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1 Introduction

As far as known nature encompasses four fundamental forces. Three of these, the electro-
magnetic as well as the strong and weak nuclear forces are contained within the standard
model of particle physics. This model is formulated as a Lagrangian perturbative quantum
field theory, with a strong focus on symmetries such as those of special relativity. The
fourth force of nature is gravity. As a theory of nature this is encapsulated in the theory of



general relativity. Although this can be formulated as a classical Lagrangian field theory,
perturbative quantisation of this theory leads to difficulties, usually captured in the phrase
that “the theory is not renormalisable”. Hence perturbative quantisation does not seem
to lead to a consistent effective quantum theory at experiment-accessible length scales:
degrees of freedom at arbitrarily high energy scales which could influence low energy pro-
cesses by the rules of quantum mechanics cannot be shown to decouple. Technically, this
is seen by inspecting ultra-violet divergences arising in loop diagrams within the Feynman
graph approach to perturbation theory.

However, the Feynman graph approach to perturbative Einstein gravity is technically
exceedingly complicated. Starting with the Einstein Hilbert Lagrangian,

Sen = /des/i—gR(g) (1.1)
one expands the metric field (¢g) around a flat background (G),
g=G+h (1.2)

After choosing an appropriate gauge, graviton scattering amplitudes may be computed.
The obtained expressions are generically a complicated mess. This is the result of the
breaking of manifest local Lorentz invariance which is restored only in the final expression.
Although the problem of calculational complexity can be pushed back by roughly a loop
order using the background formalism, it is endemic to off-shell approaches to perturbative
quantum gravity.

The textbook way of approaching ultra-violet divergences in loop diagrams is therefore
an estimate based on inspection of individual terms in the perturbative expression. Under
the assumption there is no cancellation between terms, this gives the overall divergence.
Any cancellation would naturally be associated to a symmetry. The archetypical example
is the computation in [1] of the one-loop UV-divergent terms in pure Einstein gravity.
They found the sum cancels as a consequence of diffecomorphism invariance: there are
no diffeomorphism invariant terms in the Lagrangian which cannot be written as total
derivatives. Terms of this type are loosely referred to as counter-terms. For a long period
the consensus view has been however that Einstein gravity in four dimensions is intrinsically
non-renormalisable and that incurable divergences will set in. At two loops this has been
verified explicitly [2, 3], see [4] for a recent discussion. Adding Poincaré supersymmetry
was originally expected to improve the UV-behaviour to a divergence at three loops.

Starting with [5], there has been a remarkable shift in the canonical point of view for
UV-divergences in especially maximally supersymmetric gravity theories. The generally
accepted view, see for instance [6] for a particularly clear approach, is that these most
supersymmetric theories potentially diverges at seven loops in four dimensions (and at five
loops in five dimensions). Various related results for less supersymmetric theories of gravity
have been worked out. Even more interesting than these explicit results is the structure
that drives these cancellations dubbed “color-kinematic duality” [7, 8].

Color-kinematic duality is a precise statement about the structure of the gravity inte-
grand and its relations to that of a Yang-Mills theory. This had appeared already before
in another guise which is of interest for the current paper. For free fields it is obvious that



spin-two field occur within the tensor product of two spin-one fields. In string theory, it is
known [9] that this observation stretches to the full tree-level S-matrix. Basically, the left
and right-moving modes of the string make up a ‘left’ and a ‘right’ open string contribution
to the worldsheet correlation function. Most of the work is in showing how to disentangle
the integrations over the closed string tree level worldsheet into two integrations over the
left and right contributions and rewriting the result as sum over products of tree level open
string amplitudes. In the limit that the string tension becomes very large compared to the
typical scale of the momentum invariants, roughly o/ — 0, the string S-matrix reduces to
the S-matrix of Einstein gravity, coupled to an anti-symmetric two-tensor and a dilaton
(the other two fields in the tensor product of two spin-one fields). The latter theory is
sometimes referred to as ‘A’ = 0 supergravity’. The S-matrix of this theory inherits its
double copy structure from the string theory. Understanding this factorisation property
of the tree-level S-matrix from a purely field theory point of view has long been lacking.
Color-kinematic duality is one way of making the factorisation manifest on a technical level
in field theory.

However, color-kinematic duality in its current form will only ever confirm the presence
or absence of divergences at a specific, fixed order amplitude (see [10] for an attempt to go
beyond). Even if a divergence is found, this does not necessarily mean the theory is not
renormalisable: there could be a symmetry relating all counter-terms. See [11] for specu-
lation in this direction for gauge theory. A second, orthogonal and so far less influential
way an understanding of a factorisation property in Einstein gravity has been achieved
is through the action, see [12] and especially [13] (see also [14]). In the approach of [13]
general relativity is rewritten to incorporate string theory T-duality at the field theory
level. The result is known as ‘double field theory’ (DFT), see e.g. [15] for a review. Po-
tentially, this is a much more powerful way of approaching the question of UV-divergences
as actions are usually simpler to handle than explicit scattering amplitudes. In this paper
we push development of the double-field theory approach to understanding perturbative
gravity further towards maturity.

This paper is organised as follows: in section 2 we establish our notation and introduce
the double field theory formulation of ‘N = 0 supergravity’. This is followed by a discussion
of the Feynman graph perturbation theory in a covariant gauge in section 3. Of special
importance is the analysis of unitarity in this gauge, which is not manifest. Several explicit
calculations are presented. In the next section, section 4, we introduce lightcone gauge and
work out the propagator in this gauge. Next, we use this to analyse large BCFW shift
behaviour. Although our analysis does not reproduce the full known large shift behaviour,
enough is obtained to show that most of the N/ = 0 tree level S-matrix (including all
scattering amplitudes involving only gravitons) is reproduced by the double field theory
perturbation theory. Some interesting patterns of cancellations are pointed out which hold
for the gravity integrand. A discussion and conclusion sections ends the main presentation.
Of independent interest may be appendix C, which also includes a computation of the
Einstein-Hilbert lightcone gauge propagator, a result we have been unable to locate in
the literature.

A Mathematica notebook available at this url contains many explicit details of the
computations reported here.
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2 Review of double field theory in a flat background

In this section the double field theory Lagrangian describing metric perturbations around a
flat background is reviewed, roughly following [13] (see also [14]). The low-energy effective
action of closed bosonic string theory in D-dimensional spacetime is

S = /dwge—% <R +48;00'¢p — 112H2> , (2.1)

where R is the Ricci-scalar of the metric g;; with “mostly plus” signature, Hyji, = 30);bj4 is
the 3-form field strength of the 2-form b;;, and ¢ is the dilaton field. Moreover, here one ab-
breviates H? = g g7t P H;jpHyq. In principle, this action could be used to compute (tree-
level) scattering amplitudes for quantum excitations around a constant flat background,

9ij(1) = Gig + 955" (@), by(@) = By +05"@), o) = (8) + 6™ (@), (22)
where G;; is the D-dimensional background Minkowski metric again with “mostly plus” sig-
nature and B;j, (¢) are the constant backgrounds of the B-field and dilaton, respectively.
The derivation of Feynman rules in gravity theories such as (2.1) is almost arbitrarily la-
borious due to an infinite number of interaction terms in the Lagrangian. At the same
time, unlike the S-matrix that is protected by what is sometimes called the “equivalence
theorem” (stated in, e.g. [3] and reference [25] therein), Feynman rules and their resulting
individual Feynman diagrams do not have an intrinsic meaning for they change with field
redefinitions. As a consequence, a better choice of field redefinitions can possibly simplify
the computation of Feynman rules and Feynman diagrams. In what follows we will sum-
marise the field redefinitions that lead to such a simplification for (2.1) and also circumvent
the need to explicitly expand the density factor /g in D dimensions.

In [13] it has been pointed out that another equivalent double field theoretical for-
mulation of (2.1) exists with a certain index factorisation property that is guaranteed by
O(D, D) “T-duality”: after a (non-linear) field redefinition tensor fluctuations are described
by a field e;; where i (j) is called a left-index (right-index), respectively, and the Lagrangian
does not have terms with mixed left-right index contractions. The DFT extension [16, 17]
of (2.1) is given in terms of objects &; = g;; + b;; and a density d with \/§e_2‘z> = e 2
that both depend on the “doubled spacetime coordinates” (Z,x). Its action reads

1 ., . 1 . . .
S = / drdz e 24 [ - Zglkgﬂppgkmp&j + ngl (DIEXDEy + DI DEy)

+ (D'dDE;j + D'dDIE;) + AD'dDid| (2.3)
where 3 3 3 3
oxt ]390]- oxt +&y 0z, (2:4)

and indices are raised by the inverse of the symmetric part of £.

'Note that without loss of generality constant backgrounds B;; and (¢) could be set to zero.



As shown in [17], the DFT Lagrangian (2.3) is an extension of (2.1) in that setting
all fields independent of Z*, i.e. o= 0, the two Lagrangians are equivalent (up to a total
derivative which in perturbation theory around a flat background one may safely discard).
For fluctuations e;; defined as follows,

k
1 -1
(‘:ij = Gij + B;j + <<1 — 56 G_1> ) €kj (2.5)

the DFT Lagrangian exhibits the left-right index factorisation [13]. Note that the factori-
sation at the level of the Lagrangian descends to a factorisation at the level of Feynman
rules. The existence of such factorised Feynman rules fits into the KLT [9] picture where
tree-level closed string amplitudes factorize into (sums of) products of two tree-level open
string amplitudes. In the limit o/ — 0 this decomposition descends to one in which ampli-
tudes of (2.1) are given in terms of products of two color-ordered amplitudes associated to a
“left” and “right” Yang-Mills gauge theory, respectively. However, while such relations can
be explicitly checked for low leg numbers it turns out that the KLT decomposition is not
manifest at the level of the double field theory Lagrangian despite the index factorisation.

Subsequently, rather than using the DFT action (2.3) and the non-linear field redefini-
tion (2.5), on a technical level it is even more convenient to use another equivalent action
written in terms of Siegel’s frame fields [18] (his formalism is nicely reviewed in [13]). This
is due to the fact that in expanding (2.3) to a given order in e;; at intermediate steps one
has to deal with interaction terms that violate the left-right index factorisation although
eventually such terms all cancel out. In contrast, it is by construction that Siegel’s action
has manifest index factorisation. Siegel’s Lagrangian reads

1 1 -7
Z’C =— §<I>2Q“b90d (QCdeaMVceaMebNVdegN — MV secrnre s Vaern

ab, M N
+ G%e, Vaeznre VJQBN)

+ BGPG (M Ve gy Vo — €M V,aepns V@) — 2670V, 0V, 0 (2.6)
where
eaVyears = Dyhaz — hygD%hag, Vo® = Doy — hz Do,
e Vaepnr = —Dahiye + hogD%hu, Va® = Do+ hyaDl,
ea™Vieens = Dghae + hggD%hae (2.7)

are given in terms of fields h,; and . The derivatives D will be identified below (after
solving the strong constraint, see also [13]). Furthermore, one has ® = ¢=% = 1 + ¢ and
tangent space metrics

Gab = (Gab) + ha®hue, Gap = (Gap) + hahe (2.8)
whose inverses are given by
G =(9) ' Y (=) ((GKT(G) )" (2.9)
n=0



and similarly for G. Unbarred/barred “tangent” indices are raised or lowered with metrics
Gab, Ggp, - - -, respectively. Note that in this formulation the only infinite expansions arise
from metric inverses. Again, the equivalence of the two theories holds only up to total
derivative terms in the Lagrangian [13]. However, since we aim at describing scattering
amplitudes in a flat background, such total derivative terms are eventually irrelevant due
to momentum conservation.

In order to establish the connection between the actions (2.6) and (2.3), objects with
“tangent” GL(D) x GL(D) indices have to be translated to ones with “world indices”.
Furthermore, we are free to choose the SO(D, D)-frame in which fields do not depend on
the extra coordinates #‘. Based on [13], we thus arrive at the following dictionary:

1

haE — €ij , haE — — Zeij s
1 1
(Gap) = —2Gij,  (Gg) —2Gy, (G — — 3G (G — 3G
1 . _ 1 .
D, — 0;, Dz — 0;, DY — — 581, D — 58’. (2.10)

In these replacement rules the order of indices is preserved in that a first/second index
remains first/second and, hence, the manifest index factorisation in (2.6) descends directly
to the equivalent DFT Lagrangian (2.3) (e.g.: D*h"Dghy: — $0°e7*0;e5).

3 Perturbation theory: covariant gauge

The recipe for the computation of scattering amplitudes from a given Lagrangian is con-
tained in the LSZ formalism. This instructs one to compute a time-ordered correlation
function of fields, denoted G(1,2,3,...), amputate the external propagators and take the
limit in which the momentum of the participating fields are on-shell, e.g.
A(1,2,3,..) =[] lim_G(i,4)7'G(1,2,3,...) (3.1)
i Pi—m;

Behind this recipe is a careful analysis of the degrees of freedom contained in the off-
shell fields of the theory. For double field theory, just as for any theory with a local gauge
invariance, an ambiguity arises as there are more degrees of freedom in the off-shell fields as
there are for the on-shell field content. Hence one should carefully specify the prescription
for the external fields.

To compute the needed correlation functions in the specific example under study, one
first expands the DFT Lagrangian using (2.6) and (2.10) to a given order in e;;. The kinetic
terms in the Lagrangian® read

L) = Zel M, e, + e 0;0,p + pd'de;; — 4pd i, (3.2)
1 J j J

where
i = 670700y, — 07 0,0™ — 67 0;0™ (3.3)

2For convenience, we multiply the Lagrangian from [13] by an overall factor of 4. Also note our convention
that a derivative always only acts to the field immediately to its right.



After adding the gauge-fixing term of [13] that in terms of “world indices” reads
1 . o .
Lgauge-fixing = Zejk (8k8"5;-” + 0;0™0}) emn + 207 pd'eij — 20' 00,0, (3.4)

one obtains )
£(2) + ﬁgauge-ﬁxing = Ze”akakeij — 200" 0;p (3.5)

from which the propagators can easily be derived. Note that the kinetic term of the field ¢
has the wrong sign® which after quantisation would lead to ¢-excitations of negative energy.

The existence of this negative energy excitation is reminiscent of the time-like compo-
nent of the vector boson A, in QED (or more generally Yang-Mills theory). The unphysical
part of the excitation connected to ¢ must never be produced in a physical scattering pro-
cess. In Yang-Mills theory this is guaranteed by gauge invariance. The story in double
field theory will turn out to be more intricate, see below in subsection 3.3.

The cubic interaction terms are (subsequently, if not stated differently all indices are
“world indices” despite using letters from the beginning of the alphabet)

Eg’o)@ =— @(8jeij(9iga + 8ieij8j<p) — 461-]'31908]'@,
1 1 -
ﬁé?éza :itpaxeabayechladexy + §€ijaxeabay<pT2abU$y )
1 y
L) :Zeijaxeabayech; bedijry (3.6)

where the following spacetime tensors are defined in terms of the background Minkowski
metric tensor Gi;.

bed bd bd by ~d
TPt = GWGMG — GUGMIG™ + GGG
” bi i bi i b by
T3 = GYGY G + GGPIGY + GUGT G + GGG
Té’«deijny — GachdGiijy _ GaideGca}Gjy _ GachdeJ:Giy (37)
Note that cubic interactions of the form ¢ are absent.
As to quartic couplings we will furthermore explicitly give the h* (e*) terms as well
as the ones with h3p (e3p) because these are the ones needed for explicitly computing the

tree-level amplitudes with up to five physical legs. Since they are not given in [13] we first
also give their expression in terms of “tangent indices”:

5 = 2(— hee Do aehT DER 4 e D*hech® Dph® — heaD¥hoeh*D pht
+ Dz Dah®hezh® — Dyhoe D hhgz + DehazDh*hh, ;
— DR Dyhyghesh + DehaszDhYh*hys — Dohoz DR hoC hys
+ DahazD?h®h%h 5 + Dahae D h*heh, ; + DahagDEhbah“éhbé) (3.8)
L5y = 89— heaD*hasD*h® — hae DW D + hee Dhae DR
- 4Degp(ha5heaDBh“E + hash®D?h_; + hthel;thaE)

. 4Dé<p<haéhb5Dbh“E 4 hhee D hog + hagthDahbg) (3.9)

3The spacetime metric has signature (— 4 ... +).



In terms of “world indices” one finds:

1 bedefgh
), = EeabaxecdayeefeghTZ cdefghay (3.10)
and ) .
bed bed
L, = — 5 Ozeapdyecicer I A 10uP Oveareeacer Fy efoy (3.11)

with the spacetime tensors

beCdefghxy _ GangcheGdthm + GachdefGegGhz + GabedGcerhGga:
_ GabetheGdnga; + GabethngfGea: _ GangcheGthacy
+ GangchdehGex o GaethGchdfoy + GaethchGdng:r
+ GangcheGdyGh:c + GangcheGthfx + GaethGchdyGfx ’ (312)
Fladeefxy =GeeHGeEGlY + GG (Gbdef — deny>
Fytedely - queghger gl 4 quegh el G + GG GG
+ GG GUGT + GG GTGY + GUGM GGV (3.13)
Note that despite transferring unbarred and barred “tangent indices” to “world indices”,
the factorisation property of the DFT Lagrangian — first indices of the e;; are never
contracted into second indices of the e;; — is maintained. Furthermore, we double-checked
the quartic e couplings in (3.10) by directly expanding the DFT action (2.2) of [13] around
a constant background and using the non-linear field redefinition (2.12) of [13].
As to quintic couplings we only need the h’(e®) interaction terms for the explicit

computation of the e® scattering amplitude. In terms of both “tangent indices” and “world
indices” one finds

&) = 4<h€@hiahi5Deha5D5h“5 + heahi®h,7D%hazDh® + h s hh? Dh Dahyg
+ h9hgh Dohye Deh™ — hogh®™hee DR D hye + haeh®h g DR Db
— heeh®h g DhazD o + h®hish' Db, Dsh — hcéhiéhid—Déh@DChaJ) :
(3.14)

which yields

5 1 .
ﬁis) = EeabecdeefazeghayeijT;deefghwxy (315)

with the spacetime tensor
TPl = GEiGee GGG G+ GGG GGG — GGG G GG
. GgadeGceryGth’ix o GgiGaijcheGthfy
+ GgiGaa:Gbchedoth _ GgiGawachedoGhy
— QUeGieGh gergiighy — gIeG GGG Gt (3.16)
The Mathematica notebook at this url can be used to further expand the Lagrangian,
as required.
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3.1 Feynman rules

From the aforementioned terms in the Lagrangian we can read off the following Feynman
rules. The propagators for internal lines with momentum p read

¢ i
4p2’
. e 21
ij ——————— mn ——=GimGijn . (3.17)
p
Here, vertices are always defined with outgoing momenta labelled k1, ko, ... and e-legs are

labelled with their two spacetime indices in order to distinguish them from ¢-legs. The
cubic vertices read:

ij
k1 07,7 covind o 1i1d
. —2iki kI + i (KK + kikD)
2 ks
ab
i bed bed. dab dab
I O
> k3 bedx dabx
ab
k _1. (klzk2y (T;deijxy + T;dabijy:c N T;bijcdxy N T;dijabyz
! 4
ko ks 7T§jcdabxy o ngabcdya:) — kly(Tgbijcdmy n Téjabcd:):y)
cd Z] _k2xk2y (Tgcdijabwy + ngcdabzy)) )
(3.18)
The e*-vertex is
ab gh
i ~ - .
kl k4 _E (kkagnybcdefghwy + k2m k4yTZ,bcdghefmy + kgmk4yTZbefghcda:y
k ~ - -
’ k3 + Kooy T AAIMY 4 k) oy, TdabS oMY | o) e Tredabohe fmy)
cd ef
given in terms of
szcdefghxy _ Tizbcdefghxy + Tfhcdefabry + szefcdghy:c + Tfhefcdabyx ) (319)



Vertices for the e3p and e’ interactions

ab
ab kq
ey by cd > e (%
ko
k3 kig k4
cd ef ef gh (3.20)

are not given explicitly but they can be found in the Mathematica notebook at this url.
They have 54 and 1080 terms, respectively.

In the computation of the tree-level e*-scattering amplitude it is advantageous to
simplify already the cubic vertices e?¢ and e by using (A) momentum conservation in
order to eliminate the dependence on what is to become an internal momentum and (B)
transversality of the polarisation tensors, £7k; = £% k; = 0, at each future external leg.
While these manipulations drastically reduce the number of terms in the e*-scattering
amplitude, at this stage from just the DFT Lagrangian it may not be directly clear why
transversality is expected to hold given that the gauge symmetry is of a completely different
kind and, hence it is not immediate that ordinary Ward identities should hold. On the
other hand, we know that the DFT Lagrangian is physically equivalent to the low-energy
theory (2.1) of the closed bosonic string where the transversality must be invoked owing
to conformal symmetry on the world sheet. This issue is resolved below in subsection 3.3.

Taking transversality as a given for now, one finds

abon
kl ikl . kQ Gachd s
ks A ks
chn
ab’? »
" ; <2k§kfc;mc;bﬂ — KK GUOGY — ISR GUIGY + 2kS kG G
ko by —K3kEGOGY — k3R] GM G — 2k kS G GY
+hSE GUGY — 2k5R{GYT G + kK5 GG
cd™ 17

TR GMGE — KR GO GM 4 KgRL GG — Rk GoeGM )
(3.21)

Note that the e-vertex with four on-shell legs only slightly simplifies by means of momen-
tum conservation. It consists of 132 different terms.

3.2 Explicit amplitudes at tree level

3.2.1 DFT tree-level 3-point amplitude and KLT

We have already stated that ¢-scattering should not occur in order to avoid energetic
instabilities. In what follows we will give another reason: one can see already in 3-point

~10 -
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amplitudes that setting external leg factors for ¢ to zero is indeed required since the
tree-level e3-amplitude is precisely the KLT 3-tensor amplitude while the “ep?-amplitude”
would otherwise be non-zero. In other words, the complete tree level S-matrix of N' = 0
SUGRA at three points is contained in the e3 derived amplitude.

To amplify this point, the tree-level would-be scattering amplitude for ep?-scattering
derived from direct application of the LSZ formalism is

Acgr o €9 (k)¢ (ko) (ks ) kaikag | (3.22)

which for arbitrary kinematical configurations vanishes only if the external leg factors
¢ associated to ¢ vanish. Furthermore note that e?p-scattering vanishes due to special
kinematics. As to e3-scattering, using momentum conservation and transversality one finds

Ags = AL € (k1) Eealka)éep (ka)
x ( — 2k3KGCGY + 2k5kS G GY — K kS GGY + KSksGaeGY
+2k3 RGP G — 2kTK{ GGV + KRS GG — kiks GG
—kSk] GYGee + kS$k] GO GY 4 5k GGY + k$k) GMGee
KSR GEGM 4 KSR GG a1 )Eea (Ra)er (ks) (3.23)

which up to an overall constant equals the KLT expression,

(g 1,2,8)) " (AP (1,2,8)) " s (ba)ecalho)eg k) (3:24)

with the partial Yang-Mills theory amplitudes defined in appendix D. Implicitly, here we
also used the KLT relation for the polarisation tensors

Eab(k1) = Ea(k1)Ep(K1) - .. . (3.25)

An obvious consequence is that the e3-amplitude satisfies the usual Ward identities,

kra AT € (ko) Eer (K3)
Kb AZ;?Cdeffcd(b)Sef (ks3)

(cf. appendix B). In what follows we will always use ((k) = 0 for external leg factors.

0,
0, (3.26)

This naively breaks perturbative unitarity: there are graphs with ¢ exchange and non-zero
residues for six points and above. This issue is resolved in subsection 3.3.

3.2.2 DFT tree-level 4-point amplitude

The tree-level e*-amplitude is given by the e-vertex as well as e and ¢ exchange diagrams,

¢ ¢ (3.27)

- 11 -



where spacetime indices are suppressed. In our representation it consists of 669 terms.
Using transversality of polarisations and momentum conservation it can be written as the
KLT expression in terms of partial Yang-Mills amplitudes defined in appendix D,

At = AL () Eoa () ey (ks )Egn (Ka)
oc s (AR (1, 2,3,0)) " (AR, 2,0,3)) " (kR kg (k).
(3.28)

wher s = (k1 + k2)? is the Mandelstam invariant. As a consequence, the Ward identities
are satisfied. In fact, in the DFT representation,

Ky Aabcdefghé.Cd(kQ)gef(kg)gg (ka) = kbAcdefghgc (k2)€er(k3)Egn(ka)
bty AT () p (K (ka) = RS AT €q(Ro)op (hs)egn (k) (3.29)

which due to transversality vanish upon contraction with & (k1), £,(k1), respectively. Note
that it is due to (3.21) that no poles arise from ¢-exchange.

3.2.3 DFT tree-level 5-point amplitude

The tree-level e>-amplitude has been computed from the following 81 Feynman diagrams.

<
<

J J
5
22 S3DY —
i= 1]<k’jk’7éz = 1j<kjk7é7,

Here, i,j,k € {1,2,3,4,5} label the legs while their spacetime indices are suppressed. The

(3.30)

factors of % compensate for summing identical Feynman diagrams. In our representation
the e’-amplitude is given in 127.920 terms. Note that internal ¢-lines always connect
to a three-vertex with two on-shell external e-legs. Hence, due to (3.21) no poles arise
from ¢ exchange. This is no longer true in the case of the e®-amplitude and beyond. We
numerically checked that the Ward identity is satisfied.
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3.2.4 On higher points

From the above computation it is easy to see that in the perturbative computation using
the double field theory, although much more efficient than the Einstein-Hilbert Lagrangian
complexity still increases drastically with increasing numbers of legs. Although we have
searched hard for a organising principle of these Feynman graphs into a sum over squares
of Yang-Mills amplitudes as is known to exist from the KLT relations, we have been unable
to find one. We interpret this to mean that the double field theory action does not make
color-kinematic duality manifest - at least not in this form. It would be very interesting to
find an organising principle. This also means that the motivation to push for higher order
results is lacking, although our Mathematica notebook at this url allows one to push on
using Feynman diagrams, if a motivation would be found.

3.3 On-shell gauge invariance in double field theory and perturbative unitarity

The analysis above leaves several issues to be resolved. One is the proof of transversality:
that polarisation vectors have to be orthogonal to the momentum,

ki € =0 (3.31)

A second issue is the on-shell gauge invariance of the theory. Both are closely related to a
third issue: the question of perturbative unitarity.

Starting with on-shell gauge invariance, what is needed is a direct proof in DFT that
replacing one polarisation vector for the e;; fields by its on-shell momentum makes the
scattering amplitude vanish. As a warm-up it is useful to note that even in Yang-Mills
theory the derivation of ‘transversality’ involves the gauge transformation only indirectly.
One considers there instead the Schwinger-Dyson equation for a single off-shell gluon field,

(Ou " X) [1sz= 0 (3.32)

where X stands for the other on-shell legs. Isolating the single particle pole in this expres-
sion which survives LSZ reduction and dropping the contact terms of the other fields in
the correlator which do not have single particle poles in their momenta allows one to only
consider the linear term,
(P*AY — p"puA") X)|Lsz= 0 (3.33)
Moreover, the first term will also not contribute a single particle pole. Hence, for non-zero
momentum, on-shell gauge invariance or transversality for Yang-Mills scattering amplitudes
follows.
In the double field theory this derivation can be repeated, with minor modifications.
The starting point is the Schwinger-Dyson equation for the ¢;; field that follows from (3.2)

1
<<2Mijmnemn + 28i8j<p) X> {LSZ: 0 (3.34)

where all terms with multi-particle but not single particle poles in the off-shell leg have
been eliminated. Now contract this field equation with &, the polarisation vector of the
off-shell leg. Then, all terms proportional to p; will get cancelled and we obtain

((€'Peij) X)|Lsz=0 (3.35)
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Choosing to contract equation (3.34) with &/ leads to the conjugate result. The upshot of
this simple analysis is that scattering amplitudes computed with the double field theory
action will obey on-shell Ward identities.

Actually, there is more information in equation (3.34). Contracting this with momen-
tum p’ and pushing through the derivation gives

((r'Pes;) X)|Lsz=0 (3.36)

Finally, consider a vector ¢ such that ¢ - p # 0. Then, contracting with ¢’¢’ gives after
dropping terms which do not survive the LSZ limit,

((¢'P'es; +2(q - p)¢) X)|Lsz= 0 (3.37)

Equations (3.36) and (3.37) play a crucial role in proving unitarity of the DFT in the
gauge employed in this section. Consider for this the residue at the pole of an internal
propagator. This residue can, in the employed covariant gauge, be written in terms of
correlators as

Res = hgo —1/2(X1ei)p*p*(e? Xg) + 4 X o) p*p*(p XR) (3.38)
p?
Here the X7 and Xp stand for the remaining parts of the correlators. Note the numeric
factors are a results of the non-standard normalisations of the propagators. This is almost,
but not quite, the LSZ computation for the scattering amplitudes on left and right hand
side. The difference is the metric contraction, which needs to be rewritten into sums over
polarisations. By completeness using polarisation vectors £ in a lightcone gauge specified
by a lightcone vector g,
mij = (Z&@) + B TPt (3.39)
p-q
holds, where the sum ranges over all polarisations. In Yang-Mills theory in Feynman-t
Hooft gauge, the second term drops out by on-shell gauge invariance. Using this formula,
one can swap metric contractions for sums over polarisation vectors. Using equations (3.36)
and (3.37) it follows that equation (3.38) gives

Res = lim ~1/20X,6,)0 ( 3066 ) (L e7¢ ) lewXi) (3.40)

p2—0

which reduces to left and right scattering amplitudes computed using only the ‘e;;’ fields.
The minus sign of the ¢ propagator is crucial to make this happen!

The analysis shows that if scattering amplitudes are computed using only the ‘e;;” fields
and LSZ on the outside legs, the residue of internal propagators also only involve scattering
amplitudes calculated using this prescription. The ¢ is therefore a ghost field, designed to
kill off an unphysical degree of freedom. Novel is that this ghost field contributes already
at tree level. We are not aware of a similar type tree level ghost field. The same analysis
applies to residues of cut loop propagators. This saves perturbative unitarity in this gauge:
only physical residues appear.
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Finally, let us study transversality: the property that the polarisation vectors must be
transverse. As was shown above, in the covariant gauge the propagating degrees of freedom
which appear as residues of kinematic poles are the transverse modes only. Hence, the mode
pu&t is not a physical degree of freedom and must be eliminated on physical grounds. More
prosaically, if one leaves it in, one obtains non-gauge invariant quantities: for instance, the
three point function computed in the covariant gauge would give a different result to the
three point function computed in the lightcone gauge explored below.

3.4 String corrections in double field theory: local contributions

A question which has been attracting some attention recently, e.g. in [19-21] concerns string
corrections to general relativity, written in double field theory language. In this context
we note that a computation which becomes straightforward once unitarity is resolved is to
construct certain terms in the Lagrangian which correspond to ‘local’ scattering amplitudes.

Consider for instance the first correction to the closed type II superstring effective
action,

~ (a/)?R* (3.41)

which is a certain contraction of the Riemann tensor [22]. These terms in perturbation
theory will lead to a plethora of Feynman graphs: at order (/) these contain a single vertex
from the above Lagrangian, dressed with Einstein-Hilbert-generated graphs. However for
four point amplitudes, and for four points only, this particular term only contributes a local
Feynman graph: one without internal propagators. For terms of this type the connection
between Lagrangian and amplitude is most direct. Similarly, a R™ type term, perhaps
accompanied by derivatives, will contribute locally to a n-point amplitude.

Locally-contributing terms in the Lagrangian can easily be written down in the double
field theory. The key observation is that in lightcone gauge, one only needs to consider
terms which are a function of e”. Hence to reproduce the four point scattering amplitude
of four gravitons sourced by the term in equation (3.41) for instance, one can use the
known form

ijkl bed
Ly gravitonst = T ImreRe €1,ia€2,jb€3,kcC4,ld (3'42)

where the tensors T are defined for instance in [22]. In fact, all superstring four point
scattering amplitudes are of this form. Hence, the right hand side of this expression forms
the complete four point, all e interactions of the double field theory. Of course, there can
be more four point terms in the action involving at least one ¢ field. These will however
not contribute to the scattering amplitude as they do not have single-particle poles.

In terms of the useful IIB on-shell superspace [23] the IIB string amplitude in a flat
background can be written as

AD=10 _ SO(K)6(Q) [(a/s+1)T(d/t+1)T (u+1)
4 stu F(l—(a/s))T(1— (/1)) T (1 — ()|’

(3.43)

Here the supersymmetric delta function contains all the dependence on the polarisation
vectors. Its details are unimportant; what is important here is that all o/ corrections to
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scattering have a universal form. They are momentum factors times a universal Lorentz
structure. Hence,

[e.e]

Ly gravitons+ = T Ty 09 jv€3 ke€aia Z @i 555} (3.44)
i=0=j
where
59 = (o)?(s* + 12 + u?) s3 = (/)3 (s3 + 13 +ud) (3.45)

are the two completely symmetric basis polynomials which generate all symmetric polyno-
mials of the usual Mandelstam invariants, up to momentum conservation. Here the notation

s (e1a€2me3cead) = 2 (Oue140"eapescesq) (3.46)
t (erae2pe3cesd) = 2 (€1a0u€20" €3.€44) (3.47)
u (e1qeapescesd) = 2 (Oueiqan0*escesq) (3.48)

See [24] for an explanation as well the extension of this too higher points. The expansion
coefficients a;; can be obtained to high order easily.

It will be interesting to see what extra information can be obtained from the double
field theory action by comparing to the string theory scattering amplitudes. At the very
least, the lightcone gauge offers a very direct way to verify if conjectured actions satisfy
basic consistency with string theory. However, the just derived expressions would only be
obtained after implementing the (correct generalisation of) the strong constraint.

4 Perturbation theory: lightcone gauge

There are several motivations to study lightcone gauge in the double field theory. First and
foremost, in lightcone gauge typically only physical degrees of freedom propagate. This
usually facilitates a more direct comparison between amplitudes and actions. Lightcone
gauge can also be used to study large BCFW shifts of the gravity integrand, which will
lead to a proof that much of the tree level S-matrix of N’ = 0 supergravity is reproduced
by the DFT. Interestingly, the proof holds for integrands as well.

4.1 Lightcone gauge propagator in DFT

Surprisingly, we have been unable to locate an expression for the gravity lightcone gauge
propagator, not even for the usual Einstein-Hilbert action. As indicated in appendix C, the
most naive extension of the usual derivation technique of the propagator through currents
fails as the resulting system of equations does not have a solution. This is a consequence
of the fact that not all components of the current are needed. Below we show how to
circumvent this problem in DFT by adopting a special set of coordinates. In the appendix
the same analysis is applied to the Einstein-Hilbert action.

The free double field theory action, after imposing the strong constraint reads after a
partial integration

1 . o
L= €45 (4MUM) ekl + 2@818762']' — 4y (4.1)
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where
MUK — pikpilgmg - pikgigl _ pilgigh (4.2)

As usual, computing the propagator comes down to inverting the quadratic part of the
action in one form or the other. To obtain a well-defined inverse, a gauge must be chosen.
Here we choose the following variant of the lightcone gauge,

qihij =0= qjhz-j (43)

Note that in gravity often a slightly different choice is made which basically amounts to
qihij o ¢; and its natural conjugate, see e.g. [25]. In that paper the focus however is on
deriving the lightcone Lagrangian, by integrating out non-propagating modes. Although
this would be interesting to pursue in the double field theory language, here we opt to focus
on the lightcone gauge propagator, for which equation (4.3) is more convenient.

To begin, define the projector on the space orthogonal to ¢ and p

. . bJ 5d
R =g - L GPT (4.4)
q-p q-p
where
p?
p; = Di — %Qi (4-5)

is a massless vector by construction. Note that
Rinjk = R;* (4.6)

and
PR =pjR’ = ¢'R’ = ¢;R’ =0 (4.7)

The following completeness relation holds,

b 4 b,j
¢’ L P J

q-p q-p
Using this, one can write for the field h in lightcone gauge,
hii — RERR k 9 R 4 1 bkp, 4i9; bk, il
ij = Ri"Rj"higy + R ——hip™ + ——R;'p""hygy + ——5p"" hiip (4.9)
q-p q-p (¢-p)
The action of M on this can be computed to give
MUk, = (l’%ikl’iﬂhm)p2 — iji’khklpb’l — piRﬂpb’khkl + (¢ - containing) (4.10)

where the unwritten terms with a remaining ¢ vector with either on ¢ or j index will
contract in the action with a field which is orthogonal to this vector in both indices. This
can be inserted into the Lagrangian to obtain

1 o o o
I = Zhij (leR]lthPQ — YRR — sz]lpb,khkl> i 2(ppb,khklpb,l — 4p?p? (4.11)
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For convenience, define
hgi = RikRﬂhkl hk = hklpb’l Bl = pb’khkl h = pb’khklpb’l (4.12)

Importantly, these are independent quantum fields as long as one is careful not to con-
tract any remaining space-time indices with either p or ¢q. In these coordinates, the La-
grangian reads

L= ihT,Z-ijh;Z - ihkh’“ — %BJL’ + 2ph — 4¢? p? (4.13)

where one should include the restricted metric R;; to perform any index contractions.*

This form of the Lagrangian makes the computation of the propagators almost trivial,
except for the correlators involving h and ¢. For these it is easiest to introduce sources
into the Lagrangian first,

L'=2ph —40** + Jh + K¢ (4.14)

and compute the generating functional for the correlation functions in the standard way.
For this one shifts the fields ¢ and h such that the linear terms in these fields vanish. This
requires one to solve the equations of motion,

204+ J=0 2h—8pp* +K =0 (4.15)
which yields
@:—%J h:—%K—QJpQ (4.16)
The Lagrangian then contains the following quadratic terms in the sources
L= —%JK — J*p? (4.17)

The correlators of the h and ¢ fields simply follow from this by functional differentiation.
This leads to the following list of non-vanishing correlators,

(hrijs hrg) = —;Rikle (4.18)
(hi, hi,) = 2R, (4.19)
(hy. i) = 2Ry (4.20)
(hp) =—1/2 (4.21)
(hh) = —2p* (4.22)
These results can be translated back into the original variables, yielding
(hijp) = —% (qqf%g (4.23)
(hij, hat) = _pQQRikle + 2R (qq7(£)2 +2 (qqf%)szl - Zq(flf;]j)il (4.24)

“In effect, this is simply the Lagrangian in terms of ‘lightcone’ indices (4, —,47). In this language, R;;
is the metric in the transverse space, trivially embedded in the D-dimensional space. The advantage of the
current expression is its manifest covariance.
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By re-expressing the projector R in terms of p and ¢ the latter correlator can also be

.2 iPk + QiDi 2PL + aip;
(hij, hi) = _lﬁ <771;k - M) (77]‘1 - (4.25)

written as

q-p q-p
whose numerator is simple the square of the numerator of the usual Yang-Mills lightcone
gauge propagator. Hence, in lightcone gauge, the double field theory two point function
obeys a direct form of color-kinematic duality. Note that the lightcone gauge propagator
in Einstein-Hilbert gravity, derived in appendix C, does not have this property.

Note the absence of a (pp) correlator or a pole in the (ph) correlator: in lightcone
gauge the ¢ field does not propagate and it is purely an auxiliary field providing contact
interactions in perturbation theory in this gauge. Hence the only source of single-particle
poles is in the (h7j, hr ki) correlator. Therefore these fields carry all the physical degrees
of freedom. Since these are effectively D — 2 x D — 2 tensors, this is consistent with the
generic expectation that in lightcone gauge only physical degrees of freedom propagate.
Stronger, in the absence of un-physical singularities associated with the factors of ﬁ in
loops, the perturbation theory is manifestly unitary to all loop orders. Potential singular-
ities from the ﬁ factors would be regulated in practice using the Mandelstam-Leibbrandt
prescription, see [26].

In practice, when computing a scattering amplitude in this gauge, one should insert h;;
fields on the external legs as these are the only fields to yield the single-particle poles needed
for a non-trivial LSZ reduction. Hence in this gauge one can reduce the residues at poles
directly to strict h correlators, in contrast to the Feynman-'t Hooft like gauge explored
above where the Schwinger-Dyson equations were needed. We have verified explicitly that
with the above lightcone gauge propagators the four point amplitude is correctly obtained.
In fact, the computation even works without the lightcone condition on ¢ which would
correspond to an axial-type gauge.

4.2 BCFW on-shell recursion: general setup

As in [27], we set up the BCFW on-shell recursion [28, 29] for scattering amplitudes in
(D > 4) spacetime dimensions as follows: we analytically continue the momenta of leg 1
and 2 such that they are kept on-shell and momentum conservation is maintained, i.e. the
BCFW shift is taken to be

k1—>l§:1:k1+qz, kQ—)]%QZkJQ—qZ, (4.26)

for a ¢ with ¢ - k12 =0 and ¢?> = 0 and a complex parameter z. Without loss of generality
the D-dimensional momenta of leg 1 and 2 can be chosen to be back-to-back,

ki = (1,1,0,0,0), ko = (1,—1,0,0,0) (4.27)

and ¢ = (0,0, 1,2’,6) must necessarily be complex. In order for the e-polarisations £ to
remain transversal to their momenta, they need to be analytically continued too. For legs
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1 and 2 the shifts for the polarisations are given by (3.25) and
§ (k) =& (ko) =q— & (k1) =P (ko) = q,
(k) = q" = £ (k1) = ¢" — 2ha,
£ (ko) = ¢" = & (ko) = " + 2k,

€ (ky) = €7 (ko) = €7 (k1) = €7 (k2) = (0,0,0,0,...,1,...,0), (4.28)

with SO(D — 2) little group indices {—,+,T'}. Using on-shell gauge invariance, the z-

e

independent polarisation vectors result in % suppressed contributions. Given an ampli-
tude A, let A denote the analytically continued amplitude obtained after the shifts (4.26)
and (4.28). Then the BOFW formula reads®

T A A A
A= - S dz = Z Resz:m; + Resz_mo; , (4.29)
where one sums over all subsets I C {ka, ..., k,} of the set of external momenta (excluding
k1) such that
2

(Z'el kl)
2 = ~=————"— € C\{0 4.30
25 ki d \{0} (4.30)

is non-zero. The BCFW recursion for an e"-amplitude A is possible if the residue at infinity
n (4.29) vanishes. As derived in this form first in [27], the large BCFW shift behaviour,
z — 00, gives

. 2¢ F mk 1 mk 1 nl 1 nl 1

i AG) o b (17 + 1870 (5)) (42540 (5)) @a

Z—+00 z z z z
where the tensor B is antisymmetric in its indices. This takes the form of the square of the
behaviour of two Yang-Mills amplitudes and guarantees that for any helicity on legs 1 and
2 a BCFW shift exists for which A(z) ~ Z% This proves the existence of BCFW on-shell
recursions relations. If this behaviour can be proven for the DFT Lagrangian, then the
S-matrix must coincide with that of Einstein Hilbert gravity by unitarity since the three
point amplitude agree. Before investigating this in more detail let us first discuss BCFW
on-shell recursion for the e* and e®-amplitude.

One explicitly finds that the amplitude

ASTT = AT e (e )& T (K)o p (Ks)Egn (Ka) (4.32)

scales with 1/2? as z — oo and thus the residue at infinity in (4.29) vanishes. Hence —

in the absence of ¢-poles — A;f++ can be expressed in terms of analytically continued

e3-amplitudes:

J— a ef _— QZszG n C mn
AT = ARTOELT () o) == A (o ()|

__t
T 2kg0q

abghij f—— /7 *QszGn cdefmn
AL ) Egn ) IS (g (ha)| - (433)

T 2k3-q

‘JHere j; = 27” fzzo and the contour around z = 0 is anticlockwise.

—90 —



Pictorially, this is

AT = Z ¢

1=3

U . (4.34)

== 2k;-q

Note that in (4.33) the e-propagator as in (3.17) appears. Other helicity configurations
can be checked analogously.

We also checked numerically that the large-z scaling for the AE_S_++ amplitude defined
analogously as in (4.32) is again 1/22. Hence this amplitude can be computed by summing
over the residues of the following 6 channels,

1—— 5++ 5++ 1——

S14 . = S24

ia ’ TR (4.35)

4.3 BCFW on-shell recursion: large BCFW shifts in DFT

To verify the S-matrix generated by the double field theory, one can try to verify that the
large BCF'W shift behaviour of the tree level scattering amplitude reproduces the known
result (4.31). More generally, one can try to prove a similar result for the loop level
integrand, in order to verify a conjecture in [10] that the integrand can, in principle, be
reconstructed from its single cuts. The technique to be used below is the same as applied
to Yang-Mills theory in [10]: consider the Feynman diagrams in the natural lightcone
gauge specified by the BCFW shift vector. The usefulness of this gauge choice was first
advocated in [27].

The Feynman diagrams split into two categories: those where the two shifted legs
appear on a three vertex and those where this does not happen. The reason the three-vertex
case is special is that the momentum flowing through the off-shell leg of these Feynman
diagrams is orthogonal to the shift vector: ¢ - (k1 + k2) = 0 and therefore the lightcone
gauge choice ¢ is at face value illegal for this class of Feynman graphs. As explained in [10]
for Yang-Mills theory, this class of diagrams can be treated by first imposing a lightcone
gauge choice using the vector ¢ = g + xk1, and then sending x to zero.

For the case at hand, there are three Feynman graphs with the shifted legs connected
to the three vertex: one with a e? propagator and two with the mixed propagator ep. Since

q- (k1 + ko) = x(ky - k2) (4.36)

both propagators have up to a second order pole in . This is however a fictitious pole:
gauge invariance of the overall expression ensures that the full result is independent of
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the gauge choice used to compute it. First consider the graph with the ¢ field off-shell.
The vertex with two on-shell e fields is listed in equation (3.21); it’s structure, “cc 2917,
confirms to equation (4.31). Taken together with the @e propagator this contribution is
proportional to

¢"¢

acbd 577 7.8 4.37

where the indices k, [ are contracted into the vertex the propagator connect to (this is not
the three vertex which the shifted legs connect to).

The vertex with two on-shell and one off-shell e field is special. Since in the on-shell
limit this reproduces the three point graviton scattering amplitude, it’s structure is very
closely related to the ‘square’ of two Yang-Mills vertices. In fact, the difference of the
product of two three point Yang-Mills vertices with one off-shell leg and that the DFT
three point vertex with one off-shell leg is:

(DFT)3 — (Y M)3)? = —4(ky + ko) (k1 + k2) Tacnpa (4.38)

Here a,b and ¢, d are the indices of the shifted legs and i, j are the indices of the off-shell
leg. When contracted into the ey propagator, this is a pure, z-independent contact terms
whose structure is “oc 2%71”. When contracted into the ee propagator, the propagator

almost vanishes, leaving
k|l

RPN pp— . — 4.39
X Aol 15 ) (4.39)

The remaining terms are simply the square of the Yang-Mills result in the large z limit,
written out explicitly in equation 2.12 in [10]. This follows since the vertex is basically
such a square and the ee lightcone gauge propagator in DFT is concerning its numerator
the square of the Yang-Mills result. In all, this shows that the three point contribution to
the large z limit in DFT is exactly captured by the known gravity result, equation (4.31).

Let us study further classes of diagrams contributing to the large z behaviour. There
are two sources of positive powers of z which are always accompanied by the gauge choice
vector q. These two sources are the lightcone gauge propagator as well as the vertices
themselves. Both come maximally with one power of z, but many graphs contribute at
this order. Note though that both of these two sources of positive powers of z are, in a
real sense, orthogonal: the positive power of z in the propagator comes with four ¢ vectors
which contract into the vertices. Since this vector should not contract into another e field,’
for maximal contribution these should contract into the momenta of the vertex. Hence,
the two positive sources of z’s are orthogonal.

4.3.1 DFT S-matrix from on-shell recursion

Note that this is enough already to prove BCFW on-shell recursion at tree level for a large
class of scattering amplitudes with external gravitons. In D dimensions, two particle on-
shell momenta and a choice of BCFW shift vector span a three dimensional space. Given

5This vector can contract into the shifted polarisation vectors, for which a single negative power of z is
obtained.
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the polarisation vector of the graviton, one can always choose a BCFW shift vector to it
into a special set of four dimensions. Hence without loss of generality we can assume one
of the graviton legs is in four dimensions. There is always a BCFW shift for which the
polarisation vector of a graviton scales as Z% As long as the other BCFW-shifted leg does
not have the exact same graviton polarisation as the other leg, its scaling behaviour is 2% or
better. Taken together with the result that the leading, 22, part of the large BCFW shift
scales with two metrics, this means that for the other shifted legs any graviton polarisation
one always obtains a % fall-off of the scattering amplitude.

All scattering amplitudes with only gravitons have at least one opposite pair of helic-
ities. The crucial observation is that if all external particles have the same helicities, then
one can choose a gauge for which like helicity polarisation vectors are orthogonal,

&6 = (4.40)

holds. It is easy to check that in every Feynman graph, there must be at least half of
the indices of external particles being contracted. Hence, like helicity amplitudes (all-plus)
vanish. As check above the three point amplitude matches between DFT and Einstein
gravity. Therefore using BCFW on-shell recursion shows the complete tree-level S-matrix
of Einstein-Hilbert gravity is reproduced from the double field theory.

This result easily extends to the integrand of gravity amplitudes in supersymmetric
theories - for which it is known there are no like-helicity scattering amplitudes. However,
this only shows that the integrand may be reconstructed from lower-loop amplitudes as
well as single cuts. See [10] for a discussion.

4.3.2 Explicit off-shell sub-cancellations using index ordering
Vertex dependence

In order to look for further structure and to compare to Yang-Mills theory through the
double copy construction, we have studied sub-leading terms in the large z limit. To spot
structure in the graphs, it pays to pay attention to index contractions within the graphs.
For instance, within the vertices a positive power of z can only arise if a z dependent
hard momentum (i.e. either p; or ps) is contracted directly into a momentum of one of the
other off-shell legs; otherwise, a ¢ contracts either into a leg orthogonal to ¢ due to the
lightcone propagator, or it contracts directly into a shift vector (which gives a z-suppressed
contribution). This leaves an index contraction between all the legs, which looks remarkably
like a color-ordered amplitude. Note that the number of legs must be even, and the vertex
contributing at this order reads

lim V,, = (1+ ©)? <8mea1,8mechaCGdb> +0 (zo) (4.41)

Z—00
First consider the contributions without ¢ field. Since the propagator connecting vertices
of this type will be %, there are many contributions for a given number of off-shell external
legs connecting to the hard line graph. These can be ordered and labelled consecutively.
The intuition is that it is hard for two contributions with interchanged legs to cancel in any
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Figure 1. Six point index-ordered graph contributions with two sets of legs on opposite sides .

meaningful way. This is important as it gives a group-theory-like structure to the large z
limit graphs. We will refer to this as “index-ordering”.

Consider now four point graph contributions generated by the above vertex: two of
the legs are BCFW shifted. However, we will assume the BCFW shifted legs appear on the
right or left side of the graphs, as a part of a larger current. The momenta of these currents
will be labelled a and b respectively. Note ¢ - p, is only zero if this current contains only
one leg. There are two graph topologies: either expanding the ‘left’ or the ‘right’ vertex in
equation (4.41). The results are

ZILIEO Ga(a,1,2,b) = —22(p2 - ¢+ pa - Q)r(e?) L + O (2°) (4.42)
and
lim Gy(a,b,1,2) = =22(p1 - ¢+ pa - @)nr(e?)r + O (<) (4.43)

where G is the four point Green’s function whose arguments are index-ordered. Let us
stress that all the legs are off-shell. For all legs on-shell it is easy to cross-check that
the above contribution is anti-symmetric under interchange of the indices not associated
to the metric contraction: this confirms the earlier statement about the shift of the four
point amplitude.

For six point graph contributions, there are three index-ordered contributions possible.
There are two which involve a metric contraction between the a and b legs. These read

. (p1-a)(ps-q) 4 0
lim Gy(a,1,2,3,4,b) = -2z e +0(z 4.44
Jim G ) 7 ot pa 1 poy TR (") (4.44)

and for the conjugate

: (P1-9)(pa-q) 4 0
lim Gg(a,b,4,3,2,1) = -2z (e )r+ 0 (2 4.45
z—00 ( ) Q'(p3+p4+]9a)n () () (4.45)
Note that at order 20, the index structure of the non-metric term is irrelevant, see equa-
tion (4.31).
The remaining contraction is G4(a, 1, 2, b, 3,4), which involves summing the three Feyn-
man graphs in figure 1. Taking a to be a BCFW shifted leg so that p, - ¢ = 0, we obtain

(p2-q)(p3-q)(q- (p1 + p2 + p3 +pa)) +0(2)

lim Gg(a,1,2,b6,3,4) x z
Z—00 ( ) q-(p3+pa) q-(p1+p2)

(4.46)
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Hence, if leg b would be taken to be the other BCFW shifted leg, the order z contribution
of these graphs vanishes. The legs 1 through 4 remain off-shell: this shows cancellations in
a sub-class of Feynman graphs. Taking a and b to be BCFW shifted legs, it is interesting
to check the index structure of the order z° term: according to equation (4.31) this should
either involve a metric contraction on the left or right sides between the indices of the
shifted legs, or it should be antisymmetric under inversion of the indices of either the left
or right sides. Since there is no metric contraction in Gg(a,1,2,b,3,4), one should study
the symmetry properties of the index-ordered expressions. The symmetry in indices comes
down to checking inverting the order on one of the sides of the index ordered expression.
One computes

lim Gg(a,1,2,b,3,4) + lim Gg(a,2,1,b,3,4) =0+ 0 (z71) (4.47)

Z—r 00 Z—00
which shows that as expected the order 20 index contractions are anti-symmetric in the left
side. The computation involving an inversion of 34 follows analogously. We have verified
the sub-leading, O (z_l), term in this computation is indeed antisymmetric in momenta 3
and 4 or in momenta 1 and 2 (or in both), needed for the O (27!) term in equation (4.31).

For eight point graph contributions, there are four index-ordered contributions possible,

two of which are related by left-right symmetry. Taking p, - ¢ = 0,

lim Gg(a,1,2,3,4,5,6,b) =

(p1-9)(ps - @)(q - (p1 + P2 + p3))

-2 (q- (p1+p2))(q- (p1+p2+p3+pa))

nr(e®)r + O (%) (4.48)

and

lim Gs(a,1,2,3,4,b,5,6)
Z—> 00

(1 @)(pa - a)(ps - a)(q - (p1+ P2 +p3 +patps +p6))0 (") (4.49)
q-(p1+p2) q-(p1 +p2+p3+ps) q-(ps+pe) ‘

are obtained. If leg b is also a BCFW-shifted leg, the latter expression vanishes. This is
the result of summing 8 Feynman graphs. Furthermore,

lim Gs(a,1,2,3,4,b,5,6) + lim Gs(a,1,2,3,4,b,6,5) =0+ O (z7') (4.50)
Z—>00 Z—00

and
lim Gs(a,1,2,3,4,b,5,6) + lim Gs(a,4,3,2,1,6,5,6) =0+ O (z7') (4.51)
Z—>00 Z—00

hold. We have verified the sub-leading, O (zfl), term in both computations is indeed
antisymmetric in reversing 5 and 6 or in (1,2,3,4) (or both), needed for the O (27!) term
in equation (4.31).

For ten or more graphs the combinatorics gets more and more complicated. One class
of diagrams which is easier are those with one metric contraction. In fact, we strongly
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suspect that

Zli)rrolo Gni2(a,1,...,n,b) =

—2z

(Pn-@)(q-p1)(q-(pr+p2+p3+Dpa)...(q-(P1+ ... +Pp-1+Da))
(q-(pr+p2+p))a-Pr+p2+p3+pa+pa))---(q-(P1+ ...+ Pa—2+pa))

nr(e")r + O (2°) (4.52)

holds, together with its natural conjugate. This we checked through n = 14, where the last
involves summing 64 Feynman graphs. Furthermore, we obtained

lim Gg(a,1,...,6,0,7,8) = lim Gs(a,1...,4,b,5,...,8)

Z—00 zZ—00

= lgn Glo(a,l,...,S,b,Q, 10)
= lim = Gio(a,1,...,6,b,7,...,10) = O (")  (4.53)

Z—00

for BCFW-shifted legs a and b.

Adding ¢ legs does not alter any of statements above on the order of z contributions
or on the index structure. To see this derive the Schwinger-Dyson equation for the e field,
dropping all contact terms as before,

<1Mij’flekl + 20"l + icnﬂp{) =0 (4.54)
2 561‘]‘

where X stands for an arbitrary collection of on-shell fields and we have split the contri-

butions into those of the quadratic Lagrangian and those beyond, with the latter denoted

Ly>2. The last term is effective singling out one particular leg of a vertex in a Feynman

graph computation. In lightcone gauge, the first two terms lead to very particular further

contributions which can be written in similar notation. First contract the equation with a

single momentum,

1 . . ; 0
(=57 (P'Pler) + 2P o + P —Lan2|X) =0 (4.55)
]

Then, use the explicit form of the lightcone gauge propagators to derive

(p 5(;5”2 + piéij/ln>2|X> =0 (4.56)
Again, the zero on the r.h.s. is the absence of contact terms after LSZ reduction on the
non-displayed, on-shell legs. Note this absence only holds as long as p # 0. The just
derived equation can be used to solve part of the lightcone gauge perturbation theory, at
least at tree level. Here, it can be used to interchange an added ¢ leg for an e field leg.
Hence, the analysis just presented directly applies to graphs including ¢ fields. In fact, we
have observed in examples that adding a ¢ improves large z behaviour. In conclusion, the
Lagrangian in equation (4.41) generates a perturbation theory which, as far as checked, in
the large z limit displays the structure of equation (4.31), even off-shell. Explicit checks
were performed for up to Green’s functions with up to 12 gravitons.
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Figure 2. Propagator large z contributions.

At order z° one can have additional vertex contributions which involve the vertices
in the Lagrangian beyond those displayed in equation (4.41). We have been unable to
formulate a general argument for its scaling contribution; this seems to depend crucially
on the structure of the vertex.

Propagator dependence. Let us briefly study the propagator contribution at order z
in more detail. It will be useful to study first the result of contracting an off-shell field on
a vertex with two ¢ vectors, in the large z limit. We conjecture,

lim qmqn<ajnn£n>g,X) L0 (4.57)
for on-shell fields in the set X. This is in effect the graviton current contracted with ¢’s.
Naively, this quantity scales as 2" by power counting. To the extend it can be proven, this
eliminates the order z term from the momentum dependence of the propagator.

The scaling of the propagator comes with two q’s contracted into the left and right
currents. Because of the gauge choice, most terms vanish or are sub-leading. The only
non-vanishing vertex is generated by

lim qmqnivn = (L4 ©)*qman (ameabanech“CGdb) +0 (7)), (4.58)
z—00 O€mn

where the sub-leading terms for instance involve a contraction of ¢ with one of the BCFW
shifted legs. In addition, there are vertices generated by the Lagrangian in equation (4.41).
Combined with index ordering this can be used to verify equation (4.57) for the first few
contributions. The contributions with internal ¢ legs can be traded for e legs using the
Schwinger-Dyson equations as above.

The simplest case involves two ¢'s contracted into a vertex with two e fields in addition
to the current leg contracted with the two ¢’s. This current can be computed from three
index-ordered Feynman graphs, see figure 2, and is proportional to

x (¢ p1)(q-pa) + O (z71), (4.59)

which vanishes if the a leg is taken to be on-shell.
The next case is four e fields. There are three index-ordered Feynman graphs which
contribute: all legs on the vertex, or mixing two vertices from equations (4.41) and (4.58).
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Their sum vanishes up to sub-leading terms for on-shell leg a. Note that the other legs
remain off-shell. For four additional e fields the combinatorics is more complicated. Sum-
ming all graphs confirms (4.57). Note that for this computation one can recycle the results
obtained above as on-leg off-shell currents.

Summarising results on sub-leading terms. In this sub-sub-section we have explored
the possibility to investigate sub-leading cancellations within Feynman graphs. The results
above are enough to prove equation (4.31) at order z for tree level scattering amplitudes
with up to eight legs. It is obvious that the above off-shell cancellations will drive even
higher order cancellations and in general we have no doubt that the result equation (4.31)
follows for DFT. These off-shell cancellations are very intriguing and deserve further study.
Note that they seem closely related to improved BCFW shift behaviour of permutation
sum shifts studied in [30].

5 Discussion

In this article we have studied the perturbation theory of the double field theory formulation
of N’ = 0 supergravity: Einstein-Hilbert gravity coupled to a two-form and a dilaton. This
is the low energy effective action of tree level closed string theory and is special as it features
left-right index factorisation. Above we have verified explicitly that the DFT reproduces
most the tree level S-matrix, with the exception of scattering amplitudes which do not
involve any external gravitons. In principle these could be proven by pushing the analysis
of BCFW shifts one order further than done above or, alternatively, by including explicit
supersymmetry, e.g. as in [31]. Our result on large BCFW shifts for gravity show that
gravity integrands can, in principle, be reconstructed from their single cuts. Obtaining
explicit recursion relations at loop level would of course be even more exciting.

A further interesting direction for future research is the issue of a’ corrections to the
double field theory. Above we showed that for four points / four field terms a fairly simple
result may be obtained. In order to extend this, one should first obtain the completion of
this result under gauge invariance. Then, one may study higher point amplitudes. The
bottleneck here will be computational complexity; the lightcone gauge will be instrumental
in such a program. On the other hand, given a result for o’ corrections obtained through
for instance more geometric arguments, the lightcone gauge offers a quick way to verify
consistency of the obtained result. This might have interesting cross-connections with work
on DFT on curved background, [32].

A prime motivation for the present article was color-kinematic duality. The hope was
that by studying higher point amplitudes one would start to see some of the kinematic
algebra structure needed to project the gravitational scattering amplitudes down to Yang-
Mills scattering amplitudes. Although some of this structure makes an appearance in the
large BCFW shift where it was shown to involve index ordering, in general we have been
unable to identify a clear ‘square root’. In this sense, it seems color-kinematic duality
and double field theory share some characteristics, but seem to address fundamentally
different structures: we have found little evidence that color-kinematic duality and T-
duality are equivalent beyond index factorisation. On the other hand, the double field
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theory equations of motion neatly bundle graviton, two-form and dilaton into a single
package, which might be useful technically for studies of double copies beyond scattering
amplitudes, e.g. as in [33].

Finally, it might be interesting to integrate out the dependent degree of freedom out
of the DFT action to obtain the Lightcone Lagrangian of the theory, along the lines of [25]
for Einstein-Hilbert. This should be an easier way to derive fully supersymmetric ver-
sions of DFT.
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A Conventions

The metric signature is “mostly plus”. This paper is about perturbative quantum gravity
around a constant background Minkowski metric G;; = diag(—1,1,...,1). The Mandel-
stam variables are defined in terms of the outgoing momenta of the 4-point amplitude as

s = (k‘l + ]{52)2 s t= (k‘l + k3)2 s u = (k‘l + k4)2 . (Al)
More generally, beyond the 4-point amplitude we use

sij = (ki + k‘j)2 ; sijk = (ki + kj + kk)2 , e (A.2)

B Physical degrees of freedom in DFT: equations of motion

We find it reassuring to check that the DFT Lagrangian describes precisely the physical
degrees of freedom associated to the massless excitations of the closed bosonic string. To
this end, we analyse the linearised equations of motion in the light-cone gauge.

From the kinetic terms (3.2) in the DFT Lagrangian without a gauge-fixing term one
obtains the following linearised equations of motion:

1 .. .
9 — 1a%aﬂeij =0,
62% - 8,-8kekj - ajakeik + 461‘8]‘(,0 =0. (Bl)

The full DFT Lagrangian has a gauge symmetry. For restricted fields that do not depend
on the coordinates #* the gauge transformations are given in terms of gauge parameters
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Mi(z) and \i(x) as follows [13, 37]:
O XEij :&5\]- + 0\
- %()\ + ) - Deyj + %(ajxk I*Nj)eir, + = (a AR — O \)er;
— (@R 40N )ey;,
(14 ¢) < 1 <

dysp =0 A+ + 5 A+ ) 0. (B.2)

Here, the gauge transformation of ¢ has been derived from

5/\75\d:—18-()\—1-)\)—1—5()\—1—)\)-(%, (B.3)
using the redefinition 1 4 ¢ = e~¢ as in [13]. It can easily be checked that the linearised
field equations (B.1) are invariant under (B.2) (modulo higher orders of fields).

In order to extract the physical degrees of freedom of a given field excitation, the fields
e;; and ¢ are Fourier-transformed and are assumed to describe infinitesimal fluctuations,
@ (i) say, around the background. As a result, in terms of light-cone components,

rt = \2(:1:04—1:1), T = 7(3: — 2, (B.4)
one finds

Syxe T =ipt AT+ A1)+ 0 (AN e)?)

N ;\e+ = zp+)\ +ip” AT+ O (A, A, 6)2) ,

Syxe T=ip AT +iptAT + O ((\ A e)?)

Sy et zp+)\1+2p1)\+—|—0((>\ A, 6)2) ,

Syxe' T =ip! AT +iptAT+ O (M N e)?) (B.5)

where I € {2,...,D — 1} label the transverse directions. For physical excitations with
pT # 0 one can therefore successively gauge away all the infinitesimal plus components,

i 1 i 1
€+—O+O<OO2>, €+—O+O<OOQ>, (B6)
for all i. Using the linearised equations of motion (B.1), one then finds

which eliminates ¢ and shows that components e_;, e;_ are given in terms of the physical
degrees of freedom ey satisfying the Klein-Gordon equation

1
p261J = 0 =+ O (002> s <B8)
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for all I,.J. Being an SO(D — 2)-tensor, ¢!’ precisely encodes the massless excitations of
the closed bosonic string.

A natural question to ask is whether or not one can gauge away ¢(x) at each spacetime
point simultaneously. In order to do so one would have to solve the differential equation
for 0y xp(z) = —¢(x) for an arbitrary (not necessarily infinitesimal) configuration ¢(z).
As of now, we are not sure if this is possible, since we are unable to solve the differential
equation resulting from (B.2).

We end this discussion by giving the field redefinitions to lowest order that follow from
the definitions in [13]:

6 = {THeG) — 9+ O(2) + O(),
e+ (’)(62) , (B.9)

é

where ¢ is the dilaton field and € is the finite fluctuation around a constant background
G+ B to be quantised using the Lagrangian (2.1). Using (B.2) it is easy to check that ¢ is in
fact gauge-invariant to lowest order (and beyond). Note that the dilaton ¢ = %e/ —p+...
contracts left and right indices and, hence, the physical degree of the dilaton is obscured in
the factorised Lagrangian. This is the price we have to pay for the factorisation property.

C Derivation of the g-light-cone propagator: canonical approach

Generalising the discussion in (B) choose g-light-cone gauge
geij(p) =0,  ¢’eii(p) =0, (C.1)

for excitations with p - ¢ # 0 and a given light-like Lorentz vector ¢*. From the equations
of motion one again obtains ¢ = 0. In Yang-Mills theory this gauge (¢‘A4;(p) = 0) can
be used to derive g-transversal propagators which can be useful in the discussion of the
large-z behaviour (e.g. [10]). In gravity an obstacle to a straightforward derivation of the
propagators exists which may be interesting to others.

The standard, usually fail-safe method of deriving propagators adds generic sources
Ji; and J to the DFT fields,

£® =@ + Jijeij + Jo (C.2)

where the quadratic Lagrangian £ without gauge-fixing is given in (3.2). Solving the
classical equation of motion and plugging this back into the Lagrangian gives a Lagrangian
quadratic in both fields and in sources: the second part contains the propagators.

It is because of ¢> = 0 that there are only finitely many terms in the most general
linear shifts

/ st ~
€ij = €5 + eijst " + €5,

o= + psJ +3J (C.3)
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where schematically

1 G G G
eijst:2<GG+ pq  Gagp pPp , PPPP

+ + +
p-q (p-q? p? p
2 4
pPP4 | PPAY | PAIID +qqqqp> ’
1jst

p-ap* (p-q¢)? (-9 (p-9)*

- 1

GZJ:2<G+pq pf) )
p p-q p= /i
1 Pq | pp

Yij = —3 <G +t—+—=]
p pb-q p" /i

.1
In order for egj to also satisfy the gauge conditions (C.1) one also requires
q'eijst = ¢ eijsr =0, q'éij = q’é;; =0. (C.5)

One finds that one cannot further constrain the coefficients such that in the g¢-light-cone
gauge all mixed terms in (C.2) vanish. As a consequence, in this gauge it is impossible to
derive the propagator of DFT using this method. The same problem arises if one does not
introduce a current for ¢ (i.e. J = 0). On the other hand, note that upon restricting J% to
Ju ¢iq; = 0 it is possible to get rid of the mixed terms. This, however, comes at the cost of
introducing ambiguities in the quadratic term that lead to ambiguities in the propagator.
In the main text a work-around is shown.

It is easy to check that the current method gives the well-known result in Yang-Mills
theory. However we also studied g¢-light-cone gauge in the original formulation of A" = 0
supergravity given in (2.1). The propagator of the dilaton being gauge-invariant is clearly
not affected by the gauge choice. The kinetic terms for the B-field read [17]

1 1
- SH' = (GGG — 26™GMG) .50, bea (C.6)
Here, in ¢-light-cone gauge
q“bab = ¢"bap = 0 (C.7)
there is a linear shift

for a generic, antisymmetric source J that respects the gauge condition and removes the
mixed terms in the Lagrangian. The resulting propagator is unique and g-transversal:

) + Gns (qmpt +pmqt)_Gnt (qmps +pmqs)+Gmt (qnps +pnqs)_Gms (qnpt+pnqt)
pb-q
m nt .S 7t S M NS T m 1S ot

P qpq _qmppq +q"p P —p g P q
b7 (C9)

]% (Gms Gnt _ Gthns

_l’_
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As to the metric, expanding the Einstein-Hilbert term in (2.1) one finds (e.g. [1]:

\/gR‘(Q) — hkl,thn,y% <GmnGlkax - GmekyGln + %nykaGln - %Gazkalen
(C.10)
It turns out that no shift of h;; exists that eliminates the mixed terms for generic symmetric
sources J;;. The obstacle to direct derivation of a g-light-cone propagator in DFT is thus
related to its impossibility in pure gravity. Note that again for restricted sources J;;
with Jijqiqj mixed terms can be eliminated which, however, leads to ambiguities in the

propagator.

C.1 Lightcone gauge propagator in Einstein-Hilbert

For completeness we will derive the lightcone gauge propagator in Einstein-Hilbert gravity
using the method indicated in the text. For this, expand the symmetry tensor A in lightcone
gauge in terms of the space spanned by ¢ and p and its orthogonal complement as

7 hm n hn m mUn
himn = hmn + n G +h dm1 2 (Cll)
q-p (¢-p)
where
Punn = R Ry7 hij (C.12)
hm = p' R’ hjm (C.13)
h=p'phi (C.14)

Note the potential terms proportional to p vanish by the gauge condition. Plugging this
expansion into equation (C.10) gives after the dust settles

1o oo 1/~ A2 -
VIR|®) = Ship*h? =5 (h) +h (h) — By A" (C.15)
Isolating the trace part of the symmetric tensor as
hij = hij + —— Rijhm™ (C.16)

shows that the degrees of freedom neatly split into traceless symmetric tensor ﬁij, the trace
of hj;, the vector h,, and the scalar h,

(D-3)

JGR|® = %ﬁijp%ij T (h)2 1 (Bi) — ™ (C.17)

The kinetic mixing term between trace and scalar h is important, as introducing sources
Kh + Jh;* and inverting gives for the sources

3-d
~ 2T g2 K 1
- 7 (C.18)
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Importantly, the quadratic Lagrangian only generates hh and hh;* correlators which do not

have poles,
= 1
(hh) =i g (C.19)
(hhi®) = —i (C.20)

Hence, these degrees of freedom are auxilliary. Similarly, for the field h,,, we obtain
(hmhi) = —12Rk (C.21)

while for the traceless symmetric tensor

22 Rszn

(C.22)
holds. This completes the list of non-vanishing correlators in the lightcone gauge. The
only correlator with a pole is the last one. Hence the physical degrees of freedom of the
gravitational field, in lightcone gauge, are contained in the traceless symmetric tensor ilij
which is transverse and orthogonal to ¢q. This is of course well-known physical field content
of Einstein gravity.

Plugging the expansion into the correlator of the general field h;; gives for the full
correlator

(honhi) = i (RmkR”l>

p2
2i
+W (QkaRnl + QmQIRnk + QRQRRnl + QanRmk)

i 3—d , i R, Ry
mUn - min 2
*me><qqq”%d 2)" ) (mpV(d 2k%+d—2qq> (C.23)

This is the lightcone-gauge propagator of Einstein gravity. Plugging in the definition of the
R projector does not yield particularly insightful results. In particular, the numerator does
not have the form of the numerator squared of the Yang-Mills lightcone gauge propagator.

D Partial amplitudes in Yang-Mills theory
In Yang-Mills theory partial Yang-Mills amplitudes at tree-level are defined by

AT =g" 2 N T (T%0) . T%m) AT((1),...,0(n)), (D.1)

O’EPg/Zg

where g is the SU(N) gauge coupling and the sum is over non-cyclic permutations. The
gauge group generators are chosen to satisfy

Tr (T477) = 5AB (T4, T8 =i fABCTC (D.2)
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and the SU(N) Fierz identity needed to express product of traces in terms of sums of single
traces of generators is

TAGAKL _ % <5il6jk _ Jif&ij(skl> ' (D.3)
The partial 3-point amplitude reads
(Aspaf“al(l, 2, 3))“6 — 20 (G (k1 — k3)® + G (ks — ko) + G(ks — k1)¢),  (D.A4)
and the partial 4-point amplitudes are given by
<A2artial(1’ 2, 374))“69 = 2i(2G*°GI — GUGE — GIGI)

21 . . )

+£ (2GUK§ — 2GkS + Gk — k1)') (265kE — 269k5 + G (ky — k3),)
21 . . .

+EZ (2GU k] — 2GIkG + G (ky — k1)") (265k5 — 205kS + GC (ko — k3);)

(A5 (1,2,4,3)) ™" = % with {u & £, ks © hye ¢ g},
<A2artial(17 3. 274))“69 = % with {s <> t, ko <> k3, c <> €} . (D.5)
The partial amplitudes satisfy the Ward identities
(AB(1,2,3)) ™ Fa o) €c(ks) = 0, ete. (D-6)

(and analogous expressions for n points) due to momentum conservation and transversality
&(k) - k = 0 of the polarisation vectors.
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