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1 Introduction

The Standard Model (SM) of strong and electroweak interactions has been successfully
tested to a great precision [1]. Nevertheless, it is commonly accepted that it constitutes
only an effective theory which is valid up an energy scale A where new physics (NP) enters
and additional dynamic degrees of freedom become important. A renormalizable quantum
field theory valid above this scale should satisfy the following requirements:

(i) Its gauge group must contain the SM gauge group SU(3)c x SU(2)r x U(1)y.

(7) All SM degrees of freedom should be incorporated either as fundamental or as com-
posite fields.

(éi1) At low-energies it should reduce to the SM provided no undiscovered weakly coupled
light particles exist (like axions or sterile neutrinos).



In most theories of physics beyond the SM that have been considered, the SM is recov-
ered at low energies via the decoupling of the heavy particles with masses of the order of
A > My. That such a decoupling at the perturbative level is possible in a renormalization
quantum field theory is guaranteed by the Appelquist-Carazzone decoupling theorem [2].
This leads to the appearance of higher-dimensional operators which are suppressed by
powers of A and are added to the SM Lagrangian:

1 1 1
Lo = LG+ 5 2 CPQ7 + 52 GlQ0 + 0 (1\3) . (1.1)
k k

Here E(SL& is the usual renormalizable part of the SM Lagrangian which contains dimension-
2 and dimension-4 operators only. Q,(f) is the Weinberg operator giving rise to neutrino
masses, Q,(f) denote dimension-6 operators, and C,gn) stand for the corresponding dimen-
sionless coupling constants, i.e. the Wilson coefficients.

Even if the ultimate theory of NP at some high energy scale is not a quantum field
theory, at low energies the effective theory still reduces to a quantum field theory [3] and
it is possible to parametrize its effects at the electroweak scale in terms of these operators
and the associated Wilson coefficients. Thus, one can search for NP in a model indepen-
dent way by studying the SM extended with gauge invariant effective higher dimensional
operators. Later, once a specific model is chosen, the Wilson coefficients can be calculated
as a function of model parameters by matching the model of NP under consideration on
the SM extended with such higher dimensional operators and one can calculate bounds on
the specific model as well.

Flavor observables, especially flavor changing neutral current (FCNC) processes are an
excellent probe of new physics since they are suppressed in the SM and therefore sensitive
even to small NP contributions. This also means that these processes can stringently
constrain the Wilson coefficients of the dimension-6 operators induced by NP.

Especially the search for lepton flavor violation (LFV) is very promising since in the
SM (extended with massive neutrinos) all flavor violating effects in the charged lepton
sector are proportional to the very small neutrino masses - e.g. the decay rates of heavy
charged leptons into lighter ones are suppressed by the ratio m? /MSV and thus are by
far too small to be measurable in any foreseeable experiment. This in turn means that
any observation of LF'V would prove the existence of physics beyond the SM. In addition,
LFV processes have the advantage of being “theoretically clean”, i.e. they can be computed
precisely without problems with non-perturbative QCD effects affecting similar observables
in the quark sector.

Also the current experimental situation and prospects for the search for charged lepton
flavor violation are very promising. In tables 1 and 2 we list the experimental bounds on the
radiative lepton decays ¢; — £y and on the three-body lepton decays ¢; — £;{y/;, respec-
tively. Especially the limits on p — e transitions are very stringent due to constraints from
the MEG and SINDRUM collaborations at the PSI and will be even further improved in
the future: MEG can measure Br[i — ey] down to 6 x 1074 and a MEG upgrade [4] could
increase the sensitivity by another order of magnitude. Furthermore, the electric dipole



’ Process ‘ Experimental bound ‘
Br[r — ] 4.4 x 1078 [5, 6]
Br[r — en] 3.3 x 1078 [5]
Bru — e9] 5.7 x 10713 [7]

Table 1. Experimental upper limits on the branching ratios of the radiative lepton decays.

’ Process ‘ Experimental bound ‘
Brir~ — pu putu] 2.1 x 1078 [§]
Brr— = e ete] 2.7 x 1078 [§]
Brir~ — e putpu] 2.7 x 1078 [§]
Br(r~ — petpu] 1.7 x 1078 [8]
Bru~ — e ete] 1.0 x 10712 [9]

Table 2. Experimental upper limits on the branching ratios of the three body charged lepton
decays.

EDM el ) d;
Bound [ecm] | 8.7 x 10722 [10] | 1.9 x 10717 [11] | [~2.5, 0.8] x 10717 [12]

Table 3. Experimental upper bounds (or allowed range for d;,) on electric dipole moments of the
charged leptons.

moments (EDM) and the anomalous magnetic moments of charged leptons are theoretically
closely related to ¢; — £~y transitions and also here the experimental accuracies are very
good, leading to strong upper bounds for the EDMs (see table 3). In addition, there is a
longstanding discrepancy between the SM prediction and the measurement of the anoma-
lous magnetic moment of the muon, which might be a hint for physics beyond the SM.

Lepton flavor violating processes have been studied in great detail in many specific
extensions of the SM. For example in the MSSM non-vanishing decay widths for LF'V pro-
cesses are generated by flavor non-diagonal SUSY breaking terms [13-17]. Also extending
the MSSM with right-handed neutrinos by the seesaw mechanism [18] gives rise to LEV [19-
27], as well as allowing for R-parity violation [28-30]. Other models like the littlest Higgs
Model with T-Parity [31], two-Higgs-doublet models with generic flavor structures [32-35]
or models with an extended fermion sector [36] have sources of lepton flavor violation,
too. In order to make models of New Physics consistent with the non-observation of LE'V
processes in Nature, the assumption of Minimal Flavor Violation [37] has been extended to
the lepton sector (see e.g. [38, 39]). Flavor changing 7 decays have been studied in ref. [40]
in a model independent way taking into account a (reducible) set of four-lepton operators
and the magnetic lepton operators. However, a detailed model independent analysis with
all gauge invariant operators is still pending.!

!For a model independent analysis for the Higgs sector of the SM see ref. [41, 42] and for anomalous top
couplings ref. [41, 43].



In this article we perform such a model independent analysis by considering the SM
extended with all dimension-6 operators giving rise to lepton flavor violation which are
invariant under the SM gauge group. We study the radiative lepton decays ¢; — ¢4 and
three-body charged lepton decays ¢; — £;{;.{;, as well as the anomalous magnetic moments
and EDMs of charged leptons and the flavor violating Z0 — Ki_ﬁj decays.

