT parameters. In appendix A.3 we derive the braiding matrices
relating s-channel and u-channel expansions of the Toda CFT correlator, and their gauge
theory analogues. The braiding matrices match. From this we deduce the matching of
monodromy matrices around all branch points, expressed in a single basis, and not only
of their eigenvalues compared in the main text. These results suffice to prove that the
partition function and the correlator are equal.

To prepare for the somewhat technical computations ahead, we first go through the
various steps here in the well-controlled case of SQED and Toda CFT fundamental degen-
erate fields. The expansions near z = 0 and z = oo follow [18] closely, while the expansion
near z = (—1)™ is new. All three play an important role in later sections.

19WWe derive such explicit conformal blocks from our matchings in appendix A.5.
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2.1.1 Expanding the SQED partition function

The Coulomb branch expression for the partition function of SQED is

N, . . .~ .
ZSQED Z / do Lot B o B ]__f[ I'(—imgs —io — %) I'(—ims +io + g) (2.24)
o o [ PA +ims +io — BYT(1+im, —ioc+ 2)

As we will see shortly, the contour of integration for ¢ can be closed in the lower or upper
half plane depending on whether |z| < 1, leading to distinct expressions of Z as a sum over
poles lying in either half plane. We will match the resulting expressions with the s-channel
and u-channel decompositions of the Toda CFT four-point correlator.

To find out which half-plane the contour should enclose, we study the asymptotic be-
havior of the integrand. First, rewrite the ratios of Gamma functions so that the numerator
and denominator have no common poles,

r(—v+ 2 r =
Llovy) 252 = (-1)7%" Tlvt 5) |B)| (2.25)
Fl+v=£3) F(l14+v+3 )’
and absorb the resulting sign (—1)™? by introducing
r=(-DNz,  z=(-1)Yz. (2.26)

Thanks to 11:%512)) ~ v% % valid when |v| — oo away from the negative real axis, the

integrand is

N .
Lo+ B zio— 8 l_fl I'(=ims —io + ‘Bl) [(—if, + io + |B|)

2
1 F(1+ims+10+|B|) I'(1+ims — 10+|B|)

(2.27)

N; ~
5 B2 —Zsil(l—f—ims—kims)
~ 1a+ —1a 2<O'2+4>

as lioc + 2| — oo,
As long as we keep o € R on the integration contour, the factor AT FF s simply
a phase. If |z| = |z| < 1, this factor decays exponentially towards ¢ — —ioco, hence the
contour of integration can be closed in this half-plane. On the other hand, for |z| = |z| > 1,
the integrand decays exponentially in the ¢ — ico half-plane.
The integrand (2.27) has poles whenever one of —im, —ioc + @ or —imy, +io + | s
a non-positive integer, that is, at
|B] ~ _ 1B

o=—im,+k+— or im,— 5

5 (2.28)

for a fundamental or antifundamental flavour 1 < p < Ny and an integer k£ > 0. Since
R-charges are positive, —im,, has a positive real part and im, a negative real part, hence
the poles of the fundamental multiplets’ one-loop determinants lie in the half-plane towards
o — —ioo, while the other half plane contains those of antifundamental multiplets.
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Let us focus on the case |z| = |z| < 1. We then sum residues of the integrand of (2.24)
over poles (2.28) where io has a positive real part. This yields

Ny
7 = Z Z Z {Zimp+k+“3';321mp+k+32‘3

p=1 k>0 BEZ (2'29)

N
where the singular factor I'(—k —

. k4 BLEE |B|+B . .
residue (—1)*" "2~ /T(1 + k + =,°=). Note that k and B appear as the combinations

kT =k+ |B|iB only, and that the sums over £ > 0 and B € Z are equivalent to sums over
kT >0 and k > 0. Hence,

T (—imy + imy, — k — BEE) - T(—ifm, —im, + k + BEE)
1+lms imy + k + ZEE) D (1 4 i + imy, — k — 222

|B|T+B) appearing for s = p should be replaced by its

Ny

7 — Z Z (22) lmpzk+ ke H I: (—ims + imy, — k‘+) L(—ims — imy, + k‘+>

s I'(1+ims —im, + k=) I'(1 +img +imy — k™)
(2.30)
with the same caveat as above, namely, I'(—k*) — (=1)¥" /I(1 + k™). Since each Gamma
function argument depends on only one of k™ and k™, the contribution from each flavour p

factorizes as the product of two series in (positive) powers of z and of z. We extract from
the series a normalization factor (the value at k* = 0), by writing the Gamma functions

in terms of Pochhammer symbols (a),, = F%LL(Z?) and of y(x) = %,
D(—ims +im, —k*) (=1 y(=ims + imy) (2.31)
L(14ims —imp + k=) (1 +ims — imp)pr (1 +ims — imyp)j- ‘
We deduce the partition function for |z| = |z| < 1 in terms of “s-channel” vortex

partition functions

Ny .
;. Z { im, Loy 7(7ms  1my) f<s>(m,r%,:c>f<s><m,m,f>}, (2.32)

N, e : D »

[T21 v (1 + img + imy)
(S —17715 - lmp)k —F ((*ifﬁsfimp),lgsng ‘ ) 533
f ) kz>0 51_[1 1+ imyg — imp)p (I4ims—imyp), s#p t)- (2.33)

The f,§s) are hypergeometric functions, related later on to s-channel conformal blocks in

the Toda CFT. Similar computations for |z| = |z| > 1 convert the sum over poles at
ic = im, —- - to a factorized form, related to the u-channel decomposition of a Toda CFT
correlator,

N, N, o~ o~
! {(xf:)iﬁp Hs;fép 7(_lms + lmp) f(u) ~
N, . L~
1 T2y v(1 + ims + i) !

ey
=
3
=
&
I
K
<
T
E
3
D
x>
I

1+ims—imy), s#p

F (—ims—imp), 1<s<Ny
( x

1) . (23)
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The factorized results (2.32) and (2.34) reproduce the general form (2.9)

Z=3 res [ch(a,O,z,Z)Zu(m,a, 0)] Zyp(m, 2) Zs p(m, Z) (2.36)

vacua

obtained when localizing to the Higgs branch of the theory for positive and for negative F1
parameter £, respectively. Indeed, Higgs branch vacua are labeled by solutions of

Ny

S (10 ~ @) = € = - ol (237)

s=1

and (0 +ms)gs = 0 = (0 — ms)gs for all s. For |z| < 1, that is, £ > 0, at least one of
the positively charged fields ¢s is non-zero, thus ¢ = —mg. For |z| > 1, that is, £ < 0,
one of the negatively charged fields is non-zero, and ¢ = ms. One easily checks that
evaluating the classical contribution, and the residue of the one-loop contribution (which
is the integrand of the Coulomb branch representation (2.24)) at those values of o and
at B = 0 yields the relevant factors in (2.32) and (2.34). The hypergeometric functions
flgs) and f,§“) obtained from factorization also match with known vortex and anti-vortex
partition functions (see [17, 18]). For more general theories, factorization always yields
explicit expressions for the vortex partition functions, while earlier methods soon become
intractable.
The s-channel factors in (2.32) also have a Mellin-Barnes integral representation

(=) 7™ [ ()

- ﬁ [m +ims — imp)] /ioo dr I, T(—ifs + #) Fn— ()" (2.38)
L Dimg —imy) [ oo 2708 1Y D (1 4 im, + 5) .

which converges for |arg(—z)| < 7, that is, away from the positive real axis. On the other

hand, the s- and u-channel expansions found above imply that the partition function has

branch points at 0 and oo, but is otherwise smooth away from the unit circle. Hence, the

partition function can only have branch points at x € {0, 1, co}.

We have already given expansions near 0 and oo, so we now focus on powers of |1 — ;1:|2
as ¢ — 1. The Higgs branch localization has no analogue at x = 1, because the FI
parameter { = —5- In|z| vanishes and the manifold of solutions of Zi\ll (|qs\2 - |§5|2) =¢
experiences a flop transition. Instead, we find an explicit decomposition starting from the
Coulomb branch integral.

As z — 1, split the Coulomb branch representation (2.24) into the two regions, |ic +
§| < |In :n|_1. In the first, T3 s given by a convergent series in integer powers of
Inz and In Z thanks to

ic+Z _ (ic + %)’“ k
2ot _27]{:! (Inz)”. (2.39)
k>0

In the second, the product of Gamma functions in the integrand can be approximated
as (2.27) through Stirling’s approximation, and the sum over B can be replaced by a
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continuous integral, leading to a contribution

do (ic+E)Inz (ic—E)nz [ 2 B? > 1 2ipcosf|lnz| —2%
dB%e 2 eV 2 o +T = dppdfe p ==, (2.40)

where ¥ = Zivil(l + img + ims) and we applied the change of variables pe®|Inz| =
(o0 — ig) Inz. Rescaling then p by |Inz|, we find that the contribution behaves as

as * — 1, multiplied by a series in powers of (1 — z) and (1 — z). We thus find

N¢ . L~
Z = —al’G(1 — 2,1 —7) + 1 — ePHELi0rimesiiol g oy _ gy (2.42)

for some series G and H in positive integer powers of 1 —x and 1 — Z. Since the Ny terms
of the Higgs branch expansions around z = 0 and oo are linearly independent, the series
G and H cannot both factorize. When studying the gauge theory analogue of the braiding
matrix relating the s- and u-channel expansions in appendix A.3, we find that H factorizes
as h(1 — z)h(1 — Z), while G is a sum of Ny — 1 such factorized terms, with no preferred
choice of splitting. We can expect the factorization of H because in the limit |ic + g[ — 00

the integrand (2.40) factorizes into functions of ic + g.

2.1.2 Matching parameters for SQED

We wish to equate the expansions of Z obtained so far with an Ay, 1 Toda CFT correlator.
Since the S? partition function has branch points at (—1)Vz € {O, 1, oo}, and factorizes
when expanded around each of those points, the Toda correlator must be a four-point func-
tion with insertions at 0, 1, co, and # = (—1)™ 2. The expansions near branch points have
finitely many terms, hence the operator inserted at x must be a degenerate operator ‘A/,bw
(labeled by the highest weight w of a representation R(w) of An,—1), and the correlator
has the form

~ ~

<17%0(oo) (Vg (2, @)17&0(0)> . (2.43)

The number of internal momenta allowed by the fusion rule for V,bw with a generic operator
is equal to the dimension of R(w), hence R(w) must be the fundamental or antifundamen-
tal representation, to match the number of terms in (2.32) and (2.34). Without loss of
generality (we can at this point conjugate all momenta), we choose the operator XA/_bhl,
where h; is the highest weight of the fundamental representation. The momenta g, m
and as can then be obtained by comparing dimensions of Toda CFT operators with the
powers of ]:B|2 and of |1 — x!2 appearing in the expansions of Z around z = 0, z = 1,
and x = oc.

— 22 —



The s-channel decomposition of the Toda correlator is a sum over internal momenta
ag — bhy labeling W, primary operators:

~ ~

(Vare (00) Vi (V-1 (2,7)Vao (0))

Ny N .
=3 Clae, s, ag — bhy) % FO [m ‘b’“]@cv@ [m ‘bh1]<x>,

— —bh1,000 ¥ ag—bhy oo ag—bhp Qoo QY
(2.44)
where C' denote three-point functions and fo(ls())fbhp(m) are Wy, conformal blocks. Conformal
invariance fixes ]-"O(és())_bhp(:c) = gAeo=bhy)=Ala0)=A=bh1) (1 4 ...) with a series (1+---) in

positive integer powers of x. We compute

Ao — bhy) — Aag) — A(—bhy) = blag — @, hyy) + /i

B> +1). (2.45)
This should be compared with the powers 2" appearing in (2.32). Since the weights hy
sum to zero, Zp<a — @, hp) =0, and we must allow for an overall shift by 27 between the
partition function and the correlator. Power matching then dictates

Ny —1
blog — Q. hy) + —2 5 (6% + 1) 4 o = —imy, (2.46)

up to permutations, from which we deduce o and g given in (2.20) and (2.21). Permuting
the m,, is equivalent to permuting the components of ag — @), a Weyl reflection under which
the primary operator I7a0 is invariant.

Next, the u-channel decomposition is a sum over the internal momenta oo, — bhy.
Conformal invariance fixes F{" _bhp(x) = g (oe)=Alaco—bhp)=A(=bh1)(] ... with a series

Qoo
(1 +--+) in negative integer powers of z. We compute
Ny —1 Ny —

f

Aae) = Alarm —bhy) = A(=bh1) = —blare — Q, hy) + R4+ e 9

which should be compared with 2™~ Once more, we must allow for an overall am-
biguity: besides x7°, the only other factor that can appear is (1 — x)7*, since the Toda
correlator is only singular at 0, 1, and co. This factor does not alter powers at x = 0, and
the power matching at x = oo reads

Ny -1

— blace — Q. hp) + 5

Ny —1 .N
% +1) + fobQ 0+ 71 = iy, (2.48)

up to permutations: this fixes an, and 71 to (2.20) and (2.22).
Third, the expansion of Z near z = 1 involves the leading powers (1 — z)° with

Ny - L
multiplicity Ny —1 and (1 — ) T2 (M) with no multiplicity. On the Toda CFT

side, the exponents that can appear in the t-channel are

Alar = bhy) = Alen) = A(=bh1) +m

Ny
Ny —1 Ny —1 1 _ N (2.49)
= blar — Q, hp) + fT(lﬂ +1)— fNibe i X p}ZI:(lmp + i)
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If a1 were generic, all shifts —bh,, would be allowed by the fusion, but summing the pow-
ers (2.49) for 1 < p < Ny does not yield the similar gauge theory sum —1 + Zgil(l +
im, + imp). Instead, we take a1 = 7 = (3¢ + b)h1 to be a semi-degenerate momentum
(with a shift by b to simplify expressions), so that the fusion rule only allows shifts to
m — bhy and m — bh;. Setting the exponent for a shift m — bha to 0 fixes » to (2.20), and
the second power matches (setting m — bhy to 0 instead would fail to match the second
power). The SU(Ny) x SU(NNy) x U(1) flavour symmetry of the gauge theory is reproduced
by the two generic and one semi-degenerate operators in the correlator, allowing us to pack-
age the twisted masses of fundamental chiral multiplets into g, those of antifundamental
multiplets into a, and the axial mass into m.

Finally, the overall constant A is fixed in appendix A.2 by comparing gauge theory
one-loop determinants and Toda three-point functions: for A given by (2.23),

N, . .
Zfree HS?J;I?FY(Imp B lms)

S N, . L~
" TLZ v (1 +imy, + i)

= AC(voo, (3¢ + b)hy, g — bhy) 9, " (2.50)

—bh1,00

The same relation holds for u-channel constant factors (with an identical value of A), as
we can obtain most readily thanks to the invariance of Z under m, < m, and z < %
(gauge theory charge conjugation) and equivalently of the Toda correlator (up to a shift in
exponents) under ag <> o, and x > %

We have thus fixed how gauge theory and Toda CFT parameters match. One way
to prove the matching is to directly equate gauge theory factors with conformal blocks as
done in [18], but this approach does not generalize. Instead, we show in appendix A.3
that the matrix to change basis from s-channel factors == f,ES) (z) to u-channel factors
is identical to the appropriate braiding matrix in the Toda CFT. Since the eigenvalues
of monodromies around 0 and oo also match up to shifts by the ~; as we just saw, the
monodromy matrices themselves agree. The last monodromy matrix, around = = 1, thus
also matches. Therefore, the partition function and the correlator differ by a factor with
no monodromy. Since the precise exponents match, the relative factor is in fact constant,
and comparing constant coefficients establishes the matching (2.19).

2.2 SQCD and Toda antisymmetric degenerate

We now extend the matching to the case of N' = (2,2) SQCD, that is, a U(N) vector mul-
tiplet coupled to Ny fundamental and NN; antifundamental chiral multiplets, with twisted
masses (plus R-charges) m, and ms. The partition function of the S? surface operator
defined by this theory coupled to Nf2 hypermultiplets with masses (2.17) on S}l is captured
by a Toda CFT four-point function with a degenerate operator V,wa labeled by the N-th
antisymmetric representation of A N;—1- Explicitly, we prove that?"

Z7U(N) SQCD

g AP (m, i, 2, 2) = Al |1 - xy271<x7am(oofm(1)x7,w (z, @)17&0(0)> (2.51)

20 As explained below (2.10), the factor A|z|**°|1 — z|*"* can be absorbed into the partition function. To

compare gauge theory and Toda CFT results it is best to keep the factor explicitly.
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with z = (—=1)V+*¥=12 momenta

Ny
1
aO:Q—EZimshs, m = (% + Nb)hy,
s=1
1 N 1 N (2.52)
OéOO—Q—b;Imshs, %—b;(1+lms+lﬁ’bs),
and coefficients
Ny
N . NNy —N) 5
=__ g — T 1), 2.
Y N ; im 5 b*+1) (2.53)
_ N =N N %(' i) (2.54)
M =- Nf Nf Img + 1mg) , .
s=1
A = pNNp(146*)—N?b?—2Nbse (2.55)

Setting N = 1 in (2.51) reproduces the SQED matching (2.19). We recognize the same
symmetries as SQED. Permuting twisted masses mgs or m, amounts to a Weyl transfor-

mation of ag or as. Gauge theory charge conjugation, which swaps mg <> mgs and z <> %,
1

corresponds to the conformal map (oo, 1,2,0) — (0,1, -,

and = < % in the Toda CFT correlator.

o0), which exchanges ap <> @0

We start the analysis from the Coulomb branch representation

SQCD 1 dNo 1 1Tr(ic+E) _1_1Tr(ic—E)
Y R (e MG R
BezZN

N, _ o _
H[< o Biz Bj)T ﬂ l_f[[ D(—ims —io; — 22)  D(—ifis +io; + 22) } }
. g; — O'j _— : ' = = . ] .
i<j 4 j=1ls=1 F(1+1ms+10'j — 7) F(1+1ms_10j+7])
(2.56)
The partition function can be studied in the same way as that of SQED, by closing the

integration contours towards either half-plane depending on whether |z| < 1, thus obtaining
an s-channel and a u-channel decompositions akin to (2.32) and (2.34). Interestingly, there
is a shortcut, as the SQCD partition function can be expressed as a differential operator
acting on the product of N copies of the SQED partition function:

N
1
SQCD - - SQED ~ _
ZS(QQ = [I | [—(ziazi — 2j0,;) (%07, — zjagj)} | | Z52Q (m,m, zj, Z;) B
i<j j=1 P
(2.57)

Since the differential operator cannot introduce branch points, the SQCD partition function
has the same branch points (—1)V¥ =1z € {0, (—1)", 00} as the SQED partition function,
and we switch to using the coordinate z = (—1)M+N-1z,
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2.2.1 Expanding the SQCD partition function

Using the s-channel decomposition (2.32) of Z5QFP in the above yields a sum over flavours
1 < p1,...,pnv < Ny. The summand factorizes, since both the differential operator and
the terms in Z5QEP are products of a holomorphic and an antiholomorphic parts. The
holomorphic and the antiholomorphic factors are each totally antisymmetric in the pj,
hence reducing the sum to 1 < p; <--- <py < Ny. Explicitly,

N . N Ny —img +1imy,.
7= Y [(m)‘zﬂ”’“’fﬂ gy ot ]))fff,)}(fv)f{(j)}(f)] (2.58)

1<p1<-<py <N =1 T, (1 + i + imy,

where we have canceled [[, ,; v(—imyp, +1imy,;) = [, ;(imy, — imy,)~" and defined

f{(;)}(x) _ |:H lmp +lmp + ;0. T; m] prj T, :| (259)

—im im
1<J Pi + Pj Tj=x

)

Z xzlekj H] 1HS 1 (—img — impj)kj

N N /. . . .
k1,....kn>0 szl k;! Hi;éj(lmpi — 1Mp; — Z) Hg 1 Hsg{p}(l +1ims — lmpj)k'j
(2.60)

a series in positive integer powers of x, with radius of convergence 1, and whose first term
is normalized to be 1. Similarly, the u-channel expansion near x = oo reads

HJ 1 Hs€{p} (=i + imy,)

Z= Y |@m)Eeiy f@ @] (261)

1<p1<--<pN <Ny H] 1 Hs 1 Y(1+img + iﬁl’pj)
where
_N ) N N, . o~
(@) = Z vt [= T2 (=i — iy, )i,
o}/ N . N /.~ s N N, . e
? ki,....kn>0 szl k;! Hi;éj (imy, — Mmp; — ki)kj Hj:l Hsé{p}(l +1img — lmpj)k'j

(2.62)
are series in negative integer powers of x.
The s- and u-channel decompositions above can also be obtained by localizing to the
Higgs branch of the theory, with a positive or a negative FI parameter. In this setting,
they arise as sums over Higgs branch vacua, labeled by solutions (o, ¢s, gs) of

(0 +ms)gs =0 Ny
S s
o (gsaf — qlds) = €id, (2.63)

(—o +ms)3s =0 Szl T

up to gauge transformations. In the region |z| = |z| < 1, that is, £ > 0, the D-term

equation (2.63) can be rewritten as
Ny Ny
> auql = gidy + > alds (2.64)
s=1 s=1
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which is positive definite, hence has full rank N. Therefore, the non-zero vectors g5, which
are eigenvectors of o, span C. The eigenvalues of o are thus completely fixed to be —Mmyp,
for a choice of N distinct flavours p;. On the contrary, for |z| = |z| > 1, that is, £ < 0, the
antifundamental chiral fields g, span C™, and o has eigenvalues my;. The classical and
one-loop contributions derived for each of those vacua is equal to those appearing in (2.58)
and (2.61). More tediously, one checks that the vortex partition functions are indeed given
by fpy () and fip)(x).

Once more, the t-channel is the most troublesome. We know from (2.42) the expansion
of the SQED partition function near x = 1, leading to

where
Ny
v = (1 +imy + i) (2.66)
s=1

The functions G and hh are series in positive integer powers of 1 —z and 1 —Z, and G does
not factorize because the eigenvalue 1 of the monodromy has multiplicity Ny — 1. Plug this
t-channel expansion into (2.57):

ZSQCD(Z7 g) — % [H [—(a;iawi — xjaacj)(i‘ia@ — i‘jajj)
1<J

N
_ 2 —9 - _

H{ — 1= a5) + 1=y h(1 - )R- 3) |
- ;=
= T=1
(2.67)
Among the 2V terms in the product of SQED partition functions, any which contains the
factor |1 — ;> "2h(1 — x;)h(1 — Z;) for two indices i and j is annihilated by 2;0,, — 70y;,
hence does not contribute. The annihilation does not take place when G(1 — z;,1 — z;)
appears twice, as it relies on separating the holomorphic and antiholomorphic parts. Thus,

1+ N terms remain, and we can replace the product by

N
HG — 2y, 1= Z5) + Y |1 —z;[Ph(1 - z5)h(1 HG —xi,1— 7). (2.68)
j=1

i#]

Derivatives acting on G, h and h yield other series in positive integer powers of 1 — x;
and 1 — Z;, hence for the purpose of finding exponents for |1 — :c]Q we only need to keep
track of |1 —z;|*Y"%. At most (N —1) z; derivatives can affect it, hence the SQCD partition
function takes the form

75z ) =G (1 —z,1-2)+ 1 -0 VH (1 —2,1-27), (2.69)

for some series G’ and H'. The two terms correspond to eigenvalues 1 and e2™(0—N) of
the monodromy around x = 1. We find out the multiplicities with which the powers
appear by doing a finer expansion: split G(1 — zj,1 — Z;) = Zf\[:f;l gi(1 —x5)g:(1 — z5)
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non-canonically. Antisymmetry restricts the sum of NfN terms to (11\3), each of which is a
product of N distinct terms of Z5QFP among hh and the g;g;. The exponent for a given
combination is 2(y — N) if hh appears, and 0 otherwise. The multiplicity of |1 —z|® is thus

(N'}V_l), and that of |1 — 33‘2(7_]\[) is (]]\\7;—_11)

2.2.2 Matching parameters for SQCD

We are at last ready to match SQCD and Toda CFT parameters. The partition function
depends on a single parameter x encoded as the position of a puncture, hence we expect a
four-point function on the Toda side. The s-channel and u-channel decompositions involve
(]X{) terms, hence the Toda degenerate operator is labeled by the N-th antisymmetric
representation R(wy) of AN; -1, which has the correct dimension. The highest weight of
this representation is wy = h1+---+hy, and its weights are hy,y = hp, +---+hy ., labeled
by N-element sets 1 < p; <--- <pny < Ny

The s-channel Toda exponents

A(ag = bhyyy) — Aag) — A(=bwn) + 70
N(Nj — N (2.70)
= bZ(ag —Q, hy;) + (]02)(132 +1)+ 7

must be equal to — Zjvzl im,, from gauge theory (up to permutations): this constraint
fixes ag and 7 as given in (2.52) and (2.53). Matching powers in the u-channel,

N
> iy, = Ala) = Alaso — bhyyy) — A(=bwn) + 70 + 71 (2.71)
Jj=1
N
N(Ny — N N(Ny— N
= _bz<aoo - Q?hpj> + (];)(62 + 1) + (;va)bQ +7% +m

Jj=1

fixes aoo and ;.

We finally match powers in the t-channel. From our SQED experience, we expect the
momentum at 1 to be the semi-degenerate m = (3 + Nb)h; (the shift by Nb simplifies
expressions). We compute the exponents

A((5¢ + NbYhy — bhyy) — A((5¢ + Nb)hy) — A(—bwy) + 7
Ny

N _
= (bse+ NV?)(h1, hypy) + | Y (1 + imy + i) + Nb?

Ny | = (2.72)

Mz

+ 1+ (pj—7—1),

J:1

where (h1, hpy) = 1eqpy — N/Ny. Two different sets {p} must reproduce the gauge theory

exponents 0 and —N + Zi\il(l + img + img). One set must contain 1 and the other not,
since the exponents would otherwise only differ by an integer multiple of 1 + b?: this fixes

— 28 —



x =+ Zi\zl(l + img + ims) + n(b+ ) for some integer n. Comparing the coefficients
of Zi\zl(l + ims + imy) selects the positive sign, and also implies that the exponent 0
corresponds to a case where 1 ¢ {p} while the other exponent has 1 € {p'}. Comparing
the coefficients of b? + 1, the Toda CFT and gauge exponents match if

N . Ny — N ,
—=n+> (pj—j—1)=0 and ~ n—|—Z(pj—]—1):—N (2.73)

for the choices of {p} and {p’} corresponding to the two exponents. Since 1 & {p}, p; > j+1
and the first relation implies n < 0. Since p;- > j, the second implies n > 0, and we conclude
that s is given by (2.52), that {p} = [2, N + 1] and that {p'} = [1, N].2! After we show
independently that the partition function and Toda correlator are equal, we deduce that
the fusion of 17_wa with ‘A/%/hl allows the momenta »’h; — bwy and »'hy + bhy — bwy 1.
This is consistent with the case »’ = —kb for which the semi-degenerate insertion becomes
a degenerate field labeled by the k-th antisymmetric representation: the tensor product
of this representation with the N-th antisymmetric splits as a sum of two irreducible
representations of Ay, 1, with highest weights khy +wy and (k — 1)h1 +wn+1. We discuss
such fusion rules further in appendix A.4.

Last, we fix the constant A. We check in appendix A.2 that the one-loop determinant
and the three-point functions appearing in the s-channel decompositions of Z5QCP and of
the Toda correlator match, for A given in (2.55):

Nj . .
S T O .
a2 = AC (e, (= + Nb)h1, 00 — bhiyy )O3 00

free

St TN . .~
b Hsil Hte{p} 7(1 +1my + lmS)

(2.74)

bwy,ap °

Having settled the dictionary above, we know that gauge theory and Toda CFT mon-
odromy matrices around each of 0, 1 and oo have matching eigenvalues. In appendix A.3,
we compute the braiding matrix of V. by and V by combining the fusion of N operators
V. bh, into V. by With the braiding matrices for each individual V. bh, With V The re-
sult agrees with the analogue for SQCD, an antisymmetric combination of the matrix for
SQED, worked out in the same appendix. Therefore, the monodromy matrices around 0
and around oo are equal for SQCD and the Toda CFT. Monodromy matrices around 1
then also match, hence the Toda CFT correlator and gauge theory partition function are
equal up to a factor with no monodromy, which is constant since the precise exponents at
0, 1 and oo match. The constant factors work out, thereby concluding the proof of the
matching (2.51).

2.2.3 Decoupled multiplets and irregular puncture

In this section, we give large twisted masses to Ny — ]/\7\} of the N; antifundamental chiral
multiplets of the SQCD surface operator, hence to Ny(INy — ]A\T;c) of the four dimensional
hypermultiplets. The massive multiplets decouple, and we obtain in this limit (2.76) a
surface operator described by a U(N) vector multiplet, Ny fundamental and JA\T} < Ny

*'Here and later we denote integer intervals by [a,b] = [a,b] N Z
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antifundamental chiral multiplets, coupled to the remaining Nf]/\\f} free hypermultiplets.
On the Toda CFT side of the matching (2.51), the limit amounts to building a Toda
CFT irregular puncture from the collision of two vertex operators. We glve the precise
matching (2.83) in the case Nf = Ny — 1, and claim that further limits for Nf < Ny -2
also lead to well-defined irregular punctures.

