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ABSTRACT: f(Lovelock) gravities are simple generalizations of the usual f(R) and Lovelock
theories in which the gravitational action depends on some arbitrary function of the cor-
responding dimensionally-extended Fuler densities. In this paper we study several aspects
of these theories in general dimensions. We start by identifying the generalized bound-
ary term which makes the gravitational variational problem well-posed. Then, we show
that these theories are equivalent to certain scalar-tensor theories and how this relation is
characterized by the Hessian of f. We also study the linearized equations of the theory
on general maximally symmetric backgrounds. Remarkably, we find that these theories
do not propagate the usual ghost-like massive gravitons characteristic of higher-derivative
gravities on such backgrounds. In some non-trivial cases, the additional scalar associated
to the trace of the metric perturbation is also absent, being the usual graviton the only
dynamical field. In those cases, the linearized equations are exactly the same as in Einstein
gravity up to an overall factor, making them appealing as holographic toy models. We also
find constraints on the couplings of a broad family of five-dimensional f(Lovelock) theories
using holographic entanglement entropy. Finally, we construct new analytic asymptotically
flat and AdS/dS black hole solutions for some classes of f(Lovelock) gravities in various
dimensions.
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1 Introduction & summary of results

Higher-derivative theories of gravity have been subject of intense study in recent years. The

reasons for this interest are diverse. From a fundamental perspective, it is clear now that

general relativity is an effective description which most certainly needs to be completed in

the ultraviolet. A characteristic manifestation of the putative underlying theory would be

the appearance of a series of higher-derivative terms, consisting of different contractions of

the Riemann tensor and its covariant derivatives, which would correct the Einstein-Hilbert



(EH) action at sufficiently high energies. This is of course the case of String Theory, which
generically predicts an infinite series of such terms — see e.g., [1-3].

While many explicit String Theory models giving rise to particular effective higher-
derivative theories have been constructed, there exists a less fundamental but more practical
approach which has been also vastly studied in the literature. Such approach consists in
regarding certain higher-derivative theories as quantum gravity toy models. This is the
case, for example, of topologically massive gravity [4] and new massive gravity [5] in three
dimensions, or critical gravity [6] in four. In these theories, and others of the like, the EH
action is supplemented by a few additional higher-derivative terms which improve some of
the properties of the original theory — e.g., by making it renormalizable [7, §].

Constructions of this kind are also very useful in the holographic context [9-11]. Indeed,
through the holographic dictionary, higher-derivative theories have been successfully used
to unveil various properties of general strongly coupled systems in various dimensions —
see e.g., [12-17]. In this context, the philosophy also consists in regarding these theories as
computationally useful toy models: if a certain property holds for general strongly coupled
conformal field theories (CFTs), it is reasonable to expect that these toy models are able to
capture it — and that has been proven to be very often the case. A paradigmatic example
of this class of theories is quasi-topological gravity [18, 19], which was precisely conceived as
a multi-parameter holographic toy model of strongly coupled CFTs in various dimensions.

Most likely, the area of research in which higher-derivative gravities have appeared more
often is cosmology. In that context, these terms are considered with the idea that general
relativity might not be, after all, the right description of the gravitational interaction at
cosmological scales. This is of course motivated by the puzzling existence of dark matter
and dark energy, as well as by the need to construct a coherent picture — beyond the A-
CDM model — of the universe evolution able to incorporate, in particular, an inflationary
scenario compatible with the observations.!

Two of the higher-derivative theories which have received more attention within the
areas explained above are Lovelock [24, 25] and f(R) gravities — see e.g., [20]. While
there has been a large amount of papers studying different aspects of these higher-derivative
gravities, remarkably little work has been done on the class of theories which most naturally
incorporates both f(R) and Lovelock in a common framework. We are talking, of course,
about f(Lovelock) gravities, which are the subject of this paper.

The most general f(Lovelock) action can be written as

1 D
S (Lovelock) = 167’(’G/Md /|9l f(Lo, L1, L1pj2)) s (1.1)
where f is some differentiable function of the dimensionally extended Euler densities (ED)?

1 . . .
R H1---125 pHrive V25 —-1V25
£y = o ob R R, (1.2)

'The body of literature in this area is huge. See e.g., [20-23] for some nice reviews on higher-derivative
gravities and cosmology.
2The alternate Kronecker symbol is defined as: §/1424m = rlgliope . ghr).



In particular, e.g., £; = R, and Ly = R? — 4R, R*" + Rype RFYP?, which are the usual
EH and Gauss-Bonnet (GB) terms respectively. Note that £; vanishes identically for
j > |D/2], ie., for j > D/2 when D is even, and for j > (D — 1)/2 for odd D.

Naturally, the above action (1.1) reduces to the usual Lovelock and f(R) theories when
we choose f to be a linear combination of ED and some arbitrary function of the Ricci

scalar respectively,
LD/2]
JLove. = Z An A(l)in Ly, ff(R) = f(R) ) (13)

n=0

where A /2 is some length scale, and \; are dimensionless couplings.® When D is even,
the combination ‘\/m Lp /2’ is topological in the sense that its integral over a boundaryless
manifold is proportional to the manifold’s Euler characteristic.* The variation of each of
these topological terms can be written as a boundary term,? and does not contribute to the
equations of motion of the Lovelock theory. This is the case e.g., of Einstein gravity in two
dimensions, and GB in four. However, the situation changes when the action is no longer
a linear combination of ED like in the general f(Lovelock) theory. For example, terms of
the form ‘\/m R - L9’ are not topological in four dimensions. Another distinctive feature
of Lovelock gravities which is not inherited in the more general f(Lovelock) framework is
the fact that the former have second-order equations of motion. In fact, Lovelock gravities
are the most general theories of gravity involving arbitrary combinations of the Riemann
tensor which possess second-order equations of motion.® f(Lovelock) theories generically
have fourth-order equations — see (2.7) and (2.10).

Certainly, the research area in which f(Lovelock) gravities have been considered more
actively so far is cosmology — see e.g., [22, 27-33|, where, for example, they have been
used to reproduce numerous features of the A-CDM model. In that context, the spacetime
dimension is fixed to D = 4 for obvious reasons, the f(Lovelock) action becomes a function
of the Ricci scalar and the GB terms alone, and these theories are better known as ‘f(R, G)’
gravities.

An interesting theoretical development was carried out in [36]. In that paper, the
following formula for the gravitational entropy in f(Lovelock) theories was proposed,

LD/2]

1 _
Sow = 16 /m 40Dy Jh zl

9F (-2
I:p aﬁp Ep—l 9 (14)

where m is the corresponding horizon, and (P _2)£p,1 is the (p — 1)-th ED associated to
the pullback metric. This functional reduces to the well-known Jacobson-Myers functional
(JM) for Lovelock gravities [37] and, as shown in [36], it satisfies and increase theorem for

3Note that explicit cosmological constant and EH terms can be trivially made appear in frove. by setting:
Ao = —2 and A\; = 1 respectively. Similarly, we could replace frgy in (1.3) by frr) = —2A0 + R+ f(R) to
make those terms explicit in the f(R) action.

4For manifolds with boundary, a boundary term needs to be added to the Lovelock action to produce
the right Euler characteristic, see e.g., [26]. We review such term in the next section.

®Indeed, locally, it is possible to write the terms ‘\/m Lpy2’ themselves as total derivatives [26].

5This statement is true for metric theories of gravity.



small perturbations of Killing horizons as well as a generalized version of the second law
for minimally-coupled fields. Apart from its interest in black hole thermodynamics, (1.4)
has also been used in the holographic context. In fact, it is known [38, 39] that the
JM functional gives rise to the right universal terms when used to compute holographic
entanglement entropy (HEE)7 for these theories. This fact, along with the increase theorem
already mentioned, was interpreted in [15, 16] as evidence for Ssw to be the right HEE
functional for f(Lovelock) theories. The results found in those papers provide strong
evidence that this is indeed the case.

The last two paragraphs summarize, to the best of our knowledge, the few aspects of
general f(Lovelock) theories which have been so far studied in the literature. The goal of
this paper is to develop several more.

1.1 Main results
Our main results, section by section, can be summarized as follows:

e In section 2, we generalize the Gibbons-Hawking-York (GHY) boundary term of gen-
eral relativity [40, 41], and its extensions to Lovelock [42, 43] and f(R) [44] gravities
to general f(Lovelock) theories. This new term — see (2.21) below — reduces to
these in the appropriate subcases, and makes the f(Lovelock) action differentiable.
The construction of this boundary term allows us to determine the number of phys-
ical degrees of freedom of the theory, which turns out to be D(D — 3)/2 4 r, where
r is the rank of the Hessian matrix Hy,,, = 0,0 f.

e In section 3, we make this counting of degrees of freedom explicit by showing
that f(Lovelock) theories are equivalent to scalar-Lovelock gravities containing r
scalar fields.

e In section 4, we linearize the f(Lovelock) equations on a maximally symmetric back-
ground (m.s.b.). Interestingly, we find that these theories do not propagate the usual
ghost-like massive graviton characteristic of higher-derivative gravities. Furthermore,
we show that certain non-trivial f(Lovelock) theories are also free of the — also char-
acteristic — scalar mode, thus providing new examples of higher-derivative gravities
which only propagate the usual physical graviton field on these backgrounds. For
these theories, the equations of motion are second-order in any gauge, and the only
effect of the higher-derivative terms appears in an overall factor whose effect is to
change the normalization of the Newton constant. We provide examples of this class
of theories in general dimensions.

e In section 5, we consider holographic theories dual to some classes of f(Lovelock)
theories and find constraints on the allowed values of their couplings. The first set
of constraints is found by simply imposing the corresponding theory to admit an
AdSp solution. After that we consider the holographic entanglement entropy of
various entangling regions in the boundary theory, and find additional constraints by
imposing the holographic surfaces to close off smoothly in the bulk.

