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ABSTRACT: We study 3d quantum gravity with two asymptotically anti-de Sitter regions,
in particular, using its relation with coupled Alekseev-Shatashvili theories and Liouville
theory. Expressions for the Hartle-Hawking state, thermal 2n-point functions, torus wormhole
correlators and Wheeler-DeWitt wavefunctions in different bases are obtained using the ZZ
boundary states in Liouville theory. Exact results in 2d Jackiw-Teitelboim (JT') gravity are
uplifted to 3d gravity, with two copies of Liouville theory in 3d gravity playing a similar role
as Schwarzian theory in JT gravity. The connection between 3d gravity and the Liouville ZZ
boundary states are manifested by viewing BTZ black holes as Maldacena-Maoz wormholes,
with the two wormhole boundaries glued along the ZZ boundaries. In this work, we also
study the factorization problem of the Hartle-Hawking state in 3d gravity. With the relevant
defect operator that imposes the necessary topological constraint for contractibility, the
trace formula in gravity is modified in computing the entanglement entropy. This trace
matches with the one from von Neumann algebra considerations, further reproducing the
Bekenstein-Hawking area formula from entanglement entropy. Lastly, we propose a calculation
for off-shell geometrical quantities that are responsible for the ramp behavior in the late time
two-point functions, which follows from the understanding of the Liouville FZZT boundary
states in the context of 3d gravity, and the identification between Verlinde loop operators
in Liouville theory and “baby universe” operators in 3d gravity.
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1 Introduction

To better understand the quantum nature of gravity, we study exactly soluble simple models
of gravity. This machinery has been successful in low dimensional theories of pure gravity
with negative cosmological constant, where bulk degrees of freedom are absent. In particular,
fruitful results have been achieved in 2d Jackiw-Teitelboim (JT) gravity, please refer to [1]
for a nice review. The next logical step is to study 3d gravity, where only boundary graviton
excitations are involved [2]. At the level of action, the theory in the bulk is topological as
classical 3d gravity has a famous Chern-Simons theory formulation [3, 4]. In the presence of one
or two asymptotically AdS boundaries, 3d quantum gravity is related to copies of geometrical
Alekseev-Shatashvili theories, which corresponds to quantization for the coadjoint orbits of
the Virasoro group [5-10]. Recently, it has been proposed that exact quantization of 3d
gravity around on-shell solutions is equivalent to “Virasoro TQFT”, based on considerations
on quantization of Teichmiiller spaces [11-14].

In this paper, we mainly focus on 3d quantum gravity with two asymptotic boundaries,
where the spatial slice takes the topology of an annulus. It has been understood that in
such cases, 3d gravity is related to four copies of Alekseev-Shatashvili theories that are
coupled across boundaries [10, 15]. Via a field redefinition, the coupled theories become
two copies of Liouville theory with non-trivial mixing between the zero modes [15, 16], and
the path integral measure is reduced to flat Liouville measures from Alekseev-Shatashvili
symplectic measures [17]. Hence, Liouville theory plays a similar role as Schwarzian theory
in JT gravity [18]. Using this correspondence, we identify the Hartle-Hawking state in
3d gravity as a quantum state in two copies of Liouville theory, further uplifting exact
calculations in 2d JT gravity to answers in 3d gravity. We exhaust the list of calculations
here: partition function [18-20], correlation functions [21], Wheeler-DeWitt wavefunctions in
different bases [22, 23], factorization, modification of trace and entanglement entropy [24, 25],
and wormholes describing quantum noise [26]. As expected, dimensional reduction of our
3d results reproduces all the 2d JT answers [17, 27]. For off-shell configurations, we also
reinterpret the calculation for the spectral form factor [20] in [10] in terms of overlaps between
quantum states [28]. Further identifying the Verlinde loop operators in Liouville theory as 3d
“baby universe” operators, we propose a calculation for the late time two-point functions [2§]
that is related to resolving the version of information paradox proposed in [29]. These results
have been more or less anticipated in [17, 21, 30, 31], in particular when Liouville theory
is used as an intermediate tool to calculate Schwarzian quantities. In this paper, we use



techniques developed in [14, 32] to show directly that such an identification follows from
a geometrical reasoning.

3d quantum gravity on two asymptotic boundaries is related to four copies of coupled
Alekseev-Shashvili theories summed over orbits [10, 15], which is further equivalent to two
copies of Liouville theory upon field redefinition [15, 16], provided that we consider the
correct path integral measure. In particular, the connection between 3d gravity and Liouville
theory includes description of Hilbert spaces, which further allows us to obtain expressions
for gravitational quantities, i.e. two-boundary torus wormhole correlators. The wormhole
contribution for the product of correlation functions is the variance that describes quantum
noise [26].

We also propose the Hartle-Hawking state in 3d gravity to be given by two copies of
the Liouville ZZ boundary states,

(W) = e P 2 2)e P14 2 Z), (1.1)

where = is to distinguish the two Hilbert spaces, and the non-trivial pairing between different
chiralities is shown in figure 6. |ZZ), known as the ZZ boundary state, is a Liouville
conformal boundary state and is constructed from certain superposition of Ishibashi states
to ensure conformal invariance [33]. H is the Hamiltonian in Liouville theory and the tilde
is to denote a second copy. It is known that Liouville theory is not the holographic dual
of gravity. For one thing, Liouville theory has a flat spectrum whereas holographic CFTs
have an exponential Cardy density of states [34]. Hence, the Liouville thermofield double is
not the dual of Hartle-Hawking state as the information on the Cardy spectrum is encoded
in the ZZ boundary state.

The motivation of proposing (1.1) stems from having the partition function of non-rotating
Euclidean BTZ black holes as two copies of Liouville overlaps [21, 33]

Znry, = (ZZ|e PHI2\ 72 2)(ZZ|e P12 2 7)

(@) ().

where xq is the Virasoro vacuum character. Slicing the thermal partition function in half
in the thermal direction allows us to identify the Hartle-Hawking state in (1.1) naturally.®
To further understand this proposal, we notice that non-rotating BTZ metric takes the
following parametrization,

ds? = dp? + cosh? pe®*?)dzdz (1.3)

where from Einstein’s equations, ® has to satisfy the Liouville equation and the Liouville
field takes the following expression

o Am? 1

© T B gin? (%’Tlm(z)) .

(1.4)

The singular behavior of the Liouville field near Im(z) — 0; /2 corresponds to the “ZZ
boundary condition” [33].

!'Similar ideas have been considered in [31].



The asymptotically AdS boundaries lie at p — 400 respectively. In previous works [32, 35],
similar metric ansatz (1.3), known as the hyperbolic slicing, which we now call it the “wormhole
slicing” as it is used to study two-boundary observables, i.e. Maldacena-Maoz (or Fuchsian)
wormholes connecting two asymptotic boundaries, and the semiclassical gravity calculation in
3d matches the large ¢ behavior of Liouville CFT quantities. Ref. [14] argue that the matching
of semiclassical behavior further implies an exact equivalence between the 3d gravity and
Liouville results at finite central charge ¢. The wormhole slicing (1.3) seems to provide a
contradicting geometry for quantities with one asymptotic boundary, i.e., the Hartle-Hawking
wavefunction and BTZ partition function. However, the ZZ boundary condition glues the
“two” halves that are denoted by p — £oo respectively. In the language of boundary CFT,
this is can be viewed as the doubling or folding trick as shown in figure 10 [36-38].

With the wormbhole slicing, we can study 2n-point correlation functions for below black
hole threshold probe operators that are inserted symmetrically across p = 0 in BTZ back-
ground. In gravity, this corresponds to the study of Einstein action coupled to 2n massive
probe particles whereas in Liouville theory, this corresponds to the computation of 2n-point
functions with two ZZ boundaries on a finite cylinder. The on-shell renormalized gravitational
and Liouville actions match after a careful treatment of counterterms. The exact matching
of these two results beyond semiclassical level follows from arguments in [14]. We can also
understand this exact matching directly using CFT techniques, and we provide a detailed
analysis for the case of two-point functions. The ZZ boundary state being a superposition of
Ishibashi states [39, 40], encodes all contributions from descendents. As an explicit example,
we show that a probe operator insertion between Ishibashi states is exactly equal to the two-
point torus conformal block, as expected from the doubling trick [36, 38]. In addition, the ZZ
wavefunction and together with the DOZZ structure constant [41] in the Liouville transition
amplitude becomes the crossing kernel [42—44]. These facts turn the Liouville overlap into a
two-point identity block on a torus. We like to mention that correlation functions in terms of
Liouville overlaps also match with the ensemble-averaged result that is proposed in [32].

The relation in (1.1) is further verified in semiclassical limit through the calculation of
Wheeler-DeWitt wavefunctions. We first analyze in detail the boundary value problem in
gravity, in particular paying attention to possible corner terms. We find two bases: the fixed
(o, J) basis and fixed (F,J) basis, generalizing results in JT gravity [22, 23]. The (E, J)-
basis, including higher-dimensional wavefunctions, take the form of a “Pacman” geometry and
are studied in great detail in [45]. It is worth mentioning that the (E, J)-states in the bulk is
holographically dual to Liouville primary states, further giving us the following identification
between Wheeler-DeWitt wavefunctions and Liouville overlaps

VEL(E, ) = (Ple=BHI4 z Z2)(Ple~ P14 ZZ) (1.5)

where the matching involves analytic continuation of Liouville momenta P, P such that
P, P are related to the ADM mass E and imaginary angular momentum .J of black holes
in Euclidean signature. In this work, we focus on the (®g, J)-states, which again can be
studied using the wormhole slicing and matching with Liouville theory beyond large ¢ involves
techniques developed in [14]. For J = 0, ® is related to the renormalized geodesic length
between the “two” halves of the asymptotic boundaries at p — +oco respectively at fixed



angular coordinates, making (®g, 0)-basis being the uplift of the fixed geodesic length basis in
JT gravity [22, 23]. With one extra dimension, the bulk slice of (®¢,0)-states is a hyperbolic
cylinder with scalar curvature R = —2 instead of a 1d geodesic. With that being said,
in addition to determining the height of the hyperbolic cylinder, ®y also parametrizes the
waist. In Liouville theory, we define the state |®g) using Liouville zero mode wavefunction
(®o|P) = 9p(Po) [40]. The on-shell action is the large c limit of the corresponding Liouville
transition amplitude

W15 (B0) = (@ole P/ 22) (B0l 22Z) . (1.6)

The connection of our results to 2d JT gravity is straightforward and can be achieved by
performing dimensional reduction or taking the near-extremal limit [17, 27], which we show
explicit examples respectively.

The (P, J)-basis involves mixing of moduli between the “two” boundaries, and the
spacetime geometry of the Wheeler-DeWit wavefunction corresponds to a quasi-Fuchsian
wormhole [32]

ds®> = dp® + cosh? pe®*?) |dz + 4G N J(1 + tanh ,o)e_q)(z’g)d,ﬂ2 ) (1.7)

The on-shell action is given by

C
_Sgrav((I)07 J) = _ESLiouv(z,ID) (CI)()? J)

C

6 SLiouv(w,Z) ((1)07 J) ’ (18)

where (z, z) are the coordinates for the flat metric at the “left” boundary and (w,w) are the
coordinates for the “right” boundary. For the right hand side of the equation, we have one
action that corresponds to a Liouville field ®_(z,w) living on a complex metric dzdw and
its complex conjugate ® (w, z) living on another complex metric dwdz.

We use our two-sided Hartle-Hawking state to study the factorization problem in 3d
gravity. In terms of Chern-Simons theory, we find a local boundary condition that factorizes
the state into two single-sided gravity Hilbert spaces. Similar to the case in JT gravity, this
“cutting map” is not isometric [24]. We find the relevant defect operator that provides an
isometric factorization map: J : H — H ® Hp, which subsequently modifies the definition of
trace to Z, = Try,(Dp") in the calculation of n-th gravitational Rényi entropy. Interestingly,
the extra single-sided defect operator D that we need for the correct calculation of trace
in gravity takes the following form

oo ~ P
D= /0 dP'dP’ Z S1p Sy 5 [hpr, Nu) |hpr, N1) (hprs Nu| (hpry N1 (1.9)
N1,N1

where hpr, hi, are the conformal weights for Virasoro primary operators and N, ]Vl denote the
levels for the descendents. Sy p/ is the modular S-matrix element between identity operators
and primary operators. Implicitly, the defect operator projects to identity in the dual cycle in
the language of Chern-Simons theory, which further corresponds to zero flux projection. This
is exactly the topological contractibility condition in the thermal cycle in gravity. Furthermore,
the modified trace due to the defect operator matches with the proposed unique trace formula
for gravity in the context of Type I, von Neumann algebra with a trivial center [25, 46].



Using these ingredients, we calculate the entanglement entropy and obtain

Zn
(Z1)™

where p is the normalized reduced density matrix. The answer takes a similar form as the

SEE = —0h, ( ) ‘n_l = —Try,pInp+ Try,pInD, (1.10)

FLM formula [47], and we show that the second term is the expectation value of an “area
operator” in a precise sense. This term reproduces the Bekenstein-Hawking area formula
at the saddle point in the large c¢ limit [48-52]. Since Sqp is also the Plancherel measure of
the quantum semi-group SL;F(Q, R) [31, 42, 43, 53-55], our derivation provides a canonical
interpretation on the Bekenstein-Hawking entropy as a topological entanglement entropy [56].
In particular, our derivation follows from the observation that the topological contractibility
condition in gravity can be imposed by an operator in 2d CFT constructed from modular
invariance. This is in the spirit of the original derivation of Cardy’s formula [34].

Our formalism is also useful for computing off-shell geometrical quantities. We explain the
Hilbert space description on the spectral form factor calculation [10] in 3d gravity, generalizing
the 2d results [20, 28]. In this procedure, we explain the roles played by the FZZT-boundary
states [40, 57], and find that Verlinde loop operators in Liouville theory are the holographic
dual of “baby universe” operators in gravity [25]. We follow a similar proposal to the 2d JT
case [28], and show that “double-trumpet” geometries that contribute to late time two-point
functions have density of states that exhibit level repulsion in random matrix theory, which
further governs the linear growth of correlators at late times, thus providing a potential
solution to the version of information paradox in [29] for 3d gravity.

The paper is organized as follows. In section 2, we review relations between 3d gravity with
two boundaries, Alekseev-Shatashvili theories and Liouville theory. In section 3, we explain
our identification of the Hartle-Hawking state with the Liouville ZZ boundary states. We
provide a geometric explanation for this identification, in particular using the wormhole slicing
of BTZ black holes to explain the gluing of “two” boundaries that arises from ZZ boundary
conditions. In section 4, we further generalize results of partition functions by including
operator insertions. Using wormhole slicing, we first show the matching of semiclassical results
between gravity and Liouville theory results. We then use the torus two-point functions as an
explicit example to show how overlaps of Ishibashi states become the torus conformal blocks,
and how the ZZ wavefunctions and DOZZ structure coefficients in Liouville theory combine
together to give the crossing kernel. The combination of these gives us the exact formula of
the Virasoro identity block. Finally, we match Liouville correlation functions with results
obtained from an ensemble average interpretation of CF'Ts. In section 5, we show the correct
boundary value problem for the study of Wheeler-DeWitt wavefunctions in gravity. We find
two different bases for the wavefunctions: the fixed (®¢, J)-basis and fixed (E, J)-basis. We
study the fixed (®g, J = 0)-basis using the wormhole slicing, further matching the large ¢ limit
of the corresponding transition amplitude in Liouville theory. We then analyze the geometry
that corresponds to the fixed (®g, J)-basis using quasi-Fuchsian wormholes. In addition,
the dimensional reduction of the fixed (®g,J = 0)-basis to the geodesic length basis in JT
gravity is demonstrated. In section 6, we show how to factorize the two-sided Hartle-Hawking
state into two single-sided Hilbert spaces and find the relevant modification to the trace
formula in gravity through implementing topological contractibility conditions using CFT



data. Using these ingredients, we reproduce the Bekenstein-Hawking entropy formula in 3d
gravity from a canonical calculation. In section 7, we show how the Hilbert space formalism
can be used to study off-shell gravitational quantities. Further understanding the roles played
by the FZZT boundary states and identifying Verlinde loop operators as “baby universe”
operators, we reproduce the “double trumpet” spectral form factor in 3d gravity. Finally, we
give a proposal on the relevant off-shell wormhole geometry that contributes to the linear
ramp behavior in late time two-point functions, further suggesting a possible candidate in
resolving the information paradox in 3d gravity.

Note added. While this work was in preparation, the papers [31, 55] appeared, which
studied properties of the Hartle-Hawking state and the factorization problem from a quantum
group perspective.

2 3d gravity with two asymptotic boundaries as Liouville theory

We first review the canonical quantization of 3d gravity with two asymptotic boundaries,
which has been done in previous works [9, 10, 15, 16, 58, 59]. We focus on the connections
between 3d gravity, Alekseev-Shatashvili theory and Liouville theory, in particular on the role
played by Liouville zero modes and their connection to holonomies along the non-contractible
cycle in gravity.

2.1 3d gravity as coupled Alekseev-Shatashvili theories summed over orbits

The 3d Einstein-Hilbert action on an asymptotically AdS spacetime M is given by

1
167G

So

/ &/ ~g(R+2), (2.1)
M

up to boundary terms. We consider a spacetime manifold M with spatial topology of an
annulus 4, and parametrize the spacetime using coordinates (r,¢,¢). Taking L, and Lq to
be the generators in the fundamental representation of SL(2,R), and combine the dreibein
e* and spin connection w® into A% and A% as

A% = w¥ 4%, AY =w® —e”, (2.2)

we construct algebra-valued one forms, A = A*L, and A= Aaf;a_
The Einstein-Hilbert action can be expressed as a difference of Chern-Simons actions
for A and A [3, 4, 10]

~ ~ 1
So[A, A] = —Scs[A] + Ses[A], Ses[A] = 167Cn

/ Tr(A/\dA+2A/\A/\A) o (23)
M 3

up to boundary terms. More explicitly, we have

1

SeslAl = ~T67an

/ drdidg Tr (AgA, — ArAy + 2AcFry) | (2.4)
M
where the dot indicates a derivative with respect to ¢ and the field strength is given by

Fry = 8TA¢> - 8¢AT + [Ara A¢] : (2'5>



The variation of the above bulk term gives?

~ 1
—58us[A] + 85| A] = / (EOM) + / dtd Tr( A6 A,
M 8GN Jom+
L 1 .
~ AdAe) — /a o T A4, — AbAy). (26)

where OM is composed from two disconnected boundaries, outer circle 9M™ and inner circle
OM~, and each boundary has spatial topology S'. This is shown in figure 1. To impose
asymptotically AdS3 boundary conditions at the inner and outer circle, we need to add the
following boundary terms to the original action in (2.3)

~ 1 1
A Al = — -
Sbay[4, 4] 167Gy 167Gy

/a . 9 Tr(A3 + A7) /a L o Tr(AZ + A3), (2.7)
such that Ay — Ay = Ag+ A; =0 at IM™T and Ay + Ay = Ay — Ay = 0 at OM~.

