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ABSTRACT: We reconsider general aspects of Galilean-invariant thermal field theory. Us-
ing the proposal of our companion paper, we recast non-relativistic hydrodynamics in
a manifestly covariant way and couple it to a background spacetime. We examine the
concomitant consequences for the thermal partition functions of Galilean theories on a
time-independent, but weakly curved background. We work out both the hydrodynamics
and partition functions in detail for the example of parity-violating normal fluids in two
dimensions to first order in the gradient expansion, finding results that differ from those
previously reported in the literature. As for relativistic field theories, the equality-type
constraints imposed by the existence of an entropy current appear to be in one-to-one
correspondence with those arising from the existence of a hydrostatic partition function.
Along the way, we obtain a number of useful results about non-relativistic hydrodynamics,
including a manifestly boost-invariant presentation thereof, simplified Ward identities, the
systematics of redefinitions of the fluid variables, and the positivity of entropy production.
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1 Introduction and summary

Quantum field theory at nonzero temperature is a rich subject. Enough cannot be said
about its practical importance in most arenas of experimental physics, but in this work we
will be concerned with its theoretical status. The basic observable in thermal field theory,
the thermal partition function, encodes a host of local and non-local information about the
field theory. Its variations give thermal correlators and therefore characterize transport.
The insertions of non-local operators like Polyakov loops can serve as order parameters
for phase transitions in theories with no continuous symmetries, like the deconfinement
transition in pure Yang-Mills theory. More generally still, the partition function is sensitive
to the topology of the underlying spacetime on which the hot theory is placed.’

There is a universal sector of couplings on which the thermal partition function can
depend. Namely, we can put the theory on a fixed, non-trivial spacetime as encoded by
some geometry, and if the theory has any global symmetry currents, then we can couple
these to background gauge fields. By geometry, we mean an ordinary metric for relativistic
field theories, and someone else which we describe below for non-relativistic systems. Not
only are these couplings universal, the conjugate stress tensor and symmetry currents are
vital for the study of low-energy physics at 7' > 0. In a typical hot many-body system, the
low-energy physics is dominated by the dynamics of conserved quantities, whose existence
necessitate collective gapless excitations known as the hydrodynamic modes. Indeed, fluid
mechanics may be regarded as an (unconventional) effective theory of the hydrodynamic
modes in terms of the one-point functions of the stress tensor and symmetry currents.
Moreover, the correlations of the stress tensor and currents encode thermal transport,
magnetic response, &c.

It is then natural to study the dependence of the thermal partition function on the
spacetime geometry and any background gauge fields. This dependence is constrained
by symmetries. Up to anomalies, the partition function does not depend on the choice
of coordinates nor on the choice of gauge. This independence leads to Ward identities
for the stress tensor and currents, as well as constraints on the functional form of the
partition function. Over the past decade, largely inspired by results obtained for theories
with a holographic dual, these symmetries have been used to great effect in relativistic field
theory at T' > 0 in two complementary ways.

'For those enamored of supersymmetric partition functions on compact Euclidean manifolds, it is worth
noting that many of these manifolds, like S® or S x S3, are contractible circle bundles. The SUSY partition
function on such a space can be viewed as a thermal partition function, where the Hamiltonian appearing
in the Boltzmann weight generates translations along the circle.



1. Hydrodynamics. Hydrodynamics is the near-universal effective description of thermal
field theory, describing the evolution of the collective modes corresponding to the re-
laxation of conserved quantities. As of the time at which this article was written,
relativistic hydrodynamics is an effective theory not quite, but approaching the same
footing as Wilsonian effective field theory. In it, the one-point functions of the stress
tensor and symmetry currents are expressed in a gradient expansion of the classical
hydrodynamic variables and spacetime background [1, 2]. The Ward identities pro-
vide equations of motion which determine the hydrodynamic variables (and so the
one-point functions) as functionals of the spacetime background. The constitutive
relations are constrained by gauge-invariance, Lorentz invariance, and a local version
of the second Law, which amounts to demanding that entropy always increases locally
for physical fluid flows. This entropy condition imposes non-trivial equality-type and
inequality-type relations on the resulting transport. An example of an equality-type
relation is the Einstein relation between electromagnetic and thermal conductivities,
whilst an example of an inequality-type relation is the requirement that viscosity
is non-negative. At the time of its inception, the entropy condition was physically
motivated (see e.g. Landau’s discussion [3]), but now is mostly understood from field
theory considerations (see especially the next item).

There has been even more success, to which we can hardly do justice. Instead we
summarize a few highlights. By paying careful attention to the entropy argument,
Son and Surowka [4] have shown that quantum anomalies modify hydrodynamics at
first order in the gradient expansion. The authors of [5] worked out the systematics
of hydrodynamic field redefinitions as well as the full theory of first-order dissipative
superfluid hydrodynamics. By turning on a slowly varying background metric and/or
gauge fields and solving the fluid equations on that background, one accesses the full
suite of retarded hydrodynamic correlation functions at the level of linear [2] and
non-linear [6] response.

2. The hydrostatic partition function. The thermal partition function in a time-
independent, but slowly varying background dramatically simplifies compared to the
full partition function of a garden-variety interacting field theory. At T > 0, most field
theories have finite correlation length. In that case the hydrostatic partition function
can be expressed locally in a gradient expansion of the background fields [7, 8]. This
is a more general (and perhaps more precise) version of Luttinger’s argument [9] re-
lating local temperature to an external gravitational potential. The end result is that
one can parameterize the thermal partition function in the hydrostatic limit to any
finite order in gradients, independent of the details of the microscopic field theory.
Matching the response to hydrodynamics, one finds that the two can be matched only
if the equality-type conditions are satisfied. This puts the local second Law (and so
the interrelations it imposes on transport) on a fairly solid footing, insofar as most
of its predictions can instead be derived from the hydrostatic partition function.

By way of comparison with its relativistic cousin, non-relativistic fluid mechanics is
poorly understood. By non-relativistic fluid mechanics, we mean the textbook hydro-



dynamics of a Galilean-invariant system as presented in, say, Landau and Lifshitz [3]. At
present, it is not known how to systematically enforce the Galilean boost symmetry beyond
first order in gradients (or even to enforce the boost symmetry at first order in gradients
for a system with broken parity). As far as correlation functions go, the state of the art
is the canonical technique of Kadanoff and Martin [10], which only accesses a subset of
hydrodynamic correlators. That subset does not include the correlators that characterize
Hall transport. It is not understood how to couple the fluid mechanics to a background
spacetime. Even the fact that physics ought to be invariant under field redefinitions of the
hydrodynamic variables (that is, the act of transforming from one “hydrodynamic frame”
to another) is rather murky in the textbook treatment. Many of these problems are tied
to the fact that the Galilean boost symmetry is not manifest.

We endeavor to modernize non-relativstic fluid mechanics and thereby remedy all of
the deficiencies just mentioned.

The crux of our construction is that we do the most obvious thing imaginable: we
manifest all of the symmetries of the problem. In our earlier companion paper [11], largely
inspired by Son’s work [12-15], we deduced the local symmetries of a Galilean field theory
by putting such a theory on a curved background.? These symmetries include a local
version of the Galilean boost invariance. While we describe those results in some detail in
the next section, we present the highlights here so that we can summarize what we find for
non-relativistic fluid mechanics and thermal partition functions.

1.1 Summary of results for fluid mechanics

Rather than coupling to a metric as one does for a relativistic field theory, a d-dimensional
Galilean field theory couples to a version of “Newton-Cartan” (NC) geometry. The back-
ground fields therein are (n,, by, A,), where A, is a U(1) gauge field which couples to
the particle number current, n, effectively defines a local time direction, and h,, is a
rank—(d — 1) spatial metric. We demand that

Vv = Ny + Py - (1.1)
is positive-definite. One can thereby obtain the contravariant data (v*, h*") satisfying

n-v=1, hn, =0, huv” =0, huph”? = Py =6, —v"ny, . (1.2)

Because there is no underlying metric, one has to carefully distinguish between lower-
index (covariant) and upper-index (contravariant) tensors. Throughout this work, we will
sometimes raise indices, always doing so with the “inverse spatial metric” h*".

In constructing a Galilean theory, one obviously demands invariance under U(1) gauge
transformations and changes of coordinates. In addition, we impose a local boost symmetry,

20f course, Son and collaborators were not the only authors who considered this problem. See especially
the study of [16, 17] which obtained many relevant results for non-relativistic QFT and NC geometry
by way of holography. See [18-22] for other work in purely field theory terms. See also [23, 24] which
studied the local symmetries of non-relativistic, non-Galilean theories. Finally see [25, 26] which continued
the holographic studies just mentioned, although the formulation of NC geometry in those works differs
somewhat from that considered here.



known as invariance under “Milne boosts” in a subset of the NC literature [18]. Under it,
hu, and A, shift as

1
Ry = hyw — (s + b)) + nunyb? Ay = Ay + 1, — En,ﬂ/}? , (1.3)

where 1, is an arbitrary one-form satisfying v#1),, = 0. Here P2 = Yt = P, W As
far as upper index data goes, v* shifts as

ot — ot Pt (1.4)
and h*¥ is invariant. One can readily check that the simplest Galilean field theory,

it hHY
S = /ddxﬁ{z (\IJTDH\IJ - (D#qﬁ)\p) - 5D U'D, ¥+ V(\I/T\I/)} . (15)
with D, ¥ = (0, —imA,)V, is invariant under all of these symmetries.

It is easy to derive Ward identities from these symmetries [11, 15]. One first defines
the various symmetry currents through variation of the partition function with respect
to the various background fields, e.g. the number current J* is conjugate to A,. In our
conventions, there is also an energy current £/, a spatial momentum current P,, and a
spatial stress tensor 7T),,. The latter are spatial insofar as P,v* = 0 and T),,v” = 0. The
U(1) and coordinate reparameterization invariance lead to conservation equations for J*,
the energy current, and 7},,, while the Milne Ward identity is

Py =huJ”. (1.6)

This establishes the folklore theorem that momentum equals particle number current.

Now for hydrodynamics. Revisiting thermal field theory in subsection 3.1, we show
that the flat-space thermal equilibria of a Galilean theory are characterized by a temper-
ature T, a chemical potential p for particle number, and a boost-invariant fluid velocity
ut satisfying utn, = 1. In flat space with n = dzV, the velocity is just u*9, = dy + u'0;
where ! is the usual spatial fluid velocity one finds in Landau [3]. In fluid mechanics,
one promotes these variables (T, u,u”) to classical fields known as the fluid variables.
We can also put the theory on a slowly varying spacetime background. The one-point
functions (J*, &, Py, 1)) are then given in terms of (7', p1, u*), the spacetime background
(P, v, Ay), and derivatives of both. These expressions are known as constitutive rela-
tions. In supplying the constitutive relations, one works in a gradient expansion, and the
term n'" order hydrodynamics refers to the case where the constitutive relations have been
specified to O(9™). The fluid variables are then eliminated by demanding that J#, E#, &c
satisfy the Ward identities, which are in one-to-one correspondence with the (T, u, u#). In
this way, the Ward identities give equations of motion for the fluid variables.

There are two important steps that remain. The first is to specify the constitutive
relations in such a way that they are U(1)-invariant and transform as they ought under
boosts and changes of coordinates. The second is to impose a local version of the second
Law for fluid flows that solve the Ward identities. The trick in both cases is to manifest
the Milne symmetry.



While (E#,P,,T,,) all transform under the boosts, we find invariant combinations in
hydrodynamics. First, we can form a boost-invariant spacetime stress tensor 7"

TH =TH 4+ olPY 4 0" PH 4+ vkvn,J? (1.7)

where indices are raised with A*”. TH" contains all of the components of (J#,T},,). How-
ever, just using the currents and the NC data, there is no way to obtain a boost and
U(1)-invariant version of the energy current. In fluid mechanics, we have more options.
Using that u* is boost-invariant, we show that the energy current can be expressed as

= 1
EF = EHF 4 <u,, - 2nl,u2> T, (1.8)

where u, = hyu”, u? = u,ut, and EM is boost-invariant. The Ward identities can be
expressed in a completely boost-invariant way in terms of 7#”, £, and an appropri-
ate, boost-invariant definition of a covariant derivative Du- The connection T’ Hyp is given
in (2.30), and the Ward identities in (2.42)

One can then specify constitutive relations in a way that automatically implements the
boost symmetry by expressing 7" and £ in a basis of boost and U(1) invariant tensors
built from the fluid variables and spacetime background. For example, ideal non-relativistic
hydrodynamics, that is fluid mechanics to (9°), is just

TH = PhM* 4 pu'u” + O(0) , EF = cul + 0(0), (1.9)
where P is the pressure, p the number density, and € the energy density satisfying
dP = sdT + pdu, e=—P+Ts+ up. (1.10)

The physical energy current £# constructed from this data is

1
el = <€+2pu2> ut + P Pl'u” +O(0) . (1.11)
In flat space with n = da©, hydatds” = 6;;dx'dx? and w9, = Oy + u'd;, this energy
current is the usual one found in e.g. chapter 1 of Landau [3],

o :5+%pu2+(’)(8), £ = <6+P—|—;pu2> u' 4+ 0(09) . (1.12)
One can also deduce the number current and spatial stress tensor from 7, and in flat
space they coincide with the textbook expressions. That is, (1.9) repackages standard ideal
fluid mechanics in a way that manifests all of the symmetries.

With this machinery in hand, we discuss various systematic aspects of fluid mechan-
ics in section 4, including the local second Law and the role of field redefinitions of the
(T, p,u*). We go on to construct first-order normal fluid mechanics for parity-preserving
theories in subsection 4.4. Our result ends up just being a covariant version of the text-
book presentation [3]. The one-derivative transport is all dissipative and includes a bulk
viscosity (, a shear viscosity 7, and a thermal conductivity .



Life gets more interesting when we move on to the fluid mechanics of parity-violating
systems in two spatial dimensions in section 5. (Some time ago, we and collaborators
studied the corresponding problem for relativistic fluids in [27]. Our results here are eerily
similar upon translation.) We have in mind fluids of chiral molecules, anyonic fluids, &c,
in which parity is broken even in the absence of a magnetic field. We may as well stress
here that our analysis only holds for systems subjected to a O(9) magnetic field, and so
does not apply to quantum Hall states. We solve the positivity of entropy condition to
deduce the constraints on the constitutive relations. We then find that there are several
non-dissipative transport coefficients which are allowed by the local second Law.

For a particular definition of the fluid variables known as the Eckhart frame, the

constitutive relations are
EW = eu! 4+t
T = putu” + PhH* + 7+ | (1.13a)

where n# and 7/ are transverse to n, and 7#" is traceless. Then we find

P =P — 9+ B+ XB" + 0(0?),

P
=t (Xpe"Pn, B, + X7e"’n,0,T) + O(0%),  (1.13b)

' = —kU" — ke"Pn, U, —

T = —not” — net’ + (9(62) ,
and we have to unpack the notation. We use u* to define a boost-invariant version of A,

~ 1
A=A, +uy, — 5”#“2 ) (1.14)

whose field strength is FW, along with a boost-invariant derivative Du through a boost-
invariant connection I'#,, in (2.30). Then the various tensors in (1.13) are

. 1 _
E, = F,u", B = 56’“"%”pr, (1.15a)
EZ} = (Oyny — Oyny) u”, B" = &"*n,0,n,, (1.15Db)
- 1/ =~ - 2
7.9 = Duu“, O'MV = 5 (DMUV + DV'U/M — dlhuy'l?> s (115C)
1
U,= (6’“ + EZ}) T, ot = 3 (" nyoy + €Pnyol) . (1.15d)

Here e"P = # with e*”? the epsilon symbol, the shear tensor ¢#* has the property that
otn, = 0, and in the last line the index of 0¥ is lowered with h, .
The local second Law enforces

¢>0, x>0, 7>0. (1.16)

The dissipationless transport coefficients in (1.13) are the Hall viscosity 7, anomalous
thermal Hall conductivity &, a magnetic susceptibility M and an “energy magnetic” sus-
ceptibility M, all of which are unconstrained by our analysis

neR, keR, M e R, M, eR. (1.17)



The remaining response coefficients (Xg, Xn, XE, XT) are determined by M and M,, as

Vo — 8j Taﬂ_i_ %_M + aj 87M

=\ ), " or T ou op ). o

i ap M,  IM, P\ [OM,
w=(50), (%7 e —2m) + (57) (%5 + ).

o {5 n( )

(1.18)

ou ou
. oM oM oM, oM,

where R = EJFLP, and derivatives with respect to 1" and p are taken at fixed p or 1. Were it
not for the entropy condition, the x’s would be unconstrained, however the entropy current
imposes the equality-type relations (1.18) among them. M and M,, can be understood
as the response of the partition function to a magnetic field B or “energy magnetic field”
B" in the source-free thermal state. In this sense, M and M,, are the magnetization and
“energy magnetization” of the state in zero magnetic field.

