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1 Introduction and summary

Worldvolume theory on multiple M2-branes is an important object in studying M-theory, the
AdS/CFT correspondence [1] and various dynamics of three-dimensional supersymmetric
field theories. Since the worldvolume theory of arbitrary number N of M2-brane was
constructed explicitly as a U(N), x U(N + M)_; N = 6 superconformal Chern-Simons
matter theory [2-4] (which we shall call ABJ theory in this paper), various features of this
model such as the reduction to D2-branes [5-7], supersymmetry enhancement to N/ = 8 [8-
11], dualities [12, 13] suggested from the IIB brane setup or M-theory picture and classical
solution describing M2-M5 bound states [14-20] have been investigated. The method of
supersymmetry localization [21-25] is also applicable in this model, which allows us to
compute various observable protected by the supersymmetry exactly. In particular, since the
free energy proportional to N%/2, which is characteristic of M2-branes through the AdS J/CET
correspondence [26], was reproduced by the supersymmetry localization of the sphere partition
function [27, 28], the large N expansion of the partition function of the ABJ theory was
studied extensively [29-33]. The large N asymptotics of the partition function was also
studied in different setups such as the theories with longer circular quivers [34-39], non-circular
quivers [40-42] or non-unitary gauge groups [43] which correspond to M2-branes probing
different orbifold backgrounds, as well as in the theories with continuous deformations [44, 45]



or on different manifolds [46-49]. In some of these setups, the localization formula for the
partition function can be reorganized into the partition function of an ideal Fermi gas [50—
53]. This allows us to determine the all order perturbative corrections in 1/N,! as well as
some part of the non-perturbative corrections in 1/N in the ABJ theory [54-58] and its
generalizations [59-70]. The results of the exact large N expansion also stimulated various
researches on the gravity side in the direction of precision holography such as reproducing
the logarithmic correction in 1/N [71-73] and the other 1/N perturbative corrections [74]
which may correspond to the higher derivative correction in supergravity [75-82] as well
as the non-perturbative effects in 1/N [83, 84]. There are some attempts to derive the all
order 1/N perturbative corrections in the gravity side [85, 86] as well. Furthermore, the
exact caulculations also have various applications in the recent development in the bootstrap
analysis of three dimensional superconformal field theories [87-97].

In the exact large N expansion mentioned above, the partition function of the ABJ theory
and its generalizations was studied mainly without parameter deformation, or with small
deformation to extract refined information of the undeformed theory, where it is assumed
that the deformation parameter does not change the large N behavior drastically. However,
the model with finite deformation can also enjoy interesting phenomena in the large N
limit. In this paper we in particular consider the mass deformation of the ABJ theory which
preserves part of the N' = 6 supersymmetry [98, 99]. When the theory is considered on the
flat space, the mass deformation changes the structure of the vacua drastically. In massless
case, the vacua is the 8 N dimensional continuous moduli space corresponding to the position
of M2-branes in eleven dimensional spacetime. When mass parameter is turned on, this
is lifted to a discrete set of vacua each of which correspond to part of M2-branes sticking
to each other and expanding to fuzzy Mb5-branes due to the Myers’ effect [100]. When the
theory is considered on a compact space, the mass parmeter enters through a dimensionless
parameter mr (r: length scale of the compact manifold) and the drastic change in the case
of flat space may suggest that the theory shows qualitatively different behavior at small
mr and at large mr. In particular, we expect that the mass deformation gives a non-trivial
phase structure to this theory in the large N limit.

In this paper we consider the partition function of the mass deformed ABJ theory
compactified on S with rgs set to 1. By using the supersymmetry localization method, we
can reduce the partition function to a 2N + M dimensional ordinary integration. Therefore
we can analyze the phase structure of the mass deformed ABJ theory by studying the large N
expansion of this integration in various parameter regime. Indeed the large N phase structure
was first investigated in the 't Hooft limit N, M,k — oo with % and w kept finite by
applying the large N saddle point approximation to this integration [101, 102]. As a result
it was fonud that the partition function exhibits an infinite sequence of phase transitions
as the mass parameters and the 't Hooft couplings are varied.

Besides the 't Hooft limit we can also consider the M-theory limit N — oo with k& and
M kept finite. The partition function in this limit was studied in [44] by the large N saddle
point approximation [28]. Later it was found for m; = mgo = m that the large N saddle

'For the ABJM theory [3] the all order perturbative correctons in 1/N was determined originally through
the ’t Hooft expansion [31].



configuration in the small mass regime, which is a smooth deformation of the one for m = 0,
becomes inconsistent when m > 7 [103, 104]. This suggests that the model exhibits a large
N phase transition at m; = mo = w. Besides the large N saddle point approximation,
the partition function of the mass deformed ABJ theory can also be studied by the Fermi
gas formalism. The Fermi gas formalism allows us to determine the all order perturbative
expansion in 1/N [105], whose leading part precisely reproduces the result of the large N
saddle point approximation in the small mass regime. On the other hand, through the small
k expansion and the finite N exact values, the Fermi gas formalism also gives some access to
the 1/N non-perturbative effects. In particular, we find that the exponent of one of these
non-perturbative effects has negative real part when /mymg > m [105, 106]. This implies that
the 1/N expansion obtained in the small mass regime is not valid when \/mimg > 7, which is
another evidence for the large IV phase transition. In these previous works, however, we were
not able to figure out the large N behavior of the partition function in the supercritical regime.
The only tool to study this regime was the exact/numerical values of the partition function
at finite N < 10, which was not sufficient for making a plausible guess for the large N limit.

In this paper we find a new method to study the large N behavior of the prtition function
in the supercritical regime. The idea is based on the connection between the partition
function of the ABJ theory and g-discrete Painlevé III3 system (qPIII3) found [107]. This
connection can be understood from the following reasons. For the ABJ theory without
mass deformation, the large N expansion was completely solved including all order non-
perturbative corrections in 1/N by using the Fermi gas formalism [108-110]. As a result, it
was found that the coefficients of these non-perturbative effects are precisely given by the
Gopakumar-Vafa free energy of the refined topological string on local P! x P!. Here the local
P! x P! arizes from the density matrix of the Fermi gas formalism p through the prescription

! = const. as the mirror curve of the target CYs. This

to identify the classical limit of p~
correspondence, called topological string/spectral theory (TS/ST) correspondence [111, 112],
is believed to hold for more general local Calabi-Yau threefolds and matrix models of Fermi
gas form and has been tested through various non-trivial examples [113-136]. Under the
framework of the geometric enginerring [137] the partition function of the topological string
is identified with the Nekrasov partition function of the five-dimensional ' = 1 Yang-Mills
theory realized in the M-theory compactified on the Calabi-Yau threefold [138-140]. These
Nekrasov partition functions are known to satisfy non-linear self-consistency equations called
blowup equations [141-148], which suggests that the partition function of the ABJ theory

also satisfy a corresponding relation.

More concretely, the correspondence between the partition function of the ABJ theory
and g-Painlevé systems is that the grand partition function of the ABJ theory with respect to
the overall rank N satisfies the g-Painlevé I1I3 eqaution in the Hirota bilinear form. Here the
rank difference M in the ABJ theory is identified with the discrete time of qPIII5. Therefore,
given the grand partition function at some two values of M, say M = 0,1, the bilinear
relations allow us to determine the grand partition function for all the other values of M. On
the other hand, the fugacity dual to N corresponds to the initial condition which does not
appear explicitly in the bilinear equation. Hence by expanding gPIII3 in the fugacity and
looking at each order in the fugacity, we obtain an infinite set of bilinear relations among
the partition function at different N and M.
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In [149] it was found that the same bilinear relation also exists for the mass deformed
ABJ theory when the two mass parameters mi,ms are equal to each other by consulting

the five-dimensional theory associated with the curve p~!