"See section 5 for more details on entanglement entropy.



e Last, but not least, in section 6 we construct new black hole solutions for certain
f(Lovelock) theories. In particular, we start by embedding all solutions of pure
Lovelock theory — involving a single ED, £, plus a cosmological constant — in
f(Ly), with special focus on static and spherically symmetric black holes. In par-
ticular, we construct the f(L,) generalizations of the Schwarzschild(-AdS/dS) and
Reissner-Nordstrom(-AdS/dS) black holes. We also construct new solutions for the-
ories satisfying f(LY) = f/(£%) = 0 for some constant £). We go on to study
under what conditions solutions of the general Lovelock theory can be embedded in
f(Lovelock) theories depending on several ED. Finally, we construct a new static and
spherically symmetric black hole solution of a particular f(R, L2) theory in general
dimensions.

e We comment on future directions in section 7.

Let us get started.

2 Variational problem and boundary term

In this section we study the variational problem in f(Lovelock) theories. Our main result
is a new boundary term which generalizes the well-known GHY one for Einstein gravity as
well as its generalizations to Lovelock and f(R) theories. As we will see, the addition of this
term to the f(Lovelock) action makes the corresponding variational problem well-posed.

A physical theory is often defined through an action functional, which is a map from a
normed vector space (usually a space of functions) to the real numbers. On general grounds,
the dynamical variables of the theory are described by some fields ¢®. The action S [¢?]
consists in turn of a definite integral over a spacetime manifold M, being the integrand a
function of those fields and their derivatives, i.e.,

S (6] = /M P /Tglf (6", Ve, ... (2.1)

Now, by a well-posed variational problem we mean one for which the action functional
is differentiable. That is, under small variations of the fields ¢* — ¢% + Jp* we must be
able to write the variation of the functional as

S (6" + 6] — S [6"] = 65 [¢",66"] + O ((36")°) . (2:2)

where 45 [¢%, 6¢?] is linear on 0¢®. If we perform this variation explicitly in (2.1), we find
two terms, namely

55:/M de\/mgawu/aM APz \/|h| 0 (6%, V$®,64%, V5%, ...) . (2.3)

Here, &, is a function of the fields and their derivatives, h is the determinant of the induced
metric on the boundary OM and 6 is some function of the fields and their derivatives. While
the first term is linear on §¢%, the second is not necessarily of that form. Field perturbations
need to respect the field (Dirichlet) boundary conditions, i.e., they are required to satisfy



00%om = 0. However in general Viog?|srr # 0 and in consequence this boundary term
may not be trivially zero, making the action functional non-differentiable.

When this is the case, one can sometimes modify the original action by introducing
an appropriate boundary term such that its variation cancels this contribution. When
it can be constructed, this boundary term makes the functional differentiable and the
variational problem becomes well-posed. After the addition of the boundary term, the
complete action reads

S (6] = /M Po/Tg] F(6°, V%) + /a ARl V) )

Now, its variation is simply given by

68 = / dPz\/|g| £, 60, (2.5)
M

because 1) has been chosen in a way such that (6 + 0¢) = 0.

The principle of least action asserts that a field configuration ¢§ is a solution of the
theory if it constitutes a stationary point of the action functional, i.e., if .S [¢§] = 0. Hence,
solutions of the theory satisfy the equations of motion &, = 0.

Before we go on, let us mention that, in general, the boundary term is not the only
addition to the original action that needs to be made. In particular, extra counter-terms
usually need to be included in order for the action to be finite when evaluated on configu-
rations satisfying the equations of motion. We will not be concerned with that issue here.?

2.1 Equations of motion

Let us now see how the ideas sketched in the previous subsection apply to the f(Lovelock)
theory, whose action is given by (1.1). If we vary this action with respect to the metric,
we find

LD/2]
1 , € _
0S8t (Love.) = 167TG/M deF\/ lg| £, 69"" + 167rG/3M dP=tz+\/|h| Z dvhn,onf, (2.6)

n=1

where we have used the Stokes theorem in the second term. Here, n,, is a vector orthonormal
to the boundary dM with n,n* = ¢ and h,, = g — e nyny is the pullback metric. The
quantities &£, and 51;;-‘ are given by

LD/2]
1 ") oa 1
guy = Z |:g;(fzi) + §glw£n - QPO(zl/))\pv v)\ 87’Lf - ig/ﬂ’f’ (27)

n=1

and
ovt = 2977 PUIN25g,, (2.8)

8Let us parenthetically mention that such counter-terms where constructed for AdSp spacetimes in [45]
and [46, 47] for Einstein and Lovelock theories respectively.



respectively. In these expressions we have defined the following tensors”

QUL -2 Vo Vo5 —1V2j v —J HVOT1...025—2 A Ao A2j—3A2j-2
0 R ’ 'Rm;‘fluzj ’ Paﬂ DY ‘5aﬁA1...,\2j_2Raloz Y R02j73‘72j72 :

(2.9)
Also, in (2.6) and (2.7) we have used the notation 9, f = 9f/0L,, which will appear
throughout the text. Now, if we forget the boundary contribution for a moment, we see

() — .
i = o1 JanOvrvag fyy iy

that the equations of motion of the theory read

5;w =0, (2.10)
whose trace ist?
[D/2] D
3 [n.cn —on(D —2n + 1)5};;—1>ww] Onf =5 f=0. (2.11)
n=1

As expected, these reduce to the Lovelock and f(R) equations of motion,

LD/2]

1
> M ATTER =0, ElS0 = (R) Ry~ 5 [ (R)gyw + (g8 = V,i¥0) f'(R) =0, (2.12)
n=0

when we choose f = fLove. and f = fy(g) as in (1.3) respectively. In particular, observe that
VA0jf) =0V j when f is a linear combination of ED — corresponding to the usual Love-
lock theory — so the term contributing with fourth-order derivatives in (2.7) disappears
in that case. In appendix A, we provide the explicit equations of motion corresponding
to D-dimensional f(Lovelock) theories which are only functions of the Ricci scalar and
the GB terms, i.e., f = f(R,L2). These are, in particular, the most general f(Lovelock)
gravities in four dimensions, as the densities £, identically vanish for all p > 3 in that case.

2.2 Generalized boundary term

Let us now see what happens with the boundary contribution to §S. As we explained
at the beginning of this section, the variational problem for (1.1) cannot be well-posed
because such an action is not differentiable, as is clear from the presence of the boundary
term in (2.6).

In the familiar case of Einstein gravity, the problem is solved through the introduction
of the usual GHY term [40, 41]

St — Sen + Sauy, where Sgpy = _c dD_lx\/ |h| K, (2.13)
87TG OM

and K is the trace of the second fundamental form associated to the boundary normal
ny, i.e., K = g™ K,,, where K,,, = h;V,n,. It is a standard exercise to show that the

“Both tensors are divergence-free in all indices, i.c., V”S,S{,) =0, VO‘PSB)W =0.
19T order to get this result we used the relations: £V = (n—D/2)L, and Péﬁ))‘“ =n(D—2n+1)E D>,



variation of this corrected action does not contain additional boundary terms as long as
the usual Dirichlet boundary condition'!

0w o 0, (2.14)
is satisfied. Indeed, the variation of K produces a term which exactly cancels the original
boundary contribution coming from the variation of the EH action, plus additional terms
which vanish for configurations respecting (2.14). Hence, the corrected EH action is dif-
ferentiable. Since the only condition we need to impose in order to find a solution to the
theory is (2.14), i.e., we only need to fix the metric at the boundary, we can obtain the
number of classical degrees of freedom of Einstein gravity as the number of independent
components of the boundary metric. This yields the well-known result: ngof = D(D—3)/2.

The problem becomes more involved in Lovelock and f(R) gravities, for different rea-
sons in each case. Lovelock theories possess second-order equations of motion, and the
metric does not propagate additional degrees of freedom with respect to Einstein gravity.
Therefore, the only boundary condition that one needs to impose is again given by (2.14).
However, the boundary term that needs to be added to the usual Lovelock action —
see (1.1) and (1.3) — in order to make it differentiable is considerably more involved than
the GHY term. The full Lovelock action is given by'?

[D/2]
€ 1-n D—1
Stove. = Stove.+ SmTz, Where Syirz = e HZ:% Anl\g /<9Md x\/|h|Qn, (2.15)

and where

1
1 1
Qn — Qn/o dt §H1--Pen—1 V1 |:Rl/2l/3 _ t2K/IgKZ§:| L |:RV2n2V2nl _ t2KZ§n72KV2n71

Vi...V2n—1 751 ) (DY 2 Hon—2H2n—1 n—2" H2n-—1
(2.16)
Indeed, it is possible to prove that
0Qn = n,0vl (2.17)
59#!/‘6/\/1:0

i.e., the variation of this term exactly cancels the boundary contribution which appears from
the variation of Stove, as long as the boundary condition (2.14) is satisfied. Therefore, the
addition of Syryz makes the Lovelock variational problem well-posed. Of course, SyiTyz
reduces to Sgpy in the particular case of Einstein gravity.

As opposed to Lovelock theories, general f(R) gravities have fourth-order equations
of motion. This means that the theory contains more degrees of freedom than Lovelock
gravity and that besides (2.14), additional boundary conditions must be imposed. In fact,
as we review in section 3, f(R) gravities with f”(R) # 0 are equivalent to Brans-Dicke

1 Clearly, boundary terms in general, and the GHY one in particular, are not unique. They are only
unique up to contributions whose variations vanish when we impose Dirichlet boundary conditions.