The Hall viscosity 1 and anomalous thermal Hall conductivity % characterize dissi-
pationless, out-of-equilbrium transport. However, the parameters M and M, are hydro-
static data. The corresponding response coefficients (x g, Xn, XE, XT) contribute to zero-
frequency, low-momentum correlation functions. While we have the tools available, we
postpone the computation of Kubo formulae and hydrodynamic correlators for future work.

There is a great deal of physics to unpack in the first-order transport (1.13). In the
interest of brevity, we limit ourselves to the following observation. In gapped relativistic
field theory at 7' = 0, the partition function can be expressed locally in a gradient expansion
of the background fields. One can have Chern-Simons terms, and the corresponding Chern-
Simons levels are physical modulo an integer, as the addition of local counterterms can
only modify the level by an integer. Moreover, the level does not depend analytically on
coupling constants that do not close the gap. An electromagnetic Chern-Simons term then
leads to a Hall conductivity and zero-field magnetization which are equal and moreover do
not depend smoothly on coupling constants. However, at T' > 0 both of these properties
simply disappear. This is already visible in hydrodynamics [27] — the Hall conductivity
and magnetization are independent transport coefficients which can vary with 7" and y —
but one can also understand it from effective field theory. At T > 0 there is no longer a gap
owing to the hydrodynamic modes, and so the partition function can no longer be written
in a gradient expansion of the background. The local object is the Schwinger-Keldysh
effective action for the hydrodynamic modes. So much for the Hall conductivity. In a
screened phase, the magnetization can be computed from the hydrostatic partition function,
which can be written locally on the two-dimensional spatial slice. So the magnetization is
no longer related to a Chern-Simons level, and it typically varies smoothly with coupling
constants. For example, the magnetization of the theory of a massive Dirac fermion goes
like tanh(m/T).

A similar set of statements seems to hold in non-relativistic field theory. In gapped
Galilean theories at 1" = 0, there are also Chern-Simons terms in the partition function [28]



which govern the electromagnetic Hall conductivity and the Hall viscosity [29]. As in the
relativistic case, the levels are physical modulo an integer and do not depend smoothly
on coupling constants. However, in hydrodynamics we see that see that the Hall response
can smoothly depend on coupling constants and the state. We can understand this from
thermal field theory in the same way as above.

There has been some previous work studying parity-violating non-relativistic fluid
mechanics in two spatial dimensions. The Hall viscosity was identified long ago [30, 31] in
the context of quantum Hall states. More recently there have been three papers which have
studied this problem more systematically [32-34]. We postpone a detailed comparison until
the appendix, wherein we find disagreement with the results of Kaminski and Moroz [32]
and trivial agreement with Banerjee, et al. [33] when the only global symmetry is particle
number. Geracie and Son [34] have recently studied the magnetohydrodynamics of the
lowest Landau level, which is not analytically related to our work for the usual reason that
the B — 0 and low energy limits do not commute.

1.2 Summary of results for thermal partition functions

Above, we referred to the results obtained in [7, 8] for the hydrostatic partition function
of relativistic field theory. By “hydrostatic,” we mean the thermal partition function of a
theory in a time-independent background which varies over long wavelengths. In section 6
we perform the corresponding analysis for Galilean field theories.

We set the stage in section 3.1, where we review how the usual sum over states in
the thermal ensemble is related to Euclidean field theory in flat space. The idea is simple:
given a real-time, time-independent background, one can form a thermal partition function
using the operator H, that generates time translations in that background. For theories
with a functional integral description, this partition function can be mapped to a functional
integral over an analytic continuation of the original spacetime. In coordinates where time

0 0 = —jrp and then compactifies 75 ~ 75 + .

is °, one just analytically continues it as =
These “Euclidean” spacetimes have the topology of a fiber bundle, wherein the thermal
circle may be fibered non-trivially over a spatial base. See figure 1.

We mostly work with a covariant version of this construction, like that in [7], but we
also show how the NC background and symmetries work in an explicitly time-independent
gauge as in [8]. Each approach has its relative advantages and disadvantages, but both are
equivalent when it comes to describing the hydrostatic partition function. In each case,
one can form a local temperature 7', local chemical potential u, and local fluid velocity u#
from the spacetime: 7' is the inverse integral of n, around the thermal circle, /T is the
logarithm of the boost-invariant holonomy of A, around the circle, and u* is a normalized,
analytically continued tangent vector to the circle.

Most field theories at T' > 0 are screened, meaning that the correlation length is
finite. This in turn implies that the thermal partition function, as a functional of time-
independent couplings, can be expressed locally in a gradient expansion. It can be written
either in an explicitly time-independent gauge on the spatial slice, or covariantly on the
Fuclidean spacetime provided one writes terms using the background fields as well as

(T, p, ut). Using this result, we go on in subsections 6.3 and 6.4 to parameterize the most
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Figure 1. A depiction of the Euclidean manifolds from which we construct thermal field theory.
There is a thermal circle at each point on the spatial slice, whose size and orientation vary smoothly
as one moves around in space. The spacetime is invariant under uniform translation along the circle.
The total structure is that of a (thermal) circle bundle.

general possible zero and one-derivative terms that may appear in the hydrostatic partition
function, as well as the corresponding stress tensor and energy current. We term this stress
tensor and energy current the hydrostatic response — it is dissipationless response which is
encoded in Euclidean field theory. Anyway, the zero-derivative part just recovers ideal non-
relativistic hydrodynamics in curved spacetime (1.9). The one-derivative part vanishes in
a parity-preserving theory, but can be non-vanishing when parity is violated. This recovers
the usual statement that there is no parity-preserving dissipationless response in first-order
hydrodynamics.

In two spatial dimensions, there are two functions of state which characterize the
one-derivative term in the partition function. By computing the stress tensor and energy
current and matching to hydrodynamics, we find that these functions are exactly M and
M,, that appeared in our summary (1.13) and (1.18) of hydrodynamics in this setting. The
Hall viscosity 7 and anomalous thermal Hall conductivity & characterize out-of-equilibrium
dissipationless transport, and therefore are unconstrained by hydrostatics.

Recall that the x’s would be free functions of state were it not for the entropy condition,
which determines them in terms of M and M,, via (1.18). Combining this with the previous
paragraph, hydrodynamics matches the partition function only if one demands the equality
conditions mandated by the local second Law. We conjecture that this is true in general.
Just as in the relativistic setting (see especially [35]), this provides strong evidence that
the local second Law is bona fide rather than ad hoc.

In three spatial dimensions, we find that there are three terms which can appear at first
order in gradients. Each of these is a Chern-Simons on the spatial slice, so the couplings are
pure numbers rather than functions of state. These Chern-Simons coefficients lead to one-
derivative hydrostatic response which is exactly fixed by the Chern-Simons couplings and
thermodynamics. Presumably this implies that, rather like relativistic hydrodynamics with
anomalies [4], non-relativistic hydrodynamics may be modified at first order in gradients
by transport which is determined by pure numbers.



In subsection 6.5, we describe how all of this technology can be used to describe the
zero-energy, low-momentum effective action in a superfluid phase. This is the hydrostatic
effective action for the Goldstone mode of the superfluid. We classify the effective action
at zeroth order in gradients, from which we obtain a covariant version of ideal superfluid
hydrodynamics. Finally, in subsection 6.6 we sketch out how the introduction of a mag-
netic moment, which modifies the action of the Milne boosts, can be incorporated in the
hydrostatic partition function.

1.3 The plan

The outline for the rest of this article is as follows. We summarize prerequisite material in
section 2, including the salient results of our previous work in subsections 2.1 and 2.2. In
subsection 2.3, we develop the technology to express derivatives, one-point functions, and
Ward identities in a manifestly boost-invariant way.

Section 3 lays the foundation for the rest of the paper. We revisit the Euclidean thermal
field theory of Galilean systems in subsection 3.1. We go on to set up the constitutive
relations in a gradient expansion and classify boost-invariant tensors with one derivative.

The heart of our analysis is found in section 4, where we establish the hydrodynamics of
normal fluids at zeroth and first order in the gradient expansion. Along the way we obtain
a number of useful results, including a discussion of hydrodynamic field redefinitions, the
form of the canonical entropy current, and a modern presentation of the local second Law.

As a non-trivial application of these tools, in section 5 we classify the hydrodynamics
of parity-violating normal fluids at first order in gradients. The parity-violating response
is dissipationless, and to constrain it we employ a version of the local second Law known as
the adiabaticity condition (which in the relativistic case first appeared in [36]). We thereby
classify the parity-violating transport we already summarized in (1.13).

Section 6 is a paper within the paper. We systematically study the thermal partition
function in the hydrostatic limit to first order in gradients, and compute the corresponding
hydrostatic response. We also show that this technology characterizes hydrostatics in a
superfluid phase. We conclude with some future directions in section 7 and compare with
previous work in the appendix.

Without any further ado, let us put our hands to the plow and not turn back.

2 A primer to Galilean-invariant field theory in curved spacetime

We begin by recapitulating the proposal made in [11] by which Galilean theories ought to
be coupled to M. Newton-Cartan geometry is an integral ingredient of that proposal, and
since this geometry is rather esoteric to most theorists, we also review it here. refs. [19, 37,
38] were rather useful when learning Newton-Cartan geometry and we refer them to the
interested reader.

To our knowledge, the first place where the torsional Newton-Cartan geometry was
properly discussed was in the holographic analysis of [16]. The results for the defining
data, connection, &c obtained there agree with those below up to translation. However,
the Milne boosts are absent from their discussion.
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2.1 Newton-Cartan geometry and Milne boosts

There are various notions of Newton-Cartan geometry. Here we present the one relevant
for the proposal of [11]. Given a smooth orientable d-dimensional manifold M, we de-
fine a Newton-Cartan geometry on it by equipping M with various tensor fields. There
are various equivalent ways of parameterizing the tensor data. One is to equip M with
(ny, hyw, Ay), where A, is a U(1) connection. Here hy,, is a symmetric rank-(d — 1) tensor.
n, and hy, are almost, but not quite arbitrary, in that we demand that h,, is positive
semi-definite and that the tensor

Vv = Ny + Py (2.1)

is rank—d and so invertible. Equivalently, we demand that +,, is positive-definite and

so equips M with a Riemannian metric.®> Denoting its inverse as v*, we define the

contravariant tensors v* and h*¥ via
ot =~+*"n,, WY = A — phy¥ (2.2)
which then satisfy (on account of v*n,n, = 1)
nyot =1, huv” =0, hn, =0, h*fhy,, = Pl = 6§ —vt'n,, . (2.3)

The one-form n,, effectively defines a local time direction, and h,, may be regarded as a
metric on spatial slices. Alternatively, one can treat (v¥,h*”, A,) as the defining data of
Newton-Cartan geometry, form the invertible v** = v#v” 4 h#¥, and then reconstruct n,,
and hw-4

One immediate benefit of the Newton-Cartan structure is that it provides a local
expression for the volume form on M, by regarding v,, as a Riemannian metric. Defining

Y= det(%ﬂ/) )
the volume form on M is
1
vol(M) = aem_._uddaz“l Ao A dot Eutopig = V€1 pig > (2.4)

with €,,..,, the epsilon symbol satisfying €1, 4—1 = +1. More concisely, the covariant
measure appearing in integrals is ddx\ﬁ.

One can uniquely define a covariant derivative from this data, in analogy with the
uniqueness of the Levi-Civita connection in Riemannian geometry. Our convention is that
the covariant derivative acts on e.g. a neutral (1,1) tensor T#, as

D, ,=0,%,+1",%,—17,,%;. (2.5)
To fix the derivative, one first demands the covariant constancy of (n,, h"?),

Dyn, =0, D"’ =0, (2.6)

3This metric is, sadly, rather useless in most of Newton-Cartan geometry, as it varies under the boost
symmetry we discuss below. Its determinant, however, is boost-invariant.
4We thank Andreas Karch for discussions on this point.
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along with that the geodesic acceleration and curl of v# are determined via
v Dyt = —FHF 0", DFyY — DVt = FHY (2.7)

where F),, is the field strength of A, and indices are raised with A*”. Finally, one demands
that the torsion of I' is completely temporal, i.e.

T, =T*,,-T",,, huoT%p = 0. (2.8)
The unique connection satisfying these criteria is

1
*,, = v"9,n, + 5h#" (Ovhpo + Ophve — Oshyp) + 0, Fpyo

(2.9)
T, = o' F7,,
where (square) round brackets indicate (anti-)symmetrization
) _ Ly vp w] _ L g vp
A _§(A + AYH) | A _i(A — A"H) | (2.10)
and we have defined
Fl, = 0uny, — 0yny, . (2.11)

See [11] for details (the case with dn = 0 was worked out in [37]).
Using this connection, we can decompose the derivative of v* into scalars, vectors, and
tensors of the residual rotational symmetry which fixes v* as

1 by
DM'UV = —nqu’; + §(Bv)uy + hf,upa-zl;p + ﬁﬁv ; (212)
where
(Ev)u :FM,/UV, (Bv)lw :P[ZPZ(/TFPU7
v 1 v v 2 v
ﬁv:Duvu, O'g :2<DMU +D Uu_ﬁhu 191)) )

and indices are raised with h*”. Both FE, and B, are transverse to v*, o, is transverse to
ny, and o, is traceless. Moreover,

h

1"

1
ol = 5/1“%””‘,é‘vh,)(7 —
where £, is the Lie derivative along v#. Using the definition of ¥, and o}”, this last
equation is equivalent to
2DHY) = WHPRYT £ By .

This decomposition will be useful later.

The other crucial ingredient in [11] is a shift symmetry, which is known in the Newton-
Cartan literature as invariance under “Milne boosts” [18, 19]. Under the boost, the velocity
v* is shifted by a transverse vector in such a way as to preserve the defining relation
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nu(v)* = 1. Accordingly, h,, is also shifted to preserve e.g. (k). (v")” = 0. The most
general such shift may be parameterized by a transverse one-form 1, via

(W =o'+ 0y, (W) = b — (nuPf + 1, PY) Wy + nuny b7 ¢,0, . (2.13)

The gauge field A, also shifts under Milne boosts. One way of deducing its variation is
to consider the simplest Galilean-invariant theory, that of a free field ¥ carrying charge m
under particle number with action

i 64

Stree = /ddx {Qxlﬁ Dol — mDixpTDj\p} , (2.14)
g

with U7 D, ¥ = ¥1D,¥ — (D, ¥")¥ and D,V = 9,V — imA,V. There is an obvious way

of putting this theory on M, namely to take the action to be

ok hHv
Seor = /ddazﬁ 29D, v - 2D, D,V (2.15)

2 2m
This action is manifestly invariant under coordinate reparameterization and U(1) gauge
transformations. What about Milne boosts? It is easy to show that the measure /v is
Milne-invariant. It then remains to fix the variation of A, under Milne boosts by demanding

that Sy is invariant under the shifts of (v¥, hy,) in (2.13), which gives®

1
(A/),U« = A,u + Pﬁwu - inphyp¢uwp . (216)

The connection I' defined in (2.9) is not invariant under the boost. It varies as

2
Ay, = D7 {(%w Pg + 0o By + Oon ') o + % (m9pna) + n,,a[yn(,])} 7
(2.17)
where Ay denotes the additive variation under a Milne boost. Unfortunately, there is no
way to make the connection I' invariant under both U(1) gauge transformations and Milne
boosts just using the Newton-Cartan data.

One can also formulate NC geometry in terms of a frame and spin connection. See [19]
for a discussion at dn = 0 and [16, 17] when dn # 0. The frame bundle can be consistently
reduced from a GL(d) to a PGal(d) bundle, where PGal(d) is the group of Galilean boosts
and spatial rotations. Denoting the coframe as flf‘ and frame as F), one has fg =ny,
and W = §% FZ.” F;’. The spin connection has nonzero components wiju and wiou, with

5This shift symmetry is present even in the flat-space theory. In that case it acts as
Ao — Do + ',
Ao — Ao — %wwi,
Ai = Ai + s,

for 1); a spatial covector with an arbitrary dependence on space and time.
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W(ij)u = 0. Taken together, these impose D,n, = 0 and D, h*? = 0, but [11] one must also
impose the curvature constraint that

—2h,, D" = Fy . (2.18)

plu

This effectively fixes wip A f76;; ~ F as described in [11].

The local Galilean boosts mentioned above are very similar to the Milne boosts, in that
they shift F' (which satisfies F'n,, = 1) by a vector transverse to n,. If we could further
restrict the frame to satisfy F}' = v*, then they would indeed be the same symmetry.
However, the final constraint (2.18) precludes us from restricting F} = v* as explained
n [11]. So the Milne boosts and the local Galilean boosts are not the same symmetry.

2.2 Symmetries and Ward identities

We are now in a position to state the proposal of [11]. In putting a Galilean-invariant
theory on M, one should couple it to the Newton-Cartan data (n,, h,., A,) in such a way
that it is invariant under reparameterizations of coordinates, U(1) gauge transformations,
and the Milne boosts. The Milne boost invariance effectively imposes a local version of the
Galilean boost invariance.