= const.. In this paper we further
generalize the relation to the case with non-equal mass parameters. Moreover, by combining
these relations with additional constraints on the partition function from the Seiberg-like
duality [150, 151] and duality cascade [152-154], we obtain the recursion relation for the
partition function with respect to N. The recursion relations are simple and purely algebraic,
which enables us to calculate the partition function for finite but very large N more efficiently
than the standard method of exact calculation based on the TBA-like structure of the
density matrix p [54, 155, 156] employed in [149]. By using the exact (or numerical with
high precision) values of the partition function thus obtained, we find the following novel

properties of the partition function in the supercritical regime /mims > 7.

o First, we find that the partition function for generic values of N oscillates rapidly
around zero as a functions of the mass parameters in the supercritical regime. This
behavior was already observed in [106], for which it was not even obvious whether there
is a well defined large N expansion of the partition function or free energy —log Z in
the supercritical regime. However, in this paper we further find that for each & there is
an infinite series of special values of ranks Nflk) (n=1,2,---) which grows Nﬁk) ~ n?
at large n, for which the partition function is positive definite even in the supercritical
regime. This allows us to investigate a smooth large n expansion of the free energy on

these sequences.

¢ By focusing on the special ranks Nék) we completely identify the large mass asymptotics
of the free energy for arbitrary value of n as listed in table 1, up to the corrections
of order (’)(6_%,6_%). Curiously, in the large n limit of the formula we find the
same power of n as in the subcritical regime, namely — log Z( ,S“) ~ m(Nr(Lk))3/2. Note
that our result is very different from a naive guess for a theory with massive matter
fields which is —log Z ~ —m/(#(matter fields)) ~ N? due to the decoupling. The same
discrepancy has been observed also in the three dimensional supersymmetric gauge
theories without Chern-Simons terms where a naive decoupling of the massive matter
fields results in a bad theory [157].2 In such setups it is possible to turn on a non-trival
Coulomb moduli depending on the mass parameters where the gauge symmetry is
partially broken and some of the matter fields remains light so that the theory left
after the large mass limit is a good theory. It would be interesting if we can provide
an analogous physical interpretation to the large mass asymptotics of the partition
function of the U(N}Lk))k X U(ngk)),k ABJM theory we obtain. In section 6 we briefly
investigate this point, proposing a heuristic understanding of the asymptotics from the
shifted Coulomb moduli which works for some but not all £ and n.

2Note that the large mass asymptotics of the ABJM theory was investigated briefly in appendix C.2 in [106]
when one of the two mass parameters is set to zero, which reduces to the U(N); x U(N)_ linear quiver
Chern-Simons matter theory when we naively remove the massive bifundamental hypermultiplet from the
ABJM theory. Also in this case we observe the discrepancy between the actual mass dependence of the
partition function and the naive guess from the number of massive matter components when the linear quiver
Chern-Simons theory is a bad theory [158, 159].



e Once we determine the simple formulas for the large mass asymptotics of the partition
function, we can further analyze the finite mass correction in the large n limit for
N = Nék). Interestingly, we observe that the deviation of the free energy from the
asymptotic formula in the regime /mims > 7 is a superposition of linear growth and
a periodic oscillation with respect to n. Namely, we observe that the leading and
sub-leding terms in the large n limit, O(n®) and O(n?), do not receive the finite m
correction, and hence we propose (see (5.4) and (5.23))

my/2k(1 + 7=2m3)(1 + 7=2m3)

lim log Zk70(N7(lk); my,ma) 3 (ymimg < )
im = .
n—o0 Nék) 3/2 /
( ) —;k (my 4+ mg) (y/mimg > )
(1.1)

In particular, from this proposal it follows that the phase transition at \/mimo = &
is of second order, regardless of in which direction in (mq,mgy)-plane we cross the
phase boundary.

The rest of this paper is organized as follows. In section 2 we define the partition
function of the ABJ theory with two parameter mass deformation which are turned on as
the supersymmetric expectation values of the background vector multiplets of the SO(6)g
symmetry. In section 3 we recall the connection between the partition function with m; =
ma € miQ and g-deformed affine A-type Toda equation in the bilinear form found in [149] and
display its generalization to general my, mo which can be guessed from the exact values of the
partition function. In section 4 we show that the bilinear relations, conbined with additional
constraints from the Seiberg-like duality and duality cascade, give the recursion relation for
the partition function with respect to N, and organize the relations into the form which
is suitable for the subsequent analysis. By using the recursion relation we study the large
mass asymptotics as well as the large IV expansion in the supercritical regime /mimg > m
in section 5. In section 6 we summarize the results and list possible future directions. In
appendix A we display the exact values of the partition function obtained by the method used
in [149], which can be used to test the bilinear relations (3.12), (4.8). In appendix B we explain
how we guess the bilinear relation for my # mo (3.12). In appendix C we compare the analytic
guess for the leading worldsheet instanton coefficient (5.12) with the numerical results.

2 The model

First let us explain our setup, which is the ABJ theory with two-parameter mass deformation.
The ABJ theory [3, 4] is an N' = 6 superconformal Chern-Simons matter theory which
consists of two vectormultiplets with the gauge groups U(N) and U(N + M) and the Chern-
Simons levels k and —k, two chiral multiplets X', X? in the bifundamental representation
(0,0) under U(N); x U(N + M)_;. and two chiral multiplets Y7, Y; in the bifundamental
representation (0J,0J). The theory has SO(6) R-symmetry, under which the four chiral
multiplets (X!, X2, Yf, YQT) transform as a vector representation of SU(4) = SO(6)g. This
theory is realized by a brane setup in the type IIB superstring theory displayed in figure 1 [160].
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Figure 1. The type IIB brane construction of the U(N); x U(N)_; ABJ theory. Here (1, k)5-brane,
the bound state of an NS5-brane stretched in 012468-directions and k D5-branes stretched in 012579-
directions, is stretched in 012-directions and in the three directions on 45, 67, 89 planes with an angle

0 = arctan k from 4, 6, 8-axes [161, 162].
The brane construction is useful in understanding the dualities (3.16) and (4.2) used in

later analysis.

We can add a supersymmetric mass terms to this theory by introducing non-dynamical
background vectormultiplets for the R-symmetry which are frozen to the sypersymmetric
(Alﬁgd,abgd,)\bgd,Dbgd) = (0,0,0,—9). We can turn on three mass

configuration VPed =
parameteres (01,02 + 03, d2 — d3) corresponding to the Cartans of U(1) x SU(2); x SU(2)2 C
SO(6)r under which the (X', X?) and (Y1,Y2) transform respectively as (41,2,1) and

(—1,1,2).% This gives the following masses to the chiral multiplets:
X1 +034+03, X2:6,—0y—03, Yi:—0+0,—03, Yo:—0;—0da+0d3 (2.1
In this paper we consider the two-parameter mass deformation with
mi1 — mo mi + mo
0= ———, dp=———, 03=0. (2.2)
27 27
The partition function of the mass deformed ABJM theory on the three sphere is given by
the supersymmetry localization formula [22], which simplifies for this choice as
_1)MN+M(A2{71)6NM(m21+m2) / dN:E dN+My i(ZN x2— N y-2)
i=1"7 i=1 i
NI(N + M)! (2m)N (2m)N+M €
2sinh Y%
( ) (2.3)

2
N . Ti—T; N+M
i< <2s1nh 3 )HKJ-

X

N 17N+M Ti—y;—m1
| Y szl (2COSh —= )(
M(M—1) NM(mji+mg)
2 e 2

Zim(N,mi,mg) =

2 cosh 7%_%_7”2 )

to be the same as in [149].

Here we have chosen the overall factor (—1)M~N+
Note that the partition function at M = 0 obeys various symmetries

Zk70(N7 my, m2) = Zk,O(N7 ma, ml)a
(2.4)

Zk’,O(N7 mi, m2) = Zk,O(Nv may, _m2)>

(Zk,O(Nv mT? m%))* = Zk,O(Nv mi, m2)7

which are obvious from (2.3).
3Here we have followed the convention of [81, 163], with m1,m2, ms there denoted as 41, d2, d3.