In a two dimensional N = (2,2) gauge theory, whenever the total charge @ = )", Q;
of all chiral multiplets under a given U(1) gauge group factor is non-zero (in our case, Q =
Ny — ]f\\f;c > 0), the corresponding FI parameter runs logarithmically, and the theta angle is
shifted. An ultraviolet cutoff can be introduced supersymmetrically by enriching the theory
with a single “spectator” chiral multiplet of large twisted mass®?> A € R and U(1) charge
—@, or with @) antifundamental spectator chiral multiplets of twisted masses A. We take
the latter approach, as the resulting enriched theory is simply SQCD with N; fundamental
and Ny antifundamental chiral multiplets. Each spectator chiral multiplet brings a one-loop

contribution

N . . B;
H I'(—iA +i0j + 7] A—o0 H ( I'(—iA) iA)iaj+Bj/2(iA)i<7ij/2) (2.75)
P +A — oy + 52) T(1+iA)

to the Coulomb branch expression for the enriched theory. The original partition function
is thus a limit of the enriched partition function,

1
Y (—iA)N (N =Np)

Z(m,m,z,z) = Algigo

Zenr (m, {7%7 A}a Zbare zbare)] ) (276)

where the factor v(—iA)™V (Nr=N9) has no physical effect, and the bare parameter zpare
appearing in the enriched theory is related to the renormalized z = zen (at the scale £
given by the equatorial radius of the squashed sphere) via

Zren _ Zren
Zbare — ————————— and Zbhare — —————— . (277)

(—iA)Nr =N (iA)Nr =2

In particular, the FI parameter runs logarithmically, and the theta angle is shifted:

1
—(Ny — Nf) InA and VYren = Fbare + =

- Ny - Np). (2.78)

gren = gbare - 92 (
Since the Coulomb branch representation involves an integral over arbitrarily large values
of o £ ig, our derivation of (2.76) above is not rigorous. However, one can split the
integral into a region !a + i%’ < A and its complement, and check that the contribution
from large o £+ ig becomes negligible as A — oo. It is more convenient to perform such
steps on the Higgs branch decomposition (2.58) of Zg,, near 0. Regardless of the value
of z, the series expansions of vortex partition functions converges for A large enough that
| Zpare| = |2|/A™ =N < 1. Then each term in the series for the enriched theory converges to

the appropriate term for the ]Vf < Ny theory. Since the sum of terms with Zjvzl ki > K

22The dimensionful cutoff is A/¢ in terms of the equatorial radius ¢ of the squashed two-sphere.
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decreases exponentially with K in both series, Zy enr(2bare) — Zv(2). Other factors work
out as for the Coulomb branch representation.

In the limit above, Ny (Ny — ]AV}) of the Nf2 free hypermultiplets on S’gl become infinitely
massive, and the corresponding factors must be removed from the enriched partition func-
tion to retain a finite result. The partition function of the surface operator with ]ﬂ\\f;c < Ny
in a theory of Nf]f\Tf free hypermultiplets of masses (2.17) is thus the limit

N, . . N;—N;
[L2 (1 +ims + M)\ Yy _
[ < 1 (,;)(_iA)N ) ZSQ(C;';},@HT (Zbarea Zbare) . (279)

We now provide a Toda CFT interpretation of the limit for Ny — ﬁf = 1. For sim-
plicity, label antifundamental multiplets of the enriched theory starting with the spectator
multiplet, so that m; = A — oo. Replace the partition function of the enriched defect
in (2.79) by its corresponding Toda CFT four-point function through the matching (2.51).
After a conformal transformation which maps (oo, 1,z/(—iA),0) to (0,z/(—iA), 1, 00),

_ _ _ 5 291, enr
U(N) N . E 2"/0,enr 2A(010) QA( wa)‘l-QA(aoo)-i-QA(m) B i s
Zilgy(52) = Jim | Ao T
N, 1 . . B
[1.2, Y (3 (1 +ims +iA)) /~ ~ ~ r T\~
BT TV Veo(o0)Voton DV T i ) Vo )
(2.80)

with © = (—1)Nf+N*12, and parameters ag, m = (3 + Nb)hi, G, Aenr, Y0,enr a0d Y1 enr
given below (2.51). As A — 00, Y1 ,enr ~ NﬂfiA, thus |1 — z/(—iA) 2o — o(N/Np)(@+2)

In the same limit, the punctures YA/m and Y//\'%o collide, with momenta growing as the
inverse of the distance, keeping a constant sum cy + Nbh; = (3x + Nb)h; + oo given
in (2.84). We study such collision limits in appendix A.6 and define (A.113)

S . N,
Vot Nbhyi—(a /)b (3/0)h1 (0) = Alg%o T (5 + Nb+(Q — co — Nbhy, h1)) ™

€T 2((%+Nb)h1,00—%h1> ~ €T x ~
K’ V(%+Nb)h1 <—1A7 IA) Vco—%hl (O)] :
x~iA/b

(2.81)
The Upsilon functions and gamma functions in (2.80) and (2.81) can be recast in the same
form through the asymptotics (A.11), (A.10), and (1 + iA + a) ~ (1 + iA)A%%. Let
im =+ ZNf ims. Then
L0 = Nf s=1 S )

[A (Q.Q)—2A(co+Nbh1)
. b]

Ny Ny
YA +HIMNY T TGO +iA +imy)) = (1 +iMY T T (3 +iA +im) + (Q — ao, hs))
s=1 s=1

~ (1 +I)NT (1 414 + im)) VA /5] (@) —2A(0)

- T(%(l +iA +im) + bN/Nf)Nf pN+2NiA [A/b]<Q,Q)72A(a0)72Nim+N(NffN)bQ/Nf '
(2.82)
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The last Upsilon functions are precisely those appearing in (2.81). Plugging back
into (2.80), all powers of A and b® cancel, and we can drop the limit.

All in all, the partition function of a surface operator describing a U(NN) vector multi-
plet with /Ny fundamental and ]A\ff = Ny — 1 antifundamental chiral multiplets, coupled to
Ny (Ny —1) hypermultiplets on Sg‘ is equal to a Toda CFT correlator with an antisymmetric

degenerate insertion and a rank 1 irregular puncture:??

U(N),Nf,Nf—l _ <

do A4 Jo o
Z (2,2) = Ala 0™ (Vg (00) Vot (D Ve Nomer 0 (0) ) - (2:83)

s52csy

As before, x = (—=1)M*N=1z The irregular puncture V is defined above and studied in
appendix A.6. The momenta cg, c1, ¢1, and «q are

Ny Ny
1 1 ~
0=Q+; > (1 +img)hy + . > irg(hy — h)
o=t 5= (2.84)
_ 1 Ny
012—%h1, 51=%h1, QOZQ—b;imshm
and the constant A and exponent -y, are’*
A = pN(Np=1)(62+1) 424 (a0) ~2A(co) 7 (2.85)
Ny Ny
~ N(N -1
Yo = A(co) — Aag) — NZims - NZ(I +ims) — (2)b2. (2.86)
s=1 s=2

As we have seen, it is natural from the gauge theory point of view to decouple further
antifundamental chiral multiplets by making them massive. Specifically, from (2.79) we
know that the partition function of a surface operator described by a U(N) vector multiplet
coupled to Ny fundamental and ﬁf = Ny — k < Ny — 2 antifundamental chiral multiplets is

a limit of Zgz(évé)%Nf’Nf_l (z/(—iA)F=1 2/(1A)*~1) with twisted masses mg = -+ = My, = A,
multiplied by some factor. On the Toda CFT side of the matching (2.83), the limit amounts
to taking (cg, hs) ~ iA/b for 2 < s < k and letting ¢; and ¢; decrease as A== Such a
limit does not fit in the framework described in appendix A.6, since the parameter ¢y blows
up. However, translating the gauge theory factors to the Toda CFT and setting N = 0 for

simplicity, we find that the two-point function of a generic vertex operator 17&0 with

k
co)—{(Q, Ni
[’V’m( V@@ HT(@ — co, ) fVCO§—Vh1»Vh1:|y_x/[b(—il\)k1] (2:87)

t=2 cow%(khlfwk)

ZFollowing the argument below (2.10), the factor A|z|*"0e™N/NDE+8) can be absorbed in the $? partition
function. We keep the factor explicitly to compare gauge theory and Toda CFT results.

2Mapping {0, 1,00} to {oo,x,0} gives a closer analogue of the ]/\\]; = Ny matching. This replaces 7o
by the simpler vo — A(co + Nbh1) + Aao) + A(—bwn) = —le N ime — W(b2 + 1). However,
the transformation properties (A.98) of rank 1 irregular punctures would make the parameters ¢ and ¢
infinite. The best convention to cancel this infinity is not clear.
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remains finite as A — oo. This suggests that the operator (2.87) itself has a limit. Ad-
ditionally, the OPE (A.93) of the stress-energy tensor with a rank 1 puncture includes a
term A(cg) + (c1, Oc, ), and the normalization factor |v|?2(%) ensures that the singular term
A(cp) is absorbed in (c1, O, ). Unfortunately, it is difficult to go further, as the OPE with
higher currents of the Wy, algebra contain many singular terms, and all must be carefully
canceled by the choice of normalization before taking the limit.

Having dissected the partition function of theories with fundamental and antifunda-

mental matter, we consider next theories with an adjoint chiral multiplet.

2.3 SQCDA and Toda symmetric degenerate

We focus in this section on N/ = (2,2) SQCDA: a U(N) vector multiplet coupled to an
adjoint chiral multiplet X and Ny fundamental and N; antifundamental chiral multiplets.
Twisted masses (plus R-charges) are mx, ms, and mg. This theory, coupled to Nf2 hyper-
multiplets with masses given by (2.17), defines a surface operator. We equate the S? C S{f
partition function of the 4d/2d system to a Toda CFT correlator with a degenerate field

fLthl labeled by the N-th symmetric representation of A Ny—1- Namely, we check that?®
U(N) SQCDA ~ _ <5 T3 =5 N\
Za 4P iy mix, 2, 2) = Aly PP L=y (Ve (00) Vi (V- o, (3 ) Vo (0) )
(2.88)
with y = (=1)™ 2 and?% b? = imx, momenta,
1
aO:Q—b;imshs, m = (3 + Nb)hy,
N, N, (2.89)
Q- LS i 12(1+‘ + i)
O = Q — — im = - img +im
00 b slls 4 b s s)
s=1 s=1
and coeflicients
N J N(N; — 1) N(N —1)
=N iy - L 2 )y - T 2 2.90
W=y D= g ) - S (2.90)
N(N,—-N), N
f— 2 . .~
=———— ) — 2.91
gl N Uy, ;(lms + i) (2:91)
N
A= bNNf(1+b2)—N2b2—2Nb% H 7(_VbQ) . (2.92)
v=1

We recognize the same symmetries as for SQED and SQCD, under permutations of the
mg or the mg, and under z +» % and exchanging those two sets of masses. Setting N =1

%5 As explained below (2.10), the factor A|z|*™|1 — z|*"* can be absorbed into the partition function. To
compare gauge theory and Toda CFT results it is best to keep the factor explicitly.

#6The full flavour group of SQCDA is U(1) x S[U(N;) x U(Ny)], where the factors act on the adjoint,
fundamental, and antifundamental chiral multiplets. The relation b* = imx identifies the first U(1) flavour
symmetry with rotations transverse to the surface operator.
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reproduces the matching (2.19) of SQED, but A has an additional factor of v(—b%) =
~v(—imx): this is the one-loop determinant of the adjoint chiral multiplet, which decouples
in an abelian theory.

Given the geometrical origin of the deformation parameter, one has > > 0. On the
other hand, the S? partition function is defined with positive R-charges Re(—2im). The
two requirements are incompatible with b> = imx, hence one of those two parameters must
be continued beyond its usual range. For now, we analytically continue the R-charge: it
is easier because the partition function depends holomorphically on imx, as deduced from
explicit expressions. However, we will encounter in section 2.3.3 a setting where b* = imx
is fixed to a real negative value. Given that the Upsilon function which appears in Zfree
and in Toda correlators cannot be continued to negative b, we will have to first recast the
relation (2.88) in the form Zg> = (---)/Z g5 free for the analytic continuation in b to make sense.

Once more, we fix the dictionary and demonstrate the equality by comparing exponents
in the s-, t- and u-channels. The equality of Toda CFT three-point functions and gauge
theory one-loop determinants (for the s- and u-channels) is checked in appendix A.2, and
the expression of A is found there.

The Coulomb branch representation reads

7SQCDA _ Z / { 1)N*1z] Tr(ic+2) [(_1)]\;,12] Tr(ic—2)
]RN

N N B .~ . B;
~H[ T }HH{ io; = 51) D= +io; + 5)
i) B, .~ . B;

1<

; ot i 1+1ms—|—1aj L)L +ims —ioj + =)

T ;%_;M}-

I'(1+imx +io; —io; — 5

(2.93)
We will expand this partition function around the points 0, (—1)"7 and oo, where, as a
function of z, it has branch points. This follows the path we traced for SQED: the behaviors
near z = 0 and oo are probed by closing integration contours towards ioco. The partition
function is then expressed as a sum over poles of the integrand, which are characterized
up to integers by the set of Gamma functions which are singular for those values of io.
The behavior near ( 1)™ is found by splitting the Coulomb branch integral depending on
whether each |o; + \ In|z|.

2.3.1 Expanding the SQCDA partition function

We start with the s-channel expansion for |z| < 1. Ignoring for a moment the magnetic
flux B, and integer shifts due to the infinite set of poles of the Gamma function, we find that
poles enclosed by the contour must be such that each io; is either —img for some flavour s,
or io; —imx for some other color i. As in the case of SQCD, the vector multiplet one-loop
determinant enforces io; # io; for any two distinct colors, hence {ic;} is {—im, — pimx |
1 <5< Np,0 < p < ng} for some choice of integers n, with ny +--- + nN, = N. It is
convenient to label colors with indices (s, 1) instead of j € [1, N], and denote I = {(s,u)}.
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The sums over B and over poles of Gamma functions introduce shifts, in the form of sums
over 2N integers k;tu > 0, and poles are

B,

g, = - = —img — pimx + k:si# (2.94)
for (s,p) € I. The partition function can then be recast as a sum over residues at those
values of io + g. It turns out that the residues vanish unless ki < k:i(“ +1) for every

(s,p) € I and sign +: this indicates that (2.94) also labels some pomts which are not
poles; thankfully, the residue formula is robust against such overcounting.

Since every factor in the Coulomb branch formula depends only on ioc + g hence on kT,
or onioc— < hence on k~, the series over k1 and over k= decouple, and Z5QCPA gplits into

a sum of factorlzed terms labeled by the choice of {n},

Zg;QCDA = Z (ZZ)Z<S’“>EI(_imS_mmX)le,{n}Zv,{n} [(_1)Nfz] Zv,{n} [(_1)]\02] (295)
n1+--~+an:N

y(—=imy — nyimx + ims + pimx)
VA = 2.96
1{n} = H H y(1 + imy + img + pimx) ’ (2.96)
(s,p)elt=1

Ny .~ . .
_ ke —imgs — pimx)g,,
Ze(my(9) = Z H [y ' 1_11 + imy — img + (nt — )i

mn
kil —Zsg (sy)el £ P s

Ht:fl(]- + 1my — 1M + (nt - /‘I’)lmX + kSM - kt(nt_l))kz(ntfl)
H(t,y)e[(l +imy —im, + (V - M)imX + kSH - ktl’)ktu—kt(u—l)
(2.97)

where we define k; 1 = 0 for convenience. Carrying through the same procedure for

|z| > 1 yields a u-channel decomposition similar to the s-channel decomposition (2.95),
with mg <> Mg, 2 — 271 and z — 771,
Having found powers of |z| in the s-channel and u-channel decompositions of Z5QCPA

we now expand the Coulomb branch integral in the t-channel. The first step is to use

ia—B/2 I'(—ia+B/2
the identity W = (—1)BW

chiral multiplets, and on half of the Gamma functions stemming from the adjoint chiral

on the one-loop determinants of fundamental

multiplet, and absorb the resulting signs into
y=(-1)Yz and g=(-1DNz. (2.98)

The integrand resulting from this operation can be recast as

o+ ) T8 ﬁﬁ[ iaj+%) r(— ims+iaj+32;) ]
i st DL+ img — iaj—i— )T +ims +i0j + - (2.99)
V(—imX)NHH[ (+(io; — ioy) + é’zB])F(.—im).g + (iajgi]i:j) + 5 Bf)]
il I'(1+imx + (io; —ioy) + =52)
B,—B;

by writing the vector multiplet one-loop determinant as a product of £(io; —io;) + =

We now split the sums and integrals in the same way as for SQED on page 21, one
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pair (oj,B;) at a time. For [ioj + %| < |In y|71, we expand the classical contribution
. B: . B
1y +3 g“’f'_TJ as a series in In y and In 7; the integral and sum only contributes a constant
factor. For |io; + %| > [Iny|™!, the sum over Bj is well approximated by an integral,
and we expand the Gamma functions which involve this particular combination as a power
of |io; + %\ times a power series in (io; %)*1. Rescaling io; + % by Iny makes the
classical contribution independent of y, and extracting a power of |Iny| leaves a series in
Iny and Iny as the sole dependence in y. After performing this procedure for all pairs
(0, B;), we obtain 2V contributions, labeled by the set K C {1,..., N} of colors j such

that |io; + %| > [Iny| ™! is large. The contribution for a given set K behaves as
ZK ~ |1 o y|—2k‘+2kz Zi\zl(l-l—i’ms+i7715)+2k[2N—k—1]imX ’ (2100)

multiplied by a constant and by a series in powers of 1 —y and 1 — g, where k = #K is the
number of elements in K and we used (Iny)® = (1 —y)“ - (series). There are N + 1 distinct
exponents, corresponding to values k € [0, N]. This approach does not seem amenable to
finding multiplicities attached to each power of 1 — y, hence we will not be able to probe
that aspect of the correspondence.

2.3.2 Matching parameters for SQCDA

We are now ready to match the gauge theory data to Toda CFT data. The s- and u-channel
decompositions of Z5QCPA haye

(Nf+N—1

N ) = dim(R(Nhy)) (2.101)

terms, which is the dimension of the N-th symmetric representation R(Nhy) of AN;—1,
with highest weight Nh;. Thus, in analogy with SQCD, we expect Z5QCPA to match a
Toda four-point correlation function involving the degenerate operator V_ Nbh, - The fusion
rule then allows shifts of generic momenta by —bh = —b Zivil nshs for a choice of integers
ni+--tnn = N. We thus wish to match the s-channel exponents

Ny

Aoy — bh) — A(ag) — A(=Nbhy) + v = — Z [nsims +
s=1

s\lts ™ 1 .
”(”z)mx] . (2.102)
This equality holds if imx = b?, and ap and 7o are as given in (2.89) and (2.90). The
u-channel powers are similar,

Ny

A(too) — A(aoo — bh) — A(=Nbh1) + 70+ 71 = Z |:nsi’ffl5 +
s=1

and the equality holds for values of as and v; in (2.89) and (2.91).

We find in appendix A.4 that the fusion of (34 Nb)h; with —Nbh; allows the t-channel
internal momenta (s + nb)h; — nbhg for 0 < n < N. This fusion rule (A.64) provides the
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powers of 1 — y for the t-channel of the Toda correlator, and power matching then requires

A((3 + nb)hy — nbhg) — A((3¢ + Nb)hy) — A(—=Nbhy) + 7
Ny (2.104)
= k| (imq +img) + (N — 1) + (2N — k — 1)imy
s=1
The exponents are equal if n = N — k, and s is as given in (2.89).

Finally, as checked in appendix A.2, the Toda CFT three-point functions which appear
in the s-channel decomposition of the correlator reproduce the corresponding one-loop
determinants in (2.95), provided A is as given in (2.92). For any given N, the techniques
of appendix A.3 can yield the Toda CFT braiding matrix of V_ Nbh, With I7m However, we
did not find a closed form of those matrices or their gauge theory analogues to provide a
proof of the matching (2.88).

2.3.3 Adding a superpotential to SQCDA

We now discuss the effect of adding to SQCDA a superpotential term of the form
W = Zivzfl @ X"%q or W = Tr X1 where ¢, ¢, and X denote the fundamental, an-
tifundamental, and adjoint chiral multiplets, and [; and [ are non-negative integers.

The deformation term which localizes to the Higgs branch of the theory with no su-
perpotential can still be used in the presence of a superpotential, and it yields the same
decomposition into vortex and anti-vortex partition functions. Hence, the only effect of the
superpotential on the partition function is to constrain the (complexified) twisted masses
of chiral multiplets. On the other hand, the superpotential term is in fact 9-exact for the
choice of localization supercharge Q, thus one can include it into the deformation term.
This lifts some vacua of the deformation term through F-term constraints, thus removes
some terms from the sum over Higgs branch vacua. The two deformation terms must
yield equal results for the partition function. Therefore, the terms forbidden by F-term
constraints must vanish in the larger sum: they must have zero one-loop determinant. As
a result, we can either solve D-term and F-term equations to find vacua of the enhanced
deformation term, or remove vacua of the original deformation term whose one-loop deter-
minant vanishes when imposing the superpotential constraint on R-charges.

First, we focus on a generalization of the superpotential ¢X¢ of N = (2,2)* SQCD,?"

Ny

W=> gX"q, (2.105)
t=1

where [y > 0 is an integer for each flavour 1 < ¢t < Ny. We let L = Zi\zl l;. The
superpotential must have a total R-charge of 2 and a vanishing twisted mass, hence im; +
liimx +im; = —1 for each 1 <t < Ny. The one-loop determinant (2.96) then contains
a vanishing factor 1/~(1 + imy + im; + liimyx) = 0 whenever any n; > [;, thus those
terms do not contribute to the partition function. An equivalent point of view is that
the corresponding Higgs branch vacua have X™~!q; # 0 and are forbidden by the F-term

TN = (2,2)* SQCD is the mass deformation of A" = (4,4) SQCD.
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equation X*g, = 0. Terms in the Higgs branch representation of the partition function are
thus labeled by integers 0 < n; < [; with Zi\zl ng = N. Note that n; < l; implies N < L,
analogous to the condition N < Ny for SQCD.

The constraint on (complexified) twisted masses translates to a constraint on the
momenta of operators appearing in the corresponding Toda CFT correlator. The semi-
degenerate operator becomes degenerate:

Ny
1 ~
=y > (1 +imy +ifitg) + Nb|hy = —(L — N)bhy , (2.106)
t=1
where we used imyx = b?. Thus, the outgoing momentum 2@ — as, must take the form
ag — bh — b/, where h = ), nshy is a weight of R(Nhy) and h' = 3, njh; is a weight of
R((L — N)hy). The superpotential ensures that this is the case:

Ny Ny Ny

1. - 1<~
20— a0 =Q+3 tzllmtht =Q—3 tzl(lmt +1b? + 1)hy = g — btzlltht. (2.107)

The conformal block decomposition contains one term for each way of splitting Y, l;hs
into a sum h + h' of weights of R(Nhy) and R((L — N)hy), that is, each set of integers
0< n <y with >, ny = N. In section 3.2.1, we note that the vertex operators ‘A/,(L,N)bhl
and V_ppp, have the same form with N <+ L — N, and deduce a duality between theories
with gauge groups U(N) and U(L — N). This duality reduces when all I; = 1 to an
N = (2,2)* analogue of Seiberg duality.

Our second example of superpotential only involves the adjoint chiral multiplet, and
constrains its complexified twisted mass:

-1

W=Te X", bV =imy=—
T mx 11

(2.108)

for some [ > 1. The superpotential constraint sets b to an imaginary value, for which

S{f does not make sense. Instead of a surface operator on S? C S{f we must thus manipulate

the two dimensional theory on S? only. Correspondingly, the matching (2.111) with the

Toda CFT is written in the form Zgz = [(-- )/Zgrfe] , where the right-hand side
b

is analytically continued after taking the ratio.?®

b2=—1/(1+1)

For imyxy = the one-loop determinant (2.96) vanishes whenever any ns > I: the

—1

+1
numerator factor for t = s and u = ng—I—1is y(ims—ims+(ns—Il—1—ng)imyx) = v(1) = 0.
Equivalently, Higgs branch vacua have X"~ !¢, # 0 and are forbidden if ny > [ by the

F-term equation X' = 0. The S? partition function in the presence of W = Tr X!*! is thus
a sum over choices of integers 0 < ng <[ with Zi\il ns = N.

We see that introducing the superpotential W = Tr X! replaces the sum over weights

Zivil nshs of the symmetric representation R(Nhi) by a sum over a restricted set of

*®The central charge ¢ = (Ny — 1) [1+ Np(Ny +1) (b +2+b72)] = —(Nf — 1)(Npl — 1) (Nl +1+1) /(14 1)
is negative for the value b*> = —1/(I + 1) we consider.
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weights, with 0 < ng < [. Those are precisely the weights of the representation with
highest weight

l
/_/%

wn, = lwg + (N — lk)hgy1  and Young diagram > k , (2.109)

R
N -k

where k is defined by kIl < N < (k + 1)I. The “quasi-rectangular” Young diagram is
obtained by placing N boxes into as many [-box rows as possible followed by a row with
any remaining box. For [ > N, none of the one-loop determinants vanish, and the Young
diagram is that of the IN-th symmetric representation: this is the same as for SQCDA.
For [ = 1, the Young diagram becomes a column, hence we sum over weights of the
N-th antisymmetric representation, as for SQCD with no adjoint: correspondingly, the
superpotential W = Tr X? lets us integrate out the adjoint chiral multiplet.

From our experience with SQCD and SQCDA, we expect the sum over weights
of R(wn,) to have a Toda CFT analogue involving the degenerate operator V,wa,l. This
is confirmed by the observation that the momenta —Nbh, and —bwy,; are Weyl conjugate
when b? = lell since

1
{b<—th1 ~Qhy) [1<p< Nf}

N N1 N N-1
_IN N & . ’1< <N —1 .
{Nf+ —l }U{Nf+ Lkl | 1<k <N } (2.110)

= {i<_wa,l —Q, hy) ) 1<p< Nf}.

Therefore, V. Nbh, and ?_wa,l are equal up to a scalar factor for this value of b2. This
assertion should be handled with care, as the Toda CFT is ill defined for b? < 0.
Trusting the assertion leads us to the proposal?’

U(N) SQCDA,W=Tr X!+1 ~ i _
Z52 mamva*l_'_le?Z

~ ~

Vo (00) Vs s (D V- (4 5) Vo (0) )

(Vo (0) Vet (1) Vs (0))

= Aly |1 -y <
bQHljr—ll
(2.111)
for some A, and with other parameters given below the SQCDA matching (2.88). Im-
portantly, we have moved the S{} partition function of NV = 2 free hypermultiplets to the
right-hand side (in the form of a Toda CFT three-point function), and we only set b? =

T+t
after evaluating the ratio of Toda CFT correlators. We can thus expect Upsilon functions

29 As explained below (2.10), the factor A|z|*"°|1 — z|*"* can be absorbed into the partition function. To

compare gauge theory and Toda CFT results it is best to keep the factor explicitly.
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in the numerator and denominator to cancel, leaving a product of gamma functions which

can be analytically continued to % = ljr—l and should reproduce one-loop determinants in
the left-hand side.
When [ > N, (2.111) is simply the SQCDA matching (2.88) at imx = b? = ljr with

the same value of A. When [ = 1, we expect the claim to reproduce the SQCD result (2.51),
and indeed the SQCDA parameters which appear in (2.111) are equal for imyx = b = %1

to the corresponding SQCD parameters, with the exception of A.

It is difficult to find A in general, because three-point functions involving ‘/;Lb“-’N,l take
complicated forms for 1 < [ < N. Using [58, equations (1.53) and (1.56)], we tested the
proposal (2.111) for Ny = N = 3 and | = 2 Which corresponds to the adjoint represen-
tation of SU(3). Three-point functions C*; (h —ha)
the adjoint representation are ratios of Gamma functions. When > = —1 = %1, they

I+1
yield the expected one-loop determinants up to a factor A = b%76%%~(1/3). For general b,

associated to non-zero weights h of

the three-point function afb(hlfhs) ., associated to the zero weight is expressed in terms
of hypergeometric functions evaluated at 1, but at the point b* = %1 the value agrees
numerically with the Gamma functions expected from gauge theory:

hy — hs)) —b2+b(ia,hs—hp), 1<s<Nj |\ 2
CQla 10’ F( ’ P’——f‘l)
—b(ha—hny).Qia ;g( —l—b2+b<1a hy — hs)) 1+b(ia,hs—hp), s#p
(2.112)

IT ~®da he = he) —5%). (2.113)
1<s#t<3

Np=3,b>—-1/3 (b

numerically ( 2()2 )

More generally, a Toda CF'T four-point function with a fully degenerate vertex operator
other than ‘7—wa or V_ Nbh, (and the usual two generic and one semi-degenerate vertex
operators) cannot coincide with the partition function of a surface operator described by
a single NV = (2,2) U(N) vector multiplet coupled to some chiral multiplets, except for
special values of b as is the case here. Indeed, as described by Fateev and Litvinov [5§],
the Toda three-point function éf;ﬁ]& only takes the form of a ratio of Gamma functions
if the weight h appears with no multiplicity in R(w). Since one-loop determinants are
always such ratios, they can only reproduce Toda CFT three-point functions for general b
if weights have no multiplicities.

However, higher degenerate fields can be obtained by considering the collision limit of
simpler degenerate fields. For instance, the three-point function éfb(hl_hg)ﬂ mentioned
above is equal to a four-point function involving a fundamental and an antifundamen-
tal degenerate fields, in the limit where the two punctures collide. In the next section,
we match Toda CFT correlators involving more than one (symmetric or antisymmetric)
degenerate vertex operator with S? partition functions of quiver gauge theories. Collid-
ing antisymmetric degenerate operators, we obtain expressions for Toda CFT correlators
of arbitrary degenerate operators XA/_bQ with two generic and one semi-degenerate vertex
operators, for any b.
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Ny semi-infinite D4 branes ending on each side of a single NS5 brane engineer at low

X 8
X o
X oo
®

energies the theory of Nf2 free hypermultiplets on their four-dimensional intersection.
Adding D2 branes stretched between the NS5 brane and n additional NS5 branes inserts
a surface operator with support on the boundary of the added D2 branes. Rotating some
NS5 branes (rotated branes are denoted as NS5’ and are all parallel) alters the surface
operator, which is then precisely the one discussed in the main text.

