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1 Introduction

The development of higher spin (HS) theory was predominantly associated with massless
(conformal) HS fields. Ome of the important methods for the description of HS fields
consists of introducing master fields on an enlarged spacetime, which then lead to spacetime
fields with all possible values of helicity (when the mass m = 0) or spin (when m # 0). In
particular, a collection of D = 4 massless HS fields with arbitrary helicities was described by
quantizing particles propagating in tensorial spacetime xy; = (z, ~ Tohs Yo (Yo, Ug, ﬁ))
extended by commuting Weyl spinor coordinates yq, ya, @, & = 1,2 (see e.g. [1-6]; for the
spinorial notation, see appendix A). It is easy to show that an equivalent particle model
can be formulated in twistor space [7, 8], with tensorial spacetime coordinates eliminated
by generalized Penrose incidence relations [2-6].

In this paper we consider the description of free massive HS fields, obtained by quan-
tization of a new particle world-line model in D = 4 generalized spacetime Xy = (z,,y;,)
(r =1,2,3) extended by the pair of commuting Weyl spinors v.,, gai (i = 1,2). We recall
that generalized spacetime with one auxiliary fourvector g, had been employed for a bilocal
description of infinite massless HS multiplets already in the seventies [9] (see further [10]).
We also add that recently, in the context of AdS/CFT duality, a similar bilocal description



has been obtained from first quantization of a world-line biparticle model [11, 12]. In our
approach, we shall supplement spacetime with three auxiliary vectors (in D = 4 provid-
ing 12 degrees of freedom), but due to the phase space constraints which follow from our
particle model most of these degrees are non-dynamical.

Let us recall the considerations in [2-6]. The most general D = 4 model in D = 4
tensorial spacetime describing free HS multiplets is provided by the following action

S = /dT(’ZTaﬁ'B.Z"a’B + aﬂaﬂgy'o‘ﬁ + C_L’Z_Tdﬁ'ﬁ'y;dﬁ. + bmay” + Eﬁdfjé‘> , (1.1)

where a, b are complex parameters, T, = (7,)*, etc. The model (1.1) with b = 0 was

considered in [3], and the last two terms (b # 0) were first introduced in [4]. The advantage

of having b # 0 is the much simpler structure of the constraints in phase space and the

easier quantization procedure. It turns out that for a # 0 and/or b # 0 the hybrid

action (1.1) depending on tensorial spacetime and spinorial coordinates can be rewritten
(modulo boundary terms) as the one-twistor free particle model [7, §]

S = —;/dT(ZAZA + h.c.) = —%/dT(uo‘#a — Taw® + h.c.)

(1.2)

= —/dT (wafra — ﬁdd)‘j‘) + boundary term,

and the D = 4 twistor Z4, A =1,...,4 (conformal basic spinor) is described by a pair of

ZA = (”j{) c (@Y = (Faen), (1.3)

where the conformally invariant scalar product

Weyl spinors

7424 = (2 gapZ” = wmy — 7d® (1.4)

is obtained by the particular choice of the anti-hermitian antisymmetric U(2,2) metric!

0 —5%,

The passage from the hybrid spacetime/spinor description (1.1) to the twistorial one (1.2)
is achieved by a modified Penrose incidence relation. For the actions (1.1) and (1.2) a
suitably chosen incidence relation is:

w = aco‘BﬁB + 2ay0‘6w5 + by~
_ . » . (1.6)
0 = T’ + 2a 170"37_75 +bye.

!The choice (1.5) is used in [13, 14] and has been adjusted in such a way that it remains valid also for
real D = 3 twistors, which are fundamental Sp(4;R) spinors (see section 2.1). In D = 4 this choice of
the SU(2,2) metric leads to purely imaginary twistor lengths (see (1.4)). Note that the conformal groups
SO(2,v+2) (v =1,2,4) in spacetime dimensions D = v + 2 are isomorphic to the U, (4;K) groups, where
K = R,C,H are the corresponding division algebras and U, (2n;K) are the antiunitary K-valued matrix
groups preserving the anti-hermitian bilinear form. We have U, (2n;R) ~ Sp(2n;R), Ua(2n;C) ~ U(n,n)
and Uy (2n; H) ~ O(2n; H) ~ O*(4n; C) (see e.g. [15]).



After inserting eqs. (1.6) into (1.1), the free twistorial particle action (1.2) follows modulo
boundary terms. Besides, since 2 in the action (1.1) has to be hermitian for z# to be
real, inserting (1.6) in eq. (1.4) we see that

Z4Z% = 2amampy®® —hoc) + (bmay® —hoc.) . (1.7)

Using the realization of the Poincaré algebra in terms of the twistor coordinates Z4, Z4
(see [7, 8, 16]), and using the canonical Poisson brackets (PB) following from (1.2), it
follows that in the D = 4 massless case the helicity h is given by

h=1Z.24. (1.8)

N

When a = b = 0 we obtain the Shirafuji model [8] with twistor coordinates restricted,
due to (1.7), by the zero helicity constraint Z,Z4 = 0. In the twistor formulation of the
Shirafuji model (1.2), this helicity constraint has to be added by a Lagrange multiplier.
We add that the zero value of helicity can be shifted after quantization (b — h) to a
non-zero one by using various orderings for the quantized twistors in the helicity operator
h [17,18]. If a # 0 and/or b # 0 the value of & (see (1.7)) is not kinematically restricted
in the twistor framework and the action describes an infinite massless multiplet with all
helicities (see e.g. [3]).

The HS theory formulated on generalized spacetimes with supplementary spinorial
coordinates has been employed by Vasiliev and his collaborators for the description of in-
teracting massless HS fields since early 90’s [4, 18-26]. The dynamics of free HS master
fields, derived in [3-6] from a first-quantization of the particle model (1.1), corresponds
in Vasiliev theory to the simplest “free” choice of general unfolded equations? which, in
the general case, provide the description of interacting HS gauge fields (for recent reviews
se [30, 31]). The unfolded equations for massive HS fields in Minkowski or AdS spacetimes
have also been treated in Vasiliev framework [32-38], although without sufficiently conclu-
sive or general results. In this paper we propose a new type of unfolded equations for free
massive HS fields. The novelty of our approach is the new extension of D = 3 and D = 4
spacetime by D — 1 auxiliary vectors which is dual to extended momentum space with
orthogonal Lorentz frame constraints. The mass and the spin are introduced geometrically
and, generalizing the method for the massless HS case [2-6], we formulate a new particle
model in two-twistor space with suitable constraints.

In this paper we describe D = 3 and D = 4 HS particle models which, after first
quantization, lead to free massive HS fields with arbitrary values of spin. The application
of the ideas presented in [3—6] to the massive case requires the doubling of spinor indices in
the hybrid (eq. (1.1)) particle actions (see e.g. [39-43]) and the enlargement of (1.2) to the
free two-twistor action (see e.g. [44-52]). In our study we provide the generalizations of the
actions (1.1) and (1.2) by incorporating the mass-shell constraints and by introducing a

2The unfolding technique consists in replacing the higher order equations for the dynamical variables of
the original system by an equivalent first order formulation obtained by adding suitable auxiliary variables.
In unfolded HS dynamics one introduces infinitely many nondynamical auxiliary fields; the name “unfolding”
was introduced in [27]. It has been known for a long time that HS equations in spacetime require higher
order derivatives 28, 29].



suitable form of the incidence relations linking the two-twistorial and generalized spacetime
coordinates. In this way, we obtain HS particle models with the right number of physical
phase space degrees of freedom, namely six in D = 3 (abelian spins) and twelve degrees
of freedom in D = 4 (SU(2)-spins). It will follow that describing massive HS fields by
an extension of the ‘hybrid’ (eq. (1.1)) and purely twistorial (eq. (1.2)) actions produces
equivalent models with the same number of degrees of freedom.

The plan of the paper is as follows. In section 2 we study D = 3 massive HS models.
After some kinematic results about D = 3 two-twistor space we describe our D = 3
counterpart of the model (1.1). It is shown that the standard two-twistor Shirafuji model
without additional coordinates only provides spinless massive D = 3 particles (see also [43]).
To modify this result in order to obtain D = 3 massive particles with arbitrary spin, we
introduce a spinorial action with a pair of additional three-vector coordinates and we
impose suitable mass constraints. Further, we describe the model in phase space and show
that after solving the first class constraints providing the unfolded equations, we obtain a
wave function on the three-dimensional D = 3 spinorial Lorentz group SL(2;R) ~ SO(2,1)
manifold, with three independent coordinates, two related with the three-momentum on
the mass-shell and the third with arbitrary D = 3 Abelian spin values. After introducing
suitable incidence relations we obtain the two-twistor formulation with eight-dimensional
phase space restricted by one first-class mass constraint. If we quantize such two-twistorial
model we obtain the wave function defined on the SL(2; R) group manifold. After providing
the realization of the D = 3 spin operator we get that the power expansion of the wave
function (see (2.45)) provides in momentum space a D = 3 massive infinite-dimensional
multiplet with all values of spin.

In section 3, the D = 4 case is considered. First, we provide variables useful in the
relativistic kinematics of massive particles with spin (four-momenta, Pauli-Lubanski four-
vector, orthonormal bases in four-momentum space called also Lorentz harmonics) in terms
of two-twistor geometry. Secondly, we consider the extension of the D = 4 hybrid action
to two-twistor space. In the general case, the auxiliary coordinates present in (1.1) can be
enlarged by the replacements

Tag = (Taplg), Yo — Yo, r=1,2,3, i,j=1,2, o)
) g - g 1.9

YoB = Yap = Yoo Yap = Vg = Usy

The standard Shirafuji model with spacetime coordinates x : and a pair of spinors (m, —

ml, Ta — Tai) leads, after using the standard incidence relation (see e.g. [7]), to a two-
twistorial D = 4 free particle model with four first class constraints. If the two spinorial

mass constraints
M=7r78+2M =0, M=a7"4+2M =0 (1.10)

are further added, where 7" = B eijwé and M is a complex mass parameter,? one obtains
a model describing D = 4 spinless massive particle with four first class and two second class

31t is related with the mass parameter m of the particle through 2|M|* = m? (see also (3.6)).



constraints. To modify the constraints that require the spin to be zero, we introduce three
additional auxiliary four-vector coordinates y” 4 (r=1,2,3) (see (1.9)). Arranging correctly
the generalized incidence relations we obtain the two-twistorial free model with one first
class and two second class constraints, which reduce the 16 twistor real coordinates (7%, T4;)
(eq. (3.1)) to 12 physical degrees of freedom. These new versions of the hybrid model can
be quantized and solved by using the ‘spinorial roots’ (7', 74;) of the four-momenta as
independent variables, which provides the reduced D = 4 wave function (7l Ta;). If
we take into consideration the mass constraints (1.10) we obtain that the manifold of the
spinorial coordinates is described by the group manifold of SL(2; C), the cover of the D = 4
Lorentz group, with its six real parameters being half of the twelve physical phase space
degrees of freedom that are left in the bitwistorial formulation in our model. We show
that such a wave function can be identified with the D = 4 master field describing an
infinite-dimensional multiplet of massive HS fields with arbitrary D = 4 spin spectrum (for
an analogy see [53]).