3 Bilinear relations of partition functions

In the following we review the result of [149] where it was found that the grand canonical
partition function of the mass deformed ABJM theory

o0
B (55m1,ma) = Y KN Zg pr (N, my,ma) (3.1)
N=0
satisfies bilinear relations (3.11) for m; = mg, and display their generalizations for m; #
2 (3.12).
In [149] it was found that the partition function (2.3) can be rewritten in the Fermi
gas formalism

Zi.(0)

N
M [ ettt (3.2)

Zk‘,M(N, mi, m2) =

where Zj, 3/(0) is the partition function of U(M); pure Chern-Simons theory (A.1) and p
is the following operator of one-dimensional quantum mechanics

_ima® tar,r _im1p
5= ( 1)M M(mitmg) € 2 1]\—/[[ 2 sinh T — e Ton (3.3)
p=(— e — — . .
2 cosh W -7 2 cosh W 2cosh &

with ty, = 27TZ(M +l _ 1), Here we have introduced position/momentum operator Z,p
satisfying [%,p] = 2mik and the position eigenstate |-). By using quantum dilogarithm
Dy(2) [121]

(_627rbz+7rib2 : 627Tib2 )oo

®y(2) = (—e2mib-Ta—mib—? g—2mib2) (3.4)
with b = vk, which satisfy the following relations
Py(z +ib) 1 Py(z+ib™t) 1 (3.5)
(I)b(Z) N 1+ emib? g2mbz ! q)b(z) B 1+ e—mib=22mb 12 :
we can express p as
e (_UMeJszeM2 2 (3-52)s (2 519 2b) —imp (%b 2b> 1 (3.6)

e .
£ by iM £ P

@ (555 ﬁ%b) @ (555~ i) 2c0sh g
By using the first identity of quantum dilogarithm in (3.5), we find that the inverse of p is

written, up to a similarity transformatlon which does not affect the partition functions (3.2),

imod imyp

as a Laurent polynomial of ez 62 e 2r ,e2r , which reads

P I, VI P <2frb - % + %) (_l+im2)ﬁ
pr=UT )l U= i A (3.7)
@y (o5 + 2 - )
with
R O G o R e L e
T e L ] (.9



mi(k—2M
K
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Figure 2. Newton polygon I = {(m,n)} such that (')~ + k > (mon)el Conm €™ TP for my =
me = W with (v,a) = (8,3). We have also displayed the coefficient ¢,,,, associated with each

. mik _(k _ _imymak
point, where k' = e —(G—M)(mitma)——7==

Here we have redefined the canonical position/momentum operators

N z+p 3miM ik k:(ml + mg) o —z+p mM " k(m1 — mg)
xr = — _— g —

2 2 2 4 ’ 2 2 4 ’
(3.9)

which now satisfy [/, p'] = wik, to simplify the relative coefficients of the Laurent polynomial.

To guess the bilinear relation satisfied by = a/(k), in [149] we have consulted the ideas of
the topological string/spectral theory (TS/ST) correspondence and the geometric engineering,
where the classical curve ﬁflli_mﬁ_)p + k = 0 is identified with the Seiberg-Witten curve of
the five-dimensional A" = 1 Yang-Mills theory engineered by the Calabi-Yau threefold. In

particular, if we set my = mo = mi2a=v) with v,a € N, by further redefining the canonical
operators as
23/ 2
== P =p - (1—) 2, (3.10)
v v

we find that the curve p—! #"—zp'—p + K = 0 coincides with the Seiberg-Witten curve of the
SU(v) pure Yang-Mills theory with only the a-th Coulomb parameter is turned on, which
corresponds to k. See figure 2. The TS/ST correspondence suggests that the grand partition
function =y, ps(k, m1,my) is identified with the Nekrasov-Okounkov partition function of this
theory on the self-dual €2 background e€; = —e2, which is known to satisfy the g-discrete
SU(v) Toda bilinear equations with respect to the instanton counting parameter z [164].
“i") [126], this fact implies
that Zx ar(k, m1, m2) also satisfies bilinear difference relations with respect to the shift of

Since z is identified with the moduli of the curve as z = e~ ™1~

M. Indeed, by using the exact expressions of Zj as(N, m1, ma) for various k € N, N € Z>,
M € {0,1,--- ,k} as functions of mj, mg obtained by the open string formalism [53] it was
found that =y as(k, m1,mq) satisfy the following relations [149]

_ _ _ _2miM _
Epre (—e ™Ry my, my)Ep a1 (—e™ ks my,ma) + ek Zgar(kyma,my)?

— Epm(—e " rymy,my)Zg m(—e™ r;my, my) = 0. (3.11)

Note that although the above argument through the five-dimensional gauge theory is valid
mi(2a—v)
v
satisfied for any complex values of m; = mg with |Im[m,]| < 7. Indeed, since the partition

only for my; = mgy = , the exact expressions for Zj ps (N, m1,ma) tell us that (3.11) is



Hanany-Witten transition associated with the duality (3.13).

Figure 3.
function Zj ps (N, m1, ms) is holomorphic functions of my, ms in [Im[m;]|, |[Im[ms]| < 7 for

any finite k, M, N, if (3.11) is satisfied for any (v, a) it follows that (3.11) is satisfied for any
complex value of m; = mg with [Im[m,]| < 7. Furthermore, with the exact expressions for

Zi v (N, m1,mg) at hand it is not difficult to find that =g p/(k, m1, mo) satisfies the following

m1+m2
2 Kymy,Mma)

bilinear relations even for my # mao:
— _m1+m2 —
:k,M+1(—€ 2 %;ml,mz):k,M—l(—e
_2miM mi—mg —_ _mi—ma
+eF Epule” 2 mymi,ma)Zg m(e 2 Kymy,ma)
__mi+mgy —
2 K ml,mg):k’M —e (3.12)

— Eg,m(—e
In appendix B we explain how we have guessed this relation by using the first a few exact
values of the partition function. We have checked against the exact values of Zj, pr(N;my, ma)

that this equation is satisfied for 1 < M < k — 1 for k = 2 to the order 7, for k = 3 to the
order s, for k = 4 to the order x5, for k = 5 to the order x° and for k = 6 to the order x°.

In appendix A we list part of these exact values with which the reader can perform the same

mqi+mg
K;my,ma) = 0.

2

test. See [149] for the detail of the method to generate these data.
Lastly let us comment on the compatibility of the bilinear relations (3.12) with the
(3.13)

Seiberg-like duality
U(N)k X U(]\f—i-JW),]C — U(N),k X U(N+ k— M)k

which relates Zjy pr (N, m1, m2) and Zg —p (N, m1, ma). When m; = mg = 0, the duality can
be understood as the Hanany-Witten effect in the type IIB brane construction [160] displayed
in figure 3. The relation between the partition function with relative ranks M and k — M

can be proved explicitly by using the following integration identity [151, 154]

1 dNz
N WZ@)g(NL,N;x,Z)Zk)n(N,NR;Z,y)
BNAN) (NN e0)2) 1 [ N2 - ) -
4 4
— [ ——=Z; (N, N;2,2) 21 ¢(N,Npg; 2, N=>0
N!/(27r)N kn(NL )Zk.e( R % Y) ( )’
(N <0)
(3.14)

. 2
m(—é—%‘*‘
e

N . i—x; TN . =Y

i<1j251nhz — iijSlnh%
N2 Ti—Y; ’
j=12cosh ===

—1 Mg =S N2 Yi H
)e C(Zi:l v Zi:l ) H]\ill

0

where N = Ni + Ng — N + k and
(3.15)

2_\V2 2

i N
Zk,C(Nl,NQ;fUay):eﬁ(z’;mi i=



By using this formula, we find the following relation for the partition function (2.3) with
mi, M2 % 0

2
T ﬂ+k——ﬁ+l N(@2M—k)(mi+mg) ikNmimg
) —e 2 12 26 e —

Zk,M(Na mi, ma 2 2m (Zk,k—M(Nv mg,mf))*,
(3.16)
or
k2 k 1) . L * * - * *
B _E4 1 (2M —k)(m7T+ms5) ihkmIm
s mg) = & ) g (oot D Sl
(3.17)

in terms of the grand partition function. Here the complex conjugation is necessary to take
care of the change of the Chern-Simons levels (k, —k) — (—k, k). We see that the bilinear
relations (3.12) are manifestly compatible with the Seiberg-like duality (3.17).

4 Recursion equations in IN

In the previous section we have found that the grand partition function =, p/(k) with 0 <
M < k satisfies k— 1 bilinear relations (3.12) which are second-order difference relations (3.12)
with respect to M.* Conversely, if we assume (3.12) to hold, it allows us to determine = ps (k)
for 2 < M < k completely algebraically once =y o(k) and Zj 1 (k) are given as initial data.
Expanding (3.12) in &, on the other hand, we can view them as an infinite set of relation
among { Zx ar(0) 38,0, {Zkar (D)5 s {Z1.01(2)}5,—o and so forth. However, these relations
alone cannot be solved recursively in N since the number of unknowns (which is k& + 1) at
each step is larger than the number of equations at each order in x (which is k — 1). In
the following we see that (3.12) combined with an additional constraint from the duality
cascade [154] is solvable in N recursively.

