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1 Introduction

The study of higher spin theories in anti-de Sitter (AdS) space has been recently revitalized,

partly because they provide an example of holographic duality in which the field theory

is essentially non-interacting, and one often has good analytic control over both local

and non-local observables.

At least in principle, this feature allows for a very precise

holographic dictionary to be established and tested: roughly speaking, the higher spin



symmetries emerge in a regime in which one can compute reliably in both the bulk and
the boundary sides of the correspondence. A very interesting example of these dualities
is the conjecture [1] of Klebanov and Polyakov relating three-dimensional critical O(NV)
vector models and the Fradkin-Vasiliev higher spin theories in AdS, [2-4], for which robust
evidence has been provided recently (see [5] and references therein).

Another setup where both sides of the duality are amenable to study is that of
AdS3/CFTj: here the boundary theories correspond to two-dimensional CFTs with ex-
tended current algebras, and the gauge sector of the three-dimensional bulk gravitational
theory can be formulated as a Chern-Simons gauge theory. Indeed, starting with the pro-
posal of Gaberdiel and Gopakumar [6, 7] relating the three-dimensional interacting higher
spin theories [8, 9] to a family of minimal model coset CFTs with W-symmetry,! several
results have been obtained that show agreement between quantities computed in CFT and
from the bulk duals. These include the spectrum [11-15], partition functions [16-18], scalar
correlators [19, 20], and entanglement entropies [21-23], to name a few. While the full re-
alization of the duality also involves matter fields in the bulk, which couple to operators
other than conserved currents, the pure higher spin sector of the correspondence already
provides an interesting arena where universal aspects of the duality can be explored.

In the present article we will focus on the sector of the latter dualities describing the
CFT’s conserved currents, where the corresponding symmetries emerge via Hamiltonian
reduction of current algebras and admit a simple holographic description in terms of two
copies of Chern-Simons theory. Our main goal will be to clarify the interpretation of differ-
ent boundary conditions in Chern-Simons theory from the point of view of the dual CFT, in
the presence of sources for the conserved currents furnishing the extended (possibly higher
spin) symmetries. In particular, we will argue that certain boundary conditions correspond
to a deformation of the CFT Hamiltonian, while others correspond to deformations of the
CFT action.

More precisely, given a CFT with Hamiltonian Hcopr and action Sgpr, we can distin-
guish at least four types of deformations depending on whether they are chiral or non-chiral
and whether they are defined as modifications of Scpr or Hopr:

S = Scpr + /dQZZ,uSWS (1.1)
S:SCFT—I—/d2zZusWS+/d2z2ﬂsws+--- (1.2)
H = Hcpr + %dUZ/LSWS (1.3)

H:HCFT+7{dO'ZM8Ws+}£dUZMSWs- (1.4)

Here W, and W, are a set of currents of weight (s,0) and (0, s), respectively, obeying
appropriate Poisson or Dirac bracket chiral algebras which will typically be non-linear ex-
tensions of the Virasoro algebra, and o denotes a compact coordinate on the cylinder. The

!See [10] for a comprehensive review of W-symmetry in CFT.



deformation parameters us and jis can be thought of as chemical potentials or background
gauge fields: provided they transform suitably, the partition functions defined from the
above Hamiltonians/actions will be invariant under the symmetry algebra furnished by
the currents. The dots in (1.2) denote the fact that, in the presence of deformations of
both chiralities, the corresponding action requires terms to all orders in the chemical po-
tentials in order to realize the symmetry. On the other hand, as we will discuss in detail
in due course, at the level of the Hamiltonian the linear couplings suffice, even when both
chiralities are present, because W, and W, Poisson-commute.

The program that we will follow can be summarized quite simply. The fact that
the partition functions associated with the various types of deformations above enjoy a
symmetry will as usual result in Ward identities for the one-point functions of the currents
in the presence of sources. The precise form of these Ward identities will depend on the
particular type of deformation under consideration, but in all cases one can encode them
as a flatness condition on suitable 2d gauge connections in “Drinfeld-Sokolov form” [24].
If we now regard the CFT as being defined on the boundary of a 3d manifold, these 2d
gauge connections become boundary conditions for 3d Chern-Simons gauge fields, with the
flatness conditions enforced by the Chern-Simons equations of motion. From a practical
point of view, the advantage of this formulation is that one can now use Chern-Simons
theory to derive a number of universal results for the boundary theories quite efficiently,
including thermodynamic quantities such as entropy and free energy, and even non-local
observables such as entanglement and Rényi entropies which are usually quite difficult to
obtain using solely CFT techniques. For example, formulae for the thermal entropy in the
presence of higher spin chemical potentials written entirely in terms of the Chern-Simons
connections were derived in [25, 26], and two proposals for higher spin entanglement entropy
in terms of Wilson lines in Chern-Simons theory were put forward in [21] and [22].

It is worth mentioning that the logic behind the holographic formulation of the current
sector of these theories predates the advent of the AdS/CFT correspondence, and can be
seen as a special case of the usual connection between Chern-Simons theory and Wess-
Zumino-Witten (WZW) models. In fact, the different types of deformations we discuss as
well as their associated symmetries were studied more than two decades ago in the context
of gauging of W-algebras and the so-called W-gravity. Similarly, the connection between
deformations of the Hamiltonian and chiral deformations of the CFT action was discussed
in [27] from a field-theoretical perspective. Our main goal will be to derive the implications
of these results for the Ward identities and their connection to Chern-Simons theory, in the
hope that these considerations will help to bridge the gap between the existing literature
and the recent discussions in the context of higher spin AdS3/CFTj.

Importantly, in order to derive the Chern-Simons formulation one does not use holog-
raphy or the existence of a holographic dual of the starting CFT. Our analysis, however,
is only valid at the classical level (which in the dual CFT corresponds to a limit where
¢ — oo, with ¢ the central charge), and uses no properties of the CFT except that it pos-
sesses particular symmetries. It is only when studying subleading corrections to various
quantities that one would need to have a more detailed knowledge of the matter content
of the field theory, which in the bulk corresponds to specific couplings of matter fields



to Chern-Simons theory. In the latter situation the details of the full-fledged holographic
correspondence become important.

While the problem at hand may appear to be of a fairly technical nature, it is conceiv-
able that the techniques developed in the context of the higher spin AdS3/CFTs duality
may find an application to realistic systems. In fact, Hamiltonians of the form (1.3) feature
prominently in the study of the dynamics of one-dimensional integrable condensed matter
systems following a quantum quench, where they are referred to as a “generalized Gibbs
ensemble” or GGE (see e.g. [28] and references therein). Similarly, the large-N limit of
certain coset CFT's proposed to describe strange metals in one spatial dimension has been
related to higher spin theories on AdSs [29]. Furthermore, even though most of the re-
sults that we will derive are strictly speaking applicable in the large central charge regime,
one may hope that some of the conclusions and lessons from the holographic analysis will
retain their validity in other corners of parameter space, which would make these results
appealing to a wider community. In fact, some of the predictions for entanglement en-
tropy in the presence of sources derived in [21] using a novel holographic proposal have
been recently argued to apply beyond the large central charge limit from a purely CET
perspective [23, 30], with the first perturbative correction in the higher spin sources being
moreover universal.

The rest of the article is organized as follows. In section 2 we consider Hamiltonian
deformations of the CF'T and rewrite the canonical partition function as a path integral in
first order form, and exploit this representation to derive the Ward identities obeyed by the
one-point function of currents in the presence of sources. Although we employ a free boson
realization to perform the calculation, we will find that the resulting Ward identities take
a generic form, independent of the specific realization and particular symmetry algebra.
Moreover, we will discover that these Ward identities have a slightly different structure
from the ones usually discussed in the literature. In section 3 we consider deformations
of the CFT action instead, and exhibit the form of the corresponding Ward identities.
In section 4 we determine the precise “Drinfeld-Sokolov pair” that allows to rewrite the
Ward identities for Hamiltonian and action deformations as the flatness condition on 2d
connections. Using holography, we then extend them into 3d flat connections with suitable
boundary conditions, and use the associated variational principle to derive expressions for
the free energy and entropy, for example. We also revisit and discuss a few results that have
generated some confusion in the recent literature, and point out a useful relation obeyed
by flat connections in Drinfeld-Sokolov form. Furthermore, we comment on the modular
transformation properties of the partition function corresponding to action deformations.
We conclude in section 5. Useful formulas and examples that complement the discussion
are collected in the appendices.

2 Hamiltonian deformations and the canonical partition function

The basic object of interest is the canonical torus partition function

Zcan [T, s, 5] = Tryy exp 2mi [7‘ (Lo—i) -7 (Eo—i> +Z (asWS(O)—o_stgO)ﬂ (2.1)



where the trace is assumed to be taken over the Hilbert space H of the CFT, WOS) and
W(()S) denote the zero modes of conserved currents of weight (s,0) and (0, s), respectively,
and a;, @ the corresponding sources. In our conventions the torus has volume Vol(T?) =
4m2Im(7) with 7 = 7 + i3/(27), where 8 is the inverse temperature. The sum over s
runs over the particular spectrum of operators present in the theory, which depends on

2 Before proceeding further it is convenient to clarify

the symmetry algebra in question.
our terminology: in agreement with common usage in the literature, we will refer to the
CF'T operators of conformal dimension greater than two as “higher spin operators”, to the
symmetries they generate as “higher spin symmetries”, and to their sources as “higher spin
sources/chemical potentials”. Therefore, in our CFT discussion we will often use the terms
conformal dimension and spin interchangeably.
One notices that
. & (5 & .

2miT (Lo — ﬂ) — 2miT (L() — ﬂ) = —pH + 2mwinJ, (2.2)
where H = Lo+ Lo — ﬁ is the Hamiltonian and J = Lo — Lo the angular momentum, with
Lo, Lo the Virasoro generators on the cylinder.? Defining the chemical potentials

ng usz%, nsz—lgs (2.3)
we see that the partition function describes a theory with density operator
) B,
P Zean 8.9 p1as ] 24
where the deformed Hamiltonian H, is given by
H,=H-27Q] —27% (usWS(O) + ﬂsWS’)) . (2.5)
s

2.1 Partition function in first order form

We will now assume the theory possesses a Lagrangian representation. Denoting the set
of fields collectively by ¢, and their (Euclidean) conjugate momenta by P, the partition
function can be written in a path integral representation as

Zewn 18,2 p1s, is] = / DeDP I (P9 (2.6)

where the Hamiltonian form of the action is

5 B 27
IE)(Pp ¢) = / dtg / do
0 0

2In the holographic realization that we will study in section 4, the spectrum is fixed by the choice of

~Po—H+ QT+ (nsWs + i) (2.7)

gauge algebra g @ g for the bulk Chern-Simons theory, plus a choice of embedding of the si(2,R) factor
corresponding to the gravitational (spin-2) degrees of freedom into g.
3 As usual, one thinks of the torus as a cylinder of finite length with the ends identified up to a twist.



with ¢ = d;,¢ and

%daH:H, f;l;:jzj, Z—;WSZW(@, f‘;iws:wff’. (2.8)

A few comments are in order here. First, we notice that it is the rescaled sources

p = i ‘o, namely the chemical potentials, that enter in the action. This is the usual

result in finite-temperature field theory, and can be established by carefully discretizing

the operator trace (see [31, 32] for example). Secondly, in the reasoning above the potential

Q for angular momentum was treated in the same footing as the other deformations. We

can instead “geometrize” this potential by introducing a twist in the boundary conditions.
Doing so the partition function becomes

Zean [57 Q,,Us“as] = /ng DP €1<E>(P,¢) (2.9)

with 1P (P, ¢) = / dz |-Po—H+ > (MSWS(P, o) + sWs(P, ¢)) (2.10)
T2 S

where d?z is the standard measure on the Euclidean plane (we are assuming a flat torus)
and the path integral is performed with boundary conditions

d(2) = (2 +27m) = P(z + 277). (2.11)

Notice that while we have been working with constant us, fis up to now, we are free to
make ps and s time- and space-dependent in this path integral representation of Z..,, as
long as we specialize to constant g, jis when we want to compute Z.y,.

A point that will be crucial for the considerations to follow is that in general the cur-
rents W corresponding to higher spin operators are at least cubic in momenta. Therefore, if
we transition to a Lagrangian path integral description by integrating out the momenta (i.e.
Legendre-transforming) we find that the resulting action is non-linear in the sources, and
in fact it will generically involve mixing between the two chiral sectors. What this means
is that the canonical partition function is in general quite different from a simple second
order version of the path integral with linear couplings, which we denote by Zp.g naive:

Zragmaive B2 Q s, ] = / Db e 50(6) o fr2 2 5, (1 W (9737 (9)) (2.12)

where Sp is the Lagrangian action in the absence of deformations. Fortunately, as we will
discuss in detail in the rest of this section, for the purpose of deriving the Ward identities
obeyed by the partition function Z.,, it will suffice to stay within the first order form of the
action, where the deformations appear only linearly and the two chiral sectors do not mix.

It is important to emphasize that the action deformed by linear couplings which enters
the path integral (2.12) is not invariant under the higher spin symmetries furnished by
the currents when both chiral sectors are deformed simultaneously, even if one allows
the sources to transform. When both chiralities are present an invariant action involves
corrections to all orders in the sources [33-35], and we will return to this point in section 3.3.



In general, this means that the naive partition function Zpag naive does not obey the usual
Ward identities when both ;s and fi, are switched on. The fact that Zc., and Zyag naive
are different objects is in fact true even for deformations involving “lower spin” currents
(relevant operators), and has important consequences for modular invariance, for example.
To illustrate this point, in appendix A we review an example involving U(1) currents in a
free compact boson realization.

Our next goal is to derive the Ward identities obeyed by the canonical partition func-
tion Z..,. For the sake of concreteness, we will often resort to a theory with W5 symmetry
deformed by sources for the stress tensor and weight-3 currents as our basic example. Even
though we will use a simple boson realization to derive these identities, we will find that
the result is completely fixed by the symmetry algebra and does not rely on details of the
explicit realization. By the same token, our conclusions will be general enough to later
allow us to make a connection with flat connections in three dimensions and to find the
appropriate boundary conditions these should obey in order to reproduce the canonical
computations (cf. section 4). We will first work in Lorentzian signature, where the discus-
sion of symmetries, conserved charges and Ward identities is more transparent. When dis-
cussing the Lorentzian theory on the cylinder we will often refer to the chemical potentials
i, i as the sources. On the other hand, once we transition to the finite temperature theory
defined on the torus we will reserve the term sources to denote the a = —ifSu, a = 1.