Finally, in section 4 we present some comments going beyond D = 3,4, on possible
D = 6 and supersymmetric extensions. Further, the Outlook briefly discusses how to
introduce nonlinear interactions of the massive HS multiplets and how to adapt, in our
massive case, the construction for massless HS fields in [4, 19-21] which uses, in suitably
chosen dimensions, the duality between the HS current and HS field multiplets.

The paper includes two appendices. Appendix A details our conventions; appendix B
presents an interpretation of our N = 2 D = 3 spinorial model in section 2.2 as described
by an N =1 D = 4 vectorial model with the nonstandard O(2,2) Lorentz group.

2 D = 3 bispinorial particle models and HS massive fields from their
quantization
2.1 Summary of D = 3 two-twistor kinematics

D = 3 twistors are real four-dimensional Sp(4; R) = SO(3, 2) spinors. We introduce a pair
of D = 3 real twistors

‘ 2\
tAZ:< g) a=1,2, i=12, A=1,...,4, (2.1)
I
with conformal-invariant scalar product?
thtd = the it (2.2)
where the contravariant spinor
thy = gapt? (2.3)

is constructed using the Sp(4; R)-invariant antisymmetric metric (see also footnote 1)

0 5%
= . 2.4
9gAB (60/3 0 ) ( )

4The conformal D = 3 twistors are null twistors.




If we only employ the spinors A, we can construct the following D = 3 bilinears
describing composite three-vectors in internal N=2 (i, j=1,2) space

uhs = My, a=(0,1)=(0,1,2), (2.5)

where the 2 x 2 matrices (7);; are internal space SO(2, 1) Dirac matrices (eq. (A.10)) and
form a basis for the space of symmetric 2x2 matrices (see appendix A). Further, according
to Penrose twistor theory (see e.g. [7]) we take ugﬂ = pap (three-momentum). We shall
further impose the following spinorial mass constraint

A= NA +V2m=0, A =e;e\], (2.6)

which implies that the three-vectors (2.5) describe, after suitable normalization €ap =
1
m
orthonormal vector frame

ugg, the D = 3 vectorial harmonics (see e.g. [54-56]5) describing the D = 3 Lorentz

«

elge?® =yt gt =(1,-1,-1) . (2.7)

It is easy to check that the set of three-vectors uf P has three independent degrees of freedom
equal to the number of spinorial degress of freedom constrained by the relation (2.6). In
particular, if @ = b = 0 we obtain from (2.7) the mass-shell condition for the D = 3
momenta
pagpaﬁ = m? , (2.8)
where
Pa = ugﬁ = )\fl)\% : (2.9)
In order to describe the realizations of Lorentz group and the Abelian scalar D = 3
spin S we should use all twistor components (see (2.1)). The Lorentz algebra generators
M, = L, + S, Ly = x,py, — Ty, are given in spinorial notation by

1w i 1 o o

Mag = =5 Mok = —5.75 (Nakts + Asla) (2.10)
and the scalar spin S for the massive particle with mass m is described by the D = 3
counterpart of the Pauli-Lubariski operator given by (u,v, 0 =0,1,2)

1

S € MY = p' M, = PP Mys =mS, S =1\ = iti‘tf‘, (2.11)

where M, = % €M ¥A and we use the bitwistor representation of momenta (2.9). We see
that D = 3 spin is described by the unique nonvanishing conformal-invariant twistor norm
provided by formula (2.2).

We shall further consider the field equations that determine the mass and spin eigen-
values of the D = 3 Casimirs (2.8) and (2.11). Such field equations were also considered in
quantum theory as describing anyons, with arbitrary fractional value of s (see e.g. [57-61]).
In the next section we obtain these equations with fixed m and half-integer values of s as a
result of the quantization of the new particle action. We will not consider here the anyonic
fractional spin values that come from representations of the universal cover R of the D = 3
Abelian spin group U(1).

®The authors thank Evgeny Ivanov for informing about the reference [56].



2.2 D = 3 bispinorial generalization of the Shirafuji model

We propose the following action for our D = 3 model (i, = 1,2; r = 1,2)
‘96>_ /}h[A;Ag¢aﬁ+-cxgcydwxgygﬁ+—fA;g$4-e(A;A$4-v§7n)], (2.12)

where A\ = e“ﬁeij)\% etc. and ¢ is a Lagrange multiplier imposing the constraint A in
eq. (2.6). The parameters ¢, f may be set equal to one by rescaling the coordinates, but
we shall keep them arbitrary in order to consider various variants of the model (actually,
the most interesting values are 0 and 1). In particular, if we set ¢ = 1 the first two terms
in (2.12) collapse into )\g(’y“)ij)\éygﬁ where y2” = (&7, y2?) with a = (0,7) = (0,1,2). If
c = f =0, after using the standard incidence relation

p = 2P \L (2.13)

and inserting (2.13) into (2.11), we get S = 0, i.e. we obtain the model describing a spinless
particle. In the general case the incidence relation (2.13) has to be generalized as follows®

pet = 20PN + 20 (V)i PN + Fy (2.14)
After using relations (2.5) in (2.11) we obtain
S=—cXa'(Y); YNy = 3 FAaiy™ (2.15)

thus, S # 0 whenever ¢ or f are non-zero.
Setting ¢ = f = 1, the constraints defining the momenta follow from (2.12) with the

result
Ths =Th, = Pop — uap =0, (2.16)
Gl = Py — Ao =0, (2.17)
F = ppyd ~0. (2.18)

Egs. (2.17) and (2.18) determine pairs of second class constraints. After introducing for

B

them Dirac brackets we obtain that the variables (ya",v%), a = 0,1,2, are canonically

conjugate to (p 55 A¢) so that the non-vanishing PBs are given by
{422, plst = ot ales)) (2.19)
{vi's X3} = 0]65 (2.20)

where we recall that A@B?) = 3 (A“BP + APB).
The model (2.12) has ten first class constraints expressed by the formula (2.16) and
the mass-shell constraint (2.6). After quantization the above PB relations can be realized

in terms of 77 =y A\ = X! and the following differential operators
0 0
g — i T 2.21
pa,B Zé?yfz“ﬁ ) Yi Za)\za ) ( )

SRelation (2.14) is adjusted in order to obtain from (2.12) the free two-twistor action (see section 2.3).



where, by definition, 8535 yg‘s = 0y 5&752). As a result, the quantized constraints (2.16)

after using equations (2.5) deterimine the following three unfolded equations for the wave
function ® = ®(y57, AY),

.0 ; ;
(283/&6 + A;(fy“)ijA@ Dy N =0, a=(0,1,2), (2.22)

with the following solution expressing explicitly the dependence on yg g ,
D(ye, Ny) = exp {iN(1)ii e | 6(AG) - (2.23)
Using, instead of (2.21), the dual differential realization in spinorial sector

0

= 2.24

one obtains from (2.6) a single field equation for the reduced wave function

o 0 .
(8%& o x/im) oy =0, (2.25)

where

3(u?) = / diN PN B(NL) | (2.26)

In the ‘spinorial momentum’ picture described by the spinors A?, the reduced wave function
() depends on the spinorial momenta restricted by the algebraic equation (2.6). We
see that the wave function describing the quantum mechanical solution of the model (2.12)
depends on three degrees of freedom, two describing the on-shell three-momenta and a
third one being the (arbitrary) value of the D = 3 spin. In order to express the spin
operator (2.11) as a differential operator in spinorial momentum space one has to consider
the quantum version of the twistorial description of model (2.12).

Let us now compare the models (2.12) with f = 0 and f # 0 (for simplicity we set
¢ = 1). From expression (2.15) it follows that in both models S is a composite dynam-
ical variable that describes arbitrary D = 3 spin; however, the limit f — 0 changes the
structure of the constraints. Indeed, if f = 0, those in (2.17) are not present; only the
constraints (2.16), (2.18) and the mass-shell constraint (2.6) appear. The alternative con-
straint structure is well illustrated if the nine relations (2.16) are replaced by the equivalent
set of nine Abelian constraints

Ty = Taﬁuglﬁ = pgﬁu?’g —m25} ~0. (2.27)

(e}

Similarly, the four constraints (2.18) can be replaced by four equivalent ones as follows

F=3Apone =0,

(e

S (2.28)
Fo = 53 0(n)ipng =0,
where the D = 3 gamma matrices (7,);/ satisfy the so(1,2) commutation relations
[Ya, V6] = —2€ab“Ye (2.29)



with metric diag(l,—1,—1) raising the O(2,1) indices. = Using the canonical PB
{)\g,p(,\)f} = 5@5;, it is seen that the thirteen new constraints (7%, F,, F) have the
following non-vanishing PBs:

{Fo, b} = e Fre,

{Fo, TS} = €a?T§ + mPew®,
{10} = =17 — m?dy,
{F,A} = —A++2m .