The ranks N, > --- > Nj are the numbers of D2 branes between consecutive
NS5/NS5’ branes. When these are parallel (both NS5 or both NS5), the corresponding
U(Nj) group has an adjoint chiral multiplet (1; = +1), otherwise not (n; = —1). Equiva-
lently, the j-th brane is an NS5 if ¢; = H?:j n; is 1 and otherwise it is an NS5’. The Toda
CFT data appears by turning on FI parameters, as this separates the NS5/NS5’ branes
along the D4 brane direction. Then K; = (N; — N;j_1) D2 branes stretch between the
original NS5 brane and the j-th NS5/NS5’ brane, corresponding to the K;-th symmetric
(or antisymmetric if €; = —1) degenerate operator.

We will see in section 3.3 that permuting the (e;,K;) or equivalently the
NS5/NS5’ branes is a (Seiberg-like) duality of the surface operator.

Figure 2. A 4d/2d quiver, its corresponding brane diagram, and Toda CFT correlator.

2.4 Quivers and multiple Toda degenerates

We have focused so far on surface operators described by U(N) gauge theories, which have
a single FI parameter. Those correspond to Toda CF'T four-point functions, which involve
a single anharmonic ratio z. Here, we equate the partition function of surface operators
described by certain U(Np) x - - - x U(N,,) quiver gauge theories and (n + 3)-point functions

with n symmetric or antisymmetric degenerate operators. In detail,°

HU(N)7W _ _ =5 g n ~ _ o~
ZS2JCS;} 7 (my 2, 2) = z‘la(av)a(ac)<vaOo (00) Vi (1) H b(K; ;) (T ) Vag (0)> .

(2.114)
The matching gives a detailed description of the moduli space parametrized by the z;. We
describe notations below, then consider several limits to fix all parameters of the matching
in section 2.4.1. Fine-tuning FI parameters such that degenerate punctures collide on
the Toda CFT side, we deduce in section 2.4.2 the microscopic description of the surface
operator which corresponds to arbitrary degenerate punctures in the Toda CFT. Brane
diagrams (see figure 2) clarify some aspects of the correspondence.

30Following the arguments below (2.10), the factor Aa(x)a(Z) can be absorbed into the partition function.
To compare gauge theory and Toda CFT results it is best to keep the factor explicitly.
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The surface operator depends on a choice of n signs 7; = £1 and integer parameters
N, > ---> N7 > 0. It also depends on n FI and theta parameters combined as

zj = e 7™t and 5 = (—1)NimtHNiv (2.115)

for 1 < j < n, where Ng = 0, Nyp41 = Ny, and the sign is chosen for later convenience. The
operator is defined by the V' = (2,2) quiver

(2.116)

which describes a U(N7) x - - - x U(V,,) vector multiplet coupled to various chiral multiplets.
First, Ny fundamentals ¢; and Ny antifundamentals g; of U(NN,). Next, for each 1 <
j <mn —1, one pair of bifundamentals of U(N;) x U(Nj1): ¢j¢j41) in the representation
N;j ® Nji1 and ¢(;41); in the representation N;j ® Nji1. Finally, for each 1 < j < n, one
adjoint X;. The (complexified) twisted masses my, my, Mj(j+1)s M(j+1); and my; of these
fields are constrained by a superpotential coupling W,.

The superpotential has the following terms,

Tr(XJZ) for1<j<nifn =-1,
Tr(65(41)9G+1)956-09G-1;) for 1 <j<mifn; =1, (2.117)
Tr(X;5(5-1)b-1)5) for 1 <j<nifn =1.
In other words the adjoint multiplets of nodes with 7; = 1 have a cubic coupling to
neighboring bifundamental multiplets, while nodes with 7; = —1 entail a quartic coupling
of neighboring bifundamental multiplets. The Tr(X ]2) term for 7; = —1 gives a mass to

the adjoint multiplet X, hence the theory (2.116) is equivalent in the low-energy to the
analogous theory (1.8) from the introduction, which omits these X;. Here, we include
adjoint multiplets for all nodes to simplify signs in the definition (2.115) of 2;. Indeed,
integrating out X; when 7n; = —1 shifts the corresponding theta angle z; — (—l)NJ'_lzj,
hence in order to keep Z; fixed one should complicate the definition (2.115) of Z; by including
the sign (—1)Ni—1,

The superpotential W, must have R-charge 2 (twisted mass i) to be supersymmetric.
This fixes twisted masses of bifundamental and adjoint multiplets in terms of the signs 7
and a single continuous parameter,?’ which will match with b? in the Toda CFT. To ease
the comparison with the Toda CFT correlator, we define signs ¢; = [} ;i forl <j<n+l

31The full flavour symmetry of the two dimensional theory is S[U(Ny) x U(N;)] x U(1), where the first
factor acts on fundamental and antifundamental chiral multiplets. Under the U(1) factor, the adjoint chiral
multiplet X; has charge €; + €;+1 and the bifundamental multiplets ¢;_1); and ¢;;_1) have charge —¢;,
where ¢; = [[}_; n:.
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and find

—1-0 ifep=¢=-1,
imj; =4 —1/2 if €j41 # €5,
b? if €41 =€ = +1, (2.118)
, ‘ b? if e; =—1,
T (j—1)j +1MG(j-1) = {1 B i — 1.

Equivalently, W, could be defined as containing all gauge invariant combinations of the
fields which have total R-charge 2 (twisted mass i), given the mass assignment (2.118).
As always, the twisted masses and R-charges of fundamental and antifundamental chiral
multiplets are unconstrained.

On the other hand, the Toda CFT (n + 3)-point function involves two generic and one
semi-degenerate vertex operators Vs (00), Vi(1), and ‘7040(0) with momenta

Ny
1
O‘OZQ_EZimshsa m:(%+Nnb)h1,
- (2.119)
1 1 X
aoo:Q_EZimshs, %:52(1+1m8+iﬁ13),
s=1 s=1

which coincide with those of earlier sections. It also involves n fully degenerate vertex
operators V_bQ(Kj7€j)(xj,jj) at

n

vj=]]4 for1<j<n. (2.120)

i=j
Each degenerate operator is labeled by the highest weight Q(K, +1) = Khy of a symmetric
representation or (K, —1) = wy of an antisymmetric representation of Ay, 1, depending
on the signs €; = H?:j 7; and the integers

Ki =Ny, and Kj:Nj_Nj—l for1<j§n. (2121)
Finally, the factors A and a are

A= PN N RN 2Nt T T y(—b?), (2.122)

n n n

_ 28; 2, 274

a(wya(@) = [Tles P T = s Loy — il (2.123)
j=1 j=1 i<j

with the exponents

N n
B; = A(=bQ(Kj, ) — % zf:imt + Wﬁ = Nj1imj(i1y — Kj Z img-1yi
- - (2.124)
v = (=1 = b*)Kj + b(> + Nub) K /Ny, (2.125)
’Yij _ {bQKZ—bQKlKj/Nf if €j = —1, (2126)
(—1 — bz)Ki — bQKin/Nf if € = +1,
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for 1 <i < j <mn. When n = 1, the matching (2.114) reproduces the known cases of
SQCD (m = —1) and SQCD with an adjoint (7, = 1). Also, for n > 1 setting N3 = 0
reduces the matching to the case n - n — 1.

As a preliminary check of the equality (2.114), we can recognize a few symmetries.
Permuting the flavours of fundamental quarks ¢;, hence their twisted masses m;, does
not alter the partition function. This is translated on the Toda CFT side into a Weyl
transformation of the momentum «g, which permutes the (oy—@Q, h¢). Similarly, permuting
the m; amounts to a Weyl transformation of ao,. Next, performing charge conjugation on
all gauge group factors maps 2; — é'j_l, mg < Mg, and M1y € Mj41);¢ this corresponds
on the Toda CFT side to the conformal map x — 2~!, which swaps ag > @ and maps

Trj — :v;l. The transformation of a(x)a(Z) compensates exactly the conformal factor

]:L"j\_4A(_bQ(Kj’ej )) for each j. Finally, shifting the twisted masses of bifundamentals while
keeping the sums mMj(j+1) T M(;+1); constant amounts to a constant gauge transformation,
whose sole effect on the partition function is in overall powers of |xj]2: on the Toda CFT

side of (2.114), only the exponents (3; change.

2.4.1 Matching parameters for quivers

We first expand the partition function and the correlator in the s-channel, that is, the
region where 0 < |z;| < -+ < |zy| < 1 or equivalently where all FI parameters are
positive: |Z;] < 1. We map vacua of the gauge theory to choices of internal momenta in the
correlator. The classical and one-loop contributions match as expected with the exponents
and three-point functions, while the vortex partition functions give predictions for Toda
CFT conformal blocks (see appendix A.5). This check fixes {Kj,¢€;}, the momentum ay,
the overall constant factor A and the exponents [3; + ZKj 7ij- The momentum o is
fixed by the symmetry under charge conjugation discussed earlier. Then, we justify the
relation between the gauge theory data {7, Z;} and the Toda CFT data {¢;, z;} by counting
distinct exponents in the limit where two neighboring punctures collide. Comparing the

exponents only fixes the momentum m and the exponents v, and The remaining

1)
exponents 7; and ;; are fixed thanks to Seiberg dualities which trarjlsla)‘ges in this setting
to permutations of the n punctures (see section 3.3).

It is easiest to find Higgs branch vacua of the gauge theory by solving the D-term
and F-term equations, assuming as before that fundamental chiral multiplets have generic
twisted masses m,. The derivation goes as follows. Diagonalize all o;. Introduce ioy, 1 =
diag(—ima, ..., —imn;), Nnt1 = Ny, and No = 0 to simplify the discussion. Integrate out
all X; which have twisted mass m;; = i/2, that is, n; = —1. The D-term equations (for
2j| < 1) impose that the images of X, ¢;(;4+1) and ¢;(;_1) span CNi, hence all eigenvalues
of o are constrained to be equal to another eigenvalue of o; or of o;4+1, minus a twisted
mass. All eigenvalues of io; thus take the form io;, = —ims— Z?:jH im ;1) +p(1 +b%) —
vb? where p, v € Z>g. Using the F-term constraint, one can then bound the multiplicity of
such an eigenvalue by the multiplicity of the eigenvalue io;, —im;y of ioy, for k € {j,7£1}
(only k € {j & 1} if X; was integrated out). Since each eigenvalue —img of ioy,41 has
multiplicity 1, we deduce by induction on n 4+ 1 — j, u, and v that all eigenvalues have
multiplicity 1. The statement is in fact stronger: for any eigenvalue io;, of io;, and for
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ke {j,jE£1} (oronly k € {j£1}), i0ja — imj; is an eigenvalue of ioy, and the relevant
component of ¢;i is non-zero. Solving the F-term constraints is then a combinatorical
problem whose details depend on the superpotential W/,.

At the end of the day, one finds that vacua obey

io; = diag (—ims — Z (1m(l 1)1) —vb? |0<v<nl,1<s< Nf> (2.127)
i=j+1

for 1 < j < n, where nl >0 are integers such that Z 1n5 N; and

Jj—1 J Jj—1 : _

ng  <ns<mne +1 ife;=-1,
{s - J (2.128)
n

g_lgng if e = +1,

where n0 = 0. These conditions are equivalent to requiring that for each 1 < j < n the
difference hpyj) — b1 = Zi\il(né — ng_l)hs is a weight of the symmetric or antisym-
metric representation R(2(Kj,€;)) of rank K; = N; — N;_;. The S? partition function is
then a sum

Zs2 = ZaZnZvZs (2.129)

{nl}

over choices of {ni} consistent with the constraints above. Terms of this sum are in a
natural bijection with terms of the s-channel decomposition of the Toda CFT correlator
n (2.114): the internal momenta are o — bhypi) for 1 < j <n. Thus, counting terms fixes
the degenerate momenta —b$2(Kj,€;) in terms of the N; and ;.

Since the Higgs branch and Coulomb branch representations of S? partition functions
coincide, Z.Zq) is the residue at the pole (2.127) of the Coulomb branch integrand, and
ZyZys is the additional contribution from poles for which icr]j-E is (2.127) plus integers. We
find in particular that the classical contribution reproduces the powers of z; expected from
the Toda CFT up to shifts by 5; + Zz 1 Yij»

. nd —1
25”7 = lejl S dima) =Ny S g (g1~ Sady S0t 2]

I
E:

ch

<.
I
—

(2.130)

;) [ﬁﬁZ?;l (7ig)+ A (@0 —bhy 1)~ Ao —bhy, 1)~ A~ ) |

I

I
—

J

provided that ag is as given in (2.119), and 5; + 25;11 vij as in (2.124) and (2.126). By
symmetry, ao, is as given in (2.119). Similarly, a tedious calculation shows that for each
term the one-loop determinant Zy; matches with the product of Toda CFT three-point
functions, up to precisely the constant A given in (2.122).

Next, let us probe the collision of two neighboring punctures, starting again from the s-
channel 0 < |z1| < --- < |z,| < 1. The Coulomb branch representation of the S? partition
function of interest has the form

Z ﬁ Z /d JO'j ]f[ TI‘10'+ Trlcr }levmzncm (2131)
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where io*ji

=ioj £ B;/2, Zi1v.m. is the one-loop determinant of vector multiplets (a Van-
dermonde factor and a sign), and Zjj¢m. is the one-loop determinant of chiral multiplets
(a product of Gamma functions). Collecting all factors which depend on O']:: for a given

k < n yields the integral

N
deO'k No—1 Tric; N.—1= 1Trio, T + +
=D /Nk I(27) o (DM (Mt T ] (o = o)
B eZNk i<j =+
Ny [Nk I(—imgg — io-l:—i 4 ial—:j)

11 H (1 + impg + iy — ioy,;)

i=1Lj=1

1T [ [(—imp +i07; —iof)  T(—imy —iof; +iof) H
le{k+1} L(1 +impy —ioy; +1ioy,) D(1 +imuy + ioy; — ioy;)
1<j<N

(2.132)
which resembles the S? partition function of SQCDA with N}, colors and Nj_; + Nii1
flavours, with twisted masses my; — oy; and my, + 0y5. The shifts of o;; by £B;;/2 cannot
be incorporated in such twisted masses, as the ratios of Gamma functions involve both
Ul? and STE

However, we can still apply the same techniques as in section 2.3, and close the ioy
integration contours towards oo depending on whether |z;| < 1. The sum over poles
factorizes as in the case of SQCDA, and the resulting vortex and antivortex partition
functions are those of SQCDA with twisted masses my; — al'; and my + al'; for vortices,
and my —al; and mj +al; for antivortices. As we saw in section 2.3, those vortex partition
functions have branch points when 2, = (—1)M-17Nk+12; is 1 or co. We now prove that the
powers of 1 — 2, which appear in an expansion of Z; near Z; = 1 coincide with the powers
of xx4+1 — x; obtained in the fusion of the punctures at xj and xpy;. This implies that
Tk = Tk41%k, as announced, and fixes Yg(r41)- To proceed further, we need to distinguish
the cases n; = +1.

If n = —1, then imy, = —1/2, and the adjoint chiral multiplet one-loop determinant
is simply a sign. Thus, the vortex partition functions are those of SQCD. From (2.69), the
exponents of 1 — 2; which occur in an expansion near 1 are 0 and

N1 (1 + impg—1y +img—1)r) + Neg1 (1 + impgqry + imgepnyn) — Ny
K40 = K b? if e = —ep = —1,  (2.133)
Kkb2+Kk+1(1+bQ) if e = —€p41 = +1.
The analogous limit in the Toda CFT correlator is xy — xg+1. The channel where the
punctures at zp and xpy1 are fused allows two internal momenta. Indeed, €, = —€p41,
hence one of the punctures is labeled by a symmetric representation and the other one by

an antisymmetric representation. The fusion of two such representations is the direct sum
of two irreducible representations:

R(Kh1) ® R(wr) = R(Khy +wr) ® RIK — 1)hy +wrs1) (2.134)
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assuming K, L > 1. The corresponding exponents of zy41 — x) are

A(=Kbhy — bwp) — A(—Kbhy) — A(=bwy) = —Kb* + %zﬂ : (2.135)
f
2 KL 2
A(—(K — 1)bh1 — bwL+1) — A(—Kbhl) — A(—bwL) =S L(l + b ) + Vb y (2136)
f

and match with the gauge theory exponents up to precisely vy x11) given in (2.126). Indeed,
if e = —€x41 = —1, then K and L above are K11 and K, the first Toda CFT exponent
corresponds to the gauge theory exponent (2.133), and the second to 0. If e = —€x11 =1,
then K = Ky and L = K1, the first Toda CFT exponent corresponds to 0 and the second
to (2.133).

If instead n = +1, then the adjoint chiral multiplet remains, and the vortex partition
functions involve more powers of 1 — 2, given in (2.100). Namely,

(1 . 2k) —vAv N1 (I4img (g —1) Him g —1)x) +V N1 (THmg o) Hm o) e) V2N —v—1]imgg

(1 _ ék’) —v(1+impg) +v[Kg—Kgp1—v]imgg

(2.137)
for 0 < v < Nj. The remaining o; integrals (j # k) do not affect these exponents. From
the derivation of (2.100), we know that the contribution for a given v comes from the
region where v components oy, , of 0y, are large. The corresponding Gamma functions in
the Coulomb branch integral are expanded as powers of ioia. Afterwards, one can close
contours of all o; for j < k as we have done to find the s-channel expansion. The Gamma
functions which were expanded in powers of ia,@ta do not contribute poles, hence the sum
over poles is non-empty only if Ny—v > Np_1 > > Ni. Asaresult, v < Np.—Ni_1 = K.
Changing variables to u = Ky — v, we deduce

Ky
Z=1- 2k|2[*Kk(1+imkk)] Z|1 _ 2k|2[#(1+imkk)*(Kk*u)(Kk+1*M)imkk] (series) (2.138)

u=0

where (series) denote series in non-negative integer powers of 1 — 2, and 1 — 2;. In sec-
tion 3.3, we relate the S? partition function of the quiver gauge theory we are studying
to another such partition function, with in particular Ky <+ Ky41. This restricts the sum
over 1 t0 0 < p < min(Ky, Kiy+1). On the Toda CFT side, the limit is xp — zx11, and we
are interested in the fusion of two degenerate punctures, labeled by two symmetric or two
antisymmetric representations since € = €x11. Given that

min(K,L)
R(WK) & R(WL) = @ R(WK+L7M + Wu) )
n=0
min(K,L)
R(Kh1) @ R(Lh1) = P R((K +L— p)hy + phy)
n=0

(2.139)
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the Toda CF'T exponents of zy41 — xy are

A(=bwgi—p — bwy) — A(—bwg ) — A(—bwp,) (2.140)
:f]iffb?—ﬂbQJr(K—u)(L—u)(b?H) i e = ey = —1,

A(—(K + L — p)bhy — pbhs) — A(—Kbhy) — A(—Lbhy) (2.141)
- fvbe P4 1) — (K — p)(L— @b e = ey = +1,

where K and L are Ky and Kj11. Again, the Toda CFT exponents match with the gauge
theory exponents up to precisely 7j(41) given in (2.126).

Note that matching the number of distinct powers of 1 — Z; in gauge theory with the
number of internal momenta in the fusion of punctures at x;_; and zj is enough to fix
the relation between the signs {7;} and {e;}. When the adjoint X; can be integrated out
(nj = —1), the gauge theory involves two exponents only, and correspondingly the two
neighboring punctures are labeled by different types of representations (one is symmetric
and the other antisymmetric), whose fusion has two terms. When the adjoint X; remains
(nj = +1), the gauge theory involves many exponents, and the two punctures have the
same type, hence a fusion with many terms.

The situation is very similar in the limit x, = 2, — 1. The gauge theory involves
two exponents if n, = —1, and N, — N,,_1 if n, = +1. On the Toda CFT side, the fusion
of the semidegenerate momentum 7 with the degenerate —bQ2(K,, €,) gives two momenta
if ¢, = —1, and K, if ¢, = +1. Hence ¢, = n, and K,, = N, — N,_1. Calculating the
exponents and comparing them fixes m to (2.119) and -, to (2.125).

All other exponents 7;; and ~; are fixed thanks to the identification of permutations
of degenerate punctures with gauge theory dualities found in section 3.3.1.

2.4.2 Arbitrary Toda degenerates

We now consider the matching (2.114) in the case where K;; 1 > K; for 1 < j <n —1,
and ¢, = =1 forall 1 < j < n, thatis, g, = —landn; = +1forall1 <j<n-1. In
the course of fixing parameters for the matching, we have found that the expansion near
T = Tk involves the min(Ky, Kjy1) = Kj powers (2.138) of 11 — xp = zpp1(1 — Zk),
for 1 < k <n—1. Given our assumptions, these exponents all have a non-negative real
part (the vortex partition functions contribute integer exponents v > 0):

Re((Kj — p)b* + (Kg — p) (Kgs1 — p)(1+6%) +v) > 0. (2.142)

The real part vanishes if and only if y = Ky and v = 0. As Z; — 1, only the term with
p = Kj and v = 0 remains. On the Toda CFT side, this limit selects the fusion

R(ka+1) ® R(ka) — R(WKk+1 + WKk) . (2.143)

We can carry this process further and take the fusion of arbitrarily many antisymmetric
degenerate operators. For definiteness, let us send x — x,, for k going from n — 1 to 1, in
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this order. At a given step xr — x,, the Littlewood-Richardson rule gives

RO ©Rwr,) = @ R(Q+h) (2.144)
hGR(ka)

with a sum running over weights h of R(wg, ) such that Q + h is a dominant weight. In
our setting, Q = wgk, + -+ + wk,,,.- The power of z,, — x} for a weight h is

n

A(=bQ—bh) = A(=bQ) — A(—bwr,) + Y T = bQ, wi, —h)+b*(Q,wr, —h), (2.145)
I=k+1

which has a positive real part unless h = wg,, in which case it vanishes. Thus, setting
x), = Tp selects precisely the fusion of —bQ) and —bwg, into —bQ) — bwg, .

Any dominant weight €2 is a sum of fundamental weights, hence the four-point function
of two generic and one semi-degenerate vertex operators with an arbitrary degenerate
vertex operator i}_bQ is equal to the partition function of an S? surface operator built from
a certain quiver on Sg‘, with some fine-tuned FI parameters and theta angles. Namely,
decomposing 2 = wg, + -+ + wg, with K, > --- > Kj, we find

~

Z1Y ngm,wn (m,z,%) = Aa(x)a(f)<x7%o(oo)vmu)v_m(x, 2)Vag (0)> , (2.146)

where3? N, = Zle Kjfor 1 <k <mn,

=—-1 and 2,==x,
n " (2.147)
=41 and Zy=1 forl1<k<n-1,
and the momenta oy, a, and 7 are given by (2.119). The factor
a(z)a(z) = |21 — 2> (2.148)
differs from (2.123) and has the exponents
N Nf n—1
B=(Q,—bQ) — > imy — Y N, (2.149)
Ny = j=1
Nn(Ny — N,) N, .
2 Vn \LVf n n . .
v=-b — ) (imy +imy) . (2.150)
Ny Ny zt:
Finally, the overall constant A is identical to the constant in (2.114), given by (2.122),
because the three-point functions C’ (QJWZ?)) are in fact all equal to 1. Incidentally, in the

case 0 = Nhy, the factor Aa(z)a(z) coincides with the factor we found in the matching
between the same Toda CFT correlator and the SQCDA surface operator. Thus, SQCDA
and the U(N) x --- x U(1) theory which appears in this matching have equal S? partition
functions. The relation between these theories may run deeper.

32 As explained below (2.10), the factor Aa(z)a(Z) can be absorbed into the partition function.
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Since the partition function in (2.146) is known explicitly, the matching gives an explicit
expression for the Toda CF'T four-point function of two full, one simple, and a degenerate
operator ‘7_1,9. The Higgs branch expansion of Z provides conformal blocks as explicit
series. From the Coulomb branch representation of Z for m = 0 one can extract integral
expressions for the three-point function of a degenerate operator 17,1,9 with generic vertex
operators. These expressions typically involve fewer integrals than expressions obtained
form the Coulomb gas formalism, but we have not investigated this direction further.

More generally, any Toda CFT (p + 3)-point function with two generic and one semi-
degenerate operators at 0, oo and 1, and p arbitrary degenerate operators ‘A/_bgl (1, )
is equal to the partition function of a surface operator describing a certain quiver gauge
theory. This matching directly derives from the matching (2.114), with only antisymmetric
degenerate operators, and taking all but p of the Z equal to 1. Concretely, we express each
highest weight as

c
Ql = ZWKZJ 5 (2.151)
j=1
where ¢; is the number of columns in the Young diagram of € and K; . > --- > Kjo >

K1 > 0 are the number of boxes in each column. We then define an order on the pairs
{(l,j) ‘ 1<i<p1<j< cl} by (k,i) < (I,5) if k < lorif k =1 and i < j. The gauge

group is then
P oC

ITIJv™V) where Npj= > Kii. (2.152)
I=1j=1 (k1) <(L.5)
The matter content of the theory consists as usual of pairs of bifundamental chiral multi-
plets between neighboring nodes, namely (k,i) <> (k,i+ 1) and (k,c;) <> (k+ 1,1), of an
adjoint chiral multiplet for every node except U(N,,), and of Ny fundamental and Ny an-
tifundamental chiral multiplets for this last node U(N,,). Complexified FI parameters
associated to each node U(NV; ;) are given by

1 if1<j<a,
ydz{ =)= (2.153)

:L'l/ﬂjl_H if j =¢,

where x),41 = 1. Detailed factors can be read from the matching (2.114) using this gauge
theory data.

All in all, we have identified the N' = (2, 2) surface operator corresponding to the inser-
tion of an arbitrary set of degenerate vertex operators in a Toda CFT three-point function.
It would be interesting to calculate the expectation values of such surface operators in an
interacting four dimensional theory of class S.

3 Gauge theory dualities as Toda symmetries

In this section, we probe low-energy dualities between two dimensional N' = (2,2) gauge
theories through the correspondence of surface operators with Toda CFT degenerate op-
erators. In section 3.1, we show that some pairs of N' = (2,2) SQCD theories have equal
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partition functions on S?, as predicted by the Seiberg duality. The equality is realized as
the symmetry of Toda CFT correlators under conjugation of momenta. In section 3.2, we
consider N’ = (2,2) SQCDA theories with superpotentials. We focus first on a general-
ization of N' = (2,2)* SQCD, and find the analogue of Seiberg duality for such theories,
which amounts to crossing symmetry of a Toda CFT correlator. We then obtain the
Kutasov-Schwimmer duality between A" = (2,2) SQCDA theories with a W = Tr X!*!
superpotential as conjugation of momenta. In section 3.3 finally, we describe the groupoid
of Seiberg dualities for some quiver gauge theories: some dualities correspond to permu-
tations of degenerate punctures on the Toda CFT side, and in one case to momentum
conjugation.

We check all dualities by proving that the S? partition functions of dual theories are
equal up to simple ambiguous factors: besides the Toda CFT approach, we provide direct
proofs in appendix B. In all cases, the factors can be absorbed in either one of the dual par-
tition functions through the ambiguities described below (2.10), namely a renormalization
scheme ambiguity, a global gauge transformation, and a flavour FI parameter.

3.1 Seiberg duality as momentum conjugation

Seiberg duality relates theories with different gauge groups but the same flavour symmetry.
In our two dimensional N' = (2,2) context, it is expected that U(N) SQCD with Ny fun-
damental and N} < Ny antifundamental chiral multiplets is dual to U(N; — N') SQCD with
the same number of chiral multiplets and Nﬂ\?} additional free mesons, for an appropri-
ate choice of twisted masses. In the case jV\} < Ny — 2, the series giving vortex partition
functions were proven term by term to be equal in [17], and the relation for S? partition
functions was deduced. For Nf =N;—1lor Nf = N;, vortex partition functions differ by a
non-trivial factor, found numerically in [55, appendix F]. Our direct proof in appendix B.1
(similar to that of [48] found independently) is technical and by itself provides no insight
on the factor. In contrast, the factor appears naturally in the proof we give here via the
Toda CFT.

We denote by mg and ms the twisted masses (with R-charges) in the electric theory,
and by m? and m? those in the dual magnetic theory. We shall prove that

Ny Ny

U(N),N;, N, — ~ _ . o~ U(NDP),N;, Ny _ ~
ZSQ( ) ! f(z7 2, m, m) = CL(Z, Z) H H[Py(_lms - lmt) Zs2( ) ! f(ZD, ZD, mD, mD)
s=1t=1

(3.1)

where z and 2P are renormalized values at the scale £ of the sphere, and dual parameters

are NP = Ny — N, 2P = (-1)Niz, 20 = (-1)Mz, mP = L —m,, and mP = 1 — m,.
The factor

‘Z|260 ifj\\f}ﬁNf—Q,
a(z,z) = { [2[20e-DT ) if Ny = Ny — 1, (3.2)

|Z|250|1 _ (_1)Nf+N—12‘251 if j\\[} — Nf
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is given in terms of the exponents

]\ff
Ny — N .
60:’)/0—70D:— f2 —Zlms, (33)
s=1
Ny
Si=m -9 =Ny =N+ (img+ifi,), (3.4)
s=1

which we will obtain from the exponents ; in the matching (2.51), and their duals ’yZ-D . The
factor a(z, z) could be absorbed into Z in three parts as discussed below (2.10). First, a
renormalization scheme ambiguity absorbs any factor independent of twisted masses. Next,
a global gauge transformation shifts the partition function by any power of ]z\Q. A last
factor (present only for ﬁf = Ny) can be absorbed by turning on an FI parameter for the
U(1) flavour group under which fundamental and antifundamental chiral multiplets have
the same charge.

The product of gamma functions in (3.1) is the (one-loop determinant) contribution
D

from ijva free mesons with twisted masses ms+m; = i—mP2 —mP. These twisted masses
are equal to those of the mesons ¢:qs, where g5 and ¢; are fundamental and antifunda-
mental quarks of the electric theory. In the magnetic theory, the twisted masses derive
from the superpotential coupling W = g”Mq”, which has total R-charge 2, hence total
(complexified) twisted mass mP + (i — mP —mP) +mP =1i.

Applied twice, the duality (3.1) yields the original theory, since parameters are mapped
back to those of the electric theory. An immediate consistency check is thus

[(—imgs —img) T(1 4 img + imy)

. .~ . D .~D
Y(ims =i )y(=im = 1m) = Fa ) T (<im, — i) (3:5)
and that the a(z, z) factors cancel thanks to
N, N,
Ny - NP L N &, N,
55:—%—217115:—5—% 1ms+7f:_50, (3.6)
s=1 s=1
Ny Ny
6 = Ny = NP > (imP +iml) = N =) “(img + i) — Np = =61, (3.7)
s=1 s=1
and, for N} = Ny—1, (=1)NiHNP=1(;D 5Dy — _(—1)N+N=1(;_ 7). A second consistency

check, in the case Ny = Ny, is the symmetry under charge conjugation z <+ 1/z, Z <+ 1/,
and img < ims. We find that 07 is left unchanged, and that dy is mapped to —dg — 01,
consistent with a(1/z,1/z) = |z| 72072011 — (—1)Nr+N—14201,

3.1.1 Momentum conjugation for ]V} = Ny
To derive the Seiberg duality relation (3.1) for ]Tf} = Ny, we rely on the matching (2.51)
relating the S? partition function of U(N) SQCD to a Toda CFT four-point function:

U(N),N;=N -~ =~ =~ =~ NP
Zgogs” ™ (myiin, 2, 2) = Al = 2" (Voo (00) Vi (V- (2,2) Vg (0)) . (3.8)
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The four-point function features two generic operators Va, one semi-degenerate operator
Vm, and the degenerate operator V. by inserted at x = = (=1)M*N=1% and labeled by
the highest weight wy of the N-th antisymmetric representation of Ay,_1. The relation
between gauge theory twisted masses m and m, and Toda CFT momenta «g, t, and m
is given in section 2.2.

Toda CFT correlators are invariant under changing all momenta to their conjugate,
that is, applying the C-linear transformation hs — hS = —h N;+1—s Which maps weights of
a representation of Ay,_1 to weights of the conjugate representation. This transformation
maps the degenerate momentum —bwy to>?

Ny Ny—N
(—bwn)® thc Y bhg=— ) bhy=—bwn_n, (3.9)
s= Nf —N+1 s=1

which is precisely the degenerate momentum appearing in the description of the Seiberg
dual SQCD theory. The semi-degenerate momentum 7 = (3¢ + Nb)h; becomes mC =
—(3¢ 4+ Nb)hn;,, which is not along hi. However, the Weyl reflection defined by the cyclic

permutation of [1, Ny] maps m¢ to
1
[Nf (b + b) — - Nb] hy = (5P + NPb)hy = mP | (3.10)

where »P = Ny /b — 3. Indeed, (mC —Q, hy) = (MP —Q, heyq) forall 1 < s < Ny —1, and
(m¢ — Q, hy;) = (mP — @, h1). Finally, the generic momenta o and a, remain generic
after conjugation, and we have

(@ = Q,hp) = (a— Q% 1S) = —(a — Q,hn;11-p) , (3.11)

where we used that (a1, az) = (af, af) and that Q = Q. A Weyl reflection then permutes
(a=Q, hn;+1-p) — (@—@Q, hy), hence conjugation followed by this reflection simply changes
a— 2Q — a.

We thus find that conjugation of all momenta (with subsequent Weyl reflections) relates
two correlators which correspond to SQCD with U(N) and U(N; — N) gauge groups.
Convertlng the relation between momenta to gauge theory variables, we find m? = 1 —m

2

and m? — M, as we claimed below (3.1).34

5

In our normalization, both generic and non-degenerate operators are Weyl reflection
invariant, without reflection amplitudes. The two Toda CFT correlators are thus equal,
and we divide the factor relating the S? partition functions and Toda CFT correlator for

one theory by the factor for the other theory to find (for ]/\\f} = Ny)

free,D 2 2
U(N) ~ Z L L UWNP) D _D D ~D
Zg ' (2,2,m,m) = 5 55 g2 (z7,z7,m",m"”). (3.12)
ngeAD ’x‘ ’Yo ’1 _x‘ 71

b

33The third step uses that the weights hs of the fundamental representation of ANf,1 sum to zero.

31 A global U(1) gauge transformation is identical to the flavour symmetry which shifts ims and —im.s by
the same amount. This has no physical effect: the Toda correlator is invariant, and the partition function is
multiplied by a power of |z|2 Dual twisted masses are only defined up to such a shift, which also alters do.
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We recognize the factor a(z, z) = |z|27072763|1 — (=1)NHN=Ly =297 announced in (3.2).
The ratio A/AP simplifies:
A PN N; (1462) = N262 2N o0 | (1-Fim.+iis)

A _ N S (ima2im) (393
AD pND N (1+62)— (N D)2p2—2N D Zf&(lﬂm?*img)

The hypermultiplets masses (2.17) involved in the S; partition functions (2.4) associated
to the electric and magnetic theories are

1= 1 -
Mt =175 = g(ms + 1) (3.14)
1= 1. _ _
mi =i % —g(l—ms—mt):—lb—mst, (3.15)
thus the constant factor is
free, D
Zgs A_ H +2b img) A I T +2ib+im5t) (3.16)
ZggeAD AD —im®) T AD o T( + 2b +img — b) '

. L~ . 1— 2
— b—Nf 2511(1+21ms+21ms) H |:bb2_2blm3t’7 (2b + blmst):|

s,t

= [ v (~ims — i) . (3.17)

The one-loop determinants of free mesons appear here thanks to the shift by b in im%) =

b — img, which relies on the shift between my and %(ms + my) in (2.17). We obtain this
constant factor more directly for any Ny < Ny in the next section.

3.1.2 Decoupling multiplets towards Kf} < Ny

We could find analogous Seiberg duality relations for ﬁf < Ny via the matching of sec-
tion 2.2.3 with Toda irregular punctures, but those cases are also easily accessed by taking
some twisted masses of antifundamental multiplets to be very large in the ]Vf = Ny dual-
ity. The reverse process, which decreases Ny > ],\? by giving some fundamental multiplets
large twisted masses, is more difficult, and must be significantly altered to reach the case
Ny = Kf} in appendix B.1.

Our starting point to prove (3.1) is the Higgs branch decomposition of the S? partition
function of interest [17, 18]:

Ny
N =SV imo . S N;,N; a(s),Np,N; $),N¢, Ny NodN—1
Z0N :Z(zz) 2y, lef{p}f f{p} " f(( IR )fffp} " f(( RN 12)7
p1<--<pN
— NI A (—img +imy,) = o Lk ¥
N Np s¢{p) 7 s Pj S NFNp N N ()7 Ny
iy =11 Cfpy @ =X (3a8)

j= 1H5 1’7(1+ims+impj)

Ne oo
)N Np — Z H Hsil(_lms - lmpj)k'j
* Y

Tl N iy
8 bty =k j=1 LG T (imp; = imp; — ki), Hsé{p}(l +ims —imyp, )k,
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which generalizes (2.58) to Nf < Ny. The series f{ ) Ny () converge on the unit disc if

Nf = Ny, and on the whole complex plane if Nf < Ny. We shall equate the term of (3.18)
labeled by {p} C [1, N¢] with the term labeled by the complement {p1® for the dual theory.
The powers of |z|* match:

N Ny Ny
—Zimpj:—Zims—i— Z imS:—Zims imfzéo— Z im?
=1 s=1 se{p)t s=1 se{p)t se{p)t
(3.19)
The constant is fixed as the ratio of one-loop determinants 77,
N;, Ny N; Ny N,

] [ttt F L
- = _ — t) s .
zN NP 1 e 7( +ims +ime) LT

11,{p}®

which is independent of {p}. There remains to match vortex partition functions:
T @) = a@) P P, (3:21)
where -
(1—z)% if Nf = Np,
a(z) =< e” if Np=Np—1, (3.22)

1 if Ny < Ny —2,

and 2P = (—1)NTN7-1,D (—1)1’va+N_lz = (—1)Nf_jvvfx. From the case Ny = Nj studied
in the previous section, we now derive the relations for Ny < N; by taking a limit where
Ny — Ny antifundamental chiral multiplets are given large twisted masses. We give a proof

independent of the Toda CFT matching in appendix B.1.

(s),Ny, 5~ = A — +oo. This relies
G

on the asymptotic behav10r (p+ a)g ~ p* of Pochhammer symbols when |p| — oo:

Let us expand f{ f, for some ]/\\7} < Ny, in the limit m

(s),Np,Ny—1

NN (A Ny (3.23)

oy

Summing over k > 0,

(S Nf,Nf xr Nf,Nf 1
() = 1 ). (3.24)

as A — oo, and for a fixed . We then apply this limit to (3.21) for Nf = Ny after changing
x — x/(—iA). Since §; ~ iA, we get a(Nf = Ny, iz/A) = e (1=2/A) e which is the
exponential factor for N} = Ny — 1. In the limit where further twisted masses become
very large while keeping the appropriate combination —iAx fixed, the exponential factor
becomes e*/(=14) — 1, yielding a(z) = 1 for Nf < Ny — 2. The relative sign between x

mP ~ —im for each of the Ny — ]A\f;c antifundamental

and z” is due to the sign difference im
multiplets which we decouple.
This concludes the proof of the Seiberg duality relation (3.1) for all Ny < Ny as limits

of the case ]AV} = Ny, itself derived from the correspondence with the Toda CFT.
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3.2 SQCDA dualities: crossing symmetry and conjugation

In this section, we find two new Seiberg-like dualities between pairs of N' = (2,2) theo-
ries with adjoint matter and a superpotential. The first is realized in the Toda CFT as
crossing symmetry, and contains as a special case a duality between N' = (2,2)* theories,
proposed in [59] for particular twisted masses, and recently in [48]. The second is realized
as conjugation symmetry, and is a direct two dimensional analogue of the four dimensional
Kutasov-Schwimmer duality [52, 53]. We test both dualities by comparing S? partition
functions using the matching with Toda CFT correlators. We also provide direct proofs
that the S? partition functions of dual theories are equal, without relying on the Toda CFT.
Namely, classical and one-loop contributions are compared in the main text, and vortex
partition functions in appendix B.2. It would be interesting to work out the mapping of
chiral rings of dual theories.

Each duality relates theories with U(N) and U(NP) vector multiplets coupled to one
adjoint, Ny fundamental, and ZAV} antifundamental chiral multiplets. We assume by sym-
metry that ﬁf < Ny. As for the Seiberg duality, the magnetic theory includes additional
free matter. In the electric theory, chiral multiplets are denoted by X, ¢;, and ¢, and
their (complexified) twisted masses by mx, my, and m; respectively. The FI parameters
and theta angles (renormalized, at the scale ¢ of the sphere) are combined as usual into a
complex parameter z. We use the notations X, ¢, gP, mg, mP, mP, and 2P for the
magnetic theory.

Recall that when ]/\\7} = N; we have the matching

U(N) SQCDA ~ _ =5 5 5 N>
ZA2 05O (i, 2, 2) = Ay 1= g7 (Vo (00) Vir(D) V-t (0, ) Vs (0))

(3.25)
for y = (—=1)Vz, b> = imy, with other parameters given below (2.88). The four-point
function can exhibit two types of symmetries. If the semi-degenerate momentum m =
(3¢4+Nb)hy is in fact degenerate (1 = —NPbhy), then crossing symmetry exchanges the two

degenerate operators via N <+ NP and y — y~!. This yields the duality in section 3.2.1.
—1
~ R 1
operator V_pp, is conjugate to another degenerate operator, V_ by, . This leads to the

On the other hand, it turns out that for fined-tuned values imx = b* = the degenerate
Kutasov-Schwimmer duality in section 3.2.2, which we then extend to Ny < Ny as we did
for the Seiberg duality.

3.2.1 (2,2)*-like duality as a braiding move

Let us describe the first duality more precisely. With notations as above, the electric and
magnetic theories are N' = (2,2) SQCDA theories with N and N? colors and the same
matter content and superpotential

Ny

W=> GX"q  hence 1+ imy+ifity+Limx =0, (3.26)
t=1

where [; > 0 are integers, and ﬁf = N;. We will find that NP =L — N with L = Zi\zl lt,

D

twisted masses are the same in the two theories, z” = 271, and zP = 771
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In particular, when all I, = 1 the theories are N’ = (2,2)* SQCD with gauge groups
U(N) and U(Ny — N), and the duality is an N’ = (2, 2)* analogue of the N = (2,2) Seiberg
duality found earlier. In the special case mx = i/2, the two dualities agree after charge

conjugation, which exchanges m? <« mP

and maps z” — (2”)7!. The agreement is
expected since the superpotential term W = Tr X? is then supersymmetric and X can be
integrated out, shifting the theta angle by (N — 1) in the process: this leads to a sign
difference in the maps z — 2z of the two dualities.

We test the duality by proving that S? partition functions match:

Ny
ZEQ(N)(,Z, z) = |z|260‘1 - (—1)Nfz‘2§1 Z;JQ(ND)(ZD, zZP) for W = Z@Xltqt (3.27)
t=1
with dual parameters given above, and the exponents
Nf l1—1
do=—(L—N)(1+imx) Z Z im; + vimx) , (3.28)
t=1 v=0
01 =(L—-2N)1+imx). (3.29)

As discussed below (3.2) for the Seiberg duality, the powers of |z|> and |1 — (—=1)™ z|* can
be absorbed as ambiguities of the S? partition function.? The same consistency checks as
for the Seiberg duality apply. Repeating the duality yields the original parameters, and the
factors cancel thanks to 50D = 0 + 01 and 51D = —0471. The relation is also invariant under
charge conjugation, which exchanges twisted masses of fundamental and antifundamental
chiral multiplets, since 97 is unchanged and 6y — —d&p —d1. We first derive dual parameters
from the matching of SQCDA partition functions to Toda CF'T correlators. For complete-
ness, we then prove the relation by comparing classical, one-loop and vortex contributions
of the two theories.

Recall the matching (2.88) between the partition function of a sphere surface opera-
tor descrlblng U(N) SQCDA and a Toda CFT correlator with the symmetric degenerate
operator vV Nbh,, & semi-degenerate operator Vm, and two generic operators. We find in
section 2.3.3 that the superpotential W = )", G: X' q, constrains twisted masses in such a
way that m = —(L — N)bhy = —NPbh;. The S? partition function of the electric theory
we are studying is thus

2™ (2, 2) = A1 = o (Vo (00) V- wopn, (DV-nom (0:9)Va(0))  (3:30)

where y = (—1)M 2z, b*> = imy, momenta and exponents are given below (2.88), and we
have absorbed in A the contributions from the S;} hypermultiplets and from the differing
normalization of semidegenerate and degenerate operators. The Toda CF'T correlator is

invariant under N — NP, y — P = 37! and the conformal map (co,1,y~1,0) —

35For N = (2,2)" theories, the power of 1 — (—1)™ 2 relating dual vortex partition functions was found
numerically by Honda and Okuda [55].

— 57 —



(00,y,1,0). This implies that

1’4"2701_ 2m a——D CA(L _Ala D
2™ (2 2) = - !y\2D| yl _ly [Ba) =B NP0~ ANk ~Bew) UNP) (D 2Dy
APyPP0 |1 — P
(3.31)
We deduce the exponents (3.28) and (3.29) by computing d; = v; —v{ and
% =0 + Alee) = A(=NTbh1) — A(=Nbh) = Alao) + 75 +1 - (3.32)

We also obtain 2P = (=1)VyP = (=1)Nry=! = 27! and NP = L — N as announced.

There remains to fix the overall constant factor, since /~1/ AP s difficult to evaluate
(/T and AP are singular for our choice of twisted masses). This is done by comparing the
s-channel decomposition (as z — 0) of the electric theory with the u-channel decomposition
(as 2P — 00) of the magnetic theory. Recall from section 2.3.3 that the s-channel Higgs
branch vacua of the electric theory are labeled by ordered partitions Zivzfl ny = N with
0 < ng <l;. The classical and one-loop contributions (2.96) are

28y (2:5) = (22)Zea T’ (i —pimix) (3.33)
Nr na—1 Ny y(ims —imy + (1 — ng)imx)

s . 3.34

11 {m} 51_[1 l}_[() 751_[1 (img —imy + (u — l)imx) (3.5

Similarly, u-channel Higgs branch vacua of the magnetic theory are labeled by partitions
Zt (nP = NP with 0 < nP <1, and are in a natural bijection with those of the electric

theory through nP = I; — ny. The classical contributions match up to |z|260.
N ns—1 Nt ly—ns—1
Z Z —img — pimyx) = 0y — Z Z ims + pimy) . (3.35)
s=1 pu=0 s=1 =0

The one-loop contributions are equal, with no relative constant factor, since

Ny ng—1 Ny li—ne—1

v(1 4 img + imy + (u+ v + 1)imx)
3.36
zy {m} H1 ,Ho tl_Il ,,Ho (1 4 img +imy + (p + v)imx) (330)

is invariant under m < m and n — [ — n. We prove in appendix B.2 that the vortex
partition functions match up to (1 — )% . This establishes the duality relation (3.27).
From the duality we can extract information about powers of |1 — y|2 which appear
in the expansion of Z near y = 1. In the electric theory, the powers are given by (2.100),
valid for all SQCDA theories: replacing k by N — k there,
ZSQ(N)(Z, 2) = [1 = y| 2N (Him) iv: [|1 )~ (VR -Bims] gerice) | (3.37)
k=0
for some series in non-negative powers of (1 — y) and (1 — ). The magnetic theory has a
similar expansion with N <+ NP, Since the two must match, we deduce that the expan-
sion (3.37) holds, with a sum restricted to 0 < k < min(N, NP). This list of exponents

is useful to identify the correct relation between quiver gauge theories and correlators in
section 2.4.
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3.2.2 Kutasov-Schwimmer duality as momentum conjugation

The Kutasov-Schwimmer duality [52, 53], initially proposed between four dimensional theo-
ries, is similar to the Seiberg duality, with an additional adjoint matter multiplet X subject
to the superpotential coupling W = Tr X1, Through the matching found in section 2.3.3,
the duality is realized as conjugation of momenta in the Toda CFT when JA\T} = Ny. The-
ories with ]A\f;r < Ny are obtained by decoupling chiral multiplets. For [ = 1, integrating
out X reproduces the Seiberg duality between SQCD theories.
The electric and magnetic theories are N' = (2,2) SQCDA theories with gauge groups
U(N) and U(NP) and the superpotential coupling
W =Tr X" hence im% =imx = zjr11 (3.38)
for some integer [ > 1. As we will see, 2 = (—l)Nf*Nvfz, zP = (—I)Nf*N}E (in terms of
renormalized parameters at the scale £ of the sphere), NP = INy — N, mtD =mx — My,
ﬁ‘th = mx — My, m)’% = my, and the magnetic theory also features leNf free mesons M2

jst
with twisted masses mfst ms+my+jmy for 0 < j <[, 1 <s< Ny, 1<t < Nf. We
assume that [ < N < [Ny — 1.

We test the duality by comparing S? partition functions. Namely, we prove that

U(N),N;,N; _ _ ) U(ND),N; Ny _
25NN 2 2) = (e 2) [Tr(-imP) 2™V P3P 2Py 30)

j7s7t

with dual parameters given above. The constant factor in (3.39) is the one-loop determinant
of free mesons Mjlzt whose twisted masses mﬁt = ms + my + jmyx are fixed by the full

superpotential coupling

Ny 11
W = Tr[(XP)*] +ZZZ D [aP (xP)1gP]. (3.40)
7=0

s=1 t=1

Relative coefficients are unimportant, as the superpotential only affects the S? partition
function by fixing complexified twisted masses. The electric theory features mesons §; X7 g,
which have the same twisted masses mgs + m; + jmx. The factor a(z, 2) is

| 2|2 if Nf < Ny—2,
a(z,2) = { |20l -D" (z=2) if Ny =Ny — 1, (3.41)
|2[20]1 — (=1 Nfz\z“l if Ny = Ny,

;|

o = —
0 2 l+1

lZlms , 01 = INy — %l +1 Z img +1ims).  (3.42)
As discussed below (3.2) for the Seiberg duality, this factor can be absorbed as an ambiguity
of the S? partition function.

The same consistency checks as for the Seiberg duality apply. Repeating the duality
yields the original parameters, and the factors a(z,z) and products of gamma functions
cancel. Charge conjugation leaves the relation invariant in the case ]AV} = Ny.
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Let us first derive (3.39) for ]/\\f;: = Ny from Toda CFT conjugation. Recall (2.111),
which expresses the partition functions of interest as b?> — lell limits of Toda CFT
four-point functions. The relevant correlator is <‘7aoo(00)‘7m(1)‘77bw]v,l (x, :f:)‘A/ao (0)). Here,
wn, = lwg + (N — lk)hy41 with k defined by kl < N < (k + 1)I, and its conjugate weight
is w]C\;J = wyp,; with NP = [Ny — N. As for the Seiberg duality, we follow the conjugation
of m = (3 4+ Nb)hy by a Weyl reflection to get a momentum along hq,

1
mP = (3P + NPb)h, = [Nf (b + b) —x— Nb} hi. (3.43)

Thus, »” = $Np(1 — (I — 1)b%) — 5, which is 2N;(1 + b?) — 5 when b? = lell Finally,
the generic momenta gy and a, are mapped as a — 2() — o under a conjugation followed
by the maximal Weyl reflection. Translating to gauge theory parameters thanks to the
dictionary (2.89) yields the values of N, mg, , and m% claimed earlier. The position
y = (—1)™ 2 of the degenerate operator is not affected by conjugation, hence y” = y and
2P = 2. The factor a(z,z) given in (3.41) is the ratio of factors |y|[*?°|1 — y[*™ for the
electric and magnetic theories.

Since the constant factor A which appears in the matching (2.111) is not known, we
cannot deduce the presence of free mesons in the magnetic theory through conjugation of
momenta. Instead, we use the Higgs branch decomposition (2.95), which expresses both
partition functions as sums over choices of 0 < ngy < [ with n; +--- + an = N. The
classical contribution for the term labeled by {ns} in the electric theory is |2/* times the
classical contribution for the term labeled by {n? =1 — ns} in the magnetic theory. We

then compare the one-loop determinants (2.96) for those vacua,

Ny Np [n.— _
Dy ﬁﬁrﬁl Y(=imy +ims + ) Frecl o (1 4 imP + imP lﬁl)
D = _ ) ) ,
le,{l—N} s=1t=1L p=0 (L + iy + im l+1) ueo Y(=imP +imP + an”)
Nf Nfl 1
= 1I1I H’Y<_1mt im + li 1) (3.44)
s=1t=1 ;=0

and find the one-loop determinants of mesons with twisted masses mjDs
Finally, we prove in appendix B.2 that vortex partition functions of dual theories are equal
up to the factor (1 — y), hence establishing the relation (3.39) for Ny = Nj.

For completeness, we compare exponents which appear when expanding the S? parti-

;, as announced.

tion functions of the dual theories near y = 1. Those exponents are given by (2.100): for a
general N' = (2,2) SQCDA theory with N colors there are N + 1 exponents labeled by an
integer 0 < k < N. The set of exponents thus does not match for the U(N) and U(NP)
theories we consider here. In fact, it turns out that only the subset labeled by 0 < k <1

matches (assuming that [ < N <INy —1): the coefficients of all other exponents must thus
—1

T+1° . .
We now take the limit im; = iA — Fioco for Ny — Ny antifundamental flavours Ny <

vanish when imx =

t < Ny. The multiplets ¢; decouple, the FI parameter is renormalized, and we will be left
with the Kutasov-Schwimmer duality (3.39) for Ny < Nj.
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The twisted mass A appears in the Coulomb branch expansion (2.93) through the
one-loop determinant of antifundamental chiral multiplets: for fixed ¢ and B

.~ . 7‘] . Ny
H H (—img + ioj + 2) o |y (1A (—iA) e+ B) () Trlio = B) . (3.45)
1+ i — iy + 22)

J=ly= N+1

The powers of +iA combine with the classical contribution zg;iﬁLB/ 2)25;5?_3/ 2)

, and we
get the integrand of the Coulomb branch representation for the theory with vaf < Ny and
2 = Zen = (—iA)NI~ beare A careful treatment shows that the limit A — 400 and the
integration commute, because the contribution for large values of ¢ and B falls off fast
enough at infinity. As mentioned for a similar limit of the SQCD theory in section 2.2.3,
it is easier to work out this convergence issue in the Higgs branch decomposition where

terms decrease exponentially in the vorticity k. Either way yields

N, N, z
2ot f((—iA)Nf—JVf (1A)Nf A {mS’A}>

(3.46)
w(—iA)NWf—ﬁf)Z;V;‘ M ({me}, (s}, 2,2)
Given the form of (3.46), the next step is to consider the duality (3.39) with the

replacement N} — Ny, z = z/(=iMNM N and z — z/(iA)Y 2, in the limit where
A = +00. The factor a(z, z) = |2|*®|1 — (1) 2** with &, ~ iAl becomes

z z N
a —, | ~ AT N (2
Nf’]vf ((—IA)Nfo (IA)Nfo> vaNf< )

A_2(Nf_]/\7})60|2|250 if ]/\\f;‘ S Nf - 27
T\ AN Pl (e=2) i N = Ny — 1
(3.47)

The gamma functions in (3.39) become those for ]Vf < Ny, multiplied by

Ny 1—1

Ny 1-1 N
HH H 7<_1A 1m5+l—{—1> HH[’Y lA AQ 1mé+l 1)i|Nf Ny

s=1j= Ot—Nf+1 s=17=0

~ [7(_1 NG A2(60+NDH¢1>} N =N (3.48)

. . _ Ny =Ny
~ [AZoy(—iA) Yy (=iaP) N

where we used y(iz+a) ~ 7(iz)|z|** as 2 — +oo, and Al%’y(—iA) ~ 'y(—iAD)_l. Combin-
ing (3.47) and (3.48) with the power of (—iA) from (3.46) and the power of v(—iAP) for
the dual theory establishes the Kutasov-Schwimmer duality relation (3.39) for all Ny < NNy.

3.3 Dualities for quivers

We revisit here the N’ = (2,2) quivers of section 2.4 and express some Seiberg and N =
(2,2)* dualities as permutations of Toda CFT punctures in section 3.3.1. This lets us
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construct in section 3.3.2 the full set of theories obtained through Seiberg and N = (2,2)*
dualities. For a particular choice of matter content, a certain combination of dualities is
realized as conjugation of momenta in the Toda CFT.

The gauge theories depend on ranks N; > 0, signs 7;, and complexified FI parameters
(éj,?j) for 1 < j < n, as well as twisted masses. They are described by the quiver

(3.49)

The theories consist of a U(N7) x -+ - x U(IV,,) vector multiplet coupled to chiral multiplets
which transform in the following representations: Ny fundamentals and Ny antifundamen-
tals of U(N,,), two bifundamentals of U(NV;) x U(N;_1) for each 2 < j < n, and one adjoint
of U(N;) for each 1 < j < n. Let ¢ = H?:j ni- The twisted masses my¢, my, mj_1),
m;j_1);, and my; of those chiral multiplets obey (2.118), that is,

where ¢; = b?/2 if ¢; = 1 and ¢; = —(1 + b*)/2 otherwise for some parameter b*>. The
twisted masses are such that a given superpotential W, has R-charge 2 (twisted mass i).
Whenever n; = —1, the superpotential term Tr(XJZ) lets us integrate out Xj.

We gave evidence in section 2.4 that the partition function on Sg of the S? surface
operator obtained by coupling such a theory to free hypermultiplets is equal to a Toda
CFT (n + 3)-point function, namely the correlator of two generic, one semi-degenerate,
and n degenerate vertex operators. The momenta of the first three operators encode the
twisted masses m; and m;. The degenerate operators are inserted at positions z; = [/ j Zi,
and have momenta —b); = —bQ(Kj,€;), where K; = N; — Nj_1, ¢ = H?:j n;, and
Q(K,+1) = Khy and Q(K, —1) = wgk.

Crossing symmetry of the Toda CFT correlator states that the labeling of degenerate
operators by integers 1 < j < n is irrelevant. Therefore, the n! gauge theories which cor-
respond to each labeling of the degenerate punctures should all have identical S? partition
functions, up to simple factors. It turns out that each transposition k <> k+ 1 (for k < n)
corresponds to a duality acting on the node U(Nj) of the quiver gauge theory: Seiberg
duality (see section 3.1) if g, = —1, or the N' = (2, 2)* duality (see section 3.2.1) if n = +1.
In section 3.3.1 we work out details and make sure that transpositions correctly reproduce
the mapping of parameters for such dualities. As a result, the groupoid generated by
Seiberg and N = (2,2)* dualities acting on nodes with k < n is realized as permutations
of punctures in the Toda CFT.

In section 3.3.2, we extend the groupoid by including the action of Seiberg duality on
the node U(NV,,) when it is applicable (1, = —1): the N’ = (2,2)* duality never applies,
since the /Ny fundamental and antifundamental chiral multiplets are not constrained by a
superpotential. The result of acting with Seiberg duality on U(XV,) is not a quiver of the
same type, hence is not given a Toda CFT interpretation in our work. However, for a
specific choice of matter content which corresponds to the case where all degenerate vertex
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operators are labeled by antisymmetric representations of Ay, 1, applying Seiberg duality
in turn to all the nodes yields a quiver of the original form. This combination of dualities
corresponds to conjugating Toda CFT momenta.

All our results extend to theories with any number ]AV} < Ny of antifundamental chiral
multiplets following the discussion for Seiberg duality of SQCD in section 3.1.2. We focus
on ]AV} = Ny because the matching between partition functions and Toda CFT correlators
was only derived in this case in section 2.4: for ﬁf < Ny, the correlator contains an irregular
puncture as described for SQCD in section 2.2.3.

3.3.1 Seiberg dualities from braiding moves

We now prove that the action of Seiberg duality or the N = (2,2)* duality (depending
on 7)) on the node U(NNy) translates to the transposition (xg, €k, Ki) <> (ki1 €xt1, K1)
of two degenerate punctures, for 1 < k < n — 1. Specifically, we show that the S? partition
functions of the theories described by the Toda CFT data before and after the transposition
are equal. Most gauge theory parameters describing the electric and magnetic theories
are the same, with the following changes: n,?il = N1k, NkD = Ngy1 + N1 — Ng,
2P = 214 and 2P = 57

The multiplets which interact with the U(Nj) vector multiplet of the electric theory
are those of N’ = (2,2) SQCDA with Ny colors and Nj_1 + Ni41 flavours. If gy = —1, then
imgr = —1/2 and W, contains the term Tr(X?) which lets us integrate out the adjoint
chiral multiplet X%, leaving N = (2,2) SQCD. If instead n = +1, then impgg, + imy+1) +
im(p+1)r = —1 and W, contains the terms Tr(¢ (4 1)t XrPr(k+1)): thisis N = (2,2)* SQCD.
In both settings, the theory admits a dual description with N1 + Ni_1 — N colors, and
some mesons if 7 = —1 (see sections 3.1 and 3.2.1). As we will now see, parameters map
precisely as expected from the Toda CFT.

In the Coulomb branch representation of the S? partition function of the electric theory,
we collect all factors which depend on the scalar o of the U(N}) vector multiplet. This
yields an integral Zj (2.132) very similar to the partition function of N’ = (2,2) SQCDA
with Ny colors and Nj_1 + Niy1 flavours. The usual contour techniques apply and yield a
factorized expression for Zj in the region |Z;| < 1, namely

Zy, = Z ﬁ’?iv+§?iv7 le,{vi}({mkl - Ulj;-}, {my, + J?j}) (3.51)

:t ~
’ Zv,'uJr ({mkl - O'l—;}v {mlk + O-l—;}a Zk)

. Z;,7U— ({mkl — Ul;}, {mlk + O'Z;}; gk) .

Higgs vacuum v

As discussed above, the superpotential W, reduces SQCDA to N = (2,2) SQCD or N =
(2,2)* SQCD depending on 7. In both cases, Higgs branch vacua are labeled by sets of
N “flavours” among

Li={1,j)|l=k+1,1<j <N}, (3.52)

and the eigenvalues of v* for a given Nj-element subset £ C Lj, are

v = —mu +oif for (1,j) € B (3.53)
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The vortex partition functions in (3.51) are those of the relevant N' = (2,2) SQCD or N =
(2,2)* SQCD theory with Ni1+ Ng_1 fundamental multiplets of twisted masses {my; —ag}
and the same number of antifundamental multiplets of twisted masses {my, + o, ]} in the
Higgs branch vacuum v*. The antivortex partition functions are obtained by replacing a;;.

by 0y and v by v~. The one-loop determinant for the vacuum labeled by E C L, is

. . . . + . +
7 H H —impy — Oy jrepimp, + imy + ioyr — 1alj)
1LE — . P
. (1 + imyy + Oy jre gimypg, — imyy — iy + 10lj)
(lvj EE (l ’.7 (3 54)
T(—imyg — imy — iaﬁj, + iag)

F(l + imyrg 4+ imy + ia—lTj’ — lO’l;)

We now need to distinguish 7, = £1 because explicit expressions differ. We will bring the
results together at the end of this section.

Focus first on the case ny, = +1. Since 1 + imgg + imy 1) + img+1)x = 0, the factors
with (I,j) € E and (I',j') € E in (3.54) cancel. The remaining factors are invariant
under the exchanges £ — EC and My, — Ulj;‘. < myg + O’lj]:-. As a result, the one-loop
determinant for the s-channel vacuum E of the U(Nj) theory is equal to the one-loop
determinant for the u-channel vacuum EC of a theory with identical twisted masses but
ND P = #EC Nj_1+ Ni11— Ng colors. As discussed in section 3.2.1 and shown directly in
appendix B.2; the vortex partition functions of the U(Vy) theory in the s-channel vacuum E
and of the U(NP) theory in the u-channel vacuum EC are equal up to a factor (B.57)

D
20 (a) = (1 - zkr&zjggk N((P)) (3.55)

with 01 = (N — NP)(1 + img), provided 2P = 2! as expected from the Toda CFT
symmetry. Finally, the classical contribution transforms as follows:

flmlirm' —do+Trio +Trio; ~DNim.Liot
[T 2 ™% =g I (epymetion (3.56)

(Lij)EE (1,j)€ES
with dg = Nk,limk(k_l) + Nk+1imk(k+1) + (1 + 1mkk)N,? All in all,

Y o 1—95, JTricy_ +Trio;), | ~Tric,_,+Trio; NP
20 (o, 2) = 5] 70N — g T R g O T ZINO (D 2D
(3.57)
In the full S? partition function of the quiver theory, the powers of 25 and 2, combine with

the classical contribution for the gauge group factors U(Ny1) and yield

|2k|7250|1 . 2k|7251 H (2lék)TriUl+ (%)Trial_ ' (358)
I=k+1
Therefore, the S? partition functions of the U(N7) x - -+ x U(N,,) theory and of the theory

with N,? = Ng—1+ Ngy1 — N, 2,? = :2,;1, and él?ﬂ = Zk+12k are equal up to |Zg|” 250\1 —

A 1—201

2,72, On the Toda CFT side, this factor is due to differences in powers of |z |*, |z441]

and |xg4q —l‘k|2 which appear in the correspondences for the electric and magnetic theories.
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In gauge theory, the factor can be absorbed into the partition function: since §; only

—261 . .
is a renormalization scheme

depends on b, the N;, and the matter content, |1 — Z|
ambiguity, while |2;| 72 can be absorbed by a global U(1) C U(NN},) gauge transformation.
Such ambiguities are described below (2.10).

The case np = —1 follows the same ideas, but is more intricate. The Higgs branch
decomposition (3.54) involves vortex partition functions of N' = (2,2) SQCD. As for the
previous case, those are equal up to a power of (1 — Z;) to vortex partition functions of a

dual theory with NV, kD colors and twisted masses m” =i/2 —m. Explicitly,

Z, ({mu — U;;-}w {my, + 0;;}; Zk)
=(1- gk)—Nk—2%Nk—1—2fIk+1Nk+1ZVVE.; ({i/2 = mua + 05}, {i/2 —mur, — o} 2) -

(3.59)
The signs with which O'Z—; appears in the right-hand side are inconvenient, as it implies
that chiral multiplets which transform under the fundamental representation of U(NkD )
also transform in the fundamental representation of U(NlD ), and not the antifundamental
representation. This is fixed by conjugating all U(V, ,? ) charges: Zj — ik_l and the vortex
partition function becomes a u-channel (|Z;'| — o00) vortex partition function of SQCD

1

with N,? colors, Ng_1 + Ni41 flavours, and :2,? = 2, . Once this is understood, the

classical contributions (of the electric s-channel vacuum labeled by E and the magnetic
u-channel vacuum labeled by EC) are equal up to powers of |2k|2, provided 2P = 2 !
and é'l?il = Zg+12k. This is precisely the map described by the exchange of Toda CFT
punctures.

The one-loop determinants, on the other hand, transform non-trivially. This is ex-
pected from the study of Seiberg duality for N' = (2,2) SQCD: the magnetic theory in-
cludes mesons whose one-loop determinants appear in the S? partition function. There,
the mesons are realized as M;s = ¢:qs in terms of the electric quarks and antiquarks g
and g, and couple to the magnetic multiplets through a superpotential term g°M;sqP.
In our current setting, the mesons are the four combinations Mjy = ¢;¢ry in the electric
theory, and couple to the magnetic multiplets through the superpotential Tr(Mll/qSl[,)kgblZ).
The mesons Mj11y+1) transform in the adjoint representations of U(Nkt1), and the
mesons Mj41)(x51) in bifundamental representations of U(Ngi1) x U(Ng—1). Since the
(electric) superpotential features the term Tr(Mx_1)(t1)M(p41)(h—1)) for ng = —1, these
two mesons can be integrated out, leaving the term Tr(¢g€_1)k¢kD(k+1)cbgﬁl)k(ka(k_l)) in the
superpotential of the magnetic theory. This term is expected from 77,? = —1.

Next, for each of [ = k £ 1 there are two cases. If ny+1 = +1 then the superpotential
term Tr(Xg+1M(g+1)(k+1)) lets us integrate out both Xy and the meson M4 1)k+1),
leaving the magnetic superpotential Tl"(¢(k:|:1)(k:|:2)¢(k:|:2)(k:tl)QS(Dkil)kqka(kil)). This is ex-
pected from n,?il = —1 (multiplets ¢y with [,I' # k are not affected by the duality). If
instead 7mp4+1 = —1, then we integrate out X471, and note the presence of magnetic super-
potential terms Tr(¢(r+1)r2)Ph+2)(kt1)M k1) (h21)) and Tr(M(kil)(kil)¢gfi1)k¢£(kil))‘
Those are expected from n,?il = +1. In both cases, the change in matter content between
the electric and magnetic theories and the mapping of twisted masses are encoded in the
map n,’?ﬂ = Mk+1M% implied by the exchange €1 <> €.
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Combining the classical, one-loop, and vortex contributions yields the equality of
S? partition functions up to powers of |,2k|2 and |1 —2k|2 when np, = —1. As for np = +1, the
powers of |1 — 2,|* and |2|* are an ambiguity of the S? partition function. This concludes
the proof (for arbitrary n) that applying Seiberg duality or the N' = (2,2)* duality to the
gauge group factor U(Ng) with 1 < k < n corresponds to transposing the punctures k
and k£ 4+ 1 in the Toda CFT correlator. Therefore, permutations of Toda CFT degenerate
punctures encapsulate the mapping of parameters for arbitrary combinations of dualities
which act on the nodes with 1 < k < n.

3.3.2 Seiberg dualities from momentum conjugation

We now find all theories obtained through dualities acting on any node, including U(NV,,).

For simplicity, we first consider the theory with n, = —1 and n, = +1 for k£ < n,
which corresponds to a Toda CF'T correlator where all degenerate punctures are labeled by
antisymmetric representations of Ay, 1 (all ¢, = —1). Since 1, = —1, the superpotential
includes a term Tr X2 which lets us integrate out the adjoint chiral multiplet X,,. Therefore,
the chiral multiplets which couple to the U(N,,) vector multiplet are those of N' = (2,2)
SQCD with N, colors and Ny + N,_; flavours. Applying Seiberg duality and charge
conjugation to the node U(N,,) yields a similar quiver gauge theory with N,, replaced by
NT? = Nf + Ny—1 — N,. Recall that the Seiberg dual of a theory includes additional
multiplets with charges identical to mesons of the original theory. Here, these are Nf2 free
chiral multiplets, and Ny fundamental, Ny antifundamental, and one adjoint of U(N,_1).
The magnetic theory thus has two adjoints of U(N,,—1). Given the cubic superpotential
which links the bifundamentals of U(N,,) x U(N,,_1) and the adjoint of U(N,,_1) in the
electric theory, the two adjoints of U(N,,_1) couple through a quadratic superpotential term
and can thus be integrated out. Therefore, the two dual theories are given by the quivers

(3.60)

where the superpotential is the sum of all gauge (and flavour) invariant cubic combinations
of bifundamental and adjoint chiral multiplets. The complexified FI parameters of the

D

=31 27?71 = Zp2n_1, and 2,? =z, for k<n-—2.

magnetic theory are Z,; o

The absence of adjoint chiral multiplet of U(V,,—1) in the second theory lets us apply
Seiberg duality (and charge conjugation) to this node of the second quiver. Once more, the
resulting quiver contains additional matter, including an adjoint of U(N,,_2) which cancels
the already present adjoint because of a quadratic superpotential. The procedure can thus
be continued by acting on successive nodes from U(N,) to U(Ny). The resulting quivers
are given in figure 3.

We note in particular that the last quiver, obtained after applying Seiberg duality
to all the nodes, has the same form as the original quiver: only one gauge group factor
features fundamental and antifundamental chiral multiplets. This quiver gauge theory, or
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The quiver with 1, = —1 and n; = +1 for k£ < n corresponds to a Toda CFT correlator
with only antisymmetric degenerate operators. Acting with Seiberg dualities successively
on all nodes from U(N,,) to U(N}) yields a quiver of the same form, which corresponds to
the Toda CFT correlator with all momenta conjugated. The original quiver, the quiver
after acting on the k-th node, and the final quiver are drawn here without free mesons
transforming in the bifundamental representation of the flavour group S[U(Ny) x U(Ny)]
to avoid clutter. After acting on the k-th node, the complexified FI parameters are
given by (Zn-1,..., 2% GuZno1--- %)Y (Bn-+-2k-1), 2k—2,...,21) in this order. Dual
ranks are NJD =(n+1—-7)Ny+ Nj_1 — N,.

@x' 5 éx@

Figure 3. Sequence of Seiberg dualities on the quiver with all e = —1.

rather the N/ = (2,2) surface operator it defines in any class S theory, has a Toda CFT
interpretation as the insertion of some degenerate vertex operators. Given the matter
content of the gauge theory, all n degenerate vertex operators are labeled by antisymmetric
representations of Ay, 1. The ranks of these representations are obtained from the number
of colors in the dual theory:

KjD:N]D—NJer:]Vf_(Nj_Nj—l):]Vf_Kj (361)

for 1 < j < n, where N7{?+1 = Ny = 0. The positions of punctures are obtained from the
FI parameters:

j n —1
of =[[2° = [ zZ] =zt (3.62)
i=j

Both of these maps are reproduced by conjugating all Toda CFT momenta and applying
the conformal transformation  — 2~! to the correlator. This conformal transformation
could be avoided by applying charge conjugation to all nodes of the quiver, mapping all
complexified FI parameters to their inverse in the process.

All in all, Toda CFT conjugation translates to a combination of Seiberg dualities and
charge conjugations. Here, the precise choice of matter content of the gauge theory is es-
sential. On the gauge theory side, it ensures the absence of adjoint chiral multiplet at each
step hence allows Seiberg duality to be applied. On the Toda CFT side, the conjugate
of a symmetric representation is neither symmetric nor antisymmetric, thus momentum
conjugation only yields symmetric or antisymmetric representations if the original repre-
sentations were all antisymmetric. It should be noted that this choice of signs is identical to
that made in section 2.4.2 to fuse degenerate punctures into a degenerate puncture labeled
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by an arbitrary representation, hence conjugating this representation corresponds to a set
of Seiberg dualities on the gauge theory quiver.

We now go back to a quiver given by arbitrary signs 7, and determine all dual descrip-
tions obtained through Seiberg and N = (2,2)* dualities. Inspired by the quivers which
appeared when all ¢, = —1, we consider the more general class of quivers

(3.63)

The multiplets described by this quiver are subject to a superpotential which depends on
some signs nk for 1 <k <n’ and 77 for 1 < k < nff. Namely, the superpotential is a sum
of W, defined as in (2.117) for fields charged under the U(N[), W,z for fields charged
under the U(N{), and two cubic terms coupling each bifundamental of U(N #L) x U(N. fR)

L R — () we retrieve the

to multiplets charged under the flavour groups. For n* = 0 or n
quivers studied throughout this paper. Whenever n,f = —1, the superpotential contains a
quadratic term Tr((X 15)2) which lets us integrate out the adjoint chiral multiplet X ,f of
U(NE), and similarly nft = —1 lets us integrate out X

Even though we have not given a Toda CFT interpretation for this class of quivers,

we find analogues of the Toda CFT parameters (zy, €x, Kx) which are simply transposed

under dualities. Let IL‘7LLL+1 = :BffRH 7LLL+1 ERR_H =1 and

TLL

L s L L L L L L . L
imj -
nR n

R sR R R R R R . R

33] :HZZ‘ s 6]' :Hm s Kj :Nj _Nj—l f0r1§]§n s (365)

imj -

where NF = Nt = 0.

Acting with Seiberg or the N = (2,2)* duality (depending on nf) on a node U(N})
with & < n’ exchanges (:Ek,ek,KL) < (v, 1 €, Kk ). This is proven through the
same calculations as for the case nft = 0 treated in section 3.3.1. Similarly, acting with a
duality on U(NJ) with k < n® exchanges (zff,eff, K[') < (zf, 1, el |, K[ ).

Let us now understand how dualities act on U(N, 5,,3). If EER = nfR = +1, the fields
which couple to the gauge group factor U(NfR) are those of N' = (2,2) SQCDA, no
simplification occurs, and neither Seiberg nor the N' = (2,2)* duality applies. However,
if efR = 775’3 = —1, we can integrate out the adjoint chiral multiplet to obtain SQCD
with N 51? colors and Ny + N, rfL + N 7]}1371 flavours, and Seiberg duality yields a theory with
(NE)P = Np+NE + NE,  — N colors. The magnetic theory has the same form (3.63)
as the electric theory, but it features fundamental and antifundamental chiral multiplets of
U((NE)P) and U(NE, ) rather than U(N’,) and U(N',): in other words, n* — n* +1
and n® — nf* — 1. Due to the additional mesons after Seiberg duality, both 77£L and nfR_l
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change signs, thus toggling between the presence or absence of an adjoint chiral multiplet.
From our previous work on the action of Seiberg duality on quivers, we also know that FI
parameters map as 2£L — 2£L éffR, éfR — (25,{)_1

the parameters (x, ¢, K), we find that the set

sR sR 3R :
and 2% | — Z 5 %% Translating to

{(@)7h e Ny = KF) [ 1 <5 <nfPu{(af,ff K) [ 1< <nf} (3.66)
is unchanged: the triplet (xﬁR, effR, K fR) is simply moved from the second part of the set
(on the right of flavour nodes) to the first part (on the left). By symmetry, the discussion
applies to the node U(N 7fL): if nLL = +1 there is no duality, while if anLL = —1 Seiberg
duality moves ((xﬁL)_l, eﬁL, Ny — ) from the left part to the right part of (3.66).

2

All in all, Seiberg and N' = (2 )* dualities acting on any of the nodes of (3.63)
L

correspond to transpositions of (( -t el,Nf — Kl) e ((xﬁL)_l,e{;L,Nf - vaL), o,
(:L“fR, efR, KfR), ooy (2B, elt, KB, The position of ¢ indicates the position of the flavour

nodes in the quiver. Only triplets (z, €, K) with e = —1 can be exchanged with ¢. Therefore,
combinations of dualities correspond to all permutations which leave triplets with e]L = +1
to the left of ¢ and those with ef = +1 to the right of ¢. Denoting by ni and nf the
number of such triplets, and by n_ the total number of triplets with e = —1, we conclude
that the number of dual descriptions of the theory (3.63) is

< /n_ I R B Einfi(nk 4+ nfl +n_ +1)!
kzzo(k>(n++k)!(n++n_—k)!_ LS : (3.67)

As a last comment, we propose that the partition function of the S? surface operator
defined by coupling (3.63) to Nf2 free hypermultiplets on Sj should be equal to

3

Zgi§24:<%m(oo) ]_] Ly (@) T Vosaeren )(xf)> (3.68)

] J
j=1

up to factors that can be absorbed in Z. Here, Q(K,+1) = Kh; is the highest weight of a
symmetric representation while Q(K, —1) = wg is the highest weight of an antisymmetric
representation. The proposal is consistent with the action of dualities as permutations
of (z,€, K) triplets described above: in particular, an antisymmetric representation with
highest weight wg can be seen either as part of the left product (wx = Q(N; — K, -1)%)
or as part of the right product (wx = Q(K, —1)), and this choice reproduces the Seiberg
duality map. On the contrary, the conjugate of a symmetric representation is neither
symmetric nor antisymmetric, so punctures with ¢ = +1 belong to a given product and
cannot be moved to the other one. We have not explored this proposal further, as fusions
of antisymmetric representations are enough to obtain arbitrary representations.
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A Toda CFT

This appendix is devoted to the Ay,—1 Toda CFT, a generalization of the Liouville CFT
(Ny = 2), and can be read independently. It is split into five topics: we review notations
and basic properties (appendix A.1), match products of three-point functions with gauge
theory one-loop determinants (appendix A.2), derive new braiding matrices useful in the
main text (appendix A.3), list known fusion rules and find new ones (appendix A.4),
deduce new conformal blocks from the correspondence (appendix A.5) and finally define
some irregular punctures (appendix A.6).

A.1 Basic properties

We describe here some properties of the ANf,l Toda CFT, omitting some details which
can be found in [58]. We introduce the normalizations (A.7) and (A.8) of vertex operators,
which simplify three-point functions hence simplify constant factors in the main text.
Microscopically, the theory describes a scalar field ¢ in the Cartan subalgebra of Ay, 1,
minimally coupled to the metric, with an exponential potential term. It depends on a
coupling constant b, and a cosmological constant p. We will use the combination

i = [mpy (P22 (A.1)

where y(x) = I'(z) /T'(1—z), because the theory is (non-manifestly) invariant under (b, 1) —
(1/b, f1). Besides its local symmetry algebra Wy, (a higher-spin extension of the Virasoro
algebra W), the theory also possesses a discrete symmetry ¢ — ¢, defined as the C-linear
map such that

hS = —hn+1-s (A.2)

for all 1 < s < Ny, where h, are the weights of the fundamental representation of A Ny—1-
These weights form an overcomplete basis (h1 + -+ + hy, = 0) of linear forms over the
Cartan subalgebra of Ay,—1. In principle, one should distinguish the space of linear forms
from the Cartan subalgebra, but the (bilinear) Killing form (, ) defined by

(o, ha) = Bt — ;f (A.3)
identifies the two spaces. Note that the Killing form is invariant under conjugation, and
that (¢“)¢ = ¢. Conjugation maps the highest weight of a representation to the highest
weight of the conjugate representation, hence its name.

Vertex operators V,, = e!®?) labeled by their momentum « in the Cartan subalgebra,
are primary operators for the Wy, symmetry algebra. The symmetry ¢ — 0% maps V,, =

ele) to elaw®) = ela®e) = V,c, and since simple roots are permuted under conjugation,
C

correlators of vertex operators are invariant under conjugating all momenta a; — «; .
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Each vertex operator V,, is additionally invariant up to a constant factor (reflection
amplitude) under the Weyl group of A N;—1, which acts by permuting the Ny components
(o — Q, hg). Here, Q = (b+ %)p is a multiple of the sum

Ny

p= Y e= 3 ey =3 M, (A1)

e>0 s<t s

of all positive roots e = hy — hy, 1 < s <t < Np, of ANf,l. The invariance of V, is
confirmed by noting that its dimension

Af0) = 5 (0,2~ a), (A5)

and quantum numbers associated to higher spin generators of Wy, are invariant under
Weyl reflections. The normalization (A.7) later on absorbs reflection amplitudes.

When decomposing n-point functions into products of three-point functions and con-
formal blocks, we must take into account two-point functions as well. Non-zero two-point
functions are (VoVag—q) and Weyl reflections thereof. As a result, the momenta which
appear in two neighboring three-point functions of the decomposition are related by the
map o — 2Q) — a. For the Liouville CFT (Ny = 2), those momenta are Weyl reflections of
each other, hence the distinction is irrelevant. For the general Ay,_1 Toda CFT, one must
include an orientation when labeling conformal blocks by the various internal momenta,
and reversing the orientation amounts to changing @ — 2Q) —«. External momenta can also
be given an orientation (which must then be retained for correlators as well as conformal
blocks), where an “incoming” momentum « denotes the presence of the vertex operator V,,
and an “outgoing” momentum « denotes Vog_,. This incoming/outgoing distinction also
affects the relation between fusion rules and non-zero three-point functions.

Generically, vertex operators generate irreducible representations of Wy,. Semi-
degenerate vertex operators are defined by the presence of null-vectors among their
Wy, descendants. In this paper, all semi-degenerate vertex operators take the form V.,
)C

(and V_yp N ). The conjugate momentum (sch1)~ = —schy, is in fact mapped by the Weyl

reflection defined by the permutation (12---N¢) to the original form

xPhy = [Nf (b + 2) — %] hi, (A.6)

since (sch§ — Q,hn;) = (sPh1 — Q, h1), and (5h{ — Q,hs—1) = (%Ph1 — Q, hy) for all
2 < s < Ny. Thus, V%hlc and V, b, are equal up to a reflection amplitude, absorbed
by the normalization (A.8). This equality is crucial to obtain dualities in section 3.1 and
section 3.2.2 as conjugation of momenta.

Fully degenerate momenta o = —bw — %w’ are labeled by pairs (w,w’) of highest
weights of Ay,—1 representations. We only consider in this work degenerate momenta of
the form o = —bw, and mapping b — % would probe degenerate momenta o = —%w, but
the mixed case with non-zero w and ' is hard to access. We denote the representation
of An,—1 with highest weight w by R(w). In particular, the fundamental representation
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R(h1) has weights hg for 1 < s < Ny, and highest weight hy. The N-th antisymmetric

power of R(hl) is R(wn), where wy = Z;V 1 hy; it has weights hg,, = Z;V 1 hyp; for
1 <pi < - <pny < Ny. The N-th symmetric power R(Nhy) has weights Z] 1 hyp; for

1 <p1 <o < py < Ny, or equivalently hp,) = Zivzl ngshs for (non-negative) 1ntegers
ni+---+ny, = N. We also consider quasi-rectangular Young diagrams: for 0 < j < and
0 < k < Ny, the highest weight w41 = lwy, + jhi41 corresponds to a Young diagram with
kl + j boxes, organized as k rows of [ boxes, followed by a j-box row. This reproduces the
antisymmetric case wy,1 = wy for [ = 1, and the symmetric case wy; = Nhy for [ > N.
In view of the matching of parameters with gauge theory, we write generic momenta
as @ = Q — ia. The dimension is A(Q —ia) = £(Q, Q) — % (ia,ia). Weyl reflections act
by permuting the (a, hs). In terms of the Upsilon function (A.9) below, we introduce the

normalization
~ ﬂ*(ia@
Vo—ia = : Vo-ia (A.7)
Hs<t (<16L, hS - ht>)

where the product ranges over positive roots e = hg — h;. The normalization factor is

invariant under conjugation, hence does not spoil this symmetry of Toda CFT correlators
involving generic operators V,. The three-point function <‘A/a‘7a/f/%hl> given in (A.13) is
invariant under Weyl reflections permuting the (a, hs), hence the normalized operator V, is
Weyl invariant. To further simplify three-point functions, we also provide a normalization
for semi-degenerate operators and fully degenerate operators,

‘7 ﬂ<%h1,p>
xh1 —
()" ()

The normalizations of generic and semi-degenerate operators are invariant under b — %.

Vir  Vopo = [a020T0)] 5Py, (A.8)

The Upsilon function appearing above depends implicitly on the coupling constant b

(it is invariant under b — %), and for generic real b it is a holomorphic function, uniquely
determined by its normalization T(%(b + %)) = 1 and by shift relations

T(z +b) = y(bx)b' 2" (z),  Y(z+1/b) =~(z/b)b*/* 1Y (x). (A.9)

Also, Y(b+  — ) = T(z) and the function has zeros at —mb—n¢ and (m+1)b+(n+1)7
for integers m,n > 0, and no poles. As x — +ico, one has

T(x+a) —z?\ a(a—b—1/b) 1—2bz\a/b|_ja(a—b)
T@) ~ < = > || ~ (’y(bm)b ) || , (A.10)
Ny
T
[T oo, (A1)
s=1 (.%')
for any a and any momentum «. The gamma function v(x) = I'(z)/T'(1 — x) obeys

by construction v(1 — z) = 1/v(x) and also appears in one-loop determinants of chiral
multiplets. Vortex partition functions involve Pochhammer symbols

_Pl+k) o PA-2) _ (=DF
@ =T Vo T

This equality is shown using the Euler identity I'(x)['(1 — x) = 7/ sin 7x.

(A.12)
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A.2 Three-point functions

We check in this appendix that the one-loop determinants which appear in Higgs branch
expansions of S? partition functions, considered in the main text, are equal to products of
three-point functions which appear in s- and u-channel decompositions of the corresponding
Toda CFT correlators. This relies on the three-point functions provided by [58], equations
(1.39), (1.51), and (1.56), which we first translate to our normalization.

The three-point function of two generic operators YA/Q,ial and ‘A/Q,m and of a semi-
degenerate operator ‘A/%hl is expressed as the normalizations (A.7) and (A.8) multiplied by
equation (1.39) of [58] with all momenta conjugated:

i liartiez—hin 0(Q —ia{, Q — iaf, »h{)
(0) ™ TG T, Y (Gar, hs = he)) T((Gaa, by — )
1
[Ty T (% + (o, ho) + (iaz, hu))

C(Q —iar, Q — iag, »hy) =

(A.13)
The three-point function is invariant under Weyl transformations of each ‘/}inai, which
permute the (ia;, hs), hence the normalized ‘/}ina are Weyl invariant, as claimed earlier.
The three-point function is also invariant under conjugation of all momenta, followed by
the Weyl transformation (A.6) which maps (s5¢h1)¢ — 5Phy = (Np(b+1/b) — 5¢)hy: indeed,
(ia;, hs) = —(ias, hs) and /Ny — (b+1/b) — 22/ Ny under this transformation, and we know
that T(b+ 1/b —x) = T(x).
Besides this three—pomt function, we also need some three-point functions involving a
degenerate operator V_ pw- The OPE of this operator with a generic VQ i 18

‘7_1;&;‘7@71(1 = Z C?bwl?Q bh [VQ ia— bh] (A‘14)
heR(w)

where the sum runs over weights of R(w) and the brackets denote the contribution from
Wy, descendants (see appendix A.4 for a description of which momenta can appear in
various OPE). The structure constants 63;657[)5; are equal to their analogues given in [58]
for usual vertex operators, multiplied by the normalization factors of V_;, and V_i4, and
divided by the normalization of Vy_j,—pn, namely

Ny '
GOt _ f0h—bo) 200 @) T | [T(@a + 00 hs — he)) | Q—iabh (A.15)

—bw,Q—ia — o T(<1a, hs _ ht>) —bw,Q—ia *

The structure constants are also closely related to three-point functions:

Ny
ot = 1] [T(@a + bh, hy — ht>)} C(—bw,Q —ia,Q +ia + bh). (A.16)
s#t
The change @ — ia — bh — Q + ia + bh and the Upsilon functions both come from the
non-zero two-point functions (Vy(z, z)VQQ «(0)) = \_4A /Hi\;’;t T((Q — a,hs — hy)).
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Equation (1.51) of [58] covers the case of a degenerate field XA/_wa labeled by the
antisymmetric representation R(wy), whose weights h = hy, + --- 4 hyp, are labeled by
N-element subsets of {1,..., Ny} without repetition. With our normalization (A.15), all
Upsilon functions cancel through the shift relation (A.9), and leave only gamma functions:

Ny
OO i = b N @atthbh) TTOTT (b(ia, hy — hy)). (A.17)
s¢{p} te{p}

When matching with the S? partition function of SQCDA, we need three-point functions in-
volving YA/_thl. Weights of the N-th symmetric representation R(Nhi) are h = Ei\zl nghs
for a choice of Ny integers ng > 0 with nq 4 --- + nN; = N. The three-point function can
be derived from (A.13) by setting s = —Nb, taking into account the normalization, and
extracting the residue at ia; = ia and ias = —ia — bh. This yields
b= Ny (2iatbhphy N oni—l

1T 1] v®dia, by — i) + (v — ne)b?) . (A.18)

s,t=1 v=0

aniafbh _
—Nbh1,Q—ia — 1N
BRI Ty (—vb?)

Taking N = 1 in either (A.17) or (A.18) yields the (same) expression for the case of a
fundamental degenerate field,
Ny
C% et = o Nr@atbhobho) TT oy (b(ia, hy, — b)) . (A.19)
S#p
For theories with a superpotential, we also use some three-point functions with a degenerate
17_1)60 labeled by the highest weight eg = hy — hn;, of the adjoint representation. Because

~

the weight 0 has multiplicity in this representation, Cfb(hlf I ) is not a ratio of Gamma,

functions. We will focus on other weights h = h; — h;, which have no multiplicity. From
equation (1.56) of [58],

. Ny Ny
AQ—ia—bh N @iatbhpny YV (blia, hi — hy) +b°) . .
OO Janth = =y Ratbh.bh) L [T ®Ga, ki — he)) T[v(bGia, hs — hy)) -
7( <1a’ (2 ]>) S7£Z S#]
(A.20)
We are now ready to consider the products of three-point functions appearing in s-
and u-channel decompositions of Toda CFT correlators of interest. Our first computation
concerns the s-channel decomposition (2.44) of a four-point function with the degenerate
insertion V_yy,, which corresponds to the S? partition function of SQED, multiplied by the

contribution Zgrfe = C(aoo, 2, 2h1) of free hypermultiplets. We set aoo = @ — ias and
ag = @ — iag, and evaluate:

~

Ol Clovsg, g — by, (3¢ + b)ha) | Claro, g, 3eh1) (A.21)

_ aao—bhp ﬁ [ T(Nif + <ia07 hs> + <iaoo> ht>)
—bh1,a0 T(le + (iag, hs) + (iaoo, he) + béps)

s,t=1
N, .
— 2= Ny (14b%) 452 Hs;;p (b{iag, hy — hs))
- N, . ) ) :
A1 Ht:fl ’Y(?fo + b(iag, hp) + biase, ht))
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The numerator gamma function is y(im,—im) in terms of gauge theory twisted masses, and
the denominator is v(1+imy,+im;). We thus recognize the one-loop determinant appearing
in the s-channel decomposition (2.32) of Z, divided by the constant A given in (2.23). Since
A is invariant under the exchange of o and a., which amounts to exchanging the s- and
u-channels, the matching of three-point functions and one-loop contributions also occurs
in the u-channel.

Next is the case of SQCD. The corresponding Toda four-point function involves the
degenerate insertion ‘A/_bw ~» the semi-degenerate ‘A/( 5+ Nb)hy » and two generic momenta ap =
Q —iag and ao = Q —ias. We factor out the 521 contribution é(aoo, o, »hy). For a given
weight h = hy, + -+ + hyy of R(wy), we find

C9 M Cl0too, a0 — b, (3¢ + Nb)hy) [ Claroo, g, 3¢ (A.22)

]Vf

e T [ Y (% + (a0, he) + (iace, hs)) }
—bwy a0 T(Nif + (iao, he) + (ioo, his) + bdrefp))

s,t=1
Ny .
_ b2Nb%—NNf(1+bQ)+N2b2 H |: Hs&{p} 7(—b<1a07 hs - ht>) :|
N 3 . . :
A-1 te{p} Hsil 7(?\[7 + b<1a07 ht> + b<1a007 hs>)

Again, we recognize the ratio of (—ims +im;) and (1 + imgs +im;) as being the one-loop
determinants (2.58) of SQCD. This fixes the constant A to be (2.55) in the matching with
SQCD. Since A is invariant under the exchange of ag and a, the u-channel three-point
functions and one-loop determinant match up to the same constant.

Our last four-point function corresponds to the S? partition function of SQCDA, and
involves the degenerate field ‘77th1' With notations as above, and for h = ) nghs,
we compute

C% 20 Clatog, a0 = b, (3¢ + Nb)hy) [ Clase, ag, 32 (A.23)

| pRNbe NN (1407) N2 N ”ﬁl[ v(b{iag, he — hs) + (v — ng)b?)
[LZ v(=wb?) 52y oo Ly(§ + bliao, he) + bliase, hs) + 1b?)

Afl

In terms of gauge theory variables, the numerator gamma functions have arguments im; +
vb? — img — ngb?, while the denominator have arguments 1 + im, + im; + vb?, hence we
obtain the one-loop determinant (2.96), divided by the constant A given in (2.92). Once
more, A is invariant under ag <> @, hence u-channel three-point functions and one-loop
determinants match.

Perhaps interestingly, the power of b appearing in A can be recast as

pN Ny (146%)=N?b? —2Nbsx _ b—%[Nf(b—&-%)—%]/b—(%+Nb)[Nf(b+%)—%—Nb] _ (A.24)

We do not absorb these powers of b into the normalization of 17%;11 and 17(%+ Nb)h,» Decause

they would spoil the b — % symmetry which (A.8) enjoys. Note that these powers are

invariant under conjugation, which maps s — Ny (b + %) — 3 and s + Nb similarly.
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A.3 Braiding matrices

In this appendix, we compute the braiding matrix of the antisymmetric degenerate opera-
tor V_p,, around the semi-degenerate operator V.., as well as its gauge theory analogue,
and check that they are equal.

A.3.1 Gauge theory transfer matrices

Let us start on the gauge theory side: namely, we find the matrix relating Higgs branch
decompositions near z = 0 and near z = oo of the partition function (2.58) of SQCD.

First, focus on the case of SQED (N = 1), which uses the same techniques as ap-
pendix B of [27]. Recall the Higgs branch decomposition (2.32) near 0,

Hé’#p (—ims + imp) . N “ B }
Z = —imy S - | .
Z{ Hs 1’Y(1+iﬁms+jmp)fp (m, m, x) f3” (m, m, ) ( )

where the series (2.33) defining fés) () converges for |z| < 1. Similarly, the Higgs branch
decomposition near oo involves series which converge for |x| > 1. We wish to relate the two
sets of holomorphic factors, or rather, their analytic continuation to a common domain.
This is done through the integral representation (2.38) also given in (A.26) below, which
converges away from the positive real axis. For |z| < 1 we close the contour integral
towards k — £00, enclosing either the poles at x +im, € Z>o or the Ny families of poles
at k —img € Z<o labeled by a flavour s. The first choice yields a single s-channel factor,
while the second yields a sum of Ny u-channel factors:

<—x>imeﬁ@@062tI1[F“*f?“ | [ o W FO) )y
s—1 F(_lms - lmp) —ico 27” H A F(1+1m5+/<;)

cont Z 1msf(u) Z D )1ms fs(U) (x) . (A.26)

The transfer matrix Bgs is the product of simpler matrices D, B® and D given in (A.28).

It is also convenient to work with the s-channel factors =" fés) (z), analytically continued
with branch cuts on (—oc0,0]U[1, +00), and the u-channel factors 2™ f§“) (x), with branch
cuts along (—oo, 0] U [0, 1], rather than with the factors appearing in (A.26), which all have
branch cuts along [0, 1] U [1, —|—oo). Using (—2)* = e ™z for € = sign(Im 2), we obtain

Ny

—im cont ims r(u _ e 1y ims p(u

wime £9)( Z o™ [ (@) = Dp By Dea'™ [ (), (A.27)
=1

which only differs from (A.26) by a phase in B¢:

oy DA +imyg — imy)

meTe(mp+ms) D H F —1mt — imp) '

Bps = sinm(—ims — imy) ’ - (4.28)
s p 5 _ Ht# '(—imy + imy)

1Y, T(1 + imy + i)
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Through the matching of parameters (2.20), the matrix DBD reproduces the appropriate
braiding matrix (B.11) of [27]. This is expected since conformal blocks and vortex partition
functions are already known explicitly to match.

The monodromy matrix around 1 is a product M; = BT(B~)~! of braiding matrices.
Since all B)f; — B,, = 2ri, the matrix M; —id = D(B* — B7)D(B~)~! has rank 1. Thus,
M; has the eigenvalue 1 with multiplicity Ny — 1. This was used below (2.42).

Next, recall that the partition function of SQCD can be expressed as (2.57) in terms
of derivatives of a product of SQED partition functions. This also holds for s-channel (and
u-channel) holomorphic factors (2.59), and we can analytically continue each SQED factor
using (A.27):

N
~S N imp, ) oy | TT %% = %0 TY LT ) A2
v Jf{p}(x) L<j —imp, +imy, E[xj Io; (%)} . (A.29)
J
t — Xy N
con J IJ e 1ms (u)
= D, B D A.
L<j _lmpz +1mp] _]H:lszl[ Pjsi ij 5 (wj)}] _ ( 30)
J Tj=x
_ N D Be 5 iﬁlsi _imsj Z;V:ﬂms- (u) A3l
= 30 I[P Be D [ TT S |2 ™ | (s
s1##sy Lj=1 1< i J

N ims. e(u
- > By M), (A.32)

1<s1<--<sNy <Ny

where BEP} (s} = D{p}BEp} {s}ﬁ{s} in terms of matrices given below, and another form
of B 15} isin (A.37). To get (A.31), we note that if s; = s; for some ¢ # j, the differential
operators x;0,, and x;0,, act identically on the product of SQED factors (once x; and z;
are set to x), hence the term does not contribute. After restricting ourselves to terms with
all s; distinct, we can safely extract the product of ims, —ims; to convert SQED u-channel
factors to the SQCD one. The last step sums over permutations of the s;, to collect terms
with the same factor, labeled by the set {s}. The various ingredients are two diagonal

matrices,

D o vazl Dpj 5 _ N A
{p} = H B . s {s} — H lms 1ms H ( 33)

i<j(—1mp2. +imy, ) i< e

and the N-th wedge power B{ s} of the SQED matrix B;s:

s N e M M ;)
Bl = 2 H o = 2 U711 ST (—i%g . — 17y, (A.34)
o€SN ocESN j=1 a(j) Dj
_ dr1  dey HK]- sin (ki — Kj) sinw(ims, — ims;) IJ_V[ e mp;+ms ;) (A.35)
2i 2i Hﬁszl sin(k; + ims,) ol sin(k; — imy,;) :

N ome 0L (g s ) [Li<;sinm(ims, —ims;) [1;; sinm(imy, —imy,;) (A.36)
B [ sinm(—ims, —imy,) ' :
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The dr; contours in (A.35) are each a pair of vertical lines % —ioo — % + ico and ico —
—ioo, surrounding poles at x; = —iﬁ’bsgm. Convergence is guaranteed since the integrand
decreases exponentially as Imx — foo (for —1 < e < 1). If two o(j) are equal, the
numerator sines lead to a vanishing residue. Otherwise, the first fraction completely cancels
and we retrieve (A.34). Next, we note that the integrand has period 1, hence the contour
can be replaced by —% —ico — —% + ico and ico — —ioo, which surrounds poles at
Kkj = imy;, with a factor of (—1)" to account for the orientation of the contour. This yields
the last expression.

All in all, the matrix relating s-channel and u-channel factors in (A.32) is

TEem N .~ .~
. _ eTEMs Hu;{s} L(ims — imy,)
By =1l ——x ——— ] —=x ——
pe{p} Hu%{s} F(ilmp o lmu) se{s} Htg{p} F(l +1my + lms)

e TTdy D1+ imy — imy,)

(A.37)

A.3.2 Toda CFT braiding matrices

So far in this appendix, we have manipulated gauge theory factors only. For the gauge
theory/Toda CFT correspondence to hold, those should be equal to conformal blocks mul-
tiplied by the factor 27°(1—z)" appearing in (2.51). We will show that the braiding matrix
relating s-channel and u-channel conformal blocks is Byg = elmen Bpg, where we denote
P = {p} and S = {s}. This implies in particular that all monodromy matrices on the
gauge theory side and the Toda CFT side match, thus establishes the correspondence for
SQCD, up to a factor fixed in appendix A.2.
The braiding matrix B%g is defined by

s m —bw .
fo(zo)—bhp[ N](UC): Z Bbps

o Q
oo 0 SCI1,Ny]
#S=N

m —wa] ) [m —bwy

Qoo ap |” ¥ s|la ag

](x) (A.38)

where m = (3 + Nb)h;, and we will often decompose g = Q — iap, Qoo = Q — i Using
the dictionary v, = Nﬂf(b% + Nb) — N(1+b?), ag = %Ziv:fl mihy, Goo = § Ziv:fl mhy, and

=1 Zi\zl(l + my + my) of (2.52), we wish to prove that

(% + Nb)hl —bwy

€
PS

_ imev1 e
] = e Bpg

Q —ia Q —iag
—ime N(NI{If_N)b2 emeblaoshp) Hi\gp F(l + b<ia0, hy — hp>)
=e

N, 5 . . (A.39
peP Huésf(l - ?\Tf — b(iag, hp) — b(idoo, hy)) )

emeb{aco,his) Hi\f;s D (b(iaso, hs — hu))
' N, > . . :
seS Htg{fP F(?\Tf + b<1a0’ ht> + b<1ao<>a hs))

We proceed by induction on N. For N = 1, the Toda CFT braiding matrix is
known, as mentioned below (A.28), and matches with the gauge theory transfer matrix,
thus (A.39) holds. From here on, we assume (A.39) for a given N. In particular, the
s-channel conformal blocks are given by the gauge theory holomorphic factors (A.76) for
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that value of NV, because conformal blocks are uniquely determined by their monodromy
exponents at {0, 1,00} and the braiding matrix around 1.
We first deduce the fusion of V_p, and V_p,, into Vopyy .,

_ ) e
= Z Fp,P[OZO] ‘/T-.ao*th\{p} [2@ — Oé(] + th OCO ’

peP
(A.40)
2mi[A(=bwn ) +A(=bh1) = A(=bwn11)] — —27i[N(b*+1)+b>N/Ny]

(t)
]:*wa+1

—bhy —bwn
2Q —ap+bhp o

which must have the monodromy e
around x = 1. We shall prove that the fusion coefficients

T((N+1)(1+0%) I [ ['(b(Q — a0, ht — hy)) ]
(1 +b2) I'(1+0%+bQ — ag, hy — hy))

B, plag] = (A41)

teP\{p}
give this monodromy, and are normalized so that the dominant power of 1 — x has a
coefficient 1.

Braid V_y,,, and V_gp, in the right-hand side of (A.40) using (A.39) with P — P\{p},
s — —(N + 1)b, iaee — —iag — bhp and S — P\ {s} for some s € P (hp — hg must be a
weight of the fundamental representation, because of V_pp,, ):

—bhy —bwn
F, p[ag]BS
pezlj p,P{ 0] P\{p},P\{S} [2@ — —+ th Qo
_ e $ bt [iep i) Siﬂ?f(.l +0? + bliao, he — hy)) (A.42)
o [Licp\gpy sinm(b(iao, he — hy))
T((N +1)(1 4 %)) I [ L (b(iag, hs — ht)) ]
I'(1+b2) e LD F 02+ bliao, hs — i)
—ime | b2 2
=e [Nfb TN (L )] FS,P[QQ — oo+ bhp] . (A43)

We have used

Z 67’I’Eb<(lo,hsfhp> HtEP\{s} Sin 7T(1 + b2 + b<1a0, ht - hp>)

ey [Licp\(py sinm(bliao, hy — hyp)) (Aa)

_ / %ens(b(amm)—in) HteP\{S} sinm(1+ b2 +imy + K) _ e—ifreN(lerQ)
2i [Licpsinm(im; + k)

)

where the contour surrounds the rectangle Rex € [0,1], Imk € (—00,00). Summing over
poles yields the sum over p € P in the first line. The integrals over the lines 1 — ico —
1 +ico and ico — —ioco cancel because the integrand is 1-periodic, and the integrals over

. 2 .
—imeN(14+5%) ipy some order.

1+ ico — ioco and —ico — 1 —ioco yield 0 and e

In (A.43), we have only done one braiding move, not a full monodromy (two braiding
moves). However, the combination of u-channel conformal blocks is identical to (A.40) after
changing iay — ias, = —iag — bhp, thus, by symmetry, braiding once more to reach the
s-channel yields the same phase factor. Therefore, (A.40) has the announced monodromy
around x = 1.
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There remains to fix the normalization. We evaluate at z = 1 the explicit expres-
sion (A.76) of s-channel conformal blocks which appear in (A.40), after removing a power
of (1 —x),

~NO*H1) =56 (s) —bhy —bwy
1 - f
(1—=z) a0=bhr\ ()20 — ap + bhp g x) -
= > (-Zeerh I (1 + b + b(iag, ht — hs))k, (A.45)
k: P=Zsg stcP (b(iao, by — hs) — ki + Otp)k.
kp:()

This only depends on the (iag, hs) with t € P, and does not depend on Ny. We can thus take
Ny = N +1, in which case —bwy = bhy, and the fusion is a special case of equation (B.14)
of [27], where the normalization is known to be (A.41).

We are now ready to find the braiding matrix of V_p,, , with Vj (where m = (5 +
(N +1)b)h1). This braiding, followed by writing V_y,,, ., as the fusion of V_y;, and V_y,,,
is equivalent to performing the fusion step first, then braiding each of V_;;,, and V_p,,
in turn around the semi-degenerate operator. The equivalence is encoded as a pentagon
identity: for any (N + 1)-element sets of flavours P and S, and for s € S,

m —bw
bs M s[2Q - ax
Ao (675}
m —bh m —bwy
= F 7P[O£0]B ]B; S\{s [
z;’ P Qoo 9 — bhp\ [} MPES\sH oy — bhy g

(A.46)
As a consistency check, we compute a slightly more general right-hand side, with S\ {s}
replaced by any N-element subset S’ of [1, N¢]. This altered right-hand side must vanish
whenever s € §’. After extracting factors independent of p in (A.48) below, we will obtain
a sum over p of products of sines, which is a sum of residues:

[Tucs 2 sin W(b” + b(iag, hp) + blideo, hu) + b26us)

I; Lsinm(5% + 62 + bliag, hy) + blidoe: h)) Ty gy 2 sin (biao, B — hp))

2 .~
_ Z ros HuES’2 sin (1 ~—|— b Ous +1/-$ + 1mu) (AAT)
pep "M Lsinm(14 0%+ & + ims) [[,ep 2 sinw(imy — k)
_ HuES’ sin (b2 6ys + iy — b2 — i)

" TLep Lsinm(imy + ims + 1+ b2)

This sum of residues is equal to the residue at Kk = —1 — b? — im, written in the last line,
because the function of k is 1-periodic and vanishes at k — +ioco, hence the integral over
the boundary of [0, 1] x (—o0, c0) vanishes. As expected, the result is 0 when s € S’ (take
u = s). It is otherwise a product of sines, and we get in that case the last equality below
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(denoting S = 5" U {s}):

mo b | g m —bwy
s Ao O — bhp\{p} P\{p}.5' Ao — bhs (o))

> Fpploo)B

peEP
wb 2—imed g1 b2 +meblag,hp)+meb(ac,hs+hgr) N, .
_ e Ny €s o s Hu;SF(b@aoo,hs — hy))
o D(F + b20ep + bliao, he) + bliaco, hs))
1 Hffép (1 + bliag, hy — he))
tep HgJ;ZS/ (1= ¥ — bliag, he) — b(idoo, hew) — b25sw)
D((N 1)1+ b2)) 0 [Tatys T(b(iace, hu — hu) + 065, — b600)
F(]' + b2) wueS! qu)véP F(b% + b<1a07 h > + b<iao<3a hu> + b25u5)
‘ Z [Toes 2 smﬂ'(b% + b(iag, hp) + blideo, hu) + b26us)
- SlIlT['(b% + b2 + b(iao, hy) + bliace, hs)) [T1e p\ g} L sinm(b(iag, he — hy))
(A.48)
| e NNy emeblaoha) TTYT(1 4 bliag, hy — h
PRV I D+ biag. e — ) o

tep ng_zs (1- ?\T); — bliag, he) — b{iaoo, hw))
1 emeblacesh) TV, o D(b{ioo, hu = hu))
ues TTogp D% + bliag, hu) + b<iaoo, ha))

D((N+1)(1+b%))
I +0?)

H laoo, h hu>)

2 : _ :
weS\(s) 1+ b + b(iao, hs — hy))
We recognize in the last line the fusion coefficient Fg g[2Q — aso]. What remains is the
braiding matrix of V_y,, , with Vg, which we check to be (A.38) with N — N + 1.
This concludes the induction, and the proof of the relation between conformal blocks and
vortex partition functions for SQCD. Together with the equality (A.22) of constant factors,
checked in appendix A.2, this establishes the relation (2.51) between the partition function
of an SQCD surface operator and the appropriate correlator in the Toda CFT.

A.4 Fusion rules

We provide here the fusion rules between various pairs of vertex operators, in particular the
fusion (A.61) of two semi-degenerate operators, and the fusion (A.73) of a semi-degenerate
operator with a fully-degenerate operator labeled by an arbitrary representation of Ay, 1.
We propose that operators resulting from the latter fusion appear with multiplicity (A.74)
in the fusion of two generic operators.

Null vectors among Wy, descendants of a fully degenerate vertex operator V_y, ./
constrain its three-point function with arbitrary vertex operators V, and V. Namely, the
three point function vanishes unless « + 8 = 2Q + bh + h’ /b for some weights h of R(w)
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and h' of R(w’). This results in the fusion rule

Vo X Vigorwp= > Y Vathon, (A.50)
heR(w) h'eR(w')

with outgoing momenta a—bh—h'/b = 2Q — 3: the degenerate operator shifts the incoming
momentum by —bh — h’/b. Each operator V,_p,_p 5 appears in (A.50) with a multiplicity
equal to the product of the multiplicity of h in R(w) and that of A’ in R(w’). Henceforth,
we take w’ = 0, thus b/ = 0.

Later in this appendix, we find that the fusion (A.73) of a semi-degenerate operator
Vien, with V_y,, only allows some of the shifts —bh of (A.50). Let us first describe the case
w = hy based on [27, appendix BJ: the fusion of —schy, and —bh; yields the momenta
—(3¢+b)hn, and —schy, — bhy. After the Weyl rotation (12--- Ny), we get

Ve X Vovhy = Vieni—bhy + Viehy —bhs - (A.51)

The s-channel expansion of (Vi (00)Vih, (1)V_pp, (2, %) Ve, (0)) involves Ny products of
holomorphic and antiholomorphic conformal blocks. The t-channel expansion only fea-
tures two momenta (A.51), and takes the form

’1 _ Z’2[A(%h1—bhl)—A(%hl)—A(—bhl)](' . ) + ‘1 B Z‘Q[A(%hl—bhg)—A(%h1)—A(—bh1)](. . ) (A52)

where (---) are series in powers of (1 — z) and (1 — z). The first series factorizes as
the product of a holomorphic and an anti-holomorphic conformal blocks, multiplied by
C’f?ﬁ;i’ﬁlC (0, Qoo (2 — b)h1). The second does not, but can be written non-canonically
as a sum of Ny — 1 products of the same form. This multiplicity implies that the fusion
Voo and V,_ includes Ny — 1 copies of the representations of the WNf algebra generated
by V..h,—bhy, While it only includes one copy of the representation generated by any semi-
degenerate operator V,,,. We generalize the statement to all momenta of the form sch; —bw
in (A.74).

A.4.1 Fusion of two semi-degenerate operators

To reach more complicated degenerate operators, we first find which momenta result from
the fusion of two semi-degenerate momenta —shy, and Ahy. In principle, one could write
null vectors descending from V_ shg and V), for a given Ny and, through those, constrain
the momenta which arise in the OPE. Such constraints are polynomial in the momenta,
and any constraint shown for generic (b, 5, \) must hold for all (b, 5, \) by continuity: in
other words, fusion rules for more specific momenta can only become more restrictive. We
are thus free to assume that (b, s, A) is generic.

Since null vectors are very difficult to write down for general Ny, we use a different
route: the braiding matrix relating the s-channel (z — 0) and u-channel (z — c0) conformal
blocks of <V,\h1(oo)V_%th (D) V_pp, (x,7) V4, (0)) should only lead to u-channel conformal
blocks with internal momenta Ahi — bh; and Ahy — bhs, and all other components must
vanish. Specifically, we take as = 2QQ — Ahq, m = —%th, u = —bhi and a1 = 2Q — a+bhy
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in equation (B.12) of [27]:

Ny 9
(s) _%th —bhy — ime(¢pr1—br/Ny) F(l + 0"+ b<a - Q, hj — hl>)
Fao-a any 20— at oy | kzle H T(1+ 02 — éry)
= J#l
_ H L(0Ah — Q,hj — i) () —ahn; —bhy (2)
ik (¢ﬂ) Abhil ARy 2Q — o+ bhy
(A.53)
where
pst = b(—schn,, h1) +b(Ah — Q, h) — bla — Q, hy) . (A.54)

The coefficient must vanish for all & ¢ {1,2} and all [, hence one of the denominator
Gamma functions must have a non-positive integer argument:

Vk € [3,Nf| VI € [1,N] — ¢ € Zizg or pj — 1 — b* = 1,1y, € Z>0.- (A.55)
If for each 1 < s < Ny one had ¢,,s = n, for some integers 1 < p, < Ny and ng, then

summing over s would yield

Ny Ny
b
0=> bla—Q,h) =) (]\Z +b(Ahy — Q, hy,) — ns> = bse+ k1bX + kob® + k3 (A.56)
s=1 s=1

for some integers k;: this cannot happen for generic (b, 22, A). Thus there exists 1 < u < Ny
such that none of the ¢y, are integers. The condition (A.55) for [ = w then implies that
for each 3 < k < Ny, ¢_1y, € Z>o for some 1 < ¢ < Ny. No two t; can be equal,
because ¢(_1) — ¢u—1y¢ = (k — 1)(b? 4 1) is non-integer for k # I. We can thus permute
the components of a — @ through a Weyl transformation so that ¢, = k — 1:

b(a — Q, hk,1> = b<—%th, ]’L1> + b<)\h1 — Q, hk,1> — Nk (A57)

for all 3 < k < Ny, where ng > 0 are some integers. We deduce that

o= ()\ + l/)hl — ( th an hl hy— 1 (A.58)

The same considerations applied to the braiding of —%hl and —shy, yield the constraint
above with i replaced by b. We can thus restrict to momenta (A.58) which also have, up
to a Weyl transformation, the b — = form All in all, the fusion of two semi-degenerate
operators can only allow a one—parameter set of momenta, and some isolated momenta

V_%th X Vapy = / dv V()\—i-y)hl—(%—i-u)th

Ny
+ Z Z Z V(A—%)hﬁr(n/b)(hl—hk)+[n’b—(Nf—k)/b](h1—th) :

neZn'€Z k=1

(A.59)

In the case Ny = 3, we wrote down explicitly null vectors descending from V_,, N and Vyp,
(higher Wy, algebras are intractable), and found that the isolated momenta are in fact not
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allowed. We propose that this holds for general N;. After performing some Weyl reflections
of momenta on the left and right-hand side and redefining v, we deduce the fusion rules

Vosehy, X Van, = /dV Vst + A1 (ha—hoy,) (A.60)
Vi, X Van, = /d’/ Viohi -+ Ay +v(hi—ho) (A.61)
Vs, X Vorhy, = /dl/ V—Mth—,\th+u(th,1—th)- (A.62)

For completeness, we find the corresponding structure constant as the main residue
of C(ay, a9, 2h1) at a; = Ahy and ay = 2Q — (3¢ + A + v)hy + vhe, after removing our
normalization from (A.13), and recognize a Liouville CFT three-point function:

Lo BTN TO)T (e 4 A+ 20— b= 1)
#hi A T(—)Y (e +v) YA+ v)Y(c+A+v—b—1/b)

1
= Y(b) 2 CLiouville <% A x A ) .

(A.63)

22" T T T
The equality is true by construction for Ny = 2, as a Liouville momentum of »/2 corre-

sponds in the Toda CFT language to a momentum of (3¢/2)(hy—hga) = »h;. More generally,
the equality may hint to a deeper relation between Toda CFTs for different values of NVy.

A.4.2 Fusion of semi-degenerate and degenerate operators

We are now ready to tackle the fusion of other degenerate vertex operators V_;, with
semi-degenerate operators V., .

For w = Nhj the fusion is a special case of (A.61) with A = —Nb, hence only allows the
momenta (» — Nb)hy + v(h1 — h2). Given the fusion rule (A.50) of a degenerate operator,
(N —v/b)h1 + (v/b)ha must be a weight of R(Nh;) hence v = nb with 0 <n < N, and

N
Viehy X Vonbn, = Z V= (N=n)b)h1 —nbhs (A.64)

n=0

with no multiplicity since the weight (N — n)h; + nhe of R(Nhi) has no multiplicity.
Through the Weyl rotation (NNy - - - 21), an equivalent statement is that the fusion of —schy;,
and —Nbh; yields the momenta —nbhy — (3 + (N —n)b)hy;,.

The correlator (Ve (00)Viyipyny (1)Voiph, (2, 7)Vay (0)) has dim(R(lh1)) s-channel
conformal blocks, and must have the same number of t-channel conformal blocks. The
fusion (A.64) allows the t-channel internal momenta s'hy 4+ nb(hy — hg) for 0 < n <1, with
no multiplicity, hence any multiplicity is due to the fusion of V,, and V,__ . The number
of t-channel conformal blocks is thus

!
ZN%/h1+nb(h1*h2) = dim R(lh1) = <Nf +i- 1) (A.65)

QQ, Qoo l
n=0

— 84 —



where Vj appears Nﬁo,am times in the fusion of V,,, and V,__. Solving, we find

Né‘;floléironb(hrhz) = dim R (nh1) — dimR((n — 1)h)
<Nf+n—1>_<Nf+n—2><Nf+n—2> (A.66)

n n—1 n

None of these multiplicities vanish, so all N +1 momenta of (A.64) do appear in the fusion.

Restricting the fusion rule (A.64) to »h; = —Kbhy with K > N, we retrieve the
decomposition into irreducible representations of the tensor product of two symmetric
representations, given by the Littlewood-Richardson rule:

N
R(Kh1) @ R(Nh) = @ R((K + N — n)hy + nhy) . (A.67)
n=0
One could go in the other direction: the decomposition (A.67) for K > N implies that
the fusion of V_gpp, with V_npp, yields the momenta —(K + N — n)bhy — nbhy. This set
of N 4+ 1 momenta only involves —Kbh; as an overall constant part, hence the natural
generalization from V_gpn, to Vi, is (A.64). We will apply a similar reasoning® to guess
the fusion of other degenerate operators with a semi-degenerate operator.
The tensor product of an antisymmetric and a symmetric representations of Ay,—1 is
the sum of two irreducible representations,

R(Khy) @ R(wy) = R(Khy + wn) ® R((K —1)h + wN+1) . (A.68)
This naturally generalizes to the fusion rule

V%hl X V_wa = Vihi—boy T+ V%hlfb(wN.H*fn) . (A69)

For completeness, a Weyl reflection yields the fusion of —schy, and —bwy, which features
the momenta — (3¢ + b)hy, — bwy -1 and —sxchy, — bwy.

We show in section 2.2, together with appendices A.3 and A.2 which do not depend on
this fusion rule, that the Toda CF'T correlator of two generic operators with V.., and V_y,
is equal to the partition function of a surface operator. At the end of section 2.2.1 we expand
the partition function in a limit which corresponds to the fusion of V5, and V_4,,. The
exponents found there prove the fusion rule (A.69). Once more, the number of t-channel
and s-channel conformal blocks must be equal:

_ N,
Nz bon 4 Nl o = ( N > : (A.70)
We deduce for each n > 0 that for all s,
] Ne—1
N;Oh,]_a;i)wn+1 — < fn > ) (A?l)

361n principle, one could go further, and guess the fusion rule (A.61) for two semi-degenerate operators
by replacing —Nbh1 — Ahi and allowing shifts by continuous multiples of ha — h;. It could be interesting
to obtain a continuous analogue of the Littlewood-Richardson rule along those lines.
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This is consistent with multiplicities of the two powers of |1 — m[z found at the end of
section 2.2.1, and matches with (A.66) for n =1 and n = 0.
Consider now an arbitrary highest weight w = Zjvil_l njw; of An,—1. For each j from
Ny —1 to 1, its Young diagram has n; columns with j boxes. Through the Littlewood-
Nf 1
n

Richardson rule, we find a decomposition valid for K > Z s

Ny—1

R(Kh1) @ R(w é @ R(Khl + w4+ Z [ ]+1 1)}) (A.72)

ka10 k1=0

into H;Vizl(nj + 1) irreducible representations. We thus propose the fusion rule

an 1
Vi, XV A.73
h bZNfllnjw] Z(] szl: »hy— sz 1 [n]wj+k (hj+1—h1)] ( )
= -1=

As a natural generalization of (A.66) and (A.71), we propose that vertex operators with a

momentum »hq — bz Y jw; appear with multiplicity
Ne—1 Nf 1
hi—b3 L Lw; .
N:mlaoo 21 biws = dim RANf_2 ( Z ljwj_l) , (A.74)
j=1

where the j = 1 term can be absorbed in a shift of s, and the right-hand side is the

dimension of the representation of Ay,_2 whose Young diagram is obtained from that of

R(Z;V 1l wj) by removing the first row: h; — 0 and h; — h;_1. Besides reproducing

the correct multiplicities for the symmetric and antisymmetric case, the proposal (A.74)
correctly leads to equally many s-channel and t-channel conformal blocks in the four-point
function (Vi (00) Vo, (1)V_py(z, T)Va,(0)) since

Np-1 N1 Np-1
d1m7?,< 2 njwj> = Z Z dlmRAN <Z [njwj,l + k‘jhj]> . (A75)

The equality holds because the representations on the right-hand side are the decomposition
of R(w) into irreducible representations of the subalgebra Ay, 2 of An,—1.

A.5 Conformal blocks

In this section we give explicit expressions of conformal blocks which are labeled by two
generic momenta o = () — ias and oy = @ — iag at co and 0, one semi-degenerate
momentum 1m = Ahy at 1, and some degenerate momenta —0§2; inserted at the positions
(xj,Z;) for 1 < j < n. The expressions are direct translations of the gauge theory vortex
partition functions through the correspondence described in the main text. We only con-
sider conformal blocks in the s-channel (the region 1 > |z,| > -+ > |z1| > 0), which are
series in powers of T, Tp—1/Tp, ..., x1/T2.
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First comes the case of a single degenerate momentum —bwy labeled by the N-th
antisymmetric representation of Ay,—1. The four-point conformal blocks are equal, up to
powers of x and 1 — x, to the vortex partition functions (2.60) of SQCD,

(s) Ay —bwp
F —iag—bhyp) [Q — i Q o ia() (.’L’)
= x—b<ia07h{p}>+ww2+1)(1 _ w)N(b2+1_b>‘/Nf)

N

DA | [T, (1 = b(A = Nb)/Ny = bliao, hy,) — bliase. hs)),
o o TI01 Rt TI (bian. o, — T, — by TIOy TT gy (1 + bliao, s — T D
(A.76)
The internal momentum @) — iag — bhypy is labeled by a weight hy,y = hp, + - + hyy
of R(wn), where 1 < p; < --- < py < Ny. While the expression (A.76) is established
since we provide a proof of the correspondence in this case, the conformal blocks below are

not. However, they are supported by the evidence we gave for the correspondence in the
main text.

Next, s-channel conformal blocks with the degenerate momentum —Nbh; have an
internal momentum () —iag—0bh labeled by a weight h of the N-th symmetric representation
R(Nh1) of An,—1. We let b = hpy = o0 nghy for 00 ng = N, and T = {(s,p) | 1 <
s < Nt,0 < pp < ng}. Conformal blocks are vortex partition functions (2.97) up to factors
x77°(1 — )~ from the correspondence (2.88):

s Ahi —=Nbhy
(¢ 2)
Q—iag—bhy) Q — a0 Q — iag

— A(Qit0—bhiy)—A(Qia0)A(=Nbh1) (1 _ z) ANk —Nbha)—A(Nh1)—A(~Nbha)

Ny . , 2
» (1 =b(XA = Nb)/Ny = b(iag, hs) — b(iaeo, he) — b,  (A77)
2. 1l [wk 11 (14 bliao, hy — hs) + (1t — p)b?) i,

k’:[—)ZZO (s,u)e[ t=1
N, .
. tzfl(l + b<1a07 ht - h5> + (nt - /‘I’)bQ + ks/‘« - kt(ni_l))kt(nt—l)
H(t,u)el(l + b(iag, he — hs) + (v — p)b* + kg — ktl/)ktu—kt(uA)

We now come to the case of (n + 3)-point conformal blocks with two generic, one
semi-degenerate, and n degenerate momenta —b§); = —bQ2(Kj, €;), where Q(K, —1) = wi
and Q(K,+1) = Kh;. In the s-channel 1 > |z,| > ... > |z;|, the internal momentum
running between the punctures at ; and ;4 (here z,41 = 1) has the form ag — bl =
apg—b Zivzfl n{ht, for some integers ni > 0. These integers must be such that h[n]’} - h[njﬂ]
is a weight of R(£2;) for each 1 < j < n (here nY = 0). Explicitly, Zi\;fl(ng —nl™h = Kj,
and n! —n "' is in Zsg if €j =+1 and in {0,1} if ¢; = —1.

In section 2.4 we find a quiver gauge theory whose vacua are labeled by the same data,
and perform various checks that its partition function is equal to the Toda correlator we are
now considering. Up to simple factors, the conformal blocks are thus equal to the vortex
partition functions, themselves a sum of residues in the Coulomb branch representation of
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the partition function. Let us introduce the sets I; = {(s,u) ‘ 0<v<< ng, 1<s< Nf}
(Ip is empty), the notation ias, = (iag, hs) + ub, and the parameters g,+1 = b?/2 and
qj = €j(b*/2 4+ 1/4) — 1/4. We find

o M Ol e
.. x
Qoo + g — bh[nn} + + Qo — bh[nl] + @0
N n 1+2g;+b2 J K;
x;
j=1 i<j J

Z ﬁ H [ x; ]kj,s,u H (1 + bias, — biag )k, k..,
, : (1+qj + gj41 + biag,, — bi

bia g
J=1(s,u)€l; (tw)E; t,l/)k?],t,u kj s

H (1 + 2q] + biasvu - biat7y)kj—1,t,u_kj,s,/,1.
(t,V)GIj—l (1 + bia&u B bia,tyl/)k;j_l’t’u_kj’s’u
(1= (A — b X7y K;)/Ny = bliaoo, he) — biar), }

(1+ bliag, hs) — biat, )k, ,,

Ny
s=1(tp)el,
(A.78)
As discussed in the main text, when all ¢; = —1, placing all degenerate punctures
at the same position x; = x yields the conformal block for one particular fusion of the

degenerate momenta, which turns out to be
—bQ=-b) Qj=-b) wg,. (A.79)
j=1 J=1

This provides an explicit expression for the four-point conformal block of two generic and
one semi-degenerate momentum, and one degenerate momentum labeled by an arbitrary
representation of Ay, 1. Fusing degenerate punctures in several sets gives conformal blocks
with several arbitrary degenerate momenta —bf2, but these quickly become unwieldy.

A.6 Irregular punctures

We study irregular punctures obtained as collision limits of vertex operators in the Toda
CFT. Such collisions were studied for Virasoro primaries in [51], and extended to other
algebras in [60, 61]. We give evidence that the limit

K
Vegierers serc,an (W, W) = lim H|wJ*wI‘ il H Vo, (wr, 0r) (A.80)

(wr 1)~ (w,) | fa

exists, provided that the momenta «; of vertex operators, and their position (wy, wy), vary
in such a way that

K K
C; :Z(w[—w)j()q%cj Cj Z Wy — W ]a[ — G (A.81)
— 1=0
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for all j > 0. Not every choice of ¢; and ¢; can appear (for a given rank K). Firstly, ¢g = co.
Secondly, ¢; = ¢; = 0 for all j > K. Indeed, any C; with j > K is a linear combination
Ci=>" f:o P; ,({wr —w})C}, whose coefficients Pj j, are homogeneous polynomial of degree
j —k > 1 in the variables w; — w, and such polynomials vanish as w; — w. The limits of
C; and C'j are thus described by the 2K + 1 momenta (co;c1,¢1;- - ;¢x, Cx ), as indicated
by the notation in (A.80).

There is (at least) one other condition on the ¢; and ¢;: for each 0 < m < K the
vectors {cp, ¢, | m < n < K} must span a space of dimension at most K — m + 1, for
instance cx and ¢x must be collinear. This third restriction relies on

n K n-—1
Z(CJ Z H(w—w])) = Z H(wJ—wj)”aJ, (A.82)

j=0 Se[o,n—1] I€S J=n I=0
#5=n—j

whose left-hand side goes to ¢, in our limit, and on its analogue for ¢,. Since rank is lower
semicontinuous, the rank of the space spanned by {c,, ¢, | m <n < K} is at most that of
the space spanned by (A.82) and by their antiholomorphic counterparts (for m <n < K).
This second space lies within the span of {a; | m < J < K}, which has rank at most
K-m+1.

A.6.1 OPE with the stress-energy tensor

Our first piece of evidence is to write the OPE of the stress-energy tensor with

K

Viay ({wrwr}) = Tlws — w0 ] Va, (wr, 1) (A.83)
I<J 1=0

in the limit which defines V.....c,c &, - The operators V,, are primary, hence
T(2)Viayy ({wr wr})

N H|wJ — wy[Heaen) Z((ZA(OU) 3+ 1w1 w1> HVO" (wy,wr) (A.84)

I<J —0 wr)
_ A(ar) 1 {ar, ay) o
_§<(Z_w1)2 +Z—w1 (awl—i_; w1>)v{al} { I I}) (A.85)

zZ—wy

K
1 Ow
= <<Q)8zaz80sing> - §<8Z(Psing7 Z(Psmg + § ! )V{a[}({w17wl}) (A86)
1=0

where in the last line we use A(ay) = (Q, ar) — 2(ar, ar) to express all but the 8, piece
in terms of

K K
R e e e S R e
Z¥sing = _ - _ n+1 - _ n+1 _ n+1 "

=07 %0 (2 —w) =z w) mar S Caal)

(A.87)
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In the domain where all |w; — w| < |z — w|, we can expand the derivative term as

K
Z (z —wr)~ = Z T QZ —w)"19,, (A.88)

1=0 n>—1

The term with n = —1 is Zﬁo Ow,, which translates all vertex operators, hence its limit
is Jy. The other terms do not have such a simple geometrical interpretation. Instead, let
us write their action on C,, for 0 < m < K:

K K
Z w)" 10, O = Z(w w)" 1Oy Z wy —w) "oy (A.89)
1=0 1=0
K
Z m(wr —w)" ™ ar = mChim - (A.90)
I=0

The limit of Zﬁo(w 1 — w)" 19, must thus be a differential operator which maps ¢, —
Mmcpim forall0 <m < K—n and ¢,, = 0 for K —n < m < K. This is naturally realized by

K K—n
Z w)" 0, — Z J{CntjsOc,) - (A.91)
7j=1

I=

o

All in all, the OPE of T'(z) with V = V... .cpc o (w, W) is

K K K —¢
rov~ ({0 X o > Y oY )

J=0

O
+ Z— W +Z (Z— n+2 JZ::lj Cn+.77 Cj )V (A92)

n>0
2K 1 Ci G K=n e 0.
_ (Z_lwaw+zo<n+ (@ ¢n) 223»(;<_J£U>Z+JQ>+ZH i nﬂ,@c»)V
(A.93)

where we recall that ¢, = 0 for n > K. The presence of singularities up to (z — w)=25-2

in this OPE implies that the Virasoro generators L, act non-trivially on the state |¢) =
Vepisexe e (0)]0) for n < 2K. More precisely,

n

K—n
Lule) = <<n+1><@7cn> 53w+ Y lenss @ )\c> (A.94)
7=1

7=0

for 0 < n < 2K, while L_; translates w, and L,|c) = 0 for n > 2K. This is the natural
generalization of equation (2.7) of [51].

In the rank 1 case (¢, = 0 for n > 1), we can exponentiate explicitly the action of the
Virasoro generators L, to find how large conformal transformations act. From above, we

— 90 —



know that L,|c) =0 for n > 2, that L_; acts like 9,,, and that

Lole) = —%<C1701>\C> : (A.95)
Lie) = (2Q — co, c1)lc) (A.96)
Lolc) = (A(CO) + (eq, 681)) ), (A.97)

where as usual A(cp) = (Q, co) — (co, co)/2. Omitting the parameters z, w and &, which
play no role for holomorphic transformations, we claim that

e 2Q —co,c1) 2w (c1,e1) [F3w 3 (0%w)?
Veyor(2) = (B0) ™ O)exp<< Q — o, c1) {a 1>[ 3 (0Zw) Dvco,(azw)m(w)

2 o, w 12 |0w 2 (0,w)?
(A.98)
under a conformal map z — w(z). Indeed, this transformation is transitive and has the
correct infinitesimal behavior: for d,w = 1 + ¢,

<2Q_CO781> <C1,Cl>
2 0:¢ = 3

wm@:0+4Mm+@mmh— ﬁﬁowﬂmmww

(A.99)

A.6.2 Free field realization

Our derivation of (A.93) only relies on the OPE of T'(z) with vertex operators V,. This
OPE has a free field realization as the OPE of Tgee = (Q,00¢) — 3:(Dp, Dp): with V[ree =
:ef{@®): We rederive (A.93) more directly by first building the collision limit V"¢ of vertex
operators chree, then computing its OPE with Tgee. We then go further and consider the
OPE of higher spin currents of the Wy, algebra with yiree,

First, :e{®#(:2)eBp(ww)), — |5 _ w[72<a’ﬁ>:e<°‘7‘p(z’2)>+<ﬁ"p<w’w)>: implies by induction
K

H lwy — wy| e H:€<a1,¢(w1,w1)): = eXimolore(wrdn) (A.100)
1<J I1=0

Expanding p(wr, wr) = o(w, 0)+) 2,5 L (wr—w)"9"p(w) + (W —w)"0"p(w)) thanks to
00¢ = 0 and using the limit Zﬁo(wf —w)™(ar, ") — (cpn, 0"p) and its antiholomorphic
counterpart yields the free field collision limit

free _ _ US| n — En /-
VI 0, = exp el + Y 7 (e 0"plw) + (0, 0"p(0)) ) -

(A.101)
The stress-energy tensor 7, gee(z) and higher spin currents are polynomials in dy(2)
and its derivatives. We thus evaluate

Tee - Cn an —1 Tee —
Oep(2)VEE (w, W) = :(8@(2) +> 10— w)Vﬁo;,,_(w, D): (A.102)

n>0

- (Z(Z — w)”_lnacn — Z (2_017;)71-1—1>Vg)e§?“(w’w): (A.lOS)

n>1 n>0
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where the first equality relies on dp(z)p(w,w) = —1/(z —w), and the second on the Taylor
expansion of dyp(z) and on 8"g0Vfree = n!@Canﬁ?,. The OPE of Vﬂgﬁ?,,(w,w) with any
polynomial in derivatives of dy(z) is thus obtained by replacing all

n—1 Cn . 1 Oncn + e—nnac,n
Sl 3 | ol e
n>1 n>0 nez
(A.104)
where 6, = 1 if n > 0 and 0 if n < 0, then dropping terms that are regular as z — w.

PHg(2) o ag(

In particular,

T T 1 T _
()7 = (1Q00p(2)) = Ji0P(:). 062 )V 1 100) (4.105)
(n+1)cy, 1 Ci ¢;
((ex o) (3 e T S
n>0 >0 7>0
Ci i—1 f
+ <Z W,Z(Z—U))J j85j>>Vree (A106)
1>0 j>1
_ (R (A D@ en) — 5 3o cni) ] 9 cwuac) e
o Z (z — w)n+2 t Z w)n+2 )
n=0 n=-—1
(A.107)
Upper bounds could be omitted since ¢, = 0 for m > K. Note the presence of J.,,,, in the
last term for n = —1 and j = K + 1. This derivative is inconvenient as it involves irregular
punctures with a rank higher than V¢, It turns out that the terms with n = —1 combine
nicely into
K+ (c; o(w))
17 _ _
Z = ] — 1 Viroe;('e" ICKHCK (w’ w) = angS?' ICKCK (w7 w) ) (A.108)

=1

As expected, the free field OPE reproduces the OPE (A.93).
We are ready to consider higher spin currents. A basis of those currents is obtained
via the Miura transform

1 Ny
s=Ny p=0

where ¢ = b+ . In particular, W(z) = 1, Wl(z) = 0, and W?(z) = Tgee(z). The
prescription (A.104) then yields the OPE of WP?(z) with the irregular Viro’i?,(w,w), but
expressions quickly become very unwieldy. However, we can get valuable information by
applying the prescription (A.104) directly to the Miura transform (A.109):

— 9 n_e—n acfn Tee _
ZW? e ) 00) Y = ] (qa oy ettty >>V£0, (w,w)

s= Nf ne”L

(A.110)
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where J,; only acts on Vfree and not on intervening ¢;j, and where 6, = 1 if n > 0 and
0 otherwise. The sums over n actually truncate to n < K for rank K punctures, thus only
a finite number of negative powers of (z — w) appear in the OPE.

Let us find out the most singular terms of the OPE of a given WP(z) with Viree
as z — w. Thanks to the mode expansion W»(z) = > -, WE(w)(z — w)™"P, the
(2 — w)™™" P term in the OPE encodes the action of W} on the rank K puncture
’C> — Vfree

cosere e (W, w)|0). Terms where 0 < m < p of the ¢d, act on some (hs,...)

are at most of order O((z — w) K +1)(p_m)_m). Those involving O, derivatives are of
order O((z — w)~(E+HDE=m=D=m) or more regular. Thus, Wi|c) = 0 for n > pK,

Whe)= (=1 > > | J

1<s1<<sp<Nf L k1+--+kp=pK—n i=1

+ 5n,(p71)K(K + 1)q <(] - 1) H(hsia CK>>
=1

J i#]

©)

(A.111)
for (p — 1)K < n < pK, and lower components of W?(z) act with 9, derivatives. This is

consistent with the action (A.94) of the Virasoro algebra for p = 2.

For n < (p — 1)K, the action of Wi on |¢) involves derivatives 9, for each 1 < j <
(p — 1)K — n. In particular, if n < (p — 2)K, derivatives with j > K appear: the set
of rank K irregular punctures is not stable under those components WJX. One exception

is that L_1 = Wzl involves derivatives up to J, but turns out to be identical to an

K+1
infinitesimal translation. The set of all (finite, integer) rank irregular punctures is stable

under all WZ.

Before closing this appendix, we go back to the Toda CFT and compute various two-
point functions of vertex operators with rank K = 1 irregular punctures as a test that the
collision limit is finite.

A.6.3 Two-point functions

Irregular punctures only arise in section 2.2.3 as the collision of a semi-degenerate and a
generic vertex operators. We compute here the two-point function of the resulting rank 1
puncture with any generic vertex operator (A.116) in a useful normalization (A.113).

The collision limits of interest are a special case of the general collision limit (A.80)
which defines rank K irregular punctures. Using notations close to the main text,

. T 2<%h1,60—%h1> X T
Veoi—(a/b)hn (a/oym (0) = lim “A‘ Vo <—iA’ iA> Vco_%hl(o)] —iA/b+O(1)
(A.112)

where A € R is the gauge theory cutoff scale, ¢y, b, x and T are various physical param-
eters, and only the leading behavior of s in A affects the limit. We also introduce the
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normalization

V o (a/b)hn (2 /)1 (0) = ﬂ<CO_Q7p>VCO?*(fE/b)h1:(i/b)hl(0)
co;—(x/b)h1,(T/b)h1 T(b)Nf—l H2<s<t<Nf Y(Q — co, ha — 1))

: T(% +(Q — 607 hl (s¢h1,c0—2h1) ~ r 7\~
- Algrolo |A/b\2A co) ‘A‘ Vieha (—iA’ iA) Veo—shy (0)

where the second line is obtained by combining the factors (A.7) and (A.8) which re-
late V and V with those relating V and V. The only non-trivial step is that the
asymptotics (A.11) of the Upsilon function simplify Hi\zl Y3 + (Q — co,h1 — hy)) to
T (3¢ + (Q — co, by )| A /b| (@@ 24 o),

Let us compute the two-point function of the irregular puncture (A.113) with a generic

(A.113)

] se=iA/b+O(1)

vertex operator Vao. Throughout the calculation, » = iA/b+ O(1). Scale covariance and
the explicit form (A.13) of the three-point function give

T(%—|- <Q — 007 h1 (#h1,co—3h1) [ ~ ~ x T\~

[A/pPA) ‘A’ <V“°(°o)v”hl <—1A iA> Voot (0)>
|.’E/A|2 %hl,C()f%hl>72A(%h1)72A(007%h1)+2A(ao)T(% + <Q — ¢o, h1>)Nf
|A/b|2A Co QQ> Hst 1 T(le —+ <Q — Co —+ %hl,hs> + <Q — aO,ht>)

2A () —2A(co) 2A(a0)—(Q,Q)
~ G Lg/ét' . [A/4] . (A.115)
’A/b‘ o) Hs 2 t*f T(<Q — Co, hs> + <Q — &, ht))

All powers of A cancel, and we deduce that

(A.114)

|x/b’2A(ao)*2A(60)

<‘7ao (00)V g5 (a/8) o (2/B) (0)> = v (A.116)

Lo TI2 T ((Q = o) +(Q = g, b))
Note that the dependence on |z/b| is as expected from the transformation (A.98) of rank 1
irregular punctures under a scaling. Both the OPE with Wy, currents, and the two-point
function we have just computed, are finite, and independent of details such as the precise
value of s in the limit (A.113). This gives credence to our claim that collision limits
Veossere,exe are finite and only depend on the ¢; and ¢;.

A similar calculation (not used in the main text) is the two-point function of a rank 1

irregular puncture (with ¢; and ¢; collinear) and a semidegenerate operator:
(Vo (.7 ) = exp((520) ¢ (o)
|z

V%h (.’B,l’)Vc ;¢1,C (yay)
1 0;C1,C1 y‘4A (s¢h1) o <c0—2Q,p> Hi\zl’r( <2Q 007 >)
Lo — b — o2 20

s<t
(A.117)
It is instructive to note how this expression is consistent with transformation proper-
ties (A.98) of rank 1 irregular punctures. Under a special conformal transformation
z — w(z) which keeps x and y invariant, 01 is scaled by 0,w at y. Since at the fixed point y
one has 82“1;1 = 28 -, (A.117) is shifted by 2(2Q — co,c1)0?w/d.w, as

required by (A.98).
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B Vortex partition function dualities

We prove here that the vortex partition functions of some dual theories are equal up
to simple factors. The equalities are most easily seen through the matching with Toda
CFT correlators, as done in the main text. However, the matching is not proven in all
cases, so we proceed to establish the equalities directly using integral representations of
the vortex partition functions. We cover the case of Seiberg duality for N' = (2,2) SQCD
in appendix B.1. We then add adjoint matter and a superpotential in appendix B.2: this
includes as special cases the Seiberg duality for NV = (2,2)* SQCD, and the Kutasov-
Schwimmer duality. The two appendices use similar ideas but are independent.

B.1 SQCD vortex partition functions

We focus first on the S? partition function of an NV = (2,2) theory of a U(N) vector mul-
tiplet coupled to Ny fundamental and ]AV} antifundamental chiral multiplets. Its expression
can be decomposed as (2.58) into vortex partition functions [17, 18]. By symmetry we can
assume that ]A\f;r < Ny, or that ]AV} = Ny and |z| < 1. The relevant vortex partition functions
are then labeled by N-element subsets of [1, N¢] and take the form

Zo gy (mym,x) = a* Zy gy (m, i) (B.1)
k=0

Nf+N—1

where x = (—1) z and the k-vortex partition function is

N, ~
~ Hsi (—ims —im )k’
Zk,{p}(m7m) - § : | | L be o

N, . .
kit =k j= 1[ it Hl;ﬁj imyp, — imp; — ki), Hsé{p}(lJrlms — imp, )k,

(B.2)
We prove that the vortex partition function is invariant under the Seiberg duality map
NP = Ny — N, {p}¥ — {p}® (the set complement), mP = s =mg, mP = 1 —m,,
P = (= 1)Nf z, up to a simple overall factor. This is based on the proof [17] that for

]f\fc < Ny — 2 the k-vortex partition function is invariant. Since Zj r,, depends analytically
on the my and mg, we only need to prove the equality when R-charges Re(—2im;) and
Re(—2im;) are between 0 and 1; the same is then true of the R-charges in the dual theory.

Consider a closed contour C,j which lies in the half-plane Re(yp) > —% and surrounds
with a positive orientation all points —ims + v and % +img +v for 1 < s < Ny and integer
0 < v < k. This set of points, which all have positive real part, is invariant under the
D = 1 +im,. The contour C;, = —% —C; lies in the half-plane Re(yp) < 0
and surrounds with a positive orientation all points —1 — ims — v and —% + img — v for

duality map —img

1 <5 < Ny and integer 0 < v < k. Define the contour integrals

1 o B ei—en T 1Y, (¢ — iiy)
Ir,  (m,m) = / : = s=1 7R ° . (B.3)
k{p} k' (c: ) <27T1)k A P — Px — 1 Hl;[l ivil((lp"f + ims + 5S€{p})

As we will see shortly, I* are essentially k-vortex partition functions of Seiberg dual theo-
ries (B.7). Given our choice of contours, the change of variables ¢ — P = —% —  maps
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C’,;t — CF, and we find

I o(mP, P) = (~) IR LE (o ) (B.4)
where the sign comes from dp” = —dy, o —imP = —(p —im), and P +im? +dsefp) =
—((p +imgs + 55¢{p}>

Poles of the integrand for which all Re(¢,) > —% are labeled by choices of N integers
ks > 0 with Zse{p} ks = k, such that the ¢, are given in some order by

{wn}:{—ims+y}86{p},0§1/<k35}, (B.5)

hence (C’,j ¥ surrounds precisely those poles. Similarly, poles with Re(yp,) < 0 are

{on} ={-1—ims—v|s&{p},0<v <k}, (B.6)

labeled by Ny— N integers ks > 0 for s ¢ {p}, summing to k, and (C}, )k surrounds precisely
those poles. For a given choice of ki + - -+ + kny = k, the residue at each of the k! points
{on}t = {=imp, + v | 1 < j < N,0 < v < k;} reproduces the corresponding term in the
k-vortex partition function (the factor 1/k! cancels the choice of ordering of ¢y ), hence the
k-vortex partition functions are

Zy (py (ms ) = I,y (m, ) (B.7)
Zk:,{p}c (mDa mD) = (_1)(1+Nf+Nf)kI];{p} (m7 7’71) )

where the dual relation derives from (B.4) or from summing residues at poles surrounded
by (C)~.

B.1.1 SQCD with N; < Ny

As long as ]AV} < Ny — 2, the integrand in (B.3) is regular at infinity, hence we can choose
C™T along —% + iR, from ico to —ico: then C~ = —% — C™T has the opposite orientation,
and Ik_{p}(m,ﬁz) = (—l)kI]j{p}(m,ﬁz). Therefore

Zy iy (mP,mP) = (=) ENDE 7 o (m,m) (B.8)

hence vortex partition functions are equal:

b D) = Zv,{p}(ma m, $) ) (Bg)

Zv,{p}ﬂ(m .mP.
where 2P = (—1)V +Nrz hence 2P = (—1)7\[}2. This result strongly relies on our ability to
reverse contours, that is, on the absence of poles at infinity for ]f\\f;c < Ny—2. For N} = Ny—1
or ]f\\f} = Ny, we must take into account the contribution from infinity.

Consider first the case ]A\f;c = Ny — 1. We shift the pole at infinity to a finite position
through the regulating factor iM/(¢, + 1M ). This is equivalent to adding a fundamental

chiral multiplet with twisted mass M in the strip 0 < Re(—2iM) < 1. In the limit
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|M| — oo, the contours (C’,;t)k only surround poles of the original integral, which are
independent of M, and the regulator does not affect residues. Therefore,

1 _
+ ~ Pr
Ik’{p} (m, ) = |]\}l|gloo k! / 27r1 {H O — 1

] ﬁ [ Hi\[fl I(SDH — ims) iM
N .

(B.10)
Poles of the integrand above with all Re(p,) < 0 are identical to those of the non-regulated

k=1

integral, hence integrating along the contour —3; —|— iR yields I, 1p }(m, m) by closing the
contour towards —oo. Closing the contour instead towards 400 surrounds poles at

{ou} ={-ims+v|se{p}0<v<k}U{-iM+v|0<v<li}, (B.11)

for each choice of non-negative integers ks for s € {p}, and [, such that [ + Zse{p} ks = k.
The residue at such a point is (factors of iM cancel out)

1! Kk — @ i Mt K — iMmg
( ! ) res H - H HS:l (P = 1) ; (B.12)
I {pul1<n<k—I} —ea— 1 (gp,.C +ims 4 Osgp})

where the residue is precisely one of the contributions to I;” b1 {p}( m). The contributions
for a fixed [ combine into the full (k — [)-vortex partition function. All in all, using (B.7)
L oy (mo) = Zy ae(mP,mP) and I\ = Z 1) when Np = Ny — 1,

k
. —1)t _
Zky{p}c(mD,mD) = (_]_)kz ( l') Zk'—l,{p}(m’ m)’ (B13)
=0 ’
Z{p}g (mD’ mD7 xD) = e_wZ{p} (m7 7’72, :U) . (B14)

Alternatively, the factor e” can be obtained from the case N; = J/\\f} + 2 (where there
is no factor) by decoupling one of the fundamental chiral multiplets through the limit
|mn;| — oo. For an arbitrary Ny > Ny,

k
. _ k ) Noo— N—1,N; .
(imn; ) g Z(_Dl (l) (_lme)l(NfH Nf)Zkil,{p}f if Ny € {p},

N;,N; =
Zkﬁp}f ~ ;71 . (B.15)
(imy) * 20 if Ny ¢ {p}.

If Nf > Nf + 3, terms other than [ = 0 in the sum are of a lower order, thus
Z]iv?} ~ (imn;)~ kZ]iVJEp}l Ny , consistent with the equality (B.8) of Seiberg-dual vortex

partition functions in those cases. If Ny = N} + 2, we find

N:+2,N; —z6 Nr+1,N;
Zy f} Timpy,x) ~ e ’ Nfe{”}Z{pf} M(x). (B.16)
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Exactly one of two Seiberg-dual vortex partition functions exhibits this exponential factor,

and with opposite signs since im][\),f ~ —imy,. Starting from the Seiberg duality rela-

tion (B.9) for Ny > ]A\f;v+2, we thus obtain the exponential factor in (B.14) for Ny = ]A\f;c +1.
Unfortunately, the same technique fails to reach the case Ny = JAV}, because terms be-
yond (B.15) contribute to the limit |my,| — oo (with z/my, kept constant). We avoid
this issue in the contour integral approach by introducing different parameters for each

occurrence of me, as We NnNOw see.

B.1.2 SQCD with Ny = N;

When ﬁf = Ny, we regulate using Hﬁzl[—(iMm)2 / (92 — (iM,)?)] with M, real for
simplicity. This factor is similar to the contribution from two fundamental chiral multiplets
with opposite twisted masses, but importantly we let the parameter M, depend on k. In
fact, we will consider the limit where masses have different scales, 1 < | M| < -+ < | My],
as this simplifies the expansion of residues. For large enough |M,|, the additional poles lie
outside the contours (C’éﬁ)k, and the regulating factor tends to 1 when evaluated on the
contour (or at poles it encloses), thus

+ ~\ . 1 dkgp _(1M5)2
Legytmom) = Jim o (e 2m)F 111 (iM,,)?
k

|M,{\—>oo el QD/'{_
N P p— £ P — i
kT ¥ K S

(B.17)
Poles of the integrand above with all Re(¢,) < —3 are identical to those of the non-
regulated integral, hence integrating along the contour —% +1iR yields Z, ) (m,m) by
closing the contour towards —oo.

Closing the contour instead towards +oo surrounds numerous poles:
{ou} ={-ims+p|se{p},0 < p<ks}U{eiMc+v|re K 0<v <.}, (B.I8)

where K is the set of 1 < k < k such that ¢, = €,iM, for some sign ¢, = £1, and where
the integers ks > 0 for s € {p} and [, > 0 for k € K sum to k. To specify a pole completely,
one needs to know {K €, lx, ks }, but also which component of ¢ is equal to each —ims+
and each €,iM, + v. This is encoded in maps ¢ and 7 such that

Po(s,u) = —ims +p  and Pr(r,w) = €xiMy +v. (B.19)

Note that 7(k,v) = k if and only if v = 0.
We expand the residue at the pole defined by {K, e, ls, ks, 0,7} in the limit 1 <
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M| < - < | Myl

. le—1 ks—1
B e oy, ()
= H H : 1+0(—
w KEK 2 v=1 (GHIM“ +v)? ( rr))” se{p} © MO(&M)
1.2 1 1 1
-l
reEK reEK rEK
Pr — PA — imy
o res, I1 [] H{ ] }
‘Pa(s,u)__lms"'“{N;ﬁ)\e{g(snu)} o —par—1 wefo ()} =1 Y +ime + 5t€{p}

(B.20)
The first line consists of all factors coming from the regulator; the next factor comes from
(Pr(.y —ims)/(@r(..) +ims + sgp)) and involves

Ny
S =) (s + ims + Ssgqpy) ; (B.21)
s=1
the following two factors come from the ratio (¢ — ¢)/(¢ — @ — 1) where either one or both
components of ¢ take the form ¢, ,; the last line consists of all finite factors, independent
of the M, which organize themselves into a residue along the components ¢4, ). A useful
simplification is

—(AiM, (o ))? M? M2 if r(k,v) <k,
(0 ) y N{l () irlm,v) <x (B.22)

(€xiMy + )% — (iMy (s, if 7(k,v) > K.

On its own, the residue (B.20) grows like [], (—€.iMy), but we will see that the sum
over all possible choices of the signs ¢, (keeping {K, I, ks,o,7} fixed) has a finite limit.
More precisely, starting from A = k, and all the way down to A = 1, we sum over ey = +1 (if
A € K) and take the limit |M)| — oco. At each step there are three cases. If A = o (s, u), the
twisted mass appears only in a factor 1+O(1/M§), which thus drops out. If A = 7(k,v) > &,
then the factor (B.22) containing M) drops out. The case A = 7(k, ) < k does not appear,
as we see shortly. Finally, if A € K, several factors contain M):

—exiM)y —(iM,(x1))? LY 1 1
: 1-— 1
2 H |:(6,\1M)\+V)2—(1MT()\7V))2 exiM)y, +0 M2 +0 M2

1<v<iy
T(Av)<A

(B.23)
This expression vanishes in the limit |M)| — oo if any 7(A,v) < A, thus only poles for
which all 7(\,») > A contribute in the limit we consider. Otherwise, the expression above
is 2( exiM)y, —i—l,\Z—i—O(l/M)\)), whose sum over €, = %1 is the finite result [, X. All in all,
the sum over all choices of signs € of the residue at the pole defined by {K, ¢, Iy, ks, 0,7}
has a finite limit

1 Pr — P imt
—y#K res { | | [] | I | | [ ]}
| ——img, o — _
M Polem= M w#ENe{o(s,1)} pr—pa 1 we{o(s,u)} t=1 +img + O ()
(B.24)

which turns out to only depends on the number #K of elements in K and on the k;.
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We must now sum this expression over all choices of sets K, of integers [,, > 0 and ks >
0, and of indices o(s,u) and 7(k,v) > k. The choice of {K, I, ks,0,7} can be split
into a choice of {K,l, 7} followed by a choice of integers ks > 0 summing to k — I,
where [ = } _ lc, and finally a choice of o labeling the complement of T' = {7(-,-)}
by pairs (s,u). This last choice does not affect the residue, hence contributes a factor
of (k —1)!. The sum over {ks} (summing to k — ) of the residue in (B.24) yields the
(k — 1)-vortex partition function. Thus,

Zk_,{p}(m’m):(_l)kz (k];!l)! Z Z Z Z[Z#K]Zliz,{p}(m7m) - (B.25)

1=0 TI#T=l KCT {l,>1} T

The number of choices of {K,l,, 7} with a given #K only depends on the size | = #T,
thus the choice of T' contributes a factor k!/[l!(k — 1)!]. At this point, we could conclude
by noting that we expressed 7, , (m,m) in terms of the le—l,{p} (m,m) with coefficients
depending only on [ and the combination X of twisted masses, and neither on Ny nor on N.
The coefficients can thus be obtained through the special case ﬁf =Ny =1, N =0, for
which computations are elementary, leading to a Seiberg duality relation valid for arbitrary
Nj = Ny and N.

For completeness, we go through the combinatorical exercise. Since only I = #7T affects
the counting, we can fix T' = [1,[] to simplify the discussion. Define the map v : T — T
such that for each k € K, v(k) = k and v(7(k,v)) = max{7(k,p) | 0 < pu < v,7(k, pn) <
7(k,v)} for v > 0. Thedataof K CT = [1,{] and v : T — T with v(k) = & for k € K and
v(A) < Afor A € T\ K is in fact equivalent to that of {K,l., 7}. There are [T e\ (A —1)
maps v, hence

Z];{p}(m,ﬁz) = (-1* Z{;( Z D H (A~ 1)> lel,{p}(m7m)}

1=0 KC[1,] AE[LINK (B.26)
e (2); ~
= (-1) ;;uzg—l,{p}(mvm)’

where (X); = X--- (X +41—1) is the Pochhammer symbol. From this, we can finally deduce
the Seiberg duality relation

Zyye(m® mP,2l) = (1 - 2) > Zy (m,m, 2), (B.27)

with z” = 2 hence 2P = (—l)ﬁfz, and where we recall ¥ = Zi\fil(ims +ims) + Ny — N.
This relation precisely matches that obtained in the main text as Toda conjugation, in

particular the exponent (3.4).

B.2 SQCDA vortex partition functions

We now adapt the proof to N' = (2,2) SQCDA theories with a superpotential. The field
content consists of a vector multiplet coupled to one adjoint chiral multiplet X, N; fun-
damental chiral multiplets ¢;, and NN; antifundamental chiral multiplets gs. As in sec-
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tion 2.3.3 we consider two cases: the superpotential W = Zi\z 1@t X g, and the superpo-
tential W = Tr X! for integers I;,1 > 0. Both choices exhibit common features, with
replaced by [ for the second superpotential.

In sections 3.2.1 and 3.2.2, we find that pairs of such theories with gauge groups U(NV)
and U(NP) are dual, using symmetries of Toda CFT correlators. Parameters are mapped
as follows: m¥ =myx, NP =L — N with L = Zivzfl l;, and

Ny

mP =my, mP =mP, L=t for W= Z(}Xltqt (B.28)
t=1

mP =mx —my, mP=mx-—m;, 2P=z for W = Tr X', (B.29)

Higgs branch vacua of the U(NV) theory are labeled by integers 0 < ny; < I; with sum N.
Those are in a natural bijection n? = Iy — ny to integers 0 < ntD < ly with sum L — N,
which label Higgs branch vacua of the dual theory. We compare classical and one-loop
contributions in sections 3.2.1 and 3.2.2. We now prove the relations (B.57) and (B.58)
between the vortex partition functions of the U(N) theory in the vacuum {n;} and of the
U(L — N) theory in the vacuum {l; — n;}. As in the main text, y = (—1)" 2.

B.2.1 Preliminary result for Ny =1

Later on, we prove that dual vortex partition functions are equal up to some factor which
only depends on very little data. To fix this factor, we will use the simple case of Ny = 1
SQCDA with 1 +imy + im; + Nimx = 0, which we consider now. Its unique vacuum has
ny = N, and we prove that Z, ¢y} (y) = (1 — y)~NO+mx) By analyticity, it is enough to
show this when Re(im;) < 0 < Re(—im;) < Re(—imy).

The vortex partition function, given by the series (2.97), has a Mellin-Barnes integral

representation
N-1 .
(v—p—1)imx — ky)g
Zyiny(y) = y=he . d (B.30)
AN} {k%:()} H’lylo (v —p)imx — k),
N . (—pim)
= (—y)NimlJr%(N*l)NimX H M (B31)
p=1 T
N . . .
1 / dNo Tri N ) ) L . HMZI I'(io; —io; —imx)
. (—y) e I'(—=imq —ioj)I'(—imq +i0;) : - .
N! Jgn (2m)N ]1;[1{ } Hé\;jf(lai —ioy)

which analytically continues Z, ;nxy(y) from the unit disc to y ¢ R>o. Closing contours
towards ico yields a similar relation for |y| > 1, with m; <> m; and y — y~'. Hence, the
analytic continuations obey

Ze vy () = (—y) N0z n (. (B.32)

The function (1 — y)N(1+imX)Zv7{N}(y) is thus analytic on the Riemann sphere away from
y = 1. Furthermore, we can bound it by a power of |1 — y| in two pairs of angular sectors
centered at y = 1, whose union is a neighborhood of y = 1.

-101 -



The first angular sector is defined by |1 —y| < M(1 — |y|) for some M > 0 and
is contained in the open unit disc. The coefficients in the series (B.30) grow at most
polynomially in the exponent Zu k, of y, and the number of terms contributing for a
given power of y also grows polynomially. Hence,

Zo iy )] < D Ok + Deylyl? = ColO1 (1 — [y]) 71— (B.33)
k>0

1+CQZV’{N} (y) is bounded in

for some C1,C2 > 0 which do not depend on y. Thus |1 — y|
each sector |1 —y| < M(1 — |y|). By the symmetry y — y~ ', the function is also bounded
in a similar sector |y — 1| < M(Jy| — 1). We have thus probed the function away from the
unit circle.

The next pair of sectors is probed using the Mellin-Barnes representation (B.31), which
converges away from the real axis. Set y = re“? with 3 < r < 2 (to avoid {0, 00}), € = +£1,

and 0 < 6 < 7 (that is, y ¢ R). Then

|(—y)i"j\ _ ee(ﬂ—Q)Uj < e(ﬂ—e)\a\ . (B.34)

For some large enough C4,Cs > 0 which depend on the twisted masses, we have
I'(—=imy —ioy)
I'(1+img —ioy)

)NRe(imx) I'(io; —ioj —imx)

) Re(—imx)
’ I'(io; — io})

< Ci(lo] +1 < Cy(lo] +1

(B.35)
for all o, where |o| = (Efil|ai|2)1/2 is larger than all |o;| and all |o; —o|. The inequalities
rely on the asymptotics I'(a + iv)/T(b + iv) ~ (iv)?~? as v — o0, and the continuity of
both ratios of Gamma functions. Since 0 < Im(m;) < 1, we also have

27.[.6—7r|0]-—Re(7’711)|

—
S T < (B.36)

IT'(1+ imq —i0;)T'(—imq +io;j)

for some mj-dependent C5 > 0. Combining the bounds into (B.31) yields
1 Zv vy ()] < C4/ dNo e Nl (o] + )N Relimx) (B.37)
RN

for some Cy > 0. Switching to polar coordinates, letting 7 = 6(|o| + 1), and bounding
(71— 0)N=1 < 7N~ Jeads to

VO Z, vy ()] < Cs /0 dr e N7V RelimO)tN=1 < ¢ (B.38)

for some C5,Cs > 0. In any angular sector centered at y = 1 and away from the real
axis, |1 — y| is bounded by some multiple of § = arg(y), hence (1 — y)N(HimX)Z\,’{N}(y) is
bounded both above and below the real axis.

We have bounded the function (1 — y)N(HimX)Zv’{N} (y) by a power of |1 —y| in a
neighborhood of y = 1. Since the function is analytic away from 1, it takes the form
P(y)/(1 —y)", where P(y) is a polynomial of degree at most n > 0. In the second pair of
sectors, we found that the function is bounded as y — 1, thus n = 0 and the function is
the constant (1 — y)N(HimX)Z“{N} (y) = Zy(n1(0) = 1.
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B.2.2 Proof for SQCDA

Let us move on to the proof per se. We start with the vortex partition function (2.97) of
the U(N) SQCDA theory in a given Higgs branch vacuum {ns}. The terms of this series
in y = (—1)™ z are labeled by integer vorticities ks, >0for 1 <s< Nyand 0 < p < ng:

Zosny @) = D0 2y gy = Db > vl (B.39)

k>0 k>0 Sksu=k

The contribution V{{ gf Y for a given choice of vorticities is a ratio of Pochhammer symbols,
which we massage using the identity (1 — 2 — k),—; = (=1)*7(2),/(z); into
Nf

V{kgu} H H (_iﬁt - imsu)ksu H lmty imsu - imX - kt’/)ksp.
{ns} (1 +img + ngimyx — imsﬂ)ksu o) (imyy — imgy, — kjty)ksu

(B.40)
Here, mg, mg, and myx are complexified twisted masses of the chiral multiplets, we denote

(s,p)el Lt=1

Mg, = Mg + pmy, the products range over I = {(s,u) | 1 <5 < Nf,0 < p < ng}, and we
have swapped (s, 1) <> (t,v) compared to (2.97). Using that
H H (imy —imsy — A — k) B H H 1mtl,—]—1msu+z—A—1
(s,w)EI (tw)el (imey —imey — A, (s,)€l (tw)el —J—imegti-A
0<i<ksy 0<j<ktn

(B.41)
for a generic A € C, we can express V{{n]?f} in terms of the combinations —imy, + ¢ for

(s,p) € I and 0 <@ < kg, We find that (—1)kV{Eizsf} is the residue at {¢p.} = {—ims, +1 |
0 <4 < kg, } of the integrand in (B.42) below, after |M,| — oo.
The discussion above leads us to the contour integral (Ip = 1 is an empty product)

. . 1L %0 du, i O —
bl e L [/_ioo 2m] { E[l (¢ — 2> H i
k k Ny L~ . .
. H Ok gp,\—l—lmXHH[ — img ©Or +img —imx }}
RA=1 Pr — P —1MXx piriuiet Y +1 + img + nsdmx @ +img + (ns - 1)1mX
(B.42)
whose residues include all contributions to the k-vortex partition function Z, ,, ) 5. As in

the SQCD case, we move the pole at infinity to a finite value through a regulating factor,
which depends on large real parameters with 1 < |M;| < --- < |Mg|. The small shift
by % moves poles away from the imaginary axis. We assume that the complex parameters
ms and mx are in the ranges

0 < Re(imy) <1, (ns — 1) Re(imx) < Re(—ims) < nsRe(imx) . (B.43)

This constraint is eventually lifted since the relation we will deduce between vortex partition
functions is analytic in ms and mx.

- 103 —



Close the contours of (B.42) towards +oo first. Because of the factors 1/(p, —px—1)
and 1/(px — @) — imx), the surrounded poles are such that the ¢, are organized into
groups of components with related values:

{oalAeT}= J[{3+eiMe+vimx +5]0<v <0< j <k}, (B.44)
reEK

{er | A e St = H{—ims+(1—ns+u)imx+i |0<p<nl,0<i< k/u} (B.45)
1<s<Ny

where K is the set of indices for which ¢, = % + €4xiM,, and [1,k] = SUT. Note that all
n, < ng, otherwise the numerator factor [], (¢ + ims — imx) would vanish. Introducing

if necessary k! , =--- =k, . =0, we set n, = ng, then define k,, = &/
sn s(ns—1) s H

s(ns—1—p)’
The pole is uniquely determined by the partition [1,k] = S U T, the set K C T, the
signs €, = £1, the non-negative integers n, (fixed when defining Iy,), ksy, s, and kg, and

the maps o and 7 defined by

1
— + €xiM, +vimx +j (B.46)

Po(s,uyi) — —ims — pimx +1 and Prkwj) = 2

for 1 <s < N, 0<p<ng 0<i<kg,,and for k € K, 0 < p < 75, 0 < j < ky,,. This
data is constrained: o is a bijection from {(s, u1,7) | 0 <4 < kg, } to S, hence ) ks = #5,
and 7 is a bijection from {(k,v,7) | 0 < j < ke} to T, hence Y k., = #T. Also,
7(k,0,0) = k for all Kk € K.

Let t = #T. It is convenient to parametrize poles in terms of the data ¢, T,
(K, ﬁn,l;:,{y,T), (ksu,0), and €,. When summing residues of Ij, at such poles, we will
first sum over choices of signs €, and take the limits |M,| — oco. The result is indepen-
dent of o, which thus contributes only a combinatorical factor. Then follows a sum over
choices of k,,, whose only constraint is ) ks, = k — t. Since the residue of Ij, involves the
vortex contribution V{{::f }, the sum over k,, yields the (k — t)-vortex partition function.
Summing over the remaining data, we find that Ij is a linear combination of (k — t)-vortex
partition functions for 0 < ¢ < k, whose coefficients only depend on ¢, imx, and a single
combination X of the twisted masses. This allows us to fix the coefficients by considering
a simple case.

Let us proceed. The residue at (B.46) of (B.42) has the following asymptotics:

k k 2
1 M M UGH))
L]0 Tpo(e)] I Jo(75 )}
k=1 KA T(K,p1,5) <K 1 (B47)
(—1)k , EKIM p o (ksp)
Kl H F i} oy (M) H 9 Z by + O Vinag
rEK keEK
where f is a rational function of imx with integer coefficients, and
Ny
¥ = 2Nimx + > _(1+im + i) . (B.48)
s=1

- 104 -



We expect the divergent piece —e,iM,; /2 of the residue to cancel when summing over
signs €.. Let us take limits |M)| — oo from A = k down to A = 1 carefully. At each step
there are two cases. If A € K, then the limit vanishes whenever any 7(\, i, j) < A. Hence,
only poles with all 7(\, i, j) > A contribute and we can focus on those. The M)y-dependent
terms are then of the form —e\iM, /2 plus a finite part. Summing over €y = £1 only leaves
the finite part. On the other hand, if A ¢ K, then taking the limit |M)| — oo is trivial as
M), only appears in factors [1+O(1/M3$)] and [14+O(M?2/M3)] for k < A (importantly, we
have already taken the limits |My| — oo for all K > ).

All in all, we are left with a non-divergent expression for I:

T —1
Iy = %ZZ > S ST | Fiy oy 1) D i [V (BL49)
St T K){ﬁ!ﬁ}y{knu}ﬂ' {ksp},0 KEK v=0

The summand is independent of o, and there are (k — t)! maps o. Summing V{Eis]f‘} over

ks with ) ks, =k —t yields Z 1,y x—- The sum over K, fi, kg, 7 does not depend on
the precise set T', but only on ¢ = #7T. The choice of T thus simply contributes a factor
E!/[t'(k — t)!], which cancels the overall 1/k!, and (k — t)! coming from the choice of o.
For a fixed j = #K, the remaining sums yield a rational function of imx which can only
depend on the two integers 0 < j <t < k:

k t
L= feiimx)¥ 2y () - (B.50)
t=0 j=0
Since the f;; do not depend on £, summing over £ yields
t .
DoV e =Y > [ fii(imx) ) Z sy () = £ (imx, £59) Zo ) (9) (B.51)
k>0 t>0 j=0

In appendix B.2.1, we consider the case Ny =1, ny = N, 1 +imy +im1 + Nimx = 0,
for which ¥ = Nimyx, and find that

Z, vy (L+imy +im + Nimyx = 0;y) = (1 —y) NIt = (1 — )0/ mx)l= (B 5

On the other hand, since the factors ¢, —im; and ¢, + 1 +1im; +niimx in (B.42) cancel,
the integrand of I} has no pole with Re(¢,) < 0, thus I = dgp. As a result,

fimx, Tiy) = (1 —y)tHH/0mx) (B.53)

for all ¥ = Nimyx. This fixes each polynomial Z;:() ftj(imx)¥’ at an infinite set of values,
hence determines f completely.

At last, we are ready to wrap up, by showing that [ is the k-vortex partition function
of the dual theory. Close contours of (B.42) towards —oco. The surrounded poles are labeled
by non-negative integers nj > 0 and kj,, > 0 for 1 <t < Ny and 0 < v < nj:

{pn} = {1 —im¢ —mimx —vimx —j | 0<v <nj,0<j <k} (B.54)
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For the choice of superpotential W = Z,{V:fl G: X" q,, the constraint 1+imy +imy+Limyx =0
implies that the numerator factor [], (¢, —im¢) vanishes unless all kj, = 0 for v > Iy — ny.
For the choice of superpotential W = Tr X!*!, the constraint 1 + (I + 1)imx = 0 implies
that [],.(¢x + im¢ — imy) vanishes unless all kj, = 0 for v > | — n;. We can thus take

ny = Iy — ny in both cases, and let ky, = k:g( so that

lt—ni—1—v)

{fout ={-1—im—(li—1-v)imx —j | 0<v<l—n;,0<j <hkp}. (B.55)

Summing over residues yields, after some massaging,

I = Z H [H (ims —img + (Is — s + v — p — 1)imx — k)i,

{ktr, >0|0<v<li—ns} (s,1) L(t,v) (lms —ime (ls —htv— M)lmX N ktu)k‘”‘

N; C~ . . . . .
‘ l_fl [ (I +imy +ims + (Is — 1 — p)imx g,  (ms —imy + (Is — p)imx + g, ]
ol (ims — imy 4 (Is — It — 1 — p)imx)g,, (ims —img + (Is — ng — p)imx + 1),
(B.56)
For W = Zi\[:f1 3: X' q;, the summand takes the general form (B.40) of V{{lﬁnt}’ with

my <> my since 1 +1imy +img + (Is — 1 — p)imyx = ims —imy + (Is — Iy — 1 — p)imx. Thus,
I}, is the k-vortex partition function of the SQCDA theory with N; flavour, L — N colors,
the superpotential W = >, ¢ X ltq;, interchanged twisted masses m; <> m; compared to
the U(N) theory, and the same value of y. Charge conjugation maps twisted masses back
to those of the U(N) theory, and maps y — y” = y~! hence 2P = z~!. Summing y*I
then yields the u-channel vortex partition function of the U(L — N) theory (that is, a series
in powers of (y”)~!). We finally combine the relation (B.51) and the explicit factor (B.53)

with ¥ = (2N — L)imx to get

Ny
Zytioay (7)) = A=) @ROmOZR ) for W =3 @ e (BST)
t=1

For W = Tr X'*1, we have ims—ims+ (I — 1y — 1 — p)imx = img—imy+ (Is— p)imx +1,

and again the summand takes the form of ‘/{lf—nt}’ with img — imSD = imx — img and

im; — imP = imyx —imy. Combining the relation (B.51) and the explicit factor (B.53) with
¥ =2Nimx + Zivzfl(l +imy +1imy) and 1+ 1/(imx) = —I yields the Kutasov-Schwimmer
duality relation

ZSST’;;;V) (mtD,ﬁ”LtD; yD) =(1- y)_‘SlZEF{]L)} (mt,ﬁ’bt;y) for W = Tr X'+ (B.58)

with d; = —li—llN + lZi\Zl(l + imy + imy), as obtained in (3.42) through the relation
with conjugation of momenta in the Toda CFT. Since y” = y, we get 2 = 2. In
section 3.2.2, we extend the Kutasov-Schwimmer duality to theories with a different number

of fundamental and antifundamental chiral multiplets.
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