It is worth noting that analyzing the LF'V processes using the gauge-invariant basis of
dimension-6 operators automatically assures that the final results are also gauge invariant
and contain all relevant contributions. Otherwise, one risks including just subset of dia-
grams contributing to a given process. For example it is quite common in the literature to
calculate in a model of NP only the effective flavor changing Z°-boson coupling to charged
leptons and neglect the corrections to W couplings, as the latter do not contribute at the
tree-level to neutral current processes. However, both Z° and W (and also Goldstone bo-
son) couplings come from the same set of gauge-invariant higher-order operators, and are
thus of the same size. In fact, (as our calculation shows explicitly) their contributions at
least to some processes, like e.g. ¢; — {7, are equally important and should be always
considered together.

The outline of this article is as follows: after recalling the relevant dimension-6 oper-
ators in the next section we will consider radiative lepton decays in section 3 (including
the related anomalous magnetic moments and electric dipole moments of charged lep-
tons), three-body charged lepton decays in section 4 and the flavor changing Z° decays,
A L E;r, in section 5. We calculate the full one-loop predictions for the ¢; — £+ decays
and all tree-level contributions for ¢; — ¢;¢;.¢; decays in terms of the Wilson coefficients
of the dimension-6 operators. Section 6 deals with the numerical evaluation of our results
and finally we conclude in section 7. An appendix summarizes the Feynman rules arising
from the dimension-6 operators after electroweak symmetry breaking and the additional
form-factors for ¢; — £;v* amplitude for the case of an off-shell photon.

2 The lepton flavor violating operators of dimension-6

The complete (but still reducible) list of independent operators of dimension-5 and
dimension-6 which can be constructed out of SM fields and which are invariant under
the SM gauge group fields was first derived in ref. [44]. In this article we follow the no-
tation ref. [45] where the operator basis of ref. [44] was reduced to a minimal set. For
completeness, we list below again the operators relevant for our discussion. We use the
following indices and symbols:

e a,b=1,2 label the components of the weak isospin doublets.
e 7,7, k, [ are flavor indices running from 1 to 3.

e [ and R stand for the chiralities.

o /; = VLi and ¢; = L stand for the lepton and the quark doublets.
lri dri



fermions scalars

field %i €ri 4q7; ugri dgi o
hypercharge Y —% -1 % % _% %

Table 4. Our conventions for the hypercharges of the SM fields.

o ¢; =lR;, u; = up; and d; = dg; are the right-handed isospin singlets.
e % is the SM Higgs doublet where (2 is the neutral component.

The hypercharges of the SM fields are summarized in table 4. The sign convention for
the covariant derivatives is

1
(D) = (5@@# + §¢ngle{ +1ig'Y, 5abBﬂ> o, (2.1)

E
with 77 being the Pauli matrices. The hermitian derivative terms are (oD o = (D ) )

<+

g - g’ o P
YDy, o =ip <Du _Du> ¢ and  @liD, o =ip <7’ D, —D,r ) Q. (2.2)
The gauge field strength tensors read

Wi, = 0.W) —o,W| — ge"FwIwr, (2.3)
B, = 9,B, —9,B,, . (2.4)

In general, the SM can be extended by higher dimensional operators starting from
dimension-5. However, there is just a single dimension-5 term respecting the SM gauge
symmetry which, after electroweak symmetry breaking, generates neutrino masses and
mixing angles — the Weinberg operator (C is the charge conjugation matrix and 19 =+1):

Qu = aabscdcp“goc(ﬁf)TCK? . (2.5)

This operator does not contribute directly (other then modifying the Upjysys matrix) to
LFV processes in the charged lepton sector, consequently we do not consider it in the rest
of the paper.

In table 5 we collect the independent dimension-6 operators relevant for our discussion,
i.e. all operators which can contribute to LFV processes in the charged lepton sector at
the tree-level or at the 1-loop level. We neglect the operators which could give LE'V effects
only via the interference with the dimension-4 SM vertices containing the PMNS matrix,
since such effects are suppressed by the small neutrino masses which we assume to be zero.
The names of operators in the left column of each block should be supplemented with
generation indices of the fermion fields whenever necessary, e.g. Qg) — Qg)ij " Dirac and
color indices (not displayed) are always contracted within the brackets. The same is true
for the isospin indices, except for Qéigu and Qéi?}u

Note that different flavor index combinations of the 4-lepton operators can correspond

to the same operator (for example Q%kl = Qzlekj = QZ? i = QZ” ). For this reason, in the



0eee 122,47 ZEL,OQD and E€g03
_ _ _ <> _

Que | Tl (Ort)) | Qew | Tooe)r oW, | QYY) | (oD, @) (Einvty)
_ <> _

Qee | @me) @ e) | Qen | (Gio"e))pBu | Q) | (¢liD} o)(Eiryme;)

Qre (gi'Yugj)(ék'Yuel) nge (‘PTiBu ‘P)(éi’wej)

Qeys (oT0) (Liejep)

llqq

Qi | et )@ "w'a) | Qea | @pe))(drd) | Qeu | (eues) (@)
Qeq | E'ei)(@vua) || Quedq | (£re;)(drgf!) Qéi;u (E¢;)ean(qiur)

Qg;u (Z?Uuuea)aab(q’za””ul)

Table 5. Complete list of the dimension-6 operators (invariant under the SM gauge group) which
contribute to the LF'V observables under consideration at the tree or at the one-loop level.

following we will only consider one of these combinations which avoids the introduction of
combinatorial factors. This can be achieved by the requirement i > k, j > [ for Q%kel o5 SO

that the relevant part of the Lagrangian can be written as:

ro % Z (Cézkl igh +C§ngZkl) n %Zcégkl ikl (2.6)
ijkli>k,j>1 ijkl
Note that for C’égkl all possible flavor index permutations correspond to different operators.
Due to the hermiticity of the Lagrangian we find the additional relations like Cézkl = Zélk*.
Similar ones hold for all four-fermion operators.

The dominant contributions to the processes considered in this article are given by
diagrams with flavor changing gauge boson vertices or contact 4-fermion vertices. However,
to preserve gauge-invariance, also Goldstone boson exchanges has to be taken into account
even if, with few exceptions of mixed W*GT diagrams, they are suppressed by additional
powers of light lepton masses over v, the Higgs field VEV. In general, the operators listed
in table 5 give rise also to flavor violating physical Higgs boson couplings. We neglect them
in our analysis as they are again of the higher order in my/mo.