To explain the constraint, let us consider the Hanany-Witten brane exchange (see figure 3)
for the case with M > k. Since k — M < 0, the smallest rank also changes as N — N +k— M.
When N < M — k we encounter a negative rank, which is interpreted that the configuration
does not preserve the supersymmetry [160]. Hence the brane configurations suggest the
following relation among the partition functions

Zem-k(N+k—M) (N>M-—k)
Zi(N) ~ 4 S (4.1)

These relations were proved explicitly in [154] for m; = mgy = 0 together with the precise
overall factor for N > M — k by using the identities (3.14), which can be generalized to

“As we have commented above, if we use the Seiberg-like duality, which gives Zj ar(k) with M > |k/2] as
the complex conjugates of those with M < |k/2] (3.17), our problem can be reduced to the determination
of |k/2] + 1 grand partition functions against |k/2| equations. However, to simplify the explanation of
the recursion algorithm here we handle the bilinear relations completely algebraically rather than using the
Seiberg-like duality and taking complex conjugate.
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mi,ms # 0 straightforwardly. As a result we find

Zk,M(N7mlam2)

6m(%+%_g+%) . (Nk+(M—k;2><m1+m2) _ihNmymy

2 et (N—(M—k),mi,ms) (N >M—k)
0 (N < M—k)
(4.2)

for M > k. In particular, the grand partition functions at M = k and M = k + 1 are related
to Zp0(k, m1,me) and Zj 1(k, m1,ma) as

_ 7rz( mik k(mpt+mg) ikmymo
Ekk(k,mi,me) = e k0

ez e 2 K, ml,mg), (4.3)

2
_ e (%-i—%) (k+1)(my+mg) ikmimg mik k(mitmg) ikmymg
Ekkt1(k,mi,mo) =e e 2 am KEp1(e2 e 2 2 K, M1, ms | .

(4.4)
Note that the first relation is consistent with the Seiberg-like duality (3.17) with M = k,

taking into account the fact that the partition functions at M = 0 is real (2.4). Furthermore,
from the original definition (2.3) we have

o (2N+1)(mq+msg)

€ 2 (Zk,l(Nv mavmi))* (

Y

0)

N
Zg,—1 (N +1,m1,ma) = : (4.5)
0 (N =-1)
Combining this with the Seiberg-like duality (3.17) we find
Zk,fl(N+17ml7m2)
- e—wz(%+%_g+%)e(—kzv_1)2<m1+m2>+iw;’jrlm2 Zi k—1(N,m1,mz) (N>0) (4.6)
0 (N=-1) '

or

k2 .
- . _ 77?1(%754*%) _mitmo mik _k(m12+m2>+“€";1m2 )
Eg,—1(k;m1,ma) = e € TRy, M)

(4.7)

in terms of the grand partition function. Interestingly, we find by using the exact values of
Zi,m (N, m1,ms) that the bilinear relation (3.12) at M = 0 with =5 _1(x; m1, ma) substituted
with (4.7),

(K2 K mq+m ik c—1)(mq+m ikmym
—e_”'(%_ngé)HEk,l(—@_ 5 * rymy,ma) g -1 (—e” R B * kyma,mo)
_ my—mg _ _mi—mg
+Zkole” 2 Kymi,mo)Erole” " 7 K;mi,mo)
_ _ my4m _ mi4m
—Eko(—e E 2f<&;m1ﬂ”l”b2):k,o(—€ E 2f€;m17m2)=07 (4.8)

is also satisfied. We can also consider the bilinear relation at M = k with =, 5 (k; m1, m2) and
Ekk+1(k; m1, ma) substituted with (4.3) and (4.4), which turns out to be identical to (4.8).
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Combining this new relation with (3.12), now we have k — 1 equations at each order
in k against & — 1 independent partition functions Zj p(N) with M = 0,1,--- ,k — 1.
Hence we have a sufficient number of equations to solve them with respect to IV recursively.
In particular, due to the additional x in the first term, (4.8) at the order kN gives an
expression of Zy, o(N, m1, ms) which consists only of Zj ps(N', m1, mg) with N' < N. Once

we determine Zj,o(N), the other bilinear relations (3.12) at order x™ are linear equations
for (Zy1(N),---, Zrk—1(IN)) which can be inverted straightforwardly. Hence the recursive
procedure schematically goes as follows

input:
({Zk,M(O)}’;;;o>

Zro(1) from (4.8) Zro(2) from (4.8) Zio(3) from (4.8)

— ! — 1 — ! —

{Zear(1)}3r2, from (3.12) {Zra1(2)}3:2, from (3.12) {Zr 20 (3)} 372, from (3.12)

(4.9)

In the following subsections we display the recursive relations more explicitly for £ = 1
and k£ > 2.

4.1 k=1

For k =1 we have only one independent grand partition function =, o(x;m1, ma), with which
Ek,1(k;mi,ma) and Zj o(k; m1, me) are written as

m1+mo imqmo

Z11(k;my,my) = e 1 Zyg(ie” 2 2 KMy, ma),

imqmo my+mo— imqmo

mitme— 5o REL()(—e ™ R;ml,TTlg). (4.10)

Ei12(k;myi,me) =e

Here we have used the symmetry properties (2.4) of Zj o(N, m1, ms) to simpilfy the right-hand
sides. The bilinear relation used for the recursive approach (4.9) consist only of (4.8):

my—m2 _mj—my

Ziole™ 2 rymy,m2)Z10(e” T 2 Kymy, ma)

- mj+mo — _mjtmg
—E10(—e" Z Kymi,ma)E10(—€" "z K;mi,ma)

im1mo imymo

— KkE10(—ie” 27 Kymy,mo)Zio(ie” 27 K;my, ma) = 0. (4.11)

By solving the bilinear relation at order " for Z10(N;myi, ma), we find

N-1
1 _
Zo(N;myi,mg) = I > RNHLZ o(nsma, ma) Z1o(N — 1 — nsmy, my)
LON | =
N-1
— Y hogn-nZio(nymi, me) Z1o(N — nymy,ma) |, (4.12)
n=1
where
Hi g, — 2cosh <m1—2m2>n B (_1)"2 cosh <ml+2mz>n ,
Ion = €35 = T (e,
R=ie 3", (4.13)
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We will use the same symbols Hy, ¢, I 0.0, R also for k > 2. Note that to obtain (4.12) we
have used the fact that Z; o(0;mq,mg) = 1.
From (4.12) we find that the partition functions are expanded as

Ly
N(N -1
Zl’o(N; my, m2) = E Rafa(N), LN = 7( 9 ) (414)
a=—Lp

Here f,(N) are some rational functions of e2 and 2 which are determined by the recursion
relation (4.12) with the initial condition fp(0) = 1. Note also that since Z; o(N;mq,mg)
are real functions of mj,my and f,(N) are realt functions of mj,my (which is obvious
from (4.12)), fo(N) satisfy the following relation

f—a(N) = fa(N)' (4'15)
4.2 k>2

To write down the recursion relation for & > 2, it is convenient to redefine the partition
function Zj p/(IN) and the grand partition functions Zj a(k) with M > 1 as

(M0 a2 k1 my +mg) \ MN
Z 1 (N) :em(g +HE+H(-+s 6k)M> <_6(1;2)) Zim(N),

0 (M3 M2 11k, 1 1 ) M
sttt Tm)M ( )
) = 3 ) = E RN, ()

With this redefinition, the bilinear relations (3.12), (4.8) are written as (M =1,--- |k — 2)

—_ - _ mi—mg
KEh 1 (k5m1,ma)Ep  (RFssmy,ma) — [[Ehole™ 2 Kymy,mo)
+
— mj+moy
+ H:Qﬁo(—ejF 2 Kymi,me) =0,
+
— - m1—may
H:;C,Mﬂ(’ﬁ mi,ma) — EZ,M(ei 2 Kymi,ma)
+ +
i +
+e it HE;C,M(_G:':M12m2 r;myi,mg) = 0,
+
—_ _ — _ mi—mg
B o(R™ rsmy,mo)Z p o(k) = [[Ehpor(e™ 2 Kyma,mo)
+
2mi(k—1) +
te F E?Qk,l(—e;ml;w K;mi,mg) = 0. (4.17)
+