In the following, we focus on the gauge field A at O9M™ for simplicity and the analysis
for the remaining gauge field A at the outer boundary follows suit. The terms at the inner
boundary also follow a similar story. The relevant terms are given by

1
_[A] =
(4] 167Gy

- . B 5
( /M drdtdg Tr (AgA, — A, Ay + 24,F,y) /a L 1o Tr(A¢)) . (2.8)
Integrating out A;, we get F,.; = 0 and the spatial gauge fields are pure gauge

A, =G719,G,

B (2.9)
Ay =G Y0+ K(1)G,

where G(t,r, p+2m) = G(t,r, ¢) is an element of SL(2, R) and K (¢) parametrizes the holonomy.
With the above parametrization of gauge fields and F,., = 0, the action (2.8) becomes,

1

S-1G KM = ras

/ Tr (G 1dG)?
M

(2.10)
/ dtdgTr (G 0,GG10_G + 26~ K (1)0_G + K2(1)),
oM+

B 167Gy

where _ = 04 — 0;. The bulk term is the Wess-Zumino term and with it being a total
derivative, it depends only on the boundary group element. We pick the “canonical” gauge
for the hyperbolic holonomy K (¢) and the path integral for its conjugate momentum forces
it to be independent of time [10, 15]

K(t) =vLo = % (; _01> : (2.11)

with v being a constant. Next, we use Gauss decomposition to decompose the group element
on the outer boundary, h(t,¢) = G(t,r = r°% ¢) [6, 9],

. Wi L (10 exp(¥/2) 0 1X
hlt, @) = e tmetioehe = <Y 1> ( 0 eXp(—\I//Q)) (0 1) ’ (2.12)

2The relative sign between the two boundary terms comes from having the normal vectors to the boundary
to be outward pointing in global coordinates.



where Y, ¥ and X are functions of (¢,¢). Eq. (2.10) becomes

1 1 1o, o0 _
S (b K] = 5 /BW dtd¢<28_\11(8¢\11+2’y)+2’y + 260X (9, fm) .
(2.13)

To make connection with the geometric Alekseev-Shatashvili theories that is related to
the quantization of coadjoint orbits for the Virasoro group [5-7, 9, 10], we introduce the
following parametrization for Y (¢, ¢)

Y(t, ¢) = exp (=(fL(t,9) — ) (2.14)

where f1(t,¢) is an element of Diff(S!) with periodicity f1(t,¢ + 27) = fL(t,¢) + 2. In
addition, asymptotically AdSs boundary conditions gives us the following constraints [58]

Ar = 07 Aqﬁ =L_+ E(ta ¢)L+ ) (215)
leading us to
eV (0, —qY) =1, 00 +v=2X, L(t,¢)=0,X +X?2. (2.16)

With Y(¢,¢) in (2.14), we can solve for X and e¥

B _ _ 1 1
eV = —fi(t,9)e DT Xt 6) = 5fr — 5 (2.17)
L

!/

where ' indicates the derivative with respect to the angular coordinate ¢. With (2.14)
and (2.17), we obtain the chiral Alekseev-Shatashvili action [6, 7]

S_[ft] =

- 327GN

a—f/L Z 2 !
dtde LIL 220 frfr) - (2.18)
oM+ L

The Hilbert space for this theory corresponds to a Virasoro highest weight representation
with central charge and conformal weight [9]
3 c—1

= — h,:
‘TGN 24

1+7%) . (2.19)

Performing a similar analysis for the antichiral gauge field A, which is parametrized by a
Diff(S!) element fr on the outer boundary gives,
O+ frfR

/ dtde [~2+528+f3f1’% . (2.20)
oM+ s

S.[fr] = Rl

where 0y = 0y + 0;.



anti-chiral (chiral)

Figure 1. On the annulus, the gravity Hilbert space is equivalent to a superposition of coupled
chiral(anti-chiral) and anti-chiral(chiral) Alekseev-Shatashvili theories that lives on the inner and
outer circle respectively.

The full action (2.3) is given by a sum of four coupled Alekseev-Shatashvili actions
on the boundaries,

Solfr. fr: fro fr] = S_[f1] + S¢[fr] + S—[fr] + St 1fr] .
- 1 [l 2
“327rGN/aM+dtd¢l LLL+78 ffL]
1 [0, frfth
332Gy /aw dédg N

1 [ fi ~2
321Gy /am— e | f’2 0-fi fL]

1 +fRfR 2
~ iy g B0 | 0% fRfR] ,

where f(fr) and fr(f1) are functions related to the group element G(G) at the outer
and inner circle respectively.

~2 Y
+y aJrfRfR] s (221)

We pay attention to how both the zero modes v and 7§ couple the outer and inner
boundaries. As shown in figure 1, the pairing of the left and right-moving sectors between two
copies of Liouville theory at the two asymptotic boundaries follows a similar permutation. We
can write down the metric on the spatial slice that corresponds to fixed holonomy wormhole
geometries [10], as shown in figure 2,

)2
ds* = (7& sinh?(p) + W) d¢® + dp? (2.22)

where p € (—00,00) and ¢ ~ ¢+ 2m. The whole theory consists of quantum states that comes
from the quantization of these wormhole backgrounds and we will show that the BTZ black
hole state can be viewed as a specific superposition of these wormhole states.

,10,



(v +7)

Figure 2. The spatial geometry that corresponds to fixed holonomies K = vLg, K = ’yfg. The
length of the waist is 7(y + 7).

The path integral for the quantization of the whole theory is given by [10, 17, 30]*

~ Pf(wa )Pf(wfR)Pf(w

00 - Pf(WN )
Zaxy = /0 &7 [ DD DI DT ]

) , c =
s R’ iSo[fr:fr:fL:fR] (993

where wy is the symplectic two form for the geometric action of f. Subsequently, the Hilbert
space of four coupled Alekseev-Shatashvili theories is composed from a sum over two copies
of Virasoro modules?

M= [Ty [T a0 e Y @ (@ YT (2.24)
0 0

2.2 Coupled Alekseev-Shatashvili theories and Liouville theory

In this section, we show that under a field redefinition, the action and measure can be
described by two copies of Liouville theory [9, 10, 15-17, 30, 59].

The non-trivial coupling by the zero modes v and 7 respectively sheds light on how the
four fields (fz, fr, fL, fR) should be paired to give two copies of Liouville theory. Focusing
on the pairing of (fr, fr) through the superselection sector v, we introduce the following
field redefinition [17, 60, 61]

fLf
o ) 5.2 LJR
(t, ) n( 27 Gon? (g(ﬁh))) ’

(2.25)
1 ]/:/ 1% / / Y
Oe(t,¢) = 5 | 7 — 5~ —v(fr+ fr)coth { S(fL—fr)) ] ,
b\ f. fr 2
Under this field redefinition, the symplectic two form becomes
Wy = /d¢ 0lle A 6D . (2.26)

which is the correct flat measure for Liouville theory. The second pair labelled by tildes
follows a similar non-canonical field redefinition, i.e. (fr, fr) — (®,1Iz). The action in (2.21)

#We have modded out the U(1) redundancies in the field redefinition for integration space of (2.23), see
(6.21) and appendix D of [30].

“The signs of v and 7 are chosen to correspond to smooth and nonsingular bottleneck geometries [10]. In
Liouville theory, this also eliminates the double counting on degenerate v and - states.
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then becomes

1 . S
So =g /dtdqﬁ (Hq@ — He + 1150 — Hg)
1 . 1 192 ¢ 9
= — [dtdp (e — [ VT + ——5 + 5 — 2
87r/ ¢< ® (2 et o T b2> (2.27)

s (1,0, 182

where the path integral of the four coupled Alekseev-Shatashvili theories becomes two copies
of the phase space path integral form of Liouville theory, which is equivalently

1 1. 1:2 = T oi
S(] _ = /dtde (2((1)2 _ (I)l2) _ eq) + 20" + 5(@ _ q)IQ) _ eq> + 2(1)1/) . (228)
us

In conclusion, we have shown that 3d gravity with two asymptotic boundaries is equivalent
to two copies of Liouville theory, where the left and right-moving sectors of each Liouville copy
are paired across the boundaries as shown in figure 1. This is similar to the correspondence
between Chern-Simons theories and WZW models for compact gauge groups where we need
to further impose gauge constraints to get gauge invariant wavefunctions in the bulk theory,
which further translates to imposing Ward identity on the boundary [62, 63]. This provides
the famous identification of the bulk Hilbert space with boundary conformal blocks, where
in particular for gravity, the bulk Hilbert space is given by Liouville conformal blocks [11].
In later parts of the paper, we show that the state in gravity is given by a superposition of
Ishibashi states, which has the same energy for the left and right-movers [39].

Before we move on to the study of wavefunctions, we want to point out that the
identification of the total bulk Hilbert space as two copies of Liouville theory is useful
in computing observables. For example, the exact two-boundary wormhole correlation
functions can be obtained by taking trace in the presence of operator insertions in Liouville
theory [14, 32]. In appendix B, we show an example of a two-boundary torus wormhole that
is obtained from the product of torus two-point functions, and in the Schwarzian limit b — 0,
we reproduce wormholes in JT gravity that have two insertions on each of its disk boundary.
It is mentioned in [26] that wormholes are the gravity dual description of quantum noise.

3 Hartle-Hawking state in 3d gravity

3.1 BTZ partition function and the Liouville ZZ boundary states

Euclidean non-rotating BTZ black hole is topologically a solid torus with a contractible
Euclidean time 7p circle, whose periodicity is . As shown in previous works [8-10, 27, 64],
the one-loop exact partition function for non-rotating BTZ can be expressed as a product

ozt (1) (1) o

of vacuum characters

— 12 —



with modular parameter 7 = % The Virasoro vacuum character yq is the trace over the

identity module of the Virasoro algebra:

c—1

_ Lo—=5\ _ (1 —q)q_ﬁ _ 2wt 3.2
x1(7) = Try, (¢M0721) = —FF— | g=¢"7, (3.2)
(7) = o (4075) = =05

and

n(r) = g/ ﬁ (1—-4"), (3.3)
n=1

is the Dedekind eta function.

We can define the Hartle-Hawking state for non-rotating BTZ by slicing open the path
integral for the partition function at the time reflection symmetric position. The spatial surface
where the slicing occurs has the topology of an annulus. In section 2, we reviewed the relation
between the bulk Hilbert space of gravity on an annulus to the Hilbert space of two copies of
Liouville theory, where a non-trivial matching of chiralities across the boundaries is involved.

The product of vacuum characters takes the following expression in terms of Liouville
theory states

(=7 )a(3) = (@2lg5|22)(2210 5122) = 22\ 22)(22) P 22),

(3.4)
where |ZZ) and |ZZ) are the two copies of ZZ boundary states in Liouville theory [33], and
H=H;+Hp=1Ly+ Lo — 15 is the total Hamiltonian for Liouville CF'T. For non-rotating
BTZ, ¢ = q is real. We will comment on complex ¢, i.e. the case for rotating BTZ black
holes, in the end.

We first briefly review the ZZ boundary states in Liouville theory. Zamolodchikov and
Zamolodchikov (ZZ) quantized Liouville theory on a Poincare disk and found a solution for
the quantized geometry [33]. The ZZ boundary condition for the classical solution is defined
at the location at which the Liouville field blows up. To be more specific, with |z| = 1 being
the radius of the Poincare disk, the ZZ boundary condition is

- 4
D(z,z
RICEER =t (3.5)

and the boundary is at |z| — 1. With the holomorphic coordinate transformation w =
flz) = —i%, we map the Poincare disk to the upper half plane, and the ZZ boundary
condition can be stated as

- 1
P (w,w)
e — Tmw)? (3.6)

which is defined on the real line w = w, as shown in figure 3. In quantizing the Liouville field
in (3.5) and as shown in figure 4, we can change to the closed string channel, and view the
Z7 boundary condition as giving us the ZZ conformal boundary state that satisfies [38, 39]

(Ln—L_y)|ZZ)=0. (3.7)
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Figure 3. (Left): on the Poincare disk, the ZZ boundary condition (indicated by orange line) is
imposed at |z] — 1. (Right): alternatively, we can conformally map the disk to the upper half plane
and impose the ZZ boundary condition on the real line w = w.

.
-

Figure 4. From the open-closed duality, we interpret the boundary condition in the open channel as
a boundary state in the closed channel [38].

S~ lo--

A complete set of solutions to (3.7) is given by Ishibashi states |P)), labeled by the normalizable
primary operators in Liouville theory,

Va = 6201@ = 62(%+Zp)q> y (38)

where P > 0, and the Ishibashi states are normalized as

P2

(Plg™~%|Q)) = xp(r)3(P — Q) = %&P -Q). (3.9)

Using the expression of the bulk one point function (V, (w)) in the presence of the ZZ boundary
condition, the ZZ boundary state can be written as a superposition of Ishibashi states [33]

22) = /0 T APW,(P)|P)), (3.10)

where the ZZ wavefunction is given by

)_ip/b L (3.11)

U2(P) = 2 inP (mpiy(0?) (1 — 2iPb)I(1 — 2iP/b)

and y(z) = T'(z)/T(1 — x). u is the cosmological constant and it scales as p = (47b?)~! in
the semiclassical limit b — 0. We can express the ZZ wavefunction in a compact form

Vz7(P)=1/S1pSL(P), (3.12)
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where Sqyp is the modular S-matrix

2P
Sy p = 4v/2sinh(27 Pb) sinh <7;> . (3.13)

Besides encoding the Cardy density of states in holographic 2d CFTs, Syp is also the

Plancherel measure on the quantum semi-group SLF (2, R) [31, 56]. Sp(P) is a pure phase

known as the Liouville reflection amplitude

_aippp T (1 + %) (1 + 2iPb)
r(1-24P)r(1-2ipP)

S1(P) =~ (muy (1)) (3.14)

In this paper, we consider another convention in normalizing the Liouville primary
operators [32]
o o200 2(F+iP)e 5.15)
VSLP) VSuP) '

In addition to putting the formulas in a much compact form, V., is Hermitian due to the

reflection property of Liouville primaries V,, under P — —P [33]. Hence, they are more
natural to be considered in the context of AdS/CFT. In terms of the normalized operators
Vs, the ZZ boundary state is given by®

22) = [ PV (PP = [T aP' VS| P)). (3.16)

which takes the same form of the Cardy state for the identity operator in rational CFTs [65].
We can easily check that

(221" %|22) = [ dPdQU22(P)V3,(Q)(Pla"#1Q))

= [T apsume(r) = (-1) (3.17)

T

where the above result can also be anticipated from the doubling trick, as shown in fig-
ure 5 [17, 36, 38]. In section 4, we demonstrate the doubling trick works similarly with
operator insertions, thus relating operators between the ZZ boundary states to Liouville
conformal blocks.

3.2 Hartle-Hawking state from the Liouville ZZ boundary states

With the partition function of non-rotating BTZ written as a transition amplitude in (3.4), it
is natural to slice open the path integral and expect an identification of the Hartle-Hawking
state with the evolved Liouville ZZ boundary states

) = ¥k |22)0% 5| 22)

o (3.18)
= e Pz Ve PHIY 7 7)

5We will use |P’) to denote the states related to the normalized primary operators V.
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Figure 5. The transition amplitude of the ZZ boundary states, as shown in (3.4), has the topology
of a cylinder and is equal to the identity character defined on the torus via the doubling trick.

chiral (anti-chiral)

B/a S

77 (22)

Figure 6. As shown, the chiral(anti-chiral) and anti-chiral(chiral) sectors of e’BH/4|ZZ>(\ZZ>)
live on the outer and inner circle of the Hartle-Hawking state respectively. The ZZ boundaries are
indicated by the orange S* circle in the angular direction. The two chiralities move in opposite thermal
directions, hence, we see a mixing of chiralities between the two boundaries on a constant time slice.

where = is used as the two states live in different Hilbert spaces, i.e. one being a gravitational
bulk state and the other being a boundary Liouville state. With |ZZ) as one of the copies
of the boundary states that lives on the spatial circle S?, e PR/ evolves the ZZ boundary
state such that the chiral and anti-chiral sectors of |ZZ) live on the outer and inner circle
respectively, as shown in figure 6. This also applies to ITZ ), but e PH/A evolves the moving
sectors with opposite chirality. Hence, there is a mixing of left and right-moving sectors
between the two copies of Liouville theories on the two asymptotic boundaries of the torus.

The relation between gravity and Liouville theory has been anticipated in [21, 66], where
Liouville theory was argued to be living on the kinematic space of Schwarzian theory, and
observables in JT gravity take the form of certain limits of Liouville quantities. In fact, the
Hartle-Hawking state in JT gravity follows a similar logic, and can be derived from considering
the near extremal limit of our result in 3d gravity [67, 68].% In this paper, we show why this
duality is naturally manifested from a geometrical point of view in 3d gravity, provided we
view Euclidean BTZ as a “two-boundary wormhole” and use techniques developed in [32] to
match the large ¢ behavior of Liouville quantities to results of semiclassical 3d gravity. The

5We thank Henry Lin for mentioning this to us.
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further exact identification between 3d gravity and Liouville at finite ¢ will be a consequence
of formulating 3d quantum gravity as quantization of the cotangent bundle of Teichmiiller
space, i.e. “Virasoro TQFT” [14].

Before we move on, we want to make an important comment. The Hartle-Hawking
state was famously shown to be holographically dual to the thermofield double state of the
holographic boundary CFT [29]:

(WESS) =Y e P2 B B (3.19)

We clearly see a similarity in expression between (3.18) and (3.19), as |ZZ), being constructed
from a superposition of Ishibashi states, have the same left and right-moving energies, both
for the primaries and all of the descendents. However, Liouville theory is not the holographic
CFT dual of 3d gravity, and (3.18) is not the thermofield double state for 3d gravity. For one
thing, Liouville theory has a flat spectrum and gravity exhibits a Cardy spectrum [34]. In
addition, the identity operator is absent in the spectrum of normalizable operators in Liouville
theory [69]. However, we later will see that the ZZ boundary state in Liouville encodes the
Cardy behavior in addition to projecting onto the identity module in the dual channel.

3.3 BTZ as a Maldacena-Maoz wormhole

In the absence of matter sources, Einstein equations in 3d gravity can be satisfied if we
use the “wormbhole slicing” ansatz

ds? = dp? + cosh® pe®*?) dzdz (3.20)

where ®(z,z) satisfies the Liouville equation

— €¢
009 = - (3.21)
In [32, 35] and illustrated in figure 7, the above “wormhole slicing” allows us to get an
identification between the semiclassical two-boundary wormhole gravitational path integral
and Liouville correlators. By solving 3d gravity with “Virasoro TQFT?”, the exact matching
between the two theories beyond large ¢ follows naturally [14].

Here, in matching Liouville quantities with results from 3d gravity with boundaries, we
make one further identification between the ZZ boundary condition in Liouville theory and
the Hartle-Hawking “no boundary” condition in gravity [70].