The (¢7p)(Z;ejp) operator does not contain gauge boson fields and modifies only Higgs
and Goldstone boson couplings, which in principle could affect our results. However, it gives
also new O(1/A?) contribution to the charged lepton mass matrix:

3
¢ U e v fi
mfi——\@Yféﬂ—i-iZﬁAQCw?,. (2.7)

The necessary rediagonalization of lepton masses has the effect of modifying the relation
between the Yukawa coupling and the charged lepton masses (and the PMNS matrix).



However, one can see that in the triple Goldstone boson couplings to leptons still the
physical lepton masses and the physical PMNS matrix enter so the Q{:;B does not generate
flavor violation in these couplings. The triple coupling of the physical Higgs boson h° to
charged leptons, as well as all quadruple and quintuple vertices derived from QZ;):,) can
still be flavor violating. Nonetheless, their contributions to the processes discussed below
vanish or are small due to an additional suppression of my/my0, compared to the dominant
contributions from Q., Qfalé) and Qg}) operators.? Thus, we neglect this operator (and thus
the entire /3 class) in our analysis, provided that the rediagonalization of the lepton mass
matrix has been performed.

The operators of the £/X ¢ class (as defined in table 5) can give rise to both radiative
lepton decays and to three-body neutral current lepton decays already at the tree-level. The
4-lepton £00¢ operators and the operators of the £0¢?D class can contribute to ¢; — byt
decays at the tree-level and to ¢; — £;7 decays at the 1-loop level. Finally, the operators
of the £lqq class can contribute to both types of decays only at the 1-loop level. However,
for 3-body decays we are only interested in the tree level contributions and concerning the
radiative lepton decays, it turns out that only Qe cqu gives a non-zero contribution.

In the appendix we list the Feynman rules arising from the operators given in
table 5 which are necessary in order to calculate the flavor observables discussed in the
next sections.

3 Observables related to the effective lepton-photon coupling

As outlined in the introduction, observables related to effective lepton-photon coupling:
radiative lepton decays (especially pu — ev), EDMs of charged leptons and their anomalous
magnetic moments are very sensitive to NP and allow to constrain stringently the relevant
Wilson coefficients.
The general form of the flavor violating photon-lepton vertex can be written as:
fip_ 1 fi fi fi o pw fi o
VZZ’)/ A2 (FVLPL+FVRPR) (F PL—FFSRPR)(]“ + (F 1ot PL+F ic"” Pr)q,
(3.1)
In this section we calculate the expressions for the formfactors in eq. (3.1) necessary to
calculate the branching ratio for the ¢; — ¢4y decays (with i > f) at the 1-loop level up
the order 1/A2. In addition, the obtained results are directly related to the anomalous
magnetic moments and the electric dipole moments (EDM) of leptons after setting f = 1.

3.1 Radiative lepton decays

Gauge-invariance requires that £y 7, and Fyr must vanish for on-shell external particles.
The form-factors Fs7, and Fsg do not contribute to the ¢; — ;v decay amplitude and the

2> . (3.2)

2020;3 generates flavour-changing couplings of the SM-Higgs. The resulting effects have been studied in
refs. [46-48].

branching ratio can be expressed in terms of F{:zL and F:J;;% only:

Br [fl — ff’}/] ‘ij;%

+ |Fl;

167rA4 I, <
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i ps 4 o . v . 79,49, GY
0 — —yf i — o o ot

Figure 1. Topologies of diagrams contributing to radiative decay ¢* — ¢7~.

2,5
GEmj,
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The total decay width of the muon is given by I'), = and for the tau lepton I'-
includes the leptonic and hadronic decay channels.

Only the operators Q. (here W denotes the neutral gauge boson of the SU(2)f
gauge group) and Q.p can contribute to FIJ:ZL p at the tree-level. If their coefficients are

comparable to other Wilson coefficient of the dimension 6 operators, they dominate the

effective photon-lepton vertex, with the form-factors simply given by (v = Mg/[—zw);
Fip=Ff =v/2 (cwc;j; — sWCj;'V) = V207" (3.3)

However, in a renormalizable theory of NP the operators Q. and Q.5 can only be gen-
erated at the loop-level while other operators, like the effective four-lepton couplings, can
already be generated at the tree-level. In some extensions of the SM C.y and C.p may
even not be generated at all [49]. Thus, comparable (or even dominant) contributions to
the flavor violating lepton-lepton-photon vertex can come from other dimension-6 opera-
tors, which for consistency should be included at the 1-loop level. The generic topologies
of the diagrams which could contribute to ¢; — €4 at the 1-loop level in the order 1/ A?
and the relevant momenta assignments are shown in figure 1.

The list of all 1-loop diagrams contributing to the effective lepton-photon vertex is
given in figure 2 (lepton self-energy contributions) and figure 3 (1-particle irreducible vertex
corrections). The diagrams contributing to photon-photon and Z°-photon self-energies are
the same as in the SM (with W bosons, charged ghosts, charged Goldstone bosons and
charged fermion as virtual particles). In our loop calculations we do not take into account
flavor violating photon and Z° couplings generated at the one-loop level by the operators
Qew and Q.p because if their coefficients are non-negligible, than already the tree-level
contribution of eq. (3.3) would dominate the whole process anyway.

Our final 1-loop results for the form-factors Fpry and Frp are given in table 6. We
group them into subsets; within these subsets the vector form-factors Fy -, and Fy g vanish
separately in the on-shell limit. We kept only the leading term in 1/A? and we expand all
diagrams involving Z° and W bosons (or the associated Goldstone bosons) in the charged
lepton masses, keeping only the leading terms in my/my, my/myz. For this expansion
we used two independent approaches for calculating the diagrams. In the first approach
the exact calculation of all loop integrals is performed, followed by their expansion in
the external momenta. In the second approach we used asymptotic expansion [50] and
expanded the diagrams in external momenta before performing the loop integrals, finding
the same result as with the first approach. The final expressions collected in table 6 are
compact and simple.
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Figure 2. Diagrams contributing to LFV self-energy of charged leptons.