12The ‘MTZ’ label here stands for Myers [42], Teitelboim and Zanelli [43] who independently first showed
how to construct this boundary term. The equivalence of both approaches was proven in [48].



theories, in which a scalar field ¢ related to the f(R) metric through ¢ = f/(R) is coupled
to the gravitational field. Hence, it is natural to expect that a condition of the form

dplom = 6(f'(R))lom = (f"(R)IR)|lom = 0 — dR|om = 0, (2.18)

needs to be added in that case. On the other hand, we expect again the boundary term to
reduce to the GHY one for f(R) = R — 2Ag. These observations turn out to be right, as

the f(R) variational problem can be made well-posed by considering the following action'?

Sir) = Sp(r) + Smp,  where  Sup = E/ d” 'z \/Inlf (R)K . (2.19)
87TG OM

This trivially reduces to Sgpy for Einstein gravity. Besides, its variation precisely com-
pensates the extra boundary term produced from the variation of Syg). In particular,
imposing (2.14) one finds

5Sf( )‘HSSMB— 16r G/ dPx lg| € 5g’w S G/ dP- 1x\/WK(5 , (2.20)
where SﬁR) is given in (2.12). Hence, we observe that imposing the additional boundary
condition (2.18) on f'(R) — or equivalently, on R — makes the corrected action differ-
entiable. While one might feel uncomfortable at first by imposing boundary conditions
on functions that depend on derivatives of the metric like (2.18), let us stress that the
introduction of Sy is necessary to reproduce the correct ADM energy in the Hamiltonian
formalism as well as the right black hole entropy — i.e., one which matches the result ob-
tained with Wald’s formula — using the Euclidean semiclassical approach [50]. We observe
that f(R) theories with f”(R) # 0 have D(D — 3)/2 + 1 degrees of freedom.

Let us finally turn to the general f(Lovelock) case. We propose the following bound-

ary term
LD/2]
_ D—1
Strove) = Sfove) + S, where S= 16WG/ dP~Lz/|h| nzl O f(L)Qn, (2:21)

and where S ove.) 18 given in (1.1). It is straightforward to check that this reduces to Sug,
Syrz and Sgpy in the particular cases of f(R), Lovelock and Einstein gravity respectively.
After imposing the Dirichlet condition (2.14) on the boundary metric, the variation of this
corrected action becomes

[D/2]
S — L D & D—1
08 (Love, + 05 = T /Md /|9 Eu 59" + o G/ dP=ta+/|h) n;f) O f 0L Qn
(2.22)
where we have used the relation

[D/2]
hf) = Z OmOn f 6L, . (2.23)

m=1

131n this case, the first to have considered this boundary term seem to have been Madsen and Barrow
in [44]. See also [49, 50].



Equation (2.22) suggests that, in addition to the metric, we need to fix the Euler densities
at the boundary, i.e.,

oL =0 =1,...,|D/2]|. 2.24
il =0 n=1. 1D/ (220
However, notice that it is enough to fix the derivatives of f,
50 ) —0, n=1,...,|D/2], 2.25
@], =0 D/ (225)

which is a weaker condition in general. If the Hessian matrix, H,, = 0,0nf, is not
singular, i.e., if det Hy,, # 0, then the conditions (2.25) and (2.24) are equivalent. But if
this determinant is zero, then not all the conditions in (2.25) are independent. In fact, if
r is the rank of the Hessian matrix,

r =rank Hp, , (2.26)

then there are r independent conditions. Thus, only r quantities must be fixed at the
boundary and the number of physical degrees of freedom in f(Lovelock) theory is given by:

D(D -3
Ndof = (2) +r. (2.27)
With respect to GR or Lovelock gravity there are r additional degrees of freedom. De-
pending on the function, r can take values from 0 to |D/2|. In the next section we will see
that these additional degrees of freedom can be interpreted as scalar fields in an equivalent

scalar-Lovelock theory.

3 Equivalence with scalar-tensor theories

It is a well known fact that f(R) gravity is equivalent to a scalar-tensor theory of the
Brans-Dicke class — see e.g., [20, 51]. This can be easily seen by considering an action of
the form

5= 16;(}//\4 d%z/1g] [f(0) + F )R =) ] - (3.1)

The equation of motion for the auxiliary field x, f”(R)(R—x) = 0, implies x = R provided
f"(R) # 0. Substituting this back in (3.1), we recover the f(R) action. Now, assuming
the field redefinition ¢ = f’(x) can be inverted,'* we can rewrite (3.1) as

Som = 1grg [ oVl R = V(0] (32)

where V(¢) = x(¢)¢ — f(x(¢)). This is the action of a Brans-Dicke theory with parameter
wo = 0.

The situation is slightly more sophisticated in the case of f(Lovelock) theories. In
analogy with (3.1), let us consider the following action containing |D/2]| auxiliary scalar

fields x1,.. -, X|D/2)s

1 . LD/2]
167G /Md T |g| [f+ ; anf(‘Cn_Xn) ) (3'3)

1A sufficient condition for this is f”(R) # 0.

,10,



where f = f(x1,.--,X|p/2))- The equations of motion for the auxiliary fields are con-
straints which relate them to the dimensionally-extended Euler densities,

LD/2]
> 0nOmf - (Ln—xn) =0, m=1,...,|D/2|. (3.4)
n=1

Hence, we see that if we set
Ln=xXn, n=1,...,1D/2], (3.5)

eq. (3.4) is satisfied and (3.3) reduces to the f(Lovelock) action (1.1). In general, however,
this will not be the only solution to (3.4). There are two possibilities that we explain in
the following subsections.

3.1 Non-degenerate case

If the Hessian matrix Hp,, is non-singular, i.e., if det(Hy;,) # 0, (3.5) is indeed the only
solution to the constraint equations (3.4), and the action (3.3) is equivalent to the original
f(Lovelock) one (1.1).

In this situation, we can perform the invertible field redefinition

On = nf(Xla"'vXLD/QJ)’ nzlvaD/2J’ (36)

which allows us to rewrite (3.3) as

1 5 [D/2]
SzlGWG/Md z+/19 nzlan,cn—v : (3.7)
where!®
LD/2]
n=1

is the Legendre transform of f. This form of the action, which clearly resembles — and
generalizes — the f(R) scalar-tensor action in (3.2), was first noted to be related to the
f(Lovelock) action (1.1) in [36].

3.2 Degenerate case

If the Hessian matrix is singular, i.e., if det(Hyy) = 0, the system of equations (3.4) is
indeterminate. In particular, the space of solutions has dimension |D/2| — r, where r =
rank(H,,, ). Hence, unless r = | D /2], which corresponds to the case studied in the previous
subsection,!® there are infinite solutions to (3.4). This is nothing but a manifestation of the
fact that we have included |D/2] — r too many scalars to account for the actual number

15\We use the notation ‘x’ and ‘¢’ to generically refer to the |D/2]| scalars x» and the same number of

¢7l' For example7 f(X(d))) stands for f(Xl(d)lv LR} ¢LD/2J)5 ~ s X | D/2] (4517 RN} QSLD/QJ))
YIndeed, if r = | D/2] then det(Hy,m) # 0 and the dimensionality of the space of solutions is 0, i.e., there

is a unique solution given by (3.5).
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of physical degrees of freedom of the corresponding f(Lovelock) theory. Let us see how
we can reduce this number. It is clear that we cannot perform a Legendre transform this
time, because the Hessian matrix is singular, which implies that the change of variables
in (3.6) is not invertible. We can make, however, a semi—Legendre transform. This goes
as follows: let us define the fields ¢,, as before:

bn =0nf(x1,---5X|Dj2))s n=1,...,[D/2]. (3.9)

Then, there is a subset I C {1,...,|D/2]} of r indices such that ¢; = {¢;}ics are inde-
pendent variables, in the sense that

det [(Oi, /OXis )iy iner] = det [(Hiyiy)iy iser] 7 0. (3.10)

Let J be the complementary set of indices, J = {1,...,|D/2]} —I. Now, since there must
be only r independent fields, the rest of the fields, ¢;,j € J must depend on the formers
¢1. Hence, there exist some functions g; such that

¢; =gj(¢r), Jje (3.11)

Then, we can consider ¢; U x s as our set of independent variables.!” We define the semi—
Legendre transform of f as:

V(er) = xilér,xa) - di+ Y x5 95(61) = f Oxa(br, x)i xa) - (3.12)
icl jed
This seems to be a function of both the ¢; and the x ;. However, it is easy to check that the
derivative of V with respect to any y vanishes, 9,V = 0, which implies that V is actually
a function of the r fields ¢ alone. This allows us to rewrite the original action (3.3) as

1 ~
5= Torc /M dPa/lgl | ili+ Y gi(61)L; = V(ér)| - (3.13)

iel jeJ

This theory is equivalent to f(Lovelock), since we have eliminated the spurious degrees of
freedom that appeared in the original action (3.3). The equations of motion for the scalar
fields have now a unique solution given precisely by xn(¢r) = Lp.

We see that, on general grounds, f(Lovelock) gravity is equivalent to a scalar-Lovelock
theory with r scalars, where 7 is the rank of the Hessian matrix of f, and whose action
is given by (3.13). In the case of Lovelock gravity such an analogy does not exist: the
Hessian is zero and so is the number of scalars. In appendix B, we explicitly construct the
equivalent scalar-Lovelock theories for a pair of classes of f(Lovelock) theories including
both degenerate and non-degenerate subcases.

Let us finally mention that Lovelock theories have been recently proposed to be effec-
tively described by Einstein gravity coupled to certain p-form gauge fields [52].18 We will
not explore here how such relation might extend to the more general f(Lovelock) scenario.

