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1 Introduction

The AdS/CFT correspondence [1–3] provides a fruitful framework for understanding the
nature of gravity and strongly coupled gauge theories, which has been used in many branches of
physics, e.g., condensed matter physics, quantum chromodynamics, hydrodynamics, cosmology,
black hole information paradox, etc. Since a real physical system generally has boundaries, a
natural generalization of the AdS/CFT correspondence is considering the holographic dual
of boundary conformal field theory (BCFT), namely the AdS/BCFT correspondence [4–6].1
AdS/BCFT proposes that a BCFT on the AdS boundary is dual to the gravity coupled
with an end-of-the-world (EOW) brane in bulk. It is a powerful tool to explore boundary
effects such as the Casimir effect [11] and anomalous transports [12–14]. It is closely related
to the brane world holography [15–17] and the so-called doubly holography, which plays
a vital role in the recent breakthrough of black hole information paradox by the island
prescription [18–20]. The island surface terminates on an EOW brane and enables a novel
phase transition in recovering the Page curve of Hawking radiations. In recent few years,
the island prescription has been explored from many aspects [21–49].

1See also [7–10] for AdS/BCFT with various new boundary conditions.
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(a) Wedge holography (WH) (b) WH from AdS/BCFT

Figure 1. (left) Geometry of wedge holography; (right) Wedge holography from AdS/BCFT. In the
left figure, Q = Q1 ∪ Q2 are EOW branes, W is the bulk wedge space bound by Q, i.e., ∂W = Q,
D = ∂Q1 = ∂Q2 is the corner of wedge. In the right figure, N labels the bulk AdS space, M̂ is the
AdS boundary where BCFT lives, D denotes the boundary (defect) of BCFT. In the limit M̂ → 0,
the bulk spacetime N becomes a wedge W and we obtain wedge holography from AdS/BCFT.

As a generalization of AdS/CFT and doubly holography, a novel codimension-2 holography
called wedge holography was proposed in ref. [50]. It is suggested that the classical gravity in
a wedge bulk is dual to the quantum gravity on the EOW brane and is dual to a conformal
field theory on the corner of the wedge. See figure 1 (left) for the geometry. Wedge holography
can be obtained as a special limit of AdS/BCFT; see figure 1 (right). Wedge holography has
passed non-trivial tests from entanglement/Rényi entropy, two-point functions of the energy-
momentum tensor, and holographic g-theorem [51]. Furthermore, it is proved to be equivalent
to AdS/CFT for one novel class of solutions [51]. Unlike the usual doubly holography, wedge
holography includes a massless graviton on the EOW branes [52]. Remarkably, the effective
action on the branes is ghost-free higher derivative gravity plus a CFT,2 or equivalently, ghost-
free dRGT-type multi-gravity [52]. See [53–55] for recent developments in wedge holography.

Inspired by wedge holography, a codimension-n holography named cone holography [56]
was proposed. See figure 2 (left) for the geometry of cone holography. It is conjectured that
the classical gravity in (d+1)-dimensional conical bulk is dual to the CFT on a p-dimensional
defect. Similar to wedge holography, cone holography can be derived as a particular limit of
AdS/dCFT [57–60]. See figure 2 (right) for the schematic. In the zero-volume limit M̂ → 0,
the bulk modes of dCFT disappear, and only the edge modes on defect D survive. In
this sense, cone holography can be regarded as a holographic dual of edge modes on the
defect. Cone holography yields the expected Weyl anomaly, entanglement/Rényi entropy,
two-point functions, and so on [56]. It also contains a massless graviton on the brane [56].
Due to the technical difficulties, the initial model of cone holography [56] is mainly based
on mixed boundary condition (MBC), where one imposes Neumann boundary condition
(NBC) on the AdSp+1 sector while choosing Dirichlet boundary condition (DBC) on the
Sq sector for the EOW brane Q.

2Since the effective theory on the brane is obtained from Einstein gravity in bulk, it is natural to be
ghost-free. The higher derivative gravity generally suffers the ghost problem. The CFTs play an important
role in removing the ghost of higher derivative gravity.
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(a) Cone holography (b) Cone holography from AdS/dCFT

Figure 2. (left) Geometry of cone holography; (right) Cone holography from AdS/dCFT. In the left
figure, Q is a codimension-1 brane, C is the cone bounded by Q, i.e., ∂C = Q, and E (black dotted
line) is a codimension-(q + 1) brane in bulk. The geometry of Q is set to be Sq × AdSp+1, and E is
set to be AdSp+1, so that they shrink to the same defect D = ∂Q = ∂E on the AdS boundary M . In
the right figure, dCFT lives in the manifold M̂ with a boundary P and a codimension-(q + 1) defect
D at the center. The boundary P and codimension-(q + 1) defect D are extended to an EOW brane
Q and a codimension-(q + 1) brane E in bulk, respectively. In the limit M̂ → 0, the bulk spacetime C
becomes a cone and we obtain the cone holography from AdS/dCFT.

The present paper aims to explore cone holography with full NBC on the EOW brane.
The NBC is closely related to the junction condition of branes and, thus, is a natural boundary
condition. The initial AdS/BCFT is based on NBC [4]. Thus, there is good motivation to
formulate cone holography with NBC. In general, there are two possible ways to achieve this
goal. One is choosing suitable embedding of the EOW brane, which is the way adopted in
ref. [56]. However, the embedding function depends on the angle, and it is generally challenging
to get analytical solutions. The other method is taking into account the brane-localized
field fields. This is the method applied in this paper, used in ref. [61]. We observe that the
obstruction to NBC is due to the asymmetry of the Sq and AdSp+1 sectors in the EOW brane
Q = Sq × AdSp+1. Considering the brane-localized p-form fields, one can compensate for the
asymmetry to satisfy NBC. The brane-localized gravity, such as Dvali-Gabadadze-Porrati
(DGP) gravity [62], can do the same job. However, it requires a negative DGP gravity and
thus suffers the ghost problem [53]. On the other hand, the brane-localized p-form field
takes the standard form and is ghost-free. Besides, we analyze the perturbative solution
and verify that the mass spectrum of Kaluza-Klein (KK) gravitons is non-negative, which
strongly supports our model. Furthermore, we prove that our model obeys the holographic
c-theorem, which is another support to our results. Finally, inspired by the chiral theory in
AdS/BCFT [13, 14], we realize NBC for cone holography with a codimension-2 tensive brane
E by applying brane-localized massive vector fields on the EOW brane Q.

This paper is organized as follows. In section 2, we briefly review cone holography and
the problem with NBC. We find negative DGP gravity enables NBC but suffers the ghost
problem. In section 3, we study a toy model of AdS4/CFT1. We find the brane-localized
U(1) gauge field can accomplish NBC for cone holography. Section 4 generalizes the toy
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Conical bulk C EOW brane Q Brane E Defect D
Topology sectors R1 × Sq × AdSp+1 Sq × AdSp+1 AdSp+1 ∂E

Coordinate xA = (r, xα) xα = (xa, xi) xi = (z, yî) yî

Dimension d+ 1 d p+ 1 p

Metric gAB hαβ γij σîĵ

Table 1. Notations of cone holography.

model to arbitrary dimensions and achieves NBC by brane-localized p-form fields. Section 5
is devoted to analyzing the tensor perturbation and mass spectrum. Section 6 discusses
the c-theorem of cone holography. In section 7, we construct one class of cone holography
with NBC by brane-localized massive vector fields. Finally, we summarize the results and
discuss some open problems in section 8.