To see this, we first define the various symmetry currents via variation of the generating
functional W of correlation functions. In what follows, our discussion closely parallels the
derivation of Ward identities in [15] and our previous work.

To make contact with the literature, it is convenient to regard W as a functional
of an overcomplete set of background fields, namely (n,, h*,v*, A,) (recall that n, is
algebraically determined by v* and h*"). Then W is a functional Wn,, h** v*, A,]. The
particle number current J#, momentum density P,, energy current £/, and spatial stress
tensor T}, are given via [11, 15]

1 _
SW = /ddx\ﬁ {Muﬂ — dn,EF — 60" P, — 25h“”T,W} : (2.19)

Here we have implicitly taken the variations of n, to be arbitrary, so that some of the
variations of (v#, h*") are fixed as
ot = —v”dny ot + PEOTY |

_ (2.20)
ShM = — (VMR¥P + v” hi*®) n, + PI PSR

with 6o* and 6h*” unconstrained. Note that the momentum and spatial stress tensor
defined this way are completely transverse to v*. The invariance of W under the symmetries
of the problem leads to various Ward identities for the currents. In particular, invariance
under Milne boosts gives the folklore equality of momentum and particle number currents

Py =huJ”. (2.21)

Using this relation, the Ward identities corresponding to invariance under U(1) gauge
transformations and coordinate reparameterizations can be efficiently written in terms of
a spacetime stress tensor [11]

TH =TH 4+ Pry” 4 Pk 4+ vtvn,J? (2.22)
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where indices are raised with A*Y. In terms of 7Y and the covariant derivative defined
from (2.9), the remaining Ward identities become [11]

(D = Gu) € = Gu&X — hyp Dy TH

(2.23)
(Dy = Gu) TH = —(F™")",EY,

where
G.=T" 0 = —F[fyv”. (2.24)

The covariant divergence appearing here is somewhat strange, but at least for vectors it is
just the ordinary notion of a divergence with a volume element /7,

1

(D — Gpu) ot = Vel

Oy (/01 (2.25)
where v* is any vector field.

Note that the longitudinal component of the stress Ward identity (2.23) is the conser-
vation of particle number,

nu (Dy —G) T = (Dy — Gu) J* = 0. (2.26)

Here we have used (2.21), the constancy of n,, and n,(F")*, = 0.

The spacetime stress tensor 7#” not only simplifies the Ward identities, but it has
the property of being invariant under Milne boosts [11]. The Milne variation of the energy
current can be deduced from this, the variation of the connection under Milne boosts (2.17),
and the Ward identities (2.23). The variation is [11]

1
€= e = (Pu,— o) T (227
This will be especially useful when we turn our attention to hydrodynamics.

2.3 A Milne covariant derivative, and a boost-invariant energy current

At this point it is rather difficult to form tensorial invariants under all of the symmetries
of the problem. Both the connections A, and I'*,, are not invariant under Milne boosts,
so that the covariant derivative is not Milne-invariant. This deficiency can be somewhat
ameliorated by a tensorial redefinition of I' using terms that explicitly depend on A, rather
than F),,. Unfortunately that redefinition varies under U(1) gauge transformations.

One way to proceed is to build a d 4+ 1-dimensional Lorentzian manifold with a null
isometry from the Newton-Cartan data, as outlined in section 3 of [11]. Here the connection
A, is the graviphoton of the reduction, and the Milne boosts correspond to an ambiguity
in the identification of the Newton-Cartan data from the d + 1-dimensional metric. That
is, tensorial data on M can then be obtained by constructing tensors from the metric and
null isometry in one higher dimension.

There is another way which will prove much more useful in this work. Suppose that
we also equip our spacetime with a Milne-invariant vector field u* which is everywhere
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timelike, meaning n,u* > 0. Normalize v* so that n,u* = 1. In hydrodynamics, we will
see shortly that Nature graciously provides just such a vector field in the fluid velocity.

We can use u* to construct a Milne-invairant covariant derivative as we now show.
Using h,,, to define u, = h,,u" along with u? = u,u”, these objects inherit transformation
properties under Milne boosts from the variation (2.13) of hy,,

(u,),u = Uy — Pﬁwu + n,uhyp (@bu@bp - Uu¢p) .

(2.28)
(W)? = w® + 9> = 20" w4,
so that the combination —u,, + %nuu2 varies as
1 2 ' 1 2 v 1 2
—uy, + g’ ) =~ + 5wt + Py — §”u¢ . (2.29)

Note that this covector transforms under Milne boosts in the same way as A,. Indeed, we
can use this covector to define a new gravitational connection I and U(1) connection A
which are invariant under Milne boosts

. . 1 1
re,,=T",,+h" {uga[pnl,} — <ul, - 2nyu2> Opno) — <up - 2npu2> O]

) } (2.30)
i 2
Au:Au+“u_§”uu .
Both of these objects clearly transform as connections under diffeomorphisms and U(1)
transformations, as they are the sum of a connection and a gauge-invariant tensor. The
covariant derivative D defined with the connections I' and A has the property that its
derivative of Milne-invariant tensors is also a Milne-invariant tensor. So we refer to D as
the Milne covariant derivative.5

What are the derivatives of n, and h#*" under D? To efficiently proceed, we first
observe that from the data (n,, h*",u") one can define a Milne-invariant version of h,,

h,uzz = h;w - (U,unu + uunu) + u2n,unu ) (2'31)

which satisfies

huwu’ =0,  huh? = P! =6 —u'n,. (2.32)
From this we find that I’ can be simply written in the same form as the Newton-Cartan

connection I' in (2.9), upon substituting the Milne-non-invariant data (v*, h,., A,) for the
Milne-invariant data (u*, h,“,,A ). That is,

. 1 N - - .
Dy = wOpm, + ShH7 (&,hpa + Oyl — aah,,p) + 1P, Eyy

(2.33)

B TH B n
T, =T%",, Fpl,_quV,

SEssentially the same construction is at play in [39], where those authors implicitly define a non-local
ut in 2 4+ 1 dimensions by demanding Fj,u” = 0 and u*n, = 1.
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where we have denoted the field strength of A as F = dA and defined the torsion of T as
T. The calculation that shows this is mechanical and a little laborious, but let us show the
highlights. We write out I in (2.33) as

f‘“l,p =TI, + h’w{uga[pn,,] - (u,, - nyug) pno) — (up — nqu) g
1 2
_n,,a[pug} — n,ﬁ[yu(,] — in,,np&,u

1 1 1
+nu0pUe] + Np0) e — fn,,u28[pno} — fnpu28[l,ng] + §nl,np80u2

! ! } (2.34)

. 1 1
=TI, +h* {uaa[pnl,] — (ul, — 2nyu2) Opno) — (up — 2npu2> B[Z,na}} ,

which coincides with the expression for I' given in (2.30). The terms with u in the first and
second lines of the equation above come from intelligently rewriting the first and second
terms in (2.33), while the third line comes from writing out the terms with F.

Since T is of the same form as I in terms of (ny, R, u, izw,, flu), we can immediately
borrow the various properties of I' (e.g. (2.6) and (2.12)), giving

Dyn, =0, Buh”p =0, u’Dyut = —F*u DMy? — DVt = FH | (2.35)

and
2DHy") = hPPRYE £y . (2.36)

The output of this is the following. A general Milne-invariant tensor built from the
Newton-Cartan data and u* may be constructed from the data (n,, ", u*, iLw/, /Nlu) and
the Milne-covariant derivative (2.30). In the context of hydrodynamics, this result will allow
us to efficiently express the constitutive relations in a manifestly Milne-invariant way.

Before moving on, there are two more useful results which we may as well establish
here. Recall that spacetime stress tensor 7#” is Milne-invariant, but the energy current
&M is not. Its Milne variation was given in (2.27). Using (2.29), we can then construct a

Milne-invariant energy current £* as

EH=¢Er— <u,, - ;nlﬂf) T (2.37)

We now rewrite the Ward identities (2.23) in terms of it and the Milne covariant derivative.
We first define Q~M from the torsion for ﬁu in analogy with the definition of G,

Gu=T" =—FLu". (2.38)
It is easiest to begin with the stress tensor Ward identity. We straightforwardly obtain
(D= G) T + (Fy,e” = {(Dy = G,)) T + (P, }

[ )~ (s ) 7o 0. O
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Next, using (2.25), which here implies

(Dy = Gu) v = —= f O (VA0") = (D = Gu) 0", (2.40)

along with the stress tensor Ward identity, we find that the Ward identity for the energy
current becomes

(D = Gu) € = Gu&EM + iy, Doy v TH
= (D“ — g]L + Fl’]pvp> [é“ + (ul, — ;nyu2> T’“’} + R Dopyo? TH
— (Du—Gu) &+ Fpurér (2.41)
+ (D(u“t/) + hp(uDoyv” — %”(MDV)UQ + (“(u - %n(u ) F) “p> ™
— (Du = Gy) &+ Fpu € + by Dypyur T

Putting the pieces together, the Ward identities (2.23) may be expressed in a manifestly
Milne-invariant way as

(0180 =80
N ) (2.42)
(Do~ G) T = —(F™)

2.4 Including a magnetic moment

Recently, Son [14] (and Son with collaborators in [15]) has added a magnetic moment
coupling to the free field action (2.14) in a way that is invariant under his non-relativistic
“general covariance.” In [11] we showed that this modified theory can be written in a
manifestly reparameterization and U(1)-invariant way as

S, / ddx\f{ .- o (h‘“’ ng s‘”’) D, DZ,\II} : (2.43)

erve 12

= with €*? the epsilon symbol satisfying €''? = +1.

where e#” = eP#n, and e*P =
This theory is Milne-invariant provided that the Milne variation of A, is modified as

1 S _vpo o
(A)y = Ayt Bty = St + nuf—ma P78, (npPvq) . (2.44)

We will not consider the theory with g; # 0 for much of this article. However here
we point out that using the same logic of the previous subsection, we can use u* to define
a Milne covariant derivative. The Milne-invariant gravitational and U(1) connections are

given by
14 1 9s vpo
(Agu = Ay + Bjjuy, — 5”#“2 + My € P70, (npuq) (2.45)
1 - - -
(Lg)vp = uMOpny + §hlw (@hm + Ophuo — agh’/ﬂ) + huan(V(Fg)p)U ) (2.46)

where F; = dA,.
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3 Basics of lifeat T' > 0

We now turn our attention to general features of hot Galilean field theory. We begin
with Euclidean thermal field theory, paying careful attention to the geometry on which the
thermal partition function depends. Using these results we pave the way to formulating
Galilean hydrodynamics in a coordinate-independent way.

3.1 Euclidean field theory and thermal circles

Consider a Galilean theory in flat space without global symmetries (the extension of our
work to theories with global symmetries is straightforward). The flat background is speci-
fied by

n=da?, hydat @ dz” = (5ijda:i ® da | A=0. (3.1)

Now turn on a temperature T'= 1/ and chemical potential p in the rest frame in which
time is 2. Denoting the generator of time translations at g = 0 as H and the generator
of particle number as M, the thermal partition function of the theory is

Zp =tr <€7ﬁ(H7M0M)) . (3.2)

For theories with a functional integration representation, Zg is the functional integral on
the Euclideanized spacetime S! x R?! in which we Wick-rotate 20 = —izp, compactify
imaginary time as xp ~ xg + 3, and put a U(1) holonomy around the circle.” In order
to get the partition function (3.2), the holonomy experienced by a particle of charge ¢
transported around the circle is exp(Suoq). This can be done by turning on a constant
A = podz® = —ipgdr g, so that

exp (ia [ 4) = exp (k" 4,) = exp (Bpa) (33)

Note that the tangent vector K% to the thermal circle is dp = 9. It is useful to define
K¥ = —iKg,, which is the real, timelike (in the sense that n,/K* > 0) vector which we get
from K, after “un-Wick-rotating” back to ordinary time. In this case we have K#0, = 0y
so that trivially n,K* = 1.

In what follows, K* will play a pivotal role. We use it to construct the relevant
Euclidean geometry for a more general equilibrium in two steps. First, we Wick-rotate the
affine parameter 7 along the integral curves of K* (the curves to which K* is tangent).
In this case the affine parameter is just ordinary time 2°. Then we compactify the Wick-
rotated affine parameter, 7z, with periodicity 5. Provided that K* generates a symmetry
of the background, then there is an conserved charge H, which generates translations along
7, and the functional integral on this Euclidean geometry gives

Zp =tr (e_'BHT) . (3.4)

"Actually, this is not entirely correct. The functional integral usually differs from the sum over states
by a term which only depends on the background fields. This term arises when passing from the canonical
to grand canonical ensembles. It is important for instance when relating any torus partition function of a
two-dimensional conformal field theory with chemical potentials to a sum over states.
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In this instance, the operator which generates translations in 7 at nonzero ug is H — uoQ,
so that this partition function indeed matches (3.2).

Naively the temperature of the thermal state is 1/8. This is almost true. Suppose
that we take the vector K* to be K0, = c0y rather than dy. Then running through the
construction above, we find that zg/c has period 3, so g has period ¢f from which we
would identify the temperature to be T'=1/(c¢/3). In general, the physical temperature is

1

T——
B, K+’

(3.5)

or the inverse of the integral of n, around the thermal circle. Similarly, the physical
chemical potential is defined through

K0 nesp < /C A) | (3.6)

which implies that in this time-independent gauge,

K*
o =w'A,,  ut=

= (3.7)

Here we have defined a normalized vector u* which satisfies u#n, = 1. Shortly, we will see
that this definition of the chemical potential is not boost-invariant (which is not surprising
as A, varies under Milne boosts), after which we will abandon this definition in favor of a
boost-invariant version of p.

A corollary of this result is that a rescaling of 8 can be absorbed into a rescaling
of K* in such a way as to keep the physical temperature fixed. That is, observables only
depend upon S as well as the overall normalization of K* through the invariant combination

T= W So we find it convenient to parameterize the dependence of observables on 3
and K* through the physical temperature 7" and “velocity vector” u* = nf;,, satisfying

ubn, = 1.

Since there are many symmetries of the flat Newton-Cartan structure (those symme-
tries are generated by the centrally extended Galilean algebra), we can study more general
partition functions in flat space. Let us discuss these first from the point of view of algebra,
and then from Euclidean field theory.

From the algebraic perspective, the most general thermal partition function in flat
space has a Boltzmann weight which is constructed from a linear combination of the gen-
erators of the Galilean algebra. Those generators are (H, P;, R;j, K;, M). We have already
discussed H and M; the P; generate translations, R;; spatial rotations, and K; the Galilean
boosts. For instance, a Boltzmann weight exp (—ﬂ (H — uM — w¥ Rij)) corresponds to
thermal field theory at a temperature 7' = 1/, chemical potential u, with a chemical po-
tential w® for rotation.® Because [R;;, Py] and [K;, P;] are nonzero, chemical potentials for

8Note that unlike in the relativistic case, a rigidly rotating non-relativistic fluid is perfectly consistent
with causality, so that one need not put the theory on a compact spatial manifold in order to consistently
study thermal equilibria with w® 2 0.
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rotations and boosts break translational invariance. So the most general Bolzmann weight
for a translationally-invariant flat-space equilibrium is

exp {—5 [H +u'P; — <u0 + “22) M] } . (3.8)

The reason for the redefinition of the chemical potential pg — po + "2—2 will be clear shortly.
Now recall that in the Galilean algebra we have

[H,K;] = —iP; [P, Kj] = —idi; M, (3.9)
with M central. Then

o B [H—l—uiPi—(Mo-ﬁ-%)M] — 'K = BIH—poM] jiv K; ’ (3.10)

so the equilibrium described by (3.8) is just a boosted equilibrium with Boltzmann weight
exp {—f [H — poM]}. Note that this result tells us that a rest frame chemical potential p
is perceived to be a chemical potential pg + % in a relatively boosted frame. That is, the
boost-invariant chemical potential is = pg + “—22

Now for Euclidean field theory. As we mentioned above, the Euclidean background
corresponding to some partition function is constructed from a real-time background using
the operator H which generates translations in some symmetry direction. In this setting,
a symmetry is generated by a combination of a vector field K*#, a Milne boost ¥, and a
gauge transformation A g, which we collectively denote as K = (K*, ¢, Ax). We denote
the action of K as dx. For instance, K acts on the gauge field A, as

Sk Ay = LAy + Pl + 0uMk (3.11)

for £ the Lie derivative along K*. These transformations generate an algebra. It is easy
to find the K which fix the flat Newton-Cartan structure, and using this algebra, these K
are exactly the generators of the centrally extended Galilean algebra. See e.g. subsection
2.4 of [11] for details. The K which correspond to H and the P; are

H=(-8,,0,0), P =(—8,00), M=(0,0,1). (3.12)

What is the Euclidean thermal field theory version of (3.8)7 On the one hand, we
know that it is the functional integral on a Euclidean spacetime in which we take K* to be
a linear combination of Jy and the 9;. On the other hand, our algebraic discussion shows
that it is just a boosted version of the partition function on S! x R%~! as described above.
Let us see how both of these versions work, starting with the background corresponding to

K“@u = u“@u = +u’81

Following our discussion above, the Euclidean background is constructed by Wick-rotating
the affine parameter along the integral curves of K*, which here is 2% 4+ u;2?, and compact-
ifying with periodicity 8. The physical temperature is
1
T e = -,
Bn,uK B B
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but to get the right chemical potential ug + “2—2 we need
u? ;
A= <MO - 2> da® + udat (3.13)

up to a constant covector which annihilates u*. To see this, the holonomy experienced by
a charge ¢ particle transported around the thermal circle C is

exp <iq /C A) = exp (BgK"A,) = exp [ﬂq <u0 + “;)] , (3.14)

as it ought to be.