As mentioned above, if the external particles in the flavor violating lepton-photon
vertex are on-shell, gauge invariance requires F‘J;ZL = F{;lR =0 for i # f. As the diagrams
involving dimension-6 vertices may have complicated tensor structures, the vanishing of
the Fy; and Fypr is an important check of our calculation. As an additional check we
performed the whole calculation in a general R¢ gauge finding that the £ dependence
cancels for all form-factors. Here one should keep in mind that taking into account only
1Pl irreducible diagrams is sufficient for the calculation of Frry,, Frr — however, taking into
account also lepton, photon and mixing photon-Z° self-energies diagrams is obligatory to
cancel completely the vector form-factors and to get a gauge-independent renormalization
constant for the electric charge.

We see that in the final result, at the 1-loop level and in the first order of expansions in
1/A? and my, only the five Wilson coefficients Cgejj i, Cég;iijj , Cg?f i, Cﬂ;é and Cge)f ‘ enter,
while the contribution of all other Wilson coefficients is zero.

It is interesting to note that the term proportional to Céfgu
a divergence. This divergence must be canceled by a counter-term to Q. and/or Q.p.

is the only one containing

The appearance of this divergence can be understood by looking at a UV complete theory
of NP. Consider as an example a theory with a heavy scalar particle. Directly calculating
the contributions to Fpry and Frgr in the full theory one would obtain a finite result.
However, when matching to full theory on the SM extended with dimension-6 operators
the situation is more complicated: integrating out the heavy particle at the matching scale
A gives rise to Cepy and Cep at the loop-level and Cg;u
all Wilson coefficients, C.iy and C¢p can only contain the hard part of the corresponding

)
qu
Cew and Cep in an effective theory. It turns out that the hard part which contributes to

at the tree-level. However, as

loop-contribution while the soft part must be canceled by the loop-contribution of ng to
Cew and C.p has a infrared divergence which is canceled by the UV divergence of the soft
part (as can be best seen using asymptotic expansion). Comparing this result with the one

in the full theory we see that the p-dependence in the contribution of C’g’;u to Frp and
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Figure 3. 3-point 1PI diagrams contributing to the radiative charged lepton decay ¢* — ¢f~ at
the 1-loop level.

Frr must be replaced by the mass of the heavy scalar, i.e. A. In our numerical analysis we
neglect (possible but rather exotic in the lepton sector) contributions from Qéi;u operator
— coeflicients of such lepton-quark contact terms can be independently constrained using

the LHC measurements [51].

,10,



Group (diagrams of figures 2, 3) Tensor form-factors
e [(CG G Y mp(1+ s) - Climi(G - s3]
7° (3a, 2a(2° FZ 1= - - ?
( a, a( )) TL 3(47‘1’)2
D fi 3)fi ; :
75 de {(C;Z)f + Cfal)f ) mi(1+ s¥) — C’gemf(% — 5‘2/1/)}
Tr 3(4m)?
GO (3, 2a(G)) FS =0
, 10em ;C 37
; W fi It
W (3c,d,e,j.k, 2b(W)) E T = T 4ﬂ)§
(3)fi
W 7106mi0¢2
Tr 3(4m)?
G* (3tgh, 2b(GE)) RS i =
WG “bubble” (3i,], 2¢) ENET =0
e~
2
- i 16e 3 3) fijjx M,
contact 4-fermion (3m, 2d) Fph i = e > i1 Céeéi M m, (A — log #2. )
2
, 16e Ay i mi
pAffe 3 C@)fUJ wlAa—1 Uj
TR 3(4’/T)2 Z]:l Lequ My 0g MQ
. 2
contact 4-lepton (3n, 2e) Pt = U 8)2 23:1 Clim;
7I
40 fi 2e 3 jifj
FTRf = W Zj:l Cgefjmj

Table 6. One-loop contributions to form factors F%ZL and F%CZL giving rise to ¢; — £y up to order
1/A2.

3.2 Anomalous magnetic moments and electric dipole moments

The form-factors listed in table 6 for f = ¢ can directly be used to calculate also the electric
dipole moments of charged leptons and the contribution (in addition to the SM) to their
anomalous magnetic moments:

-1 .

dy, = Az Im [Fr| (3.4)
2my, .

ag, = Z\Lél Re [Fig]| . (3.5)

The experimental bounds on the EDM of charged leptons are given in table 3.

The anomalous magnetic moment of the electron is usually used to determine the fine
structure constant, but determining ey, from rubidium atom experiments [52], one can
still use it for obtaining bounds on NP [17, 53, 54]. For the anomalous magnetic moment of

— 11 —



the muon there is the long known discrepancy between experiment and the SM prediction
for a,, = (g —2)/2 [55-59]:

Aay = af —ai™ ~ (2.7+£0.8) x 1079 (3.6)

This discrepancy could point towards physics beyond the SM and, if verified, could make
the search for ¢; — fyv decay even more promising, as both processes depend on the
operators with formally the same field and Dirac structure, differing only by the choice of
flavor indices.

The current experimental limit on the anomalous magnetic moment of the tau lepton
is rather weak, but it can be improved in the future [60]:

~0.052 < a, < 0.013. (3.7)

4 ¥¢; — ejekél decay rate

LFV operators of dimension-6 also give contributions to another set of experimentally
strongly constrained decays, namely decays of heavy charged lepton into three lighter
charged leptons.? Such decays can be generated already at the tree-level by Z° and neutral
Goldstone boson exchange, flavor violating photon couplings generated by Q. and Q.p
operators, or even directly by the 4—lepton operators. In this section we list the general
expressions for the lowest order contributions to all such 3-body charged lepton decays.
Since all operators enter already at the tree-level we choose not to consider loop-diagrams
for these processes.

We split the expressions for the ¢; — @ZMZ decays into 3 groups, depending on com-
position of the final state leptons:

(A) Three leptons of the same flavor: u* — etete™, 75 — etete™ and 7+ — ptputpu—.

(B) Three distinguishable leptons: 7+ — e*ptp~ and 75 — prete.

(C) Two lepton of the same flavor and charge and one with different flavor and opposite

charge: 7+ — eFp®p® and 7+ — pFetet.

We decompose the amplitude A for the decay ¢; — Ejﬁkfl as
A=A+ A, (4.1)

where Ag contains all operators for which one can neglect the momenta of the external
leptons and A, is the photon contribution generated in our approximation by Q. and

Q.p only. The amplitude Ay can without loss of generality be written as:*

Ao = 5 3 Crfapy) Queupo) (i) Qo o) (42)
1

3Experimental bounds are usually given on positively charged muon decays, as they do not form bound
state with atoms what would decrease the accuracy of measurements [61].

We define the amplitude in such a way that calculating a diagram equals iA, which means that the
Wilson coefficients are purely real in the absence of CP violation.

— 12 —



Figure 4. Kinematics of ¢; — Kjﬁkgl decay in the CMS frame.

with the momenta assignments shown in figure 4. The basis of quadrilinears Q7 x Q' is
given by:

Ovxy = Y"Px xy"Py,
Osxy = Px x Py,

Orx = o™ x o Px (4.3)

where X, Y stands for the chiralities L and R. For processes with two identical leptons in
the final state one needs to include crossed diagrams in which the different spinor ordering
[a(p;)Qru(pr)][a(pr)Qv(pi)] appears. However, one can always reduced these contributions
to form given in eq. (4.2) by the appropriate Fierz transformations (see e.g. [62]).

The contributions from photon exchange for various types of decays (A), (B), (C) read
(retaining only 1/A? terms):

AN =5 ((p_lp) 0,)ia™ (Co P14 Coe ) i) o) ) (00

AP = G oo )0 (o Py CoPi) = py o up e ()
A =0 (4.4)

In eq. (4.2) and eq. (4.4) we did not write explicitly flavor indices of Cr, C,, but we specify
them later in the next section.

The general expression for the spin averaged square matrix element M = % Zpol |A|?
is complicated, but due to the hierarchy of the charged lepton masses, in most cases it is
sufficient to assume m; = M > mj, my, m; and neglect the lighter lepton masses (which
also eliminates the contribution of Goldstone bosons). Only the contribution from the
photon penguin requires more care due to singularity of photon propagator for small mo-
menta. For the photon penguin, in order to get the correct final result one needs to expand
matrix element and phase space kinematics at least up to the order of m?/M?. Then, using
standard expressions for 3-particle phase space one can integrate the matrix element and
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obtain the branching ratios (for comparison see [26]):

_ NCM5
Br(4; — £ilyt)) = 61A4m3 AT, (4 (\CVLL!2 +|Cvrr* + |Cvir* + !CVRL\2)
+|Csrl” + |Csrrl* + |Cserl* + |Csrel?

+ 48 (’CTL‘Z—F ‘CTRIQ) —|—X7) (4.5)

where N, = 1/2 if two of the final state leptons are identical, N. = 1 in all other cases and
I'y, is the total decay width of the initial lepton. The photon penguin contribution reads:

16ev 1 " 1 .
X’(YA) [ 7 Re [<QCVLL + CviLr — QCSLR> 07R + <20VRR + CvRL — QCSRL> CyL]
64e2v? M2 11 ) )
NVER (IOng - 4> (1CL” +1CyRI7)
16ev
XB) =— 27 Re [(Cvir+ Cvir) Cip+ (Cvrr + Cvre) Cop]
32e20? M?
Mz <log me 3> (’C’YL’2 + ’C’YR’2)
X9 =0 (4.6)

4.1 Decay ¢; — Zjéj@-

This option responds to the physical decays p — 3e, 7 — 3e and 7 — 3u. In general, at
the tree-level diagrams mediated by photon, Z%, the neutral Goldstone boson and 4-lepton
contact terms can contribute to the matrix element. The quantities C'x in eq. (4.5) can
be expressed in terms of Wilson coefficients of operators in table 5 as (with C’%i defined
in eq. (3.3)):

Cupp =2 ((25%4, ~1) (Célg)ﬁ N C((pi)jl’) N nga‘j)

CVRR =2 (2312/che + Cgéjj)
Cvir = —§CSRL = 252, (C&)JZ - C’g?”) + ¢y

1 )
Cvrr = _§CSLR = (2sfy — )OI + C32

Csir, = Csrr = O = Crr =0
Cyr = V207"
Cyr = V207 (4.7)

— 14 —



4.2 Decay (; — Zjékfk
Such a decay can be realized as 75 —eT T p"e or 7T — ptete. The coefficients Cy read:
s aVis g
Cyrr = (25 = 1) (CO" 4+ €7 + i
Cyrr = 253y CLL + CIi*

Cvir = 253 (C;lg)ji + C(?z)ji) I Cg’eikk

®
CvrL = (28%/[/ — 1)63;6 + Czekkz
CsLr = —2055’“
Csrr = —2C5™

Cspr = Csrr = Crp =Crr =0
Cyr = V207"
Cyr = V207 (4.8)
4.3 Decay (F — Zfﬁfﬁf

Again, only 7 lepton can decay into such channels, 7+ — eTptp® or 7+ — pTeTeT. In this
case photon and Z%-mediated diagrams are suppressed by 1/A* and only contact 4—lepton
diagram can contribute to these (rather exotic) process. The coefficients C'x are given by:

Cyrp = 205"

Cyrr = 2C59
1

ik

Cvir = —5Csrr = Cp
1 kjki

Cvrr = _§CSLR ="

Cstr = Csrr=Cr =Crr =0
Cyp=Cyr=0 (4.9)
5 Lepton flavor violating Z° decays

The branching ratio for the lepton flavor violating decays of a Z° boson Z9 — Z;ﬁ;’ is
given by:

m m2 2 2 2 2
Be[20 o e367] = ot [ (1of o) It P in] . 6

where I'; &~ 2.495 GeV is the total decay width of the Z° boson. We included all tree-level
contributions and

2
e v 1) fi 3)fi
7 = g (e (O 4 C7) + (=25 o) .
ZR € v? fi 2
Ui = 2swew EC‘”_%W{;J% ’ (5:3)
CZZ-R _ 5L* _ _\/%)AQ Céi (5.4)
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’ Process ‘ Experimental bound ‘
Br [Z2° — p*eT] 1.7 x107% [64]
Br [Z0 — 7%e¥] 9.8 x 1075 [64]
Br [Z20 — 7% 7] 1.2 x107° [64]

Table 7. Experimental upper limits (95 % CL) on the lepton flavor violating Z° decay rates.

where Céi is defined as
C? = (chgé + CWcZ;V> . (5.5)

The experimental bounds on these decays are given in table 7. Their current sensitivities are
not as good as for the other lepton flavor violating decays but a future linear collider could
significantly improve them [63]. Note that theoretical prediction in eq. (5.1) is for the decay
70 — E;E;r or 70 — K;M; while the experimental values are for the sum Z° — E;E?—FE;E?
Therefore, eq. (5.1) must be multiplied by a factor of 2 in order to compare it to the
experimental values.

6 Numerical analysis

In the absence of fine-tuning and accidental cancellations the Wilson coefficients of
the flavor changing 4-lepton operators and of the flavor changing Z°-lepton-lepton ver-
tex are most stringently constrained by the three-body charged lepton decays, while
Céi = cWC'g ]é — chgév is best restricted by the radiative lepton decays. Henceforth, as a

first approximation one can obtain the approximate bounds on Ci;i from the experimental
upper limits on Br[¢; — 7], assuming that all other Wilson coefficients are negligible:

A 2 /Br [ — en]
2.45 x 10710 \/7
0 (1 TeV> 5.7 % 1013
2
132 3112 —6 A Brir — e
\/’C’Y ‘ + }C’Y ’ 2.35 > 10 (1 TeV) 3.3x10°8" (6.1)
2
2312 12 6 A Br [T — uv]
ViepP +jeef <21 x10 (1 Te\/') 14%10°8

Here, the numbers dividing the branching ratios are the current experimental bounds given

IN

Vier + |2

IN

in table 1. We see that the resulting bounds are very strong, of the order of 10719 for i — e
transitions and of the order of 1076 for 7 — 1, e transitions for NP at the TeV scale. This
means that, even though in a renormalizable theory of NP C’;i can only be induced at the
loop level, an additional suppression mechanism is needed (especially for © — e7) in order
the make TeV-scale NP compatible with experiment.

Knowing that C’J;i must be tiny one can set them to zero in order to constrain other
Wilson coefficients using the bounds from the ¢; — £ ff ¢ decay rates. Here we find (again
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normalizing the branching ratios to current limits listed in table 2):

2
Cheee < 3.29x107° ( A ) Br [ — eee]

1 TeV 1 x 1012
Creee < 128 x 102 <1 é}ev>2 iﬁf;oef] , (6.2)
Crpp < 113 x 1072 <1 ’?eV)Q B;[f;gf‘f] ,
with Cye0,0, given by
Clutyiye, = (2 | .54 (cg}f e ) "y ‘cg‘g‘ff +0.46 CLi ’
+ ‘C{jff +0.46 (cfj}fi + cggfz’) g ‘c{efﬁ —0.54 Cf 2)% . (6.3)

From eq. (6.2) and eq. (6.3) we see that also the Wilson coefficient of the flavor changing
4-lepton and the Z°-lepton-lepton vertices must be small for A ~ O(1) TeV: of the order
of 107 for u — e transitions and on the order of 1072 for 7 — p and 7 — e transitions.
These constraints are less stringent then the ones derived from radiative photon decays
in eq. (6.1) but one should keep in mind that unlike O.p and O,y , the other operators are
not necessarily induced at the loop-level but can already be generated at tree-level.

Also the constraints from Z° — E}E@E can be brought into a form in which one can
directly read off the bounds on the Wilson coefficients:

A \? |Br (20 — pFeT]
TeV 1.7 x 10-6 ’

2 9 2 9 A 2 IBr[20 — r%eF
\/C&)lgﬂrcﬁm +les)P o+ | §0.14<1T6V> \/ [. },

Vit icgr + oz oz <om(;

2 B ZO +,,F
\/c;y%c;?%2+\C§%\2+\C%3|2+\C%2\2s0.16<1;‘ev) \/ r[_ A TPy

These constraints are less stringent than the ones from ¢; — (¢ fl7 ¢ and ¢; — £yy but
they put bounds on the linear combination C’? which is orthogonal to C’J;i (see eq. (3.3)
and eq. (5.5)), so that using both eq. (6.1) and eq. (6.4) one can independently constrain
both CZ;V and C’Lé,.

Finally, one can give similar simplified expressions for the bounds resulting from the
anomalous magnetic moments of charged leptons and from the EDMs. Neglecting small
lepton mass ratios and taking into account that some of the Wilson coefficients of the 4-
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Figure 5. Allowed regions in the Cg‘fqu];é plane for A = 10 TeV. Yellow (lightest): £; — €40y,
red (gray): £; — ¢;7y. The blue region is allowed by both decay modes simultancously. The contour
lines show the predicted branching ratio for Z° — ¢4¢;. Note that in the parameter space plotted,

the dependence of Br[Z° — £/;] on Cgév is very weak.

lepton and the Z-lepton vertices are real in the flavor conserving case we find for the EDMs:

1 TeV?
de = —2.08 x 107 Im [2 x 107° CPP+C1'] ( AeV> ecm,

18 -5 3223 997 (1 TeV ’
dy, = —2.08 x 107" Im [2 x 107> C}Z* 40| T ecm, (6.5)

d,

2
—2.08 x 10~ Tm [C3] (1 iev> ecm,

and for the anomalous magnetic moments:

1TeV?
— —6 -5 3113 11
ac=1.17x107° Re [2 x 107° C3° 4 C1'] < X > :
1 TeV'?
a, =243 x 107" Re [2 x 107° C?* + C2?] < Aev> , (6.6)
2
_ -3 -5 (1)33 3333 (3)33 33 s3] (1 TeV
ar=41x10Re [1070x (16 CL)* + 2,00 —1.7(c§)® 4 c%) )+ ] (A) .

Here we kept the loop induced contributions from the Q. and Q. since they are not (or
weakly) constrained from other processes.

In order to illustrate the interplay between different Wilson coefficients in ¢; — £,y
and £; — (¢l f@ ¢ decays let us consider as an example the dependence of both decays on
the Wilson coefficients of the operators Of;ie and Ogév, as shown in figure 5. We see that
the regions which respect both the bound from ¢; — £¢v and ¢; — Efﬂfgf are very small,
especially for ;1 — e transitions. We also show the predicted branching ratios for Z% — ¢ 4
to illustrate that in this plane indirect limits from the other two processes are currently
stronger then the directly measured upper bounds given in table 7.

Another interesting aspect is the correlation between the radiative lepton decays and
the three-body charged lepton decays. In figure 6 we show as an example the ratios
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Figure 6. Ratios Br[¢; — {;v]/Br[¢; — £;€sly] in the C—“z‘j Cf’ plane (independent of the scale
A of NP).
(1) fi

Br[¢; — £yy] /Br [(; — £;0;l;] as a function of ‘?f and . Note that such ratios are

c!
independent of the scale A of NP and depend only on the ratios of Wilson coefficients.
Thus, given a specific model, one can determine the branching ratio for one process in

terms of the other one independently of the scale of new physics and also of other possible

(l)fz
. . . .ol c,
cancellations of NP model parameters which can occur in the ratios C?’ and . As

g
known in the literature, the ratio of both decay rates in case in which only CAJ: is non-zero

depends solely on SM parameters and is given by 1/(5- (log —4— Q)) (which corresponds to

(1) fi

points (0,0) in figure 6). From figure 6 one can see that contrlbutlons from C{;é and Csof
can only slightly enhance but more significantly suppress this ratio. This is important
from the point of view of planned new experiments searching for y — eee with increased
sensitivity.