'"The change of variables (x.) — (¢r; ) is now invertible.
8See also [53].
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4 Linearized equations of motion

In this section we study the linearized equations of motion of f(Lovelock) gravity on a
general m.s.b., with particular emphasis on AdSp. On general grounds, the linearized
equations of motion of higher-derivative gravities on a m.s.b. are fourth-order in deriva-
tives. From these equations it is possible to identify, in addition to the usual spin-2 massless
graviton, a scalar field corresponding to the trace of the perturbation, as well as an addi-
tional massive spin-2 field, which generally presents an undesirable ghost-like behavior —
see e.g., [13] for a discussion. Remarkably, we find that for general f(Lovelock) gravities,
this massive graviton is absent, and the linearized equations of motion are second-order.
Further, we find that for certain non-trivial classes of theories, the extra spin-0 degree of
freedom is also absent, hence providing examples of theories for which, just like for Einstein
or Lovelock, the only dynamical perturbation on a m.s.b. is the usual massless graviton.

An interesting motivation for constructing higher-derivative theories without the ex-
tra spin-0 and spin-2 modes in AdSp backgrounds was made clear in [19], where the
authors observed that a particular higher-derivative theory containing a non-trivial cubic
term [18, 19] — and which is well-known now as quasi-topological gravity'? — was also
free of these extra fields.?® The reason is that holographic calculations involving graviton
propagators become easily doable for theories satisfying this property, while providing non-
trivial information about the dual CFTs. In the case of quasi-topological gravity, these
holographic studies were performed in [56].

Maximally symmetric solutions. Let us consider the following action,

1 D
= o /Md /9] [~200 + R+ (Lo, L1v-- - Lipyay)] - (4.1)

i.e., we make explicit the EH and cosmological constant terms for clarity reasons. The
equation of motion is simply given by

1
R/u/ - ig;wR + Ao G + A g;u/ =0, (4'2)

where &, is given in (2.7). As anticipated, we assume our background to be maximally
symmetric, with metric g,,,. The Riemann tensor of such spacetime is given by

RZ; = Aégg, (4.3)

for some real constant A which, for AdSp, is related to the AdS radius L by A = —1/L2.
When A =0, i.e., for Einstein gravity, the maximally symmetric spacetime satisfying (4.3)
is a solution of the theory provided A is related to the cosmological constant Ag through

2A9
(D—-1)(D-2)"

A= (4.4)

YHigher-derivative extensions of quasi-topological gravity were constructed in [54, 55].
20Tndeed, the linearized equations of quasi-topological gravity are identical to those of Einstein gravity
up to an overall factor [19].
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For non-vanishing A, we find the following constraint equation

M- A (L) "B awm-3) .
(D —1)(D —2) =A- Z WA onf (L), (4.5)

n=1

where the bars mean that the corresponding quantities are evaluated on the background
metric, and where we have used the following expressions

~ D! - 1 (D-1)!

bn =152 TR &) =3 (D —2n — TR (46)
Given f and Ay, (4.5) is an algebraic equation for A, and its solutions determine the possible
vacua of the theory. In general, some of these vacua will contain ghost-like gravitons
and will be unstable [57]. Note that this can occur even if the theory propagates only a
single graviton mode,?! like in the case of Lovelock theories. This problem can be avoided
by choosing the vacuum that reduces to the Einstein gravity one when the higher-order
couplings vanish — i.e., when A\ — 0 in the case considered here.

As we will see in section 5, the embedding equation (4.5) can be used to constrain the

space of allowed values for the f(Lovelock) couplings.

Linearized equations. Let us now consider a small perturbation of our background
metric, g, = Juv + M, with hy, < 1 for all p,v =0,...,D. At linear order in h,,, the
ED and the tensors 5;(3) read

n(D B 3)' An—lGL

Ln = Lo+ (D—2n—1)! T

D —2)! -
D=2 vipr £ = £ 4 (4.7)

(D — 2n)! —

where RL and Gﬁ“ are the linearized Ricci scalar and Einstein tensor 1respectively.22 The
following result is also necessary:

n(D — 2)!

p(n)uw _
P N S A
afB 2(D — 2n)!

A" (4.11)
Using this information we can find the linearized version of (4.2). It reads

aGy, + ABguR" + G0 =V, V)R =0, (4.12)

R

21We thank Rob Myers for clarifying this point to us.
22The linearized Einstein tensor, Ricci tensor and Ricci scalar are given respectively by

GE® = g™ RE, — J0RRY — A(D— D)hg (4.8)
Ry, = %?Nah;’ + %?Ngh; = %mmh = %th + ADh,, — Ahgu , (4.9)
RY = V,V,h" —0Oh — A(D — 1)h. (4.10)
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where a and [ are the following constants

LD/2] (D —3)
n=1
|D/2]
- D —-2)(D —1)! _
B =X Zlanamf (£) ’Zg(_ ol ()3_ Qm))! APm=2 (4.14)

Note that these constants are the only signature of the function f in the linearized equa-
tions. In particular, observe that when A = 0, i.e., for Minkowski spacetime, all sign
from the higher-curvature terms of order cubic or higher disappears from the linearized
equations.

For arbitrary values of A, the full linearized equation (4.12) in terms of h,, reads

I _
« |:V(H|vo—h|l/) — §vVvuh — §Dhuy + Ahuy — AthV:| —+

(4.15)
_ ol B L e e S T.peB _Op _ —
+ [g,w (AB — 5) + D1 (QWD VNVV)] [Vavﬁh Oh — A(D 1)h} =0,
and its trace is given by
[DAB — (D)2 —1)] [V, V, " — Oh — A(D — 1)h] (4.16)

— AB(D — 1)0h+ B[OV, V, " — O%h] = 0.

The two equations above are not particularly illuminating. However, it is already noticeable
the absence of terms of the form 0O%h,,, in (4.15). Such terms indicate the presence of ghost-
like massive spin-2 fields and its absence is a nice feature of this class of theories. In order
to make this statement more clear, we can exploit the ‘gauge’ symmetry of the linearized
equations under transformations of the form éh,, = vufv + ?Vgu. In particular, we choose
the following (transverse) gauge

V,h* =V"h. (4.17)

In this gauge, the linearized equation (4.15) and its trace (4.16) become

1 _ 1 _

o [QV#VVh — §Dh“” +A hw,] +A [a (D 5 3) _ (D —1)AB| guwh (4.18)
B [GuD — V9] h = 0.

A B0+ DAS — 01(1)22)] h=0. (4.19)

These expressions reduce to those obtained in [6, 58] and [16] in the particular cases of R?
and f(R) gravities respectively. Observe that all quartic derivatives have disappeared from
these equations. Let us now split A, into its trace and traceless components as

A 1
hyw = by + 5g,wh. (4.20)
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If we rewrite (4.18) using this new tensor we are left with the following inhomogeneous
equation

- % [DEW - 2A71W] + [% + Aﬁ] {?Nuh - ‘%Dh

— 0. (4.21)

This is still not completely satisfactory, as it contains terms involving the trace. We can

however find an homogeneous equation by defining a new traceless tensor?3

7 25 Vahv Juv
tyw = hyy — ————— yh—0h| . 4.22
. (D -2)a [V“V D (4.22)
Indeed, by using (4.21) and (4.19), one finds that ¢, satisfies the equation
e
— 5 [0t — 2At,] = 0. (4.23)

This is the equation for a traceless and massless spin-2 field. Hence, in f(Lovelock) theories,

1, is the tensor that represents the usual graviton. The other physical propagating degree

of freedom is of course h. Indeed, (4.19) is the equation of a scalar field of mass

(D —2)a
2p

This is of course provided § # 0. In such a case, when the background is AdSp, the

M? = — DA. (4.24)

holographic dictionary [9-11] tells us that h is dual to a scalar operator Ox in the (D —1)-
dimensional boundary CFT with scaling dimension

A:(D—1)+\/(D+1)2+a(D—2)L2 (425)

2

where we wrote A = —1/L%. When 3/(aL?) is small and positive, O is a highly-irrelevant
positive-norm operator with A ~ /a(D —2)L2/(23). On the other hand, if 8/(aL?) is
small and negative, A becomes imaginary, and h is a ghost-like field with tachyonic mass
exceeding the Breitenlohner-Freedman (BF) bound [59, 60]. In that case, our f(Lovelock)
theory would automatically be unstable if we interpreted it as a complete description rather

than as an effective low energy theory.

4.1 Theories without dynamical scalar

Something interesting happens when § = 0. In that case, just like for Einstein, Lovelock
or quasi-topological gravities, the scalar mode is absent, and (4.19) just tells us that the
transverse gauge condition (4.17) imposes the trace to vanish, i.e., h = 0. In those cases,
the only physical field is the massless graviton ¢,,.

In fact, when § = 0, the full equations of motion become second order for any gauge.
Indeed, in that case (4.12) becomes

aGl, =8rG T, (4.26)

#We follow the procedure presented in [58].
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where we have included the stress tensor of some additional matter fields in the right-
hand side in order to stress that the overall factor « is non-trivial, as it determines the
normalization of Newton’s constant: Geg = G /. Hence, we observe that for these theories,
the linearized equations are exactly the same as for Einstein gravity but with an effective
Newton constant controlled by a.