We can get this same background by a boost. Starting with the flat background above
before Wick-rotation, a Galilean boost is a combination of a coordinate reparamterization
and a Milne boost,

2" =2, a2 =2t 4 w2l Vi = ;. (3.15)
Under this transformation the geometric data (n,, hy,) is invariant,

n=dz’ = dz"°, hyydat @ dx” = 5ijdxi ® da? = (5l-jdx'i ® da' (3.16)

while the gauge field A = pgdx? shifts as
u? ,
A, — </_,LO — 2) dl'/o -+ 'U;idl‘ll 5 (317)

which recovers (3.13) in the primed coordinates. Previously, the tangent vector to the

thermal circle was (¢ times) the analytic continuation of K*#0, = 0y. After the coordinate

transformation we have K#9, = 830 + ut ag/i' So instead of Wick-rotating x°, we Wick-

rotate 2’0 + u;2’" and compactify with periodicity /.

We would like a boost-invariant definition of the chemical potential. Fortunately,
there is a boost-invariant version of the holonomy of A, namely the holonomy of the Milne-
invariant A around the thermal circle. Recall that A is constructed from A and u* as
in (2.30),

~ 1
Ay =Au+uy — §nuu2.
Note that with A = podz? and Uy = w;dz®, we have
2
i u 0 i
A= <p0 - 2) dz” + u;dz" (3.18)

which is just the U(1) connection (3.13) that appeared in a relatively boosted frame. The
physical, boost-invariant, chemical potential u is constructed from the holonomy of A as

2~ exp <Z /c A) , (3.19)

which in this time-independent gauge is just

p=utA,. (3.20)
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To summarize, the translationally-invariant flat-space thermal equilibria of a Galilean-
invariant field theory are specified by a temperature T', a boost-invariant chemical potential
p for particle number, and a fluid velocity u* satisfying u#n, = 1. In Euclidean thermal
field theory, u* analytically continues to the (normalized) tangent vector to the thermal
circle, the inverse temperature is the integral of n, around the circle, and p/T is the
logarithm of the Milne-invariant holonomy around the circle.

3.2 Hydrodynamic variables

We are now in a position to begin recasting non-relativistic fluid mechanics in a mani-
festly covariant way. Fluid mechanics describes long wavelength, low frequency fluctuations
around thermal equilibrium. In the usual way we assume that the near-equilibrium state
can be described by a local temperature T'(x), chemical potential pu(z), and fluid velocity
u*(x). That is, we promote the parameters that classify the equilibrium state to classical
fields. We refer to (7', u,u*) as the “hydrodynamic variables” or “fluid variables.”

In this work we also couple the underlying theory to a non-trivial but weakly
curved spacetime M, more precisely to the Newton-Cartan structure (n,, by, A,). Non-
relativistic hydrodynamics will be an effective description of the low-energy physics on this
spacetime in terms of these collective variables.

3.3 Constitutive relations and the gradient expansion

Unlike in conventional effective field theory where the dynamics is specified by a Lagrangian
in terms of the low-energy degrees of freedom, in hydrodynamics one continues by supplying
constitutive relations for conserved quantities in terms of the hydrodynamic variables.
That is, one expresses the spacetime stress tensor 7#” and energy current £ in terms of
the (T, pu,u*), the background fields (n,,h,, A, ), and gradients of both. The resulting
expressions are known as constitutive relations. In conventional effective field theory, the
Lagrangian is written in a gradient expansion of the low-energy variables as well as the
background. The analogous statement here is that the constitutive relations are organized
in a gradient expansion. We count derivatives in the following way. We take the fluid
variables and background fields to be ~ O(8°), so that the field strength of A, and the
connection I' are both ~ O(d1). This is the power counting which is appropriate in order
to compute hydrodynamic correlation functions in the source-free thermal state. The term
n order hydrodynamics refers to constitutive relations whose terms possess at most n
derivatives. In this work we consider zeroth (or ideal) and first order hydrodynamics.

The microscopic field theories which we couple to spacetime are invariant under repa-
rameterizations of coordinates, U(1) gauge transformations, and Milne boosts. The effec-
tive hydrodynamic description is invariant under the same symmetries. So, the constitutive
relations for 7 and £* ought to be expressed in terms of U(1)-invariant contravariant
symmetric tensors and vectors respectively. Since 7#” is Milne-invariant, it can be ex-
pressed in a basis of Milne-invariant tensors, whereas £* should be specified in such a way
that it varies as (2.27) under Milne boosts,

€= e~ (Pu, - o) T
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The Milne boost symmetry is awkward to enforce by brute force. So we use the
machinery we developed in subsection 2.3. Namely, rather than constructing tensors with
a fixed number of gradients out of (T, u, u*;n,, A", v*, A,), we build manifestly Milne-
invariant tensors from the data (7', u, u*, n,, K", flu) and the Milne covariant derivative
D,, defined from (2.30). We express the Milne-invariant 7#” in terms of these manifestly
Milne-invariant tensors, but what of the energy current? We separate it into a manifestly
Milne-invariant part £, for which we supply constitutive relations in terms of manifestly
Milne-invariant tensors, and a part constructed algebraically from 7#” and the fluid data.

In an equation, we have

EF = EH 4 <u,, - ;n,,u2> T, (3.21)

where we remind the reader that u, = h,,u" and u? = utuy,.
Exploiting the residual rotational symmetry which fixes u*, we write the most general
constitutive relations as

EHW = Eut + M,

(3.22)
TH =P + Nu'u” + ul'¢” + u"¢" + 7,

where n#, ¢*, and 7#" are transverse to n, and 7" is traceless. By (3.21) the total energy

current is
W 1 2 AT o Ho V Lo H pv
gl = 5+§Nu +u,q” ) ut + 0t + P Plu +oud" + M, (3.23)

The constitutive relations of nt" order hydrodynamics are expressions of the scalars, vectors,
and tensor in (3.22) in a basis of U(1) and Milne-invariant scalars, vectors, and tensors
with up to n derivatives.

Having described the low-energy variables and the constitutive equations, it only re-
mains to specify equations of motion. These will fix the dynamical fields (and therefore the
one-point functions of operators) as functionals of the background fields and the boundary
conditions. We take the equations of motions to be the Ward identities (2.23). How-
ever, in practice it will be convenient to rewrite the Ward identities in terms of manifestly
boost-invariant quantities as in (2.42).

In what follows it will be useful to classify the inequivalent one-derivative Milne-
invariant data. Because the Milne-invariant field strength F/w can be constructed from
the derivative of u*, all one-derivative tensor data comes from the derivative of the veloc-
ity. We decompose the derivative into the various representations of the residual rotational
symmetry which fixes v* in the same way as in (2.12),

LPW, (3.24)

1 .
D" = —n,EY + iBu” + hypo”f + g1

where we have decomposed the field strength ﬁ}w into electric and magnetic parts with
respect to u,
E,=Fu,u,  Fu=Emn,—n,E, + B, (3.25)
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and indices are raised with h*¥. We have also implicitly defined the expansion ¥ and shear
tensor o"¥ via

1 /(= - 2
¥ = D,ut, oM = 3 <D“u” + DYyt — pi lh“”é’) ) (3.26)
and we again remind the reader that indices are raised with h*. As a result the various
tensors defined here are transverse to n, and u*. We also decompose the derivative of n,
F}, = 0un, — dyny, into electric and magnetic parts as

ELL:F‘ZLVUV, FSV:EZHV—ESJHM-FB”

s (3.27)

so that
G, = —Fﬁyu” = —EZ. (3.28)

In writing the various one-derivative tensors, we have done so in a manifestly Milne-
invariant way. This is useful, but to some extent it obscures physics. For example, the
electric field E* is a rather non-trivial combination of the electromagnetic field which
couples to particle number, the fluid velocity, and the remaining Newton-Cartan data. As
a result we think it is instructive to decompose the various one-derivative tensors into their
constituents in order to appreciate what the Milne symmetry does. We find

~ 1 1
E, = F,u” = Fyu” + (Dyu, — Dyuy)u” — §Egu2 + = (nﬂu2 — aﬂu2) ,

2
v Vo T v v v 1 2 n\uv
B = WRYT Fpy = FM + D! (Pyuf) — DY (Pjlu”) — Su”(B")*,
. 1 (3.29)
9=D,u"=(D,—G,)u"=—0 ~ut)
p (D — Gu) 7 i (VAut)
1 ~ hHv
MV _ —ppPRVO _
oM = SR Lyhyy — <.

Note that 9 and o# do not depend on A,,.

3.4 Positivity of entropy production

The last ingredient in formulating hydrodynamics is to demand a local version of the second
Law of thermodynamics. That is, we mandate the existence of an entropy current S* whose
divergence is semi-positive-definite for fluid flows which solve the hydrodynamic equations.
Now recall (2.40), which tells us that
(D Gu) o = (D~ Gu) 0" = =0, (709)
Vi
for any vector field v#, so that the divergence defined through Du — é# is equal to the
usual notion of a divergence (recall that ddm\ﬁ is the covariant volume element). We then
write the entropy criterion as

(Du - éu) SH>0. (3.30)

There are various ways of implementing this condition, as we discuss below.
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4 Reformulating non-relativistic hydrodynamics

In subsections 3.2-3.4 we laid down a modern presentation of non-relativistic hydrody-
namics in a gradient expansion. To construct n® order hydrodynamics, we follow a two
step program:

1. Specify the most general constitutive relations for 7 and £* with tensors containing
up to n derivatives of the fluid variables and background fields.

2. Demand the existence of an entropy current.

In the remainder of this section, we go through this algorithm for the zeroth and
first order hydrodynamics of normal fluids. Before tackling first-order hydrodynamics, we
discuss the role of field redefinitions of the fluid variables, as well as two different methods
for solving the entropy constraint.

4.1 Ideal hydrodynamics

We begin with ideal hydrodynamics, that is hydrodynamics at zeroth order in gradients.
The most general constitutive relations at this order are

T = Ph*" + puru”,

- 4.1
EF =cut, (4.1)

where P is the pressure, p the particle number density, and ¢ the energy density. They are
related by
dP = sdT + pdpu, e=—P+Ts+ up, (4.2)

where s is the entropy density. (4.1) and the Ward identities (2.42) completely specify
ideal non-relativistic hydrodynamics. Later in subsection 6.3 we will obtain these one-
point functions from general properties of the thermal partition function.

As the presentation (4.1) differs somewhat from the usual textbook presentation of
ideal hydrodynamics, we pause to verify that (4.1) is simply a repackaging of the canonical
expressions for the constitutive relations, at least in flat space. Using the definition (2.22)
of the spacetime stress tensor as well as the Milne Ward identity (2.21), we deduce the
particle number and momentum currents along with the spatial stress tensor,

JH = put, Pu=puy, Ty = Phyy + puyuy, . (4.3)
The full energy current obtained from 7+ and £ is

1
gl = (5 + 2pu2> u? + P Plu” (4.4)

Now we specialize to fluids in flat space. Recall that the flat Newton-Cartan structure is
(up to a constant boost)

nydr* = da° W9, ® 0, = 60; ® 0; V"9, =, A=0. (4.5)
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Then the fluid velocity is
w0, = 0y + u'0; . (4.6)

In this case the constitutive relations (4.1) then take their more familiar form

JO:p7 JZ:pulv

0 I 5 i L 9\

& =c+gpu, &= 5—|—P+§pu u', (4.7)
Pi = pui, T;j = P di; + pusuy,

and the Ward identities (2.23) become
QP =0,  9,E4=0, Pi+0;T;=0. (4.8)

Note that all of the “strange” terms in the energy current (the % pu? as well as the pressure
term) arise from the relation (3.21) between the boost-invariant energy current and the
physical energy current.

Before going on to consider hydrodynamics at higher order in the gradient expansion,
we verify that the ideal constitutive relations (4.1) are consistent with the existence of an
entropy current. To do so we consider a linear combination of the Ward identities for the
number and energy currents From (2.42), these are

(Du=Gu) 1" =0, (Du—2G,) & +hyuD,yu T =0. (4.9)
Massaging, we get
1 [(a os\ae & = ) -
0= = {[(Du—20.) & + hyuDyyur 7| = (Dy = Gu) I}
_ 1 {ﬁu(eu“) + Ll~1u,ﬂ9 (PR + putu”) — ,u]_N)u(,ou“)}
7; d—1 (4.10)
=7 {w" (uOup + TOys) + (e + P — pp)d — putoup}
= ([)M - gu) (su“) )
where we have used
de =Tds + pdp, (4.11)

along with the decomposition of the velocity (3.24) and that Qu = —E] is transverse. So
there is an entropy current S* = su* which is identically conserved for fluid flows which
solve the equations of motion of ideal hydrodynamics.

4.2 Hydrodynamic frame transformations and frame-invariants

Temperature, chemical potential, and fluid velocity are uniquely defined in flat space,
translationally-invariant thermal states. Correspondingly, there is no unique notion of e.g.
temperature near equilibrium, or even in a hydrostatic equilibrium. In hydrodynamics,
this is merely the statement that (7', u,u*) are dynamical fields, on which we are free to
perform field redefinitions.
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A hydrodynamic frame transformation is a field redefinition of (7, u,u*) by terms
involving at least one gradient, so that the (7', u,u*) of the flat-space, translationally-
invariant equilibrium are unchanged. Rather than leaving a Lagrangian invariant, hydro-
dynamic frame transformations leave the one-point functions 7#¥ and £* invariant. A
particular choice of (T, u, u*) is known as a choice of hydrodynamic frame. When specify-
ing the constitutive relations, one implicitly does so in a choice of frame. Of course, physics
is independent of this choice, and so it is useful to either (i.) fix the frame, or (ii.) work in
a frame-independent way. We discuss both in this work.

In d spacetime dimensions, there are two scalar fluid variables and a spatial vector’s
worth of fluid variables, and so one can completely fix the frame by fixing two scalars and
a spatial vector in the constitutive relations. For instance, we can choose to work in the
“Landau frame”

E=¢, N =p, ¢ =0, (4.12)

or in the “Eckhart frame”?

E=e, N:pa U“ZO; (413)

where € and p are the thermodynamic energy and number densities respectively. There is
another frame, the “adiabatic frame,” which will prove especially useful later in this work.
Of course, it is nice to work in a way that is independent of the choice of frame. To
do so, we must first compute the variation of the quantities £, N, &c appearing in the
constitutive relations (3.22) under frame transformations. We can then obtain invariant
combinations.
So consider a redefinition of the hydrodynamic variables,

T—T+6T, w— p+op, ut — ut + out (4.14)

where (0T, dpu, but) have at least one derivative built out of the hydrodynamic variables and
background fields. Note that since n,u* = 1, we require n,éu* = 0, i.e. u* is transverse.
We also need to know that

E=ec+0(0), N=p+0(9), P=P+0(0),

(4.15)
¢" = 0(9), " =0(9), ™ =0(0).

Under the transformation (4.14) and using (3.22), (3.23), we then have
TH = (N 4 6p) ulu” + (P + SP) h* 4+ u* (¢” + pdu”) +u” (" + pdut) + 77 4+ O(9?),
1 1 1
EH = <5 + iNU2 +u,q” + e + §5pu2 + puﬁu”) ut +nt + <5 + P+ 2pu2> dut

1
+ (P +0P) Piu” + §u2q“ + 7, + 0(0%), (4.16)

9More precisely, the terms “Landau frame” and “Eckhart frame” refer to frames in relativistic hydrody-
namics in which either the energy flux or charge flux vanish. We borrow this terminology for non-relativistic
fluids. It is amusing to note that, under this convention, Landau himself uses the “Landau frame” in his
textbook discussion of relativistic hydrodynamics [3], but the “Eckhart frame” for non-relativistic hydro-
dynamics.
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where we have defined

op op Oe Oe
=0T+ —0 e = —0T + —0u. 4.1
6T5 + an I, € 8T6 + aué,u (4.17)

10

0P = pop + 50T, op

By (3.21), the boost-invariant energy current becomes
EH = (E+ de)ut + 0" + (e + P) dut + O(8?). (4.18)

Comparing (4.16) and (4.18) with (3.22), we see that the variations of &, N, &c under
frame transformation properties are

E = E+0e+0(0%), N = N +68p+0(0?),
P — P+ 6P+ 057, q" — ¢ + pdut + O(d?), (4.19)
" =t + (e + P) ou* + O(9%), ™ 5 TH L 0(6%).