(2.30)

We see from the second and fourth equations of (2.30) that four out of the ten first class
constraints 70 and A (eq. (2.6)) present when f # 0 become second class due to the
appearance of the four constraints (2.28) in the limit f = 0. These four constraints (Fg, F')
are second class and describe the gauge fixing of four gauge transformations present if
f # 0. We can conclude that putting f = 0 in (2.12) leads to the partial gauge fixing of
four out of the ten gauge degrees of freedom generated when f # 0 by the ten first class
constraints 795 (or 7j') and A. If f # O the ten first class constraints remove 2x10 = 20
real degrees of freedom; for f = 0 the six first class constraints plus the eight second class
remove the same number of d.o.f., 2x6+8 = 20. Thus, both models have the same physical
(i.e. without gauge degrees of freedom) content. This proves the equivalence of the classical
models considered for f # 0 and f = 0.

Finally, we point out that for ¢ = 1 our model (2.12) describes a vectorial SO(2,2)-
particle model, as discussed in appendix B.

2.3 D = 3 bitwistorial description

In order to introduce the twistor coordinates (2.1), we insert in (2.12) the generalized
incidence relation (2.14). Modulo boundary terms, we obtain for ¢ # 0 and/or f # 0 the
following twistorial free action with Sp(4,R) D = 3 twistorial metric (1.5):

56 = /dT [Ag/f” +0 (AgA? + \/im) } . (2.31)

The action (2.31) describes an infinite tower of D = 3 free massive particles with any spin
(see e.g. [43]). Let us prove it.

The action (2.31) describes a system with canonical variables pu®* and A%, {u®, )\%} =
5”53‘, and the constraint (2.6) which generates the gauge transformations in bitwistor
space. Let us fix this gauge freedom by the constraint

G=XNpu"~0, {AG}=2V2m—2A. (2.32)

Introducing Dirac brackets incorporating the constraints A ~ 0 and G ~ 0 we obtain that
they become strong and we get the following Dirac brackets for the twistor variables

(N, M} =0,
L0 V8 U, 7 - S {5 VA 2.33
B BT \om TS
{177} = = (AT = N o)



A quantum realization of the algebra (2.33) with 5\,& ordering is the following
.0 i o O

Yox, T vam ToN,

We point out that the second class constraints (2.6) and (2.32) are fulfilled in the strong
sense, i.e. G = A i® = 0. If we use the formulae (2.34), the spin operator (2.11) is realized

A=A = (2.34)

as follows

0
oM,

Our aim will be to decompose the Fourier transform (2.26) of the reduced wave function

S =10 =1ey N (2.35)

D=

gZN)(yf‘) satisfying eq. (2.25) into a superposition of momentum-dependent eigenfunctions of
the operator (2.35) (see egs. (2.53), (2.54) below).
Due to the mass constraint (2.6), the real 2x2 matrices h with elements

he' = 2Y/4m =12\ (2.36)

have determinant equal to one, characterize the SL(2;R) group manifold and describe
real spinorial D = 3 harmonics [56] (note the algebra isomorphisms si(2;R) ~ su(1,1) ~
sp(2;R)). The corresponding SU(1, 1) matrix is obtained by the complex similarity trans-

formation
g=UhU,  U=emn/t (2.37)
with matrix elements
a l_) 2 2
9=\,.) leF-PF=1, ge5UQ11), (2.38)
where
=3[+ h?+i(h® —h")],  b=3 [+ ho! —i(h' —ho?)] . (2.39)

In terms of the variables (2.39) the spin operator (2.35) takes the form

. 1 8 0 8 -0

The matrix g,’ in (2.38) describes SU(1, 1) spinorial harmonics, where first column g,! =
(Z) (second go% = (2)) describes a SU(1, 1) spinor with spin eigenvalue s = —3 (s = 3).

One can introduce the natural parametrization of the SU(1, 1) matrices (2.38) [62]

a = cosh(r/2)e'WT9)/2 = sinh(r/2)e!V?)/2 (2.41)
where
0<p<2m, 0<r<oo, =27 <) < 2. (2.42)
In terms of the angle v, the operator (2.40) takes the simple form
- 0
S=i— 2.43
i3 (243

i.e., it describes the D = 3 U(1) spin.
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After the transformation (2.36), the twistorial wave function ¥(g) is defined on
SU(1,1). The SU(1,1) regular representation is given by its action of on the (wave) func-
tions ¥(g) defined on the SU(1,1) manifold. To obtain the Hilbert space of the quan-
tized model (2.31) we may use the theory of special functions on matrix group manifolds
(see e.g. [62]) and require that the wave function ¥(g) = U(p,r, 1) is square-integrable,
[ 1¥(g)?dg < 400, dg = sinhr dr dp dip. Due to eq. (2.41), the wave function satisfies the
periodicity conditions

U(p,r, 1) = U(p+4m,7,¢) = V(p,r, ¢+ 41) = U(p + 27, 7,9 + 27), (2.44)

which eliminate the anyonic quantum states with arbitrary fractional spin.
One can use the double Fourier expansion

U(p,r,¢) = Z fen(r) e Betm) = N TR, (1)), (2.45)
k,n=—00 n=-—00
where Fi,(r,0) = > fen(r) e (n is fixed). The summation is over all pairs (k,n) such
k=—0c0

that the numbers k and n are both integer or half-integer. The eigenvalues of the operator
S defined by (2.43) coincide with parameter n in the expansion (2.45). As a result, the
spin in our model takes quantized integer and half-integer values. The functions F,(r, )
describe states with definite D = 3 spin equal to n. The r-dependent fields in (2.45) are
expressed by

2r 27
1 i n
fonlr) =53 [ [ dodw e w(p,r,0) (2.46)
—27 0
and the Plancherel formula gives
2w 2w 0o 00

o0

Z /dr\f;m(r)\z sinhr. (2.47)

k,n=—0cc

812//0/d<:0d¢d7“!\11(4p,r,¢)]2 sinh 7 =

Square integrable functions fx,(r) have an (integral) expansion on the matrix elements
of the SU(1,1) infinite-dimensional unitary representations (see [62, 63] for details). Us-
ing (2.9) and (2.36), (2.41) we obtain that

po = m (a(z—i— bB) =m coshr,

p1 = im (ab—ba) = —m sinhr singp, (2.48)

Py =m (ai)—k bd) =m sinhr cos¢;
where p3 — p? — p2 = m?. We see that the on-shell momentum components (2.48) do not
depend on the angle 9 and thus define the coset manifold SU(1,1)/U(1), the hyperboloid
which is the base manifold of the (trivial) U(1)-fibration of SU(1,1). The wave func-

tion (2.44) with the Fourier expansion (2.45) in the U(1) y-variable describes an infinite-
dimensional tower of D=3 higher spin fields.
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The coefficient fields in the expansion in (2.45) are defined on the coset SU(1,1)/U(1)
as functions of the on-shell three-momenta p,,,

Fn(r, ) = Fn(pu;m) (2.49)
and

fin(r) = fin(posm). (2.50)
Let us analyze the expansion (2.45) in a Lorentz covariant form.

We recall that the transformation (2.37) describes the isomorphism between SL(2;R)
and SU(1, 1) matrix group (see, for example, [64]). Using eq. (2.37) one can transform D =
3 spinors and y-matrices from Majorana (real) representation to a complex representation.
We get in such a way the D = 3 framework which uses the SU(1, 1) spinor coordinates”

a=vin(y), E-@i=vi@),  E.s=m. (251)
In the variables (2.51) the D = 3 spin operator (2.40) takes the form
G_1 (e 0 o O
=1 (5 5e 8£a>‘ (2.52)

We find easily that in terms of the SU(1,1) spinors (2.51) the three-momentum (2.48) is
given by
P = €% (Vu)apt” (2.53)

where go‘ = gﬁ(’yg)g"‘ is the Dirac conjugated spinor, &° = €8¢, ('yu)aﬁ are Dirac -
matrices in the complex SU(1,1) representation (A.7), (Yu)ag = €8y(Yu)a” and p, =
Ea(w)aﬁgﬂ = —Ea(w)aﬁgﬂ = —éfyuf. Eq. (2.53) is the D = 3 counterpart of the standard
Penrose formula for the four-momenta in the D=4 case, in which the D = 4 SL(2; C) Weyl
spinors have been replaced by D = 3 SU(1,1) spinors.

Using relations (2.41) and (2.51) we can write down the expansion (2.45) in the co-
variant form

oo
V(E = D bay- o & ENySIaR (p,), (2.54)
N,K=0
where 315 (p,,) is the covariant counterpart of the functions E,(pu;m) where Y55 =n

(see egs. (2.54), (2.51), (2.41) and (2.45)).

We note that the SU(1, 1) spinorial formalism is more convenient for the description
of spin states than the SL(2;R) framework because it diagonalizes the spin eigenvalues.
Formally the wave function (2.54) (or the reduced wave function ¢()\%) in (2.26)), after
using (2.6), can be written as follows

GA) =D AL AN PN () (2.55)
N=0

However, the monomials )\21 o )\Zj\I’V are not eigenvectors of the spin operator (2.35).

"We use the index a = 1,2 for the real SL(2;R) as well as for the complex SU(1,1) spinors since it is
a Dirac spinor index in different realizations of the D = 3 y-matrices. Note that the reality of a SL(2;R)
spinor x = ¥ implies the validity of D = 3 SU(1, 1) Majorana condition ¥y = ¥*'C for the SU(1, 1) spinor
1 = Ux, where in accordance with (A.7) o = o3, C' = ios.
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We point out that the expansions (2.54) include both states with positive (n > 0)
and negative (n < 0) spin values and that it is infinitely degenerate because a spin n is

generated by all monomials &, ... &a &P €PN such that n = NEK. One can remove the
degeneracy in N, K for a given n by projecting on the spaces with definite sign of spin if
we consider anti-holomorphic wave functions satisfying the condition

0

% (8 =0. (2.56)

A solution of (2.56) is provided by the power series

[e.9]

TEE) = S0 €N o (p) (2.57)

N=0

which depends only on ¢ and contains only positive spins.
Alternatively, we may impose the condition

o ~
87@ 1’(57 g) = Oa (258)

which can also be interpreted as another SU(1, 1) harmonic expansion condition.

The spacetime dependent fields are obtained in the standard way by means of a
generalized Fourier transform with exponent e®#® = ¢=/€%&*" and measure p3(¢) =
d*¢ §(£a3¢ —m) (see eq. (2.51)). We get in such a way the Fourier-twistor transform for
D = 3 massive fields. The corresponding spacetime fields are then given by

o) o (2) = / pB(&) e EmOre e, (g (2.59)

The fields (2.59) are symmetric with respect to their spinorial indices and satisfy the D = 3

Bargmann-Wigner equations

aﬂ(’yu)ﬁa1¢gj{g¢2...a]\] m(bﬁag ayN =0 ’ (260)

where the y-matrices are taken in the complex SU(1,1) representation (A.7).
The negative (n < 0) spin (helicity) states are described by the holomorphic twistor
wave function

Z Car - -San ¥ Ten-ay (p,u)v (2.61)
N=0

which is a solution of equation (2.58). The twistor transform can be obtained by the
complex conjugation of (2.59)

¢(—)a1...aN (.’E) _ /lu?)(é-) ez’(éw&) zl‘goq o gCVN \I;(—)(é‘) (262)

and defines spacetime fields with symmetric spinorial indices that satisfy the Bargmann-
Wigner equations (2.60) with m — —m.
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3 D = 4 bispinorial models and HS massive fields

3.1 Summary of D = 4 two-twistor kinematics

The standard D = 4 Penrose twistors are complex four-dimensional SU(2,2) = SO(4,2)
spinors Z4% Z,; that can be expressed by two pairs of two-component Weyl spinors

(ri,, @)
7 AL _ (%) ’ (ZAi)* _ (Wo;:> ’ Zai = (W, —Tas) (3.1)

o)
Wy

where 7g; = (7,)", w = (W*)*. One can introduce four conformal-invariant scalar prod-

ucts (a =0,1,2,3)
S = Z 2 or S = ZAi(Ua)ijZAj ; (3.2)

where the hermitian 2x2 matrices above o% are defined in appendix A and act in the
internal bidimensional space.

Using the complex Weyl spinors 7', 74; we can define the following set of real composite
four-vectors

’LLZB :Wé(a“)ijﬁgj, a=0,1,2,3, (3.3)
which for a = 0 give the Penrose formula for the composite four-momentum [7]
0 _ i =
Upp = Paj = TaT s = % JZBp/J : (3.4)

We shall impose (see (1.10)) two complex spinorial mass constraints by means of the com-
plex mass parameter M = M; + iMs. From (3.4) and (1.10) it follows easily that

Pagp™’ = pup" = 2|M?, (3.5)

i.e.

M = §m?, (3.6)

where m is the mass of the particle. Using further the real four-vector notation

uy, = % (J“)O‘Bu‘;ﬂ- , ey = % uy, (3.7)

it follows that (cf. (2.7))
Uy 'y = M Nap euall'y = Nab Nab = (1, -1, -1,-1) . (3-8)
The four-vectors ej; in egs. (3.7), (3.8) describe an orthonormal vectorial Lorentz frame
defining D = 4 vectorial Lorentz harmonics; the spinors \/% it % Tai constitute a pair

of complex-conjugated spinorial D = 4 Lorentz harmonics [65-67].

The two-twistorial realization of the D = 4 Poincaré algebra P, ~ Paﬁ-, M, ~

(Mag, M) can be expressed in terms of the twistor components (eq. (3.1)) as follows® [7].

Pag' = Wzﬁgi ) Maﬁ - ﬂ-éawﬁ)i ) Mﬁ - wédﬁg)i ’ (3.9)

«

5In (3.9) we assume the canonical quantization rules for the twistor variables; see also section 3.3.
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The Pauli-Lubanski four-vector W), describing the D = 4 relativistic spin,
W, = % €upe PP M, (3.10)

can be written after using expressions (3.9) and (3.2) as an expression in twistorial coordi-
nates as follows ' '
WP =8, u¥ r=1,23, (3.11)

where
Sy = =4 (mw§ — 76;0) (o). r=1,2,3. (3.12)

3 (m
Further, using the relations (1.10), ( 5) and (3.6) it follows that

—

WHW, = -m?S?,  S§*=8S,8S, . (3.13)

After quantization, as it is shown in section 3, we obtain the well known relativistic spin
square spectrum with S? replaced by s(s + 1) (s = 0, 5, 1,...). We observe that the
covariant generators S,, which (see (3.11) and (3.8)) can be expressed as

1 .
Sp=-—3 utP W (3.14)

and describe the su(2) spin algebra in a Lorentz frame-independent way.

3.2 D =4 bispinorial generalization of Shirafuji model

Following the choice made in the D = 3 case (see (2.12)), we shall generalize the standard
D = 4 bispinor Shirafuji action by adding three additional terms depending on the sup-
plementary four-vectors y (r = 1,2,3) and on the spinorial kinetic terms, plus the pair of
spinorial mass shell constraints M, M in eq. (1.10):

S0 = / dr [y @ + emi (o) 7y 507 + Frbil + Fra™

o (mhrd + 2M) + p (Riwd + 20) | (3.15)

In (3.15) we have extended spacetime z# = % ("), BJ:O‘B by the three supplementary real

four-vectors yy = % (a“)aﬁyf . The parameter c is real and f is complex; p and p are
complex Lagrange multipliers that impose the spinorial mass shell constraints.
When ¢ = f =0, S® describes the standard bispinorial Shirafuji model, with the pair
of standard incidence relations
(.:)d = 71'5.’1}’8&

o OLB—.
wit =T,

(3.16)

The reality of the spacetime coordinates z* implies, after multiplying the first equation
above on the right side by A;/74; and the second one on the left side by 74 A7, the
constraint

FéAjiw? — (IIMAij’ﬁ'aj =0, (3.17)
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which depends on the arbitrary hermitian 2 x 2 matrix A7, i.e. (A7) = A;j*. Using the o®
basis of 2x2 hermitian matrices (appendix A), eq. (3.17) gives the following four linearly
independent constraints (a = (0;7) = (0;1,2,3))

S, = —% [Wé(aa)jiwf‘ — oﬁdi(aa)ijﬁdj] =0, (3.18)
which can also be expressed by the four conformal scalar products of the twistors Zf4, Zih
So=—4%2%04)7Za; =0. (3.19)

If relation (3.19) is valid, we see that the twistors generated by the incidence relation (3.16)
are null twistors located on the null plane. The four constraints (3.19) and two spinorial
mass constraints (1.10) provide four first class constraints and two of second class (see
also [43]), i.e. if ¢ = f = 0 we obtain 16 — 2x4 — 2 = 6 physical degrees of freedom
describing the physical phase space of massive spinless particle.

In the general case when ¢ £ 0 and f # 0 the proper generalization of the incidence
relations is the following

0% = mhael 4 el (o) iy + 520
. . 3.20
w = 2Py + ey’ (o) mg, + Fy

Repeating the derivation of the constraints (3.17), we obtain in place of the formulae (3.18)
the following relations (i,5 = 1,2; r =1,2,3):

So = =5 (fmbye — [9¥'7ai) ,

of . ‘ . o . (3.21)
Sy = CérpqYp Uyop T3 [fWZ(Ur)z‘]y? - fgm(o'r)ijﬁdj] :

where u, s is given by formula (3.3). The independence of the first expression in (3.21)

on the parameter ¢ follows from the reality of the four-vector coordinates 15 P (', yr).
To describe the phase space structure of the model (3.14) we calculate the momenta
P2 D&y P Pk Plnai conjugate to yaﬁ
ap? P(mio P(r) > Ply)ar Ply)di a
constraints (we set ¢ = f = 1 for simplicity)

, T e, v, g*. This leads to the

Go =Pyya —Ta =0, Gai = Pyai — Tai <0, (3.23)

The remaining two (mass) constraints are given by (1.10).

The constraints (3.23) and (3.24) are of second class. Introducing the corresponding
Dirac brackets {A, B} — {A, B}, and eliminating by (3.23) the momenta p(,)’,, P(y)ai We
get the following set of Dirac brackets taking the canonical form

(2 P b = 000200, Ay mhhe =810, {y™. 70 = 0365 (3.25)
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The constraints (1.10) and (3.22) are first class. By quantizing the brackets (3.25) and
introducing the realization
0

N 5 . aﬁ' ~a .
gor =y pl. = —i—r0, (3.26)
a a af 8y35

we obtain the D = 4 unfolded equation for the wave function ¥(yq A T M)

) . . -
(7, of + W&(U%ﬂﬂ'/@) \I/(yg’g,ﬂ';,ﬁdi) =0. (3.27)
0Ya

The equation (3.27) has the solution (a =0, 1,2, 3)
\Il(yglﬁv 7T<7;x7 ﬁdi) = CXp {iﬂg(aa)ijﬁﬁ'jygﬁ} l/}(ﬁécv ﬁdi) ) (328)

where the reduced wave functions (7, 7) depend on complex D = 4 spinorial momenta
satisfying the mass constraints in (1.10). For the general model (3.15) (¢ # 0, f # 0) it
follows from (3.21) that all four variables S* are dynamical and that the reduced wave
function ¢ (m, ) does not satisfy any further constraints besides (1.10).

The spinors e!, = (M )_%ﬂg (Eai = (M )_%ﬁdi) define a complex-holomorphic (complex
anti-holomorphic) spinorial SL(2; C) Lorentz frame (SL(2;C) spinorial harmonics),

i aj _ g i , s T B
epe™ =€, epep =€ ; eae™ =€V, eaes = €45 (3.29)

and the reduced wave function (7%, 74;) in (3.28) depends on an arbitrary element of the
SL(2; C) group (see also [68]). The six unconstrained degrees of freedom can be described
by the spinorial frame €?, (i=1,2, a=1,2, eq. (3.29)) or by the vectorial frame given by the
four-vectors e,® (a = 0,1,2,3; p = 0,1,2,3) satisfying the orthonormality relation (3.8).
In particular, following [53], one can incorporate five degrees of freedom into the pair of
four-vectors

p,(LO) = meLO) =Dy, p(l) = mel(}) =qu, (3.30)

satisfying the conditions

pupt =m*,  qugt =-m*,  pug"=0. (3.31)

The four-vector g, parametrizes the sphere S? in an arbitrary Lorentz frame. The remaining
sixth degree of freedom can be described by the SO(2) angle 0<y<2, defined by the third
vector 7,

pl(/?) — me/(f) — 1"#7 ’/“'LL’]"'U’ e —m2, p#’]”u = qlﬂ"“ = 0 . (332)

In the rest frame, p, = (m,0,0,0), the four-vector r, can be parametrized as
ry = (0,0, mcosy,msin7y) . (3.33)

Therefore, the reduced wave function (3.28) incorporating the mass constraints (1.10) can
be parametrized as

¢(Wévﬁdi) = '(Z}(leSQvSleQ:mQ ’ (334)



where S? is described by qu and S' parametrizes ru by eq. (3.33). To describe the D = 4
integer spin states we may neglect the dependence on the S' parameter; however for half-
integer spins the dependence on the angle 7 becomes necessary (see e.g. [53]).

Let us consider now the model (3.15) for f = 0, ¢ # 0, i.e. without kinetic spinorial
terms introduced by Vasiliev [4] in order to obtain the unfolded equations (see (3.27)).
We shall follow the arguments given for D = 3 in the last part of section 2.2. When
f = 0 one obtains the constraints (1.10), (3.22), (3.24) but not the constraints (3.23).
Using (3.8), we introduce for (3.22) and (3.24) the equivalent set of sixteen real and four
pairs of complex-conjugated constraints (a,b = 0,1,2,3)

T = Toug? = s — m?5y = 0, (3.35)
Fo = 5m4(00)iply; =0, Fo= 5 p(3)(00)i’Taj =0 . (3.36)

The nonvanishing Dirac brackets (see (3.25)) of the constraints (3.35), (3.36) and (1.10)
are (F, = (Fy, Fy))

{Fy, Fy} = —i€qrsF {Fy, Fy}e = i€grsFs (3.37)
{Fo, T{}e = -4 T; 1 5gm2 : {Fo, T¢ e = -2 T — L opm?, (3.38)
{F, Tg} = 3 67m (B To}e = =5 17 — 5 60m?, (3.39)
{F, T} = emsT“ § €rgs0am® — T8, — %m%gérq,

{Fr, To Y = & €0gsTE + 5 €rgs0im? — $T56,q — 5m>680rq . (3.40)
{Fo, M}, = —M +2M, {Fo, M}, = —M +2M , (3.41)

where ¢, 7, 5=1,2,3. We see that the 8 real constraints F,, F, provide a partial gauge fixing
of the 18=16+2 gauge transformations, which in the case f # 0 are generated by the
18=16+2 first class constraints T}, M, M. One can calculate that if ¢ # 0 the variants
f # 0 and f = 0 of the model (3.15) have the same number of twelve real physical (non-
gauge) degrees of freedom but different number (18 for f # 0 and 10 for f = 0) of local
(i.e. 7-dependent) gauge parameters.

We add that for a D = 4 particle of mass m and fixed spin s the physical phase space
has eight degrees of freedom, with the spin degrees represented e.g. by the coordinates
on the sphere S? [53, 69]. In such a theory the relation (3.13) that determines the fixed
spin value s is a first class constraint. If this constraint is removed, the resulting theory
with arbitrary spin s has then ten degrees of freedom. It will be shown in section 3.4
that the wave function solving the model (3.15) describes twelve degrees of freedom due to
the multiplicity that is associated with each value of the different spins. We shall reduce
the twelve degrees of freedom to ten, as required by a HS theory with nondegenerate spin
spectrum, by imposing an harmonicity constraint (see (3.81) below) on the wave function.

3.3 D =4 bitwistorial description of HS massive multiplets

Following the procedure in section 2 for D=3, we now express the action (3.15) just in
terms of a pair of D = 4 twistor coordinates (eq. (3.1)) by postulating the incidence
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relations (3.20). With f # 0 (¢ may be arbitrary) this leads to the following two-twistorial
action with two complex-conjugated Lagrange multipliers u, i

SW = / dr [rhwf + p (whrd +2M) + heel] . (3.42)

The model (3.42) contains only two complex-conjugated spinorial mass constraints (1.10).
When f = 0 and ¢ # 0, as it follows from formulae (3.21), one still has to to impose one
additional constraint via a Lagrange multiplier

So=—%2ZxZ"~0. (3.43)

In order to find the first and second class constraints we use the canonical PB that
follow from the S® action (3.42)

AN (3.44)

One can check that {M, S} # 0, {M,S%} # 0. Further, we replace the two complex-
conjugated constraints M, M by a pair of real constraints

¢ =L (M+M)=1L(xix*+he)— M =0,
1 2 ( _) 2 ( ‘ ) 1 (3'45)
po =5 M—-M) =35 (n,md —hec)—My=0,
where M = Mj + iM,. The PB of the constraints (S, ¢1, ¢2) are
{507¢1} = ¢2 + M2 5
{So, 2} = =1 — My, (3.46)

{p1,2} = 0.

The PBs in eq. (3.46) show that the generators Sy, ¢} = ¢1 + My, ¢ = 2 + My describe
an E(2) algebra, {So. 61} = 0, (S0, 04} = —64. {6, dh} = 0.

The shifts ¢}, ¢, — ¢1, P2 of the generators of the translation sector of F(2) may be
considered as producing spontaneously broken symmetries. Indeed, after quantization of
PB (3.46) one can consider that the action of the E(2) generators (Sg, ¢, ¢/2) annihilates
the vacuum |0). Then, the quantized relations (3.46) are consistent only if Sp|0) = 0,
A'172| 0) =0 = ¢12]0) = M;2|0) # 0. This means that if we look at ¢1, ¢o as generating
the two translational symmetries of £(2) these have to be spontaneously broken.” Similarly,
if we introduce another choice of generators

¢1 = My + Moo, $o = Moy — Mg, (3.47)

9We recall that the symmetry associated with a Lie algebra generator X is spontaneously broken if
X |0) # 0 [70]. The phenomenon above described is that if b1, b2 are considered as translation generators,
then we cannot longer ignore that the true algebra is larger and that, in it, the constants determine a
central subalgebra. Taking a basis that it is not a subalgebra led to the symmetry breaking above.
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the PB (3.46) will be rewritten as representing F/(2) algebra broken spontaneously only in
one translational direction generated by ¢

{So, b1} = ¢2,
{So,d2} = —d1 —m?, (3.48)
{(517;52} - 07

where m? = |M|?> = M? + M3. We see from (3.48) that the constraint ¢y is of first class,
and ;52, Sy form a pair of second class constraints.

It turns out nevertheless that the number of physical phase space degrees of freedom
is the same and equal to twelve, irrespectively of the value of the parameter f. In fact,

1. if f # 0 we have two first class constraints (1.10), i.e. in 16-dimensional two-twistor
phase space the number of degrees of freedom is 16 — 2 x 2 = 12.

2. if f = 0 and ¢ # 0 we get three constraints satisfying the PBs (3.48), one first class and
two second class. The count of degrees of freedom is the same: 16—1x2—-2x1 = 12.

3. If f =0 and ¢ = 0 we obtain the model of massive spinless particle (see formu-
lae (3.15)—(3.19)), with six-dimensional physical phase space.

In the fist two cases we obtain the twelve dimensions of physical phase space by doubling the
number of independent coordinates that parametrize the six-dimensional manifold SL(2; C);
in accordance with (3.34), the reduced wave function is defined on this manifold.

To relate more closely our description with the spin degrees of freedom, let us recall the
Lorentz-invariant spin variables S, defined by eq. (3.19). Using the PB relations in (3.44),
one can show that the bilinears S, satisfy the so(3) ~ su(2) PB algebra (¢,p,r = 1,2,3)

{Sq¢, Sp} = €qprSr . (3.49)

In particular, if S,~0 = W,_;~ 0 (see (3.11)), i.e. the spin is equal to zero. In our twistorial
model S, # 0 (see (3.21)) and after quantization (S, — S,)) we obtain from (3.49) the

so(3) algebra of Lorentz-invariant spin generators S,

1Sy, Sp] = i€qprSr - (3.50)

The mass shell constraints, after using the bitwistor formula (3.4) for the four-momentum,
provide the generalized Dirac equation with complex mass M and four-components complex
Dirac spinors

g = M7, pag” = M, . (3.51)

Further, in our two-twistor framework we obtain as well the generalization of egs. (3.51)
for the set of three auxiliary fourmomenta (r = 1,2, 3),

Tl = M), plyE = Mk (o) (3.52)
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To replace the complex value M = % e"?m by a real one m let us observe that the

action (3.15) is invariant under the following global phase transformations
. . - Cio/am
7.[.:17, — 67490'/ 7-(-2[7 71-%2 = 6‘ ”L(P/iﬂ-di, | | (353)
[leeTef, P edelf geetivp, = dvp,

/

where €% = M /M. The D = 4 mass constraints (1.10) are expressed in terms of 7.}, 7%,

by (cf. eq. (2.6) for D=3)
i+ V2m =0, A +vV2m=0. (3.54)
For the Weyl spinors 7%, 7. we get the equations (3.51), (3.52) with M replaced by m. The

transformations (3.53) do not affect the SL(2; C) part of the variables 7%, (see next section)

because they change only the determinant of the 2x2 matrix 72, which is parametrized

by the coset GL(2;C)/SL(2;C) ~ GL(1;C), parametrized by an arbitrary complex mass
parameter.

3.4 D =4 bitwistor wave function of HS massive multiplet

Our D = 4 dynamical bitwistorial system is described by twistorial coordinates see (3.1))
in terms of the variables 7, Tak, Wi, 0% endowed with the canonical PBs

{wf,mh} = 0567, {o%, 7y} = 630, (3.55)

constrained by the mass constraints M, M (egs. (1.10)). Further we shall assume f = 0
and ¢ # 0. In such a case we should add the constraint (3.43)

V =-28 =i (ri@f — Taw™) =0 (3.56)
with nonvanishing PBs
{V,M} = 2i M + 4iM , {V,M} = —2iM — 4iM . (3.57)
The constraints M, M can be equivalently described by
Fi=MM+MM, F=iMM-—MM), (3.58)

One can check easily that the constraints V' and F, are second class. For the local gauge
transformations generated by the constraint F; we introduce the gauge fixing condition

G=rla?+ Tpw* ~0, (3.59)

described by the generator of scale transformations (dilatations) for twistorial variables.
Further, using (3.55), (1.10) and (3.59) one obtains

{G M}y =2M +4M, {G,M}=2M +4M. (3.60)
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The PB of the constraints V', GG, F} and Fy are
{G,F} =2F, +8MM, {G, Fy} =2F, (3.61)
(V,\} =25, {V.F,} = —2F, —8MM . ‘

Then, the Dirac brackets (DB) that account for the four second class constraints (3.61) are
defined by the formula

(A, B}, ={A, B}+ (3.62)

siixr [ (A GHE, BY — {A, FI}{G, B} ~ {A,V}{F>, B} + {4, EHV, B)].

This gives for the twistor components the DBs

{mh, 7} = {Tak: g be = {75, Fg; e = 0, (3.63)
{w, 7l }e = 0360 + srpmi), {0, 7y b = 6367 — gy my; (3.64)
{@*, 7]} =0, {wp 75} =0, (3.65)
{w,@‘,wf}* =L (W,‘:_f — ﬂf@?) , {wdk,cDBj}* = ﬁ (ﬁdkwﬁj — ﬁﬁjwdk) ,  (3.66)
(W, &%, =0. (3.67)

Below we will consider the (7, 7)-realization of the quantized version of the DB alge-
bra (3.63)—(3.67). In such a realization, after using the ordering with 7’s at the left and

w’s at the right, we obtain 7?(]; = WZ, Tk = Tak and
0 i ;0 - 0 i 0
O =i—r + — T — | G = ———qgbkg, 3.68
= Comk oM Tk ﬁawé e 2M Yiom,, (3:68)
one checks that in the presence of D = 4 mass constraints (1.10) the con-

k
a

straints (3.56), (3.59) are satisfied in the strong sense: 780 = 0, 4,0 = 0.

Taking into account the expressions (3.68) we obtain the quantum counterparts of the
quantities (3.12) as the spin operators

. 1/.0 _ 0 .
Sr - 5 <7Ta87_‘_§é - Trakaﬁcn) (OT)Z . (369)

Using (3.13), the square of the Pauli-Lubariski vector becomes W“WM = —m?2S7S", which
will be used later to define spin states.

Thus, the twistorial wave function is defined on the space parametrized by 7, T4
which satisfy the constraints M, M (eq. (1.10)), and the matrix

go' = M~27, (3.70)

defines the SL(2,C) group manifold. Thus, the twistorial wave function is defined on
SL(2, C) parametrized by 7', so that ¥ = W(7?, 7s;). One can use the well known decom-
position of SL(2,C) elements

= ho o= h ot 3.71
g ) g s
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in terms of the product of an hermitian matrix h = h' with unit determinant and an
SU(2) matrix v, vfv = 1 (in the above formulae, the vy’ play the role of v in (2.41) for
D = 3). The three parameters of the matrix h describe four-momenta on the mass shell,
and the three parameters of the matrix v correspond to the spin algebra (3.50). The
matrix h parametrizes the coset SL(2,C)/SU(2) which defines the three-dimensional mass
hyperboloid for timelike four-momenta which does not depend on the vy’ variables (as in
D = 3 egs. (2.48) do not depend on ). So, the definition (3.4) can be rewritten as follows

Poj = ha'hy, . (3.72)

where hgs = (ho')* and a=1,2 and i=1,2.

The unitary matrix v parametrizes S* ~ SU(2) and is linked with the spin degrees of a
massive particle. In particular, the operators (3.69) expressed by the variables (3.71) take
the form

R 9
Sr = %(O'T)]kl Ui]m .

We can consider the variables v;* as the harmonic variables that were introduced earlier to

(3.73)

describe N = 2 superfield formulations (see, for example, [71]). In particular, it is useful
to introduce the notation

v = (0!, 03 = (vf 07, vt =1, (vE)* = FoTt. (3.74)

Then, the operators (3.73) take the form

0 0 - 0
0_ _ - ++ _ +
D 253 = 'U 37"‘ — U3 % y D = Sl 152 = Ui PR iF (375)
and the square of the Pauli-Lubanski vector is given by the formula
W, = -2 [(DO) +2{D", D"} (3.76)

Since the variables v parametrize a compact space, the general wave function on
SL(2,C) has the following harmonic expansion (we use the SU(2)-covariant expansion
from [71])

U(het,vF) = > A T L AR L (OF (3.77)
K,N=0

where the coefficient fields f--inJi-Jix(p) = fl1-in31-JK)(h) are symmetric with respect
to all indices because the antisymmetric contributions involving factors in v* and v~
disappear due to the formula

vivy —vfup = ey, (3.78)
which follows from the second expression in the definition of harmonic vari-
ables (3.74). These coefficient fields depend on the on-shell four-momenta due to (3.72),
frreindi-dr () = fh-in-JK (p). Such functions defined on the mass hyperboloid can
be expanded into SL(2;C) irreducible representations belonging to the principal series of

the first kind [72].
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Each monomial of the variables v~ in the expansion (3.77) is an eigenvector of the

Casimir operator (3.76):

TR + + T - fpirdniiedrx —
WWHvll...lele...vJKf 379)
—m? S(S—I— 1) v v T v fil~~~iNj1~~-jK ’
B A ,

where s = % So, the expression (3.77) is in fact the general expansion into arbitrary

spin states. By means of the nonsingular transformation v — g = hv, i.e. vii — 7% or
vf — 7+ where
N 12 —+ ~—\ _ (= =
(ﬂ-a y Ty ) - (Trav Wa) ) (ﬂ-d y T4, ) - (7Td27 777(511) 5 (380)

and by redefining the component fields, we can rewrite the expression (3.77) in SL(2, C)-
covariant form, but we would like to stress that the spin content in the expansion (3.77)
is degenerate. This degeneracy can be however removed by the harmonic condition on the
wave function (see also [71])

DU =9, (3.81)
Since that the monomials U(J“i ...vf v ...v, , form the basis, as a solution of (3.81), we
1 NI iK)
obtain the following wave function
B [ee]
T (hevf) = of o) N (h). (3.82)
N=0

This twistor wave function rewritten in Lorentz covariant way takes the form
o0
VOt 7)) = wh ol N (). (3.83)
N=0

Note that the twistor wave function (3.83) also depends on 7, and 7 through p, in the
argument of the component fields.

Spin s=L/2 massive particles are described by the fields ¢*1~“L(p,,). The correspond-
ing spacetime fields are obtained by an integral Fourier-twistor transform which combines
the Fourier and twistor transformations. More explicitly, by means of these integral trans-
formations we can obtain the following multispinor fields, all with a total of L undotted
plus dotted indices,

bar..ar (T) = /dﬁw e~ gy my O (nt 7E)
¢a1--.aL7161 (x) — /dﬁﬂ' e—ix“puﬂ-;l o 17?—51 \i;(—l-)(ﬂ.:t? 7Tr:I:) 7

Garap_, P2 (z) = / dom e s g, g AR RR ) (n 1) (3.84)

P () = / dom e g g Pg ) (nk ¥
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where p,, is defined by (3.4) as a bilinear product of twistors. In the integrals (3.84) for
a given L, only the term = ...m} ¢*~®L(p,) in the twistorial wave function (3.83),
with U(1) harmonic charge ¢ = L (see [71]), gives a non-zero contribution. Note that
d7 = d®h d®v where d3v is the harmonic measure on SU(2) manifold whereas the measure
on the Lobachevski mass hyperboloid d*h = d2 may be written as d2 = d>p/(2po) after
using the the relation (3.72). Since all fields in egs. (3.84) are derived from eq. (3.83), they
have to be related. Denoting by N (M) the total number of undotted (dotted) indices,
L=N+M, we can show that the multispinors gzﬁal_.aNBl“‘BM (= ¢(ar,n) for short) in (3.84),
symmetric in both the o and the g indices, satisfy the following sequence of Dirac-Fierz-
Pauli field equations

iaaBM(ﬁoq---aNﬂlmﬁM —_ m¢aa1...aNﬁl'"BM*1 7

. .. .. (3.85)
Z'aﬂMagj)aalmaNﬂl---ﬁMA _ mﬁﬁal..,aNBl"'BM ,

where 9,5 = (0%),40,, 97 = (5)7°9,, and 9530 = 550, 99,5 = 550. No-
tice that, for a given L, the multispinor field ¢y ) contains the sequence of spins
(N+M _ L |N—M]|

5 I ), as it follows by looking at the SU(2) representation contents of
the finite irreducible representations of SL(2,C) (see e.g. [73]). The nonmaximal (s < %)
spins are eliminated subjecting ¢y ar) to the generalized Lorenz conditions

({’)ﬁ'a(ﬁ BrBu—a =0, (3.86)

ai..ay_1af

which follow as well from the formulae (3.84), plus all the tracelessness conditions which
are also consequences of (3.84).

Dirac-Fierz-Pauli equations for spin s can be written in Weyl spinor notation as equa-
tions relating the ¢ ) and ¢(r_1,1) multispinor fields

Z.aaﬂ.(éal-..aLflﬁ = Maar.ar 1 (3.87)

iaﬁa(rbaal...a[l_l = m¢0¢1...aL_1ﬁ a

alternatively, we can choose eq. (3.85) for the multispinors ¢ 1y and ¢(;.;,—1). The second
equation in (3.87) can be considered (for m # 0) as defining the fields ¢ 1), so the
whole set of fields (3.84) can be obtained from the fields ¢y, o), which satisfy the massive
Klein-Gordon equation and describe spins s = L/2 [73, 74]. Indeed, using relations (3.85)
subsequently for the fields ¢(;_11),..., ¢ nr) it may be shown that all these fields can
be expressed in terms of ¢y, o) by

& B1---Bnm — LaﬂMaL—M+l¢ B1-Banr—1 — —
Q1...ap g m 1...0L M1 s

(3.88)

— (%)M 8(BM0¢L71M+1831M—104L—M+2 o aﬁl)aLﬁi)al...aL )

It follows therefore that all the field equations for ¢y ) (N+M=L) in (3.85) can be
obtained from an independent pair of linear HS field equations for ¢(y ) = ¢(1—1,1) and
SNy = b0,z or from ¢ o) and ¢ 7). In particular if we choose L=1 in (3.87), we
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obtain the standard Dirac equation for a Dirac field in the Weyl realization as the sum of
an undotted spinor and a dotted one, ¢ ) © ¢(9,1) in the our notation.

If L = 2 we obtain the Proca equations expressed in terms of ¢y 1), ¢(2,0) and ¢(g 2).
Consider first (3.85) for N=0, M = 2,

iaal[il ¢5152 = m ¢alﬂz ’ i851a¢aﬁz = m ¢B152. (3.89)

Eliminating gZ)BlB?, we see that the vector field qbal e satisfies the massive Klein-Gordon
equation. Further, using the symmetry in the 3135 indices, it follows that the two equations
above imply the Lorenz condition (see (3.86))

9°¢,5=0, (3.90)

which eliminates the spin zero part of ¢, ;. Thus, by virtue of egs. (3.89), ¢, 5 is the spin
one Proca field ¢, satisfying (O 4+ m?)¢* = 0, d,¢" = 0 (see eq. (A.15)). Similarly, if we
now consider the case N=1=M in eqgs. (3.85), we obtain

10, 5002" =M Porar, 107 Payay = M0, - (3.91)

As before, the Klein-Gordon equation and the Lorenz condition for the four-vector field ¢ !
are contained in egs. (3.91), which again reproduce the equations satisfied by a Proca field.

We note that to obtain the Proca equations as a massive extension of the Maxwell
equations it is sufficient to describe the free field dynamics in terms of the field strength
S = Oudy — 0y ¢,. The tensor ¢, may be expressed in terms of its dual and antiselfdual
parts, ¢, ~ (¢(2’0), ¢(072)). Using these two bispinor fields one obtains the Proca equations,
Py +m2p, = 0.

4 Outlook

We have presented in this paper new massive particle models in D = 3 and D = 4
spacetimes enlarged in D = 3 by two (y2°,r = 1,2) or in D = 4 by three (y2°,r =
1,2,3) additional copies of Minkowskian four-vector variables and their momenta. After
quantization, the wave functions are defined on SL(2;K) manifolds (K = R for D = 3,
K = C for D = 4) and describe towers of free massive HS fields. A natural extension
of these models is the D = 6 case, in which the wave functions would be defined on the
SL(2; H) manifold, with 12 real parameters. In such a case, the complex D = 4 twistors
in section 3 should be replaced by quaternionic D = 6 twistors (see e.g. [75]), defined as
fundamental spinorial realization of the D = 6 conformal SO(6,2) group with spinorial
quaternionic covering U, (4; H) ~ O*(8;C) group (see e.g. [15, 76]).

We would like to point out that it is possible to relate the D = 3 and D = 4 massive
models with D = 4 and D = 5 massless ones by observing that massless fields in D +
1 spacetimes become massive in one less dimension D after dimensional reduction and
interpreting the (D+1)-th momentum component as the mass in D-dimensional spacetime.
There is a link between the description of helicity in massless theories and spin in massive
case; i.e.

(D+1) ‘helicity’ — D ‘spin’. (4.1)
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In particular, the Abelian helicity operator in D = 4 (see (1.8)) corresponds to the spin
operator (2.11) in D = 3 and further the SU(2) spin algebra in D = 4 could be used
analogously to describe the generalized helicity states in D = 5. We add that recently it
has been pointed out that the symplectic two-form describing the spin contribution to the
D = 3 free massive spinning particle dynamics [43] can be identified with the symplectic
two-form describing the helicity part of particle dynamics for massless D = 4 particles with
nonvanishing helicity [77].

One can extend our considerations to the supersymmetric case. In it, as in the first
example of a spinorial particle model in tensorial spacetime extended to superspace [3], the
additional variables can be associated with the so-called tensorial central charges of the
supersymmetry algebras (i.e., central but for the Lorentz subalgebra). These charges play
an important role in the theory of supersymmetric extended objects [78]; the correspond-
ing central tensorial generators of the superlagebras act as differential operators on the
additional coordinates of the associated extended superspaces.!® From this perspective,
the two-twistor models introduced here can be related with the tensorial central charges of
N = 2 supersymmetry and the variables of the suitably extended superspaces. The most
general D =3 N = 2 superalgebra extended by tensorial central charges is as follows

{Q1, QL) = 09 Pag + (01)7Z) + (03)7 Z%) + €easZ . (4.2)

The real vectorial ‘central’ charges ZS), Zc(fﬁ) may be considered as the momenta pj, ; gen-

erating the translations of our additional coordinates y2” (r=1,2; see (2.12) and (2.19)).
In this view, the first formula (2.21) takes the form

0

70— i
o oy’

(4.3)

In the D=4, N = 2 supersymmetry algebra with tensorial central charges, the gener-
ators associated with the coordinates listed in (1.9) (see also section 3) appear as part of
those of the extended superalgebra

(@@} = ()P, (4.4
{Qu Q4) = 09 Zap +(01)7 2 + (03)7 23 + e (4.5)
(similarly for ({Q%, Q/jg}), where the 16 generators pe 5 are real and the 10 generators Za/g,

ZSB)’ Zfﬂ), Z are complex (i.e. there are 36 bosonic real generators). In our D = 4 model we
have only used the sixteen coordinates y* 5 (see eq. (2.12)) associated with Pt 4 a=0,1,2,3
and the remaining 10 complex tensorial charges were put equal to zero. Let us observe
that for N = 1 only the first term in the r.h.s. of the relation (4.5) survives and describes
the tensorial central charges used in [2-5]. If N = 2 we also note that the generator
Z in (4.2) and (4.5) that we did not include in our considerations is a truly central one
(it is a Lorentz scalar). This generator, associated with a scalar central coordinate, has

YOFor a discussion of the role of additional coordinates of extended superspaces see [79, 80] and references
therein.
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eigenvalues characterizing the mass; its role in N = 2 massive superparticle model was
elucidated long ago [81, 82].

The models discussed in this paper give the same mass for all HS fields, which of
course is very restrictive. In a physical HS case, when considering e.g. spin excitations in
string theory, the masses are spin-dependent. They lie on a Regge trajectory, which in the
general case can be described by replacing the constant mass by an spin-dependent function
m = m(s) (usually linear). In this case, the constant m in the mass-shell condition should
be replaced by a spin-dependent operator (see (3.13), (3.14), (3.50)) i.e.,

m? = m%S?). (4.6)

In the twistor formulation, the spinorial mass shell conditions (eq. (1.10) in D = 4) may
be considered as ‘complex roots’ of the standard mass shell condition. It is an interesting
problem to see how to introduce, in the complex mass parameter M appearing in egs. (1.10),
a dependence on the twistor variables that could lead to HS multiplets with masses on a
Regge trajectory.

Another problem worth studying is the description of interacting massive HS theories.
To this aim, one could follow the Fradkin-Vasiliev prescription for massless HS fields [83]
and introduce in our formalism the AdS radius i.e., one could generalize the set of coor-
dinates (z,, y;,) (see (1.9)) to the case where x, is endowed with a constant spacetime
curvature. However, in the interacting massive HS theory, the finite AdS radius is not
necessary because it is possible to rescale the derivatives in higher order terms by using the
mass parameter. Indeed, the cosmological constant A and mass parameter m play an anal-
ogous role in the field equations, as reflected e.g. in the shift m? — m? £ 3A? (see e.g. [37])
which appears when the KG equation is formulated in (A)dS spacetime.!! Theefore, one
can conclude that massive interacting HS theories should already exist on a flat Minkowski
background.

The interacting massless HS theory is usually described as a HS theory, also called
HS gravity,'? with nonlinearities generated e.g. by non-Abelian HS field strengths. In such
framework the mass can be introduced in two ways.

1) In the first one, the mass parameter appears as a consequence of the spontaneous
symmetry breaking of HS local gauge symmetries, due to the coupling of the HS fields
to supplementary Stueckelberg fields carrying spontaneously broken local gauge degrees of
freedom [89-94]. In the Vasiliev formalism (see e.g. [26, 30, 31]), the HS gauge connection
fields are given by a vectorial master field wy,(z; y%, §*); a scalar master field C (x; y*, y*)
encodes, besides the gauge-invariant HS curvatures, new degrees of freedom that describe
the low spin (s = 0 and s = %) matter. The introduction of a Stueckelberg-Higgs mech-
anism requires new local symmetries described by a new pure gauge scalar master field

"'The problem with the limit m — 0 for flat (A = 0) HS fields is also reflected in the appearance of
Van Dam-Veltman-Zakharov discontinuity [84, 85] in massive gravity models. However, if A # 0, in the
limit m — 0 such a discontinuity does not exist [86, 87].

12We recall that gravity can be described as gauge theory of massless s = 2 fields, with local gauge
transformations realized as spacetime diffeomorphism (see e.g. [88]).
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C(x;yf‘,ydi). This field accounts for the set of spontaneously broken local gauges given
as covariantized shifts of the spacetime fields defined by the spinorial Taylor expansion of
CN’(:L‘;y?,gdi). The masses for the the various spins are obtained through the particular
gauge fixings that replace the spacetime dependent field components of 5’(:6;1/?,3]“) by
parameters.

The idea of obtaining nonvanishing mass via Stueckelberg-Higgs mechanism in massless
HS gauge theory was also proposed in (super)string theory to generate an infinite collection
of massive states which lie on Regge trajectories. Recently a generalization of HS algebras
has been proposed under the name of multiparticle extension of HS symmetries [95, 96].13
This permits to look at a string as an infinite collection of interacting HS multiplets which,
in a miraculous way, seem to provide a finite (or at least renormalizable) example of
interacting massive HS field theory.

2) In the second case, the mass parameter in the massive HS theory produces a “hard”
breaking of local HS gauge symmetries and the massive HS fields may be considered as
describing the sector of non-gauge HS matter, entering in HS gravity equations at the r.h.s.
of HS-extended Einstein equations. These HS fields would be related with HS massive
currents, which for massless HS fields are described by current master fields of rank two
with double number of spinorial coordinates [23, 25, 26, 96]. This last property is also a
feature of our massive master HS fields, with double number of twistorial coordinates. This
suggests that the massive currents could be introduced in a natural way by using a master
field analogue of the old current-field identities idea [100, 101].

The current master fields describe the “conformal side” in the realization of HS/CFT
duality in Vasiliev theory [23-26, 96]. As shown by Flato and Fronsdal [102], the binary
products of D = 3 singletons describe the D = 4 — D = 3 reduction of the D = 4
multiplet of free AdS HS fields; analogously, in HS field theory the bilinear products of
D = 3 massless master fields describe the conserved HS currents that can be identified with
the D = 3 holomorphic boundary of the D = 4 massless AdS master field. For massive HS
fields the conformal HS symmetry is broken, which leads to the nonconservation of the HS
conformal currents and the deformation of HS AdS/CFT duality picture that is obtained
for massless HS theory. The way in which the nonvanishing mass of HS fields modifies the
known massless HS AdS/CFT duality scheme will be a subject for our future research.

In sections 2 and 3 we considered wave functions depending on the spinors A\, in D = 3
and 7%, in D = 4. These spinorial momentum coordinates, due to the constraints (2.6)
and (1.10), describe D = 3 and D = 4 Lorentz group manifolds. Considering the differential
realization of the spinorial variables, N, = —id/dy® in D = 3 and 7, = —id/dy% in D = 4,
we can compare our results with the unfolding equations for free massless fields [3-5]. In the
massless case, following [1], one considers a tensorial extension of spacetime z# — (z*, yl*])
that permits the introduction of Sp(8)-covariant fields in Minkowski space with all D = 4

13The standard HS algebras are described by the linear basis of various enveloping Heisenberg alge-
bras, with canonical generators represented by quantized vectorial or spinorial (twistorial) coordinates (see
e.g. [97-99]). The multiparticle extension of HS algebra is described as “doubly infinite” enveloping standard
HS algebras.

— 29 —



helicities belonging to an irreducible Sp(8) representation. In our massive model, the
extension x# — (x#,y}) of spacetime is linked to the introduction of Lorentz-covariant
SU(2) frames (see e.g. (3.7), (3.8)) describing all D = 4 spin degrees of freedom.'* However,
both extensions of the D = 4 Minkowski spacetime described above are rather introduced
by symmetry arguments and, in both cases, these extensions are not mandatory to define
the free dynamics of HS master fields. If we eliminate the auxiliary spacetime variables
by solving the auxiliary unfolding equations ((3.27) with a = 1,2,3 in massive case), we
are left with a truncated form of the unfolding equation with only standard spacetime
derivatives. In the massive case the free HS master fields are described by the unfolded
equation (3.27) fora =0 (yOBO‘ are the spacetime coordinates) supplemented with the mass
quantum constraints (1.10):

82
00— ——— | U(z,y,9) =0, 4.7

2 2
<8y?(9yg_2M> U(zr,y,y) =0, (834?8%_2]\4> U(z,y,y) =0. (4.8)
Equations (4.7) and (4.8) describe free massive HS fields in flat Minkowski space; by a
suitable (A)dS covariantization of the vectorial and spinorial derivatives in (4.7), (4.8)
the master field equations describing free massive HS fields in (A)dS spacetime may be
obtained. Further, one can study the couplings of massive HS fields with full HS gravity
background as well as dynamical gauge fields.

Finally, we note that the use of a generalized spacetime with vector variables going
beyond the standard spacetime vector is also an important ingredient of the BRST approach
to the Lagrangian formulation of HS fields'® developed in [105-108].
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A Notation

D = 3 spacetime. The spacetime metric is ), = diag(+1, —1, —1). Dirac spinor indices
are labeled by a@ = 1,2 and we use mostly D=3 real Majorana spinors. In particular, the
twistor variables (\},)* = A\, i = 1,2 are real.

" The introduction of Lorentz frames to describe spin kinematics goes back to Souriau [103, 104]. Unfor-
tunately we were not able to introduce the manifold (z*,y¥) in a group-theoretical way, as e.g. (z*, y[‘“’])
can be defined as a parabolic coset of Sp(8) [4, 5].

15SF thanks I.L. Buchbinder for a clarifying discussion about this approach. BRST techniques are not
considered in this paper.
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We use the following real Majorana realization for the y-matrices:
{2 = =20, (A.1)
(Yu)a” Yo =i0y, Y1 =01, 7Y2=03, (A2)

where o1, 09,03 are the usual Pauli matrices. In this realization the antisymmetric the
charge conjugation matrix C,g = €, coincides with the matrix 7°. Thus, spinor indices
are raised and lowered by A% = e®# )\, N = eag)\ﬁi, where €12 = €' = 1. The matrices

(Yp)as = €8y(Yp)a™ - (10)ap =12, (M)ap =03, (12)ap =01 (A.3)

form a basis for the 2 x 2 symmetric matrices. In particular,

(7")ap()* =26 (A.4)

As a result (A, and B, are three-vectors)

A(aﬁ) = % AM(VH)GQ ) Au = % Aaﬁ(’)’u)aﬁ s (A5)
and
A'B, = AP B4 (A.6)

In section 2.3 we also use a complex representation of D = 3 Dirac-Clifford alge-
bra, which is obtained from the Majorana realization (A.2) by the similarity transforma-
tion (2.37): v, — UWHU_l. In such a realization of D = 3 Dirac algebra we use SU(1, 1)
as the Spin(2,1) group, and the y-matrices take the form

Yo = 103, Y =01, Yo =—0o2, (A7)
(10)ap = —i01,  (M)ap =03,  (12)ap =il2. (A.8)

('Yu)a

('VM)aB = 5,87('711)047 :

We will proceed similarly for matrices with internal 4, j indices. In particular, A}, =

€ Aajs Aai = eijAzy, where €;; and € are defined by €13 = €2 = 1. Also, we will use the
matrices (a = 0,1, 2) acting of internal indices

(Va)i? Yo =i02, M1 =01, 72=03, (A.9)

(Va)ij = €jk(Ya)i" Y =1, M =03, =01 (A.10)

D = 4 spacetime. The spacetime metric is 7, = diag(+1,—1,—1,—1). We shall use
the two-component Weyl spinor notation. In particular, four-vector quantities are defined
. . R /J/

in terms of spinors as z, 5= Tul, where

(Ou)g = (L2501,02,03) .5 (A.11)

and o1, 02,03 are the Pauli matrices. Spinor indices are raised and lowered by €43, B,

€40 €4 with nonvanishing components €jo = —ep; = €2} = —e'2 = 1. As the result, the
matrices .

(6'#)0‘5 = ea‘seﬁv(au)wg = (12;—01,—032, —03)0‘5 \ (A.12)
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satisfy

o5 P 4ot 5V =2l of B&E“ =26/ (A.13)

The Dirac matrices are given by

0 o y y
T = <_& ()”> o AT =2 (A.14)
n

The link between Minkowski four-vectors and spinorial quantities is given by

App= 5 Au(o®)

ocB - ﬁ A“ = % AQB((}N)BCX’ (A'15)

OcB ’ V2
so that .
AFB, = A*'B ;. (A.16)

Similar matrices are used in internal space with indices i, 7. At this point it is necessary
to make a comment. There are two methods to indicate the complex conjugate spinor
representation. The first one uses dotted indices as in (A.11). The second method, often
used for SU(2), raises and lowers two-spinor indices. We use the second method for matrices
in internal space. So, we use matrices

(00) = (00;0,)i = (12;01,092,03) . (A.17)

In these matrices indices are raised and lowered by ¢;; and € with components €12 = €2l =

1; under complex conjugation the position of these indices is exchanged e.g., (7%)* = 7s.

B From D = 3 spinorial to D = 4 vectorial particle model

The action (2.12) proposed in this paper in the case ¢ = 1 becomes SO(2,2) = SO(2,1) ®
SO(2,1)int = SL(2;R) ® SL(2; R)in¢-invariant, where the indices «, 8 describe the D = 3
Lorentz spinor group, and i, j the ‘internal’ SO(2, 1);,¢ indices.

Let the SO(2,1) N-spinors Pon...an symmetric in «q ...ay, be denoted by (%,0),
and SO(2,1)in; L-spinors by ¢"'M by (O L). General SO(2,2) spinors (N L)

’ 2 202
(%,0) ® (O, %) will then be denoted by 'A% ; spinors (%, %) are then equivalent to

SO(2,2) N-tensors. In particular the basic D = 3, N = 2 spinors A}, in our model describe
the SO(2,2) vector
g = (UA)O‘Z')\; , (B.l)

where A denotes the SO(2,2) four-vector indices and (04)%; are the SO(2,2) o-matrices
analogous to the SO(3,1) matrices in (A.11). The extended spacetime coordinates yo?
(see (2.12)) and the variables ug 5 (see (2.5)) describe second order SO(2,2) tensors (1,1).
Further one can show that the first three terms in (2.12) describe the SO(2,2) invariant
contraction of two SO(2,2) tensors (1,1), and the fourth term is the contraction of two
SO(2,2) four-vectors. The mass-shell condition is defined by the SO(2, 2)-invariant scalar
length of the SO(2,2) four-vector A4 (see (B.1)).

Our model (2.12) defines therefore the extension of the N = 2 D = 3 Shirafuji model
to the vectorial model in SO(2,2) tensorial space ygﬁ . Such a model cannot be however
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extended to a corresponding O(3,3) twistorial model, because SO(3,3) twistors are de-
scribed by the pair of primary SO(2,2) spinors (%, 0) & (0, %) which we denote as (Ay, \Y)
and (wq,w'). The second pair of spinors should be defined in terms of SO(2,2) spacetime
coordinates ¢, by the SO(2,2) incidence relations

Wa = TN w' =zl Y. (B.2)

However, in this paper we did not use neither the simple spinors \n, A’ nor the incidence
relations (B.2) i.e., if we pass to an SO(2,2) interpretation of our model (2.12), we loose
the corresponding SO(2,2) twistorial formulation.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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