We use the BTZ partition function as a concrete example. The upper half-space con-

struction for non-rotating Euclidean BTZ was studied in [71, 72]. The metric is given by

2

dr 2,9
+r2de?, (3.22)
r2 — 7“3_

ds* = (r* —r})dr} +

where ¢ ~ ¢ + 27 is the periodic identification of the spatial circle, and the Euclidean time is
also identified, i.e. 7y ~ 7 + B, such that we have a smooth metric near the horizon. [ is
the inverse temperature of the black hole and is related to the horizon radius r; through
B = 27 /ry. The spacetime metric is locally isometric to the hyperbolic space H? and hence,
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AN

Figure 7. The wormholes in [32, 35] have two asymptotic boundaries. The Maldacena-Maoz
(Fuchsian) wormhole with three defects on the two spherical boundaries calculates the variance of the

three-point functions in the CFT ensemble.

we can perform a coordinate transformation to bring the Fuclidean BTZ metric to the upper

half-space metric of H? in Poincare coordinates,

2 _ .2
r2—r
x = 2 ter+? cosr T,
2 _ 2
r2—r )
y = —2+€r+¢SIHT+TE,
r

r
w = —+6T+¢ .
r

We further introduce spherical coordinates (R, 1, x) for the upper half-space
(z,y,w) = (Rcos cos x, Rsin cos x, Rsin x) ,

where the Euclidean BTZ metric becomes
1

ds? = %(daﬂ + dy? + duw?) = —2X(R2dX2 + R? cos® xdip? + dR?), (w > 0) .

R?sin
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ki

Figure 8. Although BTZ black holes have only one asymptotic boundary, they have a “wormhole
description as the ZZ boundaries (indicated by the disconnected orange lines) are glued together.

The periodic identification of ¢ requires R ~ Re?™™+, whereas the periodic identification of 7f
requires ¥ ~ 1 4+ 2m. Hence, as shown in figure 8, the BTZ black hole is the region between
the two domes in the upper half plane. To see the connection with the “wormbhole slicing”

in (3.20), we introduce the following coordinate transformation

tan v = tan <267T1m(z)> tanh p,

R=efRe( (3.26)
2
sin x = sechpsin (;Im(z)) ,
where Re(z) ~ Re(z) + 27 and Im(z) € [0, g}
The BTZ metric takes the following form,
ds? = dp? + cosh® pe®*?) dzdz (3.27)
with the Liouville field being
42 1
e’ (3.28)

N B sin? (%Im(z)) .

We also like to point out the connection between the solid torus picture in figure 5 and the
upper half-space construction in figure 8. The radial direction R in spherical coordinates is
the Schwarzschild angular coordinate ¢ of non-rotating BTZ. The polar angle x is the radial
direction r, where x = m/2 is the location of the horizon r = r; and 1) is the azimuthal angle
that is responsible for the thermal direction. The ZZ boundaries are located at ¢ = 0;m, as
indicated by the disconnected orange lines (They are S' circles because of the identification
in the spatial direction.) in the figures.

As shown in figure 9, the ZZ boundaries are located at Im(z) = 0 and Im(z) = g on

the cylindrical surface respectively and they glue the “two” copies of cylinder along their S!
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Im(2) = §/2

Figure 9. (Left): each Im(z) = constant leaf is a hyperbolic cylinder, with its two ends living on the
“two” asymptoticaly AdS boundaries respectively. (Right): each p = constant leaf is also a hyperbolic
cylinder, with the ZZ boundaries (orange S* circles) lying at both ends at Im(z) = 0 and Im(z) = 5/2
respectively.

N / / o
[N

Figure 10. (Left): the asymptotic boundary region of the upper half-space construction has the
topology of a torus where the concentric circles are identified with each other. (Right): using the
folding trick [37, 38], we can fold the anti-chiral half of the partition function in the lower half plane
onto the upper half plane, allowing us to have a non-chiral Liouville transition amplitude (one SL(2,R)
factor in gravity) on the upper half plane. We can also use the folding trick to fold the chiral half in
the upper half plane onto the lower half plane, getting another copy of non-chiral Liouville theory
(another SL(2, R) factor in gravity) in the lower half plane. In the end, there is a full Liouville theory
in the upper and lower half plane respectively, which corresponds to the two SL(2,R) factors in gravity.

at the asymptotic boundary. Furthermore, the periodicity of the thermal circle is restored
through the gluing. As shown in figure 9, with each constant p slice as a hyperbolic cylinder
on H2, we can think of the upper half-space construction of the bulk being composed from
constant p slices where p acts as an angle that rotates the hyperbolic cylinder e®dzdz around
the ZZ boundaries.
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Figure 11. Geometric description of holographic thermal 2n-point functions in section 4 from
wormhole slicing (n = 2 in the diagram).

Figure 12. Geometric description of Wheeler-DeWitt wavefunction in the ®q basis in section 5 from
wormbhole slicing.

For the computation of BTZ 2n-point functions in section 4, we show that there are
two ZZ boundaries residing on the ends of each p — +o0o cylindrical surface, in addition
to n operators inserted in each cylindrical region. This is illustrated in figure 11. Similar
to the BTZ partition function, the dual description of 2n-point function is just Liouville
correlators between two copies of ZZ boundaries.

For the study of Wheeler-DeWitt wavefunctions, we just need to impose the ZZ boundary
condition on one end and another boundary condition that corresponds to some bulk quantum
states on the other end of the cylindrical surface. We show an example of the ®g-states in
section 5.1, where through a direct calculation, the gravitational path integral matches the
transition amplitude between the ZZ boundary state and another state in Liouville. This
wormhole description for the wavefunction is illustrated in figure 12 and 13.
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Figure 13. (Left): the corresponding domain of the wavefunction at the asymptotic boundary.
(Right): the corresponding cylindrical region of the wavefunction on the upper half plane.

3.4 Gluing of AdS boundaries by ZZ boundary condition

In the above discussion for BTZ black hole, we like to avoid a naive geometrical contradiction
on viewing BTZ as a “wormhole”. Namely, the “wormhole slicing” is used to describe
geometries that have two asymptotic boundaries at p — fo00 respectively (figure 7) [32, 35],
whereas the BTZ black holes have only one asymptotic boundary (figure 8).” The reason for
this discrepancy is that when we impose the ZZ boundary conditions at the two ends of the
asymptotic cylindrical surface, the ZZ boundaries at p — 00 respectively are automatically
glued together. This is Cardy’s doubling trick [36] in the language of CFT, where we can
view correlation functions on the upper half plane with conformal boundary conditions on
the real axis as correlation functions for a chiral theory on the whole plane, which also comes
naturally from the Ward identity. In gravity, this corresponds to the “transparent boundary
condition” [35], and the gluing of the ZZ boundaries can be seen through the shrinking of the
codimension one cap formed by the ZZ cutoff ey.8 As a result, the distance between the “two”
halves goes to zero and the ZZ state being a “no boundary” state is justified.

The “wormhole” construction of BTZ has the topology annulus times interval Sql5 X
I, x I, = Ay, X I, which is what we expect from canonical quantization in section 2.
The spatial S* circles of constant p slices are identified at 75 = 0 and 75 = 5 respectively,
resulting in the geometry formed by foliation of constant p slices to be a solid torus. From
the CF'T point of view, the ZZ boundary condition ensures only the identity module runs in
the dual open channel and with the doubling trick, we get the vacuum conformal block in the
7 channel of the torus. Using the language of Chern-Simons theory, this ensures only the
trivial Wilson loop exists in the 7 cycle, which further corresponds to contractibility in the

A similar problem has been addressed in [35] for the hyperbolic slicing of global AdS.

8Geometrically, the gluing is seen through the extrinsic curvature contribution on the codimension-one
cap formed in the bulk by the ZZ boundary conditions. The contribution is equivalent to the bulk+AdS
boundary terms of the cylindrical region that we carve out in regulating divergences near the ZZ boundaries.
As a consequence, there seem to be “two” asymptotic regions but the “two” halves are glued together by the
zero-size cap formed by ZZ. This is demonstrated in appendix E.
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bulk of Euclidean black holes. In [73], it is stated that holographic duality has been taken
into account when we require a contractible Euclidean time cycle in ensuring a smooth near
horizon metric. Contractibility in the bulk plays an important role in quantum gravity, in
particular in the Euclidean path integral derivation of the Bekenstein-Hawking entropy [74].
In section 6, we see how this condition is related to the definition of trace in gravity and
its interplay with modular invariance.

4 Correlation functions and the identity block

We have shown in section 3 that the overlap between the ZZ boundary states on a finite
cylinder gives the chiral identity character in the dual channel, agreeing with what we expect
from holography duality and doubling trick. In this section, we further show that the ZZ
boundary states provide an easy way to capture the 2n-point functions for below black hole
threshold scalar operators (we will also call them scalar probe operators) in holographic CFTs.
From the doubling trick, we expect the expression to be given by the corresponding Virasoro
identity block in certain channel, just as what we obtain from modular transformation on
vacuum characters in one-loop partition function.
We propose the equivalence of the following three equations

GEY: a1, 2)

= (Oha, shay (21, 21)Oha oy (21, 21) - - - Ong, ey (203 Z0) Ohay hsy, (Zns 2n)) 8,812 1)
- <VC¥1 (2’1, El) e Van (Zm 271)>,8/2,ZZ<VO¢1 (217 Zl) e Van(g’m zn)>/3/272vz ) '

= C;2n<0ho¢1 7ho¢1 (217 gl)ohal 7ha1 (217 Zl) ctt Ohanyhan (Zn7 2"1)0}7/0471 7ho¢n (Zn’ Zn)>B,BTZ .

In the first line, we have the expectation value of scalar fields Ohal,h (z1,21) in gravity,

located at boundary points z; = ¢; + i7; in BTZ background where (-) ;ZBTZ indicates the
thermal expectation value in BTZ with inverse temperature . In this paper, we will
consider below black hole threshold operators, with large conformal dimensions, such that
1 < ha, < ¢/6 and m; = 2h,,. These fields in the bulk correspond to massive particles
that travel on geodesics. When they are heavy enough, they backreact on the geometry and
produce conical deficits, hence, we will also call them “defects” in such cases. We introduce
the defect strength n € [0,1/2] as in (A.3) following [32]. In the second line, we have the
rescaled Liouville operators
Va 1
7= | VB ne 03], (42)
o P real .

VSL(P))’

where we use po(P) to denote the density of states, i.e.

po(P) = 4v/2sinh(27 Pb) sinh (27pr> , (4.3)

in this section. Notice in (4.2) that there is a further rescaling of the probe operators by
1

v/ po(P)

compared to operators with real P, i.e. operators above the black hole threshold, and
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the reason will be clear later. The second line in (4.1) calculates the insertion of rescaled
Liouville operators between the Hartle-Hawking states, where more precisely (-)3 /2,77 Means
the expectation value obtained from the ZZ overlaps defined on a cylinder with height /2.
In other words, we propose to represent each pair of scalar probe operator insertions by
a product of two Liouville operators

A,

Oha, hey (21, 21)Ong i, (21, 21) = Vi (21, 21)Vaay (21, 21) - (4.4)

In the third line of (4.1), we have the ensemble-averaged expression in large ¢ CF'Ts where
Oha, ha, (21, 21) is a scalar operator with conformal dimension A; = 2hq,. ¢ is an overall
constant that is independent of the conformal weights and its expression is given in appendix A.
In this work, we focus on operator insertions that are symmetric in time reflection, which
is the analogue of the two-boundary Fuchsian wormholes in [32]. The situation for more
general operator insertions and spinning operators are discussed in the end, and will be
left as future work.

To verify the relations in (4.1), we first compute the on-shell action that has 2n operator
insertions at the AdS boundary of BTZ. We adopt the “wormhole slicing” metric in (3.27)
and with the associated Liouville solution from Einstein’s equations, we reproduce Liouville
correlators in the semiclassical limit, both for heavy and light probe operators. In doing so,
we have carefully taken into account the renormalization of operators with the associated
counterterms, generalizing results in [32] by considering regions with boundaries. To under-
stand the exact equivalence at finite ¢ [14], we study the two-point function as an example in
operator formalism in detail. We show the insertion of Liouville primary operators between
Hartle-Hawking states gives the corresponding CF'T identity block in the dual channel. From
the doubling trick, the scalar one-point function of V,, between Ishibashi states is equal to
the chiral two-point Virasoro block on the torus. The product of the ZZ wavefunctions gives
the modular S-matrix and combining with the DOZZ structure constant, we get exactly the
conformal crossing kernel [42-44]. Hence, two copies of one-point function V, between the
77 boundary states on a finite cylinder gives us the corresponding two-point identity block
on the torus in the dual channel. Finally, we also match Liouville correlators obtained from
77 overlaps with the ensemble averaged result of holographic CFTs.

4.1 Heavy probe operators

We first consider heavy probes” where a = /b is of order O(b~!) in the semiclassical limit.
Similar to [32], we use the wormhole slicing ansatz (3.27), and the probe fields are inserted
at z = z; for ¢ = 1,--- ,n. In the presence of these fields, Einstein equations for a hyperbolic
metric require the Liouville field ® to satisfy the Liouville equation with sources

6<I>

00® = 5

47TGN Zml5(2)(z — Z,‘) y (45)

where m; = 1;/2Gy is the local mass parameter that shows up in the worldline action
of the particle i.

9The conformal weight for probe operators are all below the black hole threshold ¢/6, the “heavy” refers to
operators with h/c held fixed in the semiclassical limit.
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Figure 14. (Left): n = 2 operators are inserted on each cylindrical region of the asymptotic boundary.
With the ZZ boundaries (indicated by orange line) being glued together, we have a total of four
operator insertions on the asymptotic torus. (Right): with n = 2 operators between the ZZ boundary
states on the upper half plane, we view the correlation function as non-chiral Liouville transition
amplitudes.

The ADM mass of the particle is related to the conformal dimension of the dual operator
through [32]

The geometry for the solution is shown in figure 11, and we expect the answer to be given
by Liouville theory defined on the boundary as figure 14.
The properly normalized gravitational action is given by

_S2n = _Sbulk - dery - SZZ - Sdefect - SCt(Ui) ) (47>

where the terms are defined as

1
167G N JBxR

~Shdry = SWgN (ﬁﬁ(@‘“;/m ﬁ@) ,

V(R +2),

—Shulk =

1
—Szz7 = hK
A S7Cn ), Vh , (4.8)
1
—Sdefect = Z (167FGN DR \/§R - mz/dlz) 5
1

—Set(m:) = Z ((1 —2n;) In(1 — 2n;) — 2n;Ine + 217Z~2 Ine; +1n2 — 1) .

i
We define the regions B = {|z — z;| > €;; X = Re(z) € [0,27);Y = Im(z) € [¢y,5/2 — &)}
and D; = {|z — 2| < ¢}. Y27 is the surface that describes the ZZ boundary conditions that

2G N
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glue the “two” asymptotic halves together and is located both at Im(z) = €,;5/2 — €,. €, is
introduced as a cutoff for the carved out cylindrical region to account for the divergences
from the ZZ boundary conditions and ¥ 77 glues the familiy of constant p leaves at the cutoff
surface. As argued in section 3, this is equivalent to studying the full BTZ background
without the carved out cylindrical region ¥ 7. We provide a careful analysis in showing the
equivalence of these two perspectives in gravity in section 5.

We follow a similar technique to [32] in determining Sct(7;) to renormalize the defect
operators and the steps are shown in appendix C. The Liouville field has the following
behavior as we approach the defects at z; and the ZZ boundary condition respectively,

(2. 2) —4n;In |z — z] z =z (4.9)
2,Z) ~ .
—2In(ey) Im(z) = € B/2—¢y .

As mentioned, we want to relate the 2n-point function to correlators in the CFT. We choose
an AdS cutoff py(z,2z) that is dependent on the behavior of the Liouville field @,

n2-2 z— zi| > €

po(s7) = 4 e 2 o=l > (4.10)
2 C;
In2 +2n;lne — 3 |z — zi| < €,

where C; are the O(1) terms of the expansion of the Liouville field around the defect. Away
from the defects, the induced metric at the asymptotic boundary p = +py(z, 2) is flat,

1 e® 1 _ N2
ds? ey (62 + 2) dzdz + 7 (9%dz + 0%dz) . (4.11)

The behavior of the particle in the bulk are given by geodesics. It is shown in [32] that
the worldline action of each particle 7 cancels the delta function concentrated at z; from
the scalar curvature due to defect and hence,

_Sdcfcct =0. (412)

The sum of the bulk and AdS boundary terms is given by

S — Sy = —— /dd’ 1(8<I>5<I>+ ¢)_1a(¢8¢)_e¢(1+1 6)
bulk bdy = 17Gn i zaz | e 5 5 ny ,

= ince /[B dzdz ( 10999 + ) 2(‘)((1)8@)) (4.13)
1 € 1

where we have used the fact that frl dzdze® is just the hyperbolic area of I' in the second
line of (4.13). The contribution by the ZZ boundary condition is given by

7 2 @
—Sy7=— j{ d (1 - — ) 0,9, 4.14
2z 2nG N Im(z)=¢, =\ € 2 ( )
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which cancels some of the boundary terms in (4.13). The total gravitational action, including
the counterterms gives us

C C
_S2n = _gsLiouville + 6 Xl: 5(771) ) (415)

where the renormalized Liouville action Spiouvile and s(n;) are given by

1 1 _ 1
—SLiouville = —5— / dzdz ((8@8@ + 6¢)) + ?{ dz®
2r JB 4 4mey Jim(2)=/2—e,

1 2 21
}{ dz® + = =2
Im(z)=ey

“y “y (4.16)
.
— dz®0® + 2n? Ine;

+Zi: g jlfz o, 12200+ 2, nez] )

s(mi) = 2(1 — 2n;)(In(1 — 2n;) + In2 — 1),
respectively. s(7;) is related to the semiclassical limit of the Liouville reflection amplitude

e 5 ~ S (P), (4.17)

matching the normalization of heavy probe operators that we introduced earlier and 7 ~ % +

1P \/g [32]. Hence, we have matched the semiclassical gravity calculation for heavy probe
operator insertions in BTZ to Liouville.

4.2 Light probe operators

The calculation in section 4.1 parallels the two-boundary Fuchsian wormhole calculation with
heavy defects in [32]. In our current situration, we can also consider light probe operator
insertions as in the absence of operator insertions, the BTZ black hole is a solution, unlike the
case for two-boundary sphere wormholes [32]. If we consider light probe operator insertions,
the 2n-point function of these operators is fully determined by the renormalized geodesic
lengths in BTZ background.