Now, interestingly enough, # = 0 does not necessarily imply A = 0, i.e., there are non-
trivial f(Lovelock) theories satisfying (4.26) and for which the only propagating degree of
freedom is therefore the ususal graviton. These are characterized by the conditions

LD/2]
> 0n0mf (L) ?g(_z;)f()g? ;ﬂi))!! A2 =0, 0,0, f (£) #0,  (4.27)

n,m=1

for some n, m. Of course, these are satisfied by infinitely many classes of f(Lovelock)
gravities. For example, theories of the form

1
167G

/ dPz/|g| [-2A0 + R+ X (R°LY — yR*™TY)] | (4.28)
M

where
B v+ 4(w — Dw + v(4w — 1) (D — 2)¥(D — 3)¥
T (v+2w)(v+2w—1) Dw(D—1)w (4.29)

for some v, w > 0, satisfy the requirements. If we choose v = w =1, D = 4 in (4.28),
we find

1 1
= d* —2A A - —R¥)|. 4.
s 16WG/M . g\{ o+ R+ (RLQ SR >] (4.30)

This is an example of a non-trivial four-dimensional cubic-order theory of gravity with

second-order linearized equations of motion and which therefore only propagates a single
massless graviton around m.s.b. The action (4.30) is somewhat reminiscent of critical
gravity [6], a four-dimensional quadratic-theory for which the scalar degree of freedom is
also absent, and the extra spin-2 field is massless. We stress again that all f(Lovelock)
gravities are free of such spin-2 fields, so all theories satisfying (4.27), like (4.30), have in this
sense a better behavior than critical gravity: the scalar is also absent and there is no need
to set the mass of the extra graviton to zero because there is no extra graviton at all either.
Also, recall that quasi-topological gravity exists only for D > 5, and that all Lovelock
theories but Einstein gravity are trivial — or topological in the case of Gauss-Bonnet —
in four dimensions. This makes (4.30) — and the rest of D = 4 theories satisfying (4.27)
— particularly interesting and worth further study in our opinion.

4.2 Comments on unitarity

The propagator of h,, in any perturbatively unitary higher-curvature gravity around a
m.s.b. is equal to the propagator of a quadratic theory of the form

1
S = dP —2Ag + R + 1 R? Lo] . 4.31
167G /M T ’9’ [ ot R+cR”+co 2} ( )

In particular, the parameters of the corresponding higher-curvature theory are related to
G, Ay, ¢1 and co above. These parameters are in turn constrained to satisfy different
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inequalities in order for the theory to be unitary — essentially these come from imposing
that the effective Newton constant is positive and that the mass of the scalar mode is
positive for dSp and greater than the BF bound for AdSp. We refer to [61] for details
— see also [62]. Observe that in all cases, the massive spin-2 graviton is absent, given
that the R? and GB terms do not introduce it. This is unsurprising, given that such field
is generically a ghost and spoils unitarity. Hence, in general, the massless graviton and
the scalar are the only allowed degrees of freedom in a unitary theory. Whenever ¢; = 0,
the scalar will also be absent, leaving us with the usual massless graviton, and nothing
else. The theories considered in the previous subsection belong to this class. For these, the
linearized equations are second-order in any gauge, as we already stressed.

The problem of classifying or identifying in full generality which higher-curvature the-
ories share propagator with any of the curvature-square gravities in (4.31) — i.e., which
of them are unitary on m.s.b. provided the appropriate constraints are satisfied — is non-
trivial in general. In [61], the authors carried out this classification for the most general
gravity theory constructed from contractions of the metric and the Riemann tensor at cu-
bic order in curvature and in general dimensions. Using their results, it is not difficult to
check that the three cubic f(Lovelock) terms constructed as products of ED — namely R3,
RLy and L3 — belong to this class of theories. More generally, we expect all f(Lovelock)
theories to be perturbatively unitary around m.s.b. as long as the appropriate constraints
on the couplings are satisfied. We leave a thorough exploration of this issue for future work.

5 Holographic constraints on the coupling values

Holography [9-11] has become one of the main motivations for the study of higher-derivative
gravities. As mentioned in the introduction, these theories have been used to characterize
various properties of general CFTs in various dimensions — see e.g., [12-17]. In order for a
higher-derivative theory to admit a physically sensible dual description in the holographic
context, it must satisfy certain requisites. Such requisites — which have been previously
considered many times in the past, e.g., [63-66] — generically translate into constraints
on the allowed values of the gravitational couplings. The most obvious example is the
requirement that the theory admits at least one AdS vacuum — otherwise one cannot even
talk about any ‘dual theory’! Other considerations which in general lead to constraints on
the gravity couplings consist of asking the dual theory to respect causality, unitarity, or

certain quantum information inequalities.

In this section, we will find constraints on the allowed values of the gravitational
couplings of a particular class of f(Lovelock) theories. The first set of constraints will
come from imposing AdSp to be a solution of the corresponding theory. For the second,
we will restrict ourselves to D = 5, and we will use holographic entanglement entropy
(HEE) — see subsection 5.2 for details.

A particularly relevant subclass of f(Lovelock) theories which appears several times
throughout this paper is the one consisting of linear combinations of arbitrary products of
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ED. In general dimensions, we have the following possibilities at each other in curvature

R,

R2, Lo,

R, RLo, L3,

R*, R%Ly, RL3, L3, L4,

R®, R3Ly, R*L3, RL%, RLy, LoL3, L5,
(5.1)

There are 1,2,3,5,7,11,15,22,30,42,... of these. Note that at p-th order in curvature,
the number of terms is given by the so-called Partition Function P(p), which counts the
number of ways in which the integer p can be written as a sum of positive integers.?* In
four and five dimensions, the most general Lagrangian density of this kind corresponds to
a linear combination of terms of the form ‘R"LY’, where v,w € N. It will be for this last
class of theories that we will construct the constraints.

5.1 AdSp embedding

As we have just anticipated, let us for now focus on the following D-dimensional subclass
of f(Lovelock) theories

= L D (D — 1)(D — 2) 7 (Qu+4w—2) v w
SUM 167G /M a7 |g’ [R t 2 + L )‘v,wR (52) ) (5.2)
where we have chosen the cosmological constant to be negative, Ag = —(D — 1)(D —

2)/(2L?), and where )\, is a dimensionless coupling. When \,,, = 0, the embedding
equation for AdSp, whose metric in Poincaré coordinates reads

o L7 2 2 2
simply imposes that the scale L in the action is equal to the AdS radius L. Of course, as
we include additional higher order terms, this is no longer true, and the relation between
both scales depends on the new gravitational couplings. For general f(Lovelock) theories,
the corresponding embedding equation is (4.5). Applying it to the particular case of (5.2),

it becomes
1= foo = Con f2F* Npy =0, (5.4)
where
Cow = (=1)""H(D = )=t H(D - 2)*" (D = 3)"(D — 2(v + 2w)),  (5.5)

and where we have defined f, = L2 /L2. Tt is not possible to solve the above equation for

foo in full generality. However, it suffices for our purposes to obtain the set of values of

% For example, for p=4wehave 4 =14+14+14+1=34+1=2+2=2+1+1=4,50 P(4) =5. P(p)
also coincides with the number of conjugacy classes of the permutation group of order p.
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Av,w for which the above equation is satisfied in a physically sensible way. In particular,
we need to require fo to be positive and tend to one as \,,, — 0. Using (5.4), we can
write Ay 4, as a function of fu, i.e.,

1-— 0
Av,w(foo) = Cf]:_;_zw . (56)

Now, when Cy, > 0,(Cy < 0) the function A, (foo) has a global minimum (maxi-
mum) at

. (Qw+vw)
foo = Quro—1) (5.7)

This directly implies the following constraint on the coupling constant A, .,

Aow > Aow(fag), When  Cpq >0, (5.8)
)\'u,w < )\v,w(f;o)v when Ov,w < 07

and where
(2w Loy — 1)2w+v—1

Ao (fe) = — RNCTE (5.9)

For example, if we choose v = 0, w = 1, and define A\g1 = Ags/((D — 3)(D — 4)) —
as it is customary — (5.2) becomes the usual GB theory, and (5.8) is nothing but the
well-known constraint A\gg < 1/4, [19, 57, 63]. Another familiar example corresponds to

v = 2 and w = 0, which is nothing but R? gravity. The constraint reads in that case
Ao < (D —2)/(2(D —1)(D — 4)). Interestingly, this does not impose any constraint in
four dimensions, which is a consequence of the fact that the couplings of general quadratic
gravities do not enter into the embedding equation of AdS4,? see e.g., [58]. Actually, we
observe that this phenomenon occurs whenever

D =2(v+2w). (5.10)

This means, for example, that AdSg is a solution of R? and RL, gravities for arbitrary
values of the corresponding gravitational couplings.

5.2 Holographic entanglement entropy

In this subsection we will use holographic entanglement entropy (HEE) to find additional
constraints on A, for five-dimensional theories. Before explaining our procedure, let us
start with some essentials about entanglement entropy in the holographic context.
Consider a bipartition of the Hilbert space of some quantum system, 7 = 74 ® A3,
and some state p. The entanglement entropy (EE) is defined with respect to the reduced
state corresponding to one of the partitions, say A, obtained by tracing out the degrees of
freedom in B, p4 = Trp p. In particular, the EE is defined as the Von Neumann entropy
of pa, ie., Sgr(pa) = — Tr(palog pa). In the following, we will restrict ourselves to spatial

25In other words, AdS, is a solution of general curvature-squared gravities — and R? in particular — as
long as L = L, just like for Einstein gravity. We come back to this point in section 6.
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bipartitions, meaning that A will always be a physical spatial region at a fixed time slice,
and B its complement.

In the context of holography, EE is computed using the Ryu-Takayanagi (RT) pre-
scription [67, 68]. According to this, given an asymptotically AdSp spacetime dual to
some state in the boundary theory, the HEE for a region A in the corresponding CFT is
obtained by extremizing the area functional of codimension-2 bulk surfaces m which are
homologous to A in the boundary (and, in particular, 9m = 0A). More precisely,

Srr(A) = ext [“4(7”)] , A(m) = / dP2x v/ (5.11)
4G m

where GG is the Newton constant and h,, is the determinant of the metric induced on m.

Naturally, this prescription is only valid for theories dual to Einstein gravity in the bulk.

