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ABSTRACT: We study universal features in the shape dependence of entanglement entropy
in the vacuum state of a conformal field theory (CFT) on RY“4~1. We consider the en-
tanglement entropy across a deformed planar or spherical entangling surface in terms of a
perturbative expansion in the infinitesimal shape deformation. In particular, we focus on
the second order term in this expansion, known as the entanglement density. This quantity
is known to be non-positive by the strong-subadditivity property. We show from a purely
field theory calculation that the non-local part of the entanglement density in any CFT
is universal, and proportional to the coefficient C7 appearing in the two-point function of
stress tensors in that CFT. As applications of our result, we prove the conjectured univer-
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1 Introduction

Entanglement entropy has a central position in the study of quantum field theories. It is
a powerful tool to probe the structure of quantum states, primarily because: (i) it is suffi-
ciently non-local to capture certain global properties, and (ii) it is geometric by definition
and hence universal in its applicability. As a result, entanglement entropy has provided
great insights in a wide class of systems such as relativistic field theories [1-3], conformal
field theories (CFTs) [4-6], topologically ordered phases of matter [7—10], strongly-coupled
theories with holographic duals [11-13], etc. It has also become clear that entanglement
will play a crucial role in understanding the emergence of geometry in the AdS/CFT cor-
respondence [14, 15]. Despite this, computing entanglement entropy for arbitrary shaped
regions in general dimension still remains a non-trivial task, especially outside the arena
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Figure 1. The set-up for the planar case: the original subregion A is the half-space 2 > 0, with
the entangling surface x! = 0 (dashed line). We deform the entangling surface to z* = —e y(a?)
(bold line) by glueing on the area elements 6 A4, ; at points z,; along the entangling surface.

of quantum field theories with classical gravitational duals. While much progress can be
made in special symmetric cases such as the entanglement entropy across planar surfaces
in relativistic quantum field theories, spherical surfaces in CFTs, etc., it is desirable to
develop a larger theoretical toolkit.

In this paper, we study entanglement entropy for deformed half-spaces and ball-shaped
regions in the vacuum state of a conformal field theory on R“¥~1. To be concrete, we
first explain our construction for deformed half-spaces (see figure 1). Let us pick global
coordinates z# = (20, 2!, -- ,xd_l) on RM=1 where 20 is the time coordinate. Pick the
Cauchy surface 20 = 0, and consider the reduced density matrix py on the half space A
given by

A= {ar:“ e RM1|z0 = 0, 2! > 0} . (1.1)

The entanglement entropy between A and its complement A is defined as the Von Neumann
entropy of py. Next, deform the region A slightly to

A+0A= {x“ e Rh4-1 ’ =0, 2t > —e x(2?,--- ,xd_l)} (1.2)
where x(z2,---, 2% 1) is a smooth function of the (d — 2) transverse spatial coordinates
(parametrizing the entangling surface) which we denote collectively as z* = (22, - - -, 2971),

and € is a positive infinitesimal parameter. This corresponds to deforming the entangling
surface to 2! = —ex(2?) within the original Cauchy surface. We can also generalize this and
deform the entangling surface by the infinitesimal vector field C{(mi), which we take to lie
in the plane perpendicular to the original surface 2! = 0 (i.e., the overlined indices run over
1 =0,1), and which also includes, for instance, time-like deformations. The entanglement
entropy across the deformed surface can be written as a perturbative expansion in C’T

Spp|A+6A] = SpglA] + / 2z (i(2)SY ()
1

+§ /dd_zmadd_%b C;(xa)gj(xb) Sg) (Ta,xp) + - (1.3)



The quantity Sg)(xa,xb) is known as the entanglement density [16-18],} and will be the
primary focus of the present paper. In the case where CZ is spacelike and ¢! > 0, there
is another nice way of thinking about the entanglement density: start with the half space
A and glue on to it small area elements (5,1142 and (5bA’T at the points z, and x; on the
entangling surface such that 6,4 and §,A are non overlapping. Then to lowest order
in 6,A, the entanglement density is proportional to the conditional mutual information

between A, and Ay given the state on A

5, A7 6, A7 51%2) (wq, ) = SEE[A + 00 A + 0pA] — SEr[A + 0uA] — SEp[A + 6, A] + SeEe[A]
— CT(A 6 A0; 5Ay) + 1(A; 6Ay)
= —I(0A,; 6 Ap|A) (1.4)

where I(X;Y) is the mutual information between the regions X and Y. The strong sub-
additivity property then implies

S, AT 5, AT Sg) <. (1.5)

Consequently, the entanglement density provides a natural notion of a metric on the space
of geometries of the entangling surface. In theories with holographic duals, the Ryu-
Takayanagi proposal maps this space into the space of mimimal-area surfaces in the bulk,
and so the entanglement density provides a natural metric on the latter space as well
(see [20] for more details in the AdS3/CFTs case). It has also been argued in [18] that in
holographic theories, equation (1.5) applied to a special class of deformations maps to the
integrated null-energy condition on the bulk minimal-area surface.

In general, entanglement density in conformal field theories can contain two types of
terms: (1) contact terms which arise in the coincident limit z, — zp, and (2) a non-local
term which is finite and well-defined when z, and x; are separated. For the most part, we
will be interested in the latter. This non-local term is isolated via the definition (1.4) in
terms of the conditional mutual information which makes it is clear this term should be
independent of the UV cutoff. The main result of the present paper is as follows: for any
conformal field theory, the non-local term in the entanglement density for a planar surface
1s untversal and given by

(2) ( ) _ 27T20T U

(1.6)

ij,non—local

where Cp is the numerical coefficient appearing in the two-point function of stress tensors
in the CFT. Equation (1.6) was obtained in [17] for a class of holographic theories using the
Ryu-Takayanagi formula. However, we emphasize that in this paper we are working with

!Sometimes entanglement density is defined with an extra minus sign to make it a naturally positive
quantity, see (1.5). It is also not clear why one should think of it as a density — entanglement susceptibility
would probably be a more appropriate name; however we will follow [16-18] in using the term entanglement
density. A similar quantity was studied in [19].
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Figure 2. The set-up for the spherical case. We deform the original entangling surface x? = R?
(dashed line) by glueing on the area elements A, ; at points 2, along the entangling surface.

completely general CFTs.? We will employ purely field theoretic techniques (developed
in [6, 21-23]) to prove equation (1.6), thus extending the validity of this formula to arbitrary
conformal field theories with or without holographic duals, and further providing a non-
trivial check on the Ryu-Takayanagi and the Hubeny-Rangamani-Takayanagi proposals for
entanglement entropy in holographic theories.

An analogous formula also holds in the case where we take A to be a ball-shaped region
of radius R (see figure 2). Let x = (z',---, 2% 1) denote the spatial coordinates on the
Cauchy slice z° = 0 and take A to be the region x> < R?. For x, = R Q, and x, = R
two well separated points on the entangling surface, the non-local term in the entanglement
density is given by

27T2CT Um
@+ D2 [0, — QP

S(Q) (Qaa Qb) _

ij,non—local (17)
In fact, since a ball-shaped region can be mapped into a half-space by a conformal tranfor-
mation, we will argue that equation (1.7) follows as a direct consequence of equation (1.6)
in a CFT.

A number of results follow as corollaries: (i) in [24, 25], it was conjectured based on
holographic and numerical evidence that the coefficient a (@) of the corner term contribution
to the entanglement entropy in d = 3 CFTs has the universal behaviour

o 7'['2

1 e — 2 “ e - = —
élE}}r al@) =o(mr—0)*+---, Oy 21 (1.8)

where 6 is the opening angle of the corner. We will prove this conjecture as a special case of
our results. (ii) We also prove the Mezei formula for the universal part of the entanglement

2 Actually it is enough to invoke the SO(1,d—1) xSO(1, 1) conformal symmetries that leave the entangling
surface A fixed, including the boosts in the transverse plane, to argue that the cut-off independent part
of the entanglement density should take the form as in (1.6). Here we will be tracking down the overall
coefficient.



entropy across deformed spheres

SSE%:C’T% 2I‘(2 —(i- 2T (d/2) Z agmh g 3H(€+/€—2)X

1) d {(—1)2175 d odd
g3 k=1

(1.9)
which was conjectured in [26] based on holographic calculations in a large class of theories.
In (1.9), Al my, ma_s

of real hyperspherical harmonics on the entangling surface. The Mezei formula is meant

are the coefficients of the expansion of the shape deformation in terms

to apply to the universal term in CFT entanglement entropy for a deformed sphere, and
the positivity of the overall coefficient demonstrates that the sphere locally minimizes this
universal term in the space of shapes, suggesting that the sphere is somehow the optimal
measure of degrees of freedom in a CFT for use as an RG monotone. Further, the above
formula was used in [27] to compute universal corner contributions to entanglement entropy
in higher dimensions. Therefore, our proof of the Mezei formula also completes the proof of
universality of corner contributions in higher dimensions. In this way, our CF'T calculation
fits nicely into the triangle of recent studies and conjectures [17, 23-30] (see also [31-35])
on entanglement density, corner contributions and the Mezei formula.

The rest of the paper is organized as follows: in section 2, we review some elementary
facts about entanglement across planar and spherical surfaces, which will be relevant for
our subsequent calculations. In section 3, we present the CFT calculation of the universal
non-local term in the entanglement density for planar and spherical surfaces. In section 4,
we will then use our result for the entanglement density to prove the universality of corner
contributions in d = 3 CFTs and the Mezei formula. Finally, we will end with some
discussion about prospects for future work.