To be more specific, let us consider the defect strength to be small with o = bh ~ O(b)
in the small b limit [41]. As a result, there is no backreaction to the background metric.
From the Liouville overlap in (4.1), we obtain

gé%”:/) O (217 “ .. 72'”) ZBTZe 3 (ln2 1) ho‘lcb(zhgl)ehal@(zhzl) PP ehané(z”vg’ﬂ)ehan@(gnvz’ﬂ) ,

(4.18)
where ®(z;, z;) is now the background solution of the Liouville equation in (3.21) on a finite
cylindrical region and h,, is the associated conformal weights of the exponential Liouville
operator. In addition, we have taken into account the semiclassical behavior of the reflection
coefficient and density of states in the light defect regime, i.e. P = —ibh + % (% + b),

SL(P)po(P) ~ es(17n2) (4.19)

We can reproduce (4.18) from the gravitational action in (4.7) by shrinking the disks
D; such that the radius ¢; vanishes. The action becomes

_Szn:WIGN [ Va(R+2)+ ¢ /\F@ D+ GNAIZ[K Z( i/dli—l-Sct(O)).
(4.20)
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These light fields are dual to operators on the boundary CFT, with the usual mass-dimension
formula A; = 2h,, = 1+ 4/1+m? in AdS/CFT [75]. Note that the mass-dimension
formula for light proble operators is different from (4.6) due to absence of backreaction. We
immediately see that the first three terms give us the contribution to the thermal partition
function in (4.18) and the counterterm is exactly the normalization of Liouville operators
of the same defect strength

1

1
“Sal0) = gy 21~ S (—ibh+ 5 (3+0)) po (=ibh + 5 (3 +0))

2G N

(4.21)

It remains for us to determine the renormalized geodesic length between the two operators of
the same local mass m;, which is given by the value of the Liouville field at z;

po(zi,Z:) 2
/dli _ / dp—2In 2 = —®(z,%) . (4.22)
—po(zi;Zi) €
We therefore match the Liouville CFT calculation in (4.18) with the gravitational action
in (4.20) as we have m; = 2h,,.
If we set the defect strength to be zero, it is similar to inserting 2n identity operators
where the semiclassical limit of the correlation function is given by

gé,??),o(zl, S 2) A Zprge s M2 (4.23)
and the (S(0)po(0))™" ~ e ™2=Y normalization factor matches the total counterterm

contribution from the gravity side. In the absence of defects, the gravitational action
reproduces the thermal partition function for Euclidean BTZ with the following on-shell
Liouville action

7.(.2

Sp = ik (4.24)

As an explicit example, we further show that the above calculation matches with earlier

holographic computations [76, 77] on the thermal two-point function of scalar operators

Ohy, ha, With dimension Ay = 2h,,. More explicitly, from the AdS/CFT dictionary, the

thermal two-point function on S' x R in CFT is obtained by evaluating the regularized bulk
geodesic length L., between the two operators

(Ohay hoy (21, 21)Ohg | hay (21, 21)) 8,872

AL
= Zprze "B,

hoy hoy (4.25)

= ZBTZ

(In2-1)

Up to a normalization factor es , we match the correlation functions in (4.18) and (4.25)

G (z1) = 6%(111271)<0ha1,m1 (21, 21)Ohy, ha, (21, 21))5.BTZ - (4.26)
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4.3 Torus identity block from crossing kernel and ensemble average

From [14], the matching between 3d gravity and Liouville is beyond the semiclassical limit.
Here, we use the simplest two-point function as an explicit example to illustrate this fact, i.e.

G2 (21) = <Va1(21721))5/2,ZZ<V041(51’Zl)>5/2’2vz - (4.27)

From the doubling trick and Cardy behavior of the ZZ wavefunctions, we show that the final
expression takes the form of the two-point identity block on a torus.

Focusing on the chiral half, we have the following expression

(Vo (21, 21)) /2,22

= [T AP aQ (P QP P, e ) (4.28)
; )
= /0 dP'dQ'Cpozz (P, Pay, Q)W 4 (P') *Z,Z(Ql)fhpuhQ/(hal’ hay, 21 = 21, 5) 5

where 71 = (21 — z1)/2i is the location of the operator Vg, (z1,21) on the thermal circle
and P,, = —i(a; — Q/2). Cpozz is the normalized DOZZ structure constant defined in
appendix A. From the doubling trick, the insertion of Vj, (21, z1) between overlaps of Ishibashi
states gives a torus conformal block, more explicitly,!?

<<P/| e—(6/2771)HVa1677-1H |Ql>>
Cpozz(P', Py, Q")

— eimhor §° <P,7N17N1H:/oz1 |Q', N2, Na)
Nl,NQ <P,’ VOCI |Ql>

X exp (- <§_Tl> <hP/+N1—QC4) ! (hQ’+N _2C4>) (4.29)

= €iﬂ—hu1 Z <hP/7N1| Ohal |hQ/7N2> <h‘Q’7N2| Ohal |hP’aN1>
Ni,N2

X exp (— <§ —7'1> (hp/ + Ny — ;4) — T <hQ/ + No — 2C4>>

= ‘thth/(ha17ha17Zl - 2175) .

where Op,,, is a formal chiral operator with conformal weight hq, at the origin. The states
|hpr, N1) contain a whole orthonormal Virasoro module with conformal weight hp/. In
expressing the conformal block, we have chosen the normalization of the three point function
(hp'| Op,, |hq) to be unity.

Using the expression of the ZZ wavefunctions of rescaled Liouville operators labelled

10The phase in front of the sum is due to the phase difference of 7/2 between the z coordinate and Euclidean
time evolution [27].
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by P’, we obtain

A

(Vo (21,21)) /2,22

= /OOO dP/dQ’\/m p0(Q)Cp0z2(P'; Pay, Q) Fipr hey (haws hays 21 = 21, 8)
p

Oh,, Oh,,

(4.30)
_ /0 = dP'AQ/o0(P)/00(@) Crozz (P, Pay. Q')

Q/

The prefactor in front of the torus conformal block is exactly the crossing kernel [42-44],
which subsequently gives us the torus identity block in the dual channel,

Pl Ohal O
o R Oha Oh(x 1
/OdP’dQ’\/po(T/) p0(Q")Cpozz (P, Pay, Q") ;@* =
Q' !

(4.31)

hay

This is indeed what we expect from the doubling trick.

It is known that gravitational observables have an ensemble-averaged interpretation in
large ¢ CFTs [14, 32]. We like to match the result obtained in (4.31) with the ensemble averaged
result. In particular, the thermal two-point function has the conformal block expansion

(Ohay hoy (25 2)Ono hoy (25 2)) 5 BTZ
- Z ’Cplq‘thp,hq (hal ) h‘ala 2 217 B)‘Fhﬁ,hq(hala h‘Oél 5 gl — 21, 6) ) (432)
b,q

where hy,, h, are the conformal weights of intermediate states. If we average (4.32) over
the large ¢ CFT ensemble introduced in [32], we can make the following replacement when
performing the average

> [ dPaPaQaQ po(P) oo Pl @)en(@)
p.q

lep1gl® = Co(hpr, hay, hg)Co(hpr hay s hy)

_ Cpozz(P', Pa,, Qi)ODOZZ(P',_Pal,@’) ,
Voo P)po(P)o(@)eo(@)

Fhyha(hrs hays 21 = 1, 8) = Fipy gy (hans By 21 = 21, )

(4.33)

where the density of states of the ensemble coincides with the modular S-matrix of Liouville
and Cy is the universal OPE function. We finally arrive at the expression of the averaged
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thermal two-point function

cb_2<0hal 7ha1 (27 E)Ohal 7h041 (27 Z)>B’BTZ
~ ’ /0 dP/dQ/ \/ PO(P,) pO(Ql)éDOZZ(Plv POA17Q,)]:hP/,hQ/ (hala hoqa Z1 — Zla 6)

= <‘7041 (Zb 21)>B/2,ZZ<V041 (217 Z1)>5/27ZA“Z )

2
. (4.34)

matching the result that we obtain from two copies of scalar one-point function inserted
between two ZZ overlaps on a finite cylinder.!! In contrast to the two-boundary wormhole
calculation in [32], the ensemble average calculation for BTZ correlation functions doesn’t
involve delta functions as we are performing the trace on a finite cylinder, and hence, the
intermediate states automatically have the same conformal weights.

4.4 77 boundary states for Virasoro conformal blocks on a sphere

We have been focusing on obtaining observables and Hartle-Hawking state at finite temperature
from the Liouville ZZ boundary states. In this subsection, we briefly illustrate on obtaining
Virasoro conformal blocks on the sphere from the ZZ boundary states.'? From section 3.1
and figure 3, the ZZ boundary condition on |z| = 1 of the Poincare disk can be mapped
to the real axis of the upper half plane using the holomorphic conformal transformation

w=f(z)= —zzﬁ In particular, we can compute the normalized two point function on the

upper half plane with only one ZZ boundary condition on the real axis (which can also be
interpreted as the overlap between the ZZ boundary state and vacuum) and obtain [33]

<Va1(21721)‘7a2(22722)>zz (4.35)

Ga17a2x = 7= ~
O a2}y (Vo)

(z1—22)(21—22)
(z1-22)(21—22)
G, ,a0 () is the chiral identity Virasoro block on the sphere in the dual channel

where x = is the cross ratio. This indeed matches with the doubling trick, as

Goyon(t) = (1 —2)*F ( “21,1- :z:) . (4.36)

It’s interesting to point out that although Liouville theory is not chaotic and has a flat
spectrum, the information about gravitational scattering and quantum chaos is included
in Liouville data. For example, we can study the out-of-time-ordered correlation function
(OTOC) using the exact formula (4.36) in the context of quantum chaos in 2d CFTs [78].
As an exact formula, it doesn’t have the “forbidden singularity” that appears in approxima-
tions [79, 80]. More explicitly, the information that describes gravitational scattering and
scrambling behind the horizon is encoded in operator ordering and the monodromy properties
of CFT conformal blocks are all encoded in the R-matrix of Liouville theory [21, 81, 82].

" Similar results have also been obtained in [31].
12We thank Tom Hartman for suggesting this to us.
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5 Wheeler-DeWitt wavefunctions

For 2d JT gravity, the Wheeler-DeWitt wavefunctions have been studied in [22, 23], and
the authors found two bases that correspond to fixing the renormalized geodesic length L
and fixing energy F respectively. Following a similar spirit as previous works, we propose
the Wheeler-DeWitt wavefunctions to be represented by two bases: the (®g,.J)-basis and
(E, J)-basis where ®( is the analogue of renormalized geodesic length. In addition, ®g
is related to the height and waist of a hyperbolic cylinder at a spatial slice in 3d, as we
demonstrate soon. F is the ADM energy and J is the angular momentum of the black hole.

5.1 Boundary value problem for the wavefunctions

In this subsection, we describe the boundary value problem for the study of Wheeler-DeWitt
wavefunctions where the geometry of the wavefunction (M, g,,,) has two hypersurfaces as
its boundary: B and . We generalize the machinery developed in [83-85] to Euclidean
signature to study the boundary value problem.

The gravitational action is given by

_ 1 3 1 2 o
Serav = Tonge /Md :c\/g(R+2)+87rGN/Bd 270 - 1)

1 1 T
d>zvVhK — /d J/or—
+87TGN/E wVh 8GN JT v UFQ’

(5.1)

where I' = BN X is composed of two disconnected codimension two joints and (or)4p is the
induced metric of I'. With v, as the induced metric of B and r* as the outward pointing
normal vector, the extrinsic curvature of B is given by 0,, = vﬁ‘vam. With h;; as the
induced metric of ¥ and u* as the outward pointing normal vector, the extrinsic curvature is
given by K, = hi;Vau,. We soon clarify the last term of (5.1), which is added by hand in
defining the gravitational action for studying the wavefunction [22, 86].

Since we have the codimension two joints I' from the intersection of B and X, the
Hayward corner terms arise in terms of the local angle 6 at the joints when we smoothen
out the region near I' [85-87],

S G /Fdx\/UFH = %nCn /Fda:\/ap cos” " (r-u) . (5.2)

-5 Hayward —

When the local angle at the two disconnected joints I' are right angles respectively, the
contribution from the Hayward term is given by 6 = m/2, thus cancelling the last term
n (5.1). After the smoothening procedure, the two GHY boundary terms can be expressed
as a sum of three terms, as shown in figure 15,

8W1GN UB de/7 (0 - 1) +/Ed2x\/ﬁK] S

87;;N [ . A’z (0 — 1) + /Z d*zVhE + /F dxmo] : (5.3)

where B’ is the part of region B excluding I' at the AdS boundary. This applies too for X'.
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Figure 15. The geometry corresponding to the calculation of the 3d Wheeler-DeWitt wavefunctions.
B’ is the smooth part of the asymptotically AdS boundary, ¥’ is where we impose the boundary
condition corresponding to the argument of the wavefunction and I' is the codimension two intersection
between B and X.

We rewrite (5.1) in terms of smooth extrinsic curvature components at the corresponding

boundary regions'?

g L s 2
Sg“””_167rG /dx\/g(RJrz) 8G pdVTO-1

g foni(0-3)
87TGN dx\r +8GN dxf@

The variation of the action 5S’grav with respect to a metric variation dg,,, is given by [85]

(5.4)

_ _ 1 3 wy v o }/ 2 ab
0Sgrav = 167G / d x\/ﬁ(G ") dgu Az /YT 6Yap

(5.5)
d*xP98hij + ——— dx <9 — ) 5\/or ,
% 8 G
where G* is the Einstein tensor, 7% is the Brown-York stress tensor [84]
1

Tab _ @ab . ab@ ab 56

r—en ( 1O +4%) (5.6)
and P% is the momentum conjugate to hij

y B D
PY = L(K” — hYK) . (5.7)

167Gy

For the variational terms on the Y’ surface, we like to further perform an ADM splitting
for the induced metric hj;;

hijdatda? = M2dp* + o ap(d¢? + WAdp) (d¢P + WBdp) (5.8)

where M is the “radial” lapse function, W4 is the radial shift and g 45 is the metric of a
codimension two surface that foliates ¥’. The normal vector to this foliation is n; = M D;p,
where D; is the covariant derivative compatible with h;;. The variation of the induced metric
dh;j follows a similar decomposition [85]

2 2

Ohij = — —

M M

13Eq. (5.4) is similar to Trace K action defined in (1.2) of [85].

nmj(SM + UA(inj)(SWA + U(Z‘U]-BB(SUAB , (5.9)
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and we obtain the following equation
g 1 .
— | d*xPYsh;; = / d*x\/o <Z6M+ GAdWA — P’]anBdaAjgg) , (5.10)
2% Y Vo J

where [ is the normal momentum density and j4 is the tangential (angular) momentum
density of the codimension two surface op
_ 2Pijninj

vVho
. 2P;i0yn’
ja = —% .

With the variational terms written down explicitly in (5.5), we are ready to specify the

(5.11)

boundary conditions imposed for the study of wavefunctions.
B’ is the surface that describes the asymptotically AdS boundary and we impose the
usual Dirichlet boundary condition

ds?|i =~ (dr2 + do?) + O(1), (5.12)
€

where € is the AdS cutoff. The topology of B’ on the AdS boundary is a cylinder, where the
range of 7 is /2 and the spatial circle has periodicity ¢ ~ ¢ + 2.

On Y, we first discuss boundary conditions corresponding to wavefunctions with zero
angular momentum. The boundary conditions on ¥’ that corresponds to the fixed ®(-basis
is given by

M=1, ja=0, PiofeP =0, (5.13)

where the last equation implies n* is a tangent vector for a geodesic curve in M, i.e.
ntV,n" = 0.'4 The range of p on ¥’ is chosen to be QIH% — &y where —® plays the role
of a renormalized geodesic length in the p direction.

The fixed (E,J = 0)-states have the following boundary conditions on X',

l,ja=0, oap=8GNEcosh?pda4p.4, (5.16)

'To show n* being the tangent of a geodesic curve in M, we first note that from (5.7) and (5.13),
U:OEKHV —o*PK =0
(5.14)
K =0"V,u,,

where the second line of (5.14) comes from o 4p having only one component in 3d. From the original expression
of K., we have

Ky = bV ou,
(o5 +n"nu)Vaus, (5.15)

_ v a n
K =0""V,yu, —uun®Van®,

and immediately from the last line of (5.15), we see n®*V,n* = 0 to satisfy boundary conditions on ¥'. In
deriving these relations, we have used the completeness relation, i.e. o” = aff‘a]";oAB, n* = htn’ ... and the
Leibniz rule, i.e. n,n®*Vau" = —u,n*Van'.

5In writing down the boundary conditions, a gauge has been chosen. This is similar to the 2d case [22].
We like to clarify that lhere = Genere in [45] as we use ¢ for something else in this paper.
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where the horizon with ry = /8GN FE is located at p = 0 and p = F1n (\/ZG}WJ — +00

is where the AdS boundary resides. | = 0 implies that the codimension two surface I' that

foliates Y is extremal in the direction parallel to u* and j4 = 0 implies the absence of

angular momentum. !

On I', we impose Dirichlet boundary condition such that the induced metric is
1
ds’|r = 5 d¢* + O(1), (5.17)
€

where ¢ € [0,27) parameterizes the spatial circle on T
We can also study wavefunctions with fixed non-zero angular momentum. We need to
further add the following boundary term to the action in (5.4) [45, 83],

—/ dPaTjaWA, (5.18)
Z/
such that the following variational term on X’ in (5.10) becomes
BaTjadWh = — | dPaWAS(\aja) . (5.19)

30 3]

We can thus impose the following boundary conditions for the (®g, J)-basis
L i ij A _B
M - 1) \/E]A = 275%1457 PJO" g; = 0) (520)
T

where J is imaginary for Euclidean solutions. For the (F,.J)-basis in [45], the following
boundary conditions are imposed on Y,
—iJ

=0, Voja= 2—5A7¢, OAB = T_%_(E, J) cosh2p5,47¢637¢, (5.21)
T

where r%(E,J) = 4GN(E + VE? — J2).

5.2 Geometry for the ®y-basis

We first show the solution for the ®g-basis, and it takes the following metric parametrization

ds? = dp® + cosh? pe®dzdz (5.22)
where )
e® = (*B”) L : (5.23)
21 /) sin? (%Im(z))

and the parameter r is determined by the following implicit equation

2

e®0 = (ﬁ”> L (5.24)
21 ) sin? (%)

5This differs from the E-states studied in [45], where W* = 0 is chosen instead of j4 = 0 here. W* =0

allows j4 to take any value in the path integral, and at the saddle-point, j4 = 0. On the other hand, we
choose to study the state that corresponds to j4 = 0 and subsequently, match it with Liouville.
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Figure 16. (Left): ¥/ is a hyperbolic cylinder with renormalized height —®, and waist 472e®0/f.
(Right): each constant p slice of the Hartle-Hawking wavefunction is a hyperbolic cylinder with
ZZ-boundary conditions (indicated by orange line) at one end and on the other end at Im(z) = 7/2,
the Liouville field takes a constant value ®g. The spatial circle is identified as X ~ X + 472 /8.

We like to emphasize that § # 27 /r, in general, but the relation S = 27 /r only holds at
the peak of the wavefunction, or at the saddle-point when we use overlaps of the wavefunction
to compute the partition function. The range of z is given by Re(z) € [0,472/3);Im(z) €
[0,7/2],'7 whereas p has the range of p € [—po(®), po(P)] with po(®) = In2 — %. In fact,
this geometry is a portion of a BTZ black hole solution with inverse temperature 27 /r that
has thermal length 5/2 at the asymptotic boundary. We remind ourselves that there are
“two” halves of the AdS boundary slices defined by p = +po(®) respectively when we use the
wormbhole slicing to describe the spacetime geometry of non-rotating BTZ. We demonstrate
the gluing of the “two” halves in gravity in a moment.