In particular, when higher-derivative terms are introduced in the bulk theory, the area

functional in (5.11) must be modified to something like

S(A) = ext Sgrav(m), (5.12)

m~A

where Sgray(m) is a new bulk functional which depends on the particular higher-derivative
theory, and which reduces to (5.11) for Einstein gravity. Much effort has been put into
trying to identify the explicit form of Sgray(m) for different higher-derivative bulk theories,
with remarkable success — see [37-39, 69-76] for a non-exhaustive list of references. In
particular, a new functional consisting of a Wald-like term [77-79] plus corrections involving
extrinsic curvatures has been proposed to hold for general higher-derivative gravities [69)].
While such proposal passes various consistency checks, certain subtleties arise [80-83] when
the theory is not Einstein, curvature-squared or Lovelock, which make it unclear how to
use this prescription in general.?S

As explained in the introduction, the authors of [36] proposed (1.4) to be the right for-
mula for the gravitational entropy in f(Lovelock) theories. In that paper, the authors were
able to show that this functional satisfies an increase theorem for linearized perturbations
of Killing horizons. Besides, Ssw reduces to the well-known JM functional for Lovelock
gravities [37] which, as already mentioned, gives rise to the right universal terms when
used to compute HEE for these theories. In [15, 16], these two facts were interpreted as
evidence that Ssw is in fact the right HEE functional for f(Lovelock) theories. The results
found in those papers strongly support this claim.

Our plan is to use (1.4) to find new constraints on the coupling values A,,. The
idea [66] is to consider simple entangling regions for which the surface m can be
parametrized as some function g(z) of the holographic coordinate. While extremizing
Ssw — i.e., finding the explicit form of g(z) — is an impracticable task in general, we do
know that m must close off smoothly at some bulk point z = 2. Hence, we can assume
that g(z) admits a series expansion around zj,

[e.e]
g(2) = ¢z —2)T, (5.13)
i=0

26We thank Rong-Xin Miao for useful comments about this point.
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Besides, we need to impose that g(z;) = 0 and ¢'(z;) = —oo, since the tangent to the
surface will be perpendicular to the z direction at that point. These conditions imply the
constraints 0 < o < 1 and ¢y > 0, which we will use to find bounds on A _,.

Evaluating (1.4) for our f(Lovelock) theory (5.2), one finds

1
Sow = 77 / d*z\/hm [A+ BL* Ry, | (5.14)
where we defined the constants?’
A=14+ Av,w (_1)v—122v+3w—25v+w—13wv fo(;)—i-Zw—l) ’ B = w(lg_A) ’ (515)
v

and where R,, is the Ricci scalar associated to the induced metric on the holographic
surface m. In particular, note that for v = 0, w = 1, A1 = Acs/2, (5.14) reduces to the
JM functional for GB gravity, i.e.,

1 -
Sim = 4G/md333\/ﬂ [1+)\GBL2 Rm] . (5.16)

In [66], new constraints on Aqp were obtained using this functional for some simple entan-
gling regions following the procedure outlined above. Here we will generalize those results
to arbitrary values of v and w. A quick look at (5.14) and (5.15) shows that no bounds can
be found using this technique for theories with w = 0. The reason is that for those, the
holographic extremal surface will be the same as in Einstein gravity, so it will not depend
on the value of A, .

Let us start considering an entangling region consisting of a slab of width [ defined by
x1 € [-1/2,<1/2], x9 € (—00,+00), x3 € (—00,+00). Now, using the obvious symmetry
along the x93 directions, we can parametrize the holographic surface m as tg = 0, 1 =
g(z). The induced metric on this surface reads

L2
ds?, = =2 [(1+ ¢*)d2? + da3 + da3] , (5.17)

m

where we used the notation ¢ = dg(z)/dz. The Euler-Lagrange equation for g(z) obtained
from (5.14), reads

—~3(A—-2B)g—6(A— B)§® —34¢° + (A —2B)jz + (A +4B)z§*j = 0. (5.18)

Inserting now the series expansion (5.13) in this equation, we find that the only value of «
compatible with the smoothness requirements is v = 1/2. Using this, we can find the value
of ¢p by imposing the coefficient of the lowest order term in (5.18) to vanish. By doing so,

we find
_ [2(A+4B)z,

This imposes (A + 4B)/A > 0 which, after some careful calculations, gives rise to the
following constraint on A, 4

Aow < A8

Ch

Ao > Ay

v,

)., when v even, (5.20)
?w, when v odd,

*"Note that these are related to the constant o defined in (4.13) through: o = A — 2B.
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where
(—1)?(5v + 4w — 5)vH2w-1

AUS%U = 02w+v220+3w723v+3w715v+w71 : (521)

and which is valid whenever v > 1 and w > 1. The GB case, v =0, w = 1, is a bit special,
and one finds

5
= 2 _—
Acs Ao,1 > 16

in agreement with the result of [66]. For v = 0 and w > 1, no bounds on Ag,, are found.

(5.22)

Also, as a check of our procedure, we have verified that no bounds appear when w =0 —
indeed, (A+ 4B)/A =1 in that case.
Let us now consider a cylindrical entangling surface. We write the AdS5 metric as

2_L2

ds® = 5 [tz + dz? + dp® + p*df* + daj)] | (5.23)

and let the cylinder be defined as ty = 0, p € [0, R], 6 € [0,27), x5 € (—00, +00). Again,
the symmetry of the entangling surface allows us to parametrize the holographic surface
as ty = 0, p = g(z). The pullback metric on such surface reads

L2
ds? = = (1 + ¢%)dz* + ¢°d0® + da3] . (5.24)

The corresponding Euler-Lagrange equation for g(z) reads in this case

—(1+ %) [399 [A(1 + ¢*) — 2B] + 2 [A — 2B + (A + 4B)§%]]
+ 2 [6B2g+ g(A— 2B + (A+4B)§*)] §=0. (5.25)

From this we find again o = 1/2, and using this result we obtain the only allowed value of
co to be

o = \/ZL [(A +4B) + /A2 +16B% — 10AB] , (5.26)

so we are lead to impose A24+16B2—10AB > 0. A careful analysis shows that the condition
that follows from this inequality reads

v < )\z(f?w when v even, (5.27)
v > )\q(fzu, when v odd,

where
(=1)"(=5+bv + 1211))”*2“’_1

c) _
)‘v,w - 3w—123w+2v—25w+v—1(3v + 8w)v+2w ' (528)

As opposed to the slab — for which the GB case was special — this condition is the same
for all values v > 0 and w > 1. In particular, one finds

v
64’

again in agreement with the bound found in [66]. We have checked again that no bounds

Ace = 2X01 < (5.29)

are found when w = 0, as expected.
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In sum, for the family of theories (5.2) in five dimensions, we have found constraints
from the AdS5; embedding, and from imposing the holographic surface corresponding to a
slab and a cylindrical entangling region to close off smoothly in the bulk. Combining all
these constraints, we found the following bounds on A, .,

,  when v even, (5.30)

,  when v odd,

which are valid for v > 1, w > 1 and v = 0, w > 1. Note that these are quite
strong constraints in general. For example, one finds A\ 1(f%) = 1/270 ~ 0.0037,

)\g = —18/6655 ~ —0.0027. Further, for larger values of v and w, the quantities Ay ., (f3)
)

and )\ffffw become increasingly smaller. In the case of Gauss-Bonnet, the bounds read in-
stead —5/16 < Agp < 7/64. Finally, recall that when w = 0, we only have the bound from
the AdSp embedding, i.e., the one given in (5.8).

6 Black hole solutions

In this section we construct analytic solutions of several f(Lovelock) theories in various

dimensions.

6.1 Pure f(Lovelock)

Let us start considering a f(Lovelock) theory consisting of a function of a single ED, £,,, i.e.,

5= % /M P /Tal F(L).- (6.1)

Of course, for n = 1, this reduces to f(R) gravity, whose constant R solutions were first
studied in [84]. Here we will generalize some of their results by constructing constant-L,,
solutions to (6.1) for arbitrary values of n. The field equations of the theory read

FIL)ES) + ég,w (Cof'(Ln) = F(L0)] — 2P0 VOV (L£,) =0, (6.2)

where the tensors E,S?,) and PO(:Z))\M

tions of motion of a pure Lovelock theory consisting of a single ED of order n plus a

were defined in (2.9). In particular, note that the equa-

cosmological constant term, i.e.,
F(Ln) = —20g + A "L, (6.3)

satisfy
2D

Sl(j;) = —AGgu , which implies L, = mAg. (6.4)
In other words, all solutions of (6.3) have a constant L£,, proportional to the n-th power
of the cosmological constant, just like all solutions of general relativity in the absence of

matter have a constant Ricci scalar proportional to Ag.
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Now, let us see under what conditions spacetimes of constant £,, solve the general f(L,,)
equations (6.2). If we assume L,, to be constant, the term with the covariant derivatives
vanishes, and we are left with

FEER + S [Lnf (La) — F(£)] =0, (65)
whose trace reads D
nf (Ln)Ln — 5f(£") =0. (6.6)

Given a particular f, this is an algebraic equation which solutions of (6.5) are forced
to satisfy. In particular, assuming it admits a solution, (6.6) fixes £, to some constant
value which we will denote £2. Now we have two possibilities, depending on whether the
derivative of f vanishes when evaluated on £9. If f'(£0) # 0, we recover the pure Lovelock
field equations, while if f/(£Y) = 0, we do not need to impose any additional condition,
because, in that case, all configurations satisfying £,, = £ are already extremal points of
the action. Let us explain both cases in more detail.
Assume first that f/(£%) # 0. In that case, we can rewrite (6.5) as

(D —2n)
2D

which is nothing but the pure Lovelock equation of motion (6.4) with an effective cosmologi-

gn)

wr _Ag,eff Guv where Ag,eﬂ - E?l’ (6'7)

cal constant Ag e determined by the solution of (6.6). Hence, any solution of pure Lovelock
plus cosmological constant, is also a constant-L,, solution of (6.1) provided f'(£0) # 0. This
allows, in particular, to embed all Einstein gravity plus cosmological constant solutions in
f(R) whenever f'(R") # 0, as explained in [84].

Static black hole solutions of pure Lovelock gravities have been previously considered
several times — see e.g., [85—89]. In particular, for D > 2n, a theory of the form (6.3)
admits the following interesting generalization of the Schwarzschild(-AdS/dS) black hole
solution [85] .

$2 — _o(r)di?
d g(r)dt +h(r)

dr?® + TQdQ%Diz) , (6.8)
where

a n2
g(r) =h(r) =1Fr? |:TD1 +Ag

/n
(D—Qn—1)!]1 (6.9)

(D —1)!
In this expression, a is an integration constant which can be related to the solution’s mass,
and the + sign in front of the term in brackets is allowed only when n is even. According to
our analysis above, this is also a solution of (6.1) for theories satisfying f’(£%) # 0. More
precisely, using (6.7) we find that the solution to (6.1) can be written as (6.8) with

(D—Qn)!]l/”

g(r) = h(r) = 1F 12 L;‘_l + L0

g : (6.10)

where again £0 is a solution to (6.6). For n = 1, this reduces to the well-known f(R)
Schwarzschild(-AdS/dS) black hole [84]

g(r):h(r):l—rD_3 _D(D—l)r ) (6.11)
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For general values of n, (6.8) and (6.10) describe a f(Lovelock) generalization of the
Schwarzschild(-AdS/dS) solution.

Note that if the dimension is the critical one, D = 2n, (6.7) is trivially satisfied
5}(“1?/2)
spacetime — is a solution of (6.1). For example, in D = 4, f(L2) always allows for a
solution with Lo = L‘g.

Before we turn to the f/(£%) = 0 case, let us make a further observation. Assuming

because = 0 identically. In that case, any solution of (6.6) — i.e., any constant-L,,

D > 2n, let us consider a theory of the form

1_D D

f(Ly) = =20 + ALy +aly L2, (6.12)

for some dimensionless constant «. Interestingly, all solutions of the & = 0 theory are also
solutions of (6.12). This can be easily seen by imposing the o = 0 equation of motion (6.4)
in the equations (6.2) and (6.6) corresponding to (6.12). By doing so, we observe that
the terms proportional to a exactly cancel each other out. This explains, in particular,
why all solutions of Einstein gravity plus cosmological constant are also solutions of such
theory with an additional R? term in four dimensions [58]. Hence, we observe that (6.8)
with (6.9) is also a solution of (6.12). The reason for this general behavior can be traced
back to the fact that E,? i scale-invariant, i.e., it is preserved by a rescaling of the
metric. Now, a rescaling of the metric changes the scale of the theory. Hence, such scale
cannot depend on a.

Let us now turn to the cases for which f/(£)) = 0. If this happens, (6.6) imposes also
f(LY) =0 and the equations of motion (6.5) are automatically satisfied. This means that
spacetimes of constant-L£,, are solutions of (6.1) when these two conditions are satisfied.
Obviously, this happens because a configuration £0 satisfying

F1(L3) = f(Lp) =0, (6.13)

is always an extremum of the action. The existence of this kind of configurations depends on
the particular theory under consideration. The simplest example is probably f(L,) = L2,
for which £ = 0 is clearly an extremum of the action and therefore a solution. The lesson
is that in order to find a solution for these theories, we only need to require L, to be
equal to the constant £ for which (6.13) holds. Since this is a single scalar equation for
the metric, the number of possible solutions is huge. In particular, for an ansatz of the
form (6.8) with h(r) = g(r), one gets

a b

(D —2n)1Y/"
g(r) =1F1r2 o + D + L0

D! ’

(6.14)

which has two integrations constants, a and b, instead of one. For n = 1, this reduces to

a b R
— 1 —_ — —_
9(r) 7D=3 D2 D(D-1)

(6.15)

as observed in [84]. Note that for D = 4, this takes the familiar form of the Reissner-
Nordstrém(-AdS/dS) solution, with b playing the role of the charge squared. Observe that
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this fact is accidental, and occurs only in four dimensions. In fact, it can be easily seen
that the f(Lovelock)-Maxwell system

S = /de 9| [16 o f(Ly) — iFMVF“”], (6.16)

admits the following generalization of the Reissner-Nordstrom(-AdS/dS) solution

g(r)=h(r)=1=Fr |:TD1 T ,2(D-2) + Ly

(D—Qn)!]l/”7

- (6.17)

when f/(£%) # 0, where LY is again a solution of (6.6) and where c is a constant related
to the electric charge. Comparing (6.14) with (6.17), we see that only when D = 4 the
exponents of the terms proportional to b and ¢ respectively are equal.

If one considers the general ansatz (6.8) with two unknown functions, the system is
underdetermined, since we only have one equation. For example, let us consider f(Lq9) = /J%
in D = 4. In this theory, a family of solutions is given by £ = 0. Assuming the ansatz (6.8),
we get the following equation for g and h

h(r)'/? [h(r) — 1] dg(r) _
g(r)t/? dr

(6.18)

where ¢ is an integration constant. Choosing one of the functions at will, one can find the
other by solving the above equation. This approach was followed, e.g., in [90] to construct
solutions to pure R? gravity.?

6.2 General f(Lovelock)

In the previous subsection, we restricted ourselves to the case of f(Lovelock) theories
consisting of functions of a single ED. Let us now explore what the situation is when one
considers a function which depends on all the non-vanishing ED’s, f(£L1,...,£L|p/2)). Just
like we were able to embed all solutions of the pure Lovelock Lagrangian (6.3) in f(L,,), we
would like to embed solutions of the general Lovelock action (1.3) in the general f(Lovelock)
one (1.1). A simple argument shows that, in general, f(Lovelock) theory does not contain
all solutions of Lovelock. The reasoning goes as follows. Assume that all solutions of the
Lovelock equations (2.12) are also solutions of f(Lovelock) theory (2.7). Then, the ED
associated to these metrics satisfy the trace equation

LD/2]
ZAA1”< —)ﬁnzo, (6.19)

but now, assume that these metrics also solve (2.7). Then, (2.7) should reduce to (2.12)
whenever (6.19) is satisfied. This implies, in particular, that all the partial derivatives of
f evaluated on the solution must be constant, which of course is not true for arbitrary
functions f(L1,...,L|ps2)). Hence, we observe that, on general grounds, solutions of

%8Gee also, e.g., [91], where certain aspects of AdS black holes in pure curvature-squared gravities where
considered.
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Lovelock gravity are not embeddable in f(Lovelock) unless f is chosen in an appropriate
way — like we did in the previous section by making it depend on a single ED.

We claim that the most general f(Lovelock) theory whose solutions include all the
Lovelock theory ones is given by a function of the form

D/2] |D/2] 5 2
fLrs o Lpppap) = Yy A" L+ | D0 AAg™" (n—Q) Lo| F(Lys- Lipp2),
n=0 n=0

(6.20)
where « is a constant and f is an arbitrary function such that its derivatives are non-
singular when the squared quantity is zero.

6.3 A critical black hole in f(R, Ls)

As we have seen, finding black solutions to f(Lovelock) theories involving more than one ED
seems to be a difficult challenge. An exception is, of course, the case in which f is a linear
combination of ED, corresponding to general Lovelock theories — see e.g., [57, 92-96].
A possible simplification that has been often considered in the literature for other higher-
derivative gravities — see e.g., [97, 98|, consists of fixing some of the couplings of the
theory to particular values which allow for solutions which would not exist otherwise. We
will explore this approach here. In particular, let us consider the following f(R, £2) theory
— whose general equations of motion are specified in appendix A — consisting of the
standard Einstein-Hilbert action plus certain higher-order corrections

D —1)(D -2 . - ; 7
= / o | [ PP =D 2R 4 5126 L R + 61003, (621
Y

where «, 3, v and § are dimensionless constants, and where we have chosen the cosmological
constant to be negative and determined by some length scale L. If the coupling parameters

satisfy
- ! P p— —28, S=af,  (622)
“Tip-1nDD-2) "T-2m-3 T T '
then (6.21) allows for the following solution
1
ds* = —g(r)dt* + mdrz + Tde%sz) , (6.23)
with
r2 2D — 4 c1 o
g(r) =1+ = [1—\/1—4)\< 5 _TD—lJWD) , (6.24)

where ¢; and ¢y are integration constants. This solution describes an asymptotically AdSp
black hole as long as the constants are chosen so that g(r) > 0 for all » > 7, and g(r,) =0
for some positive value of r.

The reason why the election of parameters in (6.22) allows for this solution is not very
mysterious. In fact, (6.22) makes the Lagrangian in (6.21) become a perfect square,

L*R ALAC 2
1+ 2(D—1)(D —2) + 2(D—1)(D — 22)2(D — 3>] , (6.25)

f(R L) = L= =2
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which implies that any configuration satisfying f(R, L) = 0 also satisfies 01 f(R, L2) =
o f (R, L2) = 0 and is therefore a solution of the corresponding equations of motion.

When A = 0, all the higher-derivative terms in (6.21) but the R? one disappear
and (6.24) takes the form of (6.15), i.e.,

a b r2

9 =1- 55~ p=2t 72 (6.26)
as observed in [98]. In [97, 98], the thermodynamic properties of various black hole solutions
of (6.25) with A = 0 were studied. As observed there, while some of the solutions correspond
to regular black holes with finite horizons, amusingly enough, they always possess vanishing
entropy and mass. The reason is that both the on-shell action — including boundary terms
— and the Wald entropy involve factors of either f(R) or f'(R), which vanish for these
configurations, as we have just seen. In the case \ # 0, the situation is exactly the same.
In particular, the action, the boundary term we have proposed in (2.21) — necessary to
compute the on-shell action — and the entropy functional of [36] — see (1.4) — vanish
on-shell for configurations of this kind. The physical interpretation of these solutions is
unclear to us.