Looking at the coefficients of "V, we find

N—1 N—

1

Zyo(N) = Hoon (Z RMZi (N —1=n)Zj, Z k,0.2n—NZk0(n )Zk,o(Nn)>
I n=1 n=1

(4.18)
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and

Zz 1 Z I2,1,nZ2 1 Zz 1 Z Z2,0(n)Z2,0(N —n) (k=2)
Z}, (N) by ey O - o0\
Zl,c,Q(N) as by ¢ 0 --- 0 do
= (k> 3), (4.19)
0 -+ -0 agps br_sz s O
: 0 - o 0 ag2 bp2 cro :
Z -1 (N) U 00 ap—y b dp_1
where
am = Z]/C,M+1(0)7 bv = _Hk,M,NZE\/[(O)v CM = Zl/c,Mfl(O)v
N-1
Z Ikankl Zkl(N—n) - Z Z,'€72(n)Z,{C7O(N—n),
n=0
N-1 N-1
dy = Z Ik’,M,nZI/c,M(n)ZI;,M(N —n)— Zl,c,2(n)Zl/<;,O(N -n) (M=2,--,k-2),
n=1 n=1
N-1 N
A1 =Y Tkk10Zh k1 (M) Z gy (N —1) = > Z o(n) Zj o (N —n), (4.20)
n=1 n=1

with ZIQ:,O(N) = Zk@(N)
As is the case for k = 1, the recursion relations (4.18), (4.19) tell us that the partition
functions have the following structures for general M, N:

0)
Ly

Zro(N) = Z RO (N

_ (0)
a=—Ky
(1)
Ly

Ziu(N) = > RUOON) (1< M<k-1), (4.21)
K\

a=—

with fC(LM)(N ) some rational functions of es and e®. The upper /lower bound of the
summation index a can be estimated from the recursion relation (4.18), (4.19) as

0) _ (1) 1) (0) (0)
Ly —maxLS{LnSaifcl(kn—l—LN_l_n—l—Ln )’1§£Ln§azir{71(L" +LN_n):|,

K(O):_ : : k _K(l) _K(l) : _K(O)_K(O)
W= min iy (k=R G0, iy (GRS |
W, 7 B 0, 70 _
maxL<£n<a]>V(1(Ln +LN*")’1gLa§XN( 2n+L,, +LNn):|7 (k=2)
L(l)_
o=

)

L(l) L(l) L(l) L(O) —k L(O) L(l) k>3
maxL<gl<a])v(_1( n T Nﬁn)’ogglgal)\;—l( n T an)’lISI;agXN( n+Ly + an) ) (k>3)
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i : _K(l)_K(l) : _9 _K(O)_K(O) k=2
mngg;@_l( o —Kyon), min (=2n— KT —KyZ,)) (k=2)

K\ =
—min Lgingi%l(_;{g) —Kz(vl)—n)’og,?gﬁ,l(—ffﬁ” ~K ), 1£i£N(—kn—K7<10) -KQ )|, k>3)
(4.22)
which are solved explicitly as
0 0 ) k(N?—N) 1y Kk(N?4+N)
LV =rQ =1y = — K = — (4.23)

5 Large N behavior of Z; ((IN; mq, m2) with /|mim.| > 7

The recursive approach (4.9) allows us to calculate exact values of Zj ps(N;m1, ma) efficiently
for arbitrary values of mq, mg with |Im[m4]| < m, |Im[ms]| < 7 and finite but large values
of N, which are reliable data for studying the large N expansion of the partition function.
By using these data, in this section we investigate the large N expansion of the partition
function in the supercritical regime /mima > 7 [106].

First let us recall the large N expansion for mi,ma € iR with |mq|,|ma| < 7™ where
there is no phase transition. By applying the standard WKB analysis for the Ferim gas
formalism, we find [105]

Zyo(Nymy,me) = ZES (Nymy,ms) = e*C™5AI[CT5 (N — B)), (5.1)
where
o 2 po_ 2om Clmitmy) K ’f(l_M)Q
- m2k(1+72md)(1+72m3)”  6k(1+72m3)(1+72m3) 12 2\2 k)’
1 - . 1
A:ZZ(AABJM((li“T ml)k)—l-AABJM((l:EZ?T mg)k)) (52)
+
with [165]v2
Anmma(k) = BB (R B /wxlogu—e-%) 53)
ABIMAR) = g, 16 w2 Jo ekr — 1 ' '

Here the cofficient B for M > 0 was guessed in [88, 94].> The Airy function (5.1) gives the
leading behavior of the free energy in the large N limit

74/ 2k(1 + 72m2) (1 + m—2m?2
_ /2K 31>< 3) | 5

together with the all order 1/N perturbative corrections. In [105] we found that the free

energy agrees excellently with — log Z,Ij%lrt (N) even for finite N, up to 1/N non-perturbative

N

—log Zj,o(N) N% 4+ O(N

corrections. The exponential behaviors of the non-perturbative effects are of the form

e Ew MW ¥’ (nw [ 2207 an Z 1) (55)
w

5We have confirmed that absolute values of the partition function for M > 0 and mi, m2 € iR obtained by
the recursion relations show excellent agreements with the all order perturbative expansion (5.1) with this B,
although we could not identify the overall phase as a simple function of k, M, N, m1, ma.
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The list of w’s was identified to consist (at least) of

MB , MB MB WS WS WS WS
{w} 2 {1’} o Wi,—,Wa W s Lw i T WP Wl w g (5.6)
with
2 4
MB WS
W‘,i = —, wi’i/ = - - . (57)
S (1 ) (14 im2)

To describe these results it is more convenient to consider the modified grand potential
J(p) defined by

c i Z KNZk m(N) = Z eJ(u+2mn)’ (5.8)
ne”z

rather than the partition function Zj (V) itself, which is related to Zj a(N) by the

inversion formula

Z (N = / A 30N (5.9)

— 4500 211

The above-mentioned large N behaviors (5.1), (5.5) of the partition function Zj, 57 (V) originate
from the large p expansion of J(u)

‘](:u) = Jpert (,U,) + an(:“‘)7 (510)
with
C 'fL w
peri(1) = 21’ + B+ A, = 3 (e u e, (5.11)
{”w}

In the list of the exponents w (5.6), the first five exponents w%v[f and 1 correspond in the

massless limit to the D2-instantons in the ABJM theory [30]. These instanton exponents were
identified in [105] through the WKP expansion of J(u) together with the small k& expansion
of the instanton coefficients y({n.}). On the other hand, the last four exponents wi\fi, are
the generalization of the Fl-instantons in the ABJM theory [166], which were guessed by
analyzing the deviation of the exact values of the partition function at finite N (N < 10) from
ZIS,%(N) (5.1). By using the numerical values of Zj »/(N) in high precision with N 2 100
obtained by the recursion relation we can confirm this guess for the worldsheet instanton

exponents, and further determine the coefficient v({n,,}) of the first worldsheet instantons as®
2 M
cos
v(n, ws = 1,other n, =0) = 5 —E_ 5 (5.12)

) )

See appendix C for the comparison with the coefficient extracted from the numerical values
of Zy m(N). Note that the coefficients y(nii = 1,other n, = 0) are consistent with
the coefficients recently obtained in the gravity side for m; = ms and at leading order

SWe are grateful to Kazumi Okuyama for informing us the closed form expression (5.12) for M = 0 he
guessed at early stage of this project.
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in the 't Hooft expansion [83], while for v(n}'S = = L,other n, = 0) our results (5.12) are
inconsistent with [83]. It would be interesting to extend the comparison for finite k as is
done in [84] for the massless case, and also to investigate the reasons for the disagreement
in y(n¥% = 1,other n, = 0).

The large N expansion explained so far agrees excellently with the actual values of the
partition function Zj ps(N) for my, mo € iR. The two results show good agreement even
when mi, mo are small real numbers. However, when we apply these results for real mass
parameters with /[m1ma| > 7, the real parts of the instanton exponents w and wWs
become negative. Since the corresponding non-perturbative effects are exponent1ally large
in N, the 1/N expansion breaks down. As a result, the Airy function (5.1) may not be the
correct expansion ponit in this regime of the mass parameters, which suggests that Zj ps (V)
exhibits a large N phase transition at \/W = 7.