2 Preliminaries

Entanglement entropy is defined as follows — consider the density matrix |¥)(¥| corre-
sponding to a pure state defined on the Cauchy surface ¥. In this paper, we will take |¥)
to be the ground state of a conformal field theory. Let us partition ¥ into two subregions
A and A. For local quantum field theories, we expect the Hilbert space by, to factorize into
the tensor product by, = ha ® hz. If this is the case, we can trace over bz to obtain the
reduced density matrix

po = try  (|0)(¥]) (2.1)

which contains all the relevant information pertaining to the subregion A. Then the en-
tanglement entropy between A and A is defined as the von Neumann entropy of py

SEE[A] = —try, (ﬁo In ﬁo) . (22)

In this context, the boundary 0A of A is referred to as the entangling surface. It is also
useful to define the modular Hamiltonian (also known as the entanglement Hamiltonian)
PAIE in terms of py as

po=e e, (2.3)



In general, the modular Hamiltonian is not a local operator, in the sense that the modular
evolution U(s) = Z)\Uis does not map local operators to local operators. However, there
are a few special cases where symmetry forces the modular Hamiltonian to be local. The
simplest such case is when we take A to be the half-space ' > 0. In this case, the modular
Hamiltonian takes a simple form in terms of the CFT defined on Euclidean space R%:

fIE,plane = 27K + constant (2.4)

where K is the generator of rotations around the entangling surface in the (:rOE, x!) plane
(2%, is Euclidean time)

o
K = /dd_%’/ dz' 2t T%(0, 21, 2%) (2.5)
0

and the constant in (2.4) is chosen such that try,po = 1. This is known as the Bisognano-
Wichmann theorem [36]. The fact that the modular Hamiltonian for planar entangling
surfaces in the vacuum state of a conformal field theory on R4~ is local, and can be
written as an integral over the stress tensor will play a crucial role in our calculation of
the entanglement density. In fact, the statement of the Bisognano-Wichmann theorem is
true for the vacuum state of any relativistic quantum field theory, irrespective of conformal
symmetry, and so it should be possible to extend our calculation to the more general class
of relativistic quantum field theories. However, in this paper we will restrict ourselves to
CF'Ts, because the calculation simplifies greatly in this case.
In conformal field theories, the modular Hamiltonian for a ball-shaped region (of radius
R) is also local [4]. This happens because the conformal transformation
zt — (x - x)C*
Vi@) =1z 2(c'm)<+ @ .)az)(c-c*)
with C* = (0, ﬁ, 0,---,0), maps the half-space z! > 0 to the ball-shaped region x? < R2.
Since conformal transformations are symmetries in a CFT, such a map leaves the ground

+ 2R*CH (2.6)

state invariant, and the reduced density matrix on the ball-shaped region can be related
to the reduced density matrix on the half-space by a unitary transformation. Additionally,
one can transplant the modular Hamiltonian from the half-space to the ball-shaped region
by pushing forward the modular flow by %, which gives

o RZ _ X2 .
HEg sphere = 27T/ d41x ———T%(x) + constant’. (2.7)
’ x2§R2 2R
For this reason, the calculation of the entanglement density for ball-shaped regions is no

more difficult than the calculation for half-spaces in CFTs.

3 The CFT computation

Let us now delve into the calculation of the entanglement density in conformal field the-
ories. For simplicity, we will describe the computation for half spaces in some detail, and
then derive the corresponding result for ball-shaped regions by using the conformal trans-
formation mentioned previously. So take A to be the half-space ' > 0. Consider now the



entanglement entropy of the deformed region A + §A given by 2! > —ex(2%). In order to
compute this entropy, we can use the coordinate transformation

zt — ot — (H(x), H=-— (O7 ex(xi),O, e ,O) (3.1)

to map the deformed entangling region A+ JA back to the half-space A. However, we must
bear in mind that such a coordinate transformation has a non-trivial action on the metric.
In terms of the new coordinates, the metric is given by

G = My + 20, + O(€2). (3.2)

Therefore, to compute the entanglement entropy for A + JA in flat space, we may equiv-
alently compute the entanglement entropy for the half-space A but with the deformed
metric g, [37)3

SEE[A + 0A, T]'ul,] = SEE[A, g'ul,}. (3.3)

For our purpose it suffices to keep only the term linear in (* in equation (3.2) because
we are interested in computing the non-local contribution to the entanglement entropy at
second order in the perturbation series, while the O(e?) terms in (3.2) can at most generate
a local contribution at this order. The shape deformation in (3.1) is somewhat special in

0

that it preserves the Cauchy surface z° = 0. In our calculation we will relax this and

consider the more general deformation
¢ = ¢ ()9 = ¢*(a")do + ¢ (2)n (34)

which also includes time-like deformations of the entangling surface, and of which equa-
tion (3.1) is a special case.?

The advantage of trading the original problem of computing Sgr[A+0A, 1,,| with that
of computing Sgg[A, Nuw +20(,(,)], is that it is possible to use conformal perturbation the-
ory to write an expansion for the latter in terms of the deformation dg,, = 29,(,) [21-23].
To see how this works, consider the reduced density matrix p on A in the presence of the

metric deformation dg,,. A straightforward calculation shows (see appendix A for details)
~ o~ 1 ~ ( puv ~ puv
p=potg / ' 5, () po (T“ (z) —tr (poT“ (w)) ) (3.5)
1 R N . N .
g / Ao d*zy, 5, (T0)0gr0 () pO{T [TW(ma)TM(mb)] — 9T () tr (poT’\U(a:b))

—tr (PoT [T () T ()| ) + 20 (0T () tr (0T () b+

where x# = (2,,x) are now coordinates on Euclidean space R?, and
R e—27rl? (3 6)
po = tr e—27rl/(\' ’

#Note that (3.3) is true (even for the UV divergent terms) if we use a “covariant” regulator to define
EE [38-40]. However since we are ultimately interested in a UV finite quantity the regulator used at
intermediate stages in the calculation should not matter.

4We need not include components along the transverse directions 0; because these simply amount to
reparametrizations of the entangling surface, which do not change the entanglement entropy.



is the original reduced density matrix on A in the absence of the metric perturbation.®
Further, 7 is the angular-ordering operator in the (2%, z!) plane, i.e., if 6 € [0, 27) is the
angular coordinate in the (2%, z!) plane, then

T [6(%)@(9;,)} = O(0,)0(6,)H (0 — 0) + O(6,)O(0,)H (0 — 6,) (3.7)

where H (0, — 6y) is the Heaviside step function. The next step is to perturbatively expand
the entanglement entropy Spp = —tr(pln p) using eqaution (3.5). However, care must be
taken in expanding the logarithm, because py and dp = p — pg do not commute in general.
In order to deal with this, we use the following integral representation for the entanglement

Spp=—trplnp= /Ooodﬁ{tr <ﬁfﬂ> — 1 ‘11'5} (3.8)

Expanding this out to second order in dp, we obtain

I ~_ B [~ NS SN S
ssue = [ a9 “(‘5" (ﬁo+/3)2> [ tr<<ﬁ0+ﬁ>25’)<ﬁo+5>5”>+ - 89)

Substituting equation (3.5) in (3.9), we find that Sgg can be written as a sum of two terms

entropy

6Spn = 684U) +55%) (3.10)

coming respectively from the first and the second term in equation (3.9). The first term
(after performing the g integration) is given by

1 A ~
5S(E}L)€’ = 2/ddw 5gull($) trconn. (,OOTM (ac)HE)

% / A% ad®ay 59, (0)0gr0 (2b)trconn, (507 [fﬂ”(ma)f*a(:cb)} ﬁE) (3.11)
where H g is the modular Hamiltonian corresponding to py and treonn. is the connected
trace. From the above equation, we see that 551(5% can be interpreted as the change in
the expectation value of the (original) modular Hamiltonian; we will henceforth refer to
this term as the modular Hamiltonian term. Given that all the operators inside the trace
are naturally T-ordered, we can rewrite the above traces in terms of connected Euclidean
correlation functions

1 ~ ~
6S(Elé - 5 /ddw 59,;,1/(113) <T/W<w)HE>conn.
1 ~ ~ ~
3 / Ao dzy 5g,(2a)dgr0 () <TW(g[;a)T*ff(gg,,)HE>COnn . (3.12)

Now, the second term in (3.10) is given by

1 o0
0SEp =7 / A d"y 09, (%4)09r0 (1) /0 dpp (3.13)

xtr{(ﬁo'_af o T(@a) — tr (T (@a) )| ﬁﬁ 5 7 (@) =t (507 ()| }

5 . .
°From now on, by tr we mean try, unless otherwise specified.




This term is in fact the negative of the relative entropy of p with respect to py at second
order in 6g,.

65 = ~S(7llp0) = tr (7 In fio) — tx (7 In p) (3.14)

and will henceforth be referred to as the relative entropy term. The non-negativity of
relative entropy then implies

552 <. (3.15)

Unfortunately, the operators appearing in equation (3.13) are not manifestly 7-ordered,
and so the trace in this form cannot be written as a Euclidean correlation function. How-
ever, it is possible to perform the (§ integral and manipulate this expression further to bring
it to a more convenient form (see appendix B)

1 e ds
55(2) - / dd add 5 v a 6 o / Ril )
EE "~ 39 o'y 09 (®a)0927 (1) oo sinh2(s/2 + iesgn(f, — 0p)) ( (ZS)) k

X (B(i5)) 7 treom. (P TIT" (a) T (R(is) - a)]) (3.16)

where (R(6))"
essentially involves steps similar to passing from old-fashioned perturbation theory to time

, is a rotation in the (:COE,:vl) plane by the angle #. This manipulation
dependent perturbation theory in quantum mechanics. This is usually achieved using
Schwinger parameters and the s appearing above can be thought of as such.

The trade-off however is the additional s integral with the attendant measure. Inter-
estingly, note that the way s appears in the above correlation function corresponds to a rel-
ative boost between the two stress tensor insertions, with s being the boost angle/rapidity.
Equivalently, from the point of view of the modular Hamiltonian, we are forced into “real
time” evolution. Indeed, we can rewrite the above equation in the following way to make
this point manifest

1
55%2}); = 32/ dlx,diaxy, 09 (Ta)dgrs () (3.17)
N ds ST IT ~—i5/2m ) ~is/2m
treonn. T[T a TA )
8 /oo sinh2(s/2 + iesgn(f, — 0p)) Teo (po [T (za)Pg (xb) Py ])

Having written this term in the above form we can now use the 7-ordering to rewrite
the trace in terms of the Euclidean two-point correlation function to obtain

1 o0 ds A
680 — — | dlx.diay 59, (2a)d0r0 / R
EE — 32 o'y 09 (%a)0927 (T1) oo sinh2(3/2+issgn(0a —6p)) ( (zs)) k
x(R7(is))", <fW(xa)wa(z’s) : wb)> : (3.18)

From equations (3.12) and (3.18) we see that the entanglement density can be com-
puted in terms of the two-point and three-point Euclidean correlation functions of the stress
tensor. Indeed, in any conformal field theory, these correlators are universal and fixed by
conformal invariance modulo finitely many parameters [41]. The two-point function in



particular takes the form

~ ~ C 1 1 1
<T“”(m)T’\”(O)>conn = \w% <21u/\L/U + §IMUIV>\ - d5uv5/\0> (3.19)
x,x
Ly = 8 —2 ;21/ (3.20)

and is determined entirely by specifying the single parameter Cp. The three-point function
is more complicated, and in general dimension depends on three independent parameters.
Nevertheless, it is clear from the above discussion that the (non-local part of the) entan-
glement density in a CFT is uniquely determined in terms of the parameters appearing in
the two- and three-point correlators.

All that remains now is to explicitly evaluate the integrals in equations (3.12)
and (3.18). Doing so, one encounters the following surprising result — the modular Hamil-
tonian term (3.12) does not contribute to the non-local part of the entanglement density.
Since the explicit computation is somewhat tedious, we will defer the details to section 3.2.
We also give a quicker more sketchy proof of the vanishing of the modular Hamiltonian
term, using a slightly different setup, in appendix E. The non-trivial contribution to the
entanglement density then comes entirely from the relative entropy term. Indeed, this is
why the result (1.6) for the non-local part of the entanglement density depends only on
the single parameter C7. We now proceed to compute the relative entropy term.

3.1 Relative entropy term

In order to compute the integrals in (3.18), it is much more efficient to use the conformal
transformation from H = S' x H ! to R? to pull-back and evaluate the integrals on .
To see how this works, let us coordinatize S' x H! by y® = (r, 2, 2*), where 7 is periodic
with period 27, and (z, ') are Poincaré coordinates on the hyperbolic space H?~!. The
metric on H in these coordinates is given by

o d2%+ §datda’

gn = dr" + 2 (3.21)
The map ¢ : H — R? given by
o(1,2,2") = (zsinT, z cos 7, z") (3.22)
is a conformal transformation, i.e.
pugra = QL (y) gu (3.23)

with Q(y) = z being the Weyl factor (and ¢, being the pullback). This implies that the
stress tensors on the two spaces are related by

TP ()4 (y) + S (3.24)

~10 -



where S* denotes additional Schwarzian derivative-type terms, which vanish in odd di-
mensions, but are present in even dimensions. The integral (3.18) then pulls back to

3SiE = 35 / dptadpy, hap(Ya) > (Ya) oo (90) 0> (o) 177 (ya, 1) - (3.25)

32
o0 ds ~ -~
where 117y, 31) = [ (T8 TP (), (3:20)

oo sinh2(3/2 +ie sgn(ty — 7))

where we have defined y; = (7 + s, 2p, xb and dp = \/det gy (y ddy is the measure on H.
Further
has®¥ ™ = 2V (o&p) + 925¢70,In(Q%) (3.27)

where the vector field €% on H is the push-forward of the vector field ¢# on R? by 1

1

£= ((1($i) cos(T) + Co(a:i) Sin(T)) 0, + 2 (—Cl(a:i) sin(7) + CO( )cos( )) Or. (3.28)

Note that the Schwarzian terms S*” have dropped out of equation (3.25) because of the
connectedness of the correlation function. Additionally, we note that the second term
in (3.27) can also be dropped by the tracelessness of the stress tensor (more precisely, the
trace Ward identity) in conformal field theories.® So we obtain

1
55 = 5 [ e [ o V(a0 Vi () 0 ). (329)

Since the above integrals include integration over hyperbolic space, there are potential
divergences coming from the conformal boundary of hyperbolic space at z = 0. These
divergences in the entanglement entropy of course correspond to the short-range entangle-
ment coming from the region close to the entangling surface. One way to regulate such
potential divergences is to put a cut-off at z = % (which corresponds to cutting out a tubu-
lar neighbourhood around the entangling surface in the original description on Euclidean
space). We denote the resulting regulated space as H, and rewrite the above integral as

552 — 1 /H e /H it V (o) (4a)V (o 5) ()T (g 3. (3.30)
A A

Next, integrating by parts and using the diffeomorphism Ward identity,” we arrive at

1
552 =1 / dian® (ya)€® (va) / Ao () € (90) L (s 1) (3.31)
8 Jar, OHA

where 0H is the boundary of the regulated space Hp at z = /1\, n = Aa is the outward
pointing unit-normal on the boundary, and dj: is the measure induced on the boundary

. . 5
din n®(y) = drd?=%zt \/det yap, n®(y) = drd?2z* Al4=2) KZ (3.32)

In even dimensions, there are contributions coming from the trace anomaly. However, these contri-

butions are local at the present order. Since we are interested in the non-local part of the entanglement

density, we can drop these terms.
"Which says that VEII**7® (y,, ) = 0 and VZHO‘B""S(ya, y») = 0 for separated points.

- 11 -



The next thing to compute is the two-point function of stress tensors on . This can be
done efficiently using the embedding space formalism developed in [42]. In this formalism
(see section 2 of [6] for a review relevant for this calculation), one considers the larger
embedding space (or ambient space) RV ¥+ on which the (Euclidean) conformal group acts
linearly. Let us pick global coordinates P4 = (PI, PTI PO ... P=1) on this space, with
the coordinate P! being time-like. One then embeds H (more generally, any space which
is conformally equivalent to R?) as a section of the upper light-cone P? = 0, P! > 0. Here,
we pick the embedding

(3.33)

,cos(T),sin(7), 5 ,—
z z

14 2% + §ya'a?
PA(y) = ( .

1—22— 5ijxixj x
2z '

Now the two-point function of stress tensors in equation (3.26) can be computed using the
embedding space formalism following [42],

o o0 o0 0

e ™ s 1 A s s
<Taﬁ(ya)T75(yb)>HA: ZPaﬁB(Pa)Png(Pb)aZ(f 8Z§ 825 8ZbD G(Q) (Paa Py, Zq, Zb) (3'34)

where Z,; are auxiliary variables, and the right hand side above is evaluated on the sec-
tion (3.33). The index-free function G is defined as,

AC 2
GNPy, P, Zo, Zy) = T d+2<(Pa-Plf)(Za-Zb)—(Pa-Zb)(P,f-Za)). (3.35)

(—2P, - Fy)
Further, the projector Pfg is defined as (see equations (3.66) and (3.67) for explicit ex-
pressions)

oPAoPB) 1 ,, 9P OPP
oy OyP q" nep oy oyf

Using this formalism, we compute the required two-point correlation functions

Paf(P) = (3.36)

o Crlaa — xb|4(cos(2(7'a — 7, —is)) + 0 (A72) )
<Tz7—(ya)Tz-r(yb)>H = 12 (3-37)
A 2A2d—2<\ma —xp? + % (1 — cos(7q —Tb—z’s)))

)

. oy Crlea—mf(sin(2(r —m —is) + 0 (A7) )
<T27(ya) ZZ(yb)>HA B 2A2d-3 (‘xa — xp|? + % (1 —cos(1q — 7 — i5)) )d+2 .

<fzz(ya) Zz(yg)> B Crlz, — xb|4<cos(2(7'a —7p—is)) + 52+ 0 (A72) ) 5.39)

- d+2
A 2A2d—4(]xa — a2+ 5 (1 — cos(ty — 7 — zs)))

)

where |z, — 2p? = 6ij(7q — ) (a — p)?. The O(A~2) terms in the above expressions
do not contribute in the limit A — oo, so we will drop them henceforth. Substituting
equations (3.37)—(3.39) in (3.31) and using (3.26), we obtain

C 21 3 21 8 5 -
5S(Ezg = 1612/0 dTa/dd 21'(1/0 dTb/dd 2$b ’$a—$b’4fa/\/l7j§i (3.40)
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where the overlined indices run over ¢,j = (7, z), and

£= (Cl cos(r) + ¢° sin(7)) 9. + (—Cl sin(r) + ¢° cos(7)) 0. (3.41)
We have also defined
o ds 1
M = M
1 2 : o d+2771
— oo Sinh?(s/2 + iesgn(r, — 7)) (|«Ta — a2+ & (1 — cos(ry — 7 — zs)))
(3.42)
with ij given by the two dimensional matrix
cos (2(rqy — 1y —18))  —sin(2(1y — 7 — 19))
M;; = Ak (3.43)

sin (2(7, — 1 — i5)) cos (2(7q — Ty —i5)) + G2

The factor of % out front in equation (3.40) apparently suppresses 65’%)3 in the limit
A — oo. However, we must be careful in taking this limit because there is a possible
enhancement from the s integration inside M. Indeed, naively sending A — o0 inside
the integral in equation (3.42), we see that the s integral diverges as [ ds e in the limits
s — +o0o. We can extract these divergences by zooming in on the integral in these limits;
this gives two contributions

o o0 —0o0
Mg = MTj + ij . (3.44)
The contribution from s — +00 can be extracted by changing variables to f = A~2e**

00 +2i(Ta—7p) .
+oco 2 € 1 =+
MTj 2A / dg ‘ e <:Fi 1)
0 <‘$a _ xb’2 _ 5e:|:’b(7’a—7’b)>

1

2A2 +i(Ta—7p) .
e < 1 iz) (3.45)

(d+1) |zg — xp|2(d+D) Fi 1

Finally substituting the above into equation (3.40) and integrating over 74, 7, we get

5s@ _ _ 2120 /dd2a}add2$b1 (Cl@a)fl(mb) + Co(ma)éo(a?b)) ; (3.46)
EE (d+1) 2 g — zp|2(@1)
Reverting back to Lorentzian signature, we obtain
2
@ _ 20y [ a4 Lz MG 3
Py =~ / A rad 2, 50 wa) ey ) (3.47)

which is our primary result. It still remains to be shown however, that the modular
Hamiltonian term 651(5123 does not give additional contributions — we show this in the next
section.

To end this section we would like to give some insight into the above calculation and in
particular where the main contribution to the non-local part of the entanglement density
is coming from. In words, the two stress tensor insertions start their lives close to the

boundary of the entangling region (a distance 1/A from 0A in the flat space metric.)
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However when we boost one of these operators by a rapidity of order 21n A, then the stress
tensor gets liberated from 0A and moves into one of the null generators of 9D(A), the
boundary of the domain of dependence of A — otherwise known as the Rindler horizon.
Here the relevant integrated correlation function receives an enhancement of order A2 in
such a way that A drops out of the final expression. Thus the main contribution to the
entanglement density is coming from the correlation function of stress tensors inserted
along null generators of 9D(A). We find this result intriguing and intend to study this
further in future works.

3.2 The modular Hamiltonian term

Now we return to the modular Hamiltonian term — in particular, the second term in
equation (3.12) (the first term in (3.12) was studied in ref. [23] where it was shown to have
no universal contributions). An alternative, less constructive, proof that this term vanishes
is given in appendix E. Using the map ¢ : H — R%, this term pulls back to

1 ~ ~ I _
5= 5 [ dia [ din 020 (0) 22w hos(o0) (T2 ) P00 ), (3.08)
Ha Ha

A

where recall that
QO 2hag =2V (o&g) + & - 0 In(Q) gk (3.49)

Further, integrating by parts and using the diffeomorphism and trace Ward identities allows
us to rewrite this as

1 ~ ~ ~

35U = ¢ [ aman® )€ wa) [ o ()€ o) (T Tooan) )
8 Jora OHA Ha
+contact terms. (3.50)

In appendix D, we will argue that the contact terms vanish in the limit A — oo, and so
we focus here on the three-point function term. The modular Hamiltonian Hg written on
S x H4 ! is simply the generator of T-translations

R dd72 zd R )
Hgp = 27r/ # 17+ (Te, 2, xp,) + constant (3.51)
Hd—1 Ze

where the integral above is on the constant 7 = 7, slice. The constant term above drops out
of all connected correlators. So the relevant correlation function in the present calculation
is the three-point function of stress tensors on H

™

585) = 1 /;)HA dfian® (Ya)&” (Ya) /8 " dfipn” (y)€° (yp)

~ ~

A2zt dz ~
— < (To5(ya)T. Trr(ye . .52
<[ (T B Ter ), (3:52)

Once again, it is efficient to use the embedding space formalism to obtain this corre-
lation function
2 2 2
0 0 0 a®
0240028 0zCozP 0ZFoZE
(3.53)

~ ~ ~ 1
<Taﬁ(ya>T’75(yb)TTT(yC)>HA: gPéE(Pa)P%D(Pb)PEf(PC)
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where®

GO(P,, Py, Pu; Za, Zy, Ze)

hE

= (=2P, - P) "5 (=2Py - )" (=2P, - P) " S amAm(Vi, Hyx). (3.54)

m=1

The {A,,}’s are conformally invariant structures — polynomials made from six basic build-
ing blocks [42]

Hy, = —2((21 - Z))(Pr-Py) — (Zr- Py)(Zy - PI)> (3.55)
Py Pk

where the triplet (I,.J, K) is a cyclic permutation of (a,b, c). The allowed structures are?

A = VY2 (3.57)
Ay = HypVoaVu V2 + HyViVeViP + HeaVeVa Vi (3.58)
As = VoHo HyVe + Vo Hy HeoVa + VeHoo Ha Vs (3.59)
Ay = Hu V2 + Hp Vi + HZ, VY (3.60)

(3.61)

A5 = Habecha

The coefficients a,;, in (3.54) are not all independent — imposing the conservation condition
on the stress tensors for non-coincident points gives the constraints

d2
Ci(am) = =201 + 4ag + (2 +d— 4> as —d(d+2)as =0 (3.62)
d+2 1
Colam) = as — 520 4 2day + S(4—d)as =0, (3.63)

This fixes two of the coeflicients in terms of the rest, leaving three independent
coefficients.'?

In general, computing the integrals in (3.52) over the hyperbolic slice at 7 = 7. is
a difficult task. However, the following observation makes this computation tractable —
the modular Hamiltonian is a conserved charge and so we are free to move it in 7. One

therefore expects (55’1(31}J to be independent of 7.. One might worry about potential crossing

contributions to 65823 when we move the modular Hamiltonian across one of the other

stress-tensor insertions, but it can be checked explicitly that these vanish in the limit

8 Additionally, there are further contact terms in the three-point function which are required by the trace
Ward identity. However, these contact terms do not contribute in the limit A — oo, and so we do not show
them here explicitly.

°In three dimensions there is also potentially a parity odd structure [43, 44] that we did not write down.
However it is easy to argue that such a term cannot contribute to the non-local part of the entanglement
density based on symmetries and unitarity — there is no parity odd term that we could add to (1.6) or (1.7)
which preserves the appropriate conformal symmetries and the strong subaddativity constraint.

OTmposing the conservation equation in the coincident limit fixes a linear combination of these three
coefficients in terms of Cr [41].
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Figure 3. The shaded region is the domain of dependence D(A). Analytically continuing in
w = €™ and sending w — co sends the modular Hamiltonian (integrated over the blue line) to the
future null boundary of D(A). Also shown are the future and past tips E+ of D(A) and the point
at spacelike infinity Ej.

A — oo (see appendix D). Therefore, in the complex w = e plane, 65&% can be extended

to an analytic function which is constant along the unit circle |w| = 1, and hence a constant
on the entire w plane. We can therefore use this to our advantage by computing 558}5
at a special point such as w = 0 or w = co. Physically, these two-points correspond to
light-cone limits: w — 0 corresponds to writing the modular Hamiltonian as an integral
over the past null boundary of the domain of dependence D(A) (or the past Rindler horizon
for brevity), while w — 0o corresponds to writing it as an integral over the future Rindler

horizon (see figure 3). We take w — oo in what follows.

The computation simplifies dramatically in this limit. To see this is more detail, define
the points

E, =(0,1,%4,0,---,0), Ey=(1,0,0,—1,0---,0) (3.64)
in the embedding space. These points have an interesting physical interpretation — (the
rays corresponding to) E4 form the future and past tips of the light cone comprising the
boundary of the domain of dependence of A, while (the ray corresponding to) Ey consti-

tutes the point at spacelike infinity, or equivalently the point at infinity in the Poincaré
coordinates of hyperbolic space H?~!. We note the relations

E.-E.=F -E_ =0, E, -E_=2, E}=0, Ey-E+=0. (3.65)
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The relevant projectors in (3.53) (with 2,5, = ) can be written in terms of these points as'!
iA _ L /- A A\ B
PP (Pay) = o (B 2EABY — (P EAEY) + o (P, B = PLEY) B (3.66)
A? _ AB 4
PAP(Puy) = ((P;Fb)2Ef‘E_B + (P, PELER 1 2BV EY) - E"AB> (3.67)
+A (P B + PLEY) B + B ES
2
lim PAP(P)=—— (B2EZ + O(w™)) (3.68)

wW—r 00 4

where PF ab = b E*. The only other ingredient required to compute 6SgE %3 is the following

generic 1ntegral

I(TL+, n—, n0|ma7 ’I’)’Lb) :/ dec(_2Pa'Pc)_ma(_2Pb'Pc)_mb(E1Jr'Pt:)n7L (Ef'Pc)TL (EO'Pc)nO
Hd—1

(3.69)

where dY, is the appropriate integration measure over H% !, Precisely in the limit w —

oo, this integral simplifies greatly and can be written in terms of a single integral (see
appendix E)

Aa—mp—1 —MNEo-Y)=A"YEy-v))"™
I(n+7n n0|maamb n 0/ d\ ( ( 0 ) ( ; b>)

(APF+A-LPF)™ 2 (02 4 L — 2V, ;)21 Hmo
+O(w™ (3.70)

where Y, ; are the embedding space coordinates for H9 !, and the constant k is given by

d _
= 2n s (o LB LA+ 2)

['(mg)T'(mp)
Putting everything together, one finds
1 ™ _ o5 -
3Sp = 1 / dfia / diip &' (ya) N3¢ (up) (3.71)
OHA OHA

where the matrix NTj can be explicitly computed as a series expansion in A?. For instance,

. °c
|2q — zp|2(d=D)

A — (A2fa—222Ci(0m)~d 2 = cos(ra — m)] Ca(am) +0 (A7) ) (3.72)

where
(_l)dﬂ_d/2fl
= d .
d?(d+2)*(d+4)T (%)
Now comes the surprising part: the terms which could potentially survive in the A — oo

limit come multiplied by the function C(a,) defined in (3.62), which vanishes by the
conservation constraints. The same is true for all the components of the matrix N/ — the

(3.73)

—GY =0,

" The function G® in (3.54), by construction, satisfies the transversality conditions Py, . c- 3%

and we have used these to simplify the projectors.
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potentially non-trivial terms in the A — oo limit are all proportional to linear combinations
of Ci(ayy,) and Ca(ay,). Therefore,

AIEI;ONE =0. (3.74)

This completes our proof that the modular Hamiltonian term does not give additional
contributions to the non-local part of the entanglement density.

3.3 Spherical case

So far, we have presented the calculation for the non-local part of the entanglement density
in the case of planar entangling surfaces. It is possible to repeat the above calculation for
spherical entangling surfaces, but here we will obtain the corresponding result more directly
by making use of the conformal transformation ¢ : Rb4=1 — RL4=1 given by

X —(X-X)CH

X)) = 2R?CH 3.75
VX =TS x0T (375)
where we have used X* = (X X' X?) as coordinates on the domain of v, and
C = (0, ﬁ,o, e ,O). This is a conformal transformation because ¥,n = w?n, with the
conformal factor w given by
1
w(X) (3.76)

T1-20C-X)+(xX-X)(C-0)

If we use global coordinates & = (2°,x) to cover the image of this map, then it is a simple
matter to check the following statements: (i) 1 maps the Cauchy surface X° = 0 to the
Cauchy surface 2 = 0, (ii) if A is the half-space X' > 0 on the Cauchy surface X° = 0,
then B = ¢(A) is the ball-shaped region x> < R? on the Cauchy surface z° = 0, (iii) 1
maps the domain of dependence of A to the domain of dependence of B. Consequently,
we can compute the entanglement density for the ball-shaped region B by pushing forward
the deformation vector field (55 (%) (where Q are coordinates on the sphere dB) by 1!

o 0XH ,
Cha(X*) = ——- () (3.77)

ml/

and then computing the corresponding entanglement density for the half-space A

271—20 1 - - T'*

2 — 5@ - _ T d—2 d—2vy L3 j i
6 Spr(B) = 6" Spr(A) | /d Xad™ Xy 5C5a(Xa)Cpa (Xo) X, X,
(3.78)
Since the map v is a conformal transformation, the Jacobian factor in (3.77) can be writ-

ten as p
X

%wu =w (X)) R*,(4) (3.79)

where R is a rotation. Since (gp lies in the plane perpendicular to the entangling surface
x? = R?, it follows that (54 also lies in the plane perpendicular to the surface X! = 0.
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Further, by rotation symmetry along 0B (or equivalently, translation symmetry along its
inverse image 0A), we deduce

05 Cha(Xa)Cha(Xp) = w™H(0,0, Xo)w (0,0, Xp)1157 Chp ()G () (3.80)

Finally, using the relations

RI724472Q), = w?2(0,0, X,)d4 72X, (3.81)
(xq — a:b)2 = w(X)w(Xp)( X4 — Xb)2 (3.82)
we obtain
525 (13)::47452532547 d=2Q,d?"%Q 1<5 (Q)Cl (02 yggggfﬁiggggf (3.83)
e R2(d+1) A T A W U

which is the result for the entanglement density for spheres.

4 Applications

In this section we will present some applications of our formula for the entanglement density.
In section 4.1, we will prove the conjectured universality of the corner term contribution
to entanglement entropy in d = 3 [24, 25]. In section 4.2, we will prove the Mezei formula
for the shape dependence of entanglement entropy across deformed spheres, which was
conjectured based on holographic calculations in [26]. In [27], the Mezei formula was
used to deduce further universality results for corner terms in higher dimensions. Our
proof of the Mezei formula thus also establishes the universality of corner terms in higher
dimensions.

4.1 Corner terms in d =3

The entanglement entropy of a general subregion in the vacuum state of a d = 3 CF'T takes
the general form

SEgp = alg —a(h) lng +0(1) (4.1)

where § is a short-distance cutoff and £ is a length scale associated with the size of the
subregion. The first term above is the area-law term, while the second term, which is
universal, only appears in cases when the subregion has a sharp corner with opening angle
0, henceforth referred to as the corner term. It has been conjectured based on holographic,
free-field and numerical calculations, that in the smooth limit § — =&, the corner term in

any d = 3 CFT behaves as
m2Cr
a(f) = 52

where Cp, once again, is the coefficient appearing in the two-point function of stress tensors

0 —m)?2+--- (4.2)

in that CFT. Here, we will show that our formula for the entanglement density directly
reproduces equation (4.2).
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We start with our formula for the planar case in d = 3:

ORI — 20T / / dzy x() (4.3)

_ «Tb)

and consider the special shape deformation:

_Jo |z| > L
x(@) = {20‘L(L2 —2?) |z|<L (4.4

which has two sharp corners at x = +L with opening angle § = (7 — «). The two corners
will both lead to independent logarithmic divergences which we can then isolate. We
choose this form because it does not have any IR issues and because it is easy to work with
analytically.!?

Note that in order to do the integrals in (4.3) we are forced to confront UV divergences
when the two-points z, and x; come together. This is then related to local contact terms
in the entanglement density that we have so far avoided discussing. These terms are
also related to the usual UV divergence of EE (that is the area law piece for d =
shown in (4.1).) An efficient way to deal with these contact terms is to use dimensional
regularization where the absence of a scale in the regulator means that we will only ever
see logarithmic divergences (which would then show up as 1/(d — 3) poles.) Since we do
not expect logarithmic divergences in d = 3 in the absence of sharp corners, this is then a
good way of isolating the term of interest. To this end, we consider an entangling surface
in a d-dimensional CFT with the shape determined by (4.4) independent of the other d —3
transverse directions. At second order the change in entanglement entropy is then:

2.2 7(d=3) /2F d+1 2 2 _ .2
2 7 a’Cr a)(L x;)

where V;_3 = p%73 is the volume of the transverse space. This last integral can easily be
done (and converges for d < 0) giving:

_ m?Or(d—DT(5?) (T
ISer = ~3qa T D@ 2rE 1) ( 2L > | (46)

Taking the limit d — 3 we find the desired pole and logarithmic behavior:

CT7T Oé
12

§?) Spp = <d i = log(2L/ (V7)) + % - % +0(d — 3)> : (4.7)

Since we had two corners with equal opening angles we can infer that:
T2 Cr
24
which proves the conjecture of [24, 25]. We have thus shown that in d = 3 the logarithmic

a(f) = (m —0)? (4.8)

corner term in the entanglement entropy is entirely captured by the non-local part of
the entanglement density. Presumably similar remarks/proofs hold for higher dimensional
cones as conjectured recently in [27] using the Mezei formula.

12A somewhat similar form was used in [27] to show that the Mezei formula reproduces the corner term.
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4.2 Mezei formula

Next we turn to proving the Mezei formula [26] for the entanglement entropy across de-
formed spheres at second order in the shape deformation. Once again in this section, we
will only be interested in spatial deformations. Let us expand the shape deformation y(£2)
in terms of real hyperspherical harmonics on the entangling surface S92

X(Q) - Z a£7m17“' 7md—3}/€7m17'“ sMd—3 (Q) : (49)
Lma e mg—3

Based on holographic calculations in a large class of models, it was conjectured in [26] that
the universal contribution to the entanglement entropy at second order in the deformation

is given by
d d—1
1)z Z d odd
s? o, S d-1) al, .. (+k—2)x ( 2 :
EE 9d— 2F( +2)I'(d/2) mlzmd_‘; b d—SkI;[l( ) -1 TQIn% d even

(4.10)
The positivity of the overall coefficient implies that the sphere is a local minimum for
(the universal part of) entanglement entropy across all shapes with the same topology.
Having derived the entanglement density for spheres from purely CFT considerations, we
are now in a position to prove this conjecture. We start with our expression for the sphere
entanglement density (setting R = 1 for convenience)

2C 1
s T T / d%20, 420 () X(Q 411
EFE (d + 1)2d_1 b X( )X( b) (1 _ Qa . Qb)d_l ( )

Substituting equation (4.9), we obtain
2
(2 _ mCr
SEE B _W Z b G/Ea’m{ll7"'afb7ml177,,,
00,m eee £ e
Yv@“,m“,---,m“ (Qa)nbmb wee.mb (Qb)
X / d2Q,d* 2, - (‘11*3 a Q’)dil’ d-3 (4.12)
T V&g " 8bp

From rotation invariance, it is evident that the integral above takes the form
na7m?7". 7m§—3 (Qa)}/ebvml{f" 7m373 (Qb)

/ d20,d 2, = c(0")8gahOng gt 0

(1 —Qq - Qp)d-t ma_gmy_z’
(4.13)
The constant on the right hand side can in turn be written as
1 _ _ }/Zm Mg (Qa)}/fm Mg (Qb)
0 = dd 2Qadd ZQ M1, Mg —3 M1, T d—3 4.14
0 dim(Hy) / DY (1— Q- Q)1 (4.14)

mi, - ,Mq—3

where Hj is the space of all harmonics of order ¢. In order to explicitly compute ¢(¢), we

can use the higher-dimensional analog of the addition theorem for spherical harmonics'®
. (5%
dim(Hy) C, 2 "(Qq - Q)
Z ngh Mg — S(Qa)nvmly‘“ymd—f} (Qb) = fuol(S('d_Q)) ‘ (@) (4'15)
mi, - ,Md—3 CZ 2 (1)

13We have normalized the hyperspherical harmonics as fsd—2 d*2Q (Yg,mhm 7md73(ﬂ))2 =1.
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where Cén) (x) is the Gegenbauer polynomial. This allows us to perform all but one of the
integrals in (4.14) to obtain

(4.16)

Note that we have also introduced the regulator z above to control the divergences which
arise in the # — 0 (coincident) limit. Fortunately, there exists a closed form expression for
the above 6 integral [45, 46]

D—-1

Ce( ’ )(0089) e !PT (D + £ — 1) 1 D/2+1

j sin )P~1 =
/Ode( % (z —cos0)PT1 9pja- 2r(¢+1)r < )I‘(D+1)( e @i

(4.17)

where the associated Legendre function Qggii_l(z) is defined in terms of the hypergeo-

metric function as

QP2 () = TN r (D40 1) 2 (-1¢D_ , 11
D/2+¢-1 2D/2+EF(D/2+€+%) (22_1 % 2471 2 9’9 27,2 )"
(4.18)
Using these expressions, we obtain'
d
272 +4—1)I(d - 1=
o(l) = lim —— E JI(d=3) T
a1t T (52) 24HAT (43 T(d — DT (d/2 40— 3) (22— 1)
L—1 ¢ d 11
A(— =i +0->=). 4.19
X“<2 gt 2’z2> (4.19)

All that remains to be done is to take the limit 2 — 1. Let us first consider d odd; in this
case the hypergeometric function behaves as

(-1 ¢ d 1
o F ( 5 2 2 + 00— 5; 1-— 6) = <a0+a16+a262+‘ i >+6d/2 <b0+b16+b262+’ . > (4.20)
Going back to (4.19), we see that c¢(¢) is divergent in the limit z — 1. However, these di-
vergences, as before, are associated with the coincident limit 2, — €. A proper treatment
of these divergences would require knowledge of contact terms in the entanglement density,
which we are not in control of. However, we can extract the universal (cutoff independent)

d/2

term in (4.19), which comes from the ¢*/“ term in the expansion of the hypergeometric

function close to z = 1, where the corresponding coeffcient bg is given by

(4.21)

B a1 réd+e¢-1)
o= (D S ErE )

2
14The careful reader might observe that the functional form (in z) appearing above is very closely related

N

to the (deformed) Ryu-Takayanagi surface, with sin©® = % playing the role of the bulk coordinate defined

n [26]. This motivates the identification e = zigl ~ (%)2.
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Entanglement density

Mezei formula | — | Corner contributions

Figure 4. The triangle of recent studies on the shape dependence of entanglement entropy in
CFTs. The arrows denote implications.

For d even, the expansion of the hypergeometric function contains a logarithmic term
¢%/2In € which then gives the universal contribution to the entanglement entropy, and whose

coefficient is given by

e T(E4e-b)
bo = (—1) F(g)p(Q%)F(g +1)

Finally, putting everything together and simplifying gives

d =l g
@) 2 ( ) 9 (—1) b d odd
St = o ayar 2, Z o - amas L€+ 7 =2 X{< Tl

©Mg—3 k=1

(4.22)

which is precisely the formula conjectured in [26].

As mentioned previously, in [27] the Mezei conjecture was used to compute the uni-
versal corner term contributions to entanglement entropy in higher dimensions. Since we
have now explicitly proved the Mezei conjecture, this also completes the derivation of the
higher dimensional corner terms in [27].

5 Discussion

We have presented a proof of the universality of the non-local part of entanglement density
in any CF'T in any dimension. The form of the entanglement density is fixed by conformal
invariance and the overall coefficient is determined by C'7. We have also shown that this uni-
versality fits into a triangle of results that have been the focus of recent studies/conjectures
on the shape dependence of CFT entanglement entropy and that we summarize in figure 4.

We have a good understanding of the mechanism behind this universality. The calcula-
tion presented here and previous works [6, 21] studied entanglement essentially in conformal
perturbation theory, writing the answer in terms of n point correlation functions on flat
space up to some order n. Conformal invariance fixes the low point correlation functions
that go into the calculation. As we push these calculations to higher order in the expansion
parameter, four-point functions and higher will appear and we expect universality to break
down. At this point one might impose more restrictive conditions on the CFT that are
expected of a theory with a gravitational dual — large- N factorization and an appropriate
sparseness condition on the low-lying spectrum of operator dimensions [47] — after which
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we would expect universality to re-emerge. Ryu-Takayangi taught us the surprising result
that all CFTs with classical gravity duals have the same vacuum entanglement structure.
We are far from being able to prove such a statement,'® but these calculations represent a
first step.

It is interesting to note that even before we reach the stage where universality breaks
down, entanglement in this perturbative framework already displays rich features that
are expected of a CFT with a holographic dual [6]. The relative entropy contribution
studied in section 3.1 arises from an integral over an operator located inside the domain of
dependence of A, which reminds us of smearing functions that are used to construct local
bulk fields [49]. It is this feature of the CFT calculation that we think is responsible for
probing deep into the bulk of an emergent AdS dual to measure the change in area of the
minimal surface.

We now discuss some possible generalizations that one may pursue. Firstly it would
be of interest to study the Renyi generalization of entanglement density (see [50] for re-
lated discussion). For example using the mutual information definition of entanglement
density (1.4), we can imagine simply generalizing this by taking I — I,, where I, is called
the Renyi mutual information. This captures the non-local part of the Renyi entanglement
density which is then a UV finite quantity. It is not hard to argue, based on conformal
invariance alone, that Renyi entanglement density should take the same form as regular
entanglement density:

7’,7

n(2)
S en 70 — 2@

4j,non—local

(Ta,xp) = — (5.1)
for some unfixed coefficient e, depending on the Renyi index n. As a function of n we
expect that e,, is non-universal and theory dependent. We do know that as n — 1 it should
equal e; = 272C7/(d +1). In d = 3 we can use this result to make a prediction for the
logarithmic term in the Renyi entropies in the presence of a corner. Following the same
steps as in section 4.1 we find the coefficient of the log is

(d=3)

an(0) = 6”12 (r—0)2+... (5.2)

for opening angles close to w. Quite a bit is known about such contributions to the corner
terms in Renyi entropies which we may then use to make predictions about e,. For example
the conjecture in [28] would lead to the relation:

12h,

CEnE (5.3)

[

where h,, is the (higher dimensional) twist operator dimension which can be related to a

one-point function of the stress tensor for the CFT living on the space Hy_1 X S(ln)

the radius of the circle S has been enlarged by a factor of n relative to the conformally flat

where

version. Thus if we could establish (5.1) for the entanglement density then it would prove
the conjecture of [28]. Our field theory approach applied to this problem would naively

5For 2d CFTs however this statement has for the most part been established [48].
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suggest e, is related to an integrated (connected) stress tensor two-point function for the
CFT living on Hy_1 x S(ln) and it is not at all clear (without putting too much thought
into it) how this could be related to a one-point function on the same space.

Further generalizations, that we hope to pursue in the future, include the computation
of higher order terms in the perturbative expansion of the shape deformation as well as
studying entanglement density in relativistic non-conformal theories.

Finally we comment on previous studies of second order shape deformations of EE
in [22] using similar CFT techniques (see also [51] for the Renyi entropy case). These
authors considered more general metric deformations that contain the shape deformation
as a special case and attempt to access the universal logarithmic divergences in EE for
d = 4 — first written down using different arguments in [52]. This should be contrasted
with our approach of examining the non-local (finite) shape dependent part of EE. Certain
issues with this CFT perturbative approach were identified in [22], which we suspect would
be resolved by a more careful analysis of the relative entropy term along the lines in this
paper. However it is not clear that these universal In terms can be extracted using a non-
local finite term in EE, say deformed by a more general metric, which was the origin of the
many simplifications that occurred in our calculation.
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A Perturbative change in the reduced density matrix

In this appendix, we prove the formula (3.5) for the perturbative expansion of the reduced
density matrix on the subregion A in terms of the metric perturbation dg,,. Consider a
generic relativistic quantum field theory that admits a path-integral description in terms
of the field ¢, which collectively denotes all the fields over which we integrate. The density
matrix corresponding to the ground state wavefunction on the Cauchy surface X is given by

e_fBH

Ty (e—ﬂﬁ) (A

0)(0] = limg_oc

where H is the Hamiltonian, and by is the entire Hilbert space. In the path integral
language, we can describe a matrix element of this density matrix as a product of path
integrals over the regions x% > 0 and :c% < 0 of Euclidean space R? with the appropriate
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boundary conditions

1 _ _
(6-10)(0]64) = / [Dlyg <o ¢ [Dlyg 50 e (A2)
¢(07 ,X):¢7 (X) ¢(0+ ,X):¢+ (X)

where we have denoted the spatial coordinates collectively as x = (2!, 2%), and Z is the
partition function of the theory on R,

Let us now denote the reduced density matrix for the half space A = {x4 =
(zt, 2|zt > 0} by po. The matrix element <¢f‘_]ﬁo\¢i‘> is then given by gluing the above
path integrals along the complementary space A at x% =0

~ 1 o0 xa)=¢A B
@Apled) =5 [ [Dg) 51 (A3)
B(0F,x4) =02}
where x 4 are spatial coordinates on A, and ¢4 denotes a field configuration restricted to A.
By slicing this path integral along the angular direction @ in the (2%, z!) plane, it becomes
immediately clear that the reduced density matrix can be written in operator form as [36]

67271”]/(\'
p=———-— (A.4)
trp , (e‘QWK)
where h 4 is the Hilbert space on A, and K is the generator of f-rotations
oo
K = /ddZ:cZ/ dat zt T%(0, 2!, 2%). (A.5)
0

From equation (A.4), we see that up to an overall shift coming from the normalization, the
entanglement Hamiltonian in this case is given by

Hp = —In py = 27K + constant. (A.6)

Next, we turn on a small (background) metric deformation dg,,. The new reduced
density matrix p is given by

<¢A|/\]¢A> - /MO e [Dg] —S[gl+3 [ dlx 5gH () Tpw (@) ++- (A7)
S (Z+07) $(0F+ xA)=g4 € .

where we have introduced z# = (2%, x) to collectively denote the coordinates on R%. One

might worry about an extra term in the exponential coming from a change in the stress
tensor upon introducing dg. However, at second order in the dg-expansion, such a term
can at best give a local contribution, and so we drop it. Therefore to quadratic order in
dg, we have

oA
(A 15p106) = 5 /ﬁ (Do) 59 { / d' 39, (@) (T (@) ~ (T ())) (A8)
+é / Ao dzy 5g,,(2a)dgr0 () (TW(%)TM(%) — 2T () <T)“’(a:b)>

— (T (@) T (@) ) + 2T (2a)) (T (@)} ) +++ }- (A.9)
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From equation (A.4), we can then infer the following operator expression for the change in
the reduced density matrix

1 ~ (Auv ~ Apy

op= 5 /ddw S () po (T“ () — try, <p0T“ (a:)) > (A.10)
1 R ~ ~ ~ P

+5 / A0 d21,6 9,0 (Ta) O g (1) po{T[T“”(ma)T’\"(mb)] — 2T (z, )ty (poT)‘U(ar:b)>

—try (BT | T (@a) T (@) | ) + 20w, (AT (@a) ) tr, (BT (1)) b4+ - (A1)

Switching to polar coordinates (r,0) in the (z{’, 2!) plane, the operator T(6,r,z") above is
to be interpreted (from the point of view of the reduced density matrix) as

T (9,7, 27) = (R(0))"\(R(0)) e ST (0, r, 27)e 0K (A.12)

where R(0) is the appropriate rotation matrix in the vector representation. Further, 7 is
the angular-ordering operator in the (z%,z!) plane

T [0(6.)0(0)] = 0(6.)0(0) H (60 — 64) + O(6,)O(6.) H(6) — 0.) (A.13)

where H (0, — 60;) is the Heaviside step function.

B Angular ordering in the relative entropy term

Recall that the relative entropy term is given by

1
352} =~ [ e bg,ul@)dgi (@)

~

> Po LA . PO Fro .
X /0 d,@,@ trhA ((ﬁo T 5)2 :THY (.’I,‘a)ﬁo I B Y A (zcb)> (Bl)

where we have used the short notation
LTI () = TH (224) — tiy, (ﬁo fW(xa)) . (B.2)

Unfortunately, the above expression is not 7-ordered, and cannot be written in terms of
a Fuclidean correlation function. To resolve this problem, we will perform the S-integral,
and then manipulate the expression further to bring it into a 7-ordered form. Let’s begin
by rewriting it as

1 ~ ~
55222; = ~2 /dd:paddmb 5guy(wa)5g,\a(acb) (B.3)

0o ~ ~
Po 0.K . Auv i —0.K PO 9K . P i —0, K
x | dBS tr —————e" " T (0,71, x)e” 7 ——e"™ T (0,7, x})e” 70

/0 PB g, ((Po+5)2 (0,74, 7a) po+p3 (O.v,33) >

where we have defined

—97 —



Let us denote the first line of (B.3) as — [ dfiwrs for convenience. Using the eigenstates of

K defined by I?\w) = w|w) to carry out the above trace, and writing py = ce*%f(, we get
(55}_;223 =— /dﬂwm Z e(ea_eb)(“’a_“b)<wa| L THY (0,74, 2 )|wp) (wp| : T . (O,Tb,x2)|wa>
Wa Wy
00 e—27r(wa+wb)

The § integral can be performed to obtain
00 e~ 2m(watwy) vev 1
d = e P B.6
R e e R (e A e ML

where v = 27(w, — wp). Next, using the formulae

( L, v ) _ / T ds s 5 (B.7)
1—ev  (1—e¥)? —o—ie 2 4 sinh?(s/2)
1 . VeV _ /oo+ia ﬁe—iw/?”—” s — 2mi (B.8)
1—er  (1—ev)2 —ootic 2T 4 sinh?(s/2)

allows us to revert back from the spectral representation to the operator-trace form. To
proceed, let’s split the integral in eq (B.5) into two parts: 6, > 6, and 6, > 6,. For the
first integral, we use equation (B.8) and for the second integral we use (B.7)

ds 2mi — 8
552 = / d / o 127 0N B9
EE,06>0, 0a>0p /’LHVAO' R+ie 27TZ 4Slnh2(8/2) ( )

X (R_l(is))/\fC (R_l(is))antrb&com, (ﬁof’“’(ea, Ta, xi)f“"(@b +1is, 19, xi))

ds s
55 :_/ d”/ a5 B.10
EE,04<0, 0,<0, Hpwd R_ic 270 4sinh?(s/2) ( )
X (Ril(is)))\n (Ril(is))antrhA,Conn (ﬁOT\m(ab + 18, 7, xz)f“”(ﬁa, Tas x;))

where [ dpwae = 1 [ dicadi@y 69, (Ta)dgr0 (@), and we have introduced the connected

trace
trhA,conn. (,Z)\()A . B) = trbA (ﬁoA . B) - tI‘hA (ﬁoA) trbA (ﬁoB) . (Bll)
Now making the replacements x, <+ x; and s — —s in (B.10), and adding (B.9) and (B.10),
we obtain
ds
3G = [ e | s (B.12
EE 0.0, e 4sinh?(s/2) )

IEDINY WP A A . »
X (R 1(ZS)) H(R 1(ZS)) ntrbA,conn. (POTM (0a> Ta, xZ)Tﬁn(Qb + 18, 1p, 30@))
Finally, once again making the replacements x, <> =, and s — —s in the above integral,
and adding to itself, we obtain

(2) . 1 d d dS _ . A — . o
5SEE = 8/d T, d x) 6guu(ma)6g)\a(mb) /C W (R 1(25)) N(R l(zs)) ntrbA,conn‘
X (BT T (Bas 10, 2 )T (0 + i, 73, )] (B.13)

where the contour is given by C' = R + ie sign(, — 6p). This then gives the result (3.16)
used in the main text.
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C Contact & crossing terms

In this appendix, we analyse (i) the contact terms in equation (3.50), (ii) crossing terms in
the three-point function term in (3.50).

C.1 Contact terms

The contact terms in (3.50) are given by

w5 [, ] St vevy <faﬂ<ya>f75<yb>ﬁfs>

2
/am /H o ()& ()= (1) (7 (90) T3 () )
_2/ gﬁ(ya)E(yb)V(a) <T0‘/3 T”’ (1) ﬁ >
(Li/; =) 2o (T2 () T () ) (c.1)

where we have defined Z = £%9,In Q2. The modular Hamiltonian can be written as the
following integral over the constant 7 = 7, slice

~ d2ridz. ~
Hp =2r /Hd ) zdi_clc T (Te, 2e, ') + constant. (C.2)
C

We will need to use the diffeomorphism and trace Ward identities for three-point functions
of stress tensors, which can be found in [41] (for Euclidean space). On a general manifold
with the metric g,,,,, these Ward identities take the following form

V) (Bul@) B ) T2)) = ¥ (W) <ﬁa<x>fpﬁ<z>>

d _
+2v§ (5 m

2 (T
+v@) < > (oo
(T

+2v() <Mx_z

)

) (C.3)
@) (T T Tn(e)) = 2 (T2 P Z)) <ﬁa<y>fpn<z>>. (©4

Using these identities, we see that most of the contact terms in (C.1) drop out trivially

(2))
@)
)

because y, and y, are well separated (i.e., because we are only keeping terms which con-
tribute to the non-local part of the entanglement density). The only potentially non-trivial
terms are

contact terms = —/ §g(ya)n7(yb)§a(yb)v(“) <fa’6(ya)f’yé(yb)ﬁE>

OHA

AMLA w%Wﬂ)<(W@mﬁ@. (C.5)
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Before proceeding to consider these terms, we first pause to observe that both the above
terms are independent of the time coordinate 7. at which the modular Hamiltonian is
placed. This is because H g is a conserved charge, and we can freely move it in 7. as long
as we don’t cross other operators. When we do in fact cross another operator, say Tob (Ya),
then using the commutator [fl 5, TP (ya)} ~ Or, Toh (ya), we generate extra terms involving
the two-point functions of stress tensors. However, using the Ward identities for the 2-point
functions, it is straightforward to check that such crossing terms in (C.5) vanish for y, and
yp well-separated. Thus, we conclude that both the terms in (C.5) are independent of 7.

In light of the above discussion, we can simplify the integrals in (C.5) by integrat-
ing over 7. (and dividing by 27). For instance, the first term in (C.5) upon using the
diffeomorphism Ward identity and integrating over 7. gives

1st term = —% ” dig /8HA dpip /HA dte gﬁ(ya)nV(yb)@(yb) (C.6)
X fo) (W) <fva(yb)f TT(ya)>+26§“) (W <fﬁr(ya)fw6(@/b)>>]
= % /H dpa /8 0. OV () ()€ () (Tor (o) Tas () ) (C.7)

where in the second line we have performed the y. integration, and once again we have taken
Yo and y to be well-separated. The two-point function appearing above can be computed
efficiently using the embedding space formalism. Having done so, one finds that the above
term is suppressed by a factor of % The only thing to check is whether the z, integral inside
dpig is divergent, because such divergences could give potential enhancements. Happily, one
finds that the z, integral is finite, and thus the above term vanishes in the limit A — oo.
Similarly, one can check that the second term in (C.5) also vanishes as A — oo.

C.2 Crossing terms

Next, we argue that the three-point function term in (3.50)

ssgb=5 [ )€ [ dmn e o) (Tt Tatns),  (©3)

is independent of the time 7. at which we place the modular Hamiltonian. Since the
modular Hamiltonian is a conserved charge, we are indeed free to move it around in 7,
as long as we don’t cross another operator insertion. However, when we do cross another
operator, we pick up an extra contact (or commutator) term, which we will refer to as a
crossing term. For instance, let us take 7, from 7, — € to 7, + €; in this case we pick up the
crossing term

- ;/BH duana(ya)éﬁ(ya)/aH diipn” (y)&° (1) <[ﬁE,Taﬁ<ya):| iﬂg(yb)>?_[ (C.9)

1

= 3 /a ” djtan® (Ya)€” (ya) /8 " diipn” (y5)€° () Or, <fa,3(ya)'f75(yb)>ﬂ. (C.10)
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Similar to our previous discussion, the two-point function appearing above can be computed
using the embedding space formalism. Having done so, one finds that the above term is
suppressed by a factor of % There are no other enhancements to cancel this factor, and
the above term simply vanishes in the limit A — oo. Therefore in this limit, the crossing
terms can be ignored.

D Integral

In this section, we wish to evaluate the generic integral

I(ny,n_,nglmeg, mpy)= dY.(—2P,-P,)"™(=2Py-P,) "™ (E,-P.)"* (E_-P.)"~ (Ey-P,)"°

Hd—1
(D.1)
which appears in the calculation of the modular Hamiltonian term, in the limit where we
send the modular Hamiltonian to the Rindler horizon. Using Schwinger parameters, we
can rewrite this integral as

oo 1 1 o 1 1
I:/ ———dtty T / dtyty™™
o Tlma) “ Jo T(mp) "

- / dy, Pt ) Le(g . Py (E_ - P)"~(Eq - P.)".
Hd-1

2z ’ 2z ’ 2
iTe

We will use embedding space coordinates Y = <1+22+(mi)2 i GO y) on H 1. An-

alytically continuing the above integral in the w = €'’ plane and sending 7. — Fioo,

we find

00 1 o0 1
I = (n+—n)/ dtatma‘l/ —dt tmb‘l/ dY. (Ep - P.)™
Pe o I(mg) “° o D(mp) " Hi-1 (Bo- Fo)

xexp ((tac™™ 4+ 1) + 2AtaYa + 45) - Yo+ OB, ) (D-2)

where 8, = el™l. Now we partition ng into two integers a + 8 = ng, and rewrite the above
integral as

Bérur—nf) 9\ 9 B
== [ E. By — D.3
2n0 0"y, 079y, (D-3)
> 1 o0 1 A4 dd_2xidz ¥ T 1422432
gt tma—a—l/ 7B 1/ Be(ta PF -+t P ) —|W| 122422
></o L(mg)  “° o D(my) " AT °

where in the last line we have rotated Y, to align W = ¢,Y, + Y} with |[W|(1,0,--- ,0).
We have also defined

Py =Py E*. (D.4)
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Then, with the change of variables z = 2/ /|W|, x = 2/ /|W|, the integral becomes (dropping
the primes)

5én+—n7) b e o B /oo 1 o /oo 1 my— 1
I = Ey - Ey  — —dt, e dtpt,?
270 0 oY, "0v,) Jy T(mg) “° o L(my) 0

d—2 .1 2 2,-2
xgﬁc(tapf‘i‘tbpi)/d x'dz _WT 2w

(n+fn_) (e ﬁ
g B B
A Y (5 2 ) o3

Let us focus on Z for the moment. We now change the order of the (¢,,%,) and (z,z%)
integrals, and rescale t,; = \/Etfl b

d—2,.1 2. -2
T — d*"x'dz H(matmy—ng)/2,—*+E
Sd—1

1] 1 A T T 2
x dt tma—"—l/ dtyty P eVF Bt A D WE (D g
L Syt [ gt (D)

Finally, performing the x! integrals, and redefining z = ¢2, we get

oo o0 o0
I:C/ / / APt ga = gme T ymemlem 2 it (D.7)
o Jo Jo
where
d—2
(o +my — o — (d—2)] = (ny +n_+2), C=—2"2
m, = — — — = _ =
C a b 0 + i F(ma)r(mb)
and the matrix A is given by
1 _Ya : YE) %Pj
Aij;i =|-Y, Y 1 TCPb:F . (DS)
SPFORRT 1
Rescaling t. — B 't., we obtain
oo
I =B;mC / dtqdtydt e mel
0
2
X exp < — 12—t} - ? + (taPT + ty P )te — totp(—2Y, - Yb)>. (D.9)
C

We can perform the t. integral in the limit 8. — oco. The integral converges for 7,, 7, in a
neighborhood of 7, and we can then continue the expression outside this region:

©© 1
I=B."°CT(m /dt diytma=o—1gme—h=l ex (—tQ—tQ—t ty(—2Y, Y )
Bc ( C) 0 allply b (_taP;:_tbe:F)mc p a b a b( a b)
(D.10)
Finally switching to new integration variables
ta=0\ b= % (D.11)
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and performing the ¢ integration, we obtain

T = —B™eCT(mo)T (d;2)

1 1
- . (D.12)
(=APS —A-1Pf) (A2 + 5 —2v, - }/,))Lf

X / T A xmamamiA-t
0

So the full integral becomes

—2—2n_ _ a B8
I(n+7n*7n0|ma7mb) = _LCF(mC)F <d2> <E0 : 0 ) <E0 0 >

2no 2 Y, Y,

o0 1 1
X / dX \mMaammptS-l . (D.13)
0

_ ny+n_+2 d—2
(AR =220 (L vt )

Using the fact that Eg - Eg = 0, we can further simplify this to obtain the final expression
used in the main text.

E Quicker argument for the vanishing of the modular Hamiltonian term

We would like to give a quick argument that the second line of (3.12) vanishes. We will do
this without passing to the hyperbolic coordinates as in the main text. We will also not
make any attempt to explicitly calculate the modular Hamiltonian integral. Rather our
argument here will be based on scaling symmetry and the operator product expansion in
the CFT. We cut off the integrals over the stress tensor close to the entangling surface by
cutting out a tubular region around dA of radius ¢ and only integrate over the remaining
region Us. Our goal will be to show that this term vanishes as we remove the cutoff § — 0.
This cutoff is related to the cutoff in hyperbolic space used in section 3.2 via § = 1/A. So
recall that the term of interest is

1 ~ ~ ~
35 =5 [ d'm [ dm0,Gl@int (@) (T @) T @)g).  (B1)
6 é

Integrating by parts on x, and x; and using the diffeomorphism and trace ward identities
we can rewrite this as:

651(1311)5 = ;/ / nt(x4)C" (o) (25)C0 () <f“”(wa)f)“’(wb)ﬁE> + contact terms.
oUs JOUs

(E.2)
In appendix D, we have already shown that the contact terms vanish in the limit § =
1/A — 0, and so we focus here on the remaining term coming from the boundary of the
tubular region.

Of course had we not cut off the integral around the tubular region then we would
be done — the diffeomorphism Ward identity would leave us with just the contact terms.
However we choose to worry about potential divergences around the entangling surface for
several reasons. Firstly such terms are generic in entanglement entropy calculations —
although, since we are calculating a finite quantity (the non-local part of the entanglement
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density), one might expect this to not be an issue. Secondly, when we computed the relative
entropy term, an enhancement occured in this region which ruins the naive argument that
this term should vanish at least as §%; here we are checking that such an enhancement does
not occur for the modular Hamiltonian term.

At this stage it is convenient to rewrite the boundary term in (E.2) as a bulk integral
inside the tubular region Uj

054 = % /ddma /ddmb / d'z!
Us Us 0
< [ @20 (@00, w0) (T (@) P @) Toa(0.0 o)) (B3)

where again there is a contact term we have dropped based on the analysis in appendix D.
This form is now convenient because we can argue that the leading contribution as § — 0 is:

2 (mwé%)? ; i [ I S AN VI i
5581)3 = (2)/ 8MCV(5%)8>\CU(%)/ da:lxl/dd 2 <T“ (a:a)T)‘ (xb)TOO(O,xl,x )>
0AJOA 0
+ ...+ contact terms’ (E.4)

where we have integrated over the tubular region assuming the relevant integrated three-
point function is a constant over this region. If the term multiplying (7d2)? above can be
shown to be finite as 6 — 0 then this assumption is true and further we can argue there are
no enhancements from this contribution to the modular Hamiltonian term. Unfortunately
this is not quite correct; instead, we will use the OPE of two stress tensors to show that
there is at most a logarithmic divergence coming from the x' integral which we should then
cut off at small 2! ~ § close to 9A. This should only lead to a mild enhancement such that
the overall scaling of this term is % In .

The issue comes about for z¢ — :1:271) and ' — 0 where the stress tensor in the modular
Hamiltonian comes close to either one of the two other stress tensor insertions (recall that
x4 is well separated from x;, so we need never consider these two operators colliding) —
see figure 5. In this limit we can use the OPE [41]:

T, 4, )T (xl) — |o| "1 A8 ()T (xl) + ... (E.5)
where o = (0, 2!, 2% — 21) and 6 = o /|o|. The function A depends on several conformally
covariant structures with three unfixed theory-dependent parameters. These are the same
parameters that appear in the stress tensor three-point function.

Plugging this into the three-point function we find the leading behavior:

762)?2 o . PN R )
ssify = U0 [ ] ommnetn g )0,6 i) (Tus )T @)+ (B6)
0A JOA

where:

Cog;uy;aﬁ: /dxlxl/ddei’O.|dAOOWV;CYIB(a-) (E?)
1)

o=(0,z,y")
This integral is log divergent close to ¢ = 0 which we cut off by hand at 2! ~ §. We justify
this since for 2! ~ § we cannot replace the integral over the tubular region by an integral
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Figure 5. The mild logarithmic enhancement comes from the stress tensor in the modular Hamil-
tonian coming close to one of the other two stress tensor insertions inside Us.

over DA. Then we can argue that CO%i98 ~ o/In(§/|2i — :L‘i|) + 3, where the log is cut
off at long distances when the OPE expansion breaks down. This argument does not fix
B. It is also possible to show using the same OPE argument that the log is indeed the
only enhancement possible for ! ~ § and this argument also leads to an explicit and finite
expression for 3. We leave this as an exercise to the reader.

We note that the results of this appendix suggest that this contribution to the entan-
glement density scales as % In 8, however in the main text we gave an argument that this
term should vanish at least as 62 = A2 as suggested in (3.72). For consistency with the
results in this appendix the O(A~2) term in (3.72) should actually vanish after we integrate
that term over 7, and 7, in (3.52) and the leading term should come in at O(A~%) with a
possible logarithmic enhancement from the X integral in (3.70). We have checked that this
is indeed the case.
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