7 Final comments and perspectives

In this paper we have developed several aspects of f(Lovelock) theories. A summary of our
main findings was already provided in section 1.1, so we will not repeat it here. However,
let us comment on some additional directions which would be worth exploring in the future.

Note that we have followed a metric approach to f(Lovelock) theories. However,
higher-derivative gravities can in general be studied using other methods. This is the case,
for example, of the Palatini and metric-affine formalisms, in which the connection and the
metric are regarded as independent fields. These formulations have been explored in the
cases of f(R) and Lovelock gravities — see e.g., [20, 99-101], and it would be natural to
extend them to the more general f(Lovelock) framework.

Another basic aspect omitted in this paper that has been often considered in the cases
of f(R) [50, 102-104] and Lovelock [43, 105-109]? and which could be studied for general
f(Lovelock) theories is the Hamiltonian formulation.

We also think that it would be interesting to explore how our results on the absence of
massive gravitons on m.s.b. for f(Lovelock) theories extend to less symmetric backgrounds.
We already mentioned in the introduction that most of the previous studies on f(Lovelock)
theories were performed in the context of cosmology. It has been in this area that such
explorations have been already pursued for certain cosmological backgrounds in the case
of f(R,L2) theories [110, 111]. The theories studied in section 4.1 seem to be particularly
relevant in this respect, as they only propagate the usual graviton on m.s.b. It should

2In fact, this is a subtle topic in the case of Lovelock gravity, the reason being that, in a standard
approach, momenta are generically multivalued functions of the time derivatives of the metric, making the
Hamiltonian approach ill-defined.

— 29 —



be possible to clarify whether this property extends to other backgrounds, and what the
implications of these results are.

Obviously, constructing additional analytic solutions to these theories and studying
their properties would also be a very interesting task, although a challenging one in gen-
eral. Let us remark that some hope might exist for the class of theories constructed in
subsection 4.1, for which the linearized equations of motion are second-order. In fact, the
very same happens for quasi-topological gravity and in that case analytic black hole solu-
tions were built in [19] in spite of the higher-derivative and non-topological character of
the theory. A perhaps more doable task which we have somewhat overlooked here would
consist in studying the regularity conditions and thermodynamic properties of the f(L,)
black holes constructed in section 6.

Let us finally mention that, as far as we know, f(Lovelock) theories have only been
considered within the holographic context in [15, 16] — rather successfully in that case.
It would be interesting to start considering them more often as holographic toy models.
This is particularly so for the class of theories constructed in 4.1. For these, all holographic
calculations involving the graviton propagator could be easily performed, given that the
only effect of the higher-derivative terms is a change in the normalization of the Newton
constant.?? For instance, the coefficient characterizing the stress-tensor two-point function
Cr — see e.g., [112] for definitions — in holographic theories dual to f(Lovelock) gravities
satisfying (4.27) would be given by

LD/2]

e |12 S a0y O
n=1

AV CE (7.1)
where CF is the central charge corresponding to Einstein gravity — see e.g., [63]. We
leave for future work to further develop the holographic aspects of these theories.
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A f(R, L) equations of motion in general dimensions

In this appendix we write down the equations of motion of f(R,Ls) theories in general
dimensions. Observe that this is the most general f(Lovelock) theory in four dimensions
— the remaining ED identically vanish in that case. We need to compute the quantities

(1)

appearing in (2.7). The tensor &,/ is just the Einstein tensor:

1
g;(ul/) = R;w - §R9MV7 (Al)
while
1)pv v
P = 2% (A.2)

Now, if D =4, EL(L) 0, while for D >5 |
EX) =2RRy, — AR, RY + 2R3y R, — AR e R . (A.3)

Finally, we have

PO = —5M R+ 80"RY) — 2R (A.4)

af [a™ "] af>
which is also valid in four dimensions. Using this information we can write the equations
of motion for D = 4 and D > 5 theories respectively as

of of of

an o —

8RR |:f £26£ :|g/u/+(g,u1/ \YAY )aR s
9 .

- [GMVD + iRVMVV N 2R°‘(“v’/)v + (gMVRaﬁ + Ruaﬁu)VQVB] 852 0.

0 0

%R’“’ * aﬁf [QRRW ARy R + 2Ragpu RO, — 4RMPV¢7RPJ]

of i

0

— 4 |:GHVD + QRVuvl, - 2ROC(MVV)VO‘ + (g,lLl/Raﬁ + Ryaﬁy)vavﬁ] ath _ O )

Observe that these equations reduce to the corresponding f(R) equations of motion when

0o f = 0. Notice also that a linear term in Lo gives no contribution in D = 4 while it does

for D > 5 theories, as expected. The trace of these equations can be written as
of of of of

—R+2—-Lo— Bf + (D —-1)0==+ (D —3)(2R0O — 4R, VIV") —
2 0L

OR Lo OR =0, (A7)

which is a valid expression for D > 4.

B Examples of equivalent scalar-tensor theories

In this appendix we explicitly compute the equivalent scalar-tensor theories for a couple
of classes of f(Lovelock) theories. The fist example consists of the most general sum of
quadratic functions of ED in D = 4. In the second, we consider a single f(Lovelock) term
consisting of a general product of ED in arbitrary dimensions.
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Quadratic function. The most general f(Lovelock) action containing the usual EH and
a negative cosmological constant terms plus quadratic linear combinations of ED in four
dimensions reads

S = ﬁ /M d'z\/g| (R, £2), (B.1)

where 6
f(R,Lo) = 5+ R+ aLl?R? + BL*RLy +yL°L3, (B.2)

and where «, § and v are dimensionless constants. The Hessian matrix of f(R, L2) reads

B 2aL? BL*
H(f)= <6I~14 27E6> . (B.3)

in this case:

Leaving the trivial case @« = f = v = 0 aside, we see that:

{2 if day — B2 40,

rank(H) =
1 ifday— 32 =0.

(B.4)

Hence, according to our analysis in the main text, in the first case we need to introduce
two scalars, while in the second it is enough with a single one. We have the function

F(61,62) = 2 + 61+ a6} + BLAou0n +11°3. (B.5)
Then we define
of =9 =4
o1 = —— =14+2al%p1 + BL @2, (B.6)
Op1
P2 = ;52 = BL Gy +2yLO¢s. (B.7)

If 4oy — 3% # 0 then these fields are independent. The Legendre transform of f reads

_ 6 1

V(p1,p2) = —E + m (’Yffl(@l - 1)2 - BP((PI — 1) + a@%) . (B.8)

Therefore, the equivalent scalar-tensor theory is

1 6 LA (o1 — 1)? — BL2(p1 — 1)ip2 + ap}
S = /d4 v [~+ R+ polo — . 2|
167G Jo, 4TVl 75t Rt el LS(dary — B2)
(B.9)

Of course, this does not work if 4ary — 32 = 0. In that case, the quadratic term is a perfect

square of the form

S =

1 4 6 =9 PRy
. /Md /14| [p 4 RANA(R + cE20)2) | (B.10)

where ¢ is some unimportant constant. We find that this is equivalent to the following
scalar-tensor theory with one single scalar ¢

S =

1 6 - (o —1)2
d* — + R 2L, — 2 |, B.11
167TG/M =Vl [LQ—HO et =TT (B1D
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General product of ED. Let us consider now the following action:

D Vi
167TG/ Pz ygy[ 2A0+R+)\H£ (B.12)

i=1
where {p;}?; C {1,2,...,[D/2]} and v; € Z — {0} are non-zero exponents. This action
contains a rather generic f(Lovelock) term, namely, one consisting of a product of ED. Let

us also assume that p; = 1, so there is a power of R in the product. The Hessian matrix
of f(£) = —2Ag + R+ A[[iL, £} reads

Hy = ( 5 )AH’ 1 £ (B.13)
ij = (Vivj — ;045 ) .
J J J ‘sz‘cpj
whose rank can be seen to be given by
if n— 7 ]-a
e (B.14)
n—1 if > v =1

The second case can happen if we allow the exponents to be non-integer or if some of them
are negative. In the first case we can compute the Legendre transform of the function
F(X1,-- o xn) = —2M0+ x1 + AT, x;*. The transformed fields are

P 1}Z

b1 =01f(x) _1+—H£p], b = 0 f(x) = Hz,,j, i> 1, (B.15)

so we find:

U1 ’U]

V() =200 + (s — DATS <¢1_1>1ﬁ2(¢]>1 (B.16)
p

where s = > | v;. Therefore, this theory is equivalent to

/I _ 1 D o E . o o ﬁ ¢1 QZ)J
5_167TG/de g1 2A0+;¢Zcm (s —1)A <U1 > H(Uj)

=2

(B.17)
If s = 1, the Legendre transform is constant V =2\, and we have the constraint

<¢>1v: 1)“ ﬁ (f) Z (B.18)

1=2

from which we can extract, for example, ¢, as a function of the rest of the fields:

1 —1 9/—1n1 %
IO (ORI
j=2

J
where now, s’ = Z?:_ll v;. Hence, in the case in which s = 1 — which means that f is
a homogeneous function of degree 1 — the theory is equivalent to the following scalar-

Lovelock theory with n — 1 scalar fields and without scalar potential

n—1 A n—1 Y
1 1 (P —1\51 i \s-1
S = /dD —2A Ly 4+ (1 —HINT= [ —— = L, |.
for L4Vl 280+ it 1 () 121(

(B.20)
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