The existence of the large N phase transition at \/[mymsa| = 7 is also supported from
several different analyses. In [103, 104] the partition function was analyzed for M = 0
and m; = my = m in the large N limit with k kept fixed by the large N saddle point
approximation. As a result, it was found that while the leading behavior of the large N
free energy — log Z ~ mﬁ(l +772m? )N 2 is reproduced by the solution of the saddle point
equations obtained by a continuous deformation of the solution at m = 0, the solution
becomes inconsistent for |m| > 7. In [106] the partition function with M = 0 and m; # ma
was studied numerically for finite N and found to deviate from the expected asymptotic
behavior —log Zi o(N) =~ W\/Qk(lJer?%)(Hmeg)N% when /[mima] > 7. In all of these
analyses, however, the concrete large IV behavior of the partition function in the supercritical
regime \/[mima| > m was elusive. In the rest of this section we try to address this problem by
using the exact expressions/numerical values of Zj, r(IN;m1, ma) obtained by the recursion

relations (4.9). For simplicity, in the following we consider only Zj a/(N) with M = 0.

5.1 Large mass asymptotics

Let us first recall the general structure of the partition function (4.14), (4.21) suggested by

the recursion relation. Due to the factors R* = (ze BT )%, the partition function typically
oscillates rapidly with respect to mq, mg, and can even crosses zero as observed in [106]. As
N increases, however, we observe that the partition function does not show the oscillation
in my, ms for some special values of N, as displayed in figure 4. To figure out the pattern,
it is convenient to look at the large mass asymptotics of the partition function, which is
obtained by keeping only the most dominant (namely, least suppressed in mq,mz) fo(N)’s
in the summation (4.14), (4.21). For k = 1 we find

mi+mo

Z170(1)—)6_ 2 s 2170(2)%6

3. 7nl+m2 _5 mqi+mo

( R—R™ ), Z170(3)—)6 ' 2 R

5. m1+m2 _11.mitma +m2 14.m1tm2

Zyo(4) e (1+R?24+R™%), Z1o(6) e ==

,wm

(14+R2+R7%), Z1o(5) —e

Z1o(T) e (-R—R'-R3—R3), Z(8) e 2™ (24 R2+ R 2+ R*+R~%),

,26_m 30.m1tm2

Z10(9) —e (~-R—R'-R}*-R™3), Z10(10) =e 3072 |

m1+ 2

Z10(11) — 3% (14+R*+R2+R*+R™%),

,17,



Z(5) >0
- Z(1)>0
_ Tz <0
= Z(2)>0 =
% 5.; -100 - Z(6)>0
S Z2)<0 &
20 iy ¥ - Z(7)>0
= Z3)>0 & 150
- Z(7)<0
Z(4)>0 -200
lllllllllll h - Z(8)>0
0 2 4 6 8 10 Z(4) <0 0 2 4 6 8 10
- Z(B) <0
m m
or T T o =
T Z(9) >0 [
-100]- T Z(9)<0 ~100
= = [ < Z(13)>0
g I ozagso0 & 20 (13) >
7 S - Z(13) <0
= | N 300
® e Z(11) >0 @ [ "
= = f < Z(14) >0
o - Z(11) <0 -400 - 1
1 - Z(4) <0
-400 SN e Z(12)>0 -500 - ‘ .
0 2 4 6 8 10 p 0 2 4 6 8 10
- Z(12) <0
m ( ) m

Figure 4. Oscillation of the partition functions for k¥ = 1, M = 0 around Z; o(N) = 0. For
N =1,3,6,10 the partition function is positive definite.

1t+mg

Z10(12) = e 0T (14 24+ R 2+ R*+ R+ R+ R™9),

mi+mo

Z10(13) —w e T2 (242R* 2R+ R*+ R *+ R+ R7F),

miq+mao

Z10(14) = e 5T (14 R*+R2+R*+R7?), ---. (5.13)

We find that the oscillation is absent when”

1
N:Nﬁ”:@ (n=1,2,--). (5.14)
. v (V) (my +moy)
We also find that the exponents of the overall asymptotic decay Z(N) ~ e 2 ,
vMay=1, vM(2)=3, vMi3)=5 vW@=8,  vOB)=11, vY(6)=14,
vy =18, vW(®)=22, W9 =26 vV(10)=30, rP(11)=35 vH(12)=40,
v (13)=45, M (14) =50, -- (5.15)

obeys the following general formula

v(N) = ivj g + \/%J, (5.16)

n=1

"The guesses of the general rules for Ni", N, v (N), v@(N) (5.14), (5.16), (5.21), (5.20) as well as the
factor “27"” in (5.22) may not appear obvious from the restricted number of analytic expressions (5.13), (5.19).
However, we can confirm that our guesses are indeed correct against numerical values of the partition function
with larger N obtained by solving the recursion relation numerically.
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where |z] is the largest integer which satisfy |z| < z. In particular, for N = N (5.16)
simplifies and we find

_n(n+1)(2n+1) mj+mo
6 2

Z1o(NYY = e (5.17)

For k£ = 2, we find

mi+my 1
2

Zg,()(].) —e . 5’ 2270(2) — 6_4'm1;MZ (1

2 -2
+M) : (5.18)

2
mi1+m 1 R2 RiQ
Zaal3) T (G ).

mytmy 1 mitmy (1 R:4+R™2 RA+R™
Lmitmy (5)%6_15.% ( + " + )7

2+ 2 4

5 R4 R RO R
4 2 4 ’
R'*+R™* R°+R°

2
Zo(T) — e~ 25 "2 <1+ )| + )

4 2 4

1 2 —2 4 —4 mitmg |
e NI TR e PN CAT)

We observe Zs o(N) ~ e~ (V)52 ith

VA (N) = ﬁ:(l +2|vn —1)). (5.20)

We also observe that the large mass asymptotics of the partition function does not oscillate
when N = N1g2) with

N2 = p2, (5.21)

Again v (N) (5.20) simplifies for these special values of N. Taking into account also the
overall constant we find that Z270(ng2)) has the following simple large mass asymptotics:

_ n(4n271) . mi+mo
3 2

Zao(N2)) = 27" (5.22)

As k increases, the analytic expression for Zj, o(/N') becomes more lengthy even at relatively
small N, for which it is difficult to continue the same analysis as k = 1,2. Nevertheless,
we can study the behavior of the partition funtion at higher N by solving the recursion
relation (4.18), (4.19) numerically with high precision. For example, for m; = mg =5 we can
reach the partition function for k£ = 3, M = 0 with NV = 341 by choosing the initial precision
as 20000 digits. As a result we find that there is an infinite sequence of N’s, which we shall
call Ny(f)’), for which the partition function Z3o( 5’)) does not oscillate around zero. Once
we identify N,g3) we can further study the large mass asymptotics of Zg,o(Ny(ﬁ)), finding a
simple formula analogous to (5.17), (5.22) for k = 1,2. The same analysis can be repeated
also for kK = 4. In table 1 we summarize the list of NT(L]C) and the large mass asymptotics of
Zk70(N7(lk)). Note that the formulas in table 1 are exact even for finite n, up to the corrections
of 0(6_%76_%) in the free energy —log Zy o(IV).
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(k) asym ¢ nr(k)
k Ny, 210 (Nn'’)
1 (n+1) o n(n+1)6(2n+1)_m1~5m2
2
n(4n?—1 +
9 n2 2_%,%.%
_n+3 _nd n? ,mpt+mg
3 36(9+2+6+1) 2 (nEOm0d3)
(n+1)(n+2) _nt2 7(ﬁ+ﬁ+ﬂil .mi1tmg
3 [ﬁw 373 e oz 279072 (n=1mod 3)
_nfl _n® 0?01y mitmg
373 ¢ (ot tats) = (n =2 mod 3)
2 _3n (203 2ny mitmy
4 [%W 27 2e (G5 =F) T2 (n: even)
3n_1 _ 208 ny mitmg
2S5 (G F3)—5 (n: odd)

Table 1. The list of N,(Lk), the special N’s where the partition function Zj o(N) does not oscillate
around zero in mq, ms, and Zzbg rn(NT(LJC))7 the large mass asymptotics of the partition function at

N =N Here [2] is the smallest integer which satisfy [z] > x.