2 Review of cone holography

This section briefly reviews cone holography and the problem of NBC. Ultimately, we show
negative DGP gravity can achieve NBC but has the ghost problem. We leave the resolution
to this problem in the following sections.

2.1 Cone holography

Let us recall the main ideas of cone holography. We start with AdS/dCFT shown in
figure 2 (right). Here, dCFT denotes a CFT coupled with a codimension-1 defect P (boundary)
and a codimension-(q + 1) defect D on the AdS boundary M̂ . The boundary P and defect
D are dual to an EOW brane Q and a codimension-(q + 1) brane E in bulk C, respectively.
AdS/dCFT claims that a dCFT coupled with two defects D and P on the AdS boundary
M̂ is dual to the gravity coupled with two branes E and Q in bulk C. By taking the
zero-volume limit M̂ → 0, we obtain cone holography as shown in figure 2 (left). Since bulk
modes in M̂ disappear and only the edge modes on defects P → D survive in such limit,
cone holography can be regarded as a holographic dual of edge modes on defects. In cone
holography, as shown in figure 2 (left), it is proposed that the classical gravity in conical
bulk C is dual to “quantum gravity” on an EOW brane Q together with a codimension-
(q + 1) brane E, and is dual to CFT on the defect D = ∂Q = ∂E. Here, “quantum gravity”
follows the statement in wedge holography [50] and refers to semi-classical gravity theory
containing higher curvature gravity plus quantum matter on a classical background. The
notations of cone holography are summarized in table 1. Note that the geometry of cone
holography is generally non-factorizable. There are coordinate mixing between different
sectors R1, Sq,AdSp+1. See (2.1) for an example. However, we still label the geometry by
the direct product R1 × Sq × AdSp+1 to emphasize the topology.

There are three perspectives describing cone holography [56].

– 4 –
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• Perspective 1: a classical gravity in the conical bulk C. Here C is a (d+1)-dimensional
asymptotically AdS spacetime with the typical metric

ds2
C = gABdxAdxB = dr2 + sinh2(r)dΩ2

q + cosh2(r)ds2
AdSp+1 , (2.1)

where the metrics of the unit q-sphere and the (p + 1)-dimensional AdS spacetime
respectively are

dΩ2
q = dθ2 + sin2(θ)dΩ2

q−1 , (2.2)

ds2
AdSp+1 =

dz2 + σîĵdyîdyĵ

z2 = 1
z2

dz2 − dt2 +
p−1∑
î=1

dy2
î

 . (2.3)

• Perspective 2: “quantum gravity” on an EOW brane Q and codimension-(q+1) brane
E = AdSp+1. The typical EOW brane locates at r = ρ, which yields the induced metric

ds2
Q = hαβdxαdxβ = sinh2(ρ)dΩ2

q + cosh2(ρ)ds2
AdSp+1 . (2.4)

It should be mentioned that the EOW brane Q is not an AdS brane. The codimension-
(q + 1) brane E locates at r = 0 and the induced metric on E is

ds2
E = γijdxidxj = ds2

AdSp+1 . (2.5)

The conformal invariance of defect D requires that the brane E is an AdS brane. For
convenience, we also employ the following notation

ds2
Q = sinh2(ρ)ϑabdxadxb + cosh2(ρ)γijdxidxj . (2.6)

• Perspective 3: a CFT on the p-dimensional defect D = ∂E = ∂Q. The defect is at
z = 0 and the typical metric is

ds2
D = σîĵdy

îdyĵ = −dt2 +
p−1∑
î=1

dy2
î
. (2.7)

The action of cone holography in bulk takes the form

I = 1
16πGN

∫
C
dd+1x

√
−g (R− 2Λ) + 1

8πGN

∫
Q
ddx

√
−h (K − TQ + LQ)

− 1
8πGN

∫
E
dp+1x

√
−γ TE , (2.8)

where GN denotes the gravitational constant, R is the Ricci scalar, −2Λ = d(d− 1) is the
cosmological constant (we have set AdS radius L = 1), d = q + p+ 1, K labels the extrinsic
curvature, LQ denotes possible brane-localized gravity and matter fields, TQ and TE are the
tensions of branes Q and E, respectively. For simplicity, we set 16πGN = 1 in the following
discussions. According to [63], there is no well-defined thin brane limit in Einstein gravity for
codimensions higher than two. As a result, we have TE = 0 for the codimension-(q+1) brane
E with q ≥ 2. As for the codimension-2 brane E with q = 1, the tension TE is non-trivial
and characterizes the conical singularity

TE = 2π
(
1− 1

n

)
, (2.9)

where 2πn is the period of angle, i.e., θ ∼ θ + 2πn.
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2.2 NBC problem

In the following, we discuss the NBC problem of cone holography. From the action (2.8),
we derive NBC on EOW brane Q

NBC : Kαβ − (K − TQ)hαβ = Tαβ , (2.10)

where Tαβ = −2√
−h

δ(
√
−hLQ)

δhαβ . We first discuss the minimal model with Tαβ = LQ = 0 for
simplicity. We show below that the typical metric (2.1) does not satisfy NBC on the EOW
brane located at r = ρ. From NBC (2.10) with Tαβ = 0, we derive

Kαβ = d

d− 1TQ hαβ . (2.11)

For the typical metric (2.1) in Gauss normal coordinates, the extrinsic curvatures take
simple expressions

Kαβ = 1
2
∂hαβ

∂r

∣∣
r=ρ

, (2.12)

which yields

Sq sector : Kab = coth(ρ) hab, (2.13)
AdSp+1 sector : Kij = tanh(ρ) hij . (2.14)

Clearly, (2.13) and (2.14) cannot satisfy NBC (2.11) at the same time unless the EOW brane
locates at infinity ρ→ ∞. This is the NBC problem for cone holography, which comes from
the asymmetry of the Sq sector and the AdSp+1 sector on the EOW brane.

There are several possible ways to solve the above problem. First, one chooses mixed
boundary condition instead of NBC

MBC : δhab = 0, Kij − (K − TQ)hij = 0. (2.15)

That one imposes DBC on the Sq sector while imposing NBC on the AdSp+1 sector on the
EOW brane [56]. Second, one considers more general embedding functions r = r(θ). However,
it is difficult to find analytical solutions for the case with a tensive brane E [56]. Besides, the
configuration becomes asymmetrical, and the EOW brane Q approaches the AdS boundary
M at specific angle θ, which is not the geometry of figure 2 (left) [56]. Third, one considers
more general NBC (2.10) by adding suitable intrinsic gravity or matter fields on the EOW
brane. Let us take DGP gravity with LQ = λRQ as an example. The NBC (2.10) becomes

Kαβ − (K − TQ)hαβ = λ(RQhαβ − 2RQ αβ). (2.16)

From the induced metric (2.4), we derive intrinsic curvatures on the EOW brane located
at r = ρ,

RQ ab = (q − 1)csch2(ρ)hab, RQ ij = −p sech2(ρ)hij . (2.17)

Interestingly, the above curvature asymmetry can compensate those of extrinsic curva-
tures (2.13) and (2.14), which enables the NBC (2.16) for suitable parameters TQ and λ.

– 6 –
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Substituting the intrinsic curvatures (2.17) together with extrinsic curvatures (2.13) and (2.14)
into NBC (2.16), we derive a negative DGP parameter

λ = 1
−2p tanh(ρ)− 2(q − 1) coth(ρ) < 0. (2.18)

We do not show the tension TQ since it is irrelevant to our discussions. According to [53],
negative DGP gravity has the ghost problem. Thus, although negative DGP gravity can
solve the NBC problem, it is not well-defined. The following sections will resolve the NBC
problem by applying brane-localized gauge fields.

In the above discussions, we mainly focus on the AdS space (2.1) in bulk. It is no
longer a solution for a tensive brane E due to the back-reaction. As discussed above, no
thin brane can consistently couple with Einstein gravity for codimensions higher than two.
Thus, the only non-trivial brane E is codimension-2. For a tensive codimension-2 brane
E, the bulk metric is given by

ds2 = dr̄2

f(r̄) + f(r̄)dθ2 + r̄2dz
2 − dt2 +∑p−1

î=1 dy2
î

z2 , (2.19)

with

f(r̄) = r̄2 − 1− r̄d−2
h (r̄2

h − 1)
r̄d−2 , r̄h = 1 +

√
d2n2 − 2dn2 + 1

dn
, (2.20)

where the codimension-2 brane E locates at r̄ = r̄h. Note that 2πn is the period of angle θ,
and is related to the brane tension (2.9). The tension-less case corresponds to n = r̄h = 1.
Performing the radial coordinate transformation

dr = dr̄√
f(r̄)

, (2.21)

one can rewrite the metric (2.19) into the form of (2.1).
In summary, this section reviews cone holography and the NBC problem. We show that

negative DGP gravity can resolve the NBC problem but suffers the ghost problem.

3 A toy model with brane-localized Maxwell fields

In this section, we study a toy model of AdS4/CFT1, the simplest cone holography. We show
that Maxwell fields on the EOW brane can make consistent NBC.

In AdS4/CFT1, the line element (2.1) becomes

ds2 = dr2 + sinh2(r)dθ2 + cosh2(r)dz
2 − dt2
z2 , (3.1)

where the codimension-2 brane E and EOW brane Q are at r = 0 and r = ρ, respectively.
Considering an intrinsic U(1) gauge field Aα on the EOW brane Q. The Lagrangian

is given by

LQ = −1
4F

αβFαβ , (3.2)

– 7 –
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where F = dA denotes the field strength. The Lagrangian (3.2) yields the Maxwell equation

∇αF
αβ =0 , (3.3)

and the energy-momentum tensor on the EOW brane

Tαβ = FασF
σ

β − 1
4hαβFλσF

λσ. (3.4)

Then NBC (2.10) becomes

Kαβ − (K − TQ)hαβ = FασF
σ

β − 1
4hαβFλσF

λσ. (3.5)

We make the following ansatz of brane-localized Maxwell fields

Aα = (0, 0, At(z)) . (3.6)

Solving the Maxwell equation (3.3), we get

At(z) = c0 +
c1
z
, (3.7)

where c0, c1 are integration constants. We remark that c1 can be interpreted as the charge in
the usual AdS2/CFT1. Substituting (3.6) and (3.7) into (3.4), we obtain

Tθθ = 1
2c

2
1 sech4(ρ)hθθ, Tij = −1

2c
2
1 sech4(ρ)hij , (3.8)

where (i, j) denote the (z, t) components and hθθ = sinh2(ρ), hzz = −htt = cosh2(ρ)/z2.
Similar to the DGP gravity of section 2, the asymmetry of energy-momentum tensor (3.8)
can compensate for the asymmetry of extrinsic curvature (2.13) and (2.14) to satisfy the
NBC (3.5). One can easily check that the NBC (3.5) can be satisfied provided the following
parameters are chosen

c2
1 = cosh2(ρ) coth(ρ), TQ = tanh(ρ) + coth(ρ)− csch(2ρ). (3.9)

Some comments are in order.
• First, similar to DGP gravity, U(1) gauge field can also accomplish NBC on the EOW

brane Q.

• Second, better than DGP gravity, the brane-localized U(1) gauge field (3.2) has the
correct sign and thus is ghost-free.

• Third, one do not need to worry about the divergence of gauge field on the defect z = 0
in (3.7). Recall that the asymptotic solution of Maxwell fields takes the following form
near the AdSp+1 boundary

A(y) ∼ c0(y)z0 + c1(y)zp−2 + · · · , for z ∼ 0, (3.10)

where c0(y) is the background field and c1(y) denotes the charge/current density on
the AdS boundary. Thus, (3.7) takes the standard expression in AdS2/CFT1 and
nothing goes wrong (recall E is an AdS2 brane with p = 1). Note that c1 defined in the
vector (3.7) is the electric charge. It means we need charged branes to satisfy NBC.

• Fourth, the key point to achieve NBC is to compensate the asymmetry of the Sq and
AdSp+1 sectors on the EOW brane Q. We find that p-form gauge fields can do the job
for cone holography in general dimensions.

– 8 –
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4 Cone holography with NBC I

This section extends the results of section 3 to the cone holography with general dimensions
and codimensions. As discussed above, the critical point is to compensate for the asymmetry
of the two sectors of EOW brane Q by employing suitable brane-localized fields. Besides,
we require the theory to be well-defined and ghost-free. We find p-form fields on the EOW
brane can achieve this goal. In this section, we treat the cases of tensionless and tensive
E branes in a unified way.

The line element (2.1) of cone holography can be generalized to be [56]

ds2 = dr2 + b(r)2ϑab(xc)dxaxb + a(r)2γij(xk)dxidxj , (4.1)

where a(r) and b(r) are warp factors determined by Einstein equations, ϑab and γij are
metrics of the unite q-sphere and the AdSp+1, respectively. For tensionless brane E, we
have b(r) = sinh(r) and a(r) = cosh(r). While for tensive brane E, there are no analytical
expressions of b(r) and a(r) generally.3 Fortunately, we do not need exact b(r) and a(r) for
our purpose. From (4.1), we derive the extrinsic curvatures on the EOW brane (r = ρ)

Kab =
1
2
∂hab

∂r
|r=ρ = b(ρ)b′(ρ)ϑab =

b′(ρ)
b(ρ) hab , (4.2)

Kij = 1
2
∂hij

∂r
|r=ρ = a(ρ)a′(ρ)γij = a′(ρ)

a(ρ) hij . (4.3)

where the ′ denotes the derivative with respect to ρ. The trace of extrinsic curvature Kαβ

is given by

K =habKab + hijKij = q
b′(ρ)
b(ρ) + (p+ 1)a

′(ρ)
a(ρ) . (4.4)

As mentioned in section 2, the asymmetry of extrinsic curvatures (4.2) and (4.3) is the
central obstruction to NBC.

Consider p-form gauge fields on the EOW brane with the Lagrangian density

LQ = − 1
2(p+ 1)!F

µ1µ2···µp+1Fµ1µ2···µp+1 , (4.5)

where the p-form field strength Fµ1µ2···µp+1 reads

Fµ1µ2···µp+1 = (p+ 1)∂[µ1Aµ2···µp+1] . (4.6)

Similar to the U(1) gauge fields, the p-form field strength (4.6) is invariant under the gauge
transformation

Aµ1µ2···µp → Aµ1µ2···µp + p∂[µ1Θµ2···µp] , (4.7)

3In principle, one can perform the coordinate transformation (2.21) to derive b(r), a(r) from metric (2.19)
for tensive codimension-2 brane E. However, in general, the integral in the coordinate transformation (2.21)
cannot be worked out exactly.

– 9 –
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where Θµ2···µp is a (p − 1)-form gauge function. Similarly, the p-form field satisfies the
Bianchi identity

∇[µ1Fµ2···µp+2] = 0 , (4.8)

and the equation of motion

∇µ1F
µ1µ2···µp+1 = 0 , (4.9)

which governs the electrodynamics of the p-form field.
From the Lagrangian (4.5), we obtain the symmetric and conserved energy-momentum

tensor of p-form as

Tαβ = −2 ∂LQ

∂hαβ
+ hαβLQ

= 1
p!Fα µ1µ2···µpF

µ1µ2···µp

β − 1
2(p+ 1)!hαβFµ1µ2···µp+1F

µ1µ2···µp+1 . (4.10)

For the sake of simplicity, we choose the p-form field with only one non-zero component
Aty1y2···yp−1(z). After some calculations, we derive the energy-momentum tensor

Tab =
1
2b(ρ)

2
(

z2

a(ρ)2

)p+1 [
∂zAty1y2···yp−1(z)

]2
ϑab

= 1
2

(
z2

a(ρ)2

)p+1 [
∂zAty1y2···yp−1(z)

]2
hab, (4.11)

Tij = −1
2a(ρ)

2
(

z2

a(ρ)2

)p+1 [
∂zAty1y2···yp−1(z)

]2
γij

= −1
2

(
z2

a(ρ)2

)p+1 [
∂zAty1y2···yp−1(z)

]2
hij . (4.12)

which takes the exact forms to compensate the asymmetry of extrinsic curvatures (4.2)
and (4.3) in the NBC (2.10), provided Aty1y2···yp−1(z) ∼ 1/zp. Remarkably, the equation of
motion (4.9) indeed gives Aty1y2···yp−1(z) ∼ 1/zp. That is one of the reasons we choose p-form
fields instead of other form fields. Only the p-form field can make everything consistent.

Solving the equation of motion (4.9) and NBC (2.10), we finally obtain

Aty1y2···yp−1(z) =± a(ρ)p

p zp
a(ρ)

√
b′(ρ)
b(ρ) − a′(ρ)

a(ρ) ,

TQ =
(
q − 1

2

)
b′(ρ)
b(ρ) +

(
p+ 1

2

)
a′(ρ)
a(ρ) . (4.13)

It is worth mentioning that the condition

b′(ρ)
b(ρ) − a′(ρ)

a(ρ) > 0 , (4.14)
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should be satisfied for a real p-form field. For a tensionless brane E, a(r) = cosh(r) and
b(r) = sinh(r) indeed meet the constraint (4.14). After replacing the warp factors a(ρ) =
cosh(ρ) and b(ρ) = sinh(ρ), the solution becomes

Aty1y2···yp−1(z) = ±coshp(ρ)
p zp

√
coth(ρ) ,

TQ = q coth(ρ) + p tanh(ρ)− csch(2ρ) , (4.15)

which agrees with the toy model with p = q = 1. Recall only the codimension-2 brane E
can have non-trivial tension. Comparing (2.19) with (4.1) for this case, we get b(r) =

√
f(r̄),

a(r) = r̄ and dr = dr̄/
√
f(r̄). Then we have

b′(ρ)
b(ρ) − a′(ρ)

a(ρ) = d
√
f(r̄)
dr̄ −

√
f(r̄)
r̄

= d r̄2−d
(
r̄2

h − 1
)
r̄d−2

h + 2
2r̄
√
f (r̄)

>
d
(
r̄2

h − 1
)
+ 2

2r̄
√
f (r̄)

= r̄h

nr̄
√
f (r̄)

> 0, (4.16)

where we have used

r̄ > r̄h , f(r̄) > 0 , r̄h = 1 +
√
d2n2 − 2dn2 + 1

dn
≤ 1 (4.17)

above. Note that the above r̄ takes value on the EOW brane Q, i.e., r̄ = ρ̄ > r̄h. Now we
have verified the condition (4.14) for tensive brane E too.

In summary, we have successfully constructed cone holography with NBC by using p-form
fields on the EOW brane. The p-form field is ghost-free and takes the standard form (4.5).
Thus, this model is well-defined.

5 Tensor perturbation analyses

This section investigates the linear tensor perturbations of the metric and p-form fields.
For our purpose, we focus on the transverse-traceless (TT) tensor perturbations on the
codim-(q+1) brane E, or equivalently, the AdSp+1 sector of EOW brane Q. Interestingly, the
tensor mode decouples from the perturbations of p-form fields in NBC. As a result, the mass
spectrum of KK gravitons on E reduces to that of mixed boundary condition (MBC) [56].4
The initial work [56] has analyzed the mass spectrum of KK gravitons for a tensionless brane
E in the s-wave case (no angle dependences in metric perturbations). Here, we discuss the
most general cases and prove that the mass spectrum of KK gravitons is non-negative, which
strongly supports the cone holography with both NBC and MBC.

5.1 Linear tensor perturbations

The metric and the p-form field can separated into their background and perturbation parts:

g̃AB = gAB + δgAB , (5.1)
Ãµ1µ2···µp = Aµ1µ2···µp + δAµ1µ2···µp . (5.2)

4Recall that MBC imposes NBC on the AdSp+1 sector and DBC on the Sq sector. Since we focus on the
AdSp+1 sector and the p-form field decouples, the mass spectrum of KK gravitons on the AdSp+1 sector are
the same for MBC and NBC.
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We are interested in the tensor perturbation as

ds2 = dr2 + b(r)2ϑabdxaxb + a(r)2(γij +Hij)dxidxj , (5.3)

where the perturbation Hij satisfies the TT gauge

∇(γ)
i H ij = 0 , γijHij = 0 , (5.4)

with ∇(γ) the covariant derivative defined by γij . Recall that ϑab and γij denote the background
metrics of Sq and AdSp+1 with unite radiuses, respectively. Thus, we have

R
(ϑ)
ab = (q − 1)ϑab , R

(γ)
ij = −pγij . (5.5)

Here, R(ϑ)
ab and R

(γ)
ij are constructed by the metrics ϑab and γij , respectively. From the

above equations and Einstein equations in bulk, we obtain the equation of motion of the
perturbation Hij (see appendix B) as

1
a2

(
□(γ) + 2

)
Hij +

1
b2∆

(ϑ)Hij + ∂r∂rHij +
[
(p+ 1)a

′

a
+ q

b′

b

]
∂rHij = 0 , (5.6)

where □(γ) = γij∇(γ)
i ∇(γ)

j and ∆(ϑ) = ϑab∇(ϑ)
a ∇(ϑ)

b are respectively d’Alembert operators
in the AdSp+1 and the unit sphere Sq, and the ′ denotes the derivative with respective
to the coordinate r.

Next, we perform the standard separation of variables

Hij(r, xa, xi) = ψ (r) ξ(xa)χij

(
xi
)
, (5.7)

where ξ(xa) are spherical harmonic functions obeying[
∆(ϑ) + l(l + q − 1)

]
ξ(xa) = 0 , (5.8)

and χij
(
xi
)

satisfy the equation of motion of massive gravitons on AdSp+1(
□(γ) + 2−m2

)
χij

(
xi
)
= 0 . (5.9)

Here m denotes the graviton mass, and the l ≥ 0 are non-negative integers for q > 1. For
q = 1, l can be non-negative real numbers, and there is a conical singularity for non-integer
l. Substituting eqs. (5.7), (5.8), and (5.9) into the main perturbation equation (5.6), we
get the equation of motion of ψ (r)[

∂r∂r +
(
(p+ 1) a

′

a
+ q

b′

b

)
∂r +

m2

a2 − l(l + q − 1)
b2

]
ψ(r) = 0 . (5.10)

Above, we have discussed the constraints on metric perturbations from Einstein equations
in bulk. Let us continue to study the effects of NBC (2.10) on the EOW brane. At the linear
orders, the (a, b) and (i, j) components of NBC (2.10) read

δKab − (K − TQ)δhab − δKhab = δTab , (5.11a)
δKij − (K − TQ)δhij − δKhij = δTij , (5.11b)
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where Tαβ are the stress tensors (4.10) of p-form fields. From the metric ansatz (5.3), the TT
gauge (5.4) and the formula of extrinsic curvatures Kαβ = ∂rhαβ/2, we derive

δKab = δK = δhab = 0, (5.12)

which together with (5.11a) yields δTab = 0. Recall that only Fi1i2···ip+1 is non-zero for the
background solution, which gives

δF 2 = 2F i1i2···ip+1δFi1i2···ip+1 + (p+ 1)δhi1j1Fi1i2···ip+1F
i2···ip+1

j1

= 2F i1i2···ip+1δFi1i2···ip+1 + δhi1j1hi1j1F
2

= 2F i1i2···ip+1δFi1i2···ip+1 . (5.13)

From (4.10) and δTab = 0, we derive

δTab = − 1
2(p+ 1)!habδF

2 = 0

= − 1
(p+ 1)!habF

i1i2···ip+1δFi1i2···ip+1 = 0, (5.14)

which yields for p-form fields

δFi1i2···ip+1 = 0. (5.15)

Above we have used the fact that, for p-form fields in (p+ 1) dimensions, the field strength
Fi1i2···ip+1 has only one independent component.

Let us continue to consider the (i, j) components of NBC (2.10). After some calculations,
we obtain

δKij = 1
2a

2H ′
ij + aa′Hij = 1

2a
2H ′

ij +
a′

a
δhij , (5.16)

δTij = 1
2(p+ 1)!F

2a2Hij = 1
2(p+ 1)!F

2δhij , (5.17)

Taking the trace of background NBC (2.10) for (i, j) components, we derive

hij (Kij − (K − TQ)hij − Tij) = (p+ 1)a
′

a
− (p+ 1) (K − TQ)−

1
2p!F

2 = 0. (5.18)

From eqs. (5.11b), (5.16), (5.17), and (5.18), we obtain

H ′
ij |Q = 0 . (5.19)

Following [56], we impose the natural boundary condition on the brane E

Hij |E is finite. (5.20)

Equivalently, from eq. (5.7), we have

ψ′|Q = ψ′(ρ) = 0, (5.21)
ψ|E = ψ(0) is finite. (5.22)
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Interestingly, the p-form field does not affect the boundary condition of the metric
perturbation Hij on the AdSp+1 sector. As a result, the equation of motion (5.6) and
boundary conditions (5.19) and (5.20) of Hij are the same for NBC and MBC [56], which
produces the same mass spectrum of KK gravitons on the AdSp+1 sector. Note that MBC
fixes the metric while NBC allows the perturbations in the Sq sector. Thus, they are different
boundary conditions generally. We leave the study of metric perturbations in the Sq sector
to future works.

5.2 Mass spectrum of KK gravitons

This subsection investigates the mass spectrum of KK gravitons on the brane E (AdSp+1
sector of EOW brane). As mentioned above, the results apply to both NBC and MBC.
Recall that [56] has studied the mass spectrum on a tensionless brane E for the s-wave
with l = 0. The mass spectrum of KK gravitons is non-negative and includes a massless
mode. Here, we discuss the most general case. For our purpose, we aim to prove that the
mass spectrum of KK gravitons is real and non-negative generally, i.e., m2 ≥ 0, so that
cone holography with NBC/MBC is well-defined.

From the equation of motion (5.6) and boundary conditions (5.21) and (5.22), we can
determine the mass spectrum. For more details, see [56] and [35] for the tensionless and
the tensive brane E, respectively. In this paper, we are not interested in the exact value
of the mass. Instead, we aim to prove m2 ≥ 0, so we do not need to solve the equation of
motion (5.6) and boundary conditions (5.21) and (5.22).

First, let us prove m2 is real. Note that m2 is just a parameter separating variables (5.7).
In principle, it can be complex. For the boundary conditions (5.21) and (5.22), the orthogonal
relationship for KK gravitons reads5∫ ρ

0
b(r)qa(r)p−1ψm,l(r)ψm′,l(r)dr = clδm,m′ , (5.23)

where l is the real non-negative angle quantum number, cl is a constant depending on the
normalization of ψm,l. Suppose that there are complex m2 in the mass spectrum of KK
gravitons. Since the equation of motion (5.6) and boundary conditions (5.21) and (5.22) are
both real, complex m2 must appear in a complex conjugate pair. By applying the orthogonal
condition (5.23) for the complex conjugate pair, we get∫ ρ

0
b(r)qa(r)p−1ψm,l(r)ψm∗,l(r)dr = 0. (5.24)

On the other hand, we have∫ ρ

0
b(r)qa(r)p−1ψm,l(r)ψm∗,l(r)dr =

∫ ρ

0
b(r)qa(r)p−1|ψm,l(r)|2dr > 0, (5.25)

where a(r) and b(r) are real positive functions. The contradiction between the expres-
sions (5.24) and (5.25) suggests that there is no complex mass. Now, we have finished the
proof that the mass spectrum of KK gravitons is real.

5The orthogonal relationship for AdS/BCFT and wedge holography with q = 1, p = d − 1 is given by [53],
which can be easily generalized to the current case of cone holography.
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Second, let us prove that the mass spectrum of KK gravitons is non-negative, i.e., m2 ≥ 0.
To do so, we construct a non-negative integral∫ ρ

0
b(r)qa(r)p+1ψ′

m,l(r)ψ′
m,l(r)dr ≥ 0. (5.26)

Integrating by parts and applying the equation of motion (5.6) and boundary conditions (5.21)
and (5.22) with b(0) = 0, we derive∫ ρ

0
b(r)qa(r)p+1ψ′

m,l(r)ψ′
m,l(r)dr

=
∫ ρ

0
b(r)q−2a(r)p+1ψ2

m,l(r)
(
m2 b(r)2

a(r)2 − l(l + q − 1)
)
dr ≥ 0. (5.27)

We have carefully chosen the indexes of a(r) and b(r) for (5.26) so that there is no ψ′
m,l(r)

in eq. (5.27).
For the s-wave with l = 0, one can easily derive m2 ≥ 0 from eq. (5.27). The case with

non-zero l is somewhat complicated. We notice that we always have b(r) < a(r). For the
tensionless brane E, we have b(r) = sinh(r), a(r) = cosh(r), which obeys b(r) < a(r). As
for the tensive case, only the brane E with codimensions two is consistent with Einstein
gravity [63]. For the codim-2 brane E, note that

b(r)2 = f(r̄) = r̄2 − 1−
(
r̄h

r̄

)d−2 (
r̄2

h − 1
)
, a(r)2 = r̄2 , (5.28)

which also satisfies b(r) < a(r). By applying b(r) < a(r), we can prove

m2 ≥ l(l + q − 1) ≥ 0. (5.29)

Supposing m2 < l(l + q − 1), we derive from (5.27) a contradiction∫ ρ

0
b(r)qa(r)p+1ψ′

m,l(r)ψ′
m,l(r)dr ≥ 0

< l(l + q − 1)
∫ ρ

0
b(r)q−2a(r)p+1ψ2

m,l(r)
(
b(r)2

a(r)2 − 1
)
dr < 0. (5.30)

As a result, the inequality (5.29) must be held. Now, we have proved that the mass spectrum
of KK gravitons is non-negative for the general cases.

Some comments can be summarised as follows.

• The massless KK mode appears only in the s-wave with l = 0. From (5.29), it is clear
that m2 ≥ l(l + q − 1) > 0 for l > 0.

• The orthogonal relationship (5.23) of KK gravitons is not priori. It holds only for
suitable boundary conditions. Fortunately, the p-form fields do not affect the boundary
conditions (5.21) and thus the orthogonal relationship (5.23). On the other hand,
the DGP gravity and brane-localized higher derivative gravity modify the boundary
conditions and the corresponding orthogonal relationship [53]. As a result, m2 can
be negative and even complex for the negative DGP gravity and some kinds of brane-
localized higher derivative gravity [53].
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• The real and non-negative mass spectrum of KK gravitons suggests that cone holography
with NBC/MBC is stable under linear tensor perturbations. In general, m2 can
be negative in AdSp+1 as long as it obeys the Breitenlohner-Freedman (BF) bound
m2 ≥ −

(p
2
)2 [64]. Since the mass spectrum of cone holography is non-negative, it

behaves better than the BF bound.

• The massless KK mode is normalized because the coordinate r ranges from 0 to the
position of the EOW brane, and it is localized on the brane E and Q. There are a
series of massive KK modes of graviton which contribute to the gravity on branes some
corrections.

6 Holographic c-theorem

In this section, we investigate the holographic c-theorem in cone holography. Note that
the holographic c-theorem in cone holography corresponds to the holographic g-theorem
in AdS/BCFT [4].

To start, we first demonstrate qualitatively why c-theorem applies in cone holography.
The A-type central charge of CFTp is inversely proportional to the effective gravitational
constant on the AdSp+1 brane [56]

c ∼ 1
Geff

= 1
GN

∫ ρ

0
b(r)qa(r)p−1dr, (6.1)

which increases with ρ. Recall that r = ρ denotes the location of EOW brane Q; large ρ
corresponds to ultra-violet (UV, AdS boundary at r = ∞); small ρ corresponds to infra-red
(IR, deep bulk). Thus, we have the c-theorem

cUV ≥ cIR. (6.2)

This section proves the holographic c-theorem by using NEC in bulk C. We follow
the approach of [65, 66].

Recall the solution to vacuum Einstein gravity is given by

ds2 = dr2 + b(r)2dΩ2
q + a(r)2ds2

AdSp+1 . (6.3)

Inspired by [65, 66], we assume the solution to Einstein gravity coupled with bulk matter
fields takes the form

ds2 = dr2 + b(r)2

R(z) dΩ
2
q +

a(r)2

R(z) ds
2
AdSp+1 (6.4)

where z is the coordinate of AdSp+1 and labels the renormalization scale. At the UV fixed
point z → 0, we require

lim
z→0

R(z) = 1. (6.5)
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There is a natural speculation of the c-function

c(z) = 1
GN

∫ ρ

0

(
b(r)2

R(z)

) q
2
(
a(r)2

R(z)

) p−1
2

dr

= R(z)
2−d

2
1
GN

∫ ρ

0
b(r)qa(r)p−1dr , (6.6)

which reduces to the central charge (6.1) (up to some positive constants) at the UV fixed
point z → 0, R(z) → 1. Above we have used d = q + p + 1.

Following the standard approach [65, 66], we impose NEC for matter fields in bulk C

TAB(NC)A(NC)B ≥ 0 , (6.7)

where NC is the bulk null vector with the non-zero components (NC)z = (NC)t = 1. Combing
the NEC (6.7) with Einstein equation GAB = 8πGNTAB, we get a restriction

d− 2
2z2
√
R(z)

(
z2R′(z)√
R(z)

)′

≥ 0. (6.8)

Since

lim
z→0

(
z2R′(z)√
R(z)

)
= 0 , (6.9)

the above inequality implies
(

z2R′(z)√
R(z)

)
≥ 0 and thus

R′(z) ≥ 0 . (6.10)

Taking the derivative of (6.6) regarding z, we find the c-function decrease along the RG flow

c′(z) = −d− 2
2 R(z)−

d
2R′(z) 1

GN

∫ ρ

0
b(r)qa(r)p−1dr ≤ 0 . (6.11)

As a result, we have cUV ≥ cIR and prove the holographic c-theorem.
To summarize, we have proved the c-theorem of cone holography by applying the NEC

in bulk. It is a solid support for the cone holography.

7 Cone holography with NBC II

In this section, we take another approach to formulate cone holography with NBC. For
simplicity, we focus on the most interesting case with a codim-2 brane E.6 Our model
comprises Maxwell’s fields in bulk and massive vector (Proca) fields on the EOW brane. It
can also include Chern-Simons terms in bulk, not affecting our discussions. This holographic
model is initially developed to derive chiral current near a boundary [13, 14]. Interestingly,
it can also accomplish NBC for cone holography.

6Einstein gravity can not couple with tensive thin branes with codimensions higher than two.
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Our model is given by the gravitational action (2.8) with LQ = 0 plus the following
vector action

IA =
∫

C
dd+1x

√
−g

(
−1
4FABFAB

)
+
∫

Q
ddx

√
−h

(
−1
2m

2
Ah

αβAαAβ

)
. (7.1)

Here, A and A are the vector in bulk and induced vector on the EOW brane, F = dA
and F = dA are strength tensors in bulk and on brane Q, respectively. There can be a
Chern-Simons term LCS(A) in bulk for odd (d+ 1) generally. We do not consider it since
it is irrelevant to our discussions below.7 We add a mass term for the induced vector on
the EOW brane. This mass term is important in producing the expected boundary chiral
current [13] and realizing NBC for cone holography. One can also add an intrinsic kinetic
energy term −λ

4FαβF
αβ on the EOW brane Q [14]. Since we focus on the constant induced

vector on Q below, the kinetic energy term is irrelevant.
From the action (7.1), we derive NBC for the vector

nAFAB +m2
AA

βhB
β = 0, (7.2)

where nA is the outpointing unit normal vector on EOW brane, hB
β = ∂XB

∂xβ , Aβ = hB
β AB, A

β =
hβαAα. The energy-momentum tensor for the massive vector field on the EOW brane Q reads

Tαβ =1
2m

2
A

(
AαAβ − 1

2hαβAλA
λ
)
. (7.3)

There is an analytical solution to the Einstein-Maxwell equations in bulk, which reads

AB =

0,
√

2(d− 1)
d− 2

Qe
r̄d−2 , 0, · · · , 0

 , (7.4)

and

ds2 = 1
f(r̄)dr̄

2 + f(r̄)dθ2 + r̄2γijdxidxj , (7.5)

where Qe is the “electric charge”, γij is the AdS metric with a unit radius, and the blacking
factor is given by

f(r̄) = r̄2 − 1− Q2
e

r̄2(d−2) −
(
r̄h

r̄

)d−2
(
r̄2

h − 1− Q2
e

r̄
2(d−2)
h

)
, r̄h ≤ r̄ ≤ ρ̄ . (7.6)

Note that we have f(r̄h) = 0, and the codimension-2 brane E and EOW brane Q locate at
r̄ = r̄h and r̄ = ρ̄, respectively. The solution (7.5) resembles the charged hyperbolic black
hole [67]. The difference between them is that the time coordinate of the black hole is replaced
by the coordinate θ. As a result, the “electric charge” Qe of [67] is replaced by iQe in (7.6).
Strictly speaking, Qe of (7.4) is the electric current rather than charge.

7We focus on the maximally symmetrical solutions in this section. As a result, the effects of Chern-Simons
terms vanish.
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From the metric (7.5), we derive the components of extrinsic curvature

Kθθ = 1
2
∂hθθ

∂r
|Q =

√
f(ρ̄)
2

∂hθθ

∂ρ̄
=
√
f(ρ̄)
2 f ′(ρ̄) = 1

2
f ′(ρ̄)√
f(ρ̄)

hθθ , (7.7)

Kij = 1
2
∂hij

∂r
|Q =

√
f(ρ̄)
2

∂hij

∂ρ̄
=
√
f(ρ̄)ρ̄γij =

√
f(ρ̄)
ρ̄

hij , (7.8)

where we have used dr = dr̄/
√
f(r̄). The trace of the extrinsic curvature reads

K =hθθKθθ + hijKij = 1
2
f ′(ρ̄)√
f(ρ̄)

+ (d− 1)
√
f(ρ̄)
ρ̄

. (7.9)

From eq. (7.4), we read off the induced vector on the EOW brane r̄ = ρ̄,

Aα = (Aθ, 0, · · · , 0) =

√2(d− 1)
d− 2

Qe
ρ̄d−2 , 0, · · · , 0

 . (7.10)

It shows that Aα is a constant vector with only non-zero component Aθ. Then the energy-
momentum tensor (7.3) becomes

Tθθ = 1
4m

2
A

(
AθAθh

θθ
)
hθθ , Tij = −1

4m
2
A

(
AθAθh

θθ
)
hij , (7.11)

where
(
AθAθh

θθ
)
= A2

θ/f(ρ̄) is a constant. We remark that Tθθ and Tij are taken the
expected asymmetry to compensate that of extrinsic curvatures (7.7) and (7.8) and to obey
the NBC (2.10).

Substituting the extrinsic curvatures (7.7), (7.8) and vector energy-momentum ten-
sor (7.11) into NBC (2.10), we get two independent equations from the (θ, θ) and (i, j)
components. Recall that we have two free parameters TQ and m2

A, which happens to solve
the two independent equations. We obtain

TQ = (4d− 6)f (ρ̄) + ρ̄f ′ (ρ̄)
4ρ̄
√
f (ρ̄)

, (7.12)

m2
A =

√
f (ρ̄) (ρ̄f ′ (ρ̄)− 2f (ρ̄))

ρ̄A2
θ

, (7.13)

where Aθ =
√

2(d−1)
d−2

Qe
ρ̄d−2 is a constant. Above we focus on the NBC (2.10) with respect to

gravity. The NBC (7.2) of vectors set another constraint

m2
A = (d− 2)

√
f (ρ̄)

ρ̄
. (7.14)

Comparing (7.13) with (7.14), we observe that the charge Qe and brane location ρ̄ are not
independent, which is similar to the case of p-form fields. We obtain

Q2
e = r̄2d−4

h

(2
d

(
ρ̄

r̄h

)
d−2 + r̄2

h − 1
)
. (7.15)

Now we have shown that our model with massive vectors on the EOW brane can indeed
enable NBC.
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Some comments are listed as follows. First, the mass squared (7.14) is positive m2
A > 0,

which implies this model is stable and tachyon-free. Second, there is no well-defined charge-
free limit Qe → 0. The reason is as follows. From (7.6) with Qe = 0, we derive the reciprocal
of angle period

lim
Qe→0

1
2πn = f ′(r̄h)

4π = d
(
r̄2

h − 1
)
+ 2

4πr̄h
≥ 0, (7.16)

which yields
√

d−2
d ≤ r̄h. On the other hand, we obtain from (7.15)

lim
Qe→0

ρ̄ = r̄h

(1
2
(
d− dr̄2

h

)) 1
d−2 ≤ r̄h, (7.17)

for
√

d−2
d ≤ r̄h. It leads to a contradiction, since the EOW brane Q should lie outside the brane

E, i.e, ρ̄ > r̄h. It suggests the charge is necessary for cone holography with NBC. Interestingly,
this is also the case for models with brane-localized p-form fields in sections 3 and 4.

8 Conclusions and discussions

This paper formulates cone holography with NBC by employing p-form fields on the EOW
brane. NBC is closely related to the junction condition of branes and a massless graviton on
branes is allowed. Most doubly holographic models are based on NBC. Thus, there is a good
motivation to construct cone holography with NBC. We observe that the central obstruction
for NBC is the asymmetry of the two sectors Sq and AdSp+1 of EOW brane Q. Negative DGP
gravity can resolve this problem but suffers the ghost issue. Remarkably, the brane-localized
p-form fields can compensate for the asymmetry of the EOW brane and accomplish NBC.
Moreover, the p-form field takes the standard form and is ghost-free. We have analyzed the
perturbation solution and proved that the mass spectrum is non-negative. We also have
proven the holographic c-theorem for cone holography with NBC. These are solid supports
for our models. Finally, inspired by the chiral theory in AdS/BCFT, we have constructed
another model of cone holography with NBC by applying a massive vector (Proca) field on
the EOW brane. The mass of Proca field is positive, implying that this model is stable.
Interestingly, the charge is necessary to enable NBC in both models.

Let us make two further comments. First, the p-form fields appear naturally in string
theory. It raises the question of whether cone holography has a string theory origin. We
leave this interesting problem to future work. Second, it is interesting to calculate the
generalized gravitational entropy (holographic entanglement entropy) of cone holography
with brane-localized p-form fields. The generalized gravitational entropy is given by the
Ryu-Takayanagi (RT) formula [68] in bulk, without corrections from the brane-localized
p-form fields. That is because the p-form fields on the EOW brane is classical since it
appears in the classical Neumann boundary condition. Thus, it is unnecessary to consider
its quantum entanglement entropy from the bulk perspective. On the other hand, from the
brane perspective, we have effective higher derivative gravity plus quantum matter fields on
the brane. As a result, the entanglement entropy is given by the generalized RT formula
of higher derivative gravity [69–71] plus von Neumann entropy of quantum matters. Note
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that the classical p-form fields in the bulk description differ from the quantum matters in the
brane description. The bulk and brane entropy formulas are expected to be equivalent. But
the bulk calculation is more doable. We remark that, in general, the brane-localized p-form
fields back-react the geometry through the Neumann boundary condition. Thus, although it
does not affect the bulk entropy formula, it generally contributes to the entropy.
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A Conventions

In this appendix we list conventions adopted in this paper. We are using the definitions
RP

MQN = ∂QΓP
MN − ∂NΓP

MQ + ΓP
QLΓL

MN − ΓP
NLΓL

MQ and RMN = RL
MLN . The metric

signature is the mostly plus convention (−,+,+, · · · ,+). We will use the natural units with
16πGN = c = ℏ = 1, where GN is the gravitational constant. We use the unit normalized
convention for symmetrization and antisymmetrization. Parentheses ( ) which appear in
indices denote symmetrization, for example

A(µBν) =
1
2(AµBν +AνBµ), A(µν) =

1
2(Aµν +Aνµ).

Square brackets [ ] which appear in indices denote antisymmetrization, for example

A[µBν] =
1
2(AµBν −AνBµ), A[µν] =

1
2(Aµν −Aνµ).

B Perturbations of spacetime quantities

On the EOW brane Q, the linear tensor perturbations which we consider is

ds2 = dr2 + b(r)2 (ϑab +Hab) dxaxb + a(r)2 (γij +Hij) dxidxj . (B.1)

Here, these tensor perturbations satisfies TT condition

∇(ϑ)
a Ha

b = 0 , H ≡ ϑabHab = 0 , ∇(γ)
i H i

j = 0 , H ≡ γijHij = 0 . (B.2)

We use ∇(ϑ) and ∇(γ) to signify the covariant derivative defined by ϑab and γij . Generally,
the tensor perturbations Hab and Hij are the functions of all spacetime coordinates

(
r, xa, xi

)
.

Why we can consider such an ansatz is that a general perturbation Hαβ around the background
metric hαβ will destroy the configuration of cone holography and is forbad.

From eq. (5.1), the spacetime quantities can be separated into

R̃ab = Rab + δRab , R̃ij = Rij + δRij , R̃ = R+ δR . (B.3)

– 21 –



J
H
E
P
0
3
(
2
0
2
4
)
1
5
8

The background components of Ricci tensor and Ricci scalar are

Rab = R
(ϑ)
ab − bb′

[
(p+ 1)a

′

a
+ q

b′

b

]
ϑab − b2∂r

(
b′

b

)
ϑab , (B.4)

Rij = R
(γ)
ij − aa′

[
(p+ 1)a

′

a
+ q

b′

b

]
γij − a2∂r

(
a′

a

)
γij , (B.5)

Rrr = −(p+ 1)a
′′

a
− q

b′′

b
, (B.6)

R = 1
a2R

(γ) + 1
b2R

(ϑ) − (p+ 1)pa
′2 + 2aa′′
a2 − q

(q − 1)b′2 + 2bb′′
b2 − 2(p+ 1)qa

′

a

b′

b
. (B.7)

Here the prime denotes the derivative with respect to the coordinate r, and R(ϑ) and R(γ)

are the Ricci scalars constructed by the metric ϑab and γij respectively. The perturbations
of Ricci tensor and Ricci scalar are calculated as

δRab =− 1
2
b2

a2□
(γ)Hab −

1
2∆

(ϑ)Hab −
1
2b

2∂r∂rHab −
1
2b

2
[
(p+ 1)a

′

a
+ q

b′

b

]
∂rHab

+ 1
q − 1R

(ϑ)Hab − bb′
[
(p+ 1)a

′

a
+ q

b′

b

]
Hab − b2∂r

(
b′

b

)
Hab , (B.8)

δRij =− 1
2□

(γ)Hij −
1
2
a2

b2 ∆
(ϑ)Hij −

1
2a

2∂r∂rHij −
1
2a

2
[
(p+ 1)a

′

a
+ q

b′

b

]
∂rHij

+ 1
p
R(γ)Hij − aa′

[
(p+ 1)a

′

a
+ q

b′

b

]
Hij − a2∂r

(
a′

a

)
Hij , (B.9)

δR = 0 . (B.10)

Here □(γ) = γij∇(γ)
i ∇(γ)

j and ∆(ϑ) = ϑab∇(ϑ)
a ∇(ϑ)

b denote d’Alembert operators in the AdSp+1
and the unit sphere Sq, respectively.

From the Einstein equation

RAB = 2
d− 1ΛgAB , (B.11)

we have (a, b) and (i, j) components of background Einstein equations

Rab =
2

d− 1Λb
2ϑab , Rij = 2

d− 1Λa
2γij , (B.12)

and its perturbation equations

δRab =
2

d− 1Λb
2Hab , δRij = 2

d− 1Λa
2Hij . (B.13)

The concrete background Einstein equations are

1
b2R

(ϑ) − q
(q − 1)b′2 + bb′′

b2 − (p+ 1)qa
′

a

b′

b
= q

2
d− 1Λ , (B.14)

1
a2R

(γ) − (p+ 1)pa
′2 + aa′′

a2 − (p+ 1)qa
′

a

b′

b
= (p+ 1) 2

d− 1Λ , (B.15)

−(p+ 1)a
′′

a
− q

b′′

b
= 2
d− 1Λ . (B.16)
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The concrete perturbation equations are given by

1
a2□

(γ)Hab +
1
b2

(
∆(ϑ) − 2

q(q − 1)R
(ϑ)
)
Hab + ∂r∂rHab +

[
(p+ 1)a

′

a
+ q

b′

b

]
∂rHab = 0 ,

(B.17)
1
a2

(
□(γ) − 2

p(p+ 1)R
(γ)
)
Hij +

1
b2∆

(ϑ)Hij + ∂r∂rHij +
[
(p+ 1)a

′

a
+ q

b′

b

]
∂rHij = 0 .

(B.18)
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