As observed in section 5, processes involving photon and Z° couplings to leptons
constrain “orthogonal” combinations of the Wilson coefficients of the operators O.p and
O . Thus, using a suitable pair of measurements, one can obtain absolute upper bounds
on each of C.p and C.py. An example of such an exclusion is shown in the left panel of
figure 7: the bound on the radiative decay 7 — uy strongly correlates the allowed values
for C.p and Cey values to a thin straight belt, while Z° — 71 bound cuts the length of
this belt to a wider but finite compartment.

Concerning flavor diagonal transitions we can correlate the anomalous magnetic mo-
ments to the corresponding Z — ¢¢ decays. For the electron and the muon the constraints
from the anomalous magnetic moments are so strong that no sizable effects of NP in
7% — ee or Z° — pp are possible. However, for the tau lepton the constraints on NP
generated terms from Z° — 77 and from the anomalous magnetic moment are not that
different. The allowed region in the ngvfcgg plane is shown in the middle plot of figure 7.
In order to obtain these constraint we used Br [Z° — 77| = (3.370 + 0.008)% [1] and
included radiative corrections into our tree-level expression for Z0 — ¢ #l;, eq. (5.1), multi-

plying it by a correction factor Br [ZO — 7‘7‘] SM /Br [Z 0 7'7'] treo Where Br [ZO — 7'7'] SM
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Figure 7. Left: allowed regions from Br[Z° — 7] (yellow) and Br[r — 7] (blue) in the C%3,~C?3
plane for A = 1 TeV. Middle: correlations between the anomalous magnetic moment of the 7 lepton
and Z° — 77. Yellow (light grey): region allowed by the a,, blue (dark grey): region allowed by
Z° — 77. The contour lines indicate the value of a, for A = 1TeV. Right: allowed regions from
Br(p — ev] in the C}232-C3213 plane for A = 1 TeV and different values of C}Z,. Yellow: C}Z, =0,
red: C12, =6 x 1078, green: C}Z, = —6 x 1075,

includes radiative corrections and can be found in ref. [1]. We also find that the precision
of 70 — Ej?j decay width measurements limit the sizes of CSZ) 3 , Cg? 97 and Cg; Wilson
coefficients so stringently that no sizable effects in the corresponding anomalous magnetic
moments are possible for any lepton flavor.

Another interesting aspect is that one can constrain some of the 4-lepton contact terms
by using only the radiative lepton decays. This is possible because the 4-lepton operator
Oye affects the ¢; — {4 amplitude at the 1-loop level, as calculated in section 3.1. Once
the values of Wilson coefficients defining the photon coupling C,, are fixed, the bounds on
the 4-lepton couplings can be fairly strong - as illustrated in example in the right panel of
figure 7. There we see that the bounds on C}e?’?’2 and C’g’fl?’ from g — ey for A = 1TeV are
O(107%). Note that these coefficients (with double 7 flavor index) cannot be constrained

from any other process considered in this article.

7 Conclusions

In these article we calculated the expressions for several theoretically important and ex-
perimentally well constrained lepton flavor violating processes within the Standard Model
extended with the most general set of effective LE'V operators of dimension-6 invariant
under the SM gauge group. We computed the complete set of 1-loop contributions (to
the leading order in my/mw ) to the radiative lepton decays ¢; — £;v and to the related
electric dipole moments and anomalous magnetic moments of charged leptons (see table 6).
We also obtained the full expression for the 3-body charged lepton decay rates ¢; — £;{1.(;
(eqs. (4.5)-(4.9)) and for the flavor violating Z° — I4l; decays taking into account all
possible tree-level contributions.

The predictions for all processes are given in terms of Wilson coefficients of the effective
operators, automatically assuring that the final results are gauge-invariant (which we con-
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firmed explicitly in our calculation) and that all relevant contributions are included. The
derived expressions allow to obtain model-independent bounds on the Wilson coefficients
of LFV operators, which can be later easily compared to their values calculated within
specific UV complete extensions of the SM.

To facilitate the comparison, we included in section 6 approximate numerical formulae
directly relating the Wilson coefficients to current experimental upper bounds on the dis-
cussed processes (eq. (6.1)-eq. (6.6)). We show that bounds on the effective LE'V couplings
are already very strong if the scale of NP is low, O(1) TeV, and weaken proportionally to
the square of NP scale. We also illustrated possible correlations between Wilson coeffi-
cients of various dimension-6 operators and showed that the loop contributions to £; — £y
decays are capable to constrain 4-lepton operators which would be unbounded otherwise.
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A Feynman rules and vector/scalar form-factors

We summarize below the Feynman rules arising from the dimension-6 operators after the
electroweak symmetry breaking. i,i1,4i9 and f, f1, fo denote the flavor indices of incoming
and outgoing leptons, respectively. We list only the vertices actually used in our tree level
or 1-loop calculations. For completeness we also include few necessary purely SM couplings.

A.1 Feynman rules involving gauge and Goldstone bosons

¢
i (e’y“éﬁ +ich” [C’,’;ZPL + C,]Z%PR] qV>
q—

V2
% (

C}ZR = C}YiL* = —3 Cché — SWC{&V)
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i (" [PFEPL+ T2 Pg] +io™ [CHEPL + CHR PR q)
q —

2
7L _ ¢ v (Lfi (3)fi 2 ,
Ui = 2swew <A2 (C‘M +Coe ) + (1 2s7) 5f’>

S (e P
fi C 2swew A2 e Swofi
vV/2 ; 4
CRlt =G =% <SWC£; + CWCéchv)

i
Vi
iF%L‘/jI;MNS,Y/J,PL
W—H Ly

2 .
WL __ ¢ (Ve
fi \/§3W <A2 C(M + 5fj

0 _ cor  Ls
((ﬁfﬂ + U(szmgi) Py,
1
, + (ﬂFJCJ;OR — U(Sfimzi) PR>
GO ——» - ¥

p (57— (c )
I‘J(“;i(]R - 152 Ciscé
Vi
} i (F%Lp — \fafjmgf> ViMNS pp
G- —p*- - Uy

ré L _ _U\/i (3)fj
fi A2 T
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P OANNNNS — > — —G