Using that we can take dp and de to be the independent scalar redefinitions so that

opP oP
OP = <88>p5€ + (ap>85p, (4.20)

we can deduce the frame-invariant combinations of £, N, &c from (4.19), at least to first
order in gradients. They are

B oP oP 9

S—P—P—aE (5—6)—8p(/\/—p)+0(8),

W e 2 4.21
V=g Lo o), (a21)

T =7 4 0(0?),

where we use 8, V¥, and T*” to denote the scalar, transverse vector, and transverse traceless
tensor frame-invariants.

4.3 The canonical entropy current and adiabaticity

We now undertake a general discussion of the entropy criterion. Our presentation will differ
slightly from the usual textbook treatment, and instead will follow the spirit of [36].

In any physical process, the total number M and rest-frame energy E are unchanged
(modulo Lorentz forces or energy injection),

oM =0, 0E =0,
so that one can trivially rewrite the second Law as

T6S + udM — 6E > 0.

ONote that this differs from what we would obtain if we fixed £, which is constructed with the fluid

variables, rather than the physical energy current £#. If we fixed £#, we would find
EH = (E+ de)ul + " + edu + O(D?)
instead of (4.18).
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In addition to encoding the second Law for physical processes, this relation implicitly
encodes the change of entropy during an adiabatic process. Recall that in an adiabatic
process, M and FE can change, but the entropy S also changes in such a way that the
thermodynamic relation 765 4+ pdM = §E holds.

The local version of this inequality is

T (Dy = Gu) 8"+ 1 (Du=Gu) 7 = (Du = 260) &" = hypu Dy T 20, (4.22)

where S* is the entropy current and the other terms are p times the number Ward identity
and (minus) the energy Ward identity. This condition is equivalent to the usual notion of
positivity of entropy production. A physical process is one which solves the hydrodynamic
equations, in which case (4.22) becomes

(Du—Gu) s = 0. (4.23)

Let us massage (4.22) into a more instructive form. We begin with the linear combi-
nation of the Ward identities, which we rewrite in terms of the constitutive relations (3.22)

[ (f)u - Qu) Jh (DM _ 2@) E1 o Doy T
=7 (Pu =) {;J#_ ;‘c’w} _Pﬁ_;T_NT@) (4.24)

- D, T
+q" (EM —TD, (éﬁ)) -t (EE + 1‘1) "o,

where we have lowered the indices of o*¥ with B/w and have defined
X =u'd, X, (4.25)

for any scalar X'. We then separate the entropy current into a “canonical” part and a
“non-canonical” part,

n— QH H
S - Scanon + Snon’

P M 1 - (4.26)
Sk =—ut— =JH+ =EH.
canon Tu T + T
Note that
S(/:lanon = Su“ + O(a) ’
so that we require
Shon = O(9)
Using that
- ~ P o ,u
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eq. (4.22) becomes

E—c¢

T - (N—p)T@)

- D,T
+q" <EH — TDu(;>> - 77” (EE + ;) - 74“/0'#1/ >0,

which will be the form that is more useful for us in section 5. Note that by our definition of

T (Du—Gy) Ston — (P = P) i -
(4.28)

the canonical entropy current (4.26), each term in this inequality has at least two gradients.

Because (4.28) is linear in both Shon and constitutive relations, we can decompose
Sfon and the constitutive relations into sums of a dissipative part and a dissipationless (or
perhaps more aptly, adiabatic) part. That is,

Sk = SH 4 S

non diss non—diss ?
Er=EL +E" (4.29)
T = Tiss + Toon—diss
with
Ehon—aiss = €U +0(9), (4.30)
Toon—diss = PR + pu''u” 4+ 0(0),

and the dissipative parts are at least O(9). The crucial feature of the dissipationless part
is that it solves the adiabaticity equation

r~ 5 gn n—diss ;
1 (By=.) S~ (P P9 S0 =

- D,T
+qﬁon—diss <Eﬂ - TDN <T>> - nﬁon—diss (EL»Z + T ) - T#ci/n—disso-NV =0,

(4.31)

which one should think of as the local version of thermodynamic adiabaticity TS + pudM —
0FE = 0. Then (4.28) tells us that the dissipative part satisfies a similar relation, except
that the = 0 on the r.h.s. is replaced with > 0.

Since the adiabaticity equation (4.31) is linear in the entropy current and constitutive
relations, we can classify its solutions at any order in the gradient expansion, independent
of hydrodynamics at any other order. That is, we can decompose

SM

non—diss

_ (5(1) 4 (5(2)

non—diss non—diss

Lo S

and similarly for the constitutive relations, where S, (n) has n derivatives and so on.

non—diss

Then SI(IZZI_ diss’ 51(1231_ disss &c satisfy the adiabaticity equation (4.31) independently of terms
at any other order in derivatives.

The same cannot be said for the dissipative part. For example, one can imagine a
solution to the dissipative part in which the r.h.s. is a positive-definite scalar formed from

a square of a sum of scalars containing different numbers of derivatives.
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In any case, the solutions to adiabaticity are exact to all orders in the gradient ex-
pansion. In the next two sections, we will see that these solutions are intimately related
to the currents that follow from the existence of a hydrostatic partition function for the
interesting case of a parity-violating fluid in two spatial dimensions.

Before moving on, we have developed the tools to also present the usual formulation of
the entropy criterion. We do so presently. The crucial ingredient here is, when constructing
hydrodynamics at n!* order in gradients, to use the hydrodynamic equations at lower order
in derivatives to deduce the “on-shell” inequivalent tensors at O(9").

Let us show how this works for first-order hydrodynamics, wherein we require the
zeroth order equations. These can be decomposed into two scalars and a single vector.
Defining v = £, the number and energy Ward identities (2.42) give

L dp ... Op
0= (DM - Gﬂ) (pu) + O(B?) = p + pI + O(8?) = 8,})T + CKTV +p0 4+ O(0?)

(4.32)
0= ( —2G ) (cuh) + PO+ O(O?) = g;:m g U4 (e 4+ P9+ O(8?),

where the thermodynamic derivatives are taken at fixed T" and v respectively. Using stan-
dard thermodynamic relations, it is not hard to show that (see e.g. appendix B of [5])

T _9P, ., o,
T g]&; (4.33)
Tir= 50+ 0()

where now the thermodynamic derivatives are taken at fixed € and p respectively. The
vector equation is

0= P {( gy) (PhY* + pu’u?) + (F”)py(eu”)} +0(8%)

= DMP + (e + P) (E")" — pE" + 0(9°)

) (4.34)
- { (E“ - TD*‘(;)) + 5;P ((E")“ + D;T> } +0(0%),
that is _
(EMP + # = - fp (E“ —TD* (%)) + 0. (4.35)

We remind the reader that indices are raised with h*.

So the ideal hydrodynamic equations relate the scalars 7' and ¥ to the scalar ¢
and the vector (E™)* + DFT/T to the vector E* — TDH(u/T). The resulting “on-
shell” inequivalent tensor data at one-derivative order is given in table 1. Plug-
ging (4.33) and (4.35) into the entropy condition (4.28) and using the definition of the
frame-invariants (4.21), (4.28) becomes

T (Du - Q“) SH 80 4 VH (E# ~TD, (;)) — T+ OB > 0. (4.36)
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1 2 3

scalars 9

vectors | VH = EH — TDH (%) EX | DPT

tensors ot

Table 1. The inequivalent parity-preserving tensor data at first order in derivatives, having used
the ideal hydrodynamic equations.

Note that the constitutive relations now appear only through the frame-invariant scalar
8, vector V* and tensor TH”. Equivalently, we can interpret this inequality as the rate at
which entropy is produced in a physical fluid flow (i.e. one that solves the hydrodynamic
equations)

T (Dp - g~,u) S'u|on—shell =T (D,LL - gu) Srlfon — 89
vy (4.37)
£ (B =B () ) 7o 00 20

Consequently, the entropy current is a frame-dependent object but the entropy production
is independent of the choice of frame.

4.4 First-order hydrodynamics of normal, parity-preserving fluids

With all of this machinery behind us, we use it to work out non-relativistic hydrodynamics
at first order in the gradient expansion. The result will be a covariant version of textbook
first-order fluid mechanics. We will do so by the technique outlined at the end of the previ-
ous subsection, wherein we use the hydrodynamic equations at zeroth order in derivatives
so that the independent one-derivative data is given in table 1, and we solve (4.36).

To proceed we parameterize the most general non-canonical entropy current to first

order in derivatives,

SH = 810+ S, VH + S BF + N3 DPT 4 O(0?), (4.38)

non
where the vector V*# is defined in table 1. Schematically, we have
(]:)# - éu) Sk . = (pure two derivative scalars)
+ (products of one-derivative tensors) + O(9%).

The pure two-derivative terms in this divergence must vanish in order to satisfy the posi-
tivity condition (4.36).

We begin the entropy analysis with these two-derivative terms. Using F* = —u” D,,u“,
we readily find

D, (Yu") = 9 4 92,

- ) L= 1 5 y 92
D, B! = — <19 + u'u’ Ry, + ZBWBM + oot + g 1> ; (4.39)

Dy (D) = W DD, X,
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where RW = R”WV is the Ricci curvature constructed from I' in (2.30) and X is any
invariant scalar.!’ Then

. - ) - » .
(DM - Gu) S = (Sy — %1 — D) D — (21 + o) wu Ry — %h’“’DuDV%

non

+ Y3k D, D, T + (products of one-derivative data) + O(9°),
(4.40)

which immediately gives

S1=0, %;=0. (4.41)

In other words, the non-canonical entropy current vanishes to first order in gradients,
Sk = (0(0?). (4.42)
The positivity of entropy production (4.36) then becomes
— 89+ V'V, — T, + O(0°) > 0. (4.43)

The solution is
8§ =—-(19, VYV =gVH, TH = —not”, (4.44)

where the bulk viscosity ¢, conductivity ¢ and shear viscosity n are non-negative,
(>0, c>0, n>0. (4.45)

For a physical fluid flow, the divergence of the entropy current S* = Skanon + O(8?) is then

(DH - GH) SH = %192 + VIV, %au,,aw + 0. (4.46)

It is instructive to parse these results by presenting the constitutive relations in a
particular frame. We present the results above both in “Landau frame” (4.12) and in
“Eckhart frame,” (4.13), beginning with “Landau frame.” Using (4.21) we have

= cu + 0(0%),

) (4.472a)
TH = (P — C9) W + putu” + o (u*VY + u"VH) —nat + O(97).

The total energy current (3.23) is

EH = (E + %pu2 + auVV”> ut 4+ (P — (V) Phu” + %auQV“ — notu, + O(0%).  (4.47Db)

1 Our convention is that the Riemann curvature is given through the commutator of covariant derivatives
as [Dy, Dy]o” = RP 5,07 for any vector field v*. This gives the expression R",,0 = 0,16 — 9,10, +
]-—‘MTPFTVO' - FHTUFTVP~
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Decomposing 7 into the number current, momentum current, and spatial stress tensor
via (2.22), we have

Jt=put 4+ o (E“ - Tﬁ“(;)) +0(6?),
Py = puy + ohy (EV —TD" (;ﬂ)) +0(0%), (4.47c)

T/J,V = (P - Cﬂ) hp,y + pu Uy +o (u'uhyp + thHp) |:EP — TD'D (;)]
— Nhuahysa®® + 0(8%).

Inspecting the expression for the current, it is now clear why we labeled the transport
coefficient multiplying E# — T DH (%) as a “conductivity” o.

Now let us go to Eckhart frame (4.13). To make contact with the usual presentation
of first-order hydrodynamics in terms of a thermal conductivity x rather than number
conductivity o (as found in e.g. [3]), let us use (4.35) to exchange the vector V* for
the vector (E™)* + £-L. Then (4.21) now gives the boost-invariant energy current and
spacetime stress tensor to be

. P)? DHT
EH = eyt — @a (EMH 4+ —— | + 0(52),
p T (4.482a)
TH = (P — () W™ + puru” — not + O(0?).
The total energy current (3.23) is
EH = (6 + ;pu2> ut + (P — (09) PHu” — notuy,
(6 + P)Q LAY EMT 2

Decomposing T into the number current, momentum current, and spatial stress tensor
via (2.22), we have

JH = put,
P = puy., (4.48c)
T,uu = (P - Cﬁ) hMV + pupy — nhlﬂlh’/ﬂaaﬁ + 0(82) ’

(The Eckhart frame condition fixes J# = pu* to all order in gradients, which in turn fixes
the momentum via the Milne Ward identity.)
In flat space with zero gauge field, i.e.

n=dz°, hydet @ dx” = (5ijd:ci ® da | A=0, u0,, = 0y + u'o;

the Milne-invariant connection T' (2.30) vanishes, so that

1 2 )
Oij = 5 (ﬁzu] + 8ju2- — 7d — 1(5ij8kuk) , Y = ou’.
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Then the Eckhart frame constitutive relations (4.48) become

1 ) 1 ) . P)2
EV=¢+ §pu2 + 0(8%), &= <5+P+2pu2> u’—{—T”uj—(g;;T)U&T—I—O(OQ) ,
J'=p, J = pu', (4.49)
2
Tij = Péij +pu,-uj +Tij + O(({?Q) y Tij = —g (&u] + ajui - 7d — 15ij8kuk) — C(Swakuk .

These are the conventional expressions for the constitutive relations of first-order hydro-
dynamics, up to the fact that the transport coefficient multiplying —0;T" is generally called
k, the thermal conductivity. Matching, we have

(e + P)?

5 Parity-violating two-dimensional fluids

We now have the machinery to tackle the much richer world where parity is broken. In this
section we construct the hydrodynamics of parity-violating fluids in two spatial dimensions
to first order in the gradient expansion. As we mentioned in the Introduction, there are
several recent works [32-34] which have also studied this problem. We find somewhat
different results from those in [32], our work trivially matches [33], and [34] considers the
hydrodynamics of a system coupled to an O(1) magnetic field. The latter is not analytically
related to our results here, for the usual reason that the B — 0 and low energy limits do
not commute. So we postpone a detailed comparison to the appendix.

Our approach here is somewhat different than that used in subsection 4.4 in which we
constructed the first-order hydrodynamics of parity-preserving fluids. We will not use the
ideal hydrodynamic equations to relate one-derivative data, and correspondingly we will
solve the entropy constraint in the form of (4.28). As the reader will see in subsection 6.4,
the resulting solution for the hydrodynamics is closely related to the currents obtained
from the hydrostatic partition function at first order in gradients.

5.1 Constitutive relations

In this subsection, we collect the inequivalent tensors with one derivative, from which we
parameterize the constitutive relations of first-order parity-violating hydrodynamics.

There are a number of tensors that can be built out of a single derivative, the back-
ground fields, and the fluid variables. All such tensors can be constructed from the zero-
derivative data

ny, WY, out, iLW, T, 1/5%, ehvr
and the first derivatives
- 1 pv - L
D’ = —n,EY + 53#1/ +0,” + df“lﬁ, DT =n,T+ P;D,T,
ﬁuy =n,U+ P/ZDZ,Z/, Fy, =En, — Eyn, + B, ,
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1 2 3 4
scalars (s;) 9 T v
vectors (V') | E# — TDFy | (E™)H + D;T Er | DFT

tensors oHY

Table 2. The inequivalent parity-preserving tensor data at first order in derivatives, without
using the ideal hydrodynamic equations.

1 2 3 4

— lopwpy I o _ p
pseudoscalars B = 3etPn,F,, B = etPn,0,n,

pseudovectors (f/l”) etPn,, (Ep — TDPI/) etvPn,, (E;’ + D§T) ePn, B, eﬂ”PnVDPT

pseudotensors otV

Table 3. The inequivalent pseudotensor data at first order in derivatives. The pseudovectors f/i”
are the duals of the vectors V/* (defined in table 2) via (5.2). Similarly, the pseudotensor ¢#* is the
dual of the shear tensor o* via (5.3).

where we have defined v for convenience. In two spatial dimensions we can dualize the
"o
two-forms B, and By}, into pseudoscalars

HVp, BN P
e™Pn, B, = e""Pn,dyn, . (5.1)

At this stage the inequivalent one-derivative vectors are (E*, (E™)*, DAT, D*v) and there
is a single one-derivative traceless symmetric tensor o#¥.
Now, any transverse vector v# can be dualized into a transverse pseudovector v# as

ot =Py, , (5.2)

where the index has been lowered with iLW,. Similarly, any transverse traceless tensor t*”
can be dualized into a transverse traceless pseudotensor t*¥ via

= erolin 1) (5.3)
By these definitions we have
ofu, = —uto,,  blo, =0, ", =0, (5.4)

which will prove useful later. We then have four inequivalent pseudovectors Vi" and one
pseudotensor 6#¥. All of the one-derivative pseudotensor data is collected in table 3.

We now have a complete basis of one-derivative scalars, vectors, and tensors, out
of which we can form the most general constitutive relations and non-canonical entropy
current to first order in the gradient expansion. Here we use the result of the previous
subsection that there is no frame-invariant parity-preserving dissipationless transport at
first order in derivatives. This tells us that while we could solve adiabaticity with the
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most general parity-preserving one-derivative terms, the final result (after using the ideal
hydrodynamic equations) has no frame-invariant adiabatic solution.