The B’ surface, which is the asymptotically AdS boundary, is given by the union of
the p = £po(P) surfaces with

1 e 1 - 2
2 ~ - . — - —_
ds®|p =~ (62 + 5 ) dzdz + 1 (BQDdz + 8<I>dz) . (5.25)
The X' slice is given by the Im(z) = 7 surface, and the induced metric is
ds®|sy = dp® + cosh? pe®0dX? (5.26)

such that the boundary value problem in (5.13) is satisfied and X = Re(z). The Liouville field
® takes a constant value of @ on the ¥ surface. Geometrically and as shown in figure 16, ¥’
is a hyperbolic cylinder with waist 472e®°/3 and renormalized length —®.'®

The geometry of the solution is given in figure 12. Similar to the geometric picture we
had in section 3.3 in using the wormhole slicing to describe the BTZ partition function, the
®(-basis Hartle-Hawking wavefunction can also be thought as being composed from constant

In principle, we have to further rescale the AdS cutoff ¢ to match with the cylindrical region defined
in (5.12). However, with the conformal ratio of the boundary cylinder being fixed to 3/4m, we choose not to
keep track on the overall rescaling of the cylindrical region.

18We thank Tom Hartman for useful discussions.
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Figure 17. We illustrate the Wheeler-DeWitt wavefunction in the ®(-basis as a portion of non-
rotating BTZ. With the cutoff surface formed from the ZZ boundary conditions, we see that the “two”
disconnected AdS boundaries B are reduced to a connected B’ surface when we shrink the ZZ surface
to zero size. This justifies the fact of the ZZ boundary condition in Liouville being a “no-boundary”
condition in gravity.

p slices, where each p =constant leaf is a part of a hyperbolic cylinder, as shown in figure 16.
p acts as an angle that rotates the p =constant leaf around the ZZ boundaries.!?

We are now ready to evaluate the on-shell action. First of all, we like to explain the
problem related to the gluing of the ZZ boundaries in gravity. In using the wormhole slicing,
we see that our solution for the metric diverges near Im(z) = 0. This is an artifact in
the choice of parametrizing the solution, which follows from our discussion on the BTZ
partition function in section 3.3. We impose a cutoff at Im(2) = ¢, and study the geometry
in figure 17 in calculating the action. This corresponds to carving out a cylindrical region
M — M’ in the bulk and we soon show the contribution of the bulk+AdS boundary terms
of M — M’ to be given by the boundary term at the Im(z) = ¢, cutoff surface. As shown
in figure 18, with the Im(z) = ¢, surface formed from ZZ boundary conditions, we see the
gluing of the “two” halves being manifested by shrinking M — M’ to zero size. The on-shell
action in (5.4) is then simplified to?’

1
167G N S

1 D 1 7r
d>zvVhK /d,ﬁ(@—),
T SnGy /E’ZZ el Gl Ut

where B” is the part of B’ with Im(z) > €, at p = £po(®). We introduce the shorthand
notation fZZ/ZZ to indicate [y, — fE/Z , Where ¥/, is the surface at Im(z) = ¢,. M’ is the bulk

dBry/g(R+2) + L d*x /v (0 —1)

_SgraV((I)O) - 87TGN B

(5.27)

9We thank Tom Hartman for useful discussions.

20The extrinsic curvature contribution at the surface formed from ZZ boundary conditions excludes the
Hayward term contribution at the spacelike joint BN ¥ zz. This is indicated through the prime label in ¥/, .
We later will see with the gluing of the ZZ boundaries, there is no Hayward contribution at B” N Xzz.
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Figure 18. The cross section of the carved out cylindrical region M — M’ is shown. The bulk+AdS
boundary terms of the cylindrical region is equivalent to the GHY contribution at the ZZ cutoff surface

l
X

region enclosed by the boundaries ¥, B” and ¥7. In appendix E, we show that

: 673GN ( /MM, P JG(R+2) +2 /B N VACE 1)) _ —8W2N /Z . LaoVhK
(5.28)
such that the on-shell actions (5.4) and (5.27) are indeed the same. In fact, when we compute
the local angle 6 at the joint B” N Xz in the ¢, — 0 limit, we see that it vanishes when we
shrink the carved out cylindrical region to zero size. Hence, in the ¢, — 0 limit, the “two”

boundaries at +pg(®) are glued together, and they combine into the smooth surface B’. If we
start with the action in (5.27) in defining the gravitational action for the study of wavefunction,
we would have imposed the Dirichlet boundary condition for a disconnected B” and this is
equivalent to the connected “no-boundary” AdS boundary condition, as argued in section 3.3.

Performing a similar calculation to section 4.1, we obtain the following expression from
the bulk and AdS boundary terms

1 3 1 2 _
67Cn M/d :B\/g(R+2)—|—87rGN B”d /7 (0 — 1) 5.9
U i (0800 4 o) — L(@00) - 000 (141" |
__47TGN/BdZdZ (4(8(I>8<I>—|—e ) 28(@0@) 00D (1—|—ln2>) .

where B is the cylindrical domain: Re(z) € [0,472 /3], Im(z) € [ey, 7/2]. For the contribution
from the smooth components of K on the ¥ surfaces, we obtain

I7G N

S ]{ dz (ln2 - q)(’) 9, ® —7( dz (ln2 - qbZZ) 8.0) . (5.30)
4nGN \Jim(z)=n/2 e 2 Im(z)=¢, € 2

Given that I' is composed from two disconnected joints, the corresponding 6 is given by

1 5
/ d2x\/ﬁK
Xz

the sum of the two contributions. With rff being the outward unit normal to the p = po(®)
surfaces respectively and u,, to be the forward pointing normal vector to the Im(z) = constant
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surface, we obtain the Hayward term

1 ™ _ 1 1+ 1, _
e /Fdx\/ap (9 2) = SrCne fim(z):w/Q dz (cos (r"-u) +cos” (r -u) 7T) ,
1

= — dz0,P . 5.31
drG N f}m(z):ﬂ/2 ‘ ( )

One can check that the local angle 6 between B” and ¥z, vanishes in the ¢, — 0 limit as

—rF gy 4, =1 when M — M’ is of zero size, hence, Hayward term is absent at this joint.
Summing the terms above, we obtain the expression for the on-shell action in the
Pp-basis as

™

GnBey’

1 _
S (20) =~ /B dzdz (4(0@3@ + e‘1>)> +

_ Bri(®o) 1y (Po) cot Br (o)
16G N 2G N 4 ’

(5.32)

where 74 (®p) is given by the implicit function in (5.24). Hence, the semiclassical Hartle-
Hawking wavefunction in the ®g-basis is given by

2
Bri(®0)  ry(®g) cot 57-+i<1>0>

\IJEI/HQ(@O) ~ e 100N | 20y , (5.33)

Similar to JT gravity, we see that the peak of the wavefunction occurs when the thermal
length /3/2 takes half the value of the inverse temperature of the black hole, i.e. 8 = 27 /7.

5.3 ®(-basis wavefunction from Liouville theory

As our gravitational solution takes the form of the wormbhole slicing, we expect the gravity

calculation to be directly connected with Liouville theory, similar to correlation functions in

section 4. At p — £po(P), we see from figure 19 that the boundary geometry can be viewed

as a transition amplitude on a cylinder in Liouville theory, where on one end of the cylinder,

we have the ZZ boundary condition and on the other one, we have a constant ® = P slice.
More explicitly, we consider the Liouville action

! L o5 1 271 2
—SLiouville(®0) = —*/ dzdz ((8<I>8<I> + eq’)> + ]4 ded + 0w | T
2m /B 4 Tey JIm(z)=¢y ﬁey /Bey

(5.34)

With the expression of Liouville field obtained from Einstein’s equations in (5.23), the on-shell
Liouville action (5.34) takes the following finite value

mi@o) 1y (Bg) cot 2+ (5.35)

—SLiouville(®0) = 1

and the gravitational Wheeler-DeWitt wavefunction is related to the on-shell Liouville
action by

o~ Serav(®0) ~ e_ﬁsLiouville(q)O) _

(5.36)
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Figure 19. (Left): the asymptotic boundary region of the wavefunction wormhole with the cutoff ¢,.
(Right): using the folding trick, the anti-chiral (chiral) half of the Wheeler-DeWitt wavefunction is
folded onto the upper half plane. Slicing the partition function open in half of the thermal direction is
equivalent of having the height of the finite cylinder to be 7/2, in addition to having the conformal
ratio to be (/4.

Besides the on-shell Liouville action, we like to obtain the gravitational Wheeler-DeWitt
wavefunction from Liouville overlaps. We consider the following state,

20) = [~ aP(Plo0) |P)) (5.37)

where (®g|P) is the Liouville zero mode wavefunction, which is obtained by solving the
Liouville Hamiltonian for the eigenfunctions in the mini-superspace approximation where
only the zero mode is kept, and we get [40],%!

9 (%)—iP/b ) .
(®0|P) = ¢p(®o) = FZP)K (b;) . (5.38)
T b

The semiclassical Wheeler-DeWitt wavefunction in the ®g-basis can be obtained by
considering the semiclassical limit of the overlap

(®ole P4 7 2)(Dg|ePH/4 ZZ)

el 2 [% apw (P 2 5.39
- |77(T)\2/0 APV, (Pyyp(®)e " /2/0 APUE(P)p(Pg)e PT7/2, (5.39)

To get the small b limit of the above expression, we first consider the integral formula for K, ()

1 [ )
Koy (2) = 5 / dee coshE—ine (5.40)
—0oQ

A There is a rescaling of 27/ to e®0/2

comparing to ¥ p(Pg) in [40]. This comes from how the classical
Liouville field varies when we perform a holomorphic coordinate transformation in changing the circumference

of the spatial circle from 27 to 472/3.

— 40 —



and the semiclassical limit is contributed from primary fields,

s T i} B 2 7
(®g|le P/ 7 2) ~ —25/4 /oo d¢ T PPt i coshe B (5.41)

—00 0

Performing a similar semiclassical analysis to the other copy, the saddle point result of the
two copies of Liouville overlap is given by

<¢0’6_5H/4|ZZ><(I)O|€_6H/4|ZZ> %exp<ﬁ =+ cot<b ﬁ)"’ Gaif + cot<b B>>’

2 b 2 2 b 2
(5.42)
where P, ]5* satisfy the following relations at the saddle point
bP, ~ bP,
P, = %6%/2 sin (26) , Py= %e%/z sin <2ﬁ> . (5.43)

To match with the gravity and Liouville on-shell actions in (5.36), it remains for us
to identify the saddle point value of the Liouville momenta with the horizon radius via
P, (®g) = r4(Pg)/2b, which is similar to the relation found in [88]. We subsequently have

<<I>o’efﬁH/4\ZZ><@0\67'BH/4|Z/Z> ~ e~ 5 SLiowille(P0) o= Sarav(®0) (5.44)

where ¢ = b% — 400 in the semiclassical limit. The last equation is obtained through the
Brown-Henneaux central charge formula, ¢ = ﬁ

In short, we have shown that the ®(-state gravitational wavefunction can be viewed as
two copies of ZZ-®q Liouville transition amplitudes, which is similar to having two copies

of Liouville observables as BTZ correlation functions in section 4.

5.4 (P, J)-basis Wheeler-DeWitt wavefunction

In this section, we study the Wheeler-DeWitt wavefunction in the (®g,.J) basis, which
corresponds to the boundary conditions in (5.20).
The solution takes the form of a quasi-Fuchsian wormhole metric [32]22

) 1 ~ _
ds* = dp* + cosh? pe®*?|dz + 5(1 + tanh p)t(2)6_¢(z’z)d2‘2 , (5.45)

where ®(z, z) is again the Liouville solution (5.23) on a finite cylinder and @ is given by (5.24).
In general, with the Beltrami coefficient p = #(2)e~®, the complex structure on the
“right” boundary is deformed, as

dp® + Le 2012 |dz)? — —00
ds? =P T dz] p (5.46)
dp? + e T®|dz + pdz*,  p— 400
If we choose a similar z-dependent AdS cutoff p = — ln% + % for the “left” boundary, we
have a flat induced metric at leading order in €
1
dsiy = :dezﬁ : (5.47)

22We thank Tom Hartman for helpful discussions on the quasi-Fuchsian wavefunction.
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We put quotes for “left” and “right” since the Hartle-Hawking wavefunction has only one
asymptotic boundary, and the “two” boundaries are glued together, as shown in section 3.4
and section 5.2.

For the “right” boundary, we first let w(z, z) be a solution to the Beltrami equation,

ow
H= o’ (5.48)
such that
-2
\dz + pdz|? = 8%’ |dwl|? . (5.49)

If we choose a different cutoff p = ln% - % +In |%—1§| for the “right” boundary, the metric
is again flat,

1
dSgnt = €—2|dw|2 : (5.50)

The solution to our boundary value problem has t(z) = it = 8GxJ and the solution to
the Beltrami equation is given by

Bri Bry
5. cot (?Im(z))

2i cot ™! -
()
w(z,z) =z + - (5.51)
<ﬂ2r7:’> + it
Close to X7z, i.e. Im(z) = €, the Beltrami coefficient vanishes and we obtain
W(Z, 2)|Im(z):ey =z (552)

We are ready to compute the gravitational action with the quasi-Fuchsian metric as
our solution for the Wheeler-DeWitt wavefunction. The on-shell action takes a similar
form as (5.27)

1 1
—Serav (Po, J) = a3 R+ +—o | & -1
(@0, ) = 1 [ G R+D + e [ Paym©-1)
1 b 1 T
d? hK—/ d? AW A 7/d (0—).
+87rGN /Z’ZZ wVh 8 2/ 0ja +87TGN s x\/or 5

(5.53)

As mentioned, a z dependent cutoff for p is chosen such that the induced metric at the
asymptotic boundary B’ is flat. The cutoff surfaces are defined as p = — ln% + % for the
“left” boundary and p = ln% — % + In \%—Zﬂ for the “right” boundary.

For ¥/, the induced metric is given by

1
ds?|sy = dp® + cosh? pe?® (1 + 1(1 + tanh p)2t262¢) dx?, (5.54)

such that the boundary conditions in (5.20) are satisfied.
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We can simplify the computation using the decomposition of the Ricci scalar in (D.5)
and extrinsic curvature splittings in (D.7), and the action in (5.53) becomes (D.6)

1673GN</ xf( ) 4 K2 KWKW+2)

+2/ d%ﬁ(%k—l—t“Vua)+2/dm¢E<0—g)),
B" r

_Sgrav(q)Oa J) =

(5.55)

where the boundary terms on X’ and ', , cancel with the total derivative contribution from
the bulk and the added boundary term vanishes as W4 = 0.
Using the quasi-Fuchsian metric in (5.45), we obtain

1 1 = s
—Serav(Po, J) = — dzdz | —————==0000 @ ,
Sgrav(®0, ) 167TGN/B N Z(1+t2€2@8 O +e >+GNB€y
7+ (Do) dim3t 1 4im3t Bri(®o)
= 1+ —F—— 1 5.56

4G N e l - 3213 (Do) ran - 323 (®o) Ty (5:56)
r+(®o) . Bri(Po)

+ 9Cn cot 1 ,

Next, we want to reproduce this gravity result from Liouville theory. With different moduli
between the “two” asymptotic boundaries, we remind ourselves that we must take into
account a mixing of moduli between the “two” asymptotic boundaries [9, 32]. This suggests
us to propose the following matching between 3d gravity and Liouville theory if the two
asymptotic boundaries have different moduli

C C
_Sgrav<q)07 J) = _ESLiouv(z,w)((I)Oy J) - ESLiouv(w,Z) (@0’ J) s (557)

where Stiouv(z,w)(®Po,J) is the Liouville action that governs a Liouville field ®_ in a flat
complex metric of dzdw. Stiouv(w,z)(Po,J) is the complex conjugate of Stiguy(z,a)(Po, /)
The actions for the two Liouville fields ®. are given by

—SLiouv(z,w)(‘I)o, :_7/ dzdw( 8 O_0pP_ + e ))
]{ AP +2i+2ﬂln€y’
Amey Jim(z)=e, Pey DBy (5.58)
_SLiouv(w,E) (®o, J) = — 7/ dwdz ( Op®1+0:P 4 + 6¢+)>
2 211
+ ]{ dwd, + —— + T2
47T€y Im(w)=¢y B €y ﬁéy
where the two Liouville fields satisfy the following classical equations
P
8.05®_ = 67
K (5.59)
8w85<1>+ == 7 .
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Figure 20. The “Pacman” geometry that corresponds to fixed (E, J)-basis Wheeler-DeWitt wave-
functions in 3d gravity.

If we use the solution to the Beltrami equation in (5.51), we obtain

®od 1 2 2l
—SLiouv(z,m) (Po, J) = ——/ dzdz 0 8_ +e2 |+ ]( ded + 21 L 2Ty 7
’ 1—ite Amey Jim(z)=¢, Bey Bey
®oP 1 2 2l
_SLiouv(w 2)((1)07 = _7/ dzdz 0 ai + 6(1) + f dz® + i + TN €y ’
’ 1+ ite Amey Jim(z)=¢, Bey Bey
(5.60)

where we have used the solutions to the Liouville equation in (5.59)

D_(z,0(2,2)) = D+ In(1 — ite™®), (5.61)
D,y (w(z,2),2) =@ +1In(1 +ite”®) . '
In addition, we use 9® = —O® to simplify some relations. Combining the two Liouville
actions with permuted moduli in (5.60), we match the gravitational action as in (5.57).

5.5 (FE,J)-basis Wheeler-DeWitt wavefunction

The boundary value problem in (5.21) and its higher dimensional analogue is studied in detail
in [45]. As shown in figure 20, the solutions are given by the “Pacman” geometry, which is
a wedge of rotating BTZ black holes,? labeled by ADM mass E and angular momentum
J, generalizing the 2d result in [22]. If we choose J = 0, it will be the “Pacman” geometry
of non-rotating BTZ, corresponding to the study of (5.16).