3

p1 — < P2

ie (p + ph)

ielg" (1 — p2)" + g™ (p

iV EMNS yhpy
Gl _ _eov2 B
fi = A2 9l

iy [PGVE P, + TGV R Py

FGWL ev (1) fi
fi = = gy C¢f

FGWR €v fi
fi = 25W C¢e

2 —p3)” + 9" (ps — p1)*]

i(p1 + p2) [DG5" P+ TECT PR

1 Dfi 3)fi
oL — <C( )i _ Cég)f )

A2 \ el
1 .
[GGR fi
fi" = =3z %%e
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iy (F%G"*LPL 4 F]%GVRPR)

GGHL 2e 1)fi 3) fi
i ¢ :—p(q;[ -
|
b GGyR _ 2€ 5
G gt = - 5ol

A.2 Feynman rules for 4-fermion operators

€i2 .
Z . .
v F nglllfﬂ& (’)/MPL)flil (VMPL)f2i2

gil . . €f1 +Cgeli1f2i2 (PVMPR>f1i1 (PY,LLPR)fQZé
+lee”1f212 (’YMPL)de (’y,uPR)fzigi|

1

Cgélilleé
0 > > ly, A?

+2Re(CL22) (41 Py ) gy, (’YuPR)fm‘z]

(’Y“PL)ilﬁ (’VMPL)leé

77 (G820 = G 6 P P g

+le11ilf2i2 (/YHPL)fNi (’VMPR)fgiz
—|—C’£i1f?i2 (’Y“PR)flil (’YMPL)fziz
+CL 22 (v PR) 115, (VuPR) fais

D Frin foi
_C’lge;iﬂlf2Z2 (PR)f1i1 (PR)fQiz

— O (Pr) 1 (PL) iy

Uf, L
3
_Céegqulllfﬂz (UHVPR)f1il (U,U«VPR)fQi2

it fri
- Clgegzulfllzfz*(auyplz)flil (JMVPL)fQiQ
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77 (G820 4 O 6 P (P g

Y +C£i1f2i2 (/YHPL)fNi (VMPR)fgiz

4 ¢ +CL 2 (4 PR) iy (W PL) faia
11 v = fl

+Cgcll“ﬁm (/VHPR)fﬂi (’YMPR)fgig

+ leelc;zlth (PR)flil (PL)fziQ + Czéil]mfz*(PL)flil (PR)f2i2]

A.3 Vector and scalar form-factors contributing to off-shell ¢; — {;+* ampli-
tude

Gauge invariance requires that Fyr and Fy g (“vector”) form-factors vanish for the on-shell
external particles. Thus, expressions for them must be proportional to the momentum of
the outgoing photon and they do not contribute to ¢; — £y decay rate. The “scalar” form-
factors Fgr, and Fgr does not need to vanish on-shell, but they also cancel out from this
amplitude after contracting with the photon polarization vector. Still, those form-factors
can enter the expressions for the more complicated processes. Thus, we list them below,
again splitted into groups of contributions within which the vector form-factors vanish in
the on-shell limit. Note that some of them are infinite and require renormalization.

We give only expressions for left scalar form-factor Figy, - the right one can be obtained
from Fyg7, by changing the sign and exchanging the external fermion masses, i.e.:

Forp = _FSL(mi <~ mf) (A.l)

Z° group — diagrams 3a, 2a(Z°):

o 2e(1—2s%,)Q? ; s ;
2= 20 = 2sw)@ (L + e <1 — 6log mf)

9(4m)? M,
. 4682 Q2 . ms;m
2 _TOWE i (] glog A2
VR 9(47r)2 e 08 M% ( )
7 fi 2e 2 (1)fi (3)fi 2 ~fi g
FZJi — i (1= 28%) (C57 + € + 2mush L] (1~ 610g N2

WG group — diagrams 3c,d,e,i,j,k,1, 2b(W),c and photon-Goldstone boson self-energy:

wao i _ _ 2eQ° G a2 (OFi L A3
R = (1667 + 6t (L) + G
i ; M3
+ 3cgy (15¢57 + 16057 <A — log ugVﬂ
; 2ecZ, Q% .. M?2
WG fi _ _ 2€Cy fi B w
Fyg L Coe [2 +15 <A log 2 ﬂ (A.3)
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WG fi _ € 2 Afi (1) fi (3)fi (3)fi
F T = Sy 126k (miCLL = mp(CT o+ CP) = 32mC
2

3 (156k (miCLh — mg (L 4 €57) = 27 (4 - rog 0 )|
GY group — diagrams 3b, 2a(G):
GO fi GO fi GO fi GO fi
FVLf :FVRf:FSLf:FSRf:O (A4)
G* group — diagrams 3f,g,h, 2b(G*):

Gt G G* fi G* fi
FG 1= FG = FS T = FG, T =0 (A.5)

4] group — contact 4-lepton diagrams 3n, 2e:

3 2
. 2e()? o o my.
40 fi f fijj
FVL == 3(47‘()2 (205;” + CEe (A - /,L2J ))
j=1
3 2
. 26@2 . R my.
Al fi i f :
F = RETTRE y (20,{;] +cy (A ~log—5 )) (A.6)
Jj=1
FM fi _ 2e > ZCfijj 20117 CJJfZ CfZJ] A m?j
17 = ~glamyE 2|20 s 20— D\ ~loe
j=1

4f group — contact 4-lepton and 2-lepton-2-quark diagrams 3m, 2d:

; 4 2 ? 7, 2 mi
Fé}ifz _ 6@ Z (C(l)f Ji _ ( )figi Cf JJ) (A _ u;)

)2
Jj=1

C2eQ O i i mg,
eQ Z( fJJ+C(3)fJJ_|_Cfm) (A— ,u;lj)

2
=1

<.

> 2
Af fi 4@@2 : . m2.
FvJ;gf — o Z (Cf il 4 0®f JJ) A MQJ )
j=1
26@2 ~ (i @i A mg,
2 Z( eq + ed > - #2
7j=1
3
Af fi de 1) fijj 3)fijj . o »
Fs{f = 9(n)? Z (mf (céq) 3 _ Céq) i leuﬂ) —my (ng]] + Ce(z)f JJ))
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