So we proceed with the most general parity-violating non-canonical entropy current

and dissipationless constitutive relations. We decompose Sffon_ diss 85
Sl = SU+ T, S, =0, (5.5)

and parameterize the one-derivative dissipationless constitutive relations and entropy cur-
rent as

Enon—diss — € = epB +e,B" + (9(82) , Naon—diss — p = pB + ppB" + 0(82) , (5.6a)

,Pnonfdiss - P= PBB+Pan+O(82) ) Snonfdiss = SBB + San + 0(82) ) (56b)
4 4
qﬁonfdiss = Z quiu + 0(82) ’ Uﬁon,diss = Z 772'Viu + 0(82) s (5.6C)
i=1 i=1
4 ~
Shon_diss = 2 SiV/ +0(87), T i = — 1T+ O(0?) . (5.6d)
=1

5.2 Entropy and adiabaticity

We presently obtain the most general parity-violating solution to the adiabaticity equa-
tion (4.31) at one-derivative order. Before doing so, we collect some useful data. Us-
ing (2.40), we have

(Du - g}L) eMP b, = eP9,0,0, =0, (5.7)

for any one-form v,. There are three results we need that follow from this identity. Letting
v, be the Milne-invariant connection A, and decomposing

5“””8,,[1,) = But' — "n, E,, (5.8)
we find the useful identity
(D# — Q}J e"Pn,E, = B+ BY. (5.9)

Similarly, letting v,, = n,, we obtain

(Du = Gu) en B = B + B9, (5.10)

The third and final result is that the current

gwp&/ (f(Tv V)np) - fB"u“ + lg‘?{u — ff/éu — lgf/ﬂ + <

af\ -
T Ov Tov 3 ; f) Vi 61y

T T

is identically conserved for any f, and so the entropy current is only defined modulo f.
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Then the divergence of S* is

non—diss

(D = Gu) Stiyaie = (S5 + T4 + ) (B+ BI) + (S, + ) (B + B"0)

+%BT+<%§?+ETQ+E4>B”T

+8;;BBD+ <8;;”—TE1> B
_<21+;%>%-%—;<?+%’>w% (5.12)
_<%?+;%>V1.V4—<21+;88?)V2"73
+<?—%+24)%-%+<;%—%’>%“747

where the partial derivatives are computed at constant T or constant v. Comparing
with (4.31), this immediately gives

_ . 033 1 0%y
Sp=—-(Z1+%3),  Sp=-32, T T o (5.13)

Now we use our freedom to add the trivially conserved current (5.11) to S in such

non—diss
a way as to set X4 = 0. Then the last equality in (5.13) gives X3 = &'(v). However, we

can then set ¥3 = 0 by adding a trivially conserved current (5.11) with f = —T's, which
preserves >4 = 0. Equivalently, one can redefine

21 —)21*5/,
Yo =30+ Ts, (514)
Sn — S, —Ts,

so that the rest of (5.13) becomes
SB:_El, S’n:_227

and s completely drops out of the divergence of S* which is now

non—diss’

~ 5 0SB ., 08, S, . 0SB .,. oS )
_ 2 = n_=n n n n
(D“ Qu) S o —diss a7 BT + <8T T ) B"T + B By + ((% +TSB> B'v
1085, ~ 10S5g ~ 0Sp ~
* <Tay+SB)V1'V2+TayV1'V3+aTV1'V4
1 ('?Sn . aSn Sn 7
+(T81/+SB>V2'V3+<8T—T>V2'V21- (5.15)
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The rest of the terms in the adiabaticity equation coming from the constitutive rela-
tions give

Enon—diss — €
_(Pnon—diss - f))'L9 - %SS&T - (Nnon—diss - P)TV

+ qufon—diss(‘/l)ﬂ - nﬁon—diss(vvz)/ﬁ - T#:n—diSSUNV
:—Hﬁﬂ—aﬁw—%%T—%Hﬁ—mﬁm_mﬁmp

+(@+m\Vi-Vat+a@Vi-Va+qVi-Vi—n3Va- Vs —nuVa-Vy.
(5.16)

Here, the adiabaticity equation (4.31) is just that the sum of (5.15) and (5.16) vanishes.
In order to make contact with the hydrostatic partition function, we exchange the two
functions Sg and S,, for M and M,, via

M=TSg, M, =T8S,. (5.17)
We also convert T' and v derivatives into 1" and p derivatives via
8X> (82(') I <8X) <8X> <8X>
<8T 5 orj), T \ouw/r ov )rp on ) (5.18)

Putting the pieces together, adiabaticity (4.31) fixes

Pg =P, =0,
_ oM
PB = —(q3 = c'),u’
8Mn
pn=—(q2+m)=n3= o +M, (5.19)
oM oM
53__Tq4_T87T+“W_M’
oM, oM.,
en=Tn =T a7 + o —2M,, .

The transport coefficients which are unfixed by adiabaticity are (q1,72,7). Meanwhile, the
adiabatic part of the non-canonical entropy current is

S _ 1 {M <Bu“ - ffl“) + M, (Bw - v;)} + M0, (Fn,) + O(8%),  (5.20)

non—diss T
where f is an arbitrary function of state.

The one-derivative parity-violating transport (5.19) is implicitly given in a choice of
hydrodynamic frame. We call this an adiabatic frame. In section 6, we will see that the
currents obtained from the hydrostatic partition function are most naturally presented in
this frame.
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For completeness, we present the resulting constitutive relations (3.22) in an adiabatic
frame to first order in gradients,

E=c+ <T8M+6M—M>B+ (TGM”maM” —2Mn>8”+0(82),

oT ou oT ou
N:p+8MB+ aM”JrM B" 4+ 0(6%),
o o

P=P—(9+ 067,

. . D,T
¢ =c <E“ _TDh* (%)) + e, (Ep ~TD, (ﬁ)> + guetPn, (E’; +=p )

T T
oM 1 oM oM
iy _ _ uvp 2
o e"Pn, E, T <T 5T +u on ./\/l> e"?n,0,T + O(0%) , (5.21)
oM T D, T
o n Hvp _ Ll Hvp n 4
0 = <q2+ o —|—./\/l>€ n, (B, = 1D, (£)) +me""n, <Ep+ L )

oM 1 oM oM
n urp = n n o Hvp 2
+ ( o + M> e"Pn,E, + T (T T + o 2Mn> e"?n,0,T + O(07),

™ = ot — Fet + 0(9?).
5.3 Results in Landau and Eckhart frame

As in our analysis of parity-preserving hydrodynamics in subsection 4.4, it is instructive to
translate our results for transport into results in both Landau and Eckhart frame.

First, let us exchange the pseudovector 172“ for ‘71M using the ideal equations of mo-
tion (4.35),

¥ P 2
Vi =—=V{"+0(9%). 5.22
2 €+P 1 + ( ) ( )
Then using (5.19), the one-derivative frame-invariants (4.21) are

8 = —(0 + XBB + XnBn + O(0?),
V= oV + 6V + Xpe"Pn, E, + Xre"Pn,D,T + 0(8?), (5.23)
TH = —pot’ — " + O(9?) ,

where!?
- oP oM oM OP OM
XB_(%<T3T+M3M M>+3p3,u’
oP oM, oM, oP (OM,
)ani TM +MM _2Mn + = M +M ’
Oe orT ou ap ou (5.24)
tp= - { M g (M |
- oM oM oM, oM,
TXT_{TﬁT+'u8/,LM+R<T T +p 8# 2Mn>}a

12YWe cannot help but notice the similarities with the result for parity-violating relativistic hydrodynamics
presented in [27].
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and we have defined

p
R=—,
e+ P

Note that ¢ is unconstrained.

&=q —R(m —q) — R*np. (5.25)

The free parameters governing the one-derivative transport are the Hall viscosity 7,
anomalous Hall conductivity &, the adiabatic functions of state M and M,,, and the
ordinary viscosities and conductivity (¢, o,n). The latter are non-negative,

(>0, c>0, n>0, (5.26)

while our analysis does not constrain the parity-violating transport,
neER, deR, MeR, M, eR. (5.27)

In Landau frame (4.12) we then find
EM = syt

TH = (P — (Y + xBB + xnB") " + putu + ut'VF + u”'VH (5.28)

— o =" + 0(0%),

and the total energy current (3.23) is

EH = (a + lmﬂ + ul,\?”> ut + (P — (9 + BB + XnB") Phu”

2 (5.29)

1
WV = (ot 475w, + O().

The number current J* = TH""n, that follows from this is
= put + oV}' + V' + Xpe'Pn, E, + X7e""n, D, T + O(0%), (5.30)

and recalling that

W =emen, (B, - TD, (%)) :

it is clear why we termed & to be the anomalous Hall conductivity.
In the Eckhart frame (4.13) we instead have

~ P
gn—cur — ST yr L 0(0?),
p (5.31)

TH = (P = (9 + XpB + XuB") " + pul'u” — ot —ijgh" + O(9?) .

Before going on, let us exchange V}* and V/* for V4 and V' via (4.35), so that

_e+P

VH <0V2“ + &‘72“) + xee"’n,E, + )ZTa“”anf)pT.

Then the total energy current (3.23) is
1 P)? ~
e = (et 2pu? w4 (P — o+ 1B + 1B PP — EEES (Vg +7)
2 P’ (5.32)

P -
_er ()ZE&”UPTL,,E,; + )ZTa‘“jpn,,DpT> — (not + net ) u, + O(9?).
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Using
- D,T
\/2”25“”"71,, (Eg+ IF: ) ,
we define the anomalous thermal conductivity & to be the coefficient multiplying
—gh¥ pnl,DpT, which gives
(e+P)?2_. e+ P._
o+ XT - 5.33

We conclude this section with a summary of the constitutive relations and Ward iden-

l’%‘/:

tities in flat space, when the underlying theory is coupled to a slowly varying A,. The
Newton-Cartan background is

n,de" = da huwda” @ dz” = §;;dz' @ da? (5.34)
and the fluid velocity u* is parameterized by
w0, = do +u'0; . (5.35)

In this background, the Milne-invariant U(1) and gravitational connections become

_ 1 _ . .
Ao:Ao—ith, Aj = A +uy, oy =T"40 =

E,, (5.36)
with all other components vanishing. The expansion and shear tensors are just
¥ = ou’, o = 3 (8Zu3 + ut — 5”19) ) (5.37)

and

1 1
E, = F,u” + §8Mu2 —u’0, (“u + 2(52u2> )

. (5.38)
B= §€ijFij +eij8,~uj =B+Q.
The Ward identities (2.23) become
o,TH =FH,J", 0l = —Fo,J". (5.39)
In components, the Eckhart frame constitutive relations are
0 Ly i - Lo\ iy iy ij
& :5—|—§pu ) &= €+P—Cz9—|—XBB+§pu w+n+7"u;,
J'=p, J=put, (5.40a)
Ej = (P—<19+)~(BB) 51’]’ + puiu; + Tij = —770’le — ﬁ&’j .
with 4P
n' = —r0'T + F;e”@jT + )ZE{:‘Z]E]' (5.40D)

The parity-violating part of the response is encoded in 7, &, M, and M,,, all of which are
unconstrained. Note that M,, only appears through xg.
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6 The geometry of non-relativistic thermal partition functions

In subsection 3.1 we considered the Euclidean thermal field theory of Galilean field theories
in flat space. We now undertake a very similar discussion of Euclidean thermal field theory
in a curved, time-independent spacetime. Denote the generator of time translations in this
curved background as H,. The corresponding thermal partition function,

Zp =tr(exp (—H,)) , (6.1)

computes static response. When the background spacetime is weakly curved over length
scales much longer than the mean free path of the microscopic field theory, we call Zg the
hydrostatic partition function and its variations hydrostatic response.

In this section, we will study general properties of the hydrostatic partition function,
which simplifies enormously compared to the full partition function of interacting field
theory in curved spacetime. Our analysis will closely parallel that of [7, 8] for relativistic
field theories. The crux here is the same as in those works: a generic hot field theory has
finite static screening length, meaning that equal-time thermal correlators of all operators
fall off exponentially at long distance. The various distance scales that characterize the
exponential falloffs are called screening lengths, and we refer to the longest such length as
the static screening length, ¢, or equivalently the correlation length.!® Perhaps the most
useful way to think about the static screening length is in terms of dimensional reduction.
If one reduces a theory on the thermal circle, the field theory on the spatial slice would be
zero-temperature field theory with a mass gap mgyq, = 1/¢. This immediately implies that,
in a screened phase, the hydrostatic partition function can be written locally on the spatial
slice in a gradient expansion of the background fields. This gradient expansion can at best
be asymptotic, wherein its resummation reconstructs physics at the screening scale £.

This gradient expansion is rather useful. By it, all of the details of an arbitrarily
complicated microscopic theory are subsumed into a finite set of real functions that char-
acterize hydrostatic response up to a fixed order in gradients. This hydrostatic response is
also computed by hydrodynamics. (More precisely, both the partition function and hydro-
dynamics can be used to compute Euclidean zero-frequency, small-momentum correlators.)
In the relativistic case, there is strong evidence (see especially [35]) that the response com-
puted from hydrodynamics can be matched to a hydrostatic partition function only if
the equality-type constraints are satisfied. We find similar evidence in the non-relativistic
case below.

Before going on, it is worth contrasting Zg in a screened phase with the partition
function for a gapped field theory in the vacuum. The partition function in each case
can be written in a gradient expansion of background fields, the former on the spatial
slice and the latter on all of spacetime. However, the gradient expansion in the latter
case is unphysical, in the sense that the terms appearing in Z with n derivatives are

13The notable examples of hot field theories with infinite static screening length are threefold: (i.) a
superfluid phase, (ii.) theories tuned to a critical point, and in the relativistic case, (iii.) theories with a
U(1) gauge sector. However, we observe that there does not seem to be a Galilean-invariant version of U(1)
gauge theory.
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indistinguishable from local counterterms. This is not the case for the hydrostatic partition
function, which only can be written locally on the spatial slice. Equivalently, Zg can be
written locally and covariantly on spacetime provided that one explicitly uses the symmetry
data K = (K*9,, %™, Ak). This is not to say that the terms in Zg are completely physical.
They are only mostly physical. For instance, the pressure P can be shifted via a volume
counterterm by a constant, so P itself is unphysical. However the dependence of pressure
on T and p cannot be modified by a counterterm and so is physical.

We proceed to discuss the geometry on which Zg depends. Euclidean thermal field
theory is the most natural framework for this. For theories with a functional integral
description, the partition function (6.1) can be computed via a Euclidean functional integral
on an appropriate analytic continuation of the spacetime. We discussed this procedure in
detail in subsection 3.1 for Galilean theories in flat space, and here quote the corresponding
result for a more general spacetime. The covariant version of a time-independent spacetime
is a Newton-Cartan structure (n,, h,,, As) on a manifold M, where the NC data is invariant
under the action of an infinitesimal coordinate transformation K*, Milne boost 1, and
U(1) gauge transformation A, which we collectively denote as K = (K*9,, ¢y Ak). We
denote the action of K as dx, which acts on the Newton-Cartan data as

5Knu = £Kn“ s
5Kh,u1/ = £Kh,u1/ - (n;ﬂ/%f( + nud}f) ) (62)
Sk Ay = LAy + ) + Ol

where £ is the Lie derivative along K*. We also restrict K* to be “time-like” in the sense
that n,K* > 0. We can see that a spacetime invariant under the action of K, dx(-) = 0,
is time-independent in the following way. Locally, one can pick a set of coordinates and a
Milne/U(1) gauge such that K*9, = 8y and ¥ = Ax = 0, in which case using (6.2) and
the definition of the Lie derivative, dx (-) = 0 becomes 9y(-) = 0, i.e. the NC data does not
depend on Y.

Anyway, we start constructing Euclidean thermal field theory with a spacetime M
and a NC structure invariant under the action of some timelike K. Denoting the affine
parameter along the integral curves of K* as 7, one analytically continues 7 = —i7p and
compactifies g ~ 7+ . For theories with a functional integral description, the functional
integral on this Euclidean manifold computes the Zg in (6.1). From here on out we will
regard this Euclidean partition function as the fundamental object of consideration.

This Euclidean spacetime has the topology of a fiber bundle, wherein the thermal circle
is fibered over the spatial base. See figure 1.

As we mentioned above, Zg can be written locally in a gradient expansion when the
underlying theory is in a screened phase. That is, the hydrostatic generating functional

Whydrostat = —iln ZE ; (63)

assumes the form

Whydrostat = Z Wh ) (64)
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where W,, is a local integral build out of the spacetime background and symmetry data
and its integrand contains n derivatives. By assumption, the microscopic theory is
reparameterization/Milne/U(1)-invariant, and so Whiydrestat must be too. Consequently
the W, are integrals of Milne and U(1)-invariant scalars.

From Whydrostat We define the currents through variation in the same way we de-
scribed in subsection 2.2. We remind the reader that we employ a constrained vari-
ational calculus detailed there. These currents automatically satisfy the Ward iden-
tities (2.23) on account of the fact that K generates a symmetry and the W, are
reparameterization/Milne/U(1)-invariant.

Below, we will construct the W, and hydrostatic response to first order in deriva-
tives. Along the lines of our discussion of flat-space thermal field theory in subsection 3.1,
we define

Ko = Ktn,, (6.5)

and then identify a local temperature 7', chemical potential y, and fluid velocity u* from
the symmetry data and background fields,

1 _KMA,+ A KFPA,+ Ak u? K"

= b=— 6.6

T —

Here we have used v to build a Milne-invariant version of A, as in (2.30) and defined p/T
through its holonomy in the same way as in (3.19). The W, do not depend on K, or
directly, but only on the physical combination 7" as we explained there. The fluid velocity
satisfies u#n, = 1 and is moreover Milne-invariant. As a result we can use it to define a
Milne-covariant derivative D, as in (2.30).

Note that there are exactly two invariant scalars which can be formed out of the
symmetry data and background fields at zeroth order in derivatives: T and pu.

At nt" order in derivatives, we can form manifestly invariant scalars in the same way as
we did for hydrodynamics. One just takes n Milne-covariant derivatives of the Milne/U(1)-

invariant tensor data (n,,u", T, tt, by, h*") and forms a scalar. Notating the set of invari-

(n)

. . . n .
ant scalars at n'* order in derivatives as s; /, then the most general for W, is

W, = Z / Aoy (T, )™ (6.7)

for fi(n) some functions.

Three technical comments are in order.

1. We need to be a little more careful about what we mean when we write (6.7). The
precise meaning of (6.7) is that one forms scalars out of the Euclideanized data on the
Fuclideanized spacetime, over which one then integrates. However, when computing
the hydrostatic response, it is convenient to “un-Wick-rotate” the integrand back to
ordinary signature. The resulting variations are automatically expressed in terms of
the real NC and symmetry data.
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2. Later in this section we will match the Euclidean correlators that follow from variation
of Whydrostat to the real-time zero-frequency correlators obtained from hydrodynam-
ics. These are a priori distinct observables, however one can show [40] that all thermal
correlators (whether Euclidean, fully retarded, partially symmetrized, &c) coincide at
zero frequency up to the correct factors of i. We are working in a convention so that
the variations of Whydrostat €xactly match the zero-frequency correlations computed
in hydrodynamics with no extra factors of 1.

3. Suppose that we were considering the hydrostatic partition function of a non-
relativistic theory without boost invariance, like a theory with a Lifshitz scale sym-
metry. For definiteness, one can think of the theory of a free z = 2 real scalar,

Spp = / A%z {(Dop)? + c(0:0'p)*} .

Such theories do not necessarily have any global symmetries nor particle number.
They naturally couple to a Newton-Cartan structure (ny, h,,) without Milne invari-
ance. The Euclidean thermal field theory for this type of system is very similar to
what we described above with one crucial modification — thermal states are char-
acterized by a temperature computed from (the inverse of) the integral of n around
the thermal circle as above, as well as the non-Milne-invariant scalar u? = hyutu”.
In turn, the thermal partition function and hydrodynamics will depend on both T
and u2. There is some tension between this result and the approach to Lifshitz
hydrodynamics (and thermodynamics) espoused in [41] and subsequent work.

In the remainder of this section, we will study Whydrostat to one-derivative order in
some detail. In the next subsection, we show how Wiydrostat can be written in an explicitly
time-independent gauge, and then in subsections 6.3 and 6.4 we construct the possible
Wo and Wi. The former matches to ideal non-relativistic hydrodynamics, and the latter
is only non-vanishing is parity is violated. We also show how to construct a zero-energy,
low-momentum superfluid effective action in subsection 6.5.

6.1 Static gauge

One way to get a physical picture for these Euclidean backgrounds is to fix a gauge and
set of coordinates in which all of the background fields are explicitly time-independent.
We refer to this choice as a static gauge. The authors of [8] took this approach when
constructing the hydrostatic partition functions of relativistic field theories. The authors
of [23] performed a similar analysis for non-relativistic field theories coupled to Newton-
Cartan geometry, although they did not impose Milne invariance. Here we show how this
works for Galilean theories, and then switch to a completely covariant analysis for the rest
of the section.
In terms of the symmetry data K = (K*, wff, Ak), a static gauge is specified by

KMo, =08y, % =0, Axg=0, (6.8)
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in which case the most general Newton-Cartan background invariant under dx is

nydr” = no(dz® + a),
hudat @ dz¥ = V(dz® 4 a)? — (d2° +a) @ V = V @ (dz° + a) + hyjdz’ @ dz?,  (6.9)
Aydat = Ag(dz® +a) + A,

where

V=Vidat, VZ=hUVV;, a=wdz', A= Aida, (6.10)

and crucially the component functions depend on the z? but not on z°. Here, ilij
is an invertible spatial tensor with inverse hid , and one can check that h has rank
d — 1. So Whydrostat can be thought of as a functional of the fields appearing in (6.9),
Whydrostat [70, Ao, a4, fli, Vi, iLZ]] The covariant volume element becomes

VA =noVh, (6.11)

and since nothing depends on z9, Whydrostat can be expressed as an integral over the
spatial slice,

Whydrostat = /ddlx \/ﬁ{ﬁo + L+, (6.12)

where the terms in £, have n derivatives. One can think of Whydrostat as the result of a
dimensional reduction on the thermal circle in the limit that the circle is small compared
to gradients on the spatial slice.

One can reconstruct v# and h*” from (6.9). They are

1 A A

o, = — (1 —a'V;) 0+ V'O, } ,
(z no{( ?0 J} ) (6.13)

h“”é)#@&,:a260®80—a’(60®8i+8i®60)+h”8,-®8j,

where we have raised spatial indices with R

The static gauge is not unique. The time-independent background (6.9) is transformed
into another time-independent background under (i.) time-independent gauge transforma-
tions, (ii.) spatial reparameterizations of time, (iii.) spatial reparameterizations of space,
and (iv.) time-independent Milne boosts. Let us see how these transformations act on the
various fields in (6.9), beginning with gauge transformations. Under these, the only field

which transforms is A,

A; — A+ i\, (6.14)

so we identify Aasa spatial U(1) connection. Under spatial reparameterizations of time
2% — 20 4 f(2'), the only field which transforms is a,

a; = a; +0if, (6.15)

so a is a Kaluza-Klein connection. Under spatial reparameterizations of space, (ng, Ao)
are scalars, (a;, A;,V;) transform as one-forms, and h;; as a symmetric covariant tensor.
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Finally, under time-independent Milne boosts, ng, a, and ﬁij are invariant but we have

1 i) .
Yudrt = — { V0 + 1/Jidx’} ,

N 1-— Clej
ij.
N _ . Y
(V)i=Vi+tei+ [ o F%
L[ Vig @ Vigg \P L aiVigwy | Yl
0 0 no{l—ajVJ+2<1—ajVJ> +1—aka+ 2 (6 6)
4 (V/>2 _ V2
0 2n0 )

9

ijj }:A-—I—(V/)i_v;

A A 1
Ai=Ai+ — i+ ——
( ) +7”L() {¢ +1—akV’€a no

where we have included a factor of 1/mg in the boost for convenience and (V')? =
RV (V).

Writing Wiydrostat = Whydrostat 120, Ao, &, Ay, Vi, hij], we see that Wiydrostar must be
invariant under the four time-independent symmetries mentioned above. So the L, are
U(1)/Kaluza-Klein/Milne-invariant scalars.

Now, we proceed to match the data above to the local temperature, &c, that charac-
terize the equilibrium. Matching to (6.5) and (6.6) we immediately find

1 1
Koy — T— 1y = —9p. 1
0="no, By’ O - d (6.17)
Then using (6.9) we have
1 V2 ~ A ) ,
updat = — {(V¥(da®+a)-V}, wP=—, hudeteds’ = hjde'®da?. (6.18)
0 ng
The Milne-invariant U(1) connection A, = A, + u,, — tnuu? is
~ V2 .V
Aydat = (AO + ) (da® +a)+ A — —. (6.19)
2710 no

Its scalar component gives the chemical potential

Ay V2
-0, 7 6.20
= + TR (6.20)

and the rest gives a Milne-invariant spatial U(1) connection

-V
A——. 21
- (6:21)

A

Let us summarize. The Milne-non-invariant background fields are (ng, Ao, a;,
/li, Vi, hij), but the Milne-invariant combinations are

no , Ag+ —, a;, Aj— —, hij .
2ng no
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Equivalently, there are two scalars which we can normalize to be (T, 1),'* the Kaluza-Klein
connection a, the Milne-invariant spatial U(1) connection A, and a spatial metric hw = h”
It is interesting to note that this is the same data (two scalars, a Kaluza-Klein and U(1)
connection, spatial metric) that one finds in the reduction of a relativistic field theory with
a U(1) symmetry on a circle.

We now have enough information to see that at zeroth order in gradients

Widrostat = / a1V { (ﬂno, 2y V2)+(’)(8)} (6.22)

2ng

It is probably clear that while this construction is useful, it is a little cumbersome
when it comes to computing variations of Whydrostat- S0 for the remainder of this section
we will work with a completely equivalent, covariant formalism along the lines of [7, 42].
The static gauge will briefly rear its head in a (3+ 1)-dimensional, parity-violating analysis
in subsection 6.4 in the form of Chern-Simons terms on the spatial slice.

6.2 One-derivative interrelations

In thermal equilibrium, the derivatives of (7', u, u*) defined in (6.6) are related to the other
background fields. In a static gauge, this is just because (T, u,u*) are absorbed into the
parameterization of the spacetime background. How does one obtain the interrelations in
a coordinate-independent way? The easiest way to do so is to use that dx annihilates the
background and (7, p, ), as in [43].

We begin with n,,, finding

dxny = £xny, = KY0,ny, 4+ n,0, K

(6.23)
= —(0uny — Oynyu)KY +0,K9 =0,
which upon using (6.6) and recalling E}; = Fjj,u” immediately gives
(0. +E})T=0. (6.24)

We can think of this as an interrelation between the local temperature and the “energy
electric field” EJ} that holds in equilibrium. Note that the longitudinal component of this
equation gives

PO, +E)T=T=0.

We will now compute the remaining one-derivative relations. It is somewhat cumber-
some to use this approach on the Milne-non-invariant data (v*, A,). We will instead use
that dx annihilates the symmetry data and instead consider the variations of the Milne-
invariant combination fl#. (We do not consider the variation of u* = K"/Kj, which

1 Note that there would be three independent scalars (no, Ao, V?) if we did not impose Milne invariance.
The authors of [23] study the hydrostatic partition function of non-relativistic theories without boost
invariance, but they miss V2 in their classification of zero-derivative scalars.
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vanishes if §xn, does.) The variation of A, gives

oA, = LxA,+ 0 Ak = K0,A, + A,0,K" + 9, Ak

= KV (&,flu — c‘hfl,,) + 0, <K”/1,, + AK) (6.25)
o s ()
so that
E,—TD, (%) ~0, (6.26)

whose scalar component is o (%) and whose vector component is V{* which we defined in
table 2
For h*, we have

SKMH = £xh = KPOW — WO, KF — 19, K"
= W DyK" — WD, K 4 TV aph + T aph™ ) K° (6.27)
~ (ut ~ (u” uk u
= — pv - 124 _ . n T\
B{h DP<T>+h Dp(T) T(E) T(E)},
where TH,, is the torsion of D,, defined in (2.33). Using (6.24) this becomes

Sih™ = — (WP + uW?) ey, — Ko { W Dyu? + W7Dy}

(6.28)
1h“”19} =0,

— (u'h"P +u" W) ogn, — Ko {U’“’ + T

where we have decomposed the derivative of u* as in (3.24).
Putting all of the pieces together, we find that the one-derivative interrelations satisfied
in equilibrium are

T=0, (;ﬁ) 9=0,  (6.292)

=0, o™=0.  (6.29b)

e B 1o (e
Vi =F TD<T> 0, V= (E" T

Note that all of these quantities appear multiplying the constitutive relations in the diver-
gence of the entropy current (4.28), so we conclude that there is no entropy production in
hydrostatic equilibrium, which is a nice cross-check on our approach.

6.3 The partition function and currents at zeroth order in derivatives

At zeroth order in derivatives, the most general scalar is a function of T" and p, which gives

Wy = / d%z/y P(T, 1), (6.30)

where P is the pressure.
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We proceed to compute the equilibrium currents that follow from Wy in some detail, so
the reader gets the idea of how these calculations work. If all goes as it ought, these currents
will be precisely the constitutive relations of ideal non-relativistic hydrodynamics, (4.1).
To do so we vary it

oP oP
SWo = [ d° \fp 0T — + Spm— ¢ - 6.31
We use (2.20) to compute
) ShHv
VI =v'én, — hy ,
Nal 2
(5K0 . (5(TLHK ) .
Ko~ Ky uton,, ,
1 1 0K,
0T = = — = —Tutén, , 6.32
<5K0> BKo Ko : (6.32)
K“A# + A u? " (5h‘m/ u? 0Ky
= B — —_— e A P uPrul — — R —
op 5< Ko +2> u5#+2uu u+2 Ko
ST 2
=ut0A, — u, 0t — Uty —5— ~ <,u + u2> utény, .
Putting it all together we have
Sh*v (0
W :/ddxf{ (w6 A, — u,0v") — 5 (8 u“ul,+PhW>
H (6.33)
—on Ta—P—f— 8P+18P2 utt — Pot
K or 8 2 0u ’
From the definition of the currents (2.19), we read off
JH = put,
Pu = puy,
(6.34)

1
EH = (6 + 2pu2> ut + P PH'u” |
Ty = puyuy + Phy, ,

where we have defined the charge, entropy, and energy densities through

oP oP

pzi, S =

il =T —P.
oT o’ CT ST

The spacetime stress tensor T*¥ (2.22) and boost-invariant energy current (2.37) that
follow from these one-point functions are

EF = cut TH = PR + putu” (6.35)

which trivially matches ideal hydrodynamics (4.1).

~52 -



1 2

— 1l o, [ n _ pUp
pseudoscalars | B = 5etPn,F,, | B" = e"n,0,n,

pseudovectors | VI' =etPn,E, | VI' = &Pn,D,T

Table 4. The non-vanishing pseudotensor data built the symmetry data (T, u,u*) in (6.6) and
the time-independent Newton-Cartan background. Here we follow the conventions in our hydrody-
namic analysis of two-dimensional fluids, and in particular the classification of tensor structures in
table 3. Correspondingly, the pseudovectors f/l“ and ‘72“ along with the pseudotensor ¢#¥ vanish in
equilibrium.

6.4 The partition function and currents at first order in derivatives

Now let us go on to classify the terms that may contribute to W;. The one-derivative scalars
which may be constructed from (7, p,u*) and the background are T, (%), and 1, which
however all vanish in equilibrium (6.29). So Wj simply vanishes in a parity-preserving
theory, and there is no one-derivative hydrostatic response.

This immediately matches the results obtained for parity-preserving, first-order hy-
drodynamics in subsection 4.4. There, we found that the one-derivative transport can
be summarized in the frame-invariant scalar, vector, and tensor (4.44) (in terms of the
constitutive relations (3.22), the frame-invariants were obtained in (4.21)),

[ — wza(Eﬂ—TD#@)), THY — _phv

However, recall (6.29) that all three of these tensor structures vanish in equilibrium.

So only parity-violating theories can have nonzero hydrostatic response at first order
in derivatives. We proceed to classify Wi in two and three spatial dimensions. In higher
dimension, W7 = 0 identically.

6.4.1 Parity-violating fluids in two spatial dimensions

In this instance, the non-vanishing pseudotensor data with one derivative which can be
built from the symmetry data and spacetime background is given in table 4. There are two
pseudoscalars, the local magnetic field B and “energy magnetic field” B™. Note that B is
actually a linear combination of the magnetic field constructed from A,,, the fluid vorticity,
and B",

1 ~ 1 1
B= isl"jpnuF,,p = ie“ypnuF,,p +e"Pn,0u, — §u25‘”’pnu&,np. (6.36)
In any case, the most general Wy is

W :/d?’xﬁ{leJrng"} (6.37)

where the ﬁ are arbitrary functions of T and u.
Now we vary Wi to obtain the hydrostatic response. Here, recall that e#** = % with
e”P the epsilon symbol so that the factors of /7 cancel in Wi. Then using the variations
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of T and p in (6.32) along with

1 —v v u2 DV v 5}_-Ll/p
0A, = 0A,—hyu 00" — S uu +? (Pu — nuu ) 0y — (hup + hyupuy, — nyuu)) 5
(6.38)

and the definition of the currents (2.19) we find that the spacetime stress tensor 7H (2.22)
is to O(9)

wzphmpuuuu{gﬁm(af2+f) o

(6.39)
8f1 ) ofi | Ofi :\ow
and the boost-invariant energy current (2.37) is
5 8fl ofi 8f2 8f2
[TR—p—Tl =
oo (1887 s (122 88 o
(6.40)

f2 1 ([, 0fr 0fr )\«
+<8/L+f1> +T<T8T+M81u—2f2>vzu

Now compare (6.39) and (6.40) with the stress tensor and energy current (5.6a)
and (5.19) obtained from solving the adiabaticity equation (where 7# and £# have been
decomposed as in (3.22)), and recall that &, V., and V, vanish in equilibrium. The two
results precisely agree with the identification

A=M,  fi=M,. (6.41)

That is, the equality-type relations predicted by adiabaticity are mandated by the existence
of the hydrostatic partition function.

This result also gives a physical interpretation for the parameters M and M,,. They
are the magnetic and “energy magnetic” susceptibilities in the source-free thermal state.

6.4.2 Parity-violating fluids in three spatial dimensions

We move on to classify Wi in three spatial dimensions. It is easy to show that the only one-
derivative pseudotensors which can be built from (7, u, u*) and the spacetime background
are the transverse pseudovectors

1 ~
B = et Fpy Wt =P, dpn,, (6.42)

which are just the duals of By, and By, and so may be non-vanishing in equilibrium.
Naively it follows that Wi = 0, but this is not quite the case. The easiest way to see

this is to go back to our discussion of the static gauge in subsection 6.1, and to think of

W as a three-dimensional integral over the spatial slice. While there are no one-derivative
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invariant scalars that can be formed from the symmetry data and background, there are
three independent Chern-Simons terms with one derivative

Wy :/{clﬁAdA+62aAdA+03a/\da} ,
B B2
where we have included the factors of 8 by dimensional analysis. The Kaluza-Klein and
U(1) gauge invariances restrict the ¢;’s to be constants.!> A quick computation shows that
the ¢; are all parity-violating but time-reversal-preserving.

We would like to characterize these Chern-Simons terms in our covariant formalism,
and to thence compute the hydrostatic currents. It turns out that the c¢; and co terms
can be described in a four-dimensional covariant way as outlined in [44], but to capture
c3 we need to lift to five dimensions. In fact, all three terms can be lifted to terms in five
dimensions using the technology of [43, 48]

We begin with the four-dimensional version of ¢; and ¢o. From here until the end of
this subsection, we will require the extensive use of differential forms. Using

F"=dn=E"An+ B", (6.43)
and defining Ap = —Tn, we note that
Fr=dAr = —d(Tn) = —(d+ E"T An—TB" = —TB", (6.44)
iI} equilibrium. In other words, Fr is a transverse closed two-form. Similarly, define
A = A — un, whose field strength in equilibrium is
F=dA=(E—du—puE"YAn+B— uB" =B — uB", (6.45)
which is also a transverse closed two-form. Now consider
—TaAAA (k:1F n kQFT> : (6.46)

where k1 and kg are constants. This is a Milne-invariant top form, whose gauge variation
is a boundary term on account of the fact that F and FT are transverse so that F A FT
and FT A FT both vanish in equilibrium. So we can include this four-form in W;. Writing
it out in static gauge, one finds that the k1 and ko are linear combinations of ¢; and cso.

Now for the five-dimensional description. Extend spacetime to a five-dimensional man-
ifold with M as its boundary. Correspondingly extend the four-dimensional data to fields
in higher dimension. The five-form

Ir = —klAT/\F/\F—kQAT/\F/\FT—kgAT/\FT/\FT, (647)

5The situation is almost identical for relativistic field theory in (3 + 1) dimensions [8]. When the
microscopic field theory has anomalies, the potential W; includes the three Chern-Simons terms above as
well as a term which accounts for U(l)3 anomalies. CPT forbids ¢; and c3, and c2 is secretly fixed by
the gravitational anomalies [44]. Varying Wi and matching to hydrodynamics, this analysis recovers the
anomaly-induced transport obtained via the entropy argument by Son and Surowka [4] (¢1 and ¢z do not
appear there, but were found later in [45], whilst c3 was only discovered in [8, 42]). The relation between
c2 and the gravitational anomaly was conjectured in [46] based on free-field computations and was proven
for theories in a screened phase in [44] using some mild analyticity assumptions on the thermal partition
function. See also [47] which proved the relation for theories with a functional integral description.
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is closed in five dimensions for the same reason as above. So I7 can be locally represented
as dWr, and our W7 is just

Wy = / Wi (6.48)

In static gauge, the k; correspond to linear combinations of the ¢;, so this construction
gives all three Chern-Simons terms.

To compute the currents, we use the machinery of [43, 48] which we do not review
here. Instead we refer the reader to appendix E of [43] which gives the basic idea. The
resulting one-derivative contribution to the charge and energy currents is

= =2k TB" + (2k: T — koT?) W,

1
! 2 2 2 3 (6.49)
= — (2k1Tp — koT?) B + 2 (ki T + kT + ksT?) wh

Presumably this transport can also be obtained by an adiabaticity analysis as in section 5,
although we have not done so.

6.5 Ideal superfluids

Let us switch gears and briefly show how this formalism can also be used to describe the
hydrostatic response in a superfluid phase. Our approach here is the Galilean version of
the analysis in [7, 49].

Consider a Galilean-invariant theory at nonzero temperature in a phase where particle
number is spontaneously broken. Denoting the Goldstone mode of the symmetry break-
ing as ¢ (ignoring various subtleties that arise in the physics of Goldstone modes in non-
relativistic systems), the static correlation length of the theory is infinite rather than finite.
Rather than Wiydrostat, We consider Shydrostat; Which is the zero-energy, low-momentum
effective action for the Matsubara zero mode of ¢ coupled to the time-independent back-
ground (6.9). As before Shydrostat may be written in a gradient expansion of ¢, the sym-
metry data, and the spacetime background.

Under gauge transformations, ¢ transforms as
p—=>p—A, (6.50)
so that the Milne covariant derivative acting on ¢ is
§u = DM‘P = Oup + Ayw (6.51)

We count &, as O(9°) in the gradient expansion. In the usual way, we identify the chemical
potential as the longitudinal component of the derivative

p=ulD,p, (6.52)
and the spatial part gives a new scalar at zeroth order in derivatives,

52 = hwjéugu- (653)
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The leading contribution to Shydrostat = So + 51 + ... is then

So = / d*z\/7 P (T, 1, &%) | (6.54)

and P is the pressure. Varying, we find that the consequent one-point functions of 7+

and EF are
EF = eyt — ®
fut (6.55)
TH = PR + putu” + fEHEY — f (uM'€” +u”¢H) ,
where ]
dP:sdT+pdu—§fd52, e=Ts+up—P,  &*=hnve,. (6.56)

These may be regarded as the constitutive relations in a covariant formulation of ideal
superfluid hydrodynamics.

6.6 The story at gs # 0

In subsection 2.4 we reviewed the introduction of a magnetic moment g, in two spatial
dimensions. Crucially, the action of the Milne boosts on A, was modified as in (2.44).

Here we wish to briefly show that gs; can be easily incorporated in the hydrostatic
partition function. We do not see an obstruction to introducing gs; in hydrodynamics,
although it will end up being rather cumbersome. So we elect to study the partition
function in lieu of a hydrodynamic analysis.

To proceed we recall that we can use u* to define a Milne-invariant U(1) and grav-
itational connection via (2.45). We use this covariant derivative in order to manifest
boost invariance. From the Milne-invariant U(1) connection A, we define a modified
chemical potential'®

KM(A ) + Ak 9s v
g[('l; = U + mgu pa’u (nl,Up) . (657)

Mg =

The Milne-invariant data is then (T, jug, ut,n,, A" ,fLW), and we take derivatives in a
manifestly invariant way via D,.
We decompose
D

v v 1 v | 7 Py
(Dg)pu” = —ny By + i(Bg)u + hupoy” + d_ 17997 (6.58)

and define the local electric field EY, &c in the same way as above. (It is easy to see that
oy’ = o™ and ¥, = ¥.) One can use that dx fixes the background to deduce various
interrelations like those in (6.29),

: I
T=0, (7) = %e =0,

DyT Hg
(B 4 255 =0, ey -1y (£2) =0, o = 0.

SNote that A, and pig include terms with zero and one derivative, so that the Milne symmetry acts on
terms at different order in the gradient expansion. A reasonable gradient expansion can still be formed by
classifying tensors with a minimum number of derivatives.
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To first order in gradients, we then have
W= /d%ﬁ [P+ B, + B+ 0@)} (6.59)

where P and the f;’s are functions of T' and p, and B, = $eMPn,, (Fy)up.

7 Discussion

In this manuscript we have discussed various aspects of non-relativistic hydrodynamics and
hydrostatics. To conclude, we outline some natural lines of work which are suggested by
our analysis.

1. As we pointed out in the Introduction, there is a very practical reason for coupling
hydrodynamics to a background spacetime. Namely, by solving the fluid equations in
a weakly curved background, one gets access to all fully retarded correlation functions,
at least in the hydrodynamic limit. It would be interesting to study the linear response
one gets for parity-violating fluids in two spatial dimensions, and in particular to
obtain Kubo formulae for the parity-violating response coefficients. As this paper
was already getting too long, we have elected to do this in future work.

2. Another natural direction is to study the hydrodynamics of systems coupled to an
O(1) background magnetic field, along the lines of the analysis in [15] for lowest
Landau level fluids. For now, we will only say that some care must be taken when
constructing such a magnetohydrodynamics. It is well known that the B — 0 and
w — 0 limits do not commute. One manifestation of this result is that the in-plane
fluctuations of the velocity are gapped at B # 0 (they become “cyclotron modes”),
in which case the low-energy effective description does not include them. Any proper
magnetohydrodynamics, like that presented in [15], should account for this.

3. In subsection 6.4, we studied the one-derivative part of the hydrostatic partition
function for theories in three spatial dimensions. There, we found that the partition
function can include three distinct Chern-Simons terms on the spatial slice, which
lead to hydrodynamic response parameterized by three parity-violating constants.
This situation is eerily similar to that of relativistic hydrodynamics in three spatial
dimensions. There, one can also have three constants which govern one-derivative,
parity-violating response, but CPT kills two of the constants and the remaining one
is related to the gravitational anomalies [44] (at least in a normal phase). What
happens here for non-relativistic theories? Can we find simple theories for which any
of these constants is nonzero? Are there corresponding anomalies?

4. Using our machinery, it should be straightforward to classify the hydrodynamics of
normal fluids at second order in derivatives as in [50], as well as superfluids at first
order in derivatives as in [5]. Here, we simply note that in the relativistic setting,
the complete theory of second-order hydrodynamics (as well as first order superfluid
hydrodynamics) is much richer than had been anticipated previously.
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5. In this work, we have not considered further constraints that arise for the hydro-
dynamics of a conformal fluid, like unitary Fermi gases. Conformal non-relativistic
theories are invariant under a “Weyl” symmetry (see [11] for a discussion in terms
of Newton-Cartan geometry), much like relativistic conformal theories. It should
be straightforward to manifest the Weyl symmetry in hydrodynamics. The simplest
approach is probably that of [51], by redefining the covariant derivative to be Weyl-
invariant using the fluid variables.
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A A comparison with previous results

In this appendix we compare our results for parity-violating hydrodynamics in two spatial
dimensions with those previously reported in [32] and [33]. We find that the work of [32]
is incommensurate with our results, and that the work of [33] trivially matches ours.

A.1 Comparing with Kaminski and Moroz

We begin with [32]. Those authors do several things. Here, we compare with their study of
the large ¢ limit of first-order, parity-violating relativistic hydrodynamics [27]. They work
in a flat background and a nonzero O(9°) background A,. In the language of our work,
the resulting non-relativistic hydrodynamics is coupled to a flat Newton-Cartan geometry

nyda’ = dz®,  hdet @ de” = 6dat ® da? (A.1)

with non-vanishing A. To convert from their notation to ours, we convert the spatial

velocity vector u’ into a spacetime vector via
w9, = 0y + u'0; . (A.2)
Their Ward identities can be written as
Ot =v'F,,JY, o,TH =FH,J", (A.3)

where F*, = h#*PF,,. Their constitutive relations can be written in the language of our
work (our B is their sum of external magnetic field and vorticity, B + Q,,) as

1 P

TR — (P - CO) W + (p ; f;jjs) W o e
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1
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1
) {s“ypnprguU + Ta‘“’”uyﬁpT} ,
where m should be understood as the magnetic susceptibility of the source-free thermal
state. They restrict m so that

etPom _
p Ou

f(T), (A.5)

i.e. that combination is independent of y. So the dependence of m on u is completely fixed
by thermodynamics.

These results differ in two fundamental ways from those we obtained in section 5,
and we do not see how to reconcile their results with Newton-Cartan geometry and Milne
boosts. The difficulties are:

1. The Ward identities (A.3) enforced by Kaminski and Moroz have the same schematic
form as the Ward identities (2.23) that follow from coupling to Newton-Cartan ge-
ometry, at least in the flat background (A.1). In deriving the latter, the longitudinal
component of TH” is the number current J* that appears on the right-hand-side of
0, T = F*H,J” [11]. However, (A.4) leads to

THn, = put # JH. (A.6)

Consequently, their stress tensor Ward identity differs from the one obtained when
demanding coordinate reparameterization invariance. More precisely, the longitudi-
nal component of the stress tensor Ward identity coincides with conservation of J#
on account of (A.5), but the spatial components differ.

2. The energy current in (A.4) transforms under Milne boosts in a way which is rather
different from what one gets in Newton-Cartan geometry, (2.27). In particular, it
cannot be written as the sum of a boost-invariant part and (uy — %n,,u2) TH as
in (3.23). The problematic terms are the —u, ¢"u* — %qu” components in the second
line of E# (we saw earlier that both terms are present with the opposite sign in the
total energy current (3.23)) and the entire last line of (A.4).

Because of these difficulties, we do not try to further match our results against those
obtained in [32], although it is easy to see some similarities and discrepancies between the
constitutive relations above (A.4) and ours (5.40). However, we do note that the parity-
preserving part of their result is completely consistent with our analysis.

To summarize, the results obtained by Kaminski and Moroz violate the symmetries
that we claim should be imposed when coupling Galilean-invariant theories to a background
(according to our earlier proposal [11]).
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A.2 Comparing with Banerjee, et al.

We continue by reviewing the work of [33]. They perform an analysis along the lines of that
in [52], wherein they perform a null reduction of first-order relativistic hydrodynamics in
(3+ 1)-dimensions. By null reduction, we mean that they couple their hydrodynamics to a
background with a null symmetry, demand that all of the hydrodynamic variables do not
depend on the symmetry direction, and then reduce to obtain a (2+ 1)-dimensional hydro-
dynamics. They consider general constitutive relations in the relativistic parent, only im-
posing the positivity of entropy production in the resulting non-relativistic hydrodynamics.

In our companion paper [11], we showed in detail how such a null reduction leads to
Newton-Cartan geometry and the Milne boosts. So we expect that this approach leads to
a non-relativistic hydrodynamics consistent with the symmetries of the problem.

The relativistic parent hydrodynamics considered in [33] is that of a theory with Ny
U(1) symmetry currents J/{ in flat space, coupled to background gauge fields (A4),. Cru-
cially, the authors choose to work in the Landau frame. At first order in derivatives, the
relativistic constitutive relations they consider are

T = eufu” + (P — C9) AW — nat” |

JY = paut + oap <Fg"uy —TA*Q, (?)) + €ATB5“””"ul,(FB)p¢7 + &P u, 0pu
where A = gl 4 utu” is the transverse projector and the p4 are the various chemi-
cal potentials. The authors do not make any assumptions about the dependence of the
transport coefficients on T and the p4.

Performing the light-cone reduction gives a non-relativistic fluid mechanics with the
U(1) particle number symmetry (whose charge is the momentum along the null symmetry)
along with Ny U(1) global symmetries. In order to match to our work, where there are
no additional global symmetries, we must take Ny = 0. But in this case the only thing
left is the stress tensor. This is just the usual stress tensor of neutral, first-order rela-
tivistic hydrodynamics that was already reduced in [52], and so the light-cone reduction
at Ny = 0 simply gives the first-order, parity-preserving hydrodynamics we discussed in
subsection 4.4. In this sense, the work of [33] trivially matches our results.

There is a way to modify the approach taken in [33] which may lead to parity-violating
non-relativistic hydrodynamics at Ny = 0. Do not use the freedom to redefine the relativis-
tic fluid variables (it is not clear to us if that freedom commutes with the null reduction),
and so take the stress tensor to be

T = eutu” + (P — CU)A" + 2§u(“5”)p”up&,u7 —not”. (A.7)
Couple the hydrodynamics to the most general background with a null isometry,
G = 2n,da (dx™ + A) + hydatds” (A.8)

where the component functions depend on x* with 4 = 0, 1,2 and not ~, and then reduce
on z~. Then impose the local second Law. Our naive expectation is that £ will become
the function M that parameterizes part of the transport we found in section 5.
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