5.2 Finite m,, ma-correction at large N

In the previous subsection we have found that there is an infinite set of N’s for each k where
the partition function Zj o(N,m1,m2) depends on the ranks N (or n through Nr(bk)) and
the mass parameters mi,ms in a very simple way in the limit of large mass parameters,
as summarized in table 1. In particular the results suggest the following large N behavior
of the free energy in the supercritical regime

V2k

—log Zk,O(NT(Lk)amh mgy) = T(m1 + mg)(Nék))

Njw

+ O(NR)Y, (5.23)

which is universal in k. Here we have expressed n in Z,7 m(NF)Y in terms of N
From the analysis in the previous section it is not clear whether (5.23) is valid even
at finite mq, my or not. To address this point, here we study the deviation of the free
energy at N = Nék)
AFyo(n) = —log Z,o(N) — (= log Zp3™ (NM)). (5.24)

n

For simplicity we focus on the case with equal mass parameters m; = mo = m. As n
increases, we find that AFj(n) depend on n through a superposition of linear function
and an oscillation with a constant amplitude. We have also found that the coefficient of
the linear growth in n decays exponentially with respect to the mass parameter m, which
is consistent with the fact that the formulas for the large mass asymptotics in table 1 are
correct up to 0(8_%, 6_%) corrections. In figure 5 we display the n-dependence of AFj, o(n)
for several values of m’s for each k.

From these results we propose that the coefficients of n3 and n? in the free energy
—log Zk70(NT(Lk)) in the large n limit are given by those in — log ZZ?gm(Nék)) even when the
mass parameters mj, ms are finite. In particular, this implies that (5.23) is the correct leading

— 20 —



k=1, M=0, mi=my=m, Nyax =496 k=2 M=0, my=my=m, Npyu=361

T T T T T T T

5 | e m=33

.
4Fe m=234 o
o m=35 L4 o ®
e 4 . S o]
= s = m=s e ® o . ®
D? 5 o m=45 . o : ) : ° ©
< 2 < 2F ° ° q
® m=>5. * . °
® o o ° o
o o o ©®
1 [ 3] o ©
T ¢ ° o ® o]
] § e ® ° o0 ° . : °
0 e0cceccced] "3;.gg=:oooooo
. \ . oo | | | =
20 25 30 0 5 10 15
n n
k=3, M=0, m=my=m, n=0mod3, Ny.=316 k=3, M=0, my=my=m, n=1mod3, Ny.=330
T T T F T T T T
fe m=33 . e e m=33 ]
L ° F o
Lo —34 Ld * o ° ° L —34 o g
m= . 12Fp0 m=3 o © © o 8
[ _ ] o © [ _ [

10?. m =35 . ° ' 1op & m 35 ° . é
— ° =4 — [e =4 °
O m J . o ] = osf m © o 2 8 ¢
Z"T [ m=45 e 8 o ° 2‘3 [e m=45 ° o ® o o g ° ‘

[ 0.6+ 4

05 @ m =5 o ' s ¢ ] [® m=25 o o ©

L ° L4 s [ ° ° 8

L ° : ° 04 ' o [ ] ]
L e 8 [ ® .

L s 8 e © o o e ° 9 02F [ e o

wl 8 8 o o © ° ° Lo 8 o e o o ® © o °

X r ° o o

L ‘ ‘ ‘ ‘ 0ol s _° ‘ ‘ ‘
0 10 20 30 40 10 20 30 40
n n
k=3, M=0, 1=mo=m, n=2mod3, Npy.=301
T T T
m=3.3 ]
m=3.4 ol
e ® © o o o g
Le m=35 L4 L4

1.0: ° ° i
= re m=4 o
£ osf ° ° ° q
= [ ° o
z [ . : o o

L ° ]
0.6: () ° ° : H
04k ° M | ] ]
[ . [ ]
L °
02f . e o © o ©° ©° o ¢
[ ° °
ool 8 i o0 ! \ |
10 20 30 40
n
k=4, M=0, mi=mag=m, n:even, Ny =283 k=4, M=0, mi=ma=m, n:odd, Npyu =265
T T T T T T
B ® m=233 4L ® m=33 4
L o °
o m=34 ° o m=34 °
° .
o m=35 ° [e m=35 ° ]
3k ° ° o] 3 L4 °
.
— e m=4 ¢ © — e m=4 ° L4
= e o o = ° . °
52 e m=45 ° L] L4 52,. m=4.5 ° ° [ il
4 . ° : ° o ° 4 L e o ° . °
® m =95 Y ° ® m =95 ° ° °
e ° s ° M ° . °
1 i © [ ] ° o 1 [ ] ° o
° ° ; ° °
' ° L] © [ ° °
° . o © [ ] ° °
8 o ° o o ° ° o ° o ©
] H ° L4 ' ° s $ ° °
0 ] i . L . . . o9 L] . . :
0 5 10 15 20 0 5 10 15 20
n n

Figure 5. Deviation of the free energy at N = N from that obtained from the large mass
asymptotics in table 1, AFy o(n) = —log Zk70(N,(1k)) — (—log Zngm(N,gk))) for k =1,2,3,4.
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Figure 6. The first- and second derivative of the free energy for k = 1,M =0, N = N,(Lkzl) and

mi1 = mo = m with respect to m, calculated by numerical derivatives with % < Am < %. The

dashed black line in the left plot is the expected large n asymptotics in m < 7 (5.4) and m > 7 (5.23).

behavior of the free energy. By comparing (5.23) with the leading behavior of the free energy
for /mimg < 7w (5.4) obtained from the Airy function (5.1), we find that the coefficient of
N3/2 as well as its derivative is continuous at /mimg = 7 while it is discontinuous at second-
or higher order derivatives. Namely, we conclude that the M2-instanton condensation is a
second order phase transition. Note that here we have parametrized the mass parameters
as (m1,mg) = (wab,mab~') and taken the derivative with respect to a. In this way we
find the discontinuity at second derivative regardless of the value of b. Namely, the order
of the phase transition does not depend on how we cross the phase boundary. See also
figure 6 where we indeed observe an approximate discontinuity in the second order numerical
derivative of the free energy — log Z1,0(N7(11); m, m) which becomes sharper and the location
approaches m = m as n increases.

6 Discussion

In this paper we have revisited the large N expansion of the partition function of the mass
deformed ABJ theory in the M-theory limit, N — oo with k kept finite. In the previous
analyses [103, 104, 106] it was suggested that the partition function exhibits a large N phase
transition at \/mimg = m, above which the large IV expansion in the small mass regime
given by the Airy function becomes invalid, while large N behavior of the partition function
in the supercritical regime was elusive due to the lack of the method of analysis. In this
paper we have found a new recursion relation for the partition function with respect to IV,
which enable us to generate exact (or numerical in arbitrarily high precision) values of the
partition function at finite but large N which we practically could not reach by the iterative
calculation using TBA-like structure of the density matrix [54, 149, 155, 156] (or its numerical
approximation) used in the previous analysis. Using these exact values we have revealed
various novel properties of the partition function in the supercritical regime. First, although
it was observed that the partition function in the supercritical regime oscillates around zero
as function of the mass parameters for generic values of N, we have found that for each k

)

there is an infinite series of special values Nr(Lk of the rank N for which the partition function
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is positive definite even in the supercritical regime. For these special ranks we have further
found simple formulas for the large mass asymptotics of the free energy — log Zk70(NT(Lk)) for
finite n and various values of k, which scales as — log ijo(N,gk)) ~ (N7(Lk))3/2 in the limit
n — oo. Interestingly, we observe that the leading behavior (as well as the sub-leading
behavior) in the large n limit is valid even when the mass parameters are finite in the
supercricial regime. This allows us to make a quantitative proposal for the discontinuity

of the large N free energy at /mimg = m as (1.1).

There are various directions of research related to these results which we hope to address
in future.