The semi-classical wavefunction in the (E, J)-basis is given by,

VLB, J) m SENRPER (5.62)

where S(E,J) and E are the entropy and ADM energy of the corresponding black hole
respectively. The physical meaning of the boundary condition in (5.21) corresponds to fixing
energy and angular momentum of a black hole and hence, we expect to reproduce the gravity

23 Although our Hartle-Hawking state corresponds to a “ket state” of non-rotating black holes, the geometry
for wavefunctions in general (F,J) basis is a portion of rotating black holes, as the “bra state” has non-zero
angular momentum.
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wavefunction from the overlap of the Hartle-Hawking state with Liouville primary states
|P").24 Indeed, the on-shell gravitational result can be reproduced from the large ¢ limit of

(P'le P 22)(P'e 14 ZZ) = W 55(P)e PP 20— (P)e #7212 (5.63)

where we analytically continue the Liouville momenta [92], with P™* = P’ and P, P’ are
related to the energy E and angular momentum J through

21(P' + P')

E=P?+P?, J=P?-P? S(E,J)= ;

(5.64)

In fact, the ¥ slice is composed of two constant time slices at 7z = 0 and 77 = /2 in rotating
BTZ, and the two slices are glued at the horizon [45]. The rotating BTZ metric is given by [89]

~)2 (A2 52 ~)2
ds®= (JWT) + 7 cosh? p> dré + Mdmdgb + dp*+ <(7+47) + ¥ sinh? p> d¢?,

(5.65)

where 72 = ((7+'_7)2

T+t sinh? p) is the radial direction of the black hole and r» — +o0
denotes the location of the asymptotic boundary. On each fixed time 7g slice, the spatial
metric is exactly (2.22) if we identify 7% = 1P 5% = %]5’2 where 7,7 are finite in the
semiclassical limit. This aligns with our claim in identifying quantum states using spatial
geometries in section 2.1 as the overlap with (P’| (P'| extracts individual contribution from

the superposition of geometries in the Hartle-Hawking state.

5.6 Reduction to 2d JT gravity

It has been shown that we can reproduce the corresponding results in section 3 and section 4
for JT gravity by considering the Schwarzian limit of a chiral half of 3d gravity [17, 21, 27].
This can be achieved by performing an S-wave dimensional reduction [17, 93] or taking
the near extremal limit [27]. For the partition function, the vacuum character xq(—1/7)
becomes the Schwarzian disk partition function [27], and as shown in section 7.1, the character
of nondegenerate representations of weight hy, x»(—1/7), becomes the trumpet partition
function with geodesic length A (figure 21). This is because the modular S-matrices, Stp
and S)p, are reduced to the density of states of the disk and trumpet partition functions
in JT gravity respectively. For correlation functions, the Liouville correlators also reduce to
Schwarzian correlators in the Schwarzian limit. In particular, the DOZZ formula is reduced
to matrix elements of bilocal operator insertions in JT gravity, as shown in (B.6). Further
using the Schwarzian limit of the 6j symbol, we can reproduce the out-of time ordered
correlation functions in JT gravity [21].

241n principle, by considering general Banados solutions, we can also try to get geometries that correspond
to the overlap of the Hartle-Hawking state with descendent states [89-91]. Banados geometries are related
to rotating BTZ black hole solutions through large diffeomorphisms, which can be interpreted as boundary
graviton excitations. The large diffeomorphisms will also provide the uniformization coordinate to match
the gravity calculation with Liouville overlaps on a finite cylinder. We leave a more detailed analysis on this
problem to the future.

,45,



Figure 21. (Left): disk partition function (Right): trumpet partition function with geodesic boundary
that has length A\, and the geodesic is indicated by the dashed line.

In this subsection, we like to provide the recipe for recovering the Wheeler-DeWitt
wavefunctions in 2d JT gravity. Through dimensional reduction, we show that the gravitational
action, boundary value problem and the classical solution for the fixed ®y-basis correspond to
the geodesic length basis wavefunction in 2d [22]. In [45], the dimensionally reduced E-states
of 3d gravity is shown to be the energy basis wavefunction in JT gravity.

Starting from the gravitational action in (5.4) where the dimension of the quantities
are specified for clarification purposes, we have

— Siray = 3)/ Pafg® (RO +2) + //d2 Ve (6 1)

167rG

+ PV K /dx,ﬁar g—T)
7TG(3) r 2
N

87rG(3) x/

(5.66)

To dimensionally reduce the theory, we take the following ansatz for the 3d metric [17, 93]
ds® = g(2)dzco‘d;1: ®2,(z%)do? (5.67)

where ¢ ~ ¢ + 27 is the spatial circle. Non-rotating Euclidean BTZ, i.e. (3.22), automatically
satisfies this ansatz. With the metric parametrization in (5.67), we have the following
relations for the Ricci scalar and extrinsic curvature

R® = R® —20,1V%®yy, 0% =0W + &, 110,00, K@ =KW 4 &, 1u9,®sq .

(5.68)
and we arrive at the 2d JT action from (5.66)
1
Sr=— / Py Jg@s (RD 4 2) 4 — L [ duy /50, (600 1
oo (92) L [ 60
g (5.69)
+ ()/ drVhD ey KO + "2 (6, 19— ),
87G N 87TGN

where the spacetime manifold M and boundary surfaces are in 2d and 1d respectively. 64
are the local angles at the two disconnected joints respectively. The Newton’s constant
are related through GS\E;) = QWGS\%). @Y, is the value of the dilaton and 6 is the local angle
at B N X respectively.
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The variation of the above action —dSjr with respect to the metric and dilaton is
given by [22]

—0S5yT =

1
2 — wy o puy v _urT2
167G N /M d m\@[ (2(R +2)®oag"” — R ®oq + VIV Byg — gV <I>2d) Y

v (R+ 2)5@%]

1

+ e dx\/y [(@ —1)0®oq + §(T“Vu¢’2d — (I)Zd)’Yaﬁé'Ya,B}

- /d\/ﬁ{K&b + L un \Boah®Bsh ]+ 00, (04 +6 ), (5.70)
srGn Jo & 2T U Ve BT rGy T T

where we have dropped the indices labelling the dimensions. We now review the boundary
conditions for the study of Hartle-Hawking wavefunction in the length basis in JT gravity.
At B, the AdS boundary condition is imposed by introducing the AdS cutoff € such that
the induced metric and dilaton are equal to

1
ds’|p = —dri + O(1),
€
1

Dodlp = —,
€

(5.71)

where the range of 7g is 3/2. On the ¥’ surface, the following boundary conditions are imposed

K‘E’ :07

D.72
d52|2/ = d,02 > ( )

where the range of p is taken to be 2 ln% + Lyeg and Lyg is the regularized geodesic length.
At the point where B and X coincides, we fix the value of the dilaton

1
Doq|pry = P9y = - (5.73)

such that B and X are connected at the AdS boundary.
The equations of motion are satisfied by the following parametrization of the AdSs
black hole metric and dilaton

2 h2
ds2y = dp? + T 52 Pare
sin“ry T (5.74)
Doy TF cosh p
247 Sinr, T

where r4 is the horizon radius of the black hole located at p = 0. Introducing the following
coordinate transformation

14 coshp
sinry T (5.75)
tan(ry7g) = tan(ryT) tanh p,
the AdS, black hole metric in Schwarzschild coordinates is given by

dr?
—_—, (5.76)
r2 — r%r

ds3q = (r* —r3)drg +
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where the thermal circle is given by 75 ~ 75 + 27/r. For the solution to the L-basis Hartle-
Hawking wavefunction, we adopt the metric parametrization and dilaton in (5.74). The AdS

boundary condition is achieved by introducing a T-dependent cutoff po(T") = In (%TT))
such that the induced metric on B’ is given by
ds?|p ~ LI cot?(r 1) + o dT? (5.77)
e 7 * 2sin?(r, T) ' ’

T € [0,8/4] as we have the “two” halves of the AdS boundary defined from p = +po(7T)
respectively. Lyeg is related to the horizon radius r; by
2
e~ Lres — ﬁ . (5.78)
1

The boundary conditions on ¥’ in (5.72) can be achieved by considering T" =constant slices,
where in particular on ¥/, T'= /4 such that the end points of 3 hits the AdS boundary.

Before moving on to compute the on-shell action, we like to show the boundary conditions
on the ¥’ surface in 3d gravity reduces to the 2d version. From (5.20), fixing the radial
lapse function M = 1 is aligned with ds? = dp? in JT gravity and p is the parameter that
parametrizes the geodesic. j4 = 0 is satisfied automatically through the metric parametriza-
tion that we consider in (5.67). For P% of‘af = 0, we first relate the extrinsic curvature
components on the 2-dimensional Y’ slice to the dilaton field

K'6007 = &3 3u"0,0sq, (5.79)

and using the decompositon of the trace of extrinsic curvature in (5.68), we further simplify
the last relation in (5.20) to

iy & 1M
Piolo] = — 2= =0, (5.80)
327Gy

reproducing the boundary conditions on the bulk slice (5.72) in JT gravity. In short, after
dimensional reduction, the boundary value problem for the ®g-basis in 3d gravity is related
to the one for the L basis in JT gravity [22] through
M =1=ds*=dp?,
Pija;baf —0= KW = 0,

The semiclassical Hartle-Hawking wavefunction of JT in the L-basis can be obtained
from (5.32)

‘I’EI/Hz(CI)O) = ‘I’%%(ng) )

~ oxp (Bri(Lreg) L (L) (5r+(Lreg)>> (5.82)
327TG§\2[) 47TG5\2[) 4 )

where the relation %ﬂe%/ 2 — ¢ Lres/2 from (5.24) and (5.78) respectively is a consequence
of dimensional reduction [22].
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6 Factorization in 3d gravity and defect operator from the ZZ boundary
states

In this section, we consider the factorization of the two-sided Hartle-Hawking state into two
single-sided Hilbert spaces, as required from the calculation of the entanglement entropy.
Following a similar spirit to [24], where the factorization in JT gravity was studied, we study
the case for 3d gravity. In 3d gravity, a local boundary condition factorizes each Liouville
state into a direct sum of entangled left and right-moving Alekseev-Shatashvili states. The
superselection sectors in the direct sum are labeled by the holonomies around the horizon.
The local boundary condition at the horizon allows us to define a Liouville thermofield double
state, however, we like to emphasize that it is not the holographic CFT thermofield double
state dual to eternal BTZ [29]. To get an isometric factorization map, we need to insert a
“defect operator” to account for the contractibility condition in the bulk gravitational theory.
This operator insertion also modifies the definition of trace and matches with trace in gravity
in the language of algebraic quantum field theory considerations [25, 46]. We subsequently
reproduce the Bekenstein-Hawking entropy formula from the left-right entanglement entropy.

6.1 Factorization map in 3d gravity

As shown in figure 22, we factorize the bulk Hartle-Hawking state into two copies of single-
sided states by allowing the states on the inner and outer annulus to share a common “horizon
boundary”. From the Hilbert space identification in section 2, we expect to get the thermofield
double state in terms of Alekseev-Shatashvili theories [24, 29]. We obtain this factorization

by imposing the following boundary conditions on the horizon boundary
Ar=A,=0. (6.1)

This is parallel to the local boundary conditions imposed in the 2d case where the BF
formulation of JT gravity is studied [24]. We further impose

8 Ay = 8 Ag =0, (6.2)

to freeze the graviton degrees of freedom in the bulk such that only boundary graviton
excitations are present, similar to the scenario in section 2. With these boundary conditions,
we again obtain four copies of coupled Alekseev-Shatashvili theories, where the chiral action
of the outer annulus is coupled with the antichiral action of the inner annulus and vice versa.

We subsequently obtain the thermofield double state [29] for Alekseev-Shatashvili theories
from the “cutting map” Z : H — Hp x Hg

TIWRE) = [ PP 3 e R N0 2 PN R N i N © B N B, N
0 N1,Ny
(6.3)

where E(hp/,N1) = hpr + N; — =5, and Nl,]vl are labels for the descendents with unit

24>
normalization

(P N1|Q', No) = (P — Qo - (6.4)
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Figure 22. The spatial annulus is split into two annuli through a trivial topological interface. With
the Hilbert space on the inner and outer annulus as the two single-sided Hilbert spaces, we compute
the left-right entanglement entropy.

However, this local boundary condition is not isometric, which further implies that the new
boundary is not contractible after the trace is performed, which is required for a smooth
geometry in gravity. To get an isometric factorization map J, we need to insert the square
root of the two-sided defect operator D through J = v/DZ : H — H1, x Hpg after applying Z.
Applying the isometric factorization map J to the Hartle-Hawking state gives us

~7|‘1’3/2 / dP'dP’ Z e~ BE(hp,N1)/2 fﬁE(hgﬂNl)/
Ni,Ny

X 1/Sﬂplsﬂﬁ,‘hp/ N1 ’hp/ N1>® ’hp/ N1>‘hp/,N1>

/ dP'dP’ > ¢ BB (e N /2= BE(h, N1)/2 (0
Ni,N
%\ po(P)po(P)|hpr, Ni)|pr, Ni) @ [lpr, Ny s, N )
where the explicit expression of the two-sided defect operator D is given by
D = / dP'dP' Z S1p Sy lhpr, N)|hpr, N lipr, N1 hpr, N1
Ni,N
@ (hpr, Ni|(hop, Nu|(lopr, Nu|(hpr, Ny . (6.6)

Tracing out the degrees of freedom of one side of the factorized Hilbert space, we naturally
have the reduced density matrix p produced by 7,

pP= TYHLJ|'1’5/2>< ,8/2‘7

|hpr, N1)|\hpr, N1) @ (hpr, Ni|{hpr, N1|

ILP’
N17N1
—/ dP'dp’ 37 e PEte) e PO 0 () po (B, N s V)
Ni,N;
@(hpr, N1|(hpr, N . (6.7)
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Furthermore, the trace over Alekseev-Shatashvili states of Hp of the reduced density matrix
p readily gives us the partition function of Euclidean BTZ, which is also given by the norm
of the Hartle-Hawking state,?®

Z(B) = (Vg5 VE)5)
:Tr'Hva

o0 / > ~/ — (68)
=/, dP'Sypxp(T) A dP'S; 5 X5 (—T)
o / / o D/ D/
= [P (P e () [P po(P (=),
where 7 = —T = % is the modular parameter of the asymptotic torus and we have used
the relation for the non-degenerate Virasoro character
> (b, Nile PP 0e M hg Ny = Xy, (1)3(P = Q') (6.9)

N1

On the other hand, we have the reduced density matrix p associated to the local boundary
condition, which is produced by the cutting map Z,

:/ dP'dpP’ Z ¢ BB N BB NO N Ny © (R, Ny (hpr N
0 N1,N;
(6.10)

6.2 Modification of trace, area operator and entanglement entropy

To compute the entanglement entropy of the reduced density matrix, we need to modify
the notion of trace by inserting the one-sided defect operator D = Try, D on the one-sided
Hilbert space, and it fills the gap formed by the local boundary condition at the horizon, as
shown in figure 23. The one-sided defect operator D takes the following form

D=Try, D= / dP'dP’ > SupSyp lher, Ny [hpr, Ny {pr, Nl (pr N (6.11)
Ni,N;

which is a projector onto trivial flux as in compact Chern-Simons theories [95]. In gravity,
this projection means that we only have vacuum Wilson loops?® in the dual 7 cycle, implying
contractibility in the bulk. In other words, the modular S-matrix Syp imposes a topological
constraint such that we only have vacuum contribution in the dual channel. This is the
higher-dimensional analogue of the one-sided defect operator in JT gravity [24], and in
topological string theory [96, 97].2” In short, modular invariance in 2d CFT gives us a natural
way to capture the topological constraint in the dual gravity theory, which is of the similar
spirit as the original derivation of the Cardy formula [34].

ZPWe choose not to keep track of the infinite volume factor coming from (hps, N1|hps, N1) = §(0), and only
focus on the part that depends on temperature. We can also reabsorb the constants into the definition of
entropy as in [24, 30, 94] for JT gravity.

26The holonomy is actually in the center of SL(2,R), and trivial in PSL(2,R) = SL(2,R)/Z2 [9].

2TIn topological string theory, the insertion of the defect operator changes the Euler characteristic such that
the Calabi-Yau condition is preserved.
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Figure 23. Figure shows the cross section of the constant ¢ slice after performing the trace. In
the absence of the defect operator insertion, the blue hole, which is formed by the local boundary
condition at the horizon, is not contractible.

In particular, the nth Renyi partition function is given by
Zn = Try, Dp" = Try, D "p" . (6.12)

We have seen throughout this paper that the current 3d gravity setup is very similar to what
has been done in 2d JT gravity [24]. Hence, it is also natural to expect that we also obtain
a Type Il algebra with a trivial center [25] for 3d gravity coupled to the probe matter
fields. For such algebras, there is a unique trace up to multiplicative constants, and in fact,
the modification of trace we have matches with the unique trace from algebraic quantum
field theory considerations [25, 46]. To see this, we can consider a one-sided Hilbert space
operator Opg, and the unique trace is given by

/%“3})<‘P§/%|OR|‘P§/%> = Tr oy, 5, (T |22)|22) @ (22| (ZZ) TTOR)
=Troy ((TTHL(J!ZZ> ZZ) @ (22 (ZVZ|jT)) OR) (6.13)
= Try,(DOR) .

For our Hartle-Hawking state, the nth Renyi partition function is
Zn = TrHR Dﬁn )

— /0 dP/SILP’XhP/(nT) /0 dﬁlsﬂﬁ/Xh;,(_n%) ; (614)

SENES)

where the thermal length is changed from [ to nf, matching exactly the expectation from
Euclidean path integral in gravity. The calculation of entanglement entropy Sgg follows suit
Z T InD)p] — T 1
aﬂ( n ) ’ _ 'Hp [(Il )p] 'Hr P np+an1
(Z1)") In=1 Z (6.15)

= —Try,pInp+ Try,pInD .

SEE = —

where p = ZL1 is the normalized density matrix and the expression takes the form of Faulkner-
Lewkowycz-Maldacena (FLM) relation [47]. The first term of the entanglement entropy
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formula is just the usual von Neumann entropy for the normalized density matrix, and the
second term gives the expectation value of the defect operator. It’s actually tempting to
interpret the defect operator as a “quantum area operator”, as

]n(D) :/O dpldﬁ/ Z ln(SﬂP’Sﬂﬁl) |hp/,N1> |hp/,N1> <hp/,N1| <hp/,N1| s (616)
N1,N1

where

/

D/
In(S1prS,5,) = In | 32sinh (27 P'b) sinh <W> sinh(27 P'b) sinh 2l
v b b (6.17)

P+ P
- 22— .
b—0 b

27713/%15/ is proportional to the minimal geodesic length (“area” in 3d) of the spatial wormhole
geometry (2.22). As shown, the gravitational state is a superposition of all the worm-
hole geometries, and hence, the operator In(D) precisely measures the area in all of these
microscopic configurations.

The expectation value of this operator is

SEE,defect = /0 dP'p(P') InSypr + /0 dﬁ)/p(ﬁ/) In SIUB’

~ ID(S]lpiS
27y

= 7[)2
r4

ZQGN’

)
e (6.18)

SI[P/€7BP/2
Iy~ dP'S; pre=BF

the Liouville momenta.

> and P/ = P = %5 = 5 are the saddle point values of

where p(P’) =

The notion of trace defined above can be interpreted as a “quantum trace”, with Syp
playing the role of the Plancherel measure of the quantum semi-group SL;(Q, R). This
is aligned with the one-to-one mapping between Virasoro module and representations in
SL;F(2, R) found by Ponsot and Teschner [31, 42, 43, 53-55].28 This perspective also provides
a canonical interpretation for the observation made in [56] in relating the Bekenstein-Hawking
formula to topological entanglement entropy [98, 99].