2.2 A W;3 theory in Hamiltonian form

Free field realizations of the W-current algebras were originally discussed in [36, 37]. Here
we will follow the Hamiltonian approach employed in [38], which will prove very advan-
tageous. Consider then a theory of n real bosons X® (i = 1,...,n) on the cylinder with
coordinates (t,0) (where o ~ o + 27). We denote the canonical momentum conjugate to
X% by P;, with equal-time Poisson brackets

{B(U, t), X9 (o, t)} = 8(c — o), (2.13)

and raise and lower Latin indices with the flat metric 5ij.4 Define now

I, = \}5 (P +0,X"), (2.14)

which satisfy

{H;(a, ), T, (o’,t)} ~0 (2.15)
{Hit(a, t), I, (o, t)} = F690,6(0 — o). (2.16)

One then constructs the generators

s 1 ) .
Wi = ~diy LTI (2.17)

41f so desired, it is possible to introduce a non-trivial metric on the target space [33, 34].



with s = 2,3,... N, where the d;, ;, are constant symmetric tensors of rank s. The basic
Poisson brackets (2.15)—(2.16) imply that these generators fulfill two decoupled copies of
the Wy algebra (with no central extensions) provided the coefficients d;, _;, satisfy certain
algebraic relations that guarantee the closure of the algebra [34]. For example, defining
T = Wj(f) and Wi = Wf’), in the Ws case one finds®

{Ti(a), Ti(a’)} — [2Ti(a)805 (0 —0')+6 (0 —0) 80Ti(a)} (2.18)
{Ti(cr), Wi(a’)} —F [SWi(a)&,& (0 — o) +26 (0 — ) 80Wi(0)] (2.19)
{Wi(a), Wi(al)} = Fdrx [Ti(a)Qagé (0 —0")+ (0 — 0" )T (0)0, T (0)] (2.20)

provided [33, 39]

Below we will discuss how to generalize this construction to allow for a semiclassical central
charge ¢, in terms of which x = —16/c. The condition on d;;, guarantees that the spin-4
term in the r.h.s. of the {W, W} bracket is proportional to T2, closing the algebra of the
stress tensor 1" and the dimension-3 current W, albeit non-linearly. We stress that, since
we are using Poisson brackets and working at the semiclassical level, we have considered
the product of currents such as 72 without worrying about operator ordering issues.

Before integrating over momenta, the partition function for the deformed theory in-
volves the first-order action

o1 ) .
I= /dadt [Pin -3 (P'Py+ 0, X'0,X;) —pg Ty — py T — pd Wi — pus W_ | (2.22)

whose symmetries we want to study. The dot notation indicates time derivatives as usual.
A convenient feature of the first order formalism is that the WJ(FS) and WES) generators
Poisson-commute, so the separation of left- and right-movers is exact. To avoid unnecessary
clutter we will often work exclusively with the + sector and drop the subindex to simplify
the notation, i.e. we use T' =T, W = W, and so forth when there is no risk for confusion.
Naturally, all the conclusions apply to the other chiral sector as well.

The key point we want to stress is that integrating out the momenta one obtains the
second order form of the action, which is non-linear in the sources and mixes left- and right-
movers in a non-trivial way. A related observation is that, in the absence of deformations
(ie. puf = ugt = 0) the equation of motion for P; implies P; = §; X", so that I, = 9+ X"
in the undeformed theory. The undeformed currents are then schematically of the form
Wf) ~ (0+X)® and obviously chiral. On the other hand, when the chemical potentials
are switched on the P; acquire explicit dependence on them to all orders, and so do the
currents themselves. For the purpose of studying the symmetries of the partition function
and the associated Ward identities it will be very advantageous to stay within the first order
formulation, because the sources enter linearly and the chiral sectors remain factorized.

5Since we are working with equal-time Poisson brackets, in order to simplify the notation we will often
suppress the explicit time dependence of the currents and other quantities.



2.3 Adding central extensions

We will now extend the Hamiltonian analysis of [38] to include classical central extensions.
This can be achieved by adding improvement terms to the generators, often times called
“background charges” in the literature, along the lines of [33, 37, 39]:

1 o .

T = 557;]'HZHJ + aiﬁgﬂl (223)
1 o L .

W = gdijknlnﬂn’“ + €0, 1TI'TY + f;0211° (2.24)

where the a;, e;; and f; are constant coefficients. With these additions, the W3 Poisson
algebra becomes

{T(0).7(s"}
{T(0). W}
{W(@). w6}

- [QT(J)&,(S (c—0")+0(0c—0")0,T(0) + 1—62825 (o — a/)} (2.25)

- [BW(J)&,(S (0 —0) +26 (0 — o) a,W(U)} (2.26)

6?4 [1%(0)06(0 — o') + (0 — 0')T(0)0, 7 (o)

+30,0(0 — 0')02T(0) + 5026(0 — "), T (o) (2.27)
2 ; 10 , c /

+ 5(5(0 — 2T (0) + 3(935(0 —o )T (o) + £(925(a )

provided the various coefficients satisfy (B.3)—(B.13) (in particular a;a’ = —5, where ¢
is the semiclassical central charge), and similarly in the other chiral sector. A feature
that distinguishes the non-linear Poisson algebras such as (2.25)—(2.27) from their linear
counterparts is that, upon normal-ordering the products of currents, the Jacobi identities
(associativity) will imply that the structure constants in the quantum version of the algebra
acquire O(1/c) corrections (see e.g. [39]). It is in this sense that the non-linear Poisson
bracket algebra is a “large-¢” version of the full quantum algebra.

With the Poisson algebra at our disposal, we can compute the transformation of the
currents under the various symmetries. Defining the integrated spin-2 and spin-3 charges

Q¥ = /da'e (") T (o) (2.28)
Q® — / do’ x (o')W (o) , (2.29)
under an infinitesimal spin-2 transformation one finds
—lo® 7l = 93
5.T = {Q ,T} = €0, T+ 2T dpe + 75 0ie (2.30)

S W = {Q<2>, W} = €0, W + 3W e (2.31)

(with similar expressions in the other chiral sector) and we recognize the transformation
of the stress tensor and a weight-3 primary operator under diffeomorphisms of the form



2t — 2% + ¢(o). Similarly, under the spin-3 symmetry one finds

55T = {Q®. T} = 2x0,W +3Wa,x (2.32)

5W = {Q(fi)7 W} = — [664 (XTa,T + 17 30)() + %85;)(
1

"3

(2 XOPT +98,x 02T + 15 92x 0, T + 10Taf’;x)] . (233)

2.4 Symmetries of the action

Let us now discuss the symmetries of the action. To this end it is useful to think of the
sources as gauge fields, i.e. Lagrange multipliers imposing constraints that generate the W
algebra or any other symmetry in question. We emphasize however that the sources are
background fields which are not being integrated over in the path integral. We will denote
the currents generating the symmetry of interest by a vector J with components J,, and
the corresponding Lagrange multipliers by a vector ji with components pu®. In our Ws
example we will have J = {T'y,T_,W,,W_} and ji = {ug, 1y, kg, piz }. The action we
consider is then of the generic form

I= / dodt (PZX" ~Hy— /ﬂJa> (2.34)

where Hj denotes the undeformed Hamiltonian. We will study the symmetries of the
associated partition function using the improved generators, i.e. when the algebra acquires
semiclassical central extensions:

{Ja(0). Js(o")} = / 0 .37 (0,0",2) 0y (@) + Capl,0"), (2.35)

where as before we have suppressed the explicit time dependence of the currents for the
sake of notational simplicity. The functions c,g are proportional to the semiclassical central
charge ¢, but do not depend on the phase space variables.

Before moving forward, we can take two steps that will simplify the task of finding
the Ward identities obeyed by the currents in the presence of sources. First, we note that
the undeformed Hamiltonian is simply Hy = Ty + 7.5 It is then possible to eliminate
Hy from the action by shifting the spin-2 chemical potentials as ,uéc — V;: — 1, while
keeping the higher spin chemical potentials the same. Consequently, for practical purposes
we will define a new vector ¥ with components {vy , vy, u;{, i3, ...} and drop Hy. Even
though the shift in the spin-2 deformation could be thought of as a “gauge choice”, the
undeformed theory has generically a non-zero Hamiltonian Hy, so we must remember to
translate our results back to the u® at the end if we are to interpret the sources strictly as
deformations of the original theory. Secondly, we will define for convenience an auxiliary

SMore precisely, in the presence of improvement terms we have Hy = % (PiPi + 0, X iagXi) =T+ +
T — a]-*&,Hi —a; 9,1, but the total o-derivatives do not contribute to the Hamiltonian [ do Ho.

,10,



action I. which includes an “identity gauge field” v, which can be thought of as coupling
to an extra Abelian generator [40]:

I = /dadt (PZXZ' Oy — v 1) . (2.36)

The role of this additional Lagrange multiplier, which is purely a bookkeeping device,
is to cancel contributions to the variation of the action coming from central extensions.
Naturally, at the end of the day we will set v. = 0 in order to obtain the Ward identities
obeyed by the original partition function.

We are now in position to discuss the symmetries of the action in the presence of
deformations. It is straightforward to check that under an infinitesimal transformation of
the fields and sources of the form

5P(0) = [ do’ (&) { ('), P(o) (237)
5X(o) = / do’ ea(al){Ja(a'), Xi(o—)} (2.38)
51°(0) = (o) — / do'de P (2)€ (0') . 5°(0" 2, 0) (2.39)
1:(0) = {(0) = *(0) [ do' (el ), (2.40)
the auxiliary action (2.36) changes by a boundary term:
51, = / dtdo 0, (Pi6 X" — € Jo — (). (2.41)

Let us now specialize these expressions to our W5 example. Using (B.15)—(B.20) we
can obtain the explicit transformation of the sources from (2.39) (with €* = {¢, x,...})

32
Ovy = O — 1V90,€ + €0y9 — — T(Xﬁgu;; — ugﬁgx)
c
2 2
+ G305 — SXO313 — OopsDx + Dox Oy (2.42)
Oz = OrX — V205X + 2X 052 + €053 — 21u30,€ (2.43)

where we used the shorthand 1o = 1/5r and ug = u;, with similar expressions for the sources
in the other chiral sector. Shifting back to the original spin-2 source puo = vo — 1 we obtain
the desired transformation rules:

32
Opz = O = p20y€ + 0ppiz — — T (xOo 3 — 1305 x)
2 2
+ 30305 — 3x0513 — O ts0X + Oox Oy iz (2.44)
Opz = 0_X — 206X + 2X0s 12 + €0p 3 — 21305€ . (2.45)

Notice the appearance of the chiral derivative defined as 0_— = 0y — 0, (04 = Oy + Oy ).
We then see that the only effect of the undeformed Hamiltonian Hy is to turn the time
derivatives in (2.39) into chiral derivatives.

— 11 —



It is worth emphasizing that the theory and in particular the partition function are
defined at fixed values of the sources. The fact that one needs to transform the p® in order
to realize the symmetry, therefore moving in the space of theories, shows that generically
these deformations will explicitly break the original conformal as well as higher spin and

Lorentz symmetries.”

2.5 Ward identities

Having derived the transformation of the sources, the basic result (2.41) showing the in-
variance of the action under the combined transformation of background sources and fun-
damental fields will imply a Ward identity for the currents. From the point of view of
the path integral, changing the fields X* and momenta P; is a just a change of integration
variables. Hence, the symmetry (2.37)—(2.40) implies

ol. ., Ol
</dadt <5Va5u + 5%(51/6)> ~0, (2.46)

where ~ denotes equivalence up to surface terms (the integral of total time derivatives).

Setting v, = 0 in order to recover the Ward identity obeyed by the original partition
function we obtain

/ dodt <—Ja51/‘" + / do’ v (o) a(a’)cw(a’,o)) ~0, (2.47)

where the J, are interpreted as the one-point function of the currents in the presence of
external sources. Plugging the explicit form (2.39) of the variations dv* and integrating
by parts we find the identity

O Jo(o) + /da/dm uﬁ(x)faﬁv(a,x,al)(fw(al) + /da' V2 (0)eap(a,0') = 0. (2.48)
Note that defining the extended Hamiltonian
H, = /da v¥(o)Juo(o), (2.49)
the above Ward identity takes a very compact form:

OyJu(0) = {H Ja(a)}. (2.50)

In other words, in Hamiltonian language the Ward identities are just the equations of
motion of the currents, with the time evolution generated by the deformed Hamiltonian H,,.

We emphasize that the source vector v% in (2.48) and (2.50) contains the shifted spin-2
deformation vy = s+ 1 that allowed us to absorb the undeformed Hamiltonian Hy. In the

"The theory naively has new higher spin and Lorentz symmetries which one obtains by (i) performing a
higher spin transformation that puts all sources equal to zero, (ii) performing a higher spin transformation
in the undeformed theory and (iii) performing the inverse higher spin transformation that puts all sources
back to their original value. As we will discuss in section 5, it is not entirely clear whether this is a proper
symmetry of the deformed theory.
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specific Wi example, using (B.15)—(B.20) it is easy to see that (2.48) yields, after shifting
back to s,

O_T = 1129, T + 2T 8, i + 1—6285’;;@ - 3W D3 + 2130, W (2.51)
64
O_W = 1120, W + 3W Oyt — — (T?0p i3 + 3T, T)
10 p
- gTagus) — 50, T3 13 — 30T 013 — §u33§’T - 3%83% , (2.52)

where 0_ = 0y — 0,. Just as before, shifting back to puo produced an extra term that
combined with the time derivatives in (2.48) to turn them into chiral derivatives. This was
to be expected, because 0_T = 0 and 0_W = 0 are the Ward identities in the free theory
(i.e. when po = pg = 0). More generally, if in a slight abuse of notation we let J,, fa[;Y and
cap denote the currents, structure constants and central extensions on a single chiral copy
of the algebra, our results for the Ward identity in terms of the original sources 1 becomes

0_Jy (o) + /do’dw uﬁ(x)faﬁw(a,:c,a’)(ﬁ(a') + /da' 17 (0" capg(o,0’) =0, (2.53)
with a similar expression in the other chiral sector (0, J, (o) + ... = 0).

Even though the Ward identities were derived using an explicit realization in terms
of scalars, it is clear from (2.48) and (2.53) that the end result is completely fixed by the
symmetry algebra and therefore independent of the particular realization we have chosen.
In other words, (2.51)—(2.52) are the semiclassical (large-c) Ward identities associated to the
canonical partition function in any theory with Ws symmetry, in the presence of sources. It
is also clear from the derivation that (2.53) extends to any other closed symmetry algebra.

It is somewhat peculiar that the right-hand side of the Ward identities involves o-
derivatives as opposed to z"-derivatives, which to our knowledge has not been emphasized
in the literature before. As we have seen this is an automatic consequence of our canonical
treatment, with the Hamiltonian as the starting point. In section 4.1 we will show that
these Ward identities can be written as the flatness condition on si(N,R) @ sl(N,R) gauge
fields with appropriate boundary conditions.

3 Action deformations and the holomorphic partition function

By now we have established the structure of the Ward identities corresponding to a defor-
mation of the CFT Hamiltonian by higher spin currents. Our next task is to consider a
different partition function obtained by deforming the CFT action. Many of the technical
aspects in the analysis below are analogous to the canonical case discussed in depth in the
previous section, so in what follows we will omit unessential details for the sake of brevity.

3.1 Chiral deformations

We will begin by studying the symmetries of the partition function and the associated
Ward identities in the presence of chiral deformations. To this end we will again resort to
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the free boson realization, and consider an action of the form

1 :
5= / iz (26+Xzaxi - AaGa> (3.1)
where the vector G = {£, W} contains the currents®
1 . . 1 A ,
E = §8+X18+XZ 5 W - gdijka+Xza+X]a+Xk (32)

and A = {)A2, A3} the corresponding sources. Following the Noether procedure, it was
established long ago that this linear coupling is in fact enough for the action with chiral
deformations to enjoy a gauge invariance [33, 34|, akin to a chiral half of (2.37)-(2.39).
A particularly transparent way of understanding this result, which also allows to make
direct contact with the calculations in section 2, is to realize that the above action is
amenable to study in a Hamiltonian formalism with the light-cone direction =~ thought of
as “time” [34, 41, 42], and where the undeformed Hamiltonian is identically zero, Hy = 0.

