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ABSTRACT: We study the non-perturbative properties of N/ = 2 super conformal field
theories in four dimensions using localization techniques. In particular we consider SU(2)
gauge theories, deformed by a generic e-background, with four fundamental flavors or with
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results allow us to reconstruct exact expressions involving quasi-modular functions of the
bare gauge coupling constant and to show that the prepotential terms satisfy a modular
anomaly equation that takes the form of a recursion relation with an explicitly e-dependent
term. We then investigate the implications of this recursion relation on the modular prop-
erties of the effective theory and find that with a suitable redefinition of the prepotential
and of the effective coupling it is possible, at least up to the third order in the deforma-
tion parameters, to cast the S-duality relations in the same form as they appear in the
Seiberg-Witten solution of the undeformed theory.
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1 Introduction

Four-dimensional field theories with rigid N' = 2 supersymmetry provide a remarkable
arena where many exact results can be obtained; indeed N = 2 supersymmetry, not being
maximal, permits a great deal of flexibility but, at the same time, is large enough to guar-
antee full control. This fact was exploited in the seminal papers [1, 2] where it was shown
that the effective dynamics of N' = 2 super Yang-Mills (SYM) theories in the limit of low
energy and momenta can be exactly encoded in the so-called Seiberg-Witten (SW) curve
describing the geometry of the moduli space of the SYM vacua. When the gauge group
is SU(2), the SW curve defines a torus whose complex structure parameter is identified
with the (complexified) gauge coupling constant 7 of the SYM theory at low energy. This



coupling receives perturbative corrections at 1-loop and non-perturbative corrections due
to instantons, and the corresponding effective action follows from a prepotential F that is
a holomorphic function of the vacuum expectation value a of the adjoint vector multiplet,
of the flavor masses, if any, and of the dynamically generated scale in asymptotically free
theories or of the bare gauge coupling constant 7y in conformal models (see for instance [3]
for a review and extensions of this approach).

Recently, N’ = 2 superconformal field theories (SCFT) have attracted a lot of atten-
tion. Two canonical examples of SCFT’s are the N' = 2 SU(2) SYM theory with Ny = 4
fundamental hypermultiplets and the A' = 2* theory, namely a N' = 2 SYM theory with
an adjoint hypermultiplet. In both cases, the S-function vanishes but, when the hypermul-
tiplets are massive, the bare coupling 7y gets renormalized at 1-loop by terms proportional
to the mass parameters. Besides these, there are also non-perturbative corrections due to
instantons. As shown in [4] for the N' = 2* theory and more recently in [5] for the Ny =4
theory, by organizing the effective prepotential F as a series in inverse powers of a and by
exploiting a recursion relation hidden in the SW curve, it is possible to write the various
terms of F as exact functions of the bare coupling. These functions are polynomials in
Eisenstein series and Jacobi 6-functions of 79 and their modular properties allow one to
show that the effective theory at low energy inherits the S1(2,Z) symmetry of the micro-
scopic theory at high energy. In particular one can show [4, 5] that the S-duality map on
the bare coupling, i.e. 7o — —1/79, implies the corresponding map on the effective coupling,
i.e. 7 — —1/7, and that the prepotential F and its S-dual are related to each other by a
Legendre transformation.

The non-perturbative corrections predicted by the SW solution can also be obtained
directly via multi-instanton calculus and the use of localization techniques [6, 7].} This ap-
proach is based on the calculation of the instanton partition function after introducing two
deformation parameters, €1 and €y, of mass dimension 1 which break the four-dimensional
Lorentz invariance, regularize the space-time volume and fully localize the integrals over
the instanton moduli space on sets of isolated points, permitting their explicit evaluation.
This method, which has been extensively applied to many models (see for instance [10-17])
can be interpreted as the effect of putting the gauge theory in a curved background, known
as Q-background [6, 7, 18], or in a supergravity background with a non-trivial graviphoton
field strength, which are equivalent on the instanton moduli space [19, 20]. The resulting
partition function Zi,s(€1,€2), also known as Nekrasov partition function, allows one to
obtain the non-perturbative part of the SYM prepotential according to

Finst = — lim €€ log Zinst(€17 62) . (11)

€1,e20—0

Actually, the Nekrasov partition function is useful not only when the e parameters are
sent to zero, but also when they are kept at finite values. In this case, in fact, the non-
perturbative e-deformed prepotential

Enst(elv 52) = —€1€2 10g Zinst(ela 62) (12)

!See also [8, 9] for earlier applications of these techniques.



represents a very interesting generalization of the SYM one. By adding to it the corre-
sponding (e-deformed) perturbative part Fjer, one gets a generalized prepotential that can
be conveniently expanded as follows

(0.)
Foert + Finst = Z FM9 (e + €)™ (e1€9) . (1.3)
n,g=0

The amplitude F(©9 which is the only one that remains when the e-deformations are
switched off, coincides with the SYM prepotential F of the SW theory, up to the classical
tree-level term. The amplitudes F(®9 with ¢ > 1 account instead for gravitational cou-
plings and correspond to F-terms in the effective action of the form F(O9W?29  where W
is the chiral Weyl superfield containing the graviphoton field strength as its lowest compo-
nent. These terms were obtained long ago from the genus ¢ partition function of the N' = 2
topological string on an appropriate Calabi-Yau background [21] and were shown to satisfy
a holomorphic anomaly equation [22, 23] from which one can recursively reconstruct the
higher genus contributions starting from the lower genus ones (see for instance [24, 25]).
More recently, also the amplitudes F(™9 with n # 0 have been related to the ' = 2
topological string and have been shown to correspond to higher dimensional F-terms of
the type F(9)Y2" W29 where T is a chiral projection of real functions of A" = 2 vector
superfields [26], which also satisfy an extended holomorphic anomaly equation [27, 28]. By
taking the limit eo — 0 with ¢; finite, one selects in (1.3) the amplitudes F(™°). This limit,
also known as Nekrasov-Shatashvili limit [29], is particularly interesting since it is believed
that the N/ = 2 effective theory can be described in this case by certain quantum integrable
systems. Furthermore, in this Nekrasov-Shatashvili limit, using saddle point methods it is
possible to derive a generalized SW curve [30, 31] and extend the above-mentioned results
for the SYM theories to the e-deformed ones.

By considering the Nekrasov partition function and the corresponding generalized pre-
potential for rank one SCFT’s, in [32] a very remarkable relation has been uncovered with
the correlation functions of a two-dimensional Liouville theory with an e-dependent central
charge. In particular, for the SU(2) theory with Ny = 4 the generalized prepotential turns
out to be related to the logarithm of the conformal blocks of four Liouville operators on
a sphere and the bare gauge coupling constant to the cross-ratio of the punctures where
the four operators are located; for the AN/ = 2* SU(2) theory, instead, the correspondence
works with the one-point conformal blocks on a torus whose complex structure parameter
plays the role of the complexified bare gauge coupling. Since the conformal blocks of the
Liouville theory have well-defined properties under modular transformations, it is natural
to explore modularity also on the four-dimensional gauge theory and try to connect it to
the strong/weak-coupling S-duality, generalizing in this way the SW results when €; and
€9 are non-zero. On the other hand, one expects that the deformed gauge theory should
somehow inherit the duality properties of the Type IIB string theory in which it can be
embedded. Some important steps towards this goal have been made in [33] and also in [34]
where it has been shown that the SW contour integral techniques remain valid also when
both ¢; and ey are non-vanishing. To make further progress and gain a more quantita-
tive understanding, it would be useful to know the various amplitudes F(™9) in (1.3) as



exact functions of the gauge coupling constant and analyze their behavior under modular
transformations, similarly to what has been done for the SW prepotential F(*9) in [4, 5].
Recently, by exploiting the generalized holomorphic anomaly equation, an exact expression
in terms of Eisenstein series has been given for the first few amplitudes F(™9) of the SU(2)
theory with Ny = 4 and the N’ = 2* SU(2) theory in the limit of vanishing hypermul-
tiplet masses [35]. This analysis has then been extended in [36] to the massive N' = 2*
model in the Nekrasov-Shatashvili limit, using again the extended holomorphic anomaly
equation, and in [37] using the properties of the Liouville toroidal conformal blocks in the
semi-classical limit of infinite central charge. However, finding the modular properties of
the deformed prepotential in full generality still remains an open issue.

In this paper we address this problem and extend the previous results by adopting
a different strategy. In section 2, using localization techniques we explicitly compute the
first few instanton corrections to the prepotential for the N/ = 2* massive theory with
gauge group SU(2) in a generic e-background. From these explicit results we then infer
the exact expressions of the various prepotential coefficients and write them in terms of
Eisenstein series of the bare coupling. Our results reduce to those of [4, 5] when the de-
formation parameters are switched off, and to those of [35-37] in the massless or in the
Nekrasov-Shatashvili limits. The properties of the Eisenstein series allow us to analyze the
behavior of the various prepotential terms under modular transformations and also to write
a recursion relation that is equivalent to the holomorphic anomaly equation if one trades
modularity for holomorphicity. The recursion relation we find contains a term proportional
to €1€2, which is invisible in the SYM limit or in the Nekrasov-Shatashvili limit. In sec-
tion 3 we repeat the same steps for the N' = 2 SU(2) theory with Ny = 4 and arbitrary
mass parameters and also in this case derive the modular anomaly equation in the form
of a recursion relation. In section 4 we study in detail the properties of the generalized
prepotential under S-duality, and show that when both €; and es are different from zero,
due to the new term in the recursion relation, the prepotential and its S-dual are not any
more related by a Legendre transformation, an observation which has been recently put
forward in [38] from a different perspective. We also propose how the relation between the
prepotential and its S-dual has to be modified, by computing the first corrections in €jes.
Finally, in section 5 we conclude by showing that there exist suitable redefinitions of the
prepotential and of the effective coupling from which we can recover the simple Legendre
relation and write the S-duality relations in the same form as in the undeformed SW theory.
The appendices contain some technical details and present several explicit formulas which
are useful for the computations described in the main text.

2 The N = 2* SU(2) theory

The N = 2* SYM theory describes the interactions of a N' = 2 gauge vector multiplet
with a massive N' = 2 hypermultiplet in the adjoint representation of the gauge group.
It can be regarded as a massive deformation of the NV = 4 SYM theory in which the
[f-function remains vanishing but the gauge coupling constant receives both perturbative
and non-perturbative corrections proportional to the hypermultiplet mass. Using the lo-



calization techniques [6, 7] one can obtain a generalization of this theory by considering the
e-dependent terms in the Nekrasov partition function. In the following we only discuss the
case in which the gauge group is SU(2) (broken down to U(1) by the vacuum expectation
value a of the adjoint scalar of the gauge vector multiplet). We begin by considering the
non-perturbative corrections.

2.1 Instanton partition functions

The partition function Zj; at instanton number £ is defined by the following integral over
the instanton moduli space My:

7y = / d M, e~ Sinst (2.1)

where S, is the instanton moduli action of the N/ = 2* theory. After introducing two
deformation parameters €; and eo, the partition function Zj can be explicitly computed
using the localization techniques. In the case at hand, each Z; can be expressed as a sum
of terms in one-to-one correspondence with an ordered pair of Young tableaux of U(k)
such that the total number of boxes in the two tableaux is k. For example, at k& = 1
we have the two possibilities: ([7,e) and (e,[); at & = 2 we have instead the five cases:
(C1,e), (e,[1), (H, o), (o, H), (0,0); and so on and so forth. Referring for example to
the appendix A of [39] for details, at £ = 1 one finds

(—e1 +m)(—ex +m) (a2 +m) (a2 +m — € — €2)

2 = :
) (—e1)(—€2)arz(az — €1 — €2) (2.2)
_ (—er +m)(—ea +m)(az1 +m)(a12 +m — €1 — €2) '
Zio) = )
' (—e1)(—€2)azi (a2 — €1 — €2)
where ay, = a, — a, with a1 = —ao = a, and
m=m+9§9 (2.3)

is the equivariant mass parameter for the adjoint hypermultiplet in the e-background [35,
40]. The l-instanton partition function is therefore

(4m? — (e1 — €2)?)(16a% — 4m? — 3(e1 + €2)?) '

71 =7 7 = 2.4
! (C09) T 4(e.00) 8ei€ea(4a’ — (€1 + €2)?) (2.4)
At k = 2 the relevant partition functions are
7 _ (—er +m)(—ea +m)(—€1 + €2 +m)(—2€e2 +m) (a2 +m)
(L) (—e)(—e2)(—e1 + €2)(—2€2)a1
(@12 + M+ €2)(az1 +m — €1 — €2)(ag1 +m — €1 — 2¢€2)
(a12 + €2)(a21 — €1 — €2)(az1 — €1 — 2€2) '
(2.5)

(—61 + T?L)2(—62 + m)Q(a12 +m — 61)(CL12 +m — 62)
(—€1)*(—€2)*(a12 — €1)(a12 — €2)
(CL21 +m — 61)((121 +m — 62)
(CL21 - 61)((121 - 62)

21,00




The contributions corresponding to the other Young tableaux at £ = 2 can be obtained
from the previous expressions with suitable redefinitions. In particular, Z, — is obtained
from Z(Djw) in (2.5) by exchanging a2 <> a1, Z(H ) is obtained by exchanging e <> €9,

)

and finally Z( H) is obtained by simultaneously exchanging a2 <> a2 and €; <> €3. The

e,

complete 2-instanton partition function is
Zo =1 o) T Z(e +Z +Z +Z 2.6
2= 2w T 2o T 40, T 0 T 40D (2.6)

but we refrain from writing its expression since it is not particularly inspiring. This pro-
cedure can be systematically extended to higher instanton numbers leading to explicit
formulas for the instanton partition functions.
Following [7] we can cast these results in a nice and compact form. Indeed, defining
q =™ (2.7)
where 79 = % + i‘;—g is the complexified gauge coupling constant of the N' = 2* SYM
theory, the grand-canonical instanton partition function

o
Linst = Z ** 7y, (2.8)
k=0

where Zy = 1, can be rewritten as

Ay + €1(i — 1) — €9
Zinst — Y =2
> ] H (1-%)—aG

(Y1,Y2) t,7=1u,v=1 Qup + €1

- kuz)

Gy + T+ €1(i — 1 — kyj) — €2(j — ki)
uy +m+€1(i — 1) — €25

(2.9)

where the first line represents the contribution of the gauge vector multiplet and the second
line that of the adjoint hypermultiplet. Here k,; and Em denote, respectively, the number
of boxes in the i-th row and in the i-th column of a Young tableaux Y, and are related to
the Dynkin indices of the corresponding representation. These quantities can be extended
for any integer ¢ with the convention that k,; = 0 or %M = 0 if the i-th row or the i-th
column of Y,, is empty. For example, for Y,, = [TJ the ky;’s are (2,0,0,0,...) and the Eui’s
are (1,1,0,0,...). Moreover we have

V= ku=> ku=k. (2.10)

It is quite straightforward to check that the expressions (2.2) and (2.5) are reproduced by
the compact formula (2.9) by selecting the appropriate Young tableaux.

Following Nekrasov’s prescription, we can obtain the generalized non-perturbative pre-
potential according to

o
Finst = —€1€2 IOg ZLinst = Z q2k Fy. . (211)
k=1



In the limit ¢ — 0, the above expression computes the instanton contributions to the pre-
potential of the N' = 2* SYM theory, while the finite e-dependent terms represent further
non-perturbative corrections. Notice that in the limit m — 0, (2.9) correctly reduces to
the partition function of the N'= 4 SYM theory, namely to the Euler characteristic of the
instanton moduli space (see for instance [41]).

2.2 Perturbative part

The compact expression (2.9) allows us to “guess” the perturbative part of the partition
function by applying the same formal reasoning of section 3.10 of [6]. Indeed, in (2.9) we
recognize the following universal (i.e. k-independent but a-dependent) factor

H H ayy +€1(i — 1) — €2 (2.12)

i5=1 e 1auv+m+€1(l—1)_€2]
UFv

which, if suitably interpreted and regularized [6, 7], can be related to the perturbative part
of the partition function of the A" = 2* theory in the e-background. According to this idea,
we are then led to write

2 [e'e) . .

Ay + €1(i — 1) — €97
Foort = €16 lo — - - . 2.13
e 2 2 a1 - 2

UFv

Using the following representation for the logarithm

x d [ A° dt
log = = — < / —te m) (2.14)
A ds\I'(s) Jo t s=0
where A is an arbitrary scale and summing over i and j, we can rewrite (2.13) as
2
Fpert = €162 Z [%1,52 (Auv) = Yer ez (A + m)} (2.15)
u,v=1
uF v
where (see also [18, 35])
d (A [>dt tSe '
= —| = — 2.16
761752 (l‘) dS <F(S) /0 t (e,qt o 1)(6762t o 1)) 0 ( )

This function, which is related to the logarithm of the Barnes double I'-function, can be
easily computed by expanding for small values of €; and ez. As a result, Fer¢ becomes a
series in inverse powers of a? whose first few terms are

2a (4m2 — 82) (4m2 +4p — 52)
A 768 a?

(4m2 - 82) (4m + 4p — 32) (4m2 + 6p — 332)
61440 a*

1
Foert = Z(Zlm2 —s ) log —




(4m2 — 52) (4m2 +4p— 52) (48m4 +176m2p+160p> —88m?s? —204ps? +51s4)
8257536 ab
+0(a™®). (2.17)

Here we have used (2.3) and introduced the convenient notation
S=¢€1+€ , p=e€e€. (2.18)

One can easily check that in the limit ¢, — 0 this expression correctly reproduces the 1-loop
prepotential of the ' = 2* SU(2) gauge theory (see for instance [4]).

2.3 Generalized prepotential

The complete generalized prepotential is the sum of the classical, perturbative and non-
perturbative parts. We now focus on the latter two terms which are directly related
to the Nekrasov partition function. Just like the 1-loop piece (2.17), also the instan-
ton terms (2.11) can be organized as a series expansion for small values of €; and eg, or
equivalently for large values of a. Discarding a-independent terms, which are not relevant
for the gauge theory dynamics, we write

[e.e]

2a he 1
Fpert+ﬂnst :holog—— Wﬂ
(=1

(2.19)

2 s% and p which can be explicitly derived

where the coefficients hy, are polynomials in m
from (2.17) as far as the perturbative part is concerned, and from the instanton partition
functions (2.9), after using (2.11), for the non-perturbative part. Here we list the first few

of these coefficients up to three instantons:

1
ho = 1(4m2 - 5%, (2.20)
11 3 1
— (4 22 4 2 4_2 -2 24— 6 291
I = (4m® = %) (4m” +4p = 5°) | 155 — g7 — g7 — 3¢+ ) (2.21)
4m? 4+ 6p — 352 s2
ho — (4m2 — s2) (4m2 & 4p — §2 9 9
2 (m s)(m+p 5) 3840 8q
12m? + 18p — 215 8m? + 12p — 95>
+ & ¢+ & @+ ), (2.22)
16 2
48m* + 176m?p + 160p* — 88m?s% — 204ps? + 51s*
ha = (4 2 2 4 2 4p — 2
3= (4m” = 57) (4m” 4 4p — 57) 172032
3s' 5 240m" + 1392mp + 1440p* — 3000m>s* — 7548ps® + 39035
324 1024 a
~ 240m* + 1008m?p + 960p? —3 21080m2s2 — 2652ps® + 98754 . ) (2.23)

It is interesting to notice that all h,’s are proportional to (4m2 — 52) and, except for hg,
also to (4m2 +4p— 52). Explicit expressions for hy with £ > 3 can be systematically derived
from the generalized prepotential but they are not needed for our considerations.



Building on previous results obtained in ¢, — 0 limit from the SW curve [4, 5] and
on the analysis of [35] for the massless case, we expect that the expressions (2.20)—(2.23)
are just the first terms in the instanton expansion of (quasi) modular functions of q. More
precisely, we expect that hy are (quasi) modular functions of weight 2¢ that can be written
solely in terms of the Eisenstein series Fo, E4 and Eg (see appendix A for our conventions
and definitions). This is indeed what happens. In fact we have

_ 1 2 2

ho = 4(4m s7), (2.24)
1

hi = 563 (4m2 - 52) (4m* + 4p — 82) Ey, (2.25)

1

hQ = W(é‘:'fﬂ? — 52) (4m2 + 4p — 52)

X [5(4m? + 6p — 5) B + (4m® + 6p — 135%) By, (2.26)
1
h3 = m (4m2 — 82) (4m2 + 4p — 52)

x [35(80m4 + 272m2p + 240p% — 40m?s® — 68ps? + 5st) E3
+ 84(16m™* + 64m?p + 60p* — 56m>s? — 136ps” + 13s*) Ey E»

+ (176m™* + 944m®p + 960p® — 1816m°s* — 4556ps® + 332354)Eﬁ} . (2.27)

By using the small ¢ expansion of the Eisenstein series one can check that the explicit
instanton contributions we have computed using localization techniques are correctly re-
covered from the previous formulas. We stress that the fact that the various instanton terms
nicely combine into expressions involving only the Eisenstein series is not obvious a priori
and is a very strong a posteriori test on the numerical coefficients appearing in (2.20)—
(2.23). It is quite remarkable that the explicit instanton results at low k& can be nicely
extrapolated to reconstruct modular forms from which, by expanding in powers of ¢, one
can obtain the contributions at any instanton number.

We can also organize the generalized prepotential according to (1.3) and obtain the
amplitudes F(™9) as a series in inverse powers of a? with coefficients that are polynomials
in Fo, F4 and Eg. The first few of such amplitudes are:

2a m'Ey mS(5EI+Es) mP(1T5E5+84EyEy+11FEs)

FO0) — 12100 22 — 2.98
e N Ty 5760 a* 2903040 teee o (228)
1 2 2E YE24+ E 6(175E2 + 336 FyE, + 8F
F(l’o):**Inga‘Fm 2 m ( 2 + 4) m ( 2+ 2 4+ 6) 4. (229)
4 A 96a2 1536 a4 2903040 ab
2 4 2 6 3
F(O’l) :_m E _m (5E2 + E4) _m (11E2 +6EyFE, + EG) . (2'30)
48 a? 2304 a* 41472 ab
2 2 4 3
0 _ Ey  m*(5E3 4+ 9Ey)  m*(175E3 + 588y By + 559 E;) L (2.31)
768 a2 30720 a4 7741440 ab
E 2(25E2 + 17E. 4(385E3 + 798 L Ey + 213E,
F(l’l) . 2 I m ( ) + 4) + m ( ) + ol + 6) 4 (232)

19242 23040 a4 1935360 ab



2 2 4 3
02 _ M (5E3 + By)  m*(160E3 + 93F Ey 4 17Ej) L (2.33)
3840 a4 414720 ab

Terms with higher values of n and g can be systematically generated without any difficulty
from the hy’s given in (2.24)-(2.27). The first term F(©0) represents the prepotential of the
N = 2* SU(2) gauge theory and its expression (2.28) agrees with that found in [4] from the
SW curve (see also [5]). The other terms are generalizations of those considered in [35] and
more recently in [37] in particular limits (m — 0 or e — 0) where they drastically simplify.

2.4 Recursion relations

The generalized prepotential (2.19) is clearly holomorphic by construction but does not
have nice transformation properties under the modular group since the coefficients hy ex-
plicitly depend on the second Eisenstein series Fo which is not a good modular function.

Indeed, under
atg+ b
cro+d

o — with ad —bc=1, (2.34)

FE» transforms inhomogeneously as follows

Ea(m0) — (cmo + d)2Ea(r) + (cmo + d) % | (2.35)
Therefore, in order to have good modular properties we should replace everywhere Es with
the shifted Eisenstein series Eg = Fy + m at the price, however, of loosing holo-
morphicity. This fact leads to the so-called holomorphic anomaly equation [22, 23] (see
also [28]). On the other hand, in the limit 7y — oo, holding 7 fixed so that Ey — Es, we
recover holomorphicity but loose good modular properties and obtain the so-called modu-
lar anomaly equation [42]. This equation can be rephrased in terms of a recursion relation
for the hy coefficients which allows us to completely fix their dependence on Es.
To this aim let us consider the explicit expressions (2.24)—(2.27) and compute the

derivatives of hy with respect to Fy. With simple algebra we find

-1
ohe ¢ 020 — 1)
67E2 = E ZE - hlhf—l—l + T €1€2 hg_l (236)
with the initial condition
Oho
_0. 2.
o5 =" (2.37)

We have explicitly checked this relation for several values of ¢ > 3; we can thus regard
it as a distinctive property of the e-deformed N = 2* low-energy theory. Notice that in
the limit e, — 0, (2.36) reduces to the recursion relation satisfied by the coefficients of the
prepotential of the NV = 2* SU(2) theory found in [4, 5] from the SW curve, and that the
linear term in the right hand side disappears in the so-called Nekrasov-Shatashvili limit [29]
where one of the two deformation parameters vanishes and a generalized SW curve can be
introduced [30, 31].
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Eq. (2.36) can be formulated also as a recursion relation for the amplitudes F(9) de-
fined in (1.3). To see this, let us first extract the a-dependence and, in analogy with (2.19),

write
P = Z o (2.38)
/=1
so that
he=Y £ (e + €)™ (er62)9 (2.39)
7g

Notice that the coefficients fe(n’g), which are polynomials in the hypermultiplet mass m,
have mass dimensions 2(1 + ¢ —n — g); therefore fz(n’g) =0if n+g > ¢+ 1 (this condition
can be easily checked on the explicit expressions (2.28)—(2.31). These definitions must be
supplemented by the “initial conditions”

1
e U (2.40)
which are obtained from (2.24). Inserting (2.39) in the recursion relation (2.36), we obtain
8fﬁ(n’g) ¢ n1,91) n2 92) 6(2 1) g-1)
= — ’ ’ 2.41
0B, 12 122gg Zf 105 ) + =5 (2.41)
nil,n 1,92

where the ’ means that the sum is performed over all ny, ns, g1 and gs such that n1+ns = n
and g1 + g2 = g. Eq. (2.41) shows that the coefficients fg(n’g) and hence the amplitudes
F(9) are recursively related to those with lower values of n and ¢, similarly to what can
be deduced from the holomorphic anomaly equation [35].

3 The N = 2 SU(2) theory with Ny =4

We now consider the N' = 2 SU(2) theory with Ny flavor hypermultiplets in the funda-
mental representation of the gauge group. When N; = 4 the 1-loop S-function vanishes
and the conformal invariance is broken only by the flavor masses my (f =1,...,4). Fur-
thermore there are non-perturbative effects due to instantons which are nicely encoded in
the exact SW solution [2]. We now discuss the generalizations of these effects induced by
the ¢, deformation parameters in the Nekrasov partition function, following the same path
described in the previous section for the A/ = 2* theory.

3.1 Instanton partition functions

Using localization techniques, we can express the instanton partition functions Z; of the
Ny = 4 theory as sums of terms related to pairs of Young tableaux. Referring again the
appendix A of [39] for details, at k = 1 we have the following two contributions

1

(—€1)(—€e2)arz(ag — €1 — €2)

N
L

I
-

(a1 +my),

~
Il
—

1

(—e€1)(—€2)azi(ar2 — €1 — €2)

(a2 +my)

N
0

||
-

~
Il
—
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where
€1 + €2

2
is the equivariant hypermultiplet mass in the e-background.? Summing the two terms (3.1)

ﬁlfsz—l- (3.2)

and setting a1 = —a9 = a, we get
Zy =20t Ze )

_aptm |63
4a?— (61 +62)2

— _2;62 a?+ Z mym g+ (e1+€2) Zmﬁ—%(eﬁ—ez)%—
<y f

where Pfm = mimaomsmy. The partition function Z; contains a part proportional to a?,

a part which does not depend on a and a part containing a? in the denominator. In all

a-dependent terms the flavor masses my always occur in SO(8)-invariant combinations and

thus in all such terms we can always express the mass dependence using the following

quadratic, quartic and sextic SO(8) invariants:

1 2
R=5% mj,
f
1 2, 2 1 4
lem;/mfmf/—%;mf,
Ty = —i Z mam?2, + i Zm4 — lem o
24 U AT Foon
f<f f
3 2, 2 2 1 2 4 1 6
F<fr<f f#f f

The a-independent terms in (3.3), instead, are not invariant under the SO(8) flavor group.
Indeed, neither ) §myf nor > f<p MM g TESPEC this invariance. Notice, however, that
a-independent terms in the partition functions, and hence in the prepotential, are irrele-
vant for the gauge theory dynamics, and thus can be neglected. We will always do so in
presenting our results.

The explicit expressions of the partition functions Zj, for k£ > 1 are rather cumbersome;
nevertheless it is possible to write the (grand-canonical) instanton partition function in a
quite compact way using the connection with the Young tableaux. Indeed, denoting as x
the instanton counting parameter and using the same notations introduced in section 2.1,

oo
k
Zinst = Z-x Zk
k=0

we have

0o 2 . .

_ Z V] H H auv+€1(l—1)—€2j
xr . =~ . 3.5
(Y1,Y2) 7321 Luwz1 G 100 = 1= kyj) — e2(j — Kui) (3:5)

« ﬁﬁau+ﬁlf+€1(7xl)€2(]km)

vl Foi ay +my+e€1(i — 1) — ez

*Note that in [39] the hypermultiplet masses were denoted —m.

— 12 —



Here the second line represents the contribution of the gauge vector multiplet and the
last line that of the fundamental hypermultiplets. From this expression, by selecting the
appropriate Young tableaux, one can obtain the various terms of the instanton partition
function and their dependence on the ¢, parameters.

3.2 Perturbative part

Also in the Ny = 4 theory one can deduce the perturbative contribution to the parti-
tion function from the “universal” factor of the grand-canonical instanton partition func-

tion (3.5), namely

o] 2 2 4 1
H [ H (aw Farli=1) ~ e Hl;[l(au—l-ﬁ%f—i-el(i—l)—@j)] (3.6)

i,j=1 Lu,v=1

uFv

which, of course, requires a suitable interpretation and regularization. Using this observa-

tion and following again [6, 7], we can write the perturbative part of the prepotential as

00 2 . .2 4 ~ . .
Aupter(i—1)—e ay+me+e(i1—1)—e
Foert=€162 E [ E log I(A ) 23—5 E log / /1\( ) 2‘7] (3.7)

i,j=1 Lu,o=1 u=1 f=1
uFV

which, after using (2.14) and summing over i and j, becomes

2 2 4
Fpert = €162 [ Z Yeres (Quv) — Z Z Vereo (au + Mf)

u,v=1 u=1 f=1
uFv

(3.8)

where the function 7, is defined in (2.16). Expanding the latter for small values of €;
and €2 and discarding as usual a-independent terms, we obtain

Fpert = —log16 a® + = (4R—s —i—p)logK

1

T [16R2 — 96T) — SR(s — 2p) + s* — 4s%p + 3p2} (3.9)
1

— [128R3 — 1920RT} + T68N — 160(R? — 6T})(s> — 2p)

+ R(56s* — 2245%p + 192p?) — 65° + 36s5*p — 6352p* + 3Op3} + 0O (a_G)

where s and p are as in (2.18). One can easily check that in the limit ¢, — 0 this expression
correctly reproduces the 1-loop prepotential of the N' = 2 SU(2) N; = 4 theory (see for
instance [3]). Notice the presence of a term proportional to a? which corresponds to a finite
1-loop renormalization of the gauge coupling constant.

3.3 Generalized prepotential

We now consider the instanton corrections to the prepotential of the N; = 4 theory which
is given by

o
Finst = —€1e2 log ZLinst = Z ﬂfk Fy . (310)
k=1
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At k =1, up to a-independent terms, from (3.1) we simply get

2 B 2(T1 + 2T2) (311)

a
Fr— —eieo 70 = 2
! e a1 =y 4a? — s?

The presence of an a?-term in Fj signals that there is a renormalization of the gauge cou-
pling constant at the l-instanton level. Actually, the same thing occurs also at higher
instanton numbers; indeed we find

1342 23 a’ 2701 a?

" N e Fy— 3.12
2 64 + 5 3 192+ ; 4 32678+ ( )

Combining these contributions with the perturbative one given by the first term in (3.8)
and adding also the classical tree-level prepotential F,; = log z a?, we obtain
1 13 23 2701
1 —log16 + = et gt a4 )ai =1 2 3.13
<°g$ 08I0 ST G T T g™ Tagreg® T )T = 08da (3.13)
that is a redefinition of the instanton expansion parameter and hence of the gauge coupling
constant. By inverting this relation we get [43]

_ 2 3 IOk
x=16¢ (1 — 8¢ +44¢° —192¢° + - --) (3.14)

 O3(q)*

(see appendix A for some properties of the Jacobi f-functions). As pointed out for instance
in [44], by setting

. 0 8
qg=¢eTm with 7'0:;4-19—7;,

one can show that 7 is precisely the modular parameter of the SW curve for the SU(2) Ny =

(3.15)

4 theory appearing in the original paper [2]. This gauge coupling constant receives only
corrections proportional to the hypermultiplet masses and as such is the strict analogue® of
the gauge coupling constant 7y of the N' = 2* theory considered in section 2. On the other
hand, using (3.14) one can show that x is a cross-ratio of the four roots of the original SW
curve [2]. From now on we always present the results for the Ny = 4 theory in terms of ¢.

Expanding the complete prepotential Fjert + Finst as in (2.19), the first coefficients hy
up to three instantons turn out to be

ho = %(4}% — s +p), (3.16)
hy = 2i4 [16(R2 — 6T}) — 8R(s® — 2p) + s* — 4s%p + 3p2} +32(Ty + 2Th) ¢

- [16(R2 + 6T1) — 8R(s® — 2p) + s* — 4s°p + 3p2} g

+128(T1 + 21») ¢ + O(q"), (3.17)
ho = 2%0 [12833 _1920RT} + 768N — 160(R? — 617 )(s> — 2p)

+ R(56$4 — 2245%p + 192p?) — 65° 4 365*p — 635%p? + 30p3

3Except for a customary overall factor of 2.
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+325%(Ty + 2T») q
+ [768N + 384RT) — 64(R? + 6T1) (s> — p) + 8R(4s* — 125%p + 5p?)

— 455 + 2054p — 2582p2 + 6p3} q2
— 128(T + 2T) (16R — 115 + 16p) ¢* + O(q¢*). (3.18)

We worked out also the expressions for a few other hy’s with ¢ > 3 which however become
rapidly very cumbersome and thus we do not write them here (see for example appendix B
where we give the detailed form of hg).

As in the N = 2* model, also in the Ny = 4 theory we can view the previous results as
the first instanton terms of the expansion of (quasi) modular forms in powers of g. In this
case, however, besides the Eisenstein series Fo, F4 and Fjg, also the Jacobi #-functions 6o
and 64 are needed. Matching the g-expansion of these modular functions with the explicit
results (3.16)—(3.18), guided by what we already obtained in the ¢, — 0 limit [5] which
suggests the existence of a recursion relation that fixes the Eo dependence, we find?

1
hy = i(m — s>+ p) (4R — s* + 3p) Bo — A(T1 01 — T2 63) (3.20)
b = (4R = 2 4 D) (4R — 5 +30) (4R 7+ 1) ES

- %(41%— s? +4p) (T1 05 — T2 03) E»

1
+ oo | 64" — SOR?(357 — 4p) + 4R(27s" — 885%p + 49p”)

—135% + 6851p — 9452p? + 30p° + 2304N] E,
8
— S (R—s*+p) [Tl 02(204 + 0%) + T 03 (03 + 293)} . (3.21)
We have checked that a similar pattern occurs also in other h;’s with £ > 3 (see appendix B).

Organizing the complete prepotential as an expansion in powers of s2 and p as in (1.3),
we can obtain the amplitudes F(™9), the first few of which are

FOO _ 9R10 & R’Ey  T0j—Tw05 R(5E5+Ey) NE,

602 a2 180a*  5af
RT107(2E> + 205 +05)  RTy05(2E> +201 +63) 3.22
N 2 e +ee (3.22)
1. a RE, RXE3+Ey
FOLO) — _Z1pe 2 =
2 %8N T 2.2 48 a4
TV0}(Ey + 463 +20%)  Th04(Ey — 46% — 2604
B 14( 2 + 405 + 4>_|_ 22( 2 4 2>+...’ (3.23)
124* 12a*

4As compared to the results presented in [5, 44], here all masses have been rescaled by a factor of V2,
that is m{® = v2m}° for all f.
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1. a RE, R2E2+E)

O _ Z 50 = —
2 %N 6a2 36.a?
N T105(2E2 + 2605 + 65)  Th05(2E, — 261 — 63) L (3.24)
6 at 6 at ’ ’
E R(5E% + 9Ey)
o _ _ 2 2 3.25
96a? 960 a4 T (3.25)
E R(10E3 + 11Ey)
L 22 2 3.26
24a? 360 a* Tt (3:26)
E R(95E32 + 49E,)
FO2) _ 72 2 2
32a> 2880 a4 te (3:27)
F(3.0) — S5E; +13Ey F21 CM0EF+17E, (3.28)
- 11520 4% ’ N 2880 a ’ '
95F3 + 94F, 2E2 + E,
p12) _ 2972 T ERmA 03 224 3.29
11520 a* ’ 384 at (3:29)

One can easily check that F(%0) in (3.22) completely agrees with the prepotential of the
N = 2 SU(2) Ny = 4 gauge theory as derived for example in [5]; notice also that in
the massless limit, i.e. R, N,T7,T5 — 0, these amplitude drastically simplify and precisely
match the results presented in [35]. It is also interesting to observe that in the Nekrasov-
Shatshvili limit where one of the €,’s vanishes, the amplitudes F(? of the N t = 4 theory
reduce to those of the N' = 2* theory upon setting 7y = 75 = N = 0 and R = m?. Indeed,
with these positions and rescaling a — 2a, the amplitudes F(™0) in (3.22)-(3.29) become
twice the corresponding amplitudes of the N = 2* theory given in (2.28)—(2.33). This
simple relation does not hold away from the Nekrasov-Shatashvili limit: the amplitudes
F9) with ¢ # 0 are in fact intrinsically different in the two theories, as a consequence of
their different gravitational structure.

3.4 Recursion relations

Looking at the explicit expressions (3.19)- (3.21), it is not difficult to realize that the Es
dependence of the hy’s is quite simple and exhibits a recursive pattern. This points again to
the existence of a recursion relation among the h,’s involving their derivatives with respect
to Es. Indeed, following the same steps described in section 2.4, one can check that

-1
Ohy ¢ 0(20-1)
95, 6 ;0 hihg—i—1 + —  ae he—q (3.30)
with the initial condition
Ohg
-0. .31
OE, 0 (3.31)

This recursion relation has exactly the same structure of that of the N' = 2* theory given
in (2.36), the only difference being in the numerical coefficients. Notice that the coefficients
of the quadratic terms can be matched by a rescaling of the h;’s, but those of the linear
terms proportional to €12 remain different for the two theories; this is another signal of
their intrinsically different behavior when a generic e-background is considered.
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Finally, if we expand the h’s as in (2.39) we can reformulate the recursion rela-
tion (3.30) in terms of the partial amplitudes fg(n’g) and get

(n,9)
8f 14 n1,91) (n2,2 €(2£ ) (n,g—1)
{3 <Zf g “91> fmo (3.32)

n1,n2;91,92

where the ’ means that the sum is performed over all ny, no, g1 and gs such that ny+ny =n
and g1 + g2 = ¢g. This relation has to be supplemented by the initial conditions
(0.0) _ 1o _ 1 on_1
fo =2R, fo =, fo =2 (3.33)
2 2
obtained from (3.19).
In the next section we will analyze the implications of the recursion relations and in
particular their consequences on the modular transformation properties of the generalized
prepotential.

4 Modular anomaly equations and S-duality

The fact that the generalized prepotential can be written in terms of (quasi) modular
functions of the bare coupling constant allows us to explore the modularity properties of
the deformed theory and study how the S1(2,Z) symmetry of the microscopic high-energy
theory is realized in the effective low-energy theory. In the following we will concentrate on
the SU(2) Ny = 4 theory, even if our analysis and our methods can be equally well applied
to the N' = 2* SU(2) model. Furthermore, we will focus on the generator S of the modular
group, corresponding to the following transformation of the bare coupling constant

1
S: 19— ——. (4.1)
70
Notice that this action implies that the instanton counting parameter x in the Nekrasov’s
partition of the Ny = 4 theory, defined in (3.14), transforms as follows

S: z = 1l—ux, (4.2)

as one can readily check from the properties of the Jacobi #-functions. This type of trans-
formation is consistent with the interpretation of x as a cross-ratio, a fact that is also
exploited in the AGT correspondence with the Liouville conformal blocks [32]. As dis-
cussed in [2], in the Ny = 4 theory the modular group acts with triality transformations
on the mass invariants (3.4); in particular one has

S : R—>R, T1—>T2, T2—>T1, N — N. (4.3)

In the deformed theory, these rules have to be supplemented by those that specify how
SI(2,Z) acts on the equivariant deformation parameters. Adapting to the present case the
considerations made in [45] for the e-deformed conformal Chern-Simons theory in three
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dimensions, we assume that S simply exchanges €; and ey with each other.® In particular
this means that s = €1 + €5 and p = €1¢2 are left unchanged, i.e.

S: s = s, P — . (4.4)

Using the rules (4.1) - (4.4) and the modular properties of the Eisenstein series and Jacobi 6-
functions, it is easy to show that the coefficients hy of the generalized prepotential (see (3.21)
and appendix B) transform as quasi-modular forms of weight 2¢ with anomalous terms due
to the presence of the second Eisenstein series Fo, namely

¢ k
6 1 1
20 20 k
: — | = 5 — | = 4.
S h(E2) — 7 hz<E2+ iTo) 75 2 Ok! <2 iTo) D"hy(Es) (4.5)

where we have introduced the convenient notation D = 120g,. These transformation rules
are formally identical to those of the underformed Ny = 4 theory derived in [5] from the
SW curve; however, since the hy’s satisfy a modified recursion relation with a new term
proportional to €€z, the practical effects of (4.5) in the deformed theory are different from
those of the undeformed case, as we shall see momentarily.

To proceed let us consider the pair made by a and its S-dual image S(a) = ap, on

which S acts as follows [1, 2]:
ap -1 0 ap —a

We therefore have

S%*(a) = —a. (4.7)
In the SW theory this relation is enforced by taking
1 OF

where F is the undeformed effective prepotential which is related to its S-dual by a Leg-
endre transform:

F —S(F) =2riaS(a). (4.9)

It seems natural to try the same thing also in the deformed theory. Recalling that the
effective generalized prepotential is
o0
F—7T17—0a +h010gK_ZWW (410)
=1
where the first term is the classical part, we therefore posit

1 OF 1§:hf 1

= — =1a+ — — .
27 Oa 27i P 20 q26+1

S(a) (4.11)

5Note that this rule is consistent with the interpretation of €; and ez as fluxes of (complex) combinations
of NS-NS and R-R 3-form field strengths in a Type IIB string theory realization which rotate among
themselves under S-duality.
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Applying the S-duality rules (4.1) and (4.5), we obtain

Sa) 1T (hg-i- 1 Dhg—i-O(To_2))

2miTo

S0 === o 4.12
(a) 70 27 Z; 20 (S(a))2+1 (4.12)
1 . Dh, 1 X (20+1)heh, 1 _3
= —a + (27‘(17‘0)2 [Z 24 a2€+1 B Z Qﬂ—l—n a2£+2"+3 + O(TO ) .
= l,n=0

The expression in square brackets can be simplified using the recursion relation (3.30); like
in the undeformed theory, the quadratic terms in the h’s exactly cancel but, due to the new
e-dependent term in the deformed recursion relation, an uncanceled part proportional to
e1€2 remains. This simple calculation shows that in order to enforce the relation (4.7) when
€1€2 # 0, the standard definition (4.11) has to be modified by adding terms proportional
to €169 in the right hand side. In the sequel we will work out explicitly the first corrections
and show how the relation (4.7) constrains the form of S(a).

4.1 S-duality at first order in €;¢9

To organize the calculation, we introduce a set of generating functions ¢, for the coefficients
h¢ according to

o0
a he 1
Yo = —h(] log K + E %Telgﬁ, @e4+1 = —0gPy for ¢ Z 0. (413)
/=

In particular we have the following relations with the generalized prepotential F":

po = mitga® — F, (4.14a)
p1 = —27iTga + O, F, (4.14b)
o = 27Ty — O2F = 2miry — 2mir, (4.14c)

where in the last line we have introduced the effective coupling 7.

As shown in appendix C, the ¢,’s form a ring under the action of D due to the gen-
eralized modular anomaly equations (3.30). This ring structure will enable us to formally
express everything as functions of the ¢,’s with coeflicients that may depend on the product
€1€2. Such a dependence is a consequence of the €;ex-term in the recursion relation (3.30)
and is the only explicit dependence on the deformation parameters that will be relevant
for our purposes, all the rest being implicit inside the ¢;’s and the h/’s therein.

As argued above, the definition (4.11) for S(a), namely S(a) = 19a + ¢1/(271), has to
be replaced by a new one containing terms proportional to €€z, i.e.

o1 X
Sla) — 4.15
(a) =moa+ 2mi + 2mi ( )
with
X =X + (1€)X + - - (4.16)

where the X,’s have to be determined by imposing the constraint (4.7). Notice that in
the undeformed theory a and S(a) can be regarded as a pair of canonically conjugated
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variables [1, 2, 46]; when the € ez-deformation is turned on, the relations (4.15) and (4.16)
have thus to be understood as a (sort of) semi-classical expansion [47]. Applying S-duality
to (4.15), it is straightforward to obtain

S%(a) = —a+ [(To S(1) — 1) + (10 S(X) — X)} ; (4.17)

27Ti7’0

therefore, in order to satisfy the relation (4.7), the expression in the square brackets above
must vanish. Expanding this condition in €1e9, we obtain the following constraints

(10 S(p1) = 1) (O =0, (4.18a)
T (70 S(Xk) — Xk)
k=1

(10S(e1) — 1) =0 (4.18b)

n—k

where the symbol ’n means taking the coefficient of (e1€2)™ (notice that the ¢,’s defined
in (4.13) do not have any explicit dependence on €1€e2 and thus ¢y ‘n = dpno py; for the same
reason we also have X ‘n = 0po Xp)-

Let us now compute S(¢1). Using the S-duality rules (4.1) and (4.5), and exhibit-
ing temporarily the dependencies on Fo and a which are the only relevant ones for our
purposes, we obtain

o 7o he | By + 2L . he( B2+ 52
0 TiTo TiTo

70S(p1(E2;a)) = 20 (S(a))2H! - Z ot
(=0

(=0

6 X (4.19)
1| B2+ —a+ g0.1 + —
TiTo 2wty  2miTy
— 627r1i7'0 (D+Caa)

Esa ‘ .
©1(F2 )C=<P1+X

Actually, this is a particular case of the more general result

52— (D+¢ 8a)

L S(py) = e (4.20)

‘C:%-&-X .

Expanding the exponential and using the relation

(D + Caa)ngpe)CzalerX =

Z(—l)k< Z )Xk (D +C0a)"rsk| (4.21)

k=0 -

after some straightforward algebra to rearrange the various terms, we obtain

76 S(pe) = i =L <X>n n(t+n) (4.22)

n! 27Ty
n=0

where the functions ) are defined by

E(e) — e27rliro (D""Caa) (423)

‘C:w '
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As shown in appendix C, these functions satisfy the remarkably simple relation
ne+1) _To aaz(f) (4.24)
T

that is a consequence of the ring properties obeyed by the functions ,, which in turn are
due to the modular anomaly equations (3.30). In view of this we can therefore rewrite (4.22)
as

75 8 (pe) = ez % 50 (4.25)

(=X
Note that the bare coupling 79 initially appearing in the right hand side of (4.20) has been
dressed into the effective coupling 7.

We now exploit this result and proceed perturbatively in e1es to obtain explicit ex-
pressions. At the zeroth order in ejeq, from (4.25) we have

0S| =20 | = (4.26)

where the last equality follows from (C.13). The constraint (4.18a) is therefore identically
satisfied. This is no surprise since we have already shown that the relation (4.7) must be
true up to terms proportional to €1e2. At the first order in the deformation parameters we
get instead

S| =50| + SLozm| = T8 S1

— 4.27
1 2mir 7 o 2(2mi)r2 2mir (4:27)

where we have used (C.13). Inserting this result into (4.18b) for n = 1, we obtain the

following equation for X
X1 ©3
S(X ‘ =— . 4.28
(X) 0 T 2(2mi) 72 ( )

To solve it we take advantage of the S-duality relations at the zeroth order in €1€9, which
are formally the same of the SW theory. Using (4.24)- (4.26) it is easy to show that

P2 ¥3
S ‘:7, S f‘zf, 4.29
()], =2 S| =5 (4:29)
and also that 1
S ‘ S 4.30
| = (430)
Equipped with these results, one can check that a solution to (4.28) is given by
¥3
X, = . 4.31
U7 8rir ( )

In conclusion® we find that the S-dual image of a, which obeys the constraint (4.7) up to
terms of order (ejep)?, is

¥1 P3 2
S(a)=ma+ o + €162 W + O((€1€2) ) . (4.32)

®Note that actually the solution (4.31) is not unique, since in principle one could add to X a term Y;
such that S(Y1) = Y1/7. A detailed analysis shows that a term of this type is of the form a ¢3/(7% + 1)
with a constant, which has different pole structure in 7 with respect to Xi. We therefore do not consider
this possibility and take a = 0.
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Observing that ¢3 = 271 0,7, we can rewrite the ejea-term above also as

€1€2 T
4(2’]‘(‘1) 0a IOg <7_0> s (433)
so that (4.32) becomes
2ir S(a) = 9. F + % 9, log (:) +O((e1e2)?) . (4.34)
0

In the following we will investigate the implications of this result, while we refer to ap-
pendix D for its extension to the second order in €;es.

4.2 S-duality on the prepotential

An immediate consequence of the e-correction in (4.34) is that S(a) is not simply pro-
portional to the derivative of the prepotential F'; thus it is natural to expect that in the
deformed theory the S-dual of the prepotential is not simply given by a Legendre transfor-
mation as it happens instead in the undeformed SW case (see (4.9)). In [38] the relation
between F' and S(F') has been conjectured to be a deformed Fourier transformation. Here
we reach the same conclusion, even though from a different perspective since for us all
deviations from the undeformed theory are parametrized by the product ejes.

We can compute the first e-corrections to the relation between F' and S(F') using the
same methods of the previous subsection and the results given in appendix C. The starting
point is the relation between ¢y and the generalized prepotential (see (4.14a)); from this
we get the useful identity

mi

F—S8(F) =2riaS(a) + %(S(Q) — am)® + S(po) — 0. (4.35)

Using (4.15) and (4.22) for ¢ = 0, we can easily rewrite the right hand side and obtain

2
F—S(F)=2miaS(a) + = + 50 g~ (50 )
2(27i)1g 27iTy
1/ X \2 (4.36)
- (2) i o
*3 <2mm> (5 + 2miro) +

where the dots stand for terms of order X3 which are at least (’)((6162)3). Notice that the
difference L1 — 1 is of order €j€9, as one can see from (4.26); thus the linear term in X
gives contributions O( (e1 62)2), like the X2 term. This means that the knowledge of the first
order correction X7 obtained in the previous subsection is enough to compute the correction
to ' — S(F) at order (eje2)?. This mechanism actually works at all orders, namely the
k-th order coefficient of F' — S(F') does not depend on X}, but only on X; with j < k.
Using the explicit value of X; given in (4.31) and the expressions for the 2O’ given
in appendix C (see in particular (C.12)- (C.14)), after straightforward algebra we obtain

€1€ T 2
F=S(F)=2ria8(a)~= log <m>+(61€2)2 <é (2;’;47 )ﬁéé (2;37 | 3)+(9((6162)3) . (4.37)
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This shows that the simple Legendre transform relation (4.9), which holds in the under-
formed theory, does not work any more when €€ # 0, as argued, from a different point of
view, in [38]. In the next section, however, we will show that with a suitable redefinition
of the prepotential F' and of the coupling constant 7 it is possible to recover the standard
Legendre transform relation also in the €;eo-deformed theory.

5 Conclusions

The explicit first-order calculation of section 4.1 shows that S(a) is not simply the deriva-
tive of the prepotential F'. However, it is still a total derivative, as is clear from (4.34).
This feature is maintained also at the second order. Indeed, as shown in appendix D, the

(€1€2)? correction X5 can be chosen as

.o L 5 +§ p3ps 11 ¢}
2716 (2miT)2 | 96 (2wir)® | 64 (27ir)?

5.1
-9 1 11 (p% (5.1)
T\ 16 (2rin)2 192 (2mir)3 )
so that we can rewrite (4.15) in the following way
1 ~
Sla) = 55 0k 5.2
(a) o ¢ (5.2)
with
A €1€2 T €1€2 2 V4 11 902
F=bropylel) - = o2 O(e1e2)?). (5.3
T (To) ( 4 ) <(27Ti7')2+12 (27r17-)3> +0((ere2)’) (5.3)

In the deformed theory the S-duality transformation of the effective coupling 7 does not
have a simple form; in fact, using (4.14c) and the transformation properties of o, it is
easy to show that (see (D.7))

2
S(r) = _% T ae (é (27:)427'3 + Z (27:10)3374) + O((6162)2) . (5.4)

However, there is a modified effective coupling on which S-duality acts in a simple way.
This is

P = 0,8(a) = ——RF = r|1-92( %1 25 +0((@e)?)|.  (5.5)
“ 2 ? 4\ (2riT)2  (27ir)3
One can easily check that
~ 1
S(T) = 83(a)82(a) = —83(a)a = —?\. (5.6)

Thus, in the effective e-deformed theory it is 7, and not 7, that exhibits the same behavior
of the bare coupling 79 under S-duality. We also observe that if one uses 7, the expression
of the extended prepotential F' given in (5.3) simplifies and becomes

o~ 2 2
=~ €1€2 T €1€9 ©3 3
F=F+—71 — . .
+— log (m) + ( 1 ) 2@ni7)? + O((e1€2)?) (5.7)
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This result seems to suggest that it is possible to write the higher order corrections only
in terms of 3 which, being the triple derivative of the prepotential, is proportional to the
Yukawa coupling Cguq, the rank-three symmetric tensor playing a crucial role in special
geometry. Moreover, one can verify the simple Legendre transform relation

F — S8(F) =2riaS(a) (5.8)

up to terms of order (e1e2)3. It is quite natural to expect that this pattern extends also to
higher orders.

Our detailed analysis shows that when both deformation parameters €; and ey are
non-vanishing, besides the e-dependent structures generated by the Nekrasov partition
functions, the effective theory seems to require a new series of explicit €;€ea-corrections in
order to have S-duality acting in the proper way. These new corrections, being proportional
to inverse powers of the coupling constant, appear to correspond to perturbative terms at
higher loops and are absent in the Nekrasov-Shatashvili limit. We find remarkable that
by using the modified prepotential F and the modified coupling 7, all S-duality relations
acquire the standard simple form as in the undeformed theory (see (5.2), (5.6) and (5.8)).
It would be very nice to see whether these results admit an interpretation in the context of
special geometry or in a more general geometric set-up that would allow us to go beyond the
perturbative approach in the deformation parameters we have used in this paper. It would
be interesting also to study the recursion relations obeyed by the functions ¢,’s which can
be iteratively obtained from the viscous Burgers equation satisfied by ¢1 (see (C.2)).

We conclude by observing that all S-duality formulas we have derived for the SU(2)
Ny = 4 theory can be obtained for the N = 2* SU(2) theory as well. The only difference in
this case is that every explicit occurrence of €€z has to be replaced by (ej€e2)/2 to take into
account the different normalization of the viscous term in the modular anomaly recursion
relation (see (2.36) as compared to (3.30)).
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A  Modular functions

We collect here some useful formulas involving the modular functions we used.

O-functions. The Jacobi -functions are defined as

B¢ (vlr) = D g2 =) (A1)
nez

for a,b = 0,1 and ¢ = ¢™7. We simplify the notation by writing, as usual, §; = Gm,
0y =0[;], 65 = 0],

0], 0, = 0[(1)]. The functions ., a = 2, 3, 4, satisfy the “aequatio identica
satis abstrusa”

03 —05—0;=0, (A.2)
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and admit the following series expansions
000/7) = 27 (14 ¢* + ¢° + ¢ 2 +---),
03(0[7) =1 +2¢+2¢* +2¢° +-- -, (A.3)
04(0]7) =1 -2+ 2¢* —2¢° +---.

n-function. The Dedekind n-function is defined by

o0

n(a) = qt= [J(1—¢™). (A4)

n=1

Eisenstein series. The first Eisenstein series can be expressed as follows:

o
Ey=1-24) o1(n)¢™ =1—24¢> — 72¢" — 96¢° + ...,
n=1

[oe)
Ey =1+ 240 Z o3(n) ¢** =1+ 240¢% + 2160¢* + 6720¢° + . . . | (A.5)

n=1
o0
Eg=1-504) o5(n)¢*" = 1—504¢> — 16632¢" — 122976¢° + ... ,
n=1
where oy, (n) is the sum of the k-th power of the divisors of n, i.e., ox(n) = > 4, d*. The
series /4 and Eg are related to the 6-functions in the following way

1 1
Ey=5(03+05+0%), Eo=(05+03)(0;+05) (05 - 03). (A.6)

The series Fy, F4 and Eg are connected among themselves by logarithmic g-derivatives
according to

1 2
q0 s = 6(E§ —Ey), q04Es = g(E4]32 — Eg), q04E¢ = EgE> — E} . (A.7)
Also the derivatives of the functions 62 have simple expressions:

04 04 04
00,03 = (maroi o). qopt = B(Erroi—0)). a0l = U(mvi-0l). (a9

Modular transformations. Under the SI(2,Z) modular transformation

b
o2 4T with a,b,c,d€Z and ad—bc=1, (A.9)

ct +d
the Eisenstein series F4 and Eg behave as modular forms of weight 4 and 6, respectively:
Ey(m) = (et + d)* E4(1), Eg(7') = (er + d)® Eg(7) . (A.10)

The series Es, instead, is a quasi modular form of degree 2:
6
Bo(t") = (et + d)? Ey(1) + — c(em 4+ d). (A.11)
im

Under the generators 7 and S of the modular group the #-functions and the Dedekind 7
function transform as follows

T: 040t 0 — g4 etiy,
3 4 2 2 n n (A.12)

S: 05— 7201, 03— —712035, 0] = —1203, n—/—ir.

— 25 —



B The coefficient h3 of the SU(2) N; = 4 prepotential

Here we give the explicit expression of the coefficient h3 up to three instantons obtained

using localization. It is given by

1

T 1344
— (1792R3 — 26880RT} + 10752N) (s> — 2p) + R?(1568s* — 6272s%p + 5376p?)

— T1(9408s% — 376325%p + 32256p%) — R(4965° — 29765 p + 52485%p* — 2560p°)

h3 7T68R* — 21504 R*Ty + 12288 RN + 2611277 — 61441 Ty — 614475

45188 — 40855 + 1102s%p% — 114452p° + 3571)4} + 2454 (Ty + 2Th)g
- % [3840(T1 +2T3)? — 1152(RTy + 2N)(55% — 2p)
+48(R? + 6T1) (165" — 325%p + Tp?) — 192R(25° — 8s'p + 7s%p* — p?)
+3(165° — 965%p + 168s*p? — 88s%p3 + 9p4)} 7
4 32(Ty + 213) [160(32 +6T}) — 2R(280s2 — 272p)
+3135% — 8565%p + 366p2} @+ O(gh). (B.1)

Following the procedure described in the main text, we can rewrite hs in terms of (quasi)

modular functions according to

1
hy = (4R — s* + p) (4R — s* + 3p) [80R2 — 8R(5s* — 22p) + bs* — 44s%p + 99p2} E3

3456
1
12 [8032 — 8R(5s” — 22p) + 55" — 4ds”p + 99p2] (110} — T»63) E3
1
+ @(4}2 — 52 + 6p) |:64R3 — 80R2(382 _ 4p) + 4R(2784 _ 8882]9 + 49]92)

— 135 + 68s'p — 9452p + 30p° + 2304N} By E,
(AR~ 2+ 6p) (R~ 2+ ) [1003(20 + 03) + To03(04 + 20)] o
+8(T10% — Th0%)2 B, + 16 [Tf(ej{ 12008 — T2(04 + 20108 — TV Ty 0202 (04 — ai)}
- i [16R2 — SR(5s% — 6p) + 215" — 60s%p + 31p2} (TW0} — To0h) By

_l’_

120960 [2816R4 — 30464R%s” + 39424R%p + 67872R*s" — 190848 R*s°p

+ 94304R?*p? — 28400Rs® + 134112Rs*p — 165664 Rsp® + 47616 Rp®
— TT4144N (s> — p) + 331776 N R — 552960(T¢ + T1Ts + T%)

+ 33235% — 2221655 + 46862s"p? — 345845%p> + 6615p4} Fs . (B.2)

By expanding the modular functions in powers of ¢ as shown in appendix A, one can recover

the instanton terms in (B.1).
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C Reformulating the modular anomaly equations

The modular anomaly equation (3.30) implies the following relation:

1 €1€
Deo =5 o7 + 172 ©2 (C.1)

where the functions ¢;’s have been defined in (4.13). Since the operators D and (—0,)
commute, by applying the latter to (C.1) and remembering that ppi1 = —dupp, it is
straightforward to obtain the action of D on any ¢, and verify that these functions form
a ring under it. For example, at the next step we obtain

€1€2 €1€2
D1 = 12 + —= 93 = ¢1(— 1) + —— D21 . (C.2)
which is, up to rescalings, the viscous Burgers equation
O = udyu + vd*u (C.3)

with the viscosity v proportional to €;eo.
In section 4 the S-duality requirements were formulated in terms of the quantities %)
defined in (4.23), which we rewrite here for convenience as follows:

= 1
»O=N"__~-___ p 4
nz n! (2wimo)® " (C4)
with
P’rga = (D + Caa)n e ’ . (05)
C=p1

From this definition it is easy to show that the following relation holds:

pT(Zf‘H) = —GQPSZ) + ngpgpy(fjll) . (C.6)
In turn, this implies that
DD = 9,50 4 P2 5(t+1) (C.7)
2miTy

Recalling that 2mity — w2 = 27iT (see (4.14c)), this is tantamount to the recursion rela-
tion (4.24), namely
e+ — _T0 0,20 (C.8)
T

which allows us to easily obtain the expression of any X9 once (9 is known.
To determine X9 we start considering the quantities PT(LO). Clearly, from (C.5) we
0) _ :
have P~ = ¢g. The next case is

0 1 €1€2
P = (D+Caa)900‘ = Do — ¢ = —5 91 + —— 92 (C.9)
(=p1 2 2
where the last step follows from (C.1). By further applications of the operator (D +( 8a),
we get
0) €162 €1€2) 2
(0) 3 €1€22 2 €1€2\3 (C.10)
P37 = €162 05 + < 5 ) (60204 + 5p3) + (7> ©6
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with similar expressions for higher values of n. In fact, it is possible to derive the general

expression of the Péo)’s at the first orders in their explicit dependence on €jes:

902
P7(LO) 0 - 6"70 Yo — 571,1 >

1
27
n—1)
Pflo)l:( 5 Lo, (C.11)

2 3
o oD (9N 5 0 VY
Pn 9 4 2@4 8%02 =+ 12 ¥3 8@2 $2 -

Inserting these results into (C.4), we obtain

=

(0) SD%
2O =gp— L
o 70 2(27img)
1 P2 L.
»O) | — 2 1— = ——log — C.12
1 2 ©8 < 27Ti7‘0> 2 °8 70 ( )
0] _ 1 ¢4 n 5 3
2 8(2mir)? 24 (27iT)3

where from the second equality on we have used that 2witg — o = 27iT.

Applying the recursion formula (C.8) we can easily get the explicit expressions for the
2(@)s that are needed in the calculations presented in section 4 or in appendix D. They
are, for ¢ = 1:

i ) = L
1
L] _ . 1 ¥3
by . 27?17'0(2 (27ri7')2> ) (C.13)
(1 s 2 p3ps 5 ¥
»M| =9 - 2 2 3 )
> WO<8 rir)? T3 mnt 8 @2mrp )
for ¢ = 2:
2(2)‘ = 2mimy (SDZ> ,
0 2miT (C.14)
2<2>( — (@rin)?( 5 =P+ %, |
1 2 (2miT)?  (2@ir)t )
for ¢ = 3:
2(3)‘ :(27T170)3< o 3>7
0 (2miT) (C.15)
1 7 3 '
B3| _— 3L ¥5 P34 4 Y3 .
> ‘1 (2miro) <2 rin)t T2 @rirp T (2ring )
for £ =4 )
@| _— - \4 ¥4 ¥3 . 1
> ‘0 (2mimo) ((27717)4 3 (27ri7')5> ’ (C.16)
and finally for £ =5:
3
20| = (2min)?( =2 410 2274 415 5 C.17
‘0 (2miro) (27iT)5 +10 (27iT)6 15 (2miT)7 ( )
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D S-duality at order (ej€3)?
We start from the relation (4.18b) for n = 2, namely
70 8(X2)| = X2 = —mS(e1)|, ~ 705(X1)] - (D.1)

From (4.22) we read that

1 27miT

“Lse)| - 22 50) (D.2)

Xt =)

1
S ‘ :Z(l)‘ - h .
T S(e1)], > 27im o T2 o

Substituting the expressions of the various £

k’s given in appendix C, and that of X
given in (4.31), we get

(1 s 13 paps 13 o P2
S ) _9 1 -2 - — Xs. D.3
ro8(en)], 77170(8 (2miT)3 T (2mir)* T3 (2mir)s ) 2mir 2 (D-3)

On the other hand, from (4.31) it follows that

1 73 S(p3)

S(Xy)=—— D4
70 8(X1) 8mirg  S(7) (D-4)
The numerator of this expression can be computed from (4.22), yielding
X X
3 _y® A s@) <3>’ (3)‘ A (4)‘
=X by =X b > D.
70 S(p3) 27Ty + 0 T 6162( 1 2min 0 + (D-5)
. @3 gl s 13 pspr 13 4
= (2 3_¥° 2 z == ke
(@mino)” iy + 1€ (27im0) (2 @mir)t 4 (2rir)p | 4 (2mir)0

where the last step follows from the results given in appendix C. For the denominator we
take into account that

S(r)=S(m)~ S\ _ 1 Sle) (D.6)

2mi 70 2mi

Resorting again to (4.22) to evaluate 78 S(p2), we obtain

S =-—t - L is0| faa(z@] - Xise] ) ..
0 1 0

0 27ri'r02 2 2miTy (D7)
1 1 ¢ 33
. 6162(2 @) 4 ) T
Inserting (D.5) and (D.7) into (D.4) and extracting the term of order €€z, we find
(1 s 11 o304 | 5 o}
S(X ‘ =2 = = 2 . D.8
18X, == W‘))<8 rir)? T 16 (2mr)t | 8 (2mir)p (D8)

Using this result and (D.3) into (D.1), we finally obtain the following constraint on Xo:

. Xo . 7 P34 7T o
Xo)| = oming [ 22 ) = (2 L L . D.
70 S 2)‘0 mTO(zmT) ( 7mo)<48 (2rir)t T 32 (2mir) (D-9)
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Considering the structures involved in this relation, we can try an Ansatz such that Xs is
written as a total derivative:

2
¥4 #3
Xo =20, —A - A
2 ( ! (2nir)2 2(27Ti7')3>

, (D.10)
5 P3P4 ¥3
=A—+2M + A A .
" (2rir)? 20+ ) (27iT)3 3% (2miT)4

With this position we find straightforwardly, using the formulese of appendix C, that

: X9 . P304 3
70 S(Xg)‘o — 2miT omir ) = 27iTo | (6A1 — 4X2) @mir)] + (91 — 6X2) Gmir) ) (D.11)

Comparing this result to the constraint (D.9), we obtain a single independent equation:

61 — 4o = 4—78 (D.12)
Our Ansatz thus satisfies the requirement (D.9) with still one free parameter. In section 5
we chose to fix this arbitrariness by requiring that the modified prepotential F introduced
in (5.2) differs from F' by a series of corrections in powers of €;1e5 whose coefficients only
involve ¢3 and the modified effective coupling 7 defined in (5.5). It is easy to see that,
starting with X, given in (D.10), the F' term of order (e1€)2 in (5.7) would contain a part
proportional to ¢4 unless A\; assumes a specific value which, by virtue of (D.12), fixes also

Ao. These values are:

1 11
)\1:77 >\2:

— D1
16 1927 (D-13)

which are those used in (5.1).
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