We want to comment on some structural differences between 3d and 2d gravity, although
the two computations in factorizing Hilbert space follow a similar spirit. The single-sided
Hilbert space is well-defined in 3d but not 2d [22] as the Hilbert space of two boundary JT
gravity describes single-particle quantum mechanics. This can be understood as JT gravity
being related to the chiral half of 3d gravity. In 3d gravity, we can directly perform analytic

28We like to mention the difference between our Hilbert space description and [31, 55]. Our Hilbert space is
based on Alekseev-Shatashvili theories or Liouville theory and is not the same as the formal Hilbert space
constructed from representation theory on quantum groups. The local boundary condition that is imposed
has insufficient degeneracy of “edge modes” and hence, we must insert a defect operator by hand in the
computation of trace to account for the degeneracy of states and non-local contractibility condition in the bulk.

,53,



continuation to study the kinematics in Lorentzian signature, whereas for JT gravity, the
kinematics between Euclidean and Lorentzian signature is very different. Hence, we can use
the advantage of analytic continuation in 3d gravity to understanding some of other puzzles
in quantum gravity, which is typically a hard approach in JT gravity.

Finally, we like to mention that the above definition of trace can’t be reproduced purely
from an edge mode calculation, which is also the case in gauge theories [100-102], although
summing of superselection sectors is involved in both calculations of the trace. In edge mode
language, each superselection sector is specified by constant holonomies K = Ly, K= 7[7)
as above. However, in the computation of trace, we are missing the “modes” that account for
the huge degeneracy po(P) in each superselection sector. From a topological consideration, we
add the degeneracy to each sector by hand using the defect operator (6.11). To get an edge
mode interpretation for the area term in gravity as suggested in [30, 31, 94, 101, 103, 104],
we need to have a UV complete theory of quantum gravity that has a vast amount of states
near the edge. The inclusion of these states also provide a local contractible boundary
condition [73, 105]. In such cases, the low energy approximation for the trace over high
energy degrees of freedom produces (6.11). Hence, in the gravitational low energy effective
field theory, we can modify the definition of trace through the insertion of the defect operator.

7 Late time two-point function and “baby universe” operators

All the discussion above involves only on-shell geometries. In this section, we like to mention
briefly on off-shell computations in 3d gravity as these geometries are relevant in resolving
Maldacena’s version of information paradox [20, 28, 29, 106]. As an explicit example, the
forever decaying behavior of the semiclassical spectral form factor and holographic thermal
two-point function fails to reproduce the “ramp” and “plateau” features at late times. In
particular, the “ramp” feature of the late time two-point function in JT gravity was argued
to be governed by considering off-shell wormhole contributions [28].

We first show that the off-shell 3d torus spectral form factor [10] can be calculated using
our Hilbert space formalism for gravity with two asymptotic boundaries, generalizing the
results in JT gravity [28]. The off-shell wormhole, also known as the “double-trumpet”, is
obtained by modifying the ZZ boundary state to FZZT boundary state through insertion
of Verlinde loop operators [107-113]. Similar to the 2d case, we propose the Verlinde loop
operators to be the 3d “baby universe” operators [20, 25] and hence, we have provided another
ingredient in relating gravity observables with Liouville CFT. We like to mention that we
decide to leave a careful analysis on the off-shell path integral measure for the future.

7.1 3d double-trumpet from FZZT boundary states and Verlinde loop operators

In JT gravity, the ramp contribution to the spectral form factor comes from trading a baby
universe between two Hartle-Hawking states before returning to their original states [25, 28].
As shown in figure 24, the baby universe takes the topology of a cylinder and together
with the two AdS boundaries of the Hartle-Hawking states, the Euclidean geometry of the
whole system is viewed as a “double-trumpet”. The trumpet partition function with geodesic
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B/2

Figure 24. (Left): the trumpet partition function in JT gravity has a circular geodesic boundary of
length A in addition to an asymptotic boundary of thermal length 3. (Right): the “double trumpet”
spectral form factor in JT gravity is obtained by gluing two trumpet partition functions along the
geodesic boundaries.

boundary whose circumference is \ is given by the overlap?”

Ztrumpet(ﬁv)‘) < /8/2|¢5/27 > < ,6’/2|O)\ ’¢,8/2>, (71)

where O, can be interpreted as an operator that initiates the emission of the baby universe
with geodesic length A [25, 28]. The double-trumpet can be obtained by gluing two copies of
trumpet partition function along the geodesic boundary that takes all possible length values

Zdouble trumpet (617 /82) = /0 )\d)\Ztrumpet(ﬁla )\)Ztrumpet (ﬁ27 )\) . (72)

Similar to JT, we like to apply the Hilbert space formalism in obtaining the double-
trumpet partition function in 3d gravity. As an early spoiler for the 3d version of (7.1),
the Verlinde loop operators in Liouville are the “baby universe” operators that modify the
77 boundary states to FZZT-boundary states.

As shown in figure 25, the 3d double-trumpet that has a topology of torusxinterval,
takes the following summation [10, 59]

Zryxr(tim) = Y. Z(r,gm), (7.3)
gePSL(2,2)

where the sum is over preamplitudes Z (71, g72) with relative modular transformation on
the two asymptotic tori. Z(r1,72) is given by
2(7-17 TQ) = /DM Ztrumpet (7—17 T1, A7 X)Ztrumpet (7-27 T2, )\7 X) (74)

where the integration measure is®’

e ——
/DM _ gvIm{n)lm(m) / /\d>\/ ) (7.5)

|T172]

29We have used a different notation to [25, 28] to prevent possible confusion with other parts of the paper.
More explicitly, Ahere = bthere is the geodesic length of the trumpet and \wg/}b denotes the Hartle-Hawking
state in JT gravity.

30Compared to [10], we have chosen a different preamplitude for the modular sum, hence, obtaining a
different measure. The final result is still (7.3) due to modular invariance. This choice is made to parallel the
calculation done in JT gravity [20, 28].
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Figure 25. (Left): the trumpet partition function in 3d gravity is given by the product of characters
of nondegenerate representations x(—1/7) with conformal weight hy (Right): the double trumpet
partition function in 3d gravity where the asymptotic tori have moduli 7; and 75 respectively.

B/2

B/2

Verlinde ;
loop operator " L 7

Figure 26. (Left): the trumpet partition function can be calculated as a transition amplitude between
Z7 boundary states and FZZT boundary states. (Right): the FZZT boundary states can be obtained
through acting Verlinde loop operators on the ZZ boundary states.

VIm(71)Im(72)

[T172]
measure. As illustrated in figures 26 and 27, the trumpet partition function is given by

Up to an overall 8 factor, the measure is just two copies of the Weil-Petersson

Ztrumpet(Tv T, >‘a X) = <‘I’E/H2| @A@X“I’E/HQ) ’
= (22| Oxg~1*'|22) (22| O5g™ /" |2Z) (7.6)

(D).

where O, is the Verlinde loop operator that carries a similar label to primaries in Liouville
theory [107-113]. On the other hand, the product of characters x) (—%) X5 (%) can be
obtained by performing a trace on half of the geometry that is obtained from cutting along
the minimal geodesic of the waist on a similar spatial slice to (2.22) [10].3! We will make
a comment on this at the end of this subsection.

The holomorphic Virasoro character x (—%) with conformal weight hy = % + X2 is

defined by the following overlap

1
o (=7) = Balgh22), (7)

31We like to clarify what we meant by similar spatial slice. The ¢ direction in (2.22) is actually the &
direction of the spatial geometry of the trumpet partition function where 7 ~ 7 + 8. Hence, the constant
spatial slice here is a constant ¢ slice, and the trace is performed in the ¢ direction where ¢ ~ ¢ + 27.
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Figure 27. The preamplitude can be obtained by gluing two trumpet partition functions along
the baby universes (indicated by the blue tori). Each trumpet partition function can be calculated
using the overlap between the Hartle Hawking state |1/)£I/H2) and the Hartle Hawking state with a baby

. P A A HH
universe emission OxO5 [¢575).

where o
- (73)
XANT) = ) .
n(7)
and |Bsy) is the FZZT-boundary state [40, 57]
Bo) = 0222) = |~ aPui(P)|P)) (7.9
The FZZT-wavefunction is related to the ZZ wavefunction through
Uz (P 2P
,(P) = —vzz(P) cos@mPA) (7.10)

2 sinh (27 Pb) sinh(25X)

In addition, we have used the relation n(—1/7) = n(r)v/—ir after performing modular
transform.
In terms of normalized operators in (3.15), the FZZT-boundary state can be expressed as

| Boy) /dP’ (P')|P")) /dP’j%\P’», (7.11)

where
Sypr = 2v2cos(4mP'\), (7.12)

is the modular S-matrix relating two non-degenerate representations in Liouville theory
and (7.11) takes a similar form as the Cardy states in rational CFTs [38, 65]. The Schwarzian
limit of the chiral half of (7.6) reproduces the trumpet partition function in JT gravity [25, 28].

Similar to 2d JT gravity, we again interpret the holographic dual of the operator that
initiates the emission of the baby universe as creating a wormhole in the bulk. In hindsight, the
“baby universe operators” introduced in JT gravity gets uplifted to natural loop observables
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in 2d CFT, which are the Verlinde loop operators [107-113]. We can understand this duality
using the fact that the Verlinde loop operators are shown to be equivalent to topological
defects in Liouville theory [108-110], which in turn are equivalent to Wilson loops in the bulk,
similar to the situation in rational CFTs [62]. The appearance of Verlinde loop operators in
our currrent situation stems from the connection between Liouville theory, 3d gravity and
quantum Teichmiiller theory [11, 53, 54, 108, 109].

Finally, we like to make a comment regarding the differences between on-shell and
off-shell calculations. Naively, we expect the double-trumpet partition function to be obtained
through a similar computation as the calculation for the two-boundary torus wormholes in
appendix B, i.e. inserting a complete basis of Alekseev-Shatashvili states on the boundaries of
the annulus and taking trace of the whole Hilbert space. This is a reasonable approach as the
two situations have the same topology of torusxinterval which is equivalent to annulus xcircle.
The difference is that the two-boundary torus wormholes are sourced by operator insertions,
making it an on-shell geometry whereas the double-trumpet is completely off-shell. If we
directly perform a similar trace to obtain the double-trumpet partition function, we end

up with the wrong measure, i.e.
Z/(Th 7-2) = /0 d)\dx Ztrumpet (7-17 T1, A, X)Z‘crumpet(T% T2y A, X) 7é Z(Tla 7—2) . (713)

As shown, each trumpet partition function computes the trace for half of the spatial geometry
in (2.22). For on-shell geometrical observables, we can simply glue the two halves together
with a flat measure [5° d\d). For off-shell configurations, we have to use the measure
in (7.5), which comes from two copies of the Weil-Petersson measure that is proportional
to J5° dAdA A\, in performing the gluing. This discrepancy exists too in JT gravity where
the identity operator limit of the two-point function in JT gravity is divergent and doesn’t

32 'We provide a possible resolution to

reproduce the double-trumpet partition function.
this puzzle. In the off-shell calculation, the extra A and X in the gluing measure can be
viewed as coming from an integration over relative twists on the two trumpets, similar to JT
gravity [20, 28], as there is no gravitational saddles to fix their values. For on-shell calculations,
there are extra operator insertions (as shown in appendix B) or the ZZ boundaries that act
as sources in stabilizing the geometry through a specific twist angle. Hence, the integral
over twist angles will be trivial and the gluing measure is flat. We leave a more detailed

understanding on the discrepancies between on-shell and off-shell calculations for the future.

7.2 Late time thermal two-point function

If we analytically continue the thermal two-point function to Lorentzian time, (4.27) has the
forever decaying behavior. However, this decaying behavior can’t persist as it is in conflict
with the AdS/CFT correspondence, and this is the version of information paradox proposed
in [29]. We expect to see a ramp and plataeu following the decaying behavior, similar to
what is observed in the spectral form factor [20, 28, 106], as the dual theory is highly chaotic.

Following a similar spirit to what has been done in JT gravity in reproducing the linear
ramp [28], as shown in figure 28, we propose the following computation for the late time

32 Arguments have been made in [114] to attribute the discrepancy on the sum over windings in JT gravity.
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O,
Figure 28. By cutting along the geodesic (red dashed line) that connects the two operators Oy, ,
the late time two-point function in JT gravity is similar to the “double trumpet” geometry.

Figure 29. The off-shell wormhole contribution to the preamplitude of the late time two-point
function. The preamplitude can be viewed as coming from two copies of Liouville operator insertions,
indicated by the yellow line, sandwiched between FZZT boundary states that are responsible for the
emission of baby universes. The baby universes, indicated by the blue tori, are glued together, forming
a “double trumpet” geometry.

thermal two-point function

—~—

gRMe (2 ry = Y G (gm0 97) (7.14)
gePSL(2,2)

where the preamplitude, as shown in figure 29, is given by,

2) late, N T _ .
@Mlate( ) N (20, 7) /0 NN (Ve (21, 20}z (Ve (1,200,
= N(z1,7) /0 AN (Boy| e B/2-mHY, o=nil B, (7.15)

oo L~ N
x /0 dAX (Byg| e~ (B24mHY, i |B oy
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where 71 = (21 — 21)/2i is the location of the operator V,,(z1,21) on the thermal circle.
<'>g’/2,FZZT is the expectation value between two FZZT-boundary states |Bsy) on a finte
cylinder of length 3/2 and N (z1,7) is an overall constant from the integration measure that
is related to the moduli of the asymptotic torus. We obtain the following expression for
the chiral half of the late time two-point function

/ dAX (Byy| e~ B/2=m)HY o=l | By )
0
= /0 dA A/0 dP/dQ/éDOZZ(P,7 Palan) IQA(P/)\IIS/)\(Q,)J—-}LP/,/’LQ/ (hala hoqa 21 — Zla 6)
=8¢, ! / dA / dP'dQ'Co(hpr, hay, hgr) cos(dmP'\) cos(4mQ' )
0 0

X ’thth/ (hal, hal,zl — 21, ﬂ) .
(7.16)
The )\ integral doesn’t converge, but we immediately see that the integrand takes a similar
form to the density of states for the ramp in random matrix theory. Following [20], we
perform the A integral using analytic continuation for the correlator of resolvents

Pl2 + Q/Q
o 1672 (p/2 _ Q/2)2 ’

o0
Pramp(P, Q) = / dX Acos(4mP'\) cos(4mQ'\) = (7.17)
0
where pramp(P’, Q') encodes the level repulsion in random matrix theory and details on this
calculation can be found in appendix F.
To summarize, the preamplitude for the late time thermal two-point function is given by

g&?’late(zl; 7) = 64N (21, T)Cb_2
2
X

o0

/0 dP,dQ,pramp(P,a Q/)CO(hP/7 hal ) hQ’)]:hP/,hQ/ (halv hoq y 21 — 21, ﬁ)
(7.18)
Provided that we have the correct measure, we expect to get the ramp behavior from (7.14)
in the low temperature, late-time limit, similar to [10, 28]. In contrast to on-shell gravitational
quantities that was argued to capture statistics of OPE coefficients [32], the off-shell quantities
capture statistics of density of states and are responsible for the chaotic random matrix
behavior [10], as seen from (7.17). Similar to on-shell gravitational quantities, the Schwarzian
limit of the chiral half of the late time thermal two-point function in (7.18) reproduces the

contribution from “double-trumpet” geometries in JT gravity [28].

8 Future directions

8.1 Rotating BTZ and spinning operators

In this paper, we focused on Hartle-Hawking state related to non-rotating BTZ. It’s natural
to expect that for rotating BTZ, we have the following Hartle-Hawking state

L c L c T —
(U8 ) =a® 5|22Z)q2 w|2Z) = e P z2)e PR 7)), (8.1)
where g = 2™ 1 = 9;?5 = izﬁ—#, T = 9;6 = —Zg—f, 0 is the twist angle and H is the total

Hamiltonian in Liouville theory.
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For correlation functions in terms of Liouville overlaps, it is natural to consider spinning
probe operators at asymmetric insertion points

2
gél’ralcztly"' 7anydn (217 Z/l Ty ’ZTH Z;’L)
= (Vo (21, 21) - - Van(znvz;z)>ﬁ/2;9/2,ZZ< a (21, 21) -+ V&n(’g;l’gn»ﬁ/z;e/zjvz ) (8.2)

where (-) /2.0 /2,77 represents ZZ overlaps on a finite cylinder j3 /2 and via the doubling
trick, one of the ends of the cylinder at the ZZ boundaries is glued with a twist angle 6.
We use Liouville scalar operator insertions to represent spinning operators in holographic
CFTs through

Oha, ha, (215 21)Oha, i, (215 21) = Viay (21, 21)Vay (31, 21) (8.3)

To justify these identifications, we need to consider the quasi-Fuchsian wormhole slic-
ing (5.45) [12] as our metric ansatz for computing gravitational actions with spinning probe
operator insertions. This is along the lines of obtaining rotating BTZ partition function
using (5.45) [115].

We leave a more detailed analysis on these problems for the future.

8.2 Universal Type Il algebra in 2d large ¢ CFTs

As argued in section 6 and following similar arguments in [25, 116], similarity in obtaining
the trace formula between 3d gravity and JT gravity strongly hints that we get a Type
11 algebra when 3d gravity is coupled to probe matter fields. It is definitely worthwhile
to understand this algebra better.

Moreover, we can understand this universal algebra from large ¢ chaotic CF'Ts. Motivated
by the eigenstate thermalization hypothesis and CFT ensemble proposal in [32, 117, 118], it
seems reasonable to make the following conjecture: in any large c¢ chaotic CFTs, if we perform
a coarse graining procedure, i.e. averaging heavy operators over a small energy window above
the black hole threshold, we get a universal Type I, algebra that’s related to the universal
CFT ensemble in general cases, and in particular, Liouville theory in the presence of two
boundaries. Partial support of this conjecture comes from taking into account universal
dynamics of heavy operators in 2d CFTs [44, 80, 119], arguments similar to [120] to extend
the regime of validity of these formulas in large ¢ CFTs, and Tauberian theorem to control
the size of the averaging energy window [121-127]. It is the universal sector of algebra for
heavy operators that provides emergence of universal dynamics in 3d gravity. The emergence
of geometry from algebra is similar to what has been observed in higher dimensions where
the algebra is given by the cross product of algebra generated by generalized free fields and
the modular automorphism group [128, 129].

We also like to point out one more approach in seeing the emergence of geometry from
algebra, especially from the perspective of open CFTs. It has been known that we can
use the modular tensor category of Moore-Seiberg data [130, 131] to construct TQFTs
that characterizes rational CFT observables [132-137]. More explicitly, [138-140] generalize
insights made in [141-143] through constructing an explicit real space renormalization group
(RG) operator using the 6j symbols that are related to the open CFT three point functions.
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Upon applying the RG procedure, a TQFT in one higher dimension and its associated
geometry will be emergent via an exact MERA-like tensor network [144-147]. Using this
method, we hope that we can see the emergence of 3d gravity from the universal algebraic
data in 2d large ¢ CFTs [140].

8.3 3d topological recursion, 3d gravity from topological M-theory and random
matrices from conformal bootstrap

As mentioned in section 7, we need a better understanding in obtaining the integration measure
for the gluing of off-shell gravitational quantities in 3d gravity. If we have a more systematic
way of obtaining the integration measure, we can use the building blocks in this paper to
construct path integrals that compute genus g partition function with n boundaries, similar to
what has been done in JT gravity, and probably show the corresponding “topological recursion
relation” in 3d gravity [20], thus, obtain a better understanding on the averaged dual theory.
We want to point out another potential approach to address this problem. It is understood
that we can understand JT gravity from the worldsheet theory of topological B-model on
certain fibration over the spectral curve of the matrix model [148-150]. It is natural to expect
that 3d gravity is related to the membrane theory of “topological M theory” [151].
Finally, regarding the CFT ensemble, we also like to point out that the ensemble for OPE
coefficients is proposed based on bootstrap considerations (identity block dominance in certain
channels) [44]. However, we expect the random matrix behavior, i.e. level repulsion in the
density of states (7.17) and its associated ramp behavior, to be universal in chaotic theories.
In this paper, it comes from the gluing measure related to the Weil-Petersson form in gravity.

It would be interesting to understand this universality from a bootstrap point of view.33
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A Liouville basics

In this appendix, we list out the basics for Liouville theory that we used in this paper. The
conformal weights of primary fields are related to Liouville momentum P through
c—1 9

= P~ . Al
hp Y + ( )

33Papers along this direction appeared [152, 153] when we are on the final stage of preparing this paper.
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The central charge c is related to the Liouville background charge @ or Liouville parameter

b through
c—1 1
Q= 6 = b+b ", (A.2)

where the semiclassical behavior of CFT quantities are studied by taking the large ¢ limit or

small b limit. In studying the semiclassical limit, we consider heavy probe operators with
large conformal dimension, and for these operators, it is convenient to adopt the following

parametrization of conformal weights

h=cn(l—n), (A.3)

where we call n the defect strength as in [32], and 7 € [0,1/2] for below black hole threshold
operators.

In the main text, we compute correlation functions by inserting vertex operators V,(z) =

¢22®(2) bhetween the ZZ boundary states. The conformal weight of Va(2) is given by

ha = a(Q — a), (A.4)

where « is related to the Liouville momentum through o = % + iP,. The 2-point function
determines the normalization of vertex operators

(Vo (0) Vo, (1)) = 6(Pay + Pay) + SL(Pay)0(Pay — Pay), (A.5)
where Sr(P) is the Liouville reflection amplitude given by

e T (1 + %) (1 + 2iPb)

Sp(P) = — (muy(b) : : (A.6)
( ) r(1-4P) 01 - 2iPb)
The DOZZ structure constant is given by [41, 169]
Cpozz(Par; Pag, Pag) = (Vo (0)Va, (1)Vag (0)) (A7)
and is related to the universal OPE coefficient Cy(Py,, Pay, Pas) through [44]
2\7,2—2b2 %
(WM’Y(b )b ) Fb(2Q) CDOZZ(PO{17 Pa27 Pa3)
CO(Pala-PaQ;PO(g): 3 T (Q) 3 )
2im Q) VT Se(Padpo(Pa)  (a )

= CDOZZ<POc1aPO¢27POz3)
\/szl SL<Pak)p0(Pak)

where ¢, is a constant that is independent of the primary conformal weights and cancels the

dependence on the cosmological constant . More explicitly, the universal OPE function
Cy takes the following expression [44]

Q . . .
,2Q) Ilt123Ts (5 £1 10 £21P0, £1 1P,
CO(PapPagaPag)_ b( Q) ( )

— . A.
VINQF T To(Q + 2P )00 — 2Py Y
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where []; 5 3 represents all possible sign permutations in the product of the eight terms.
I'y(x) is the “double” gamma function with poles at * = —mb — nb~! where m,n being
non-negative integers. In the main text, we use V to denote a different normalization for
Liouville operators that are below and above the black hole threshold respectively,

V 1
R ——a—  el0,5],
Qo P real .

VSu(p) '’

In the main text, |P') is used to denote primary states correspond to normalizable primary

operators V., such that
ODOZZ(PQ17Pa27Pa3) - <VO<1 (O)Vaz(l)vaa(oo» ) (A'11>

where the normalized DOZZ structure constant Cpozz is given by

_ CDOZZ<Pa1aPa27Pa3)
\/Hjelight SL<Paj)PO(Paj) HkEheavy S1(Puy)

ODOZZ(Pa1 ) Paza Pag) (A12)

B Two-boundary torus wormhole and its Schwarzian limit

In this appendix, we show that the two-boundary Hilbert space defined on an annulus in
3d gravity is useful for calculating certain exact two-boundary torus wormbhole correlators.
In the Schwarzian limit, we reproduce the two-boundary disk wormholes with heavy probe
operator insertions in JT gravity that describes quantum noise [26].

As an explicit example, we compute the preamplitude of the wormhole contribution for
the product of torus two-point functions (figure 30), i.e.

Gal,az (7—7 77_)G041,042 (Tl, 7:,)

<Oha1 7ha1 Ohozz 7ho¢2 >T2(7.77:) <Oha1 7ha1 Oha2 7ha2 >T2 (T/,ﬂi/) ?

= E, ClpqC2pqClp'q' C2p' ¢’
0" ,q,9'

p p Y Y
Oh,, : : Ohay  Ohg, : : Ohay  Oha, : : Ohay  Ohg, : : Oh,,,
X )
q q q’ q’

(B.1)

where the last line comes from the usual Virasoro conformal block expansion.

In particular, through inserting a complete basis of Alekseev-Shatashvili states on each
boundary of the annulus and taking trace, we reproduce the wormhole contribution that has
a topology of torusxinterval with operator insertions. This comes from the idenfication of
Hilbert space in section 2, and identification of the two pairs of probe particle insertions across
boundaries as four Liouville operators Val Va1Va2 Va2 in section 4. Following this identification,
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Y7
=

Figure 30. The two-boundary torus wormhole that is constructed from product of torus two-point
functions.

we compute the trace in the coupled Alekseev-Shatashvili theories/Liouville theory and obtain

ad P’
o A A / A / / Ohal Oh% Oho‘l OhaQ i
/0 dP'dQ'Cpozz(P', Pa,,Q )Cpozz (P, Pa,, Q)
Q' Q'

(B.2)
The above answer matches with what we expect from the CFT ensemble in [32], as the

ensemble average sets p = p/,q = ¢/, and

Gayon (7, %)Gm as (T, 77'/)

P P
o / / / / / / ’ , Ohal Oha2 Ohal Oha2 2
1] [[AP4Q po (Pl @ ) Co(P Pa QP Pa @)
Q' Q'

P P’
o ol 1A A / A / / Oho‘l Oha? Oho‘l Oha2 ’
—4 /0 dP'dQ' Cpoz2(P', Pay,@)Cpo22(P, Pay, Q')
Q Q

(B.3)
We like to emphasize that in the presence of two boundaries, the extra factors of pg coming

2

_42 plg p2q

from the difference of Cy and CDOZZ cancel with the pg from the Cardy spectrum, further
leading to a Liouville result. In this paper, we hope that we have been clear on addressing that
the relation between Liouville and 3d gravity with two boundaries is not simply a coincidence.

We also want to point out the connection to the wormholes that describes quantum
noise in JT gravity [26]. We just need to take the Schwarzian limit of the correlated torus
two-point function, which is given by S, = —2miT — 400 and fr = 277 — 0. In doing so,
the contribution from the right-movers is given by the vacuum block and we choose not to
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Oh., Oha,

Figure 31. The two-boundary disk wormhole in JT gravity. There are two operator insertions on
each boundary that are separated in Lorentzian time ¢ and Euclidean time /2.

keep track of it as it only contributes as an overall normalization factor to the Schwarzian
correlators [27]. In the Schwarzian limit, the OPE coefficents of descendants are suppressed
as the black-hole states are given by P’ = by/E1,Q’ = by/E5 where Eq, E5 are held fixed. For
the external operators, a = bh ~ O(b). We finally have

/ dP'dQ’ po(P’ —>/ dE1dE, sinh(27+/ E) sinh(2mv/ E») ,
0
I'(ha, 1 iV E] 29 iV E
Co(hm, ( ) > [Ti12T(hay £1d 21 2)’
['(2ha,) B4
0] (0] (@)
hay hay  Oha, has BrEn)

where we have taken z1, 2] = %; 29,2 = 0 and B = b?B;, = b%A3} in reproducing the last
relation. In principle, the moduli of the two boundaries are different but the identification
between the prime and unprime parameters is for computing the variance of the wormhole
contribution in JT gravity coupled to matter. We subsequently obtain

2

)

G (1) = [T e P4 0n,, (0 P2 04, 0)

_/ dE,dEs sinh(2my/E;) sinh (2 Ea)e P BB (B |G, | Bo) (Ba| Gy |EL) |
(B.5)

where
H:I:l 2 F(h Zl:]_ ’L\/ :t2 ’L\/ )

(E1|Go|Ea) = T(2ho)

(B.6)

As shown in figure 31, e P% represents a Euclidean time evolution of 5/2 on the disk and the
two operators Oy, ,Op,, are also separated in Lorentzian time ¢. <E1\@a]E2> is the matrix
element of the operator insertion G, that acts on the Hilbert space of a disk xinterval in

JT gravity. This is exactly the result obtained in [26].
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C Counterterms in renormalizing the action

In this appendix, we like to derive the counterterms needed in normalizing the defect action.
A detailed procedure in normalizing the wormhole action has been demonstrated in [32].
The result is given by

—Gthere () — %Z ((1 —2n;)In(1 —2n;) + (1 — 2m;) Ine — In R + 2n? In ei) , (C.1)

where their Liouville field lives on a disk with cutoff radius R. We notice that (C.1) is not
local as it depends on R due to the chosen normalization of the wormhole action. It was
mentioned that the following GHY term at |z|] = R

1 1 2
K=——1(21 In — 2
87rGN/\/E 2GN< nR+n€>, (C.2)

was not included in the computation of the action. Had we included it in normalizing the
defect action and adding the relevant terms such that —S¢¢(0) = £(In2 — 1), the counterterm
is given by
c
—Set(n:) = 3 Z ((1 —2n;)In(1 — 2m;) — 2n;Ine + 2771'2 Ine; +1In2 — 1) , (C.3)

2

which is what we have in (4.8). The reason of requiring —S;(0) = £(In2 — 1) is because
each massless operator inserted in the gravitational action is related to the identity operator
in Liouville by the following normalization factor

1 c
~ »5(In2-1)
~~ €6 ) C4
St (P) Sip (C-4)

where P = %(ZH—%).

D ADM decomposition

In this appendix, we like to compute the gravitational action in (5.27) by performing an
ADM split on the scalar curvature and extrinsic curvature components. We find that this
decomposition is convenient for the (®g, J)-basis Wheeler-DeWitt wavefunction computation
in section 5.4 and here, we use the ®(-states as an exercise on this machinery.

As shown in figure 32, with the outward pointing normal vector of B” to be r, and the
forward pointing normal of 3,3/, surfaces, which we now denote as Y surfaces, to be
uy,, we have the following boost relations between vector fields

Ty = Yoy — YoVUy = COSan, — sinouy, ,

(D.1)
Ly = Yoy + YoUny, = cos auy, + sinany,,
where r -t = 0,n-u =0, v, = (1 +v?) "2 and v = tana.
The wormbhole slicing of the hyperbolic metric is in ADM form
ds? = cosh? pe®dY? 4 dp® + cosh? pe®dX?, (D.2)
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Z/

B/

B/ . B// 7’“

Figure 32. Figure shows the cross section of the spacetime geometry of the wavefunction, M.

where X = Re(z) and Y = Im(z) is the chosen direction for “time” evolution. The unit

®/2

normal u, to X is given by u, = NV,Y where N = cosh pe®/“ is the lapse function. With

n, being the outward unit normal to the constant p surface, we obtain the projection o,
onto the intersection between the 37 slices and p =constant slices

Opy = Guv — MpNy — UpUy = Guv — TpTv — tutl, . (DS)

We are ready to compute the following gravitational action using ADM decomposition

1 1
—Sgrav(®o) = d* R+2)+—— [ d° 0-1
(@) = o | PaVgR+D + o [ i@ - 1) o
1 ol 1 s '
d*zVhK /mﬁ(e-).
+87TGN/2/ZZ Vh +87rGN r rvor 2
Using the following decomposition of the Ricci scalar
R® =R® y K? — K,,K" — 2V, (Ku" — a"), (D.5)
where K, = hfjvau,, and a” = vV, u”, we obtain
Sgra (B) = —— ( / day/g (R® + K? - Ku K" +2)
167G N \J e (D.6)
+ 2/ d*z /7 (yk — 1 — "V ,,a) + 2/ dx+/or <9 - 72T> ) .
B r
In deriving this result, we have used the following splittings of © and K
O = Yok — Vvl — yyn - a+ you-b—t'V, a0,
i i g i © (D.7)
K=Il-u-b,
where
1
k= O'MVV‘LLTLV = ﬁnuay\/g,
1

l=0""V,u, = w0,/ o, (D.8)
Voo

b = nhv,m”
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and the decomposition of the extrinsic curvature components is derived in [85]. There are
sign differences between [85] and us due to analytic continuation from Lorentzian signature
to Euclidean signature. To prevent possible confusion, we rederive the splittings here.

Given that the induced metric of the X} slices to be h;; and the forward pointing normal
to be uy, the extrinsic curvature is given by

K,uu = hfjvauy . (DQ)
The induced metric h;; can be expressed as
hij = 0ij +nn;, (DlO)

where o;; is the projection onto a codimension-2 surface with outward normal n; that foliates
Y. This allows the following decomposition of the trace of extrinsic curvature K

K=l-u-b. (D.11)

We have used Leibniz rule n#V,u, = —u#V,n, in deriving this expression.
Similarly, the extrinsic curvature of B” embedded in M is given by

9#1/ = ’73vo¢7'u ) (D12)

where 7, being the outward unit normal and 74, being the induced metric of B”. To arrive
at the splitting of © in (D.7), we use the identity

Vyuu, = Ky +ugay, (D.13)
to obtain
Vury = %wVung — %K — yovuua, — 6,V o . (D.14)
Finally, using
"0 = Yk — Yl , (D.15)

and

YN ey = YUY iy, — Y20V, — 30 (n - a) — 4V o, D16
= —Yn-a+yvu-b—t"V,a, (D-16)
we obtain (D.7).
We notice that the gravitational action in (D.4) simplifies as there is some total derivative
terms from the bulk that cancels with the boundary terms of the X} slices, reducing to (D.6).
With R = —2, the bulk term in (D.6) vanishes and we automatically reproduce (5.32)

1 1 = T
—Sgrav(®0) = — Z | (0200 + €® , :
Syran (®0) 47TGN/dedz<4(8 5 + ¢ ))+GNB% (D.17)

where we consider the same Liouville solution in (5.23).
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E Gluing of ZZ boundaries in gravity

In this subsection, we show the bulk+AdS boundary contribution of the small cylindrical
region M — M’ that is carved out due to the presence of the ZZ boundary conditions (as shown
in figure 17 and 18) is equal to the extrinsic curvature contribution at the codimension-one
carved out surface ¥/, ,. The contribution of the carved out surface to the on-shell action
of the Hartle-Hawking wavefunction is given by

— 1673GN (/MM/ Bry/g(R+2) + 2/3 . d*z /(O — 1)) : (E.1)

Using (D.5) for the ADM splitting of the Ricci scalar
R®) =R® + K? — K, K" — 2V, (Ku" — a"), (E.2)
and (D.7) for the extrinsic curvature components

© = Yk — vl — von-a+yvu-b—t"V, o,

E.3
K=Il—-u-b, (E:3)
Eq. (E.1) becomes
/ 1 (/ 3 / 2 )
-5 = d R+2)+2 d 0-1
S = Tonan Uy CEVIBE+2) 2 | de/A( )]
1
= & @ 4 K%~ K, K" +2
167rGN</M_Mf TV + a +2)
(E.4)
+ 2/ BPr/y(yk — 1 -tV ,a) — 2 dQZC\/EK)
B-B 2,
- [ oA W - a),
8TrG’N cap

where 7 is the normal vector to the spherical cap around the joint (B’ — B”) N Xz, as shown
in figure 33. In shrinking the cap to zero size, /7 — 0, and with the term (K(7-u) —7-a)
being regular around the cap, the last term in (E.4) vanishes. In the limit M — M’ becomes
a zero size region, the bulk+AdS boundary term of (E.4) vanish both for the ®y-basis and
(P, J)-basis Wheeler-DeWitt wavefunction. Hence, we have shown

1 1

—-8' = </ d*z/g(R+ 2 +2/ d*x @—1):— / d*aVhK .
167GNn \Jm—m Vol ) B-B Vil ) 8GN Js,,
(E.5)
F Density of states for the ramp

In this appendix, we provide details in evaluating the following integral

Pramp (P, Q) :/ dA X cos(4mP'\) cos(4mQ'\) . (F.1)
0

— 70 —



B/ o B//

Figure 33. Figure shows the cross section of the small cylindrical region M — M’. We regulate the
codimension two surface Xzz N (B’ — B”) with a spherical cap surface that has unit normal 7.

We first notice that cos(4wP’'\) is the density of states for the trumpet partition function
in JT gravity [25, 28]

_an?)2

] 00 ,
Zrumpet (1, A) = % = /0 dpP’ (zos(47rP’)\)e*51P2 , (F.2)

and the double-trumpet partition function is given by [25, 28]

Z(ﬂla 62) = /OOO dA X Ztrumpet(ﬁlu A)Ztrumpet(ﬁ% )\) = 3271_(;1%52) . (F3)

Assuming F1, Fy < 0, we compute the contribution to the correlator of resolvents [20]

VBB 1 1

82m(B1+02) 64\ /mEVE (V=Fi +v-Fa)
(F.4)

Next, we continue (F.4) to positive energy, thus obtaining the density of states for the ramp
from the analytical continued R(+,4) = R(E; =+ ie, F5 %+ i€) on the corresponding branch?*

cos(4m/—E1\) cos(4my/—Ex)\)
4/ ~E1v—E;
_ R(+, )+ R(=,—) — R(+,—) — R(=,+) (F.5)
(—2mi)?
_ 1 Ei + By
© 64n2 VE Ey(Ey — E»)?

Using the relation By = P2, E; = Q'? and taking into account the Jacobian, we obtain?®

Pl2 + QIZ
1672 (P2 — Q)%

R(ElvEZ) = / dﬁldﬁ2eﬁlE1+52E2
0

pramp(ElaEQ) = ‘/0 dA A

PRamp(P,aQ,) = (FG)

and pramp(P’, Q') is responsible for level repulsion in random matrix theory.

34The denominator comes from the Jacobian when we perform a change of variables.

35In principle, we can apply Cauchy’s integral theorem to deform the integration contour from real to
imaginary axis on the four exponential oscillatory integrals of (F.1). After Wick rotation, the integral is
exponentially damped and we obtain (F.6).
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