The key observation in [42] is that, after taking into account the presence of the second
class constraint (1/2)0+X; — P; = 0, the basic Dirac bracket {, } p reads

{8+Xi(x+,m_), 8+Xj(y+,$_)}D =06;j 040 (z7 —y™). (3.3)

Given the form of this bracket and the currents (3.2) (compare with the basic canonical
bracket (2.16) and currents (2.17)), from the reasoning in the previous section it is clear
that the holomorphic currents enjoy the Dirac bracket algebra

{ﬁ(ﬁ),ﬁ(;ﬁ)}D S [2£(x+)8+5 (@t —y) +6 (&t —yF) 8+E(x+)] (3.4)
{e@hwen}

(W) Wiyt ) = —as[e@h20:8 (a7~ yt) + 6" - y")LENLEY)]  (3.6)

=— [3W(x+)8+5 (2t —y") +26 (2t —yT) 6+W(x+)} (3.5)

provided d;; pdf =k d(ij0m)n as before. Classical central extensions can be incorporated

m)n
exactly as in the c)anonical analysis by adding improvement terms to the generators, which
will now involve terms of higher order in chiral derivatives, e.g. £ = (1/2)0, X‘0, X" +
;02 X" (compare with (2.23)). It is then immediate that the improved generators fulfill
one copy of the centrally extended algebra (2.25), (2.26), (2.27), with spatial derivatives
0y replaced by chiral derivatives 0, provided the coefficients of the improvement terms
obey the constraints (B.3)—(B.13). In simple terms, all the calculations performed in the
canonical formulation carry over to the chiral deformation case provided one replaces Hﬂ_ —
0. X" and 0, — 0.

Parameterizing the extended Dirac brackets of the currents as (in order to simplify the
notation we omit the explicit 2~ dependence below)

{Gala).Gor) ), = [ a7 1,76 " 2)G ) F eaplat ), (3)

8 As the notation indicates, these chiral currents are different from their canonical counterparts (2.17),
and only agree with them in the absence of sources.
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it was shown in [42] that under the infinitesimal transformation
, 0G
X' =) (-1ntort <eana> (3.8)
5 o
ONY = 0_€e* — /dy'kd,fr /\B(y+,:c_)ev(er,x_)fvﬁo‘(z'F, yt,a™) (3.9)

the action (3.1) transforms as”

08 ~ —/dx_d$+dy+ Nt a7) e (yT a7 )e syt ah), (3.10)

where as before ~ denotes equivalence up to surface terms. Repeating the manipulations
that lead to (2.48), in this case we find the Ward identities

O_Go(z™) + /dz+dy+ )\’8(@/+)fa57(:n+,y+, 2N)GL(2T) + /dz+ M(zM)eas(x™,27) = 0.

(3.11)
Using the fact that the structure constants faﬁ7 and central extensions c,g now involve
0+ derivatives (as opposed to J, derivatives), in the W3 example we find

O_L = jsdy L+ 2L pin + %aim + 3WO, i3 + 2130, W (3.12)
64
oW = u28+w + 3W6+/L2 - ? (£28+M3 + u3£8+£)
10 2 c
= 5 LOLns — 504 LO% 3 — B0LLIy s — S0 L — 2207 g (3.13)

Just as for the algebra itself, the Ward identities associated with a chiral deformation
of the field theory action have the same form as those associated with a chiral deformation
of the Hamiltonian, but with spatial derivatives 0, replaced by light-cone derivatives J..
As shown in e.g. [43], these Ward identities also follow by computing the one point of
L and W in the presence of the insertion el @2 X*Ga by expanding the exponential and
using the OPE of the holomorphic currents. In this sense, (3.12)-(3.13) could be said to
be the “usual” Ward identities. As discussed in section 4 and appendix D, these Ward
identities (in fact two chiral copies of them) can be rewritten as the flatness condition on
sl(N) @ sl(N) gauge fields with appropriate boundary conditions.

3.2 The coupling to the modular parameter and the notion of energy

Consider adding to the Euclidean free boson action a chiral stress tensor deformation and
a chiral deformation by a weight-s current:

1 . .
S = /dQZ (282X18§XZ - M?ﬁ - MSWS> (314)

where 1 1
L= 5aZXiaZXi, W, = ;dilmiS@X“ LL0.X (3.15)

9Just as in the case of a Hamiltonian deformation, one can alternatively introduce an extra Abelian
generator whose transformation is such that the modified action is invariant.
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For simplicity we have not added improvement terms to the generators, which as we have
seen allow to incorporate semiclassical central charges. We will moreover restrict to odd
s, in which case the closure of the Dirac bracket algebra (obtained interpreting z as time)
requires [34]

d .

di (2'2._.1'5 ]2”.)]45 — F(S(iﬂ'g PPN 5js—1)js . (316)

Allowing ps and s to have spacetime dependence, the above action is invariant under the
following infinitesimal transformation of fields and sources:

0X" = e (;in) +é5 ((;VZV);) (3.17)
= 0. X'+ e dy, ; 0.X7 ... 0. X" (3.18)
Bz = Ds€s — padsea + eadoptz + 5 L7 (€s0:bts — 1s0cs) (3.19)
Ops = Oz€s + (s — 1) €0z 12 — p20z€5 — (s — 1) ps0z€2 + €20 s (3.20)
with associated Ward identities
0L = 120, L + 2L, 10 + (s — 1) pus0.Ws + sWs0, i (3.21)
DWWy = 120 Wy + Wi 1o + K (58—1@#5 + S;IMSLHaZa) . (3.22)

In order to discuss a thermal partition function, we now take us and ug to be con-
stant chemical potentials and put the theory on a torus with modular parameter 7, with
2rIm(7) = B as before. In the canonical formulation of section 2, the modular parameter 7
of the torus couples by definition to the Virasoro zero modes. We would now like to under-
stand what are the quantities that couple to 7 and 7 in the presence of chiral deformations
of the action. This is an important question, as these couplings define for example the
quantity that is conjugate to the inverse temperature 3, namely the energy of the system.
The original torus has metric and identifications given by

ds* = dzdz with z2~z427 ~z+ 27T, (3.23)

and volume Vol(7?) = 47%Im(7). Since the periodicity of the coordinates depends on 7,
care must be exercised when taking variations with respect to the modular parameter. A
convenient way of dealing with this problem consists in passing first to coordinates (w, w)
of fixed periodicity, e.g. [44]

1T 1447 _ 1—a7 1407

2= w + 5 W, zZ= 5 w + 50, (3.24)

which implies

W~ w427~ w+ 27 . (3.25)
One then takes variations of the action in the (w,w) coordinates, and transforms back to
(z, %) at the end. In this way one obtains for example

i 07O X"+ 67 0: X"

o7 (0:X") =1 2Tm(r) (3.26)
o 0TO. X'+ 67T 0:X"

0r7 (0:X") = —i e : (3.27)

,16,



Denoting the free (undeformed) boson action by Sy and taking the variation as indi-
cated yields the expected result'®

550 = / & (LoT — L67) (3.28)
0= | 9ifm(r) 0T 7T '
with £ as in (3.15) and
| . ‘
L= 0:X'0:X". (3.29)

Extending the above computation to include the effects of the chiral deformations
requires some caution, as we first have to define what exactly are the independent ther-
modynamic variables that we are going to use. It might be tempting to use pus and jis,
besides 7,7, as independent variables, but we will find it more natural and convenient to
use Im(7)pus, Im(7)fis, 7 and 7 as independent variables. We make this choice because (i)
a similar choice was made in eq. (2.3), (ii) when taking us and W, constant the integral
[ d?z psWs reduces to 4m?Im(7)usWs, and (iii) this is also the standard procedure in ther-
mal field theory in the presence of chemical potentials [32]. An additional independent
reason supporting this choice of thermal sources, motivated from holographic considera-
tions, will be given in section 4.4. In the present context this means that we must take the
T-variation of the action with

§(Im(r)p) =0. (3.30)
This illustrates a subtle yet crucial point: in the presence of deformations by conserved
currents, the precise definition of the sources affects the definition of the energy and other
thermodynamic quantities of interest.

Taking into account the contribution of the chiral deformations and performing the
variation of (3. 14) as described one obtains

58 = / (£ 42028 + sy, ) o7
2@Im

d2 _ . . . . .
_ - _ 19_ 7 . . 11 1s—1 9_ 1s =
/ 2im(7) (L w20, X'0: X" — psdiy . 5,0, X" ... 0, X 0:X )67’. (3.31)

We would now like to rewrite this variation entirely in terms of the generators themselves.
To this end we can use the reparametrization freedom of the path integral and consider a
(non-local) field redefinition such that

§(0:X") = 720 X"+ vsd'y, ;0. X" .. 0. X" (3.32)

i2...0g
The variation of the free action will then cancel the offending terms in the second line
of (3.31) provided we set

H2 _ . Hs _
722’11](1(7)57— and 5 = 72@'1111(7’)57' (3.33)

Taking into account the new terms generated by the variation of the (u2L + pusWs) piece,

Y2 ==

the final result for the combined variation of the complex structure plus field redefinition is

5S = / Mm E(ST—E(S%) (3.34)

1 2
9Notice one keeps the invariant measure Ii(j) = d”w fixed in this variation.
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where we defined the “energies” E and F as
E=L+2uLl+susWs,  E=L—2u3L — rplst. (3.35)

The above simple-minded calculation glossed over many details: it did not take central
terms into account, it applies to a single higher spin deformation only, and the field redef-
inition we have performed is non-local. A rigorous calculation should involve e.g. treating
the kernel of the derivative operator (in particular zero modes) carefully. Barring these
technical complications, the naive calculation exemplifies some facts that should remain
true once these subtleties are taken into account. In particular, it shows that even for a
chiral deformation the notion of energy on the opposite chiral sector is modified. In fact,
the generalization of (3.35) was obtained in [25] using Chern-Simons theory.!! We now see
that the mixing of chiralities has a very simple origin in field theory: it arises due to the
mixing of left- and right-movers in (3.26) and (3.27). We will return to this result and its
interpretation in section 4.3 and appendix D.

3.3 Non-chiral deformations

Having studied chiral deformations of the CFT action, a natural question is whether one
can simultaneously turn on sources for both left- and right-moving chiral algebras in such a
way that the Ward identities consist of two copies of (3.11) (with 04 and d_ interchanged).
As we have anticipated, a naive second order path integral with linear couplings, i.e.

ZLagnaive |3, s fis] = /DCb e—50(8) o= Jr2 d°2 30, (s Wa(9)+7isWs(9)) (3.36)

would not lead to the desired Ward identities. A simple way to appreciate the problems
associated with this definition is to notice that in order to derive the desired Ward identities
one would need to assume that the chiral sectors are decoupled, whereas in practice the
OPE between e.g. W, and W, involves contact terms. In terms of free bosons X?, these
contact terms arise for example from 0X*(z,2)0X7 (w, @) ~ 696 (2 — w, 2 — w). Though
contact terms are perhaps often associated to quantum effects, it is straightforward to see
that here W, transforms non-trivially under a higher spin transformation generated by W;
already at the classical level, thereby spoiling the derivation of the Ward identities.

In certain cases one can indeed write down a partition function whose symmetries
result in two copies of the chiral Ward identities, at the expense of introducing auxiliary
fields [35]. As anticipated, integrating out the auxiliary fields results in an action involving
infinitely many higher order terms in us and fis, which would be the Lagrangian version of
the theory with well-separated left- and right-movers. Even though we will not discuss the
auxiliary field formalism in detail, in appendix C we review an example involving non-chiral
stress tensor deformations that illustrates various general features of the construction. We
emphasize that the difficulties associated with non-chiral deformations do not arise in the
holographic formulation using Chern-Simons theory. In particular, it was already shown

“The calculation performed in [25] moreover involved non-chiral deformations, but reduces to the above
results once the chemical potentials in the barred sector are switched off.
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in [43] that two copies of the chiral Ward identities arise as the flatness condition on
sl(N) @ sl(N) gauge fields with appropriate boundary conditions (cf. section 4.3). The
difficult only emerges when one tries to associate a deformed CFT path integral to the
bulk theory with these boundary conditions.

In our considerations above, the non-decoupling of the chiral sectors in the path in-
tegral (3.36) was easy to see because it involved classical field variations only. One could
however contemplate other definitions of the path integral, for example using conformal
perturbation theory, where contact terms play no role since one regularizes the integrated
correlators by excising small disks around each operator insertion. At first sight, this pre-
scription then leads to a factorization of the chiral and non-chiral deformations, since they
only interact through contact terms in correlation functions of the form (WW), and there-
fore also to the correct separate Ward identities.'? It is somewhat puzzling that conformal
perturbation theory naively yields an answer which differs from that obtained using classi-
cal field variations, especially since the disagreement is already there at the classical level
and has nothing to do with quantum issues. One possibility is that the treatment using
conformal perturbation theory becomes subtle when going to higher orders, since one needs
to separate the chiral and anti-chiral insertions from each other, and that this induces some
mixing. Alternatively, we are dealing with two different prescriptions which simply differ
by finite local counterterms. It would be interesting to investigate this issue further.

4 Holography

The semiclassical analysis in sections 2 and 3 culminating in the Ward identities (2.53)
and (3.11), respectively, was purely field-theoretical and did not presume the existence of
a holographic description. In particular, for any theory with W3 symmetry we showed
that the symmetries of the canonical partition function in the presence of sources result in
equations (2.51)—(2.52) for the one-point function of the stress tensor and the dimension
3 operator, in the semiclassical limit. For chiral deformations of the field theory action,
the analogous results (3.12)—(3.13) hold. Solely a consequence of symmetries, these results
are generally valid in the large central charge limit, and in particular independent of the
existence of a holographic realization.

As we have mentioned, the Wy algebras are an example of symmetries that emerge
via the so-called Hamiltonian or Drinfeld-Sokolov [24] reduction of current algebras, and
such theories can be described in terms of Chern-Simons theories on a three-dimensional
manifold with boundary (see the recent [6, 17, 18, 43, 45-50], and [51-57] for earlier work).
The pure Chern-Simons sector is in fact a consistent truncation of the full interacting
Prokushkin-Vasiliev theory [8, 9], where the matter sector decouples. When the connec-
tions are valued in si(N,R) @ sl(N,R) the dual CFT possesses Wy symmetry [45, 46].
Replacing the gauge algebra by two copies of the infinite-dimensional hs[\] algebra, the re-
sulting theory enjoys Wao[A] symmetry [47, 49]. For a succinct overview of the basic facts
concerning the formulation of three-dimensional gravitational theories in Chern-Simons
language, as applied to higher spin AdS3;/CFTy, we refer the reader to [21, 25]. Full details
can be found in the comprehensive reviews [7, 48, 58].

12\We thank Per Kraus for bringing this scenario to our attention.

,19,



We do not need the full machinery referred to in the previous paragraph to describe the
connection to Chern-Simons theory, however. Consider Chern-Simons theory, augmented
with a suitable boundary term and boundary conditions, on a three-manifold with bound-
ary. The Chern-Simons gauge fields will depend in some particular way on the sources ps
and fis, and also on the expectation values (EVs) (Ws), and (W), in the deformed CFT.
If the variation of the Chern-Simons action with boundary term and boundary conditions

takes the schematic form
08 ~ / Tr[0ANF] + / d?z (EVs) é(sources) (4.1)
M oM

and F' = 0 restricted to the boundary agrees with the Ward identities of the dual deformed
CFT, then the on-shell value of the Chern-Simons action plus boundary term yields a
functional which will automatically solve the Ward identities. Interestingly, we obtain a
solution for each choice of three-manifold M with the same boundary M. What this
analysis does not tell us is which M to pick, whether to sum over all possible M, and
whether all solutions of the Ward identities can be obtained in this way. In the remainder,
we will assume the latter to be true, and in order to select a three-manifold we will pick the
dominant saddle point suggested by AdS/CFT in the case where the sources are turned off.
We expect this to remain the dominant saddle for sufficiently small values of the sources,
but an analysis of exactly which saddle dominates for which values of the sources is beyond
the scope of the present paper.

Note that (4.1) requires one to identify precisely what sources one chooses, and different
choices of sources or thermodynamic variables will correspond to different boundary terms
and boundary conditions, as recently discussed in [25]. A class of boundary conditions was
studied in [59-65] that lead to the so-called “canonical thermodynamics”, consistent with
canonical definitions of conserved charges and thermodynamics in gravitational theories,
with a perturbative application of Wald-like formulae for the entropy and energy [66], and
with the thermal limit of entanglement entropy calculations in higher spin theories [21, 22].
A feature of the canonical approach is that, once sources for the currents are switched on,
quantities such as the energy and higher spin charges, for example, acquire an explicit
dependence on the chemical potentials and differ from their undeformed counterparts. On
the other hand, alternative “holomorphic” boundary conditions were employed in [17, 26,
43, 50] which yielded results consistent with various independent CFT calculations [18-20].
The question that concerns us here is what is the precise interpretation of these boundary
conditions in terms of the dual field theory.

The picture we want to put forward is that while canonical boundary conditions are
associated with deformations of the CF'T Hamiltonian, of the type studied in section 2, the
holomorphic ones are related to deformations of the CFT action as described in section 3.3

4.1 Canonical boundary conditions and variational principle

We will begin our discussion from the perspective of holography by deriving the boundary
conditions that realize the canonical structure discussed in section 2. Taking the W3 case
as our guiding example, we then ask what are the boundary conditions in Chern-Simons

13See [27] for a detailed discussion of the relation between chiral deformations of the action and
Hamiltonian in CFT.
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theory that are consistent with the symmetry transformations (2.30)—(2.33) of the currents,
and the Ward identities (2.51)—(2.52) (or, equivalently, the transformation (2.44)—(2.45) of
the sources). The first part of the question, concerning the transformation of the charges,
was already answered in [46]: focusing on the unbarred sector for simplicity, one starts by
gauging away the dependence of the connection on the bulk radial coordinate p and works
with the reduced or “two-dimensional” connection a defined through

A=0"(p)a(t,o)b(p) + b~ (p)db(p). (4.2)

To obtain the right Ward identities, one needs to choose the asymptotic boundary condi-
tions to be of Drinfeld-Sokolov form, i.e.'4

e =11 +Q (4.3)

where @ a highest weight matrix ([Q, L_1] = 0) whose entries contain the stress tensor and
the higher spin currents. For example, in the spin-3 case we write the spatial component
of the si(3,R) connection as

T w
o =1L —L 4 ——W_ 4.4
a 1+k 1 4kW2 (4.4)

where k = ﬁ. By definition, the asymptotic symmetry algebra is generated by the gauge
transformations that respect these boundary conditions, and it corresponds to the (infinite)
global symmetries of the dual CF'T. Perfoming an infinitesimal gauge transformation with
parameter A as da = d\ + [a, A], one finds that (4.4) is preserved if A takes the form [46]

1 2
A=) L+ > X"Wn (4.5)
i=—1 m=—2
with the parameters fixed in terms of ¢! = € and x? = x by (B.23)-(B.28). Under such
transformations, the change in the currents is precisely given by (2.30)—(2.33).

The remaining question is how to incorporate the sources 2, 113 in the connection. The
guiding principle is that the asymptotic equations of motion, namely the flatness condition
on the reduced connection a(t,o), should reproduce the Ward identities (2.51)—(2.52).
Having fixed the form of a,, the complete sl(3,R) flat connection is found to be

T w
s =1L —L_4——W_ 4.
a 1+ L1 4I<:W 2 (4.6)

1., 2T

a; = ag + poly + p3Wo — O iz Lo — O i3 W1 + 5@#34—?,&3 Wo

1., 2w T 1., 5 2

- st g | Loy 4 (=20 — 2 TOops — —pzd,T ) Woi (4.

+<230H2+ o Hs kuz) 1+( 68"“3 % Do 13 3k”38 )W 1 (4.7)

2

1 4 2 9 7 T 1 1
+ <2460u3 + 3kT6mu3 + 12k80T30u3 + <k2 + 6k‘80T> u3 — 4ku2W> W_o.

Note that when ps = ps = 0 one has a; = a,, i.e. a_ = 0 in the absence of sources.

1We adopt the same convention as [46] for the sl(3, R) generators L1, Lo, Ly and W, (j = =2, —1,...,2),
but rescale the currents by a factor of 2.

— 21 —



The general structure at play is more clearly appreciated in terms of a “Drinfeld-
Sokolov pair”, consisting of one component of the connection carrying the currents as
highest weights, and a conjugate component carrying the corresponding sources as lowest

weights. This is conveniently summarized as'®
ag = L1 +Q (48)
ar—ag =M+ ...

where as before @) is linear in the currents and satisfies [Q, L_1] = 0, M is a matrix linear
in the sources which satisfies [M, L;] = 0, and the dots stand for higher weight terms
completely fixed by the equations of motion once a suitable normalization of the sources is
chosen (see [25, 63] and appendix D for details). In particular, in the above example we have

M = poLy + psWa. (4.10)

As a further consistency check, acting on (4.7) with the gauge parameter (4.5) (sub-
ject to (B.23)-(B.28)) one easily verifies that the change in the lowest weights of the
connection is

0 (ay — ay) = dpa Ly + dusWe + (higher weights) , (4.11)

with duo and dus given precisely by (2.44)—(2.45). We have then shown that the equations
of motion of Chern-Simons theory with boundary conditions (4.8)—(4.9) (and a Dirichlet
variational principle for the sources) agree with the Ward identities we obtained from the
canonical partition function in field theory. To make sure that the partition functions also
agree, all that remains is to find an appropriate boundary term which is compatible with
the Dirichlet boundary conditions on the sources, and which will guarantee that the charges
are indeed coupled in the right way to the currents. We will turn back to these boundary
terms momentarily.

In order to facilitate comparison with the recent literature, we note that the above
boundary conditions written in light-cone coordinates & =t & o read

ay —a_ =L +Q (4.12)
2a_ =M+ ... (4.13)

Recalling that the a_ component is zero for undeformed solutions (such as pure AdS), we
see that incorporating the sources in a_ we can readily interpret them as deformations of
the original theory.

Turning back to the boundary terms, the necessary techniques to find these were
introduced in [25], generalizing the results of [59]. The Lorentzian Chern-Simons action on
a three-dimensional manifold M reads'®

Ics = % | [CS(A) - CS(A)] (4.14)

15Tn the N = 3 case, these boundary conditions have been recently advocated in [62, 65] from a purely
bulk perspective. Here we have arrived at them following a different route, using as guiding principle the
(1 + 1)-dimensional field theory Ward identities in the presence of Hamiltonian deformations.

16 A1l traces in this section are taken in the fundamental representation.
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where [11]
k

Fes = oy [LoLo)

(4.15)

in order to match with the normalization of the Einstein-Hilbert action in the pure grav-
ity case. With this normalization, the central charge in the dual CFT is given by ¢ =
12k.sTr [LoLo]. The total action will be of the form

I =1Ics+1Ip, (4.16)

where Ip is the required boundary term. In terms of the p-independent connections a, a,
the variation of the bulk action Icg, evaluated on-shell, is easily seen to be

kCS — —
6lcslos = ~in 8]V["[‘r[a/\éa—a/\éa} (4.17)
kCS — — — —
— _/ deTr[aJr(Sa, —a_day —ayoa_ + a,5a+}, (4.18)
27 OM

where d?x = (1/2)dz~ A dxt = dt do. The necessary boundary term is

ks

. Fes
2T OM

™

Ip = d*x Tr[(a+ —a_ —2L) a_} - /a dx Tr[(c’z_ —aq +2L_,) C_L+],
M

(4.19)

and the variation of the full action I, evaluated on-shell, is then

kes

STl = —
21 Jom

Az Tr[(a+ a — L) (2a )+ (@ —as +L_1)8 (2@9} o (4.20)
This confirms that the boundary term above is well-suited to the Dirichlet problem (fixed
sources).

4.2 Canonical thermodynamics revisited

We will now describe the boundary conditions in the Euclidean formulation of Chern-
Simons theory, and derive general expressions for the free energy and entropy in the dual
theory. In order to introduce temperature, the Euclidean time direction is compactified
and the topology of the three-dimensional manifold M becomes that of a solid torus. Com-
plex coordinates (z, z) are introduced by analytically continuing the light-cone directions
as xT — z, 7 — —Zz, with identifications z ~ z + 27 ~ z + 277, where 7 is the modular
parameter of the boundary two-torus. In the semiclassical limit (large temperature and
central charges), the CFT partition function is obtained from the saddle point approxima-
tion of the Euclidean on-shell action:

mz=—1F = _ (Ié? + I}f)) , (4.21)
0os
where "
1P = e / Tr [CS(A) - CS(A)} (4.22)
47'[' M
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and IEE) denotes the Euclidean continuation of the boundary term (4.19),

1B _ ke d2zTr[(az +as - 2L) ag] —k“/ dQZTr[(ZLg Va, —2L_1)a,|. (4.23)
21 Jom 21 Jom

Mirroring the field theory discussion in section 3.2, when computing the variation of

the Chern-Simons action one should acknowledge that the modular parameter of the torus

is varying. As before, a convenient way of dealing with this fact is to compute the variation

in coordinates with fixed-periodicity (where 7 appears in the connection itself), and change

back to the z coordinates at the end. Following the steps detailed in [25], in the present
case we find that the variation of the full action, evaluated on-shell, is given by

d? 1
SISE) = —omike, /8 y W;(T)Tr [2 (a2 + az)* 67 + (az + az — L) 6 (7 — 7)az)

—% (@, +az)? 67 + (@ +az — L_1) 6 (7 — r)az)] . (4.24)

First, we notice that the quantities conjugate to 7 and 7, namely the left- and right-moving
energies T and T, are given by

T = —%Tr [(az n a2)2] , T= —%Tr [(az + ag)ﬂ . (4.25)

In particular one notices that the mixing of chiralities encountered in 3.2 from the field
theory perspective, and in [25] from the Chern-Simons perspective, does not arise when
using canonical boundary conditions. Secondly, we see that the quantities coupling to the
higher spin currents are (7 — 7) az and (T — 7) @, so the Euclidean version of the boundary
conditions (4.12)—(4.13) is

a, +as:=Li+Q a,+az=L_1—Q (4.26)
(F—T)az=M+... (F—7)a,=M+... (4.27)

with the difference that the matrix M does not contain the spin-2 source anymore, because
the latter has been incorporated as the modular parameter of the torus. Equation (4.27)
makes manifest the fact that the sources get rescaled by the temperature when transitioning
to the Euclidean formalism. In other words, the matrix elements of as and a, contain the
chemical potentials u (i.e. the deformation parameters in the Lorentzian description), while
the matrices M and M contain the actual sources o ~ Im(7)u.!” This agrees with our
field theory discussion in section 2.1 (cf. (2.3)).

As explained in [25], for the theory determined by choosing the principal embedding of
sl(2) into sl(IN), resulting in Wy as the asymptotic symmetry algebra, the normalization

17A slightly different definition of the sources was employed in [63], as lowest weights in Ta, + Faz. One
notes however that Ta. + Taz = (7 — 7)az + 7 (a» + az), and since a. + az is a highest weight matrix, this
implies that the lowest weights in 7a. + Taz and (7 — 7)az are in fact the same. By the same token, in the
Lorentzian theory the sources can be said to be the lowest weights in a; — a, or equivalently in a;, because
ao is a highest weight matrix. The difference between these two approaches amounts simply to a shift in
the definition of the spin-2 source.
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of the currents and sources can be chosen such that

N

—kes (7 — 7) Tr[Qaz] = a,W, (4.28)
81;3

—kes (F = 7) Tr[Liaz] =) (s — 1)a,W, (4.29)
s=3

Similar expressions hold in the other chiral sector. To adapt the above formulae to non-
principal embeddings one simply replaces s by the conformal weight of the operator, with
the sum running over the appropriate spectrum. The above formulae rely solely on the
lowest /highest weight structure of the solutions, and therefore are valid even for non-
constant connections. See appendix D for a general derivation.

So far we have been discussing the variation of the on-shell value of the Chern-Simons
action, for which the choice of three-manifold was irrelevant. To find the actual value of
the Chern-Simons action, we however need to pick a three-manifold M. In the absence
of sources the dominant saddle point in the high-temperature regime is the one where
the Euclidean time-circle is smoothly contractible in the interior. We will therefore pick
this particular three-manifold M, as we expect this to still be the dominant saddle point
for sufficiently small values of the sources. In this particular case, where moreover the
connections are constant, we can explicitly evaluate the on-shell action and therefore the
partition function Z and the free energy F as —3F =InZ = — I(F) ‘05,18 obtaining

1 1
In Zean = —2mikesTr {2 (az+az)? T+ (F—71) Liaz— (a.+az)’ 7+(F —7) L_qa.| . (4.30)

As usual, the free energy is a function of the temperature and chemical potentials. A
standard Legendre transform produces the entropy, a function of the charges. The term
implementing the Legendre transformation can be read off from (4.24), and the thermal
entropy is then

1 1
Sean = In Zeon — 2mikesTr [2 (a, + a5)2 T — 5 (a, + &5)2 T

+(ay+az—L1)(T—7)az+ (a,+az— L) (T—1) az} (4.31)
which after using (4.30) yields
Sean = —2ihes Tr [(az ¥ as) (Tas + Taz) — (@ + @s) (T, + mg)} . (4.32)

This formula for the entropy was first derived in [25]. In the particular case of the Ws
theory (N = 3) in the principal embedding, it agrees with a result derived in the metric
formulation [61], as well as the perturbative application of Wald’s entropy formula [66]. We
emphasize however that equations (4.30) and (4.32) are valid for any N, and any choice
of embedding. Moreover, they are valid for the hs[\| theory as well, provided the trace is
interpreted accordingly (see section 4 of [63] for a complete discussion of this case). The
above form of the entropy has been also recovered as the thermal limit of entanglement
entropy proposals for higher spin theories [21, 22].

8See [59] for a discussion of the subtleties associated with the evaluation of the bulk piece.
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It is important to mention that the charges and their conjugate sources have to be
related in a particular way for the first law of thermodynamics to hold. In the Chern-Simons
formulation this requirement has been encoded in an elegant way in terms of holonomies of
the connection [43]. In a few words, one demands that the connection has trivial holonomy
around the thermal cycle of the boundary torus, that becomes contractible in the bulk.
This is the Chern-Simons analogue of the familiar statement for Euclidean black holes that
the thermal circle should be smoothly contractible. Using these holonomy conditions, it was
also shown in [25] that the above formula for the entropy can be written very compactly as

Sean = 2mhes Tr| (A = X) Lo, (4.33)

where X and X are diagonal matrices containing the eigenvalues of the component of the
connection along the non-contractible cycle of the boundary torus, i.e.

A = Eigen (a, + az) , ) = Eigen (a, + as) . (4.34)

Given the boundary conditions (4.26)—(4.27), it is evident from (4.33) that the entropy
is a function of the charges. The particular combination of zero modes implied by (4.33)
can be then viewed as the generalization of the Cardy formula for higher spin theories. As a
side remark we note that in the principally-embedded sl(N, R)@® sl(N, R) theory, the above
expression for the entropy can be also written in a representation-independent way as [21]

Sean = 27kes <X X, ﬁ> (4.35)

where X, i are the weight vectors dual to A and A (which belong to the Cartan subalgebra),
p denotes the Weyl vector of s/(N) (which is dual to Lg), and the brackets denote the usual
inner product induced by the Killing form.

4.3 Holomorphic boundary conditions and thermodynamics

The holomorphic partition functions we discussed in this paper correspond to deformations
of the Lagrangian instead of the Hamiltonian. The analysis proceeds exactly as for the

canonical case, the main difference being that the boundary conditions become®®
a,=L1+Q az=L_1 — @ (4.36)
(F—T)az=M + ... (F—T)a,=M+... (4.37)

instead of (4.26), and similarly in Lorentzian signature (see [25]) where they result in two
copies of the Ward identities (3.11) [43]. Accordingly, instead of (4.23) the appropriate
boundary term now reads

kes

_ Kes
2 OM

19 = 42z Tr[(az —2Ly) ag} - = /8 o Tr[(d; Y az]. (4.38)
M

19These boundary conditions were referred to as “canonical” in [25]. We apologize for any confusion this
change in nomenclature may generate.
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As discussed in [25], the corresponding free energy is

2 ;2 22 2
—BFholo = In Zyo1o = —2mikesTr |:T <6122 + aaz — a;) - T (C;Z + aza, — aZ)

+ (7= 7)(Liaz + L1 a.)|. (4.39)

| IS

There are several marked differences with the canonical case. For example, under
variations of the complex structure one finds [25]
d*z

17 (r) (EéT — E6T) (4.40)

07710 Zholo = —27ri/
with

k — k
B=—"2T|ad+200; —ad],  E=——Tr[a?+2asa, — 2. (4.41)

z

We then see that the operator that couples to 7 is now much more complicated, and
involves a mixture of left and right movers. The content of (4.41) is that the energy of
the system is manifestly modified by the higher spin sources, and in particular it does
no longer correspond to the zero modes of the stress tensor as defined in the undeformed
theory. We presented a qualitative field theory explanation of this mixture in section 3.2,
and it would be very interesting to derive the form of this operator directly from the path
integral. A hint as to how this might come about comes from a property of Drinfeld-Sokolov
connections that we discuss below.

In order to characterize the operators E and E, we note that the Drinfeld-Sokolov
form of the connection with holomorphic boundary conditions is easily seen to imply (cf.
appendix D)

_Fes
2
—kesTr[azaz] = spsWs, (4.43)
5>3

T[] = (4.42)

with £ the stress tensor, and similarly in the other chiral sector.?? The only quantity left
to characterize is then —k.sTr [a%]. In appendix D we point out the useful relation

— kesTr [a2] = Ress—up [(z — w)ALN(z)ALN(w)} + 0% (Py), (4.44)

where ALy = Zi\f: o sWs is the deformation operator, and provide the explicit form of
Py for N = 2,3,4. We notice however that Py does not contribute under the integral
sign in (4.40). In other words, the contribution of —kesTr [aZ] to the energies is given
precisely by the second order pole in the OPE of the Lagrangian deformation with itself.
We emphasize that (4.44) holds for arbitrary spacetime-dependent sources, and it therefore
applies beyond the thermodynamic analysis. We leave a further study of this curious

relation to future work.

20Note that we have not included a spin-2 source po in the connection, as we would have done if using
coordinates with fixed periodicity, i.e. for a square torus. The full general expressions containing 2 can be
found in appendix D.
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In order to obtain the entropy we need to perform an appropriate Legendre transform
of the free energy, which in this case reads

2 =2
Sholo = In Zyelo — 2mikesTr |:(T —7)(az—Li)as+71 (C;Z +azaz — C;)

a2 a2
—(T=7)(~az+L1)a, -7 (2 + aza. — 2)} (4.45)
and evaluates to the same expression (4.32) for the entropy as in the canonical case, namely
Sholo = —2mikes Tr|(a, + az) (Ta, + Taz) — (a. + az) (ta. + %ag)} . (4.46)

In particular, this result can be written in the same form as 4.33. However, despite the
apparent similarity, there is an important difference once again: whereas in the canonical
case (a, + az) depends on the charges only and the eigenvalues A and A immediately yield
an expression for the entropy as a function of the charges, in the holomorphic case a, + az
depends on both the charges and chemical potentials in a complicated way. Hence, in order
to find an expression for the entropy, in the latter case one needs to explicitly solve the
monodromy conditions which allow to express the sources in terms of the charges.

4.4 Other holomorphic boundary conditions

In the context of holography, the first discussion of boundary conditions in the pres-
ence of higher spin sources and the associated thermodynamics was given in the original
work [43] of Gutperle and Kraus on higher spin black holes. For the bulk theory based on
sl(3,R) @ sl(3,R) with principally embedded sl(2,R), for example, the boundary condi-
tions advocated therein agree with our holomorphic boundary conditions, and resulted in
two copies of the Ward identities (3.12)(3.13).2!

For chiral deformations of this sort, we have given a particular partition function
in CFT which corresponds to a deformation of the action by a linear coupling, which
indeed reproduces a single chiral copy of these Ward identities. We have also pointed out
that when sources for currents of both chiralities are present, the corresponding partition
function in CFT that reproduces the Ward identities involves terms to all orders in the
sources, including terms that mix both chiralities. This can be understood, for example,
using the auxiliary field formalism introduced in [35], which unfortunately needs to be
formulated on a case by case basis.

By considering thermodynamics of Chern-Simons theory on a solid torus, an entropy
was found in [43] whose precise form was determined by the first law of thermodynamics
based on a definition of the sources («, &) that involved rescaling the chemical potentials
(i, ii) by the modular parameter 7 of the boundary torus torus, e.g. & = 7y and & = 7[i.?2

2IThe structure of a general Drinfeld-Sokolov connection obeying these boundary conditions is described
in appendix D, and detailed examples are provided for the theory based on the sl(N,R) ® sl(N,R) algebra
for N = 2,3, 4.

*2The corresponding boundary conditions were referred to as “holomorphic” in [25].
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It was then shown in [25] that the entropy formula obtained in [43] can be written quite
generally as

Seik = —2imkog Tr [az (ras + 7az) — s (tds + %az)] , (4.47)

or, equivalently,
Sa-x = 2mkes Tr[ (A2 — Az) Lo], (4.48)

where )\, and ), are diagonal matrices containing the eigenvalues of the a, and as compo-
nents of the connection.

It may appear strange that although the Ward identities take the same “holomorphic”
form in [43] as we obtained from deformations of the action, the entropy (4.46) one ob-
tains from the latter formulation is clearly distinct from (4.47). The explanation of this
discrepancy lies in the different choices of sources «, & in the thermal case: even with iden-
tically looking Ward identities (in terms of the chemical potentials p, 1), different choices
of sources «, @ can give rise to different notions of free energy and entropy. Moreover, the
modular parameter 7 of the torus does not enter the Ward identities directly and always
needs a separate treatment.

These results illustrate a rather subtle point that was alluded to from a field theory
perspective in section 3.2, namely that the precise definition of the sources in the thermal
theory affects the notion of energy and other thermodynamic quantities. The bottom line
is that an unambiguous definition of the thermal partition function requires to specify
not only the boundary conditions on the plane/cylinder, but also the precise scaling of
the sources with the complex structure of the torus. In this light it should come as no
surprise that the same flat connection can yield two different results (4.32) and (4.47) for
the entropy, depending on precisely how the thermal sources are related to the chemical
potentials and the temperature.

We would like to mention, in passing, one more argument in favor of the definition
a ~ Im(7)p for the sources and the resulting canonical form (4.46) of the holomorphic
entropy. In the N = 2 theory, corresponding to pure gravity, there is an independent
holographic notion of entropy in the dual CFT in terms of the thermal entropy of black
hole solutions. The latter can be of course computed by the Bekenstein-Hawking area law
or any other standard method. As shown in [63], it is (4.46) and not (4.47) that coincides
with the area of the black hole horizon in the N = 2 theory. Moreover, the canonical
entropy was derived in [63] by adapting the Wald formalism to Chern-Simons theory, and
recently rederived in [67] using these techniques. These results indicate that the definition
a ~ Im(7)pu and consequently the entropy (4.46) are preferred from a bulk perspective.
This is reassuring, because it implies that both the canonical boundary conditions studied
in sections 4.1-4.2 and the holomorphic boundary conditions studied in [25] and reviewed
in section 4.3 yield the same thermal entropy functional, consistent with the idea that there
should be a single notion of thermal entropy in a bulk theory containing gravity.

Finally, to see how the Gutperle-Kraus result fits in our general framework, we would
like to present a computation in deformed 2d CFT which reproduces the appropriate free
energy and entropy. To this end, we first recall that one can find the free energy by e.g.
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varying the entropy to read off the sources and charges

2 _9
0Sa.x = —2mik.sTr [75 <a22) — 70 <a2z> +7Taz0 (ay — Ly) +7a, 0 (—az+ L_q1)|, (4.49)

and the free energy is then given by the corresponding Legendre transform [25]

2 =2
—BFak =InZa.g = —2mikesTr [T <CL2Z> - T (%) + (leag —7L_4 CLZ):| . (450)
One can derive from the results in [25] that this free energy follows by computing the
partition function on a square torus of the following deformed CF'T

S = ScrT + 1 (1 + Z;) /dzz TorT + 0T / d%z Z wsWs + c.c. (4.51)

with some numerical constants c1, co which we did determine explicitly. Let us reemphasize
that this theory lives on a square torus of fixed periodicities and that the dependence on
7 is only through the explicit appearance in the action. It remains to be seen whether
deformations of the type (4.51) have any particularly nice intrinsic properties, or whether
they were merely stumbled upon by accident as a by-product of the definitions in [43].

4.5 Field redefinitions

Even though different boundary conditions in Chern-Simons theory describe different par-
tition functions in the two-dimensional boundary theory, it was already pointed out in [25]
that field redefinitions exist which allow to map between different Drinfeld-Sokolov pairs.
This suggests that redefinitions of the sources might be possible which allow to relate par-
tition functions corresponding to, say, a chiral deformation of the Hamiltonian and a chiral
deformation of the action. We will now discuss to what extent this is indeed possible. It
will in general turn out to be relatively easy to find redefinitions of the charges in such a
way that the entropies transform into each other, but difficult to find redefinitions of the
sources to map the free energies into each other.

We will first use chiral stress tensor deformations as an example. This is, for the theory
defined on a torus 72 with modular parameter 7, we would like to relate a Hamiltonian
deformation of the form

Zcan [Ty 0] = Try [qLO*TCAIq’ZO*i exp (27Tia2L0)] (4.52)

with ¢ = €?™7, and an action deformation of the form

. d2z
Zholo [7_7 )\2] - /Dﬁb 6_50(¢)6_ZIT2 mAQE (453)

with £ the left-moving stress tensor.

Given a Drinfeld-Sokolov pair, for constant sources the flatness of the gauge connection
implies that the conjugate components of the gauge field commute. In the particular case
of a stress tensor deformation, that can be described by sl(2,IR) connections, the two
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components are actually proportional to each other. Denoting the connection describing
the Hamiltonian deformation by a and that describing an action deformation by b, from our
discussion above in the canonical case plus the corresponding results for the holomorphic
case (see [25]) it follows that

a:= =" (a.4+a:) and b= 2. (4.54)

T—T T—T

The precise proportionality coefficient is fixed by relations such as (4.28)—(4.29). The idea
is to now relate the two sets of gauge fields on the torus to each other through gauge
transformations.

Recall now that the only gauge-invariant information carried by the connection is con-
tained in the holonomy around cycles, with a, 4+ az being the component of the connection
along the non-contractible cycle of the boundary torus, and 7a, 4+ 7Taz the component along
the thermal cycle, which becomes contractible in the bulk (and similarly for b). Hence, the
two sets of gauge fields are gauge-equivalent if their spectrum matches (up to conjugation):

spec(az + ag) ~ spec(bz + bg) (4.55)
spec(Taz -+ ?a;) ~ spec (sz -+ 7_'b§) . (4.56)

Using the on-shell relations (4.54) these conditions become

spec(a; + az) ~ (1 + = > spec (b,) (4.57)

T—T
T
(T + ag)spec(a. + az) ~ (T +== 7_) spec(b:) , (4.58)
implying
. B (1 __to >_1 (4.59)
2Im(T) 2Im(1) ) '

This is precisely the same relation obtained in [27] using field theory techniques, reproduced
here with very simple manipulations in terms of flat connections in Chern-Simons theory.

Why did this work? The reason is that (4.55) implies that the gauge fields transform
under a global gauge transformation, i.e.

(a4 az) =U b, + bs)U (4.60)
(ta, +Taz) = U (1b, + 7b:)U, (4.61)

and therefore any quantity which consists of the trace of the products of gauge fields will
be left invariant under this transformation. The entropy is of this form in general, and that
is why transformations of this type can be used to find charge redefinitions which leave
the entropy invariant. For the free energy, however, the situation is more complicated.
The on-shell value of the Chern-Simons action is left invariant under the global gauge
transformations (4.60), but the boundary terms are not, because these contains terms like
Tr[Ljaz] which are not invariant under (4.60), given that L; is kept fixed. Then why did
the computation for chiral stress-tensor deformations work? It did because it so happens
that the boundary terms vanish for such deformations.
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The general lesson is therefore that although we can relate in a fairly straightforward
way the different entropies to each other with redefinitions of the charges, the free energies
do not share this property. Although this does not say that there can not exist redefinitions
of the sources which relate the free energies, Chern-Simons theory does not appear to
provide a natural candidate, except in the case of stress-tensor deformations.

Let us now comment on an application involving non-chiral deformations. As we have
mentioned, using Chern-Simons theory the results (4.33) and (4.48) were derived in [25],
the first corresponding to canonical boundary conditions, and the second to holomorphic
boundary conditions, a particular choice of stress tensor coupling to 7 and a particular
scaling « = Tu and @ = 7 of the sources with the modular parameter. On the other hand,
the components of the connection carrying the charges in either case are a. +as = L1 + Q
and a, = L; + Q, with similar expressions in the barred sector. Since both Q and Q are
highest weight matrices which are linear in the corresponding charges, it follows that the
matrix a, + az in the canonical description has the same form as function of the tilded
charges that a, has as function of the untilded charges in the holomorphic description.
From (4.33) and (4.48) it is then immediate that the functional form of the canonical
entropy, as a function of the canonical charges, is exactly the same as the functional form
of the Gutperle-Kraus entropy as a function of the holomorphic charges. This agreement
was first noticed in [63], and while establishing it from a field theory perspective would be
presumably quite involved, it emerges in a very transparent way when using the holographic
description in terms of Chern-Simons theory.

To be a bit more explicit about the above map at the level of free energies, consider
the canonical free energy (4.30) and the Gutperle-Kraus free energy (4.50). It is easy to
see that if we start with the former, and make the following change of variable (restricting
to the chiral sector for simplicity)

(f—7)az > 7bz,  az+az—b; (4.62)

we get precisely the Gutperle-Kraus free energy in terms of b,, bz. In addition, if (a,+az, az)
was a Drinfeld-Sokolov pair, then so is (b,, bz), and the trivial monodromy around the con-
tractible cycle is preserved because Ta,+Taz = T7b,+Tbz. The field redefinition (4.62) then
realizes a map between Hamiltonian deformations, dual to canonical boundary conditions,
and deformations of the type (4.51), which are dual to Gutperle-Kraus boundary conditions.
Given that the Gutperle-Kraus boundary conditions are dual to action deformations,
while the canonical boundary conditions are dual to Hamiltonian deformations, it might
seem surprising that a detailed agreement was found between the free energies computed
from the bulk theory with Gutperle-Kraus boundary conditions [17] and a CFT calculation
that involved Hamiltonian deformations by zero modes [18]. From the map (4.62) and the
above discussion it is clear that the functional form of the canonical free energy, as a
function of the canonical sources o ~ Im(7)u, is exactly the same as that of the Gutperle-
Kraus free energy as a function of the sources ag.x = 7u. This explains why the two
calculations seemingly agreed, even though they involve two a priori different partition
functions. We will further comment on the implications of these findings in section 5.
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4.6 Modular transformations

Recall that in 2d CFT modular transformations can be understood as a change of coor-
dinates followed by a scale transformation, which are symmetries of the deformed action
when the currents and sources transform appropriately [27]. In our example involving
stress tensor deformations, this implies in particular that Ao above transforms covariantly
under modular transformations; from (4.59) it then follows that the canonical source as
transforms in a complicated way. Another way to understand this fact is to notice that the
rescaling amounts to a gauge transformation, and that the combined effect of the change
of coordinates and gauge transformation preserves the Drinfeld-Sokolov form of the pair
(b, ,bz), but not that of (a, + az,az). An additional compensating transformation would
be necessary to put the gauge field a back into the appropriate Drinfeld-Sokolov form,
which explains why the canonical source as transforms in a complicated way under mod-
ular transformations. Whether such transformations exist when higher sources are turned
on is not clear.

It is instructive to describe the Chern-Simons perspective on modular transformations,
an issue that was recently investigated in [68]. Here we will provide a succinct derivation
that will once more make it clear why modular transformations are simple for deformed
Lagrangians and complicated for deformed Hamiltonians. We will only consider chiral
deformations in what follows, but the results can be generalized to the non-chiral case in
a straightforward way.

As we have discussed, there are different possible three-manifolds we can use to evaluate
the Chern-Simons action. If the boundary is a two-torus, there is an entire SL(2, Z) family
of three-manifolds we can choose, each yielding a different answer for the on-shell value of
the action. To write this answer explicitly, we rewrite (4.39) for one chiral sector as

In Zyoo = —mikes Tt [(mz + 7az)(a: + az) + (7 — 7) ((2L1 — a) az) (4.63)
where the first term is the contribution from the on-shell value of the Chern-Simons action,

and the second term is the contribution from the boundary term. For a different three-
manifold, labeled by an SL(2,Z) matrix

af
- (22) s

the partition function becomes??

In Zyolo[R] = —mikesTr [(a (tray + Taz) + B(a, + a;)) (fy (tay + Taz) +d(a, + a;))

+(7T—1) ((2L1 - G/Z)(lg>:| . (4.65)

23 As we have emphasized the boundary term is the same for any choice of three-manifold, but the on-shell
value of the Chern-Simons action depends on how the two-torus is filled, namely the choice of contractible
and non-contractible cycles in the bulk.
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In the first term, we recognize the product of the monodromies of the gauge field along the
new a-cycle and b-cycle of the boundary two-torus.
Suppose that in the above me make the substitution

a; = (yT+0) UL U, az— (7 +0) T UbUT! (4.66)

with
U =exp|ln(y7 + ) Lo} . (4.67)

This substitution preserves the Drinfeld-Sokolov form of the gauge field, i.e. if (a,,az) is
a Drinfeld-Sokolov pair then so is (b,, bz). Morever, by direct calculation, we observe that
after this substitution the partition function takes the original form (4.39) with 7 replaced
by (ar + 8)/(y7 + 0). Thus, to summarize, we have shown that

In Znolo[R] [75 (v746) UL U, (v7+8) T'Ub:U ] = In Zholo[1] [?;:L_?;bz,bz} , (4.68)
where Zy,010[1] on the r.h.s. denotes the partition function in the original manifold, labeled
by R = 1. This is the Chern-Simons version of modular invariance, and we see that (4.66)
provides the transformation rules for the sources, in agreement with what one gets directly
from the deformed action.

Interestingly, for deformations of the Hamiltonian the above computation does not
work due to the different structure of the boundary term, and we have not succeeded in
deriving a general transformation rule under modular transformations for the sources in
that case. It would be very interesting to explore this issue further.

5 Discussion

Starting from two-dimensional CFTs with a (possibly higher spin) current symmetry al-
gebra, we have reviewed different types of deformations that are possible once sources are
switched on. While some of these can be understood as deformations of the CF'T Hamilto-
nian, others are defined as changes directly at the level of the action. Associated with each
of these theories there is a notion of partition function that is a function of the background
sources, and whose associated Ward identities we have studied. Using the Ward identi-
ties as the guiding principle, we have argued that these different theories map to different
boundary conditions in a holographic realization in terms of Chern-Simons theory on a
three-dimensional manifold with boundary. The issue of boundary conditions in the higher
spin AdS3/CFTy correspondence has proven to be particularly subtle, and it is therefore
worth summarizing how our analysis fits with the recent literature.

In the holographic context, a first set of boundary conditions in the presence of higher
spin sources was proposed in [43, 50|, with the flatness condition on the connection resulting
in Ward identities of the form (3.11). We have argued that these boundary conditions most
naturally correspond to a deformation of the CFT action of the form (3.1) in the chiral case,
and to an action involving infinitely many higher order terms in the sources in the non-
chiral case. The latter can be rewritten linearly in the sources at the expense of introducing
auxiliary fields, but this formulation has to be constructed on a case by case basis.
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For the finite temperature version of the holomorphic theory on the torus, two defini-
tions of the thermal higher spin sources have been proposed. The first alternative was put
forward in [43, 50] and identifies the sources schematically as @ = 7y and & = 71, where
1 and p are the chemical potentials. This choice implies in particular that the expression
for the energy is the same as in the absence of sources, and leads to an entropy of the
form (4.47). This identification of the sources is not what one gets from deformations of
the form (3.1), but maps instead to a peculiar deformation of the form (4.51), with the
theory defined on a square torus. An alternative definition was studied in [25], which
consists in defining the thermal sources as o = —ifu, & = ifp with = 27lm(7) the
inverse temperature. This case precisely describes deformed actions of the form (3.1) and
the expression for the energy is explicitly modified with respect to the undeformed theory,
a fact that we have rederived from a field theory perspective in section 3.2, and one is led
in particular to the formula (4.46) for the entropy [25].

A different set of “canonical” boundary conditions in the presence of sources was
proposed in [62-65] from a bulk perspective, with the flatness condition on the connection
resulting in Ward identities of the form (2.53). We have shown that these boundary
conditions correspond to deformations of the CFT Hamiltonian of the form (2.5). In our
discussion of the finite temperature version of this theory on the torus, we have exploited
the holographic description in terms of Chern-Simons theory to provide expressions for
the stress tensor (4.25), free energy (4.30), and entropy (4.32), which are written entirely
in terms of the gauge connections and are valid in any embedding. It is satisfying to
note that, provided the thermal sources are always identified as a« = —ifBu, Chern-Simons
theory yields the same functional for the entropy in theories corresponding to Hamiltonian
and Lagrangian deformations (cf. (4.32) and (4.46)), consistent with the expectation that
there should exist an unambiguous functional that computes the thermal entropy in a bulk
theory containing gravity.

It has been proposed [62, 65] that the solutions constructed in [43, 50] that realize the
holomorphic W3 boundary conditions are in fact W?EQ) boundary conditions in disguise. This
conclusion was arrived at by interpreting the solutions of [43, 50] in light of a canonical
Drinfeld-Sokolov pair of the form (4.8)—(4.9). In the original proposal, however, these
solutions are interpreted instead in terms of a holomorphic Drinfeld-Sokolov pair of the
form a, = L1 + @, as = M + .... For chiral deformations, we have shown that the latter
choice realizes a canonical structure where one of the light-cone directions is chosen as the
“time” coordinate [41], cf. the Dirac bracket algebra (3.7) obtained by acknowledging the
presence of a second class constraint P; = (1/2)04X;. It is conceivable that a canonical
structure based on a null coordinate could be at odds with a well-posed Cauchy problem
in the bulk when sources of both chiralities are switched on, and this issue deserves further
scrutiny. On the other hand, we have argued that well-defined partition functions exist
in CFT whose Ward identities are indeed those obtained in [43, 50], and we expect them
to have a dual description in the bulk. Consequently, our point of view is that the Wj
boundary conditions proposed in [43, 50] do indeed give rise to W3 symmetry, and that no
conflict arises when they are interpreted in a light-cone framework as in [41] (or a suitable
generalization thereof in the non-chiral case).
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To add to this, we emphasize than just providing a solution of the Chern-Simons
field equations, i.e. a flat connection, is not sufficient; we also need to specify an a priori
choice of boundary conditions, boundary terms, and identification of sources and dual
expectation values, and different choices can provide different interpretations for the same
flat connections. For one choice the flat connections in [43, 50| describe a solution with W
boundary conditions, and for another choice they describe a solution with W§2) boundary
conditions. Both are valid but inequivalent points of view.

Regarding the matching between bulk and boundary computations, it might appear
as somewhat surprising that a chiral half of the partition function (free energy) derived
in [17] from the bulk theory with Gutperle-Kraus boundary conditions, which as we have
seen here correspond to a linear deformation of the CFT action, has been matched by a
CFT calculation involving a chiral deformation of the Hamiltonian by zero modes [18]. To
clarify this issue, in section 4.5 we have shown that the functional form of the partition
function (as a function of the sources) and of the entropy (as a function of the charges)
is the same with canonical or Gutperle-Kraus boundary conditions, even though different
definitions of the sources and charges themselves are been used in one version of the theory
or the other. As we have discussed in depth, the detailed matching between charges and
sources in the bulk and boundary, namely the holographic dictionary, will however change
depending on what precise version of the theory we want to describe. As a consequence, one
should in principle expect observables such as correlators, which are generically not fixed
by symmetry or otherwise, to be sensible to these choices. These subtle differences have
indeed been noticed in calculations of thermal correlators of scalar primaries in CFT's with
higher spin symmetry [20], and we expect our analysis to shed light on these issues as well.

It is perhaps worthwhile to briefly discuss the validity and interpretation of the irrele-
vant deformations that we considered. A priori, theories deformed by irrelevant deforma-
tions are ill-defined. In the present case we are deforming by conserved currents, which
might improve the situation. Let us first think what happens when we expand the theories
as a power series in terms of the sources, with each term being an integrated correlation
function. These correlation functions are singular when points coincide and some regular-
ization has to be employed. In standard conformal perturbation theory, one cuts out small
disks around the points and subtracts all singularities that arise when shrinking the disks
to zero size. We expect this procedure to yield finite, well-defined answers, in particular
since the conserved currents cannot develop anomalous dimensions.?* Therefore, the the-
ories we consider may well have well-defined perturbative expansions in us and jis. These
perturbative expansions presumably have zero radius of convergence, and it is an interest-
ing questions whether one can directly define the deformed theories non-perturbatively e.g.
by choosing suitable complex contours.

There are two other arguments that these deformed theories make sense. First, one
the plane, we can perform a higher spin transformation which puts all s = 0, mapping

240One might worry that contact terms produce divergences containing new operators which would need
to be added to the theory to make it consistent. For example, the OPE of two spin-three currents contains
T2, the square of the energy-momentum tensor, which does not appear in the deformed theory. We do not
see any need, at least classically, to add such deformations to the theory.
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the deformed theory to the original, undeformed theory. The latter is clearly well-defined,
and so should the former? Perhaps, except that it is not clear that the required higher
spin transformations act in a reasonable way, they could for example map normalizable
field configurations into non-normalizable field configurations. Moreover, on a torus one
cannot get rid of the zero modes of the us and fis in this way and the argument no longer
applies. A second argument that these deformed theories are well-defined is that we can
use Chern-Simons theory to compute their partition functions, and the result is a non-
pathological function of ps and ps. Clearly, more work is required before we can make
a definite statement about the existence of CF'T’s deformed by irrelevant deformations of
conserved currents.

We have by no means exhausted the possible deformations of 2d conformal field the-
ories, nor have we exhausted the possible list of boundary conditions in Chern-Simons
theory. It would be interesting to examine whether other interesting boundary conditions
exist and if so what their 2d CFT interpretation is. Similarly, one could extend our consid-
erations to encompass the non-AdS (non-CFT) higher spin dualities studied in [69, 70]. As
discussed in section 4.6 and appendix A, the different types of partition functions we have
studied moreover differ in their modular transformations properties. We have not found
a change of variable which directly connects deformations of the action to deformations
of the Hamiltonian, however, and in particular we have not been able to determine the
behavior of the latter under modular transformations. It is possible that in order to find
such a change of variable additional operators need to be included, such as normal-ordered
products of higher spin fields and their derivatives, and it would be interesting to explore
whether such more general deformed theories still admit dual Chern-Simons descriptions.
These interesting questions will be discussed elsewhere.
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A A U(1) example

Here we will briefly review a non-higher spin example from [71], involving deformations
by U(1) currents in a compact boson realization. The canonical partition function with
sources for left- and right-momenta is

1

(qq)1/24 Tr qLong 627TiaLpL6*27FiaRPR (Al)

Zcan [7—7 arp,, aR] =
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where g = exp(27iT) and
do .
PL = T(aUX — ZatEX) y (A2)
T
do
- f{ (00X + i1 X)) (A.3)
It is tempting to conclude that the path integral representation of this partition function is
ZLag naive — /DX e_SO+fT2 Fovaaox ’ (A'4)

where Sy is the free action

S / d*0\/g970;X0;X = S / d’c [((%EX)QJr(&,X)Z}, (A.5)
T2 4 T2

:471' T

So

(we consider a flat torus with ds?(T?) = dzdz = dt% + do?) and the background gauge
field, whose components are the chemical potentials, given by

ar

AR .
AZ == —_— = s AE e
fiE 27Im(T)

_i27TIm(7') B (4.6)

In particular, since modular transformations correspond to a change of coordinates followed
by a Weyl rescaling, which are symmetries of the deformed action, Zjagnaive is modular

invariant:
at+b o QR

cr+d er+d er+d

ZLag,naive |: = ZLag,naive [7—7 ar, aR] . <A7)

On the other hand, following the standard steps to discretize the operator trace, the
path integral representation of Z.,, is found to be

Zean = / DP DX elr2 @0l =5 (PX=3(P)*+3(0,X)%) +Ar P+Ac0, X] (A8)

with P the momentum conjugate to X. Integrating out P one concludes [71]

_r(aptag)?
Zecan [7—7 ap,, aR] =e€ tm(7) ZLag,naive [7—7 ay,, aR] s (Ag)
which in particular implies (cf. (A.7))
b 2mic _ 2mic
can ar + ar AR | _ earatie T+ d%R Zoan [1,ap,aR]. (A.10)

ctr+d cr+d er+d

Therefore, the canonical partition function in the presence of sources is not modular invari-
ant, but rather modular covariant. The bottom line is that, even in simple examples such
as a deformation of the Hamiltonian by constant U(1) chemical potentials, it is important
to acknowledge that the proper representation of the canonical partition function involves
the path integral in first order form, and to exercise care when Legendre-transforming to
pass to the Lagrangian version of the theory.
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B Useful W; formulae

As explained in the main text, the improved W5 generators in the bosonic realization are
1 o ,
T = idinZH] + a;0,1T" (B.l)
1 o o .
W= gdijknlnﬂn’f + €0, T'TY + f;0211° . (B.2)
The improved TT bracket takes the usual form (2.25) provided
, c
a;a’ = 13 (B.3)
where ¢ denotes the classical central charge. Similarly, the form of the TW bracket requires
aiftf=0, fi= ajejl- , 3aieij = aieﬂ , e(ij) = dijkak . (B.4)

Finally, the improved WW bracket (2.27) requires (2.21) to be satisfied with

16
= B.5
" ¢’ (B.5)
and
; &
fif* = 36 (B.6)
a; = eji f! (B.7)
1 )
cijf’ = zejif? (B.8)
d;j" (ere — ear) — 2dy; “eriy = ?&jae (B.9)
5
=2d;* fi + ehien; = 305 (B.10)
ek[iej]k =0 (B.11)
e(ikekj) = (Sij (B.12)
k p 04
Od;" fin + eine;” + ~~aia; = —0; (B.13)

in addition to (B.3) and (B.4). It is worth pointing out that there is some degree of
redundancy in these constraints; if so desired, one could choose a minimal set that contains
all the information. We emphasize that the above conditions were derived semiclassically, at
the level of Poisson brackets, and therefore ignoring operator ordering issues. The resulting
expressions can be viewed as the “large-c” version of the full constraints obtained from the
quantum Ws algebra, derived in [39]. An immediate consequence of the conditions on the
various coefficients is that at least two scalars are needed in order to support an arbitrary
semiclassical central charge.

When the above conditions are satisfied, the improved generators satisfy the Poisson
algebra

{Ja(a), J/g(a')} = /dm faﬂv(a, o', x)Jy(z) + caplo,a’), (B.14)
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with

frrt(o,0,2) = =6 (0 — 2) 0,0 (x—0")+0(x—0") 0,0 (0 — x) (B.15)
frw"(o,0' ) = =5 (0 — 1) 0,0 (v — o) + 26 (v — 0) 90 (0 — ) (B.16)
furV (0,0, 2) =6 (0! —2) 0,6 (x — o) — 26 (¥ — 0) Db (0 — ) (B.17)
fow (0,0, x) = 26T (z) [—6(0c—2)0,6 (x—0')+ 6 (z—0") 00 (0 — )]

- %826(0 —2)8(x — o') + 020(0 — x)00(z — o)

— 8,80 — 2)828(z — o) + ;5(0 — )83 (2 — o) (B.18)

and
crr(o,0') = —1—628535(0 — o) (B.19)
cww(o,0') = %85’5(0 — o). (B.20)

Writing the boundary Chern-Simons connection in highest weight gauge,?®

T w
ay = L1 + EL_I — @W_Q , (B.Ql)
it was found in [46] that the gauge transformations da = dX + [a, A] that respect the

Drinfeld-Sokolov form of a, are generated by an infinitesimal parameter

1 2
A= dLi+ Y X"Wn (B.22)
i=—1 m=—2
with
e = 0, (B.23)
1 T 2W
671 = 583.6 + EG + TX (B24)
Xl = —0OsX (B'25)
0o_ 1o 2
X0 = 50x + o xT (B.26)
1 5 2
—1 3
- __ — —T0,x — —x0,T B.2
X 69X = 3 T0ox = 5-X0, (B.27)
1 2 7
-2 4 2
= — —T —0,T
1 1 o ¢
+ G—anUT + ﬁxT @W (B.28)
where €! = € and x> = y. Under such transformations, the change in the charges is
precisely given by (2.30)—(2.33).

#We follow the conventions of [46] up to a rescaling of the currents by a factor of 27.
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C Non-chiral stress tensor deformations

In certain cases it is possible to write down a partition function whose symmetries give
rise to two decoupled copies of Ward identities of the type (3.12)—(3.13), at the expense
of introducing auxiliary fields [35] (see [72] for a review). The auxiliary field formalism
is non-universal and has to be constructed on a case-by-case basis, but we can illustrate
many of its important features by considering a simple example involving stress tensor
deformations. Consider then the action for the scalar field theory with both left- and
right-moving stress tensor deformations

S = 2 / d*z (—28+X28X2 L + 0 X 4+ 1 0 X — Ty — pg s T
(C.1)

where 1%, denote the auxiliary fields and
i
J— §HiHi. (C.2)

For the sake of simplicity, we have omitted improvement terms that would generate classical
central extensions. When p+i = 0, Syux yields the free boson action upon integrating out
the auxiliary fields. When deformations are present, the action is invariant under the

infinitesimal transformation

§X' = p_TI', + pyII° (C.3)
Opit+ = O+p+ + D+ 0+ pit+ — pa+ 05D+ (C4)
O = 04 (pI1Y) . (C.5)

Since the path integral contains an integration over X and II, this symmetry yields the
Ward identity

0. 58S
d2w< Sy + aux&,u__> =0. C.6
/ Oftt+ o Opi—— (C6)
Plugging the explicit variation (C.4) of the sources we obtain
O T4y = p 04Ty + 215 O (C.7)
6+T__ = /,L++8_T__ + 2T__8_u++ (CS)

which are the familiar holomorphic Ward identities (in the absence of central extensions).
In the context of holography, these Ward identities (including central extensions) and
their supersymmetric extension were derived in [73] using the Chern-Simons formulation
of three-dimensional anti-de Sitter gravity.

One notices that the equation of motion for the auxiliary fields is

Iy =00 X" — po 11 (C.9)

which can be solved to give A A
L—p—pyy

I, (C.10)
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From (C.2) we see that the stress tensor obeying the holomorphic Ward identities is not
merely ~ (9+X)?, but rather

i i\ 2
! (aiX Hax O X ) . (C.11)

Tig =
2 L—pe—pigy

The fact that the naive free-field expressions for the currents are modified in a source-
dependent way in the presence of non-chiral deformations is a general feature of the con-
struction.

Another general feature we have emphasized in the body of the paper is that the
process of integrating out the auxiliary fields results in a second order action which contains
corrections to all orders in the sources. To illustrate this point we can replace (C.10) back
into the action, obtaining a flat space theory with Lagrangian

Lag = (]. + /,L,f,u++) 8+X187XZ — ,LL++87X1187XZ‘ — M8+X28+XZ:| .

(C.12)
The spin-2 symmetries are of course still present: under the transformations (note the

(1 = pe— i)

infinitesimal parameters ki below are different from the p+ above)

X' =kTo X'+ Kk 0_X" (C.13)
Oppy = O (k7 4 4 k) 4+ (7 + pa i B7) - prg — py0- (K~ + pik™)  (C14)
Sp—— =0_ (k" +p——k™)+ (" + k™) Oppe —p——04 (k" +p——_k™)  (C.15)

the second order action changes as
58 = /d%[&r (kT Lag) + 0— (k:_Lag)] (C.16)

The fact that the action is non-linear in the sources should come as no surprise if
we recall that the gauging of spin-2 deformations is equivalent to putting the theory on a
curved background metric. Indeed, the second order action involving the Lagrangian (C.12)
can be written covariantly as

1

525

/d2x V—99"9,X'0,X" (C.17)
with metric [72]%

G — 0 2pp 14 ppyy (C.18)
e ) \ T ey 2p

As emphasized in [72], (C.18) does not correspond to partial gauge fixing: it is a general
parameterization of a two-dimensional metric. In our conventions \/—g = (Q is the confor-
mal mode of the metric, which as usual drops from the action because of Weyl invariance.

*Notice that our parameterization of the metric differs slightly from that in [72].
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It is straightforward to verify that the transformations of the covariant fields induced by
the transformation (C.13)—(C.15) of the sources are simply
6X' = £, X (C.19)
69 = L — (Vpk*) guv - (C.20)
In other words, the symmetry transformations (C.13)—(C.15) are a combination of diffeo-

morphism generated by k* plus a Weyl rescaling generated by — (V k7).
Note that the components of the covariant stress tensor

R 1 o .
T = 5 (8HXZ61,XZ - g%aaxzaa)ﬁ) (C.21)
are given by
Tpy =Tpy+p3, T - (C.22)
T =T _+p* T, (C.23)
Ty =pT—+p Tiy. (C.24)

This illustrates yet another subtle point: the definition of the stress tensor depends on what
the sources are, namely what is kept fixed in the variation. While the covariant stress tensor
couples to the metric g,,,, the currents T+ satisfying the usual Ward identities (C.7)—(C.8)
couple instead to the sources pi4 .

D Tr[a;} and the OPE

In what follows we will exemplify various relations satisfied by flat connections in Drinfeld-
Sokolov form. A 2d Drinfeld-Sokolov connection consists of a component a; that contains a
set of currents as highest weights, and a conjugate component a,, whose lowest weights are
linear in the corresponding sources. The various relations we discuss below rely exclusively
on this lowest/highest weight structure, and therefore apply to any choice of boundary
conditions. However, for the sake of concreteness we will exemplify them for holomorphic
boundary conditions, where the currents sit in a, and the sources in az and (z, z) denote
complex coordinates. We will moreover work with the theory defined by the principal sl(2)
embedding into si(IN), but the expressions adapt straightforwardly to other embeddings
as well (see [25] for example).

In the principal embedding, the sl(N) generators organize into N — 1 multiplets with
sl(2) spin s — 1 (s = 2,...,N), spanned by generators Wj(s) with j = —s+1,...,5 — L.
In particular, the sl(2) generators L; (j = —1,0,1) correspond to the spin one multiplet

Wj(2) = L;. The structure of the general Drinfeld-Sokolov connection is then

T(z, %) ol (s)
a, =1L+ k’ L+ gast(z, Wi (D.1)
N
az = po(z,2) L1 + Z Bsps(z, Z)Ws(i)l + (higher weights) . (D.2)
5s=3
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Here k = ¢/6 and o, and 35 are normalization constants which will be fixed as indicated
below, and the higher weight terms in az are completely determined by solving the flatness
conditions. The latter contain N — 1 additional constraints which amount to the Ward
identities obeyed by the currents Js in the presence of sources .

In order to derive the symmetries associated to the above connection, one notices
that the most general gauge transformation da = dA + [a,A] that preserves the form
of a, contains N — 1 independent infinitesimal parameters €s,...,en. Moreover, given
that the flatness condition F.; = 0 and the condition da, = 0 are essentially the same
equation (save for two components that yield the Ward identities in the former case and
the transformation of the currents in the latter), it is not hard to see that the matrix
parameter A that generates such a gauge transformation is obtained from az by simply

replacing ps — €5 for s =2,..., N:

A=a (D.3)

Z|H/s_>€s :

Under this transformation the stress tensor and higher spin currents J, will transform,
so that
oT

N
()
Lot > bz )W, (D.4)

s=3

da, =

Comparing these transformations with Noether’s theorem
0\O(w) = Res,— [A(Z)J(z)(’)(w)] (D.5)

one reads off the semiclassical (large-c) OPEs of the Wy currents. Their normalization «
can be then determined (up to a sign) by fixing the normalization of the OPEs to be

Jo(2)Js(w) ~ (Zf/jv)Q . (D.6)

Having determined the normalization of the currents in this way, the normalization B4 of
the sources is fixed by demanding

N
—kesTr[(az — L) az] = pa(2,2)T(2,2) + Y _ ps(2, 2) Ju(2, 2) (D.7)
s=3
N
—kesTr[Lyaz] = pa(z, 2)T(z,2) + 1—0282u2(z, z) 4+ Z(s — Dpus(z,2)Js(z,2) (D.8)
s=3

where 0 = 0, (0 = 05), all traces are taken in the fundamental representation, and

k c
kes = = D.9
“2Tr[LoLo]  12Tr[LoLg) (D-9)
is the Chern-Simons level. Note in particular that these expressions imply
. N
—kesTr[azaz] = 2ua(2, 2)T(2, 2) + Ea%(z, 2+ > sps(z,2) (2, 2). (D.10)
s=3
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The trace relations (D.7)—(D.8) follow from properties of the sl(N) algebra and the flat-
ness condition on the Drinfeld-Sokolov pair, and are valid for arbitrary spacetime-dependent
sources as we now show. Without loss of generality, for the purpose of proving (D.7)—(D.8)
we choose the normalization of the generators in the principal embedding such that

(Lo, L] = (m — 1) Linsn (D.11)
[Lm, W,gﬂ = (m(s — 1) —n) W'*)

m—+n

and the Cartan-Killing form on sl(N,R) is then
Tr [W,S?W,(LT)} = t5735,, (D.13)

where the explicit form of the coefficients 5 can be found in e.g. [11].
Since highest-weight generators have non-vanishing trace only against lowest-weight

generators in the same multiplet, it is immediate from (D.1)—(D.2) that

—kesTr[(a, — L1) as] = MLl T(z,2) — k ia Bas(z,2)Js(2, 2t . (D.14)
cs z 1)az| — T [LOLO] H2 5 cs — sPsHs\Z, s\ %, 61 - .
Our normalization implies Tr[L_;L;] = —2Tr[LoLo|, so the last equation will be pre-

cisely (D.7) provided we choose
1 2Tr [LQLO]
Bs = — g =" OE (D.15)
kesast kagt,”,

Since we are always free to normalize the sources in this way, this proves (D.7).
In order to prove (D.8) we will first obtain the useful intermediate results

k
—kesTr [Loaz) = 58/@ (D.16)

N

kCSTr[[(aZ — L), Lo] az} = 122, )T (2,2) + (s = Dpas(2,2) (2. 2). (D.17)
s=3

To this end, consider the flatness condition F,s = das — da, + [ay,az] = 0 and its trace
against L_1:
0="Tr[L_1F.z] = 0Tr [L_1az] + Tr[[L_1,a:] az], (D.18)

where we used the cyclicity of the trace and dTr [L_1a,] =0, which follows from Tr [L_ja,] =
Tr[L_; L] =constant. Noticing Tr [L_jaz] = Tr[L_1L1] pe and also [L_1,a.]=[L_1, L] =
—2Lg, which follows from (D.1) and (D.12), (D.18) becomes

0="Tr [LflLl] 8/12 — 2Tr [Loag] = Tr [Loag] =-—-Tr [L()Lo] 8,ug . (Dlg)

Multiplying this last equation by —k.s we obtain (D.16).
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In order to derive (D.17), let us define the matrix @ = a, — L. It follows that

T(z,2) al Ter(s)
(Q Lo] = =2 (Lo, Lol + s o(2,2) [W 1 Lo
s=3
_ N
_ _T(Z’ Dy, - 23(3 — DagJy(z,2)W, | (D.20)
and therefore
N
kCSTr[[Q? LO] a2:| - _mle(zv Z)T(Z, Z) - kcs Z(S - l)asﬁsus(zv E)JS(Z, E)tgil
s=3
N
= pa(2,2)T(2,2) + Y (5 — Dps(2,2) Ju(2, 2) (D.21)
s=3

where in the last equality we used Tr [L_1L;] = —2Tr [LoLo] and the normalization (D.15).
With these results in hand we can now compute

—kesTr [Lyaz] = —kesTr[[L1, Lo] az)
= —kesTr[[a; — Q, Lo az]
= —kesTr|[[az, az]) Lo — [Q, Lo] az]
= —kcsTr[ das — 5(12) Lo — [@Q, Lo] a;]

= —kcsaTr [CL;LO} + kcsTr [[Q; LO] a5:| (D22)

where as before we used the flatness condition and the cyclicity of the trace. Using (D.16)
and (D.17), equation (D.22) becomes precisely (D.8), completing the proof. As it should
be clear from the above derivations, it is a straightforward matter to extend these general
results to non-principal embeddings.

Let us continue with our discussion of symmetries. The transformation dus of the
sources can be read off from the lowest weights of daz under the same allowed gauge trans-
formation with parameter (D.3) we employed above. We also note that, by construction,
the Ward identities in the presence of sources are obtained from the variation of the currents
by simply replacing the infinitesimal parameters € by the sources ug, i.e.

AJs = 0Jsl . - (D.23)
Define now the quantity
N
ALN(2,2) = pa(2, )T (2,2) + Y _ psl(2,2) J(2, 2) (D.24)
s=3

which is the deformation of the CFT Lagrangian in the chiral case. With the above
normalization one finds the curious relation

— kesTr [ag] = Res, [(z - w)ALN(z)ALN(w)} + 9% (Py), (D.25)

where Py will be determined below for N = 2,3,4. In other words, up to a total sec-
ond derivative, the quantity —k.sTr [ag] is the coefficient of the second order pole in the
ALN(2)ALyn(w) OPE.
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D1 N=2

We employ the usual two-dimensional representation of sl(2,R) in terms of matrices

1{1 0 00 0—1
L = — L = L_ = . D.26
0 2(0—1)’ ! (10)’ ! (0 0> (D-26)

The Drinfeld-Sokolov connection is

1
a, =Ly + ET(Z’ E)L_l (D27)
1 1
az = MQ(Z, Z)Ll — 8u2L0 + <kT,u,2 + 282u2> L_1 (D28)

and the flatness condition amounts to the Ward identity
_ kg

The general infinitesimal gauge transformation that preserves the form of a, has pa-

rameter
1
k

Under such a transformation, the stress tensor changes as

1
A= azl,, , = €(z,2) L1 — de Lo + ( Te + 2626) L ;. (D.30)
ko3
0T = €T + 2T 0e + 58 €. (D.31)
Similarly, from daz = duoLy + (higher weights) we read off the transformation of the source
Sz = O — pa0e + €Dz . (D.32)

Comparing the variation (D.31) with Noether’s theorem 0.7 (w) = Res, s, [€(2)T(2)T(w)]
we obtain the stress tensor OPE. The standard normalization requires

k= g = 9Tt [LoLo) kes = kes (D.33)
and we find ) o7 o7
T(T(w) ~ C_/w) PTG _(ZUU)))Q + = _(13 (D.34)

as expected.
With the normalization (D.33) the Drinfeld-Sokolov flat connection satisfies

c c
— kes T [a2] = pB(2T) + a0z — 07 (5703 (D.35)
In the N = 2 case we have ALy = usT and
c
Res,—w [(z - w)ALg(z)ALg(w)} = u3(2T) + Z,ugazug : (D.36)

Therefore, —ke,Tr [a2] is indeed of the form (D.25) with P, = — 513

z
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D2 N=3

Our convention for the sl(3,R) generators in the principal embedding is

100 000 010
Lo=100 0 [, Li=|100{, L1=-210011,
00 -1 010 000
000 000 001
We=21000 |, Wi=|(100], W_o=8]1000 [,
100 0-10 000
0-10 9 100
W_1=2]100 11, W0:§ 0-20
000 001

The Drinfeld-Sokolov connection is of the form

0 =Ly + kT(z DL+ k}ﬂ (2, 2)W s (D.37)
0 1
az = pua(z,z)L1 — g,ug(z,é)Wg + Z fi(z,2)L; + Z gm (2, 2) W, . (D.38)
j=—1 m=—

Solving the flatness condition yields

fo = —Ops (D.39)
1 2 1,
Jo1=Tus + —usW + 507 s (D.40)
k k 2
. §3N3 (D.41)
1 1
e (L s 1) oy
9-1= 1or <2M38T + 5T s + 83u3> (D.43)

12 48 k
g9 = _B < 3 T? — > — oW + 70T 0us + 2130*T + 8T jug + 28%) (D.44)

plus two additional constraints that correspond to the Ward identities

_ k
OT = 20T + 2T po + 230W + 3W s + 763/;2 (D.45)
B 3 BQ 2 32 2
oW = p20W + 3W0ps — Sy | O°T + kTaT 90°T + =T
2 2 2
5I8 82 36T 5I8 T@S — %/@5#3 . (D.46)

In agreement with (D.3), the generator A of a general infinitesimal gauge transforma-
tion that preserves the form of a, is obtained by replacing s — € and pg — x in (D.38):

A=a (D.47)

5|u2—>6,u3—>x :
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Under such gauge transformations, the currents transform as

k
0T = €dT + 2T e + 5036 + 2xOW + 3Wax . (D.48)
- 32 5 16 32 o 32 o
OW = eOW + 3W Oe ﬂx o°T + ?T(?T @8)( 90°T + ?T
56° o 58 05 B2 s
Similarly, from
daz = duoly — gé,qug + higher weights (D.50)

we find the transformation of the sources

- 2
O = O€ + € — jode — B—x (/c@g,ug + 16T8,u3)

24k
§ 2 B o B s
+ Max (32T,u3 + 3k0 ug) — 1—66 XOus + ﬁa X 13 (D.51)
Spz = Ox + 2X0pa — padx + €Ous — 2u30¢ . (D.52)

Comparing the variations (D.48)—(D.49) with Noether’s theorem (D.5) we can read off the
large-c W3 OPEs. The standard normalization (D.6) requires

k= % = % Tr [LoLo) = dkes, B2 = —g (D.53)
and we obtain
T(2)W (w) ~ (iVK(Z)L aZW_(Z) (D.54)
c/3 2T (w T (w 1 30°T(w) + & T?(w
W)W (w) ~ (z —/w)6 + (z —(w;‘l + (z —(w;?’ + 10 ((z)— w32 )
N 11563T(w) +chi];}(w)8T(w) (D.55)

with 77" as in (D.34).
With the normalization (D.53) we find that the flat connection in Drinfeld-Sokolov
form satisfies

1 64
~kesTr [a2] = 23T + Gpuapis W + 43 <3a2:r n CT2>
¢ C 3
+ 20 (481@) + 30 (Taﬂs + =50 M3>
]. C C I
_ 82 - 2T 2 v o 2 82 . D56
(6”3 + 24M2 180 (Ops)” + 7120/% 3 ( )

On the other hand, in the N = 3 case we have ALs = puoT + pusW and
1 64
Res, | (2 — w)ALg(z)ALg(w)] = 2037 + 6uousW + Toug <382T + CT2)
c c
+ 20 (Zaﬁm) + 30 <T6u3 + 553763) . (D.57)
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Hence, Tr [a2] verifies (D.25) with

1 c 5

&
Py = —— 3T — oat2+ 1795 @

5 13)? = 303 (D.58)

120
D3 N=14

We employ the matrix realization of the si(4,R) generators given in [74]. The Drinfeld-
Sokolov connection is of the form

a, =1L+ kT(z Z)L_1 + m W(z,z2)W_a + klvU(Z’ Z)U_3 (D.59)
5y
az = ua(z,z) L1 — oM 3(z,2)Wo + 1—8,u4(z Z)Us (D.60)

1 2
+ 3 FiEAL+ D gz )W+ Y hal(z,2)U, (D.61)

j=—1 m=—2 n=-3

where the constants k, § and « will be fixed by demanding the OPEs to have the standard
normalization. The flatness conditions yields

fo= —8u2 (D.62)
fa1= (Tﬂz + 2usW + 3usU) + 52M2 (D.63)
5
9 Bé‘us (D.64)
55 ko,
9o =3 ( psT + ﬁzuz;W +30 u3) (D.65)
55

4
g-1 = <2,LL38T +5T0us + — i (1gOW + 2WOpy) + 8 ,u3> (D.66)

36k 32
g9 = Blkmw 356514: [ 13 (182T + %TQ 93) + 8u38T+ 2T0% i3 + ka 13
+ ;2 " (82W+ 5ZTW> 52 OpadW + 53 B wory ] (D.67)
hy = —%8u4 (D.68)
hy = g% (a% + ZMT) (D.69)
ho = —;O?Z (imaT + 2T 0y + Za?m) (D.70)
h_i = —%Mgw 1ggk [ m (;82T+ZT2+3U>+1218T8u4+7T82/¢4+Z<94u4} (D.71)
h_g = L (usOW + AW ous) — —— [M <183T + dpor + 38U>
6k 18k 4 k v
+ Opa <282T + %T2 + 7U) - %a%aT + ch‘)?’M - ;48%4] (D.72)
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1

36 30
3= [ poU — pus <02W + 7 TW) — 50Wous — IW % us

36k
3Y a2 Vo4 22 10y, 3 217 407 o
TOT + =L (0T)? + Lo*T + 27U + =T
+“4<6k 0 +k(8)+128 + L TU + 5 T2+ 0°U el
241y 17y 3 o (1379, 68y
+aﬂ4<18kTaT+ 8T+48U>+6u4 5T+ op L +5U
5 k
+ Z(am% + Ta fa + 8%)] (D.73)
plus the Ward identities
_ k
OT = 0T + 2T0ps + 2u30W + 3W s + 310U + AUy + 533,@ (D.74)
OW = 1120W + 3W o — 56213 <9kT6T + 83T — aU)
1 2 2552 2532 5k32
o 2 - 2 7T o _ 2 ar 2 _=rF T 3 _ 5
556“3(168 +9kz 2U) a8 0T Hs = =5 T s = a5 0k
26
- %m < wor + - T&W + —63 > - %am <kTW + 502W>
7y 2 3
_ k
AU = 20U + AU dps — Blkug <25W8T L 18TOW + 283W>
Y 2 52 7y 2 7 3
_ 1 =T _ !
L <a W o W) ROV s Wa
2
Y 99 o 4,0, 7 37
L T(Z0°T+ =17 + — T
+3ky4[8 (728 +7 +3U +36a
k 7 k 10
— T + —TU + —d3U — —=WoW
+144 + 3y + 12+ 32 ]
44 295 5k 8 5k:
—T&*T + == (8T AT T T3 + 2 2
%au ( O*T + (8 )2+ a 42 U+- a BQW
49 v 7 49
292 7 b 3T a3 b 2T
+78“4(54k6+1628 +48U>+68u4 50T+ 5T 24 U
2
+ 6778 <358T84u4 14Ty + 87u4> (D.76)

In agreement with (D.3), the generator A of the most general infinitesimal gauge
transformation that preserves the form of a, is obtained as

A= a (D.77)

H2—2€ 32X, pa—E
Under such gauge transformations, the transformation of the currents is obtained from the
right hand side of the Ward identities (D.74)—(D.76) by replacing p2 — €, us — x and
pa — € (cf. (D.23)). Comparing these variations with Noether’s theorem (D.5) we read off
the large-c W4 OPEs. The standard normalization (D.6) requires

c 24 27
k= - = 2kesTr [LoLo] = 10k, , 2=, 2= D.78
5 r [Lo Lo B 5% V=355 (D.78)
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In addition to (D.34) and (D.54) we then obtain the following OPEs

AU(w) | 9U(w)

TEUW) ~ C— s+ (D.79)
c/3 9T (w 1 382 T(w) + CT?(w) — 2 U(w)
W)W (w) ~ (z /w)6 * (z (w; (2 — o ; 10 (z —w)?
37 (w) + 96 _ 18
+1153 T(w) + CT(Z )_82( w) WaU( w) (D.80)
W(z)U(w) T W(w) 7 OW(w) 132W(w) + 7 (w)W (w)
—y 3(z—w)t 9(z—w)®> 6 (z —w)?
3 300 w w 2164y w
N 3168 W(w) + =2 W( )jf(w) + =T (w)oW (w) (D.81)
L 2T(w) | OT(w) 3 OPT(w)+ 23T (w)*+ FU(w)
V)~ s Y e—wp T e—wp T T =)
1 50°T(w) + 2T (w)dT (w) + £LIU(w) 1 9'T(w) + 29°U(w)
5 (z —w)3 - 874 (z —w)?
. 1 W W)’ + EFT(w)U(w) + 5§ (0T(w))” + FT(w)PT(w) + 55T (w)?
c (z —w)?
L1 1367 0°U(w) + &5 (U(w)dT (w) + T(w)dU (w)) + W (w)dW (w)
1 §0°T(w) + Y OT (w)0*T (w) J_r 3P (w)OT (w) + 25T (w)?T (w)
Tc z—w
(D.82)

We have left explicit factors of v in the OPEs in order to have the freedom to choose the
overall sign in the normalization of U (cf. (D.78)).

With the normalization (D.53) the flat connection in Drinfeld-Sokolov form satisfies

— ke Tr [a%}

= 2u5T + 6pigpusW + 8puopalU
32 3 134 48
2 2 2 2
724 Sepp_ L2\ 130 PW + —TW

+u3(5 + 10 5y ) 18#3#4( + )

864 88 59 36 225 3

T3+ —T0°T + — (OT)° + —TU + ——W? Lopy 3 g2y

+ i (35 2% 7 35¢ + 550 0TV + by~ Tae Teal T gy
+ o (96%2) + s (Ca‘mg + OTOps + Tz — —awa (g — —Wa2 )

42 21
+u4< 12T84u4+ 83Tau4+ 82T82u4+ T8T8u4+5 T20% 114

1 7’y Ty
0T 3 _ 2 6
+66 07 g + —7076(118%) o OWOus — —W& 13 + —28808 u4>
+ 9% (Py) (D.83)
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where the quantity P, in the last line is defined as
1 1 84 7
Py = —iﬂg - ETN:Q’) - 1720/&21 (aQT + ?TZ + 10'YU> + lW/JSIM

24 18
c o, 1 1o 1 )
Y — T 7 7
14 <40323 pa+ 5 0TOps + 55T ,u4> + 357 (Ona)

C C C C
— 1302 — (Ouz)* + —— Oy — ———
T20te0 ks + 180( 3) + e Ol — e

Denoting ALy = poT + pusW + paU one finds that Res, ., [(z — w)AL4(z)AL4(w)] is given

precisely by the first six lines of (D.83). Therefore, Tr [a2] verifies (D.25) with P given
by (D.84).

(0%14) . (D.84)
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