In our analysis the connection between the matrix model for the partition function of
the mass deformed ABJ theory and a g-difference system (3.11), (3.12) has played a crucial
role. It is interesting to ask whether similar connection exists for other matrix models. As we
mentioned in section 1, when the matrix model is written in the Fermi gas formalism the
inverse of whose density matrix defines a five-dimensional N' = 1 gauge theory, the connection
between the matrix model and a g-difference system is expected due to the conjecture of the
TS/ST correspondence and the Nakajima-Yoshioka blowup equations for the five-dimensional
Nekrasov partition function. Indeed it was checked that the grand partition function of a
four-node circular quiver Chern-Simons theory, which has the Fermi gas formalism related
to the five-dimensional N’ = 1 SU(2) Yang-Mills theory with Ny = 4 fundamental matter
fields, satisfies the g-Painlevé VI equation in 7-form [136, 167, 168]. It would be interesting
to investigate similar connection for other circular quiver super Chern-Simons theory whose
Fermi gas formalism is related to the five-dimensional linear quiver Yang-Mills theories (see
e.g. [169]) and also for the super Chern-Simons theory on affine D-type quiver [41] which has
the Fermi gas formalism but the corresponding five-dimensional theory is not clear [170, 171].

It would also be interesting to provide physical interpretations to the behavior of the
partition function in the supercritical regime from the viewpoint of three-dimensional field
theory. Among various properties of the partition function we have found, a simplest one
to investigate would be the large mass asymptotics. As listed in table 1 for special values
of N’s for each k, N,(Lk), and in (5.16), (5.20) for general N’s for k = 1,2, the partition
function of the mass deformed ABJM theory in the large mass limit depends on the mass

mi+m
eI TT Gith vF)(N) some integer smaller than

parameters my,mg as Zy p(N) ~
the number of the components of the matter fields N2. As mentioned in section 1, the
same discrepancy of the exponent is known for the large mass asymptotics of the partition
function of three-dimensional supersymmetric gauge theories without Chern-Simons terms.
In these setups the discrepancy occurrs when the Coulomb moduli is chosen to non-zero
values depending on the mass parameters such that the masses of the matter fields effectively
and also new massive degrees of freedom appears as W-bosons. This picture is also visible in
the integrals in the localization formula for the partition function on S3 [172-175]. Namely,
the large mass asymptotics of the partition function can be obtained by assuming that the
integration over the Coulomb moduli is dominated by the contributions where the moduli
are shifted by the mass parameters in a certain way corresponding to the selected vacuum.
Also in the mass deformed ABJM theory we can study the behavior of the integrand in
the localization formula (2.3) in the large mass limit when the Coulomb moduli z;,y; are
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shifted by the mass parameters mi,ms. For simplicity, here let us assume m; = mos = m
and consider only the shifts which are identical in x; and y;. The ways to shift the Coulomb
moduli can be characterized by an integer partition A = (Ay, Ao, -+, Ar) of N together with
L distinctive real numbers {c,}Z_; as follows

a—1 a
Ti = cam + 8 (Z)\b—i—lgz’gZ)\b), (6.1)
b=1 b=1

Where dx; are of order O(mP) in the limit of m — co. If we ignore the Chern-Simons factors
eir @) and focus only on the one-loop determinant factors

Z<J <2s1nh i mj) l<] (2smh L y3)2

Z1-loop = , 6.2
oop I+ Hm- 2 cosh “—4="= y2]:tm (6.2)

then we find the following large mass asymptotics for each A and {c,}:
Z1toop ~ e—mm({ca})’ (6.3)

with

wi({ca}) = —2Z|ca eyl Aate + = Z Z lca — b £ 1 Aa M. (6.4)

a<b + ab=1

When ¢,’s are separated at least by 1, i.e. |c, — ¢p| > 1, this wy({c.}) simply reduces to
wr({ca}) = Z A2, (6.5)

Therefore, the exponent listed in table 1 for each £ and N = Nék) is realized, for example, by

k N v B (V) a st v (N) = wy({ca})
T FICESHETEE) (mon—1,---,2,1)
2 T(LQ) %2_1) (277,—1,2”_37"'7371) (66)
Ny |5+ +5-5=30-% — 5| (@l-23-5--,41)
4 n3 n 4141 -1
4 Néz)zz - (3 ) 4—-24-6-,62

while for £ = 3,N = N, (3) g and k = 4,N = N, “ 4 we did not find such simple infinite
sequences. Note that in all cases the chioces of X to realize wy = v*)(N) are not unique.
Note also that v(¥)(N) are not the smallest exponent realized by the shifts (6.4). For example,
for k = 1, N = 3 we have wy_(1,1,1) = 3, which is smaller than v (3) = 5. Nevertheless,
it would be interesting to figure out the choices of A for more general m, mo and k, N, M,
incorpolate the effect of the Chern-Simons terms and provide physical interpretation for
these choices which is possibly related to the fuzzy sphere vacua of the mass deformed ABJ
theory [99, 176-180]. It would also be interesting to obtain a shifted configuration in the
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large N limit as a solution to the saddle point equation for the partition function, as was done
for the theories without Chern-Simons terms in [174]. To find physical interpretation to the
supercritical regime it would also be useful to study not only the partition function but also
the other physical observables such as correlation functions of supersymmetric Wilson loops.®

It would also be interesting to understand the holographic interpretation of the phase
transition. In [182] the gravity dual of the mass deformed ABJM theory on S® was constructed
in the four dimensional N' = 8 gauged supergravity (see also [183-185]), where the solution is
smooth at \/mimgo = m. Note that this is not a contradiction to our result. Indeed, starting
from the subcritical regime, the expression for the all order 1/N perturbative corrections (5.1)
is smooth at any values of m1,ms,” and the phase transition is visible only when we take
into account the 1/N non-perturbative effects. In the massless case these non-perturbative
effects correspond in the gravity side to the closed M2-branes wrapped on a three-cycle
in S7/7;, which are not visible in the four-dimensional supergravity. The fact that the
real part of one of the exponents wl\f:st, (5.7) of the non-perturbative effect vanihsies at the
phase transition point /mims = m might suggest that the corresponding M2-instanton in
the gravity side becomes unstable at this point. It would be interesting to investigate such
instability in the eleven-dimensional uplift of the four-dimensional solution which was written
down recently [83]. Note, however, that in [83] the authors considered the deformation of
the partition function as the R-charge deformation, which corresponds to mi,mo € iR. If
we formally continue the solutions to mj, mo € R some components of the metric become
complex. Hence it is not clear whether it would be reasonable to analyze the gravity dual of
the real mass deformation m,ms € R based on the solution in [83] even in the sub-critical
regime. We would like to postpone this problem for future research.

Lastly, besides the Fermi gas formalism and the recursion relation, there are different
methods proposed to analyze the partition function of the mass deformed ABJM theory such
as [187, 188]. It would be interesting to use these methods to understand or analytically
derive various properties of the partition function of the mass deformed ABJ theory in the
supercritical regime which we have found rather experimentally by using the recursion relation.
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A Exact values of Z; p/(IN;mq, m2)

In this appendix we display the exact values of the partition function for relatively small k
and N calculated by the method in [149],'° which are useful for guessing/checking the bilinear

relations (3.12), (4.8). Here we display only the results for M < L%J, since the partition

function for {%J < M < k can be obtained by using the Seiberg-like duality (3.16) which
is proved rigorously by using the integration identity (3.14).
For N=0and N = 1,M = 0 we have

M2 CmiMM2-1) M M o m(r—s
M k™2 HQsm (k: ),

Zk,M(O) = Zk,M(O,ml,mQ) =1 2 e 6k
r>s

1
Zo(1; = . Al
ko(lima,ms) 4k cosh " cosh 132 (A1)

For k = 1,M = 0,N > 2 we have

sin w
Z10(2;m1,meo) = T
1’0( 1L 2) 8cosh 75 cosh 752 sinhmy sinhma ’
1 . m1 . mao . 3mima
Z1,0(3;my,meo) = — — — — _ (2smh—smh——sm7 ,
’ 32cosh 5L cosh 52 cosh =51 cosh =52 sinhmy sinhma 2 2 27
1
Z1,0(4my,me) =
’ ( ’ ’ ) 128 cosh % cosh % sinh m1 sinhma cosh 37;1 cosh 37;2 sinh 2m sinh 2mo
3m1 3mao
cosh cosh mima 3mime
X | 2coshmy coshmeg — 2 2 cos — oS e A2
( 1 27 cosh 5t cosh 72 T T ’ ( )

For k = 2,M = