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ABSTRACT: In the context of 4D/2D dualities, SH® algebra, introduced by Schiffmann
and Vasserot, provides a systematic method to analyse the instanton partition functions of
N = 2 supersymmetric gauge theories. In this paper, we rewrite the SH algebra in terms
of three holomorphic fields Dy(z), D11(z) with which the algebra and its representations
are simplified. The instanton partition functions for arbitrary A/ = 2 super Yang-Mills
theories with A, and Aﬁﬂ) type quiver diagrams are compactly expressed as a product
of four building blocks, Gaiotto state, dilatation, flavor vertex operator and intertwiner
which are written in terms of SH® and the orthogonal basis introduced by Alba, Fateev,
Litvinov and Tarnopolskiy. These building blocks are characterized by new conditions
which generalize the known ones on the Gaiotto state and the Carlsson-Okounkov vertex.
Consistency conditions of the inner product give algebraic relations for the chiral ring
generating functions defined by Nekrasov, Pestun and Shatashvili. In particular we show
the polynomiality of the qg-characters which have been introduced as a deformation of the
Yangian characters. These relations define a second quantization of the Seiberg-Witten
geometry, and, accordingly, reduce to a Baxter TQ-equation in the Nekrasov-Shatashvili
limit of the Omega-background.
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1 Introduction

SH€ is an algebra introduced by Shiffmann and Vasserot in [1] (see also [2]) to describe
the equivariant cohomology of the instanton moduli space of N/ = 2 gauge theories in four
dimensions. It has been defined as a spherical (symmetric) version of the degenerate double
affine Hecke algebra (DAHA) which has been developed by Cherednick for many years [3].!
While DAHA encodes the algebraic (recursive) properties of Macdonald polynomials [4]

n fact, SH is a short notation introduced in [1] for central extension of the Spherical degenerate double
affine Hecke algebra. It may be better referred to as Schiffmann-Vasserot algebra, but we will use SH in
the text.



with two deformation parameters, degenerate DAHA is obtained by taking a limit ¢,t — 1
such that one parameter 8 remains, with ¢ = ¢~?. In this limit, Macdonald polynomials
degenerate into Jack polynomials.

This algebra precisely describes the algebraic structure behind Nekrasov instanton par-
tition functions [5] with the Omega background R2 xR2, with the identification 3 = —e€; /e
and has been used to prove the 4D/2D correspondence which generalizes Alday, Gaiotto
and Tachikawa’s proposal [6] (AGT conjecture) for various types of quiver gauge theories
— namely pure super Yang-Mills theory [1], the gauge theories with fundamental [7] and
bifundamental hypermultiplets [8] (see also the recent preprint [9]). For pure super Yang-
Mills, the theory is characterized by a Gaiotto state [10], a coherent state affiliated to the
Whittaker vector appearing in the representation theory of noncompact Lie algebra. To
address higher quiver gauge theories, an operator which intertwines different representa-
tions is required for the description of bifundamental multiplets. It is defined by a direct
product of the Carlsson-Okounkov operator [11] which describes the U(1) part and the ver-
tex operator of Toda field theory. This operator must be properly generalized to describe
the gauge theories on arbitrary quiver diagrams. Aside from SUSY gauge theories, SH¢
has also revealed itself particularly useful in the study of vortex dynamics [12].

In such developments, the important role devoted to SH® as a “universal” symmetry
came principally from the fact that it contains all Wy algebras for arbitrary N, together
with an additional U(1) factor. The parameter S is identified with a deformation parameter
that defines the central charge ¢ = (N —1)(1+Q*N(N +1)) of Wy representations through
the combination Q = /B—+/3 ~!. In this sense, SH¢ should be regarded as a one parameter
deformation of the Wi, algebra. The latter is known to have realizations in terms of N
free fermions acting on a space of N-tuple Young diagrams. These representations, that
we call here rank N representations, are identical to those defined by Fateev and Lukyanov
in [13]. The correspondence between the two algebras has also been confirmed in more
general cases where the Hilbert space contains singular vectors. The most typical example
is the minimal models of Wy. There, it has been demonstrated explicitly in [14] that
SH€ reproduces the proper descriptions of the Hilbert space constrained by the so-called
N-Burge conditions [15, 16]. This universality is essential when we have to treat a system
that contains gauge groups of different rank, as it is the case for quiver theories.

On the other hand, the action of SH® on instanton partition functions of quiver ' = 2
gauge theories is very different from the representation of Wy algebras. It is better under-
stood after the introduction of an orthonormal basis constructed by Alba, Fateev, Litvinov
and Tarnopolsky (AFLT basis) to prove the 4D /2D duality [17, 18]. AFLT basis should be
regarded as a generalization of Jack polynomials [19-22], it is the proper basis to describe
the action of degenerate DAHA. Instead of the description in terms of chiral primary fields
with different spins, it is defined more abstractly through generators D,, , with two indices
m,n. The first index m € 7Z is identified with the index of the Virasoro generators L,,
while the second one n € Z=° corresponds to the spin n + 1 of the generator. Since it is
a nonlinear symmetry with a reasonably complicated structure, we have to be careful how
to organize the generators. One of the authors [23] has recently found that holomorphic
expansion in terms of the second index, D11(z), Do(2), gives a compact description of SH®



through the study of the Nekrasov-Shatashvili [24] limit of AGT conjecture. This turns
out to be very useful and is a main tool of this paper.

The focus of the paper is to provide an SH¢ description of Nekrasov partition functions
for general Ag and AS)—type quiver gauge theories. To do so, the action of SH® operators
on Gaiotto states, together with the adjoint action on the intertwiner operator describing
bifundamental fields, is worked out. These actions are conveniently expressed in terms
of the vertex operators )(z) associated with the current Dy(z). They extend the work
on the covariance of the partition function presented in [8] by giving us the possibility
to consider quiver theories with gauge groups of different ranks. As a consequence of
our results, several useful identities can be established among correlators of the gauge
theories. In particular, we were able to recover the expression of the qq-characters recently
introduced by Nekrasov, Pestun and Shatashvili (NPS) [25]. For the simplest A; case with
fundamental multiplets (4.10),

m(z)

X&) = (Ve +af ).

Here €4 := €1+€3 and (- - -) denotes an average weighted by the instanton partition function,
which is defined in (4.4). The operator )(z) is interpreted as an operator version of the
chiral ring generating function. These characters, presented as further deformation of
the characters of Yangian algebras [26], encode in a compact form a recursion relation
among the instanton partition functions [27]. Here we show that SH® provides a proper
symmetry behind the qg-character formulae, as was already predicted by NPS, and that
the polynomiality property naturally follows from our description.

The qq-characters define a double deformation of the Seiberg-Witten geometry in a
form of second quantization. In the above example, the Seiberg-Witten curve is expressed
as (5.1),

mz) _
yta— =TIz —a0.

(=1
Seiberg-Witten theory is well-known to provide an effective description of the infrared
sector of N = 2 gauge theories on R* [28, 29]. The effective Lagrangian is written in terms
of an holomorphic function, the prepotential, obtained from the knowledge of an algebraic
curve and a differential form. This formulation is identified with the construction of finite
gap solutions for classical integrable hierarchies, the algebraic curve corresponding to the
spectral curve of the system [30].> When the gauge theory is considered in the Nekrasov-
Shatashvili (NS) limit e; — 0 of the Omega-background, the associated integrable systems
are quantized, with the remaining parameter €; playing the role of the Planck constant [24].
The algebraic curve becomes the Baxter TQ-equation of the quantum system [31, 32] (see
also [27, 33] for the extension to quivers), it is equivalent to a Schrodinger equation under
a quantum change of variables [34], in a form of ODE/IM correspondence [35].% In this

2These finite gap solutions can also be obtained from Hitchin systems.

3In this classical version of AGT correspondence, the Shrodinger equation is obtained as the semiclas-
sical limit of the null vector decoupling equations obeyed by Liouville correlators containing a degenerate
operators. It is sometimes referred as the bispectral duality [36, 37].



framework, the two complex variables of the algebraic curve become non-commutative,
thus defining a first quantization of the Seiberg-Witten curve [38-40]. In the full Omega-
background, the qg-character is an operator acting in a Hilbert space of quantum states.
In the NS limit, the expectation value of this operator in the Gaiotto state (which plays the
role of a coherent state) becomes the T-polynomial of the TQ-equation, while its defining
relation in terms of vertex operators reproduces Baxter’s relation. In this sense, the qqg-
character formula presents a second quantization of the integrable system in which the
TQ-relation emerges in the classical e — 0 limit.

We organize the paper as follows. In section 2, we introduce the holomorphic field
description of SH¢ algebra and the rank N representation. We also provide useful expres-
sions for the adjoint actions of the vertex operators. In section 3, after a brief review of the
general construction of the instanton partition functions, we introduce the building blocks
(Gaiotto states, flavor vertex operator, intertwiner) with which the partition functions are
written as a product. We show that the Gaiotto state satisfies stronger constraints which
are compactly expressed in terms of SH€ fields. A generalized intertwiner which connects
different rank gauge groups is also defined. It satisfies similar conditions as the Gaiotto
states and indeed it reduces to the Gaiotto state when the gauge group of one side is trivial.
The flavor vertex operator is used to include the fundamental hypermultiplets in the gauge
theories. These results are used in section 4 to build an infinite number of constraints
among the correlation functions of the vertex operator ). The new characterizations of
the Gaiotto states and the intertwiner play an essential role to give a closed and compact
expression for these constaints — written in the form of qg-characters. Finally in sec-
tion 5 we present their interpretation as quantum Seiberg-Witten geometry along the line
of [23, 27, 41]. The concluding section proposes some perspectives for future research, and
several technical details are gathered in the appendix.

2 Reformulation of SH¢ algebra

2.1 SHE€ algebra in terms of holomorphic fields

The SH€ algebra is defined on a set of operators D, , with the double grading (m,n) €
7 x 779 [1]. The first index is called the degree and the second index the order. The
algebraic relations involving D41, and Dy, are written as

[DO,n>D:I:1,m] = iD:I:l,n%»mfla n > 17
[D—l,n7 Dl,m] = En+m n,m > 0’
[DO,naDO,m] = 07 n,m > 0.
where Ej, denotes a linear combination of powers of the generators Dy, that will be given
shortly. Additional relations can be found in [2], but they will not be used here. The

algebra is spanned by the operators of degree 0 and +1 upon the recursive use of the
following commutation relations,

1
Dy (ms1)0 = iE[Djzl,lv Dimol, Dimn = £[Doni1, Dim,ol; (2.4)



for n > 0 and m > 0. Rank N representations of SH® match with those of a semidirect
product of the Wy algebra and a U(1) current. The Heisenberg generators (U(1) currents)
are related to D, o, the Virasoro generators to D, o, Di, 1, and operators D, ,, with n > 1
to the currents of spin n + 1 [1, 7].

It is useful to assemble the generators in the form of holomorphic fields [23],

e.) o oo
Dii(2) = 2" 'Dirn, Do(2)=> 2" 'Dony1, E(z)=1+e Y 2" 'Ey,
n=0 n=0 n=0

(2.5)
where €4 = €1+€2. We use here the Omega-background equivariant deformation parameters
€1, €2 [5, 42] instead of the SH® deformation parameter § = —e; /€3 in order to simplify the
comparison with gauge theories.* It is noted that these Laurent series are vanishing at
z = 00, in which they are different from usual holomorphic fields in CFT.

We rewrite the defining properties of the generators D41, and Dy, in terms of the

holomorphic fields,
E(w) — E(z) 4

iD:ﬁ:l(U;)__wD:I:I(Z>’ [D-1(=), Di(w)] = =22 (26)

[Do(2), D1(w)] =

For the definition of F(z) and the vertex operators which will appear later, it is essential
to introduce

=1
O(z) :=log(2)Do1 — Y —Dont1 = Do(2) = 0:0(2). (2.7)
n=1

This definition of the field ®(z) resembles the mode expansion of an holomorphic free
bosonic field in CFT and the series Dy(z) can be interpreted as the associated current. As
we noted, however, the usual U(1) current in CFT is expanded as a sum over the degree
as J(¢) = 3,z (coeff.)D_p, o¢~"~! while (2.7) is expanded with respect to the order.
In addition, fields at different points are commuting, [®(z), ®(w)] = 0, as a consequence
of (2.3). In this sense, the interpretation of the complex variable z is different from the
holomorphic coordinate of a Riemann surface but it should rather be seen as the spectral
parameter of an integrable model. We will come back to this description later.

The following dressed combination of vertex operators will play a central role in our
reformulation of the SH¢ algebra and the correspondence with gauge theories,

y(Z) _ ec(z)e‘b(z_el)e@(z_EZ)e_q}(z)€_®(2_6+)- (28)

The function ¢(z) encodes the dependence in the infinite number of the central charges ¢y,
(n > 0) of the algebra. It expands as

Cn

c(z) = colog(z) — Z - (2.9)
n=1

The generating series F(z) can now be expressed using the newly defined vertex operator,

E(z) =Y(z+e)V(2) L. (2.10)

4The correspondence between the convention of [8] and this paper is summarized in appendix A.




2.2 Rank N representations

Among possible representations of SH¢, the best studied one is the rank N representation
where the Hilbert space is spanned by a basis labeled by N-tuple Young diagrams Y =

(Y1,---,Yn). The representation is characterized by N complex numbers ay (¢ =1,--- , N)
that define the central charges ¢, through the relation
N
e®) = H(z — ay). (2.11)
=1

To emphasize the dependence of the representation in the parameters a, through the central
charges, they will be included in the notation of the vector basis |a, Y) These vectors form
an orthonormal basis of the representation space,

(@Y, Yy =6pp, 1= 1@,Y)@Y]. (2.12)

14

For N = 2, this basis is actually proportional to the one employed in the proof of AGT
conjecture in [17] and is usually referred as the AFLT basis. For a generic N, they can
be identified with the generalized Jack polynomials introduced in [21] and studied in [22].
The vacuum state is obtained by taking the N-tuple of empty Young diagrams denoted @,
it satisfies

Donld@,0) = D_y,|d@,0) =0, or Dy(2)|d@,0) = D_1(z)|a,0) = 0. (2.13)
The Hilbert space spanned by |a, }7> will be denoted Vz. When several Hilbert spaces are
considered, an extra label @ will be inserted on the notation of the operators DZ(z) to
specify in which space Vz they act. The rank N representations of SH¢ are equivalent to
the representations of Wy x U(1) [1, 14].

The action of SH® generators of degrees £1 on the state |d, }7> involves the N-tuple
Young diagram with a box added/removed. As such, they can be seen as an analog
of creation/annihilation operators while the total number of boxes in Y represents the
number of particles (later identified with the instanton charge). Following [23], N-tuple
Young diagrams Y with a box z added /removed will be denoted Y 2 (respectively).
We further introduce the sets A(Y) and R(Y) containing all the boxes that can be added
to/removed from the Young diagrams composing Y. In figure 1, we illustrate the locations
of the boxes in the sets A(Y) and R(Y) with the example of a single Young diagram Y.

The boxes z € Y are characterized by a triplet of indices (¢,4,5) where £ = 1--- N and
(i,7) € Y, gives the position of the box in the fth Young diagram. To each box x is
associated a complex number ¢, depending on the central charges using the map

c=(ij))eY — dp=ar+(i—1)e+(j—1)e €C. (2.14)
With these definitions, the action of the spanning subalgebra takes the simple form [8, 23]
A (Y)

- 7 Az }7 oo I L=
pa@aty= Y ey paern - ¥ ey,
z€A(Y) v zeR(Y) ’
Lo |
Do(2)]a@,Y) = 2] (2.15)



[ | [] e A(Y)

l [ €R(®Y)

Figure 1. A(Y) and R(Y).

which are equivalent to their component form (n > 0):

Dirnld, V) = " (62)" AV, Y +2), Dorpld, V)= Y (6a)"Au(Y)]@,Y — ),

zeA(Y) zeR(Y)

Dont1ld,Y) = (¢2)"a,Y). (2.16)

zeY

We note that the second relation in (2.16) implies that the moments of ¢, cy are the eigen-
values of the commuting charges Dy ,. In the (generalized) Calogero-Sutherland system,
Dy, plays the role of infinite commuting charges and ¢, is interpreted as the momentum
of each particle. The interpretation of z as the spectral parameter is natural in this sense.
The left action of SHE generators on bra (@, Y| is identical for the diagonal operators D (z),
E(z), e®®). However it is reversed for the operators D.1(z),

@FPa)=Y 2@ el @VIDae)-X

zeR(Y) zeA(Y)

The series E(z) is also diagonal on the states |@, Y), with eigenvalues given by the function
— @g t€ Z— ¢y — €4
A(2)? = 72 Go + e P 1
I | (218)
z€A(Y) z€R(Y)
The coefficients A,(Y) in the action (2.15) of D n(z) correspond to the residues of this
function A(2)% at z = ¢, with z € A(Y) or (}7)

Maf=tre 2 z—¢ - Z e

zeA(Y zeR(Y
¢x ¢ +e€ ¢x ¢ — €
YEA(Y) T yer() Y
Yy#T y#T

Eventually, the action of the vertex operator is expressed in terms of a product over the
boxes of )7,

e?@@,Y) = Qp(2))aY), with Qp(2)=[[(z—¢x). (2.20)

zeY



The specific combination of vertex operators entering in the definition (2.8) of )(z) leads
to a remarkable simplification of its eigenvalues
N

()@, Y) = H(z ~ ) H (z—¢zs—€1)(2 — b — 62)\&', V) —

=1 e (2 = ¢)(2 — bz — €4)

HzeA(?)(z — ¢z)
Mocn) (v —62)

|@,Y).

(2.21)
We note that there is a cancellation of factors between the numerators and the denominators
in the middle term, and the resulting expression in the r.h.s. bears contributions only from
the edges of the Young diagrams. Taking the ratio (2.10) defining the operator E(z), we
recover the expression (2.18) for the function A(z)%:

E(2)a@,Y) = A(z)*|a,Y). (2.22)
In appendix C, we provide an explicit computation of the commutation relations of Dy(z),
D41(z) in the rank N representation.
Finally we would like to mention the existence of an automorphism of representation.
Under the shift of @, a; — @ = d + pé where € = (1,1,--- ,1), the representation (2.16)
implies that

A - A (Y .
DU (2)|d+pe, Y) = ) Z_x(_)¢|c_i+ué',Y—|—$>, (2.23)
zeA(Y) p=@a
A > A (Y .
DU (2)|d+ pe, Y) = ) ZIM()QSW%—M(Z,Y—@. (2.24)
- - Yz

zeR(Y)

The coefficients appearing here may be identified with the representation of D%, (z — ). It
ﬁ+u€(2)
&

~

implies that there is an automorphism of the algebra by shifting the variable z: D
D3(z — ) for r = 0,+1. This shift symmetry of the representations is referred as the
spectral flow in the context of W, -algebra [43].

2.3 Adjoint action of the vertex operators

In order to prepare for the computations necessary in the next sections, we would like to
evaluate the commutation relations between the vertex operators e£®(*) and the elements
spanning the SH¢ algebra. The generators of degree zero form a commutative subalgebra,
as a consequence the field ®(z) commute with the series Dy(z).

The evaluation of the adjoint action on D is slightly more involved. We introduce a
vertex operator depending on two finite sets of points z; and w; with i € I, j € J,

U({zi},{w;}) :=exp (Z D(z;) — Z <I>(wj)> . (2.25)
i€l JEJ

We claim the following identities:

Ljes(wj = u)

[Lier(zi —u)

[Lici(z —u)
HjeJ(wj —u)

U({z}, {wj})ilDl (w)U ({zi}, {wj}) = PIIZOO,ZiEI [

U({zi}, {wi}) 7' Doa(w)U({2i}, {ws}) = Pimso e, [



u=co,zc; acting on functions of the variable u as

with the projector P

P, fu) = fu) — 3 RO gy (2.27)

- U — z
el

Here P picks up the positive powers of a Laurent series in z, namely for a function
f(z) =302 anz™ ", it operates as P f(z) = Zgz_m anz~". Later we will use a similar

notation for the orthogonal projector P; = 1 — P} = P____ which picks up the negative

Z=00
powers of f(z). The second term in (2.27) also plays the role to remove singularities at
u = z;. One may use a contour integration to write these projections in a compact form,

for example,

f(w) dw

Poo e, f(0) = e wTn (2.28)

where the contour C' is defined by |w| = R with R < Min;(|z|). The formula (2.26)
formally resembles an OPE in CFT, up to the existence of the projection operator which
is necessary here since there is no singularity except for © = 0 on the left hand side.

Before proving (2.26), it may be instructive to give some specific examples which will
be used later. The first one is when one of the sets I, J is null:

M
M g Y 1
e 2 i=1 <I>(Z’Z)Dn(zo)e'”Zi:l Oz) — ZDn(Zi) H 2
i=0 iFn (2.29)
M M o |
€=t P D, (w)e 2= PE) = Py [an) [IGi- w>] '
=1

The other one is the adjoint action of Y(z) which is defined as a product of vertex operators
with shifted arguments:

LD ()(e) = Stw— 2Dy (w) + 22 (D () Dalz- 6”) ,
Y(z) e+ \z—w Z—w—€p (2.30)
1 (s —w W) F1€2 Di(2)  Di(z+ey) '
Ve e Dalw) g = Sl - w)Drw) - 22 (212 DT e))
where S(z) denotes a scattering factor S(z) defined as
S(z) = Eraltea) (2.31)

2(z +eq)

Proof of the formula (2.26). To end up this section, we would like to give a short
derivation of the identity (2.26). Rather than working with the commutator (2.6) directly,
it is easier to evaluate the action on the states |@,Y) which form a faithful representation
of the SH¢ algebra. We use the property

Q. (2) — (s HE



which is a direct consequence of (2.20), and the action (2.15) of D, (z) on the states |@, Y).
It follows that

U({zi} {w;}) 7' D1(w)U ({2}, {w;})|@, Y) = Z

zeA(Y)

JGJ %) ( )
Hzel — ¢z) U— Py

|_’Y—|—x>

(2.33)
The product in the r.h.s. can be rewritten as a sum over single poles in ¢,, with an extra
polynomial term, using the algebraic identity,

[Tjes(wj — ) lZ [Tjcs(w; —u)

an(u|z, w)e"

(u— ) ILies(zi —0) "0 A (u—=¢) [Ties (2 — )
]EJ( Z%)
+ ; s T P et (2.34)

Here a,, are the coefficients appearing in Laurent expansion of the Lh.s. in ¢, they depend
on the parameter z;, w; and u:

o Megtws—0) VIR
OG-~ 2

The sum over single poles in ¢ can be used to reform D;(z), while the polynomial part in

an(ulz, w)e". (2.35)

¢, gives the transformations D; ,, and (2.33) becomes

e twi—w) A e (s = %)
]— u)+ an(ulz, w)Dy n+ 1L, ' Di(z) ||@,Y).
< [Lies(zi— Z zeZI (v —2)II; jengiy(z — i)

(2.36)

Since the states |d, }7) generate a faithful representation, the equality of vectors can be
lifted at the level of operators

[Tjes(ws —u) IR
U(Z7w)71Dl(u)U(zuw) = %Dl(u) + Z an(u|z7w)D1,n
el n=0

]EJ Zi)
Dq(z; 2.37
+; (u— H]G]\{z}( — 2i) 1(=) (2.37)

The expression for U(z,w) 1 D_1(u)U(z,w) is similarly obtained and is written as (2.37)
with the substitution of the variables z; <+ w;. The right hand side of (2.37) can be
simplified by analyzing the first term: the second term cancels the poles (and the constant
part) at u = oo of the first term, while the third term cancels the simple poles at u = z;.
The existence of such terms is natural since the left hand side of (2.37) is not singular at
these points. The procedure of removing the unwanted poles is performed by the projector

P ooz, defined in (2.27), and (2.37) produces (2.26). It is noted that to analyze the pole
at infinity, the following property should be employed,
Pr(¢) — Plr(u
pt () _ e (®) (u) _ _pt r(u) 7 (2.38)
Yu—¢ T TRy

~10 -



for any meromorphic function r(z). It implies in particular

|J|=1]-1 [J|=1]-1
Z an(ulz, w)p" = — Z an(P|z, w)u". (2.39)
n=0 n=0

3 Instanton partition function and SH¢ algebra

3.1 Nekrasov instanton partition function

Class S gauge theories with N' = 2 supersymmetry are obtained by compactification of the
six dimensional NV = (2,0) theory on a Riemann surface. They are classified by a quiver
diagram where each node i is in correspondence with the simple group component SU(N;)
of the total gauge group G = ®;SU(LV;). Thus, to each node corresponds a gauge multiplet
containing a vector, two fermions and a scalar field in the adjoint representation. The
arrows ¢ — j of the quiver represents bifundamental matter fields, i.e. a chiral multiplet
containing a fermion and a scalar field, with mass m;;, and transforming in the fundamental
representation of SU(N;) x SU(N;). In addition, a number N; of fundamental (or anti-
fundamental) matter fields can be attached to each node i. They consist in chiral multiplets
of masses mgf) with f=1-- -Ni, encoded in the Ni-vector m; (see figure 2).

The instanton partition functions of class S theories have been evaluated using local-
ization in the Omega-background [5]. The theory is considered on the Coulomb branch
where the adjoint scalar fields take non-zero vacuum expectation values. These complex
parameters will be denoted ay) with £ = 1--- N;, they form the N;-vector d@; attached to the
node ¢. Localization provides a sum over nested integrals that can be computed by residues.
The residues are in one-to-one correspondence with the boxes of the N;-tuple Young dia-
grams for each node ¢ of the quiver. The resulting formula is a sum over realizations of
these diagrams weighted by the multiplets contributions [42, 44-47]:

Q
v, Lo Lol Lol o
Zingt. = Y qu‘ | Zeer. (@, Vi) Ztuna. (@i, Yii 700) I 2owa (@, Y, Ysmey), (3.1)
Vi vy =1 i—j€EQ

where @ is the number of nodes in the quiver, Fg its set of links, and ]17| denotes the total
number of boxes in the N-tuple Young diagram Y. The instanton counting parameter g;
corresponds to the exponentiated gauge coupling at the node ¢, suitably renormalized in
asymptotically free theories .

It is known that the contribution from each representation can be systematically de-
rived from that for the bifundamental representation. Taking a bifundamental field of mass
m12 coupled to the two gauge groups SU(N7) and SU(N3), the contribution reads:

Ni N,
Zp1a. (@, Y30, Wlmaz) = [ [ ovew, (ae = b — ma2) (32)
1=10=1
pu@) = [ @+a®—i+1)—e(w-7)
(4,5)EX
[T (otal—i—ebi-j+1). (33)
(i.5)€n
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Figure 2. Ag linear quiver.

Here ); is the height of i** column and A, is the length of ith row of Young diagram \ (see
figure 3).
The other building blocks can be written from (3.2) as follows.

e Fundamental hypermultiplets transforming under the gauge group SU(N) and the

flavor group SU(N ), with masses mq,--- ,myg: we take a vanishing bifundamental
mass ms = 0, for the first node Ny = N, @ = m := (m(l), e ,m(N)) and Y, = 0,

and for the second node Ny = N, dy = @ and }72 =Y arbitrary:’

qund.( _'; C_i’ Y_:) = bed. (’Iﬁ, (Da (_i’ }7|0) (34)

e Antifundamental hypermultiplet: in a symmetric way, we take mio = 0, for the first
a

node Ny = N, d; = d and }71 — Y and for the second one Ny = N, do = —m and
172 == Q_):

e Adjoint hypermultiplet: we take N1 = No = N, 171 =Y, =Y and a1 = ds = d,

Zoai. (@, Y |m) = 2140 (@,Y;a, Y |m). (3.6)

e Vector multiplet: inverse of the adjoint hypermultiplet with zero mass,

Zoeer (@, Y) == Zppa (@, Y3, Y)0) 7L (3.7)

We note that the fundamental matter can be seen as bifundamental matter where one
of the two gauge groups is taken in the weak coupling limit, effectively becoming a flavor
group. In this limit, the corresponding exponentiated gauge coupling ¢ is sent to zero,
and due to the presence of the factor qm, only empty Young diagrams contribute in the

SWe have chosen to shift the definition of the fundamental masses by e in order to simplify formulas:
Mfund. = M + €+, Mar. = M + €. Note also that antifundamental contributions will be not discussed here
as they are equivalent to fundamental contributions with shifted masses.
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Figure 3. Young diagram.

summations. As a result, the contribution of a fundamental matter multiplet is derived
from the bifundamental contribution by attaching to each set of N; fundamental flavors an
Ni—tuple of empty Young diagrams.

The fact that the various contributions to the partition function of the different multi-
plets are derived from the bifundamental contribution implies important consequences for
their SH® realization that will be presented in the next section.

3.2 Action of SH® operators on instanton partition functions

In this paper we focus on the linear quiver A and its affine version A(Ql), they are character-
ized by the set of arrows Eg ={i - i+1,i=1---Q—1}and Eg ={i = i+1,i=1---Q}
respectively, with the identification of indices modulo ). One of the goal of this paper is
to formulate the action of SH operators on the (affine) linear quiver instanton partition
function. For this purpose, we need to rewrite the partition function in terms of elements
of the representation theory of SH Gaiotto states, intertwiner and the vertex operator
(figure 4).

Gaiotto state. To each node i of the quiver diagram is associated a vector space of
representation Vg; spanned by the vectors |d;, }7;> where 17; takes values in all the possible
realization of N;-tuple Young diagrams. The set of complex parameters @; is fixed in each
Vg; and define the central charges of the representation of SH¢. The Gaiotto state has been
introduced in [10] as a specific Whittaker vector of the Virasoro algebra with respect to the
maximal nilpotent subalgebra {L,,n > 0}. This algebra is spanned by the two elements

L1 and Lo, and the Gaiotto state is defined up to a normalization by the conditions,®

Ll’G> = O"G>7 L2’G> =0, (3'8)

where « is a constant. This definition has been generalized to the case with fundamen-
tal flavors [48], and to higher rank [49, 50], and eventually implemented in the space of

SAs a consequence of the Virasoro commutation relations, the second condition implies L,|G) =0
for n > 2.
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Figure 4. Correspondence between quiver diagram and Gaiotto states/vertex operator/intertwiner.

representation of SH® (which contains a Virasoro sub-algebra) [1],

G, @) = Z Zeeet (@, Y)|@,Y), |G,a) € Vs (3.9)

This state is known to provide the instanton partition function of pure N' =2 SYM (4;
quiver, N = 0),

Zinst = <G7 d’qD‘Ga d> = Z q|Y|Zvect.(d; }7)7 (3'10)

where the operator D = Dy ; counts the number of boxes in Y, D|a,Y) = |Y||@,Y). It is
identified with L¢ in Virasoro algebra up to the zero mode and ¢” may be regarded as the
propagator in string theory. In the following, we refer to the operator of the form ¢”
the dilatation operator. It satisfies,

q"Di1(z) = Di1(2)¢"*! . (3.11)

In terms of SH¢ operators written in the form of holomorphic fields, the Gaiotto state
has a new characterization. This is one of the main results of the paper:

L(2)|Gy @) = \/—171623222)@’@’ (3.12)
D1(2)|G,a) = \/%P;y(z+e+)|G,6>, (3.13)
(G aD 1 (2) = \/%162«; GPIV(z +ey), (3.14)
(G, @Dy (2) = \/_%62(@ ‘_"‘y(lz)' (3.15)

These formulae are a consequence of a more general result, presented in (3.22) and (3.23)
below, and proven in appendix B.

These new expressions contain more information than the previously known relations
given in (3.16). They reveal themselves powerful enough to derive several useful relations,
presented in [27], among instanton partition function for arbitrary (A-type) quiver dia-
grams. The asymptotic of the operators J(z) at infinity is deduced from (2.21): Y(2) ~ 2V
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since |A(Y)|—|R(Y)| = N for any N-tuple Y. Expanding the first relation at infinite spec-
tral parameter z allows to recover the characterization of the Gaiotto states in [7, §],

N
" - 1 -
D_17n|G,a>:0, D_ 1,N— 1‘G CL> m’G a) D17N’G,a>:\/?162<2a5>|G,a>,
(=1

(3.16)

where n = 1--- N — 2, and the last property has been obtained using the formula (A.3)
n [23]. These identities suggest to see the Gaiotto state as a (partial) coherent state in
the physical sense of eigenstate of the annihilation operators D_q ,,.

Flavor vertex operator. Due to the presence of the empty Young diagram in the
definition (3.4), the fundamental matter contribution can be written in a simpler form,

N

Zhuna. (7, V) = HH ) = [T IQpm™), (3.17)

zeY f=1 =1

where Qg (z) denotes the eigenvalue of the vertex operator defined in (2.20). This expres-
sion implies that the vertex operator can be used to insert fundamental multiplets in the
quiver gauge theories.

N
Um) = (-)"Pexp | Y ®mD) | = UmM)EY) = Znpna (M:d,Y)]aY). (3.18)
=1

This operator generates the modified Gaiotto states in the presence of fundamental mul-
tiplets, as studied in [7]. Since it plays the role to add the contribution of fundamental
hypermultiplets with flavor group SU(N), it will sometimes be referred to as the flavor
vertex operator. The instanton partition function for this theory can be written

Zinst = (G, d@l¢°U(m)|G, @) = Zq' 1 2 ect. (@, V) Zguna. (1753, ¥). (3.19)

It is noted that the vertex operator U(ni) commutes with the dilatation operator ¢”.

Intertwiner. Up to now, only partition functions of N = 2 theories with a single gauge
group have been reproduced. To address the case of bifundamental matter coupled with
multiple gauge groups, the construction of a new operator Via(di,dz|mi2) @ Va, — Va,
is required. This operator intertwines two SH¢ representations specified by a1, d2, with a
different rank N; for Vz, and Nj for Vg,,

Vig(d@r, dalmia) = > Zpga (@1, Yi;da, Yalmas) |d1, Y1) (da, Ya, (3.20)
Vi, Yo

where a renormalized version of the bifundamental contribution has been used,

Ziga. (@1, Y13 Gz, Yalmag) = \/Zvect.(517371)Zvect.(6727372)3bfd.(671,171;672,372|m12)- (3.21)
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Several algebraic properties of the intertwiner operator were studied from the viewpoint of
SH€ in [8], in relation with a recursion formula satisfied by Zy¢q..”

The intertwiner satisfies a set of identities which resemble the conditions (3.12)—(3.15)
for the Gaiotto states:

Dfﬁ(z)vm(cﬁ, da|lmi2) — Via(dn, Jz\mlz)Dizl(Z —mj2)
1 p- 1
V—eea Z \YW(z)
Diﬁ(Z)%z(Cﬁ; dz|my2) — Via(an, &’2|m12)Df}’1(z + ey —mi2)
1

N _\/—76716213; (y(l)(z + €4)Vi2(d1, G2[ma2)

Here the notation Y (i = 1,2) represents the action of the vertex operor ) in the space

Vig(@y, d2lmi2) VP (z + e, — m12)> ; (3.22)

1
V@ (z+ep —myy)

) . (3.23)

Va,- These formulas characterize the transformation of the bifundamental contribution
under the action of SH®. The proof of the formulae is summarized in appendix B.

In the 4D /2D correspondence, the intertwiner is described as a vertex operator of the
form, V = VOV Teda where VOO is the Carlsson-Okounkov vertex [11] for the U(1) factor
and V92 ig the vertex operator of Toda field theory associated with the Wy algebra.
This construction, however, has some limitations. One issue is the technical difficulty

VTeda for higher spin generators. We have to

to define the transformation properties of
face a nonlinear expression in terms of W generators or Toda fields which is usually not
manageable. A more serious issue is the impossibility to define an intertwiner between Wy
and Wjs Toda systems with NV £ M since there is no obvious correspondence between the
generators in Wy algebras with a different N (see, for example [51, 52], for attempts to
explore such a setup). At the level of SH, the correspondence between the generators for
representations of a different rank becomes obvious and the transformation properties (3.22)
and (3.23) are compact and tractable. Furthermore, it was confirmed in [7, 8] that these
conditions contain the modified Ward identities for the U(1) current and the Virasoro
operator for V = YOy Toda when Ny = Ny. In this sense, our characterizations of the
intertwiner is a natural generalization of the conventional vertex operators in Toda field
theories to study the 4D /2D correspondence.

Gaiotto state from intertwiner. As briefly recalled in the previous subsection, the
study of the instanton partition functions for miscellaneous field content can be reduced to
the analysis of the bifundamental hypermultiplet. This fact has an important consequence
for the SH€ realization that we explain here. We first consider the special case Ny = N,
No = 0 and mq2 = 0 for the intertwiner. Here the rank 0 representation means a trivial
representation which consists of one state — the vacuum |,) (empty slots means that we
have no Fock space). Since Zy¢q4.(a, Y; ,|0) = Zyect.(,) = 1, we find after omitting the trivial
bra vacuum,

Via(@,|0) = |G, @). (3.24)

“In [8] it was assumed that the ranks of the two representations are the same. However, the computation
performed there can be straightforwardly generalized to the case N1 # Ns.
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Figure 5. Ago) quiver.

Taking the opposite case of a rank zero representation for the first node produces the
bra Gaiotto state in a similar way. In this sense, the recursion properties of the Gaiotto
states (3.12)—(3.15) are straightforward consequences of (3.22) and (3.23). We note that
we can take D7(72 (z) = 0 for the trivial representation and the action operator ) on Vs is
replaced by 1

Inclusion of (anti-)fundamental hypermultiplet is also straightforward. From (3.4)
and (3.5), after fixing Ny = N, Ny = N, mie2 = 0 and d2 = 7 + €5, we obtain that the
action of the intertwiner on the vacuum produces the Gaiotto state with a flavor vertex
operator inserted:

Vio(@, 7 + €1 |0)|7 + e, 0) = U(m)|G, a@) . (3.25)

Full partition function. We now have all the elements to write down the instanton
partition function of any linear quiver as a product of operators,

z _ <G a1|q1DU(ﬁi )Vg(al, d'2|m12)q2DU(ﬁi2)V23(Eég, 63\m23) s |G’7 5Q> for AQ 5
e Try,, [qfU(m1)Via(ay, da|mia)qs’ U (1iia) Vas (a2, dslmas) - - - Vi (@, d1lmqi)] for A8)~
(3.26)

To each arrow ¢ — j of the quiver is associated the intertwiner V;;(d;, d@;|m;j), and to each
node ¢ an operator qiD U(m;). For the linear quivers, the resulting operator is sandwiched
between the Gaiotto states attached to the first and the last node. On the contrary, a trace
is directly obtained for the affine quiver from the intertwiners, it is defined as

Try, =Y (@Y|--|a,Y). (3.27)

As an example, the partition function of N' = 2* theory represented in figure 5 with
bifundamental fields of mass m reads

Zinst = Ty, [q Vi(a a|m Zq| |Zvect a?)zbfd( ,Y;c‘i,ﬁm)

—

= Zq' 1 Z et (@, V) Zoa (@, Y |m), (3.28)

thanks to the orthonormality property of the states |d, }7>
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Alternative expressions. Although it will not be used in this paper, we would like
to provide, as a side remark, a new expression for the bifundamental contribution (3.2)
involving the vertex operator )(z). This expression is a consequence of the property (B.1)
expressing the variation of Zpgq (@, Y; g, W|m) under the addition of a box in the Young
diagrams Y. It turns out that the right hand side of (B.1) is independent of the actual
content of boxes in the Young diagrams Y. As a result, this formula can be used to build
recursively Zpeq (4, Y;b, W|m) from Zyeq (@, (5; E,W|m), adding boxes one by one. Since,
Zpta. (@, (Z; b, W|m) can be further identified with a fundamental contribution of mass @—m,
it is shown that

bed.(aa }7; ga W|m) = <g> W‘U(a - m)|g7 W> H <l_): W’y(% —-—m+ €+)’ga W>
e (3.29)

where the second equality has been obtained by exploiting the symmetry under the ex-
change of (@,Y) < (b,W) and m < e, —m. As a special case of this expression, new
formulae for the vector contribution and the Gaiotto states can also be deduced,

Zeeet (@,Y) = <a’ Y|U(a - a,?>,
zeY
|a Y). (3.30)
Z \/ a — €+ ag/ \/

4 Ward identities of SH® and qqg-character

In the previous section, we have seen that the instanton partition function for any Ag
type quiver gauge theories can be written by combining Gaiotto states, dilatation op-
erators, flavor vertex operators and intertwiners as in (3.26). The behavior of these
states/operators under the action of SH® generators has been characterized through the
set of relations (3.12)—(3.15), (3.11), (2.26) and (3.22)—(3.23). As a side result, one obtains
a series of consistency conditions by inserting D4;(z) in the correlator and evaluating the
inner product in two different ways,

((G,@1101D+1(2)) 02| G, dq) = (G, @101 (D+1(2)02|G, dg)) (4.1)

where O; denotes a combination of flavor vertex operator, dilatation operators and in-
tertwiners. These conditions may be regarded as the Ward identities for the correlation
functions of SH®. Since it is written as a generating function with parameter z, it gives
an infinite number of constraints. In the following, we evaluate the explicit form of these
identities. We observe that their structure takes the form of a double quantum deformation
of the character formulae for Ag, the so-called gg-character proposed by Nekrasov, Pestun
and Shatashvili [25, 41]. In the next section, we will discuss another interpretation of these
formulae as a quantum deformation of the Seiberg-Witten curve.
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4.1 A, quiver

We start from the expression (3.10) of the instanton partition function for pure SYM
with SU(N) gauge group, and consider the insertion of the operator of D_;(z),
(G,d|D_1(2)¢"|G, @), evaluated in two different ways as in (4.1). After the use of the
identities (3.11), (3.12), (3.14), we arrive at,

i q D =
G,alP, | V(z+e +> G,a)=0. 4.2
@aps (et e+ 5 ?l6.a) “2)
The insertion of ) has the effect of adding extra factors to the partition function. For
example, from (2.21),

zeA(Y )(Z+6+_¢w)
[Lery(z— ¢2)

(G,a@|Y(z + e4)qP|G, @) Zq\y\ ( ) Zeeet (@ Y).  (4.3)

We will use the following notation for the expectation value of the Gaiotto state:

<>: 1

inst

Q‘Y‘Zvect‘(c_i; ?)<C_i,

<

@, Y). (4.4)

—

This defines an average of operators acting on states |@,Y’) that is normalized to (1) = 1.
The relation (4.2) is rewritten in the form:

P <y(z tey)+ yé)> = 0. (4.5)

This condition is the generating function of an infinite number of constraints on the in-
stanton partition function. At the same time, this formula implies that

W(2) = =+ e} + <y?)> — (PEY(= 4 en) (4.6)

has no negative powers of z in the Laurent expansion at z = co. We note that )(z) behaves
as Y(z) ~ 2N as z — oo. It implies that x(z) thus defined is a polynomial in z of degree
N. The expression x ~ y+ 1/y is reminiscent of the character of sl(2) for the fundamental
representation. The formula (4.6) is deformed by two parameters €; 2 and was referred as
a fundamental qg-character in [25, 27, 41] for the quantum deformed Yangian Y¢(sl(2)).

The inclusion of fundamental hypermultiplets with N flavor is a straightforward gen-
eralization. The only necessary modification is to insert a flavor vertex operator U(m) in
front of |G, d). The commutator with D_;(z) is obtained from (2.29):

N
D_1(2)U ) = U(m)PS [D-1(2)m(2)] H m) (4.7)

Inserting this relation between two Gaiotto states (with an operator ¢”), and then evalu-
ating the action of D_1(z) through (3.12) and (3.14) leads to

Py <y<z Lt q§j<()>> —o, (4.8)

~19 —



where the average acquired an extra factor Zppnq.(m;a,Y),

1 Y o oL Lo Lo Lo
() = > " Zhuna (1738, Y) Zyeer. (@, Y ) (@, Y | -+ |, Y). (4.9)

inst 2
Y

After including the fundamental hypermultiplets, the qq-character is modified to

x(z) = <y(z +er)+ q;rz(zz))> . (4.10)
As a consequence of (4.8), P x(z) = 0 and the qg-character is again a polynomial of degree
N in z. A more detailed discussion of the qg-character in the presence of fundamental
hypermultiplets is presented in appendix D.

In the case N < N, the ratio m(z)/Y(z) has no polynomial part and the character
X(2) equals the average of the operator PFY(z + e4). As a result, explicit expressions for
the qq-character can be obtained by expansion of )(z + €4) at infinity using the proper-
ties (2.8), (2.21):

=

d
V(iz+er)=||(z+er —ap) (1 — elegdeg(z) + higher terms in e)
2

)
X

(z+ ey —ap) + 1622V 2 D4+ 0(N73). (4.11)

—-

~
Il
—-

In the average (4.4) the operator D with eigenvalue |Y| can be replaced by a logarithmic
g-derivative,

N
x(z) = H(z + ey —ag) + 1622’ 2q0, log Zinst + O(2N73). (4.12)
=1
Specializing to N = 1 and to N = 2 with a; = —a2 = a, we deduce the following expressions
UM): x(z)=z+er —a,

4.13
SU2):  x(2)=(z4€4)* —a®+ €1€2q0g log Zingt. (4.13)

4.2 qg-characters of higher representations for the A; quiver

In a series of recent lectures, Nekrasov proposed a generalization of the qg-character for
higher representations of Y(sl(2)) [25]. Higher qg-characters involve a set of complex

parameters vy, -,V € C, and they are defined as
m(z + v;
RO E D DI | R <Hy<z tertm [ y<(+>)> |
IuJ={1r} i€l i€l jEJ J

(4.14)
Here S(z) is the scattering factor (2.31). It is claimed in [25] that the expectation value
of these operators is again a polynomial in z. This proposal has been verified using our
formalism in appendix D for the second character of pure SU(N) SYM in the restricted
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cases N =1 and N = 2. The second character can be rewritten using the shifted spectral
variables z1 = z + 11, 20 = 2z + 1,

x2(21,72) = <<y<21 ey + ) ) (y(z2 tei) + qm(z?>)>

V(1) V(z2)
+qe1€2 <y(21 +eq) m(z2) N y(z2+€+)m(zl)> (4.15)
212 \ 212 +ep Y(22) 212 — e V(z1)

with 212 = 21 — 22. This condition is equivalent to (4.14). From the insertion of two
operators Dj(z1)D_1(z2) within two Gaiotto states, it is possible to show that

P;P%XQ(Zl,ZQ) =0. (4.16)

The polynomiality is further obtained in the cases N = 1 and N = 2 by employing the
explicit expression (4.11) of the operator V(z + €4 ). In both cases, it was found that

2q€1€
Xa(21,22) = PEPE V(21 + €1) V(20 + €4)) + —pta

. (4.17)
oty —€f

4.3 Generalization to the Ag-type quiver

For simplicity here we will only treat explicitly the case of the As quiver without funda-
mental matter fields. For any operator O we introduce the index o = 1,2 labeling the
space V;_ in which the operator acts, and we associate the expectation value

1 v vz L o= L o= R S
<O(a) (Z)> =z Z q|1Y1‘q|2Y2|Zvect.(a17Yl)Zvect.(aQaYQ)bed.(ah}/l;aQa}/ﬂle)
1mns }717?2
(e Y| On(2) |Gy V) (4.18)

To derive the qg-character relations, we consider the commutation relation (3.22) between
the SH® generating series D, (z) and the intertwiner operator. We consider the operator
insertion of the following type,

(G, @ | D™ (2)q Via (a1, dalmi) g3 |G, Go), (G, |gf Via(di, Golmaa)gs DT (2)|G, da),
(4.19)
and then using the action of the SH modes on Gaiotto states, it is possible to derive the
following identity, obtained respectively from the former and latter expressions:

_ y(z)(Z-FG — ma2) 1

P ) + — ) =0
z <3’ (z+er)+a Y (2) + Q142 YO (z — mua) )
z + q2 y@)(z) q1492 y(l)(z I e+) = 0.

These identities imply that the two following qqg-characters are polynomials in z:
) — 1
W [ v V(2 + €4 —mia)
X (2) <y (z+er) +a Y (2) +q1q2 YOz —m) |’
(4.21)

(1)
%%a=<wwzun+@y@+mﬂ : >

y(z)(z) +Q1Q2y(1)(z+m12 —€p)
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Generalization of these formulae to the Ag quiver with fundamental multiplets is straight-
forward. For example, the first one is generalized to

" Q+1 Ti—1 Vilz + ey — Cz‘) j—1
X (Z) = ; []1:[1 Qjmj(Z - Cj)] <yzl(Z—Czl)> ) Cj = ;mk,k+la (4-22)

with (o = (1 = 0, Yo = Vg+1 := 1 and the mass polynomials m;(z) = H}V;I(z - mgf))
associated to the fundamental multiplet of the node 4, with flavor group SU(Ni). We note
that for a linear quiver with N = N; > Ny > --- > Ny, the rank of the flavor group need
to satisfy Ni < 2N; — Nijt1 — Nij—1 with Ny = Ng41 = 0. In this set-up, the character
xM(2) is a polynomial of degree at most N.

As already stated, in the weak coupling limit g — 0 the second node of the quiver
diagram acts as a set of Ny fundamental flavors of mass agZ) coupled to the first node.
This relation can also be observed at the level of characters. As can be seen from (4.18)
in this limit only the empty No-tuple Yy = § contribute to the sum, Zyect. (a2, (j) =1 and
Zuid. — Zrund.- We further notice that the operator y<2>(z + e4) becomes polynomg)l and,

as such, can be identify with y () (2), it reproduces a mass polynomial with masses a,” —e,

N2
D) = [ - ol +ex) = m(2). (4.23)
/=1

In this weak coupling limit, the first equation in (4.21) becomes the equation (4.10) for the
massive qq-character, with an extra shift of the fundamental masses by mo.

5 Quantum Seiberg-Witten geometry

In the limit €,e5 — 0, the Omega-background reduces to R* and the infrared theory
is characterized by a complex algebraic curve. This curve, together with a differential
form, determines the prepotential of the theory through the Seiberg-Witten relations. It
is also associated to the spectral curve of a classical integrable system in the Bethe/gauge
correspondence (see for instance [30] and references inside). For simplicity here, we focus
our discussion on the case of a single node with gauge group SU(NN) and a number N of
fundamental multiplets. In this case, the algebraic curve can be written in the form

mz) 11,
yta— =[]z —a0). (5.1)

/=1

This expression should be compared with the definition (4.6) of the qq-character. It is then
appealing to interpret the qq-character as a double deformation of the Seiberg-Witten ge-
ometry, where the expectation value of the operator )(z) reduces to the complex parameter
y of the curve E(y,z) = 0, while the qq-character x(z) reproduces the gauge polynomial
in the r.h.s. of (5.1). This is indeed the case, as we will demonstrate shortly.

The discussion becomes even more illuminating if we introduce the intermediate back-
ground R§1XR2 obtained in the Nekrasov-Shatashvili limit e — 0 of the Omega-background.
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This e;-deformation of the Euclidean background is known to be responsible for the quan-
tization of the classical integrable system associated to the N' = 2 gauge theory [42]. In
this background, the Seiberg-Witten curve is replaced by a Baxter TQ-equation that has
been derived in [31, 32] (the derivation was later extended to quivers in [27, 33]),

T(2)Q(2) = Q(z + &) + am(2)Q(z —e1),  Q(2) = [[(z —w), (5:2)
where T'(z) and Q(z) denote respectively the Baxter T- and Q-polynomials. The TQ-
equation can be recast in a form more similar to the original Seiberg-Witten curve (5.1)
by the introduction of the ratio Y (2) = Q(2)/Q(z — €1):®

T(z)=Y(z+4+e€)+ qm.

(5.4)
In this form, it readily reproduces (5.1) in the limit ¢; — 0. In order to show that the
qq-character defines a sort of second quantization of the Seiberg-Witten geometry, we will
take the NS limit and reproduce the TQ-relation (5.4), the operator )Y(z) being reduced
to the rational function Y (z), and the qg-character to the T-polynomial.

To perform the NS limit, we will follow the procedure described in [23] (see also [27])
and first re-derive the Bethe equations. In the NS limit, the sum over Young diagrams
entering the expression (3.19) of the partition function is dominated by a Young diagram
Y* with infinitely many boxes.” This critical Young diagram minimizes the summation
and its profile is obtained by solving the discrete saddle point equations:

q|Y*+x‘Zvect.(C_i) ?* + x)zfund.( _’; 67 ?* + 33)

= — s =1, VzeAY") (5.5)
qlY |Zvect‘(a7 Y+ qund.(m; a, Y*)

Taking into account the variation of the vector and fundamental contributions, we find

[l rre) (B — 60) (00 — &y — 2) )
(g, =YEROT) y y _ e e AT, |
€1€2m(¢ ) HyeA(?*) (bz — Dy) (P2 — Py +€4) b @AY (5.6)

yFw

Following [23], we now consider only Young diagrams with infinitely high columns, and
such that a box can be added to (or removed from) each column. Up to ex-corrections,
the images under ¢, of a box z € A(Y*) and the box immediately below z/ € R(Y*) are

8The TQ-equation can also be written in an operatorial form,

(5 +am(2)77") Q(z) = T(2)Q(2), § =% (5.3)

where 7 is a shift operator. Here the non-commutativity of the variables § and z becomes manifest and the
previous relation defines a quantum curve. This difference equation is actually equivalent to a Schrodinger
equation under a quantum change of variables [34]. This correspondence goes under the name of bispectral
duality [38-40] and can be seen as a degenerate version of the AGT correspondence relating the gauge
theory in the NS background with the semiclassical Liouville/Toda theory.

9This argument is similar to the one employed by Nekrasov and Okounkov in [42] to perform the limit
€1,€2 — 0. The main difference here is that the critical Young diagram doesn’t have a continuous profile
but is instead described by a step-function where the plateaux are given by the Bethe roots.
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equal, they define the set of Bethe roots u, = ¢, for z € R(Y*).'% This is true for all boxes
x € A(Y*), except for N extra boxes (one for each diagram) that lie on the top right of
the diagrams, and for which ¢, = & with & = ay + nge; and ny the number of columns
for the Young diagram Y,".It is emphasized that these extra boxes are necessary to fulfill
the relation |[A(Y*)| = |R(Y*)| + N between the cardinal of the two sets. The number of
columns ny in each diagram will play the role of a cut-off sent to infinity at the end of the
computation. Under this identification, and taking into account the factor —ejes from the
box y of coordinate ¢, = ¢, — €2 just below x, we find in the limit e; — 0:

M N
m(ur) Upr — Ug — €7 —
1 = q,_, — s =(Z) = A ?), 57
E(ur)E(ur + €1) 31:[1 Ur — Ug + €1 () g( &) (5.7)
SFET

and the number of Bethe roots is M = >, ny. These equations resemble the Bethe equa-
tions of an inhomogeneous sl(2) XXX spin chain with a twist parameter ¢.!! The TQ-
equation associated to this system of Bethe roots reads

T(2)Q(2) = E(2)2(z + e1)Q(z + €1) + qm(2)Q(z — €1), (5.8)

Introducing the Q-polynomial as in (5.2), it is indeed possible to show that the r.h.s. is
a polynomial of degree M + 2N, with M zeros at z = u, as a consequence of the Bethe
equations (5.7). The TQ-equation (5.2) is reproduced by further sending the number of
Bethe roots M to infinity, together with the cut-offs &, after a proper rescaling of the T
and Q polynomials. More details on this limit will be provided in the work [53] to appear.
The NS limit of the expectation value (4.9) of operators is also dominated by the
single state |a, Y*), and diagonal operators in the basis |@,Y) can be identified with their

eigenvalues:!?

(O) ~ <a, Y*0|a, ?*> (5.9)

due to the simplification Zingt ~ Zyect. (d, ?*)qund. (m; &',}7*). From the action (2.21) of
the operator Y(z) on states |@,Y), replacing the coordinate ¢, of boxes that can be added
to /removed from Y* by Bethe roots, we find
> oy = oy Q(Z)E(Z) < 1 > <—' Yl 1. H>o<> Q(Z—El)
Y(z)~(a,Y*|V(z)|a,Y" )~ , ~(aY a,Y* )~ ——.
VEN~(EFPERT)~ =0 (3 xe) AR
5.10

Denoting yns(z) the limit of the qq-character x(z), the identity (4.6) reproduces the TQ-

equation (5.8) with the T-polynomial T'(z) = xns(2)=(z) (the presence of the extra cut-off
factor =(z) will be explained in [53]).

Our observation can be easily generalized to apply to linear quiver gauge theories.
The NS limit for the As quiver has been performed in [23]. Using the same procedure, the
qq-character identity (4.21) reproduces the TQ-relation for an inhomogeneous sl(3) XXX
spin chain characterized by two sets of Bethe roots (equation (7.15) of [27]).

°Tn a Young diagram ), the image ¢, of x = (i, \;) € R()\) is given explicitly by ¢, = a + (i — 1)e1 +
(Ai — 1)ez, it is finite in the limit €2 — 0 since \; tends to infinity such that e2); remains finite.

1 fact, in the superconformal case N = 2N, it exactly reproduces the inhomogeneous XXX spin chain
for an appropriate choice of masses my.

12This is true for well-behaved operators for which the insertion does not modify significantly the saddle
point equations.
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6 Summary and concluding remarks

In this paper, we developed a holomorphic field representation of SH¢ algebra. It has
the merit to express the commutation relations and the finite rank representations of the

(1)

operators in a compact form. Instanton partitions for Ag and AQ -type quiver gauge
theories can be expressed concisely in terms of Gaiotto state, intertwiner operator, and
a newly introduced flavor vertex operator that insert the contribution of fundamental
hypermultiplets. A new characterization of the Gaiotto state and intertwiner has been
established using the adjoint action of SH® holomorphic fields. It provided the infinite set
of constraint on the instanton partition function from the chiral ring generating function
proposed in [27]. These constraints are summarized in simple algebraic relations which
were referred as the qqg-character.

The qqg-characters describe a quantum version of the Seiberg-Witten geometry [41]
in the NS limit e2 — 0. In this setup, the es-deformation introduces a form of second
quantization of the TQ-system in which the T-polynomial is replaced by an operator acting
in the Hilbert space of the rank N representation. This should be compared with the
recent results obtained in [54, 55], where the subleading corrections to the NS limit have
been derived. These corrections are compatible (up to a quantum correction) with the
second quantization of the NS action that is interpreted as the Yang-Yang functional of
the underlying quantum integrable system. By comparing these two different approaches, a
unified interpretation for the es-deformation of quantum integrable systems should emerge.

There are some obvious generalizations of the current study for future work. In [27],
similar algebraic relations for the chiral generating functional were proposed for ADE type
quiver gauge theories. In order to describe the bifurcation in the quiver diagram, we need
to find a SH€ description of trivalent vertex which takes of the form:

Dy = 3 Zueet. 6 0) V25, Wha © [5.W) 5 © [5,1W), (6.1)

W
Here we added extra labels «,--- to specify the Hilbert spaces. With the help of such
operator, one may give the partition for the D4 quiver partition function, for example, as

3 L D P Dc(),lf )
®i=1 a¢<G7ai|qi aiﬁi(ai7b|mi) T4y ‘b>>ﬂ1ﬁ253

= Z l Vect W H qz Vect i ?;)bed.(div }7;3 5; W|mz) . (6-2)
Y1,Ya, Vs, W

In order to derive the qq-character for such extended cases, we need to find an analog
of (3.22), (3.23) for the trivalent vertex. At this moment, however, this seems not so
simple and we would like to leave it for future study. Another possible direction proposed
in [27] is the 5D version of the current analysis. It corresponds to the algebra studied by
many authors in [56-59] and has implications in 4D [60, 61]. Since the building blocks
are already known (for example, [62, 63]), it would not be so difficult to perform a similar
analysis in such set-up. In addition, our formulation of SH¢ seems particularly suited to the
generalization to the six-dimensional 2-background R2 X R2 X R2 in which the instanton
partition function of A/ = 2 theories are expressed as a sum over plane partitions [64].
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In a different perspective, it is important to clarify the relations with integrable models.
On one hand, a proposal of NPS in [27] suggests a connection between quantum geometry
and the representation of the Yangian associated to the quiver Dynkin diagram. On the
other hand, Maulik and Okounkov have proposed in [65] the expression of the Yangian
of gAl(l) In their formalism, the Dynkin diagram is regarded as the finite lattice of a
spin system, where the spin degree of freedom is actually described by a free boson Fock
space. In [66], a short summary of [65] and a possible supersymmetric generalization were
presented. While the two approaches are very different, the coproduct defined by the
authors of [65] coincides with the one employed in [1]. Our analysis which relates the NPS
qq-character [27] to the SH¢ algebra [1] could provide an interesting link between the two
Yangians.

Note added. After the first version of this paper was submitted to arXiv, N. Nekrasov
published a paper [67] where he studied Dyson-Schwinger equations for the instanton par-
tition functions. He evaluated the effect of adding point-like instantons, and express this
effect by an operator ) which is identical to ours. There seems to be a direct relation with
our analysis and we hope to provide a more detailed comparison in the near future.
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A  Comments on the notations

In this paper, in order to ease the comparison with the gauge theory, we use the omega
background parameters i, €2 instead of the CFT parameter § = —¢; /€2 in [7, 8]. Since
some results of these papers are used here, we summarize the correspondence between
the notations in this appendix. As we use two parameters instead of one, we need some
rescaling and shift of parameters to compare with the results there. Adding a tilde to the
notations in [7, 8], the comparison goes as follows:

DO,n+1:(62)n-DO,n+1a D:tl,n:(EQ)nD:l:l,nv En:(EQ)nEn , (Al)
ag=—ealy + €4, 2262/5, cn=_(—€)"¢,, (A.2)
O(2)|genry =—€2(ir+A(Y2), &(x)|aenpy) =—€2(irtBi(Yr). (A.3)

We note that under the rescaling (A.1), the algebra (2.1)—(2.3) remains the same.
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B Proof of the recursion formulae for Gaiotto states and intertwiner

Since the Gaiotto state can be derived from the intertwiner (3.25), it will be sufficient to
prove (3.22), (3.23). We need a few formulae to characterize the behavior of the instanton
partition function building blocks (here bifundamental and the vector contributions) under
the variations of the number of boxes in the N-tuple Y.

Zpa (@, Y + 30, W|m) _ [,cagin (e — ¢y + €1 —m) B.1)
Zbid. (5 ? g, W|m) Hng(W)(¢x - ¢y - m) ’ '
Zbid. ( ,}7 — I, g, W|m) _ HyeR(W) (¢z - ¢y - m) (B 2)
Zota (@, V;0,W[m)  lyeaqi)(@e — &y +ex —m)’ '
Zhtd. (Ei, }7 l; W + a:|m) _ HyeA (Qba: ¢y + m) (B 3)
Zhta.(@,Y 55, W|m) HyeR(y)(¢x by +m —ey)’ .
2t (@, Y ;0,W — z|m) _ [Lcri)(@e — by +m—ey) (B.4)
Zota. (@, Y35, W|m) HyeA (% —¢ytm) .

Zvect.<a7 }7 + x) _ 1 HyER(?)((bx - ¢y)(¢m - (z)y - €+) (B 5)
ZVeCt.(C_i’ ?) a €1e2 Hyez;\é(‘?) (¢$ - ¢y)(¢m - ¢y + €+> ’ '
ZveCt.<C_iv }7 - x) _ 1 HyeA(?)((baf - st)(d)ﬂ»‘ - ¢y + 5—}—) (B 6)
Zvect.(zi’ ?) a €1€2 HyeR(?) (¢x - ¢y)(¢m - ¢y - €+) ' ’

y#w

These formulae were used in [8] to prove the recursive properties of the quiver gauge
theories. Essentially the same computation shows up here. We evaluate the action of
D, (z) on the intertwiner:

V(@ blm) = Zua. (@ Y5, W|m)|a, Y ) (b, W], (B.7)
YW

with bed_(d,}?;g,l/f/|m) = \/Zvect.(c_i, ?)Zvect,(l;, VT’/)bed.(c_i,}7 : 5,W|m) We first eval-
uate the action of D_1(z) on the intertwiner from the left. It is easily deduced from its
action on states |, Y),

Ay (Y)
Z_¢x

D% (2)V(@,blm) = Y Zua.(@ Y50, Wlm) Y @, Y — z)(b, W). (B.8)
YW zeR(Y)

An alternative expression can be obtained after noticing that the inverse images of a state

|@,Y) under the mapping D_1(z) are the states |@,Y + z) for € A(Y) because the action

of the operator removes one box. Since the states |d, 17> form a basis of the vector space

V3, it is possible to write

. (Y . oo I
D V@ Hm =Y Y AT s @ P b W)@, TG (B9)
YW zcA(Y)
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It is convenient to rewrite this expression as follows, using the fact that Ag;(? + x)?
A (Y)?, Vo € A(Y):13

Z 'b — — = — =
vaim=y > b (@ Y b b Wim) 5 G 25, Wi a, V)5, 7.
o Z* P bed( Y:

zeA(Y

(B.10)
We evaluate the ratio for Zg. from (B.1) and (B.5) and put the explicit form of
AL (Y) (2.19):

Zpga (@, Y 42;0,W|m) 1 HyeR(?)(GZ)x_%_E-l-) HyeA( )(d’ —Py—m+tey)
Z_bfd.(c_ia ?§ 67 W|m) vV —€1e HyeA#(?) (¢x - d’y) HyeR w) (d’x ¢y - m)
(B.11)

Ay (Y)

The action of D_; from the right can be evaluated similarly,

. i ) Z (,Y
- V(a, Z Z Z_% bfd. i

Y W zeR(W)

From (B.4) and (B.6), the factor in the middle takes the form:

17; g, W—x|m) 1 HyeA(W)(¢x—¢y+6+) HyER(?)(QS —¢y+m—ey)
a,Y;b, W\m) /€6 Hyeyli(y) (P2 — Py) HyeA (qﬁx ¢y +m)
(B.13)
To add (B.10) and (B.12), we use the following identity to simplify the formula (we put
2 =z—m)
1 yere(@o = by — ) Hycapin(ds — oy —m +e4)
Z~ Z= Qg HyeA(Y) (P2 — &y) Hng(W)(be — ¢y —m)

z€A(Y) e
+ Z HyEA(W) (¢$ - d’y + 6+) HyER(}?) (¢a: - ¢y +m — €+)
Z —m — ¢$ HyER(W) (¢$ - (by) HyGA(?) (¢Z‘ — ¢y —+ m)

zeR(W y#z
_p- Hng(y (2 — ¢y —€4) HygA ( — ¢y —m+eq) .
o R T Ers S § e

This formula is obtained by comparing the residue of the poles on both sides. Finally, we

(B.14)

note that by using (2.21), we obtain

— HyERY)( — by — )HyEA ( — ¢y —m+eq) Lo e o

PZ( Tor G Thenan G dr ) >MJN@W|
g a bWV (z—m+e
=P (S8 THE Ve ot ) (B.15)

After combining everything, we prove (3.22). The proof of (3.23) is completely parallel
and we omit it here.

13In this expression, and the analysis hereafter, the correct choice of sign is verified by comparing with
the direct action of SH® generators on states with a small number of boxes.
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C Some calculations of commutation relations in the rank N represen-
tation

For completeness, we present here some explicit computations for the commutators of
holomorphic generators.

[Do(z), D1(w)]. From (2.15),

- 1 AyY
Dy(w)Dy(2)[2.7) = Y — M) 57 4, ()
zey yeA(Y) Y
1 Ay(?)

z_¢ww d)

yeA(Y) zeY +y

The difference is the inclusion of the box y in ¥ +y. So we obtain the first relation in (2.6).

o AY) Lo 1 (AY) AT Lo

Do) D) a Ty =S — M) ap 5 ( o)Ay )|a,y>
JeA(Y) (z_¢y)(w_¢y> JeA(Y) 2w \w—9¢y z2—¢y

_ Diw) = Di(z) 7 gy (C:3)

Dy (2)D_;(w)|a, 1_/’> = Z Z

zeR(Y) yeA(Y — 1’)

= > Z —¢> ;x)|5,}7—x+y>
x y

2eR(Y) ye A(Y)

where we have assumed for ¥ a generic form such that A(Y —z) = A(Y) U {z}. From the
explicit form of A,(Y), one may prove for y € A(Y):

v _ )2 — 30209 (x — dy) V)2 — 2
Ay(Y —2)" = Ay(Y) S0y — 60)’ A(Y —2)" = Ao (Y)7, (C.5)

where S(z) is the scattering factor which appeared in (2.31). After combining them,
Di(2)D_1(w)|@,Y) becomes,

(V) (86— )\ . & A(Y)? .o
22 - w—%( <¢y—¢x>> R A D DR ey LR R

zeR(Y) ye A(Y) zeR(Y)
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—

D_1(w)D1(2)|d, Y> is evaluated similarly, assuming that R(Y + z) = R(Y),

(V) (Sbe =)\ & M(P)? o
Yoy A A S 3,7).
yeA?) seRD) w — ¢x z ¢y ( S(py — ¢x)) eA®) (w— ¢z)(2 — bz)

(C.7)
In [Di(z), D_1(w)], the first term cancels and the second term gives w\a Y) after
the use of the relations (2.18), (2.19) and (2.22). Degenerate situations should be evaluated
case by case, but the general conclusion remains unchanged.

D Detailed analysis of the qqg-characters

D.1 Matter case

There are different possibilities for the insertion position of the SH® operator D_;(z), the
simplest option is to insert it on the left of the mass operator as in (G, a@lq” D_1(2)U (m)|G, @),
and then use the braiding relation (4.7) to move it to the right. The two formulas (3.12)
and (3.14) for the action of D_;(z) provides the identity (4.8). However, this is not the
unique choice for the insertion of the D_;(z), a second possibility is to insert it on the right

of the mass operator,

(G, d@lq"U(m)D-1(2)|G, a). (D.1)

A new braiding relation is needed in order to move the SH¢ operator to the left, which is
deduced from (2.29):

N N
= o Dfl(z) Dfl(m(f)) 1 =
U(m)D—l(z) - - fz:l > — mD J;l/_Il m — m) U(m) (D2)
N 7#f
The action of D_;(z) on the Gaiotto state is then computed from (3.12) and (3.13), leading
to the identity

RIFSYMET S ﬁ s (Y e =—a( 5 )
m(z) * * lezfm - ! V(=) /"

oy’

=

(D.3)
where the operator II(z) = P})(z + €4) has been introduced to simplify the expression.
As a result, the fundamental qq-character defined in (4.6) obeys

N N
x(2) = (=) +m(2) D — ;(f) Il -5 _1 — <y(m<f> +er) — H(m<f>)> . (D.4)
f=1

In the last term, the apparent poles are cancelled by the zeros of m(z) and the r.h.s. is a
polynomial. The compatibility with the identity (4.8) implies the following equality,

3 ) _ M\ _ pt, /M)
m()zz_m(f)H m(f’ <y(m +ep) —I(m )> Plq o)) (D.5)

f’sﬁf

— 30 —



D.2 Second qqg-character of the A; quiver
D.2.1 Double action of SH® operators D,(z)

As a preliminary step it is necessary to derive the action of two operators D_;(z1) and
D (z2) with different arguments on a Gaiotto state |G, @). The method is the same as in
the case of a single operator, and upon using the property

—

@7 + 2V + )@V +2) = Sz — )@ VIV + )@ T),  (D6)
with S(z) the scattering factor defined in (2.31), it is possible to write down

D_l(zl)Dl(Zg)‘G, C_i>

1 HyER(?)(¢xy_€+) _ -
- Zyec P, S(z2— ¢z + a,yY),
6162 Z t Z Zl_(lsx HyeA(?) ¢acy ? (Z2 ¢ )y(Z2 6+)‘a >

zeA(Y) y#e

(D.7)

where the sign ambiguity has been fixed by comparing the coefficient of the vacuum state
with the direct action of the SH® generators. Inserting the pole decomposition of

Sa=6) _ SG) L ae 1 ae L (g

— ¢ 21— ¢p  €4z1222 — Op  €4(212 —€4) 22 — Py + €4

with the shortcut notation 297 = 29 — 21, it is possible to perform the summation over
ze AY):
D_ (zl)Dl(z2)|G a)

V(za+er) €62 YV(zatey) €1€2 Lo
§ Zyec P S - , Y,
T e u{ [ (z21) Y(z1) erz12 V(22) €+ (z12—¢€4) @Y)

(D.9)

where it has been used that the last two terms in the brackets have no polynomial part at
infinity, and consequently in the last term the two factors ) (z2 + €4) have cancelled each
other. This result can be written in the compact form

- Y(z2tey) | 1 V(zatey) 1
Doala)Du=)i6.@ = [elp S50y Ten Vm) em—c)

1.,
(D.10)
The action of the commuted operators D1 (z2)D_1(z1) is derived from the same method,

1 [S(z21) - P V(zitey) | PLY(21) ]

D D_ G,d)y= P} +eyp)——L + - G, ad).
R L R e e I
(D.11)

This expression is simplified employing the following identity,
P2 [S(20)P(22 + €0)] = S(201)PLY (sate4) + - PEYV (s e4) = — P V(1)
22 22 €4 201 6+(221—|-6+) 21 ’
(D.12)
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obtained by decomposition of S(z21) as a sum over single poles and of Y(z2 + €4) into
positive and negative powers. As a result, we find

= 1 _ y(22+6+) 1 y(2’1+6+) 1 =
Di(z9)D_1(z1)|G,dy=|—P_ S(z + — G,a).
1(22) D-1(21)|G, @) P (221) Vo) Temm V@) el G, d)
(D.13)
Taking the difference between (D.10) and (D.13), the commutation relation (2.6) between
D_1(z1) and D;(z2) is recovered, with the action of E(z,) on Gaiotto states given in (2.10)

by the ratio of ) operators with shifted arguments.

D.2.2 Derivation of the second qg-character
The expression of the second qq-character follows from the consideration of the symmetrized
action (D.10) of two SH® operators inside two Gaiotto states,

(G,a@|qP [D_1(z1) D1(22) + D_1(z) D1(1)] |G, d@). (D.14)

This quantity can be computed either using the right action (D.10) of two operators on
the Gaiotto state, or from the right (3.12), (3.13) and left (3.14) actions of a single SH®
operator. These two possible ways of calculation furnish the following identity:

B R e+ )V ) (D.15)
1 V(e te) V(atey) Lo [ /Y22 +e4)
g2 < V(z2) V(21) >Jr 61€2PZ2 [S( 21)< V(1) >}
o [ (Ve 2
" €1€2PZ1 [S< 12) < V(z2) >} 2y — €

The second line involves the commutator of D_;(z1) with D;(z2) evaluated in the Gaiotto
states average. The same quantity can also be computed by direct right (3.12), (3.13) and
left (3.14) actions on Gaiotto states, leading to a second identity:

-1
1 <y(22+6+) y(21+6+)> _ *LP;P;Q <y(21+6+)y(22+6+)>
€1+212 €1€2

q 1
+ 6 <y(21)y(22)> . (D.16)

Replacing the average of the commutator in the first identity, and introducing the positive
part II(z) = P} Y (z + €4) produces

V(22) V(=)

0= g (Va1 + ex) — (=) V(e +er) — T(2))) + P [S(zm <

P [S (o) <y(yz<+1>+)>] T <y<z1>1y<zz> > ) z%iefzei'

25

(D.17)
This relation implies for the second qqg-character (4.15),
o 2qe1€9
lePz2X2(217z2) =5 5 (D18)
A2 T &
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This is not enough to conclude on the polynomiality of the second qqg-character, because
of the presence of the cross-terms

P2 P xa (21, 22) = <H(Z2) (y(zl+6+)_H(zl)+q5(221)>>

Y(z1)
erea / II(z) (21 + ey)
—q €t <221y(21) (221 + €+)y(z1)> - (D.19)

On the other hand, we know the explicit expression of the second qg-character for small
N, and can use it to deduce the expression of xa(z1,22). First, it is noted that after the
introduction of the orthogonal projector in (D.17), x2 can be rewritten as the average of
an operator Ia(z1, 22)

x2(z1, 22) = (Ha(21, 22)) (D.20)
defined as
Ty(21,20) = — I(21)1(20) + P, [H(zl) <y(22 +eq) + QS;)((Z;;))>]
S(z21) 2ger€9
+PF {H(m) <y(2'1 ter) g Y0o) ﬂ + e (D.21)

At first sight, it is not clear whether this quantity is a polynomial and we had to check it
case by case using the explicit expression of the polynomial operator II(z) given in (4.13)
for N =1,2.

Case N = 1: in this case II(2) is a scalar and can be taken out of the vacuum expectation
values, i.e. (II(z)---) = II(2)(---). Since it is a polynomial of degree one, it satisfies
P7 S(z12)lI(z1) = I(z1) and as a result

(Ha(21, 22)) = —T(z21)(2) + (1) x(22) + (22)x(21) + q2_+ (D.22)

where x(z) is the fundamental qq-character given in (4.6). In this simple case, x(z) = II(2)
which provides the final result

2€1€9

(I2(z1, 22)) = x(21)x(22) + I (D.23)

Case N = 2: in this case, II(2) is a polynomial of degree two that satisfies P¥, S(z12)11(21)
=1II(z1) + €1€2. It follows that

Io(2z1,22) = — I(21)(22) + (1) <y(2’2 +er)+ (]> + Elegi

V(22) V(z2)
(D.24)

F () (Vo en) + L) 4oL 4 g2
DTS ) Ve T
The explicit expression of II(z) deduced from (4.11) allows to show that
M) (Yt )+ 1) +areo—L V=1 D (Zix(z2)) = ——D., D., 2

1 2 T €4 y(ZQ) 61623}(22) _Zinst 21 inst X\ 22 _Zinst 21V 29 Linst -
(D.25)
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with the shifted derivative

D, Zis
D., = (za +¢4) —a®* + ea1e2q0,, x(2) = (ll(2)) = ginbt (D.26)

inst

Using this expression we arrive at
1 €1€9 1
x2(21,22) =(H2(21,22)) = — | D2, D2y + 25— | Zinsts  (IM(21)(22)) = 5—D., D, Zinst »
Zinst Z1g T €L Zinst

(D.27)

replacing z1 = z 4+ 11 and 23 = z + 1o, this quantity is obviously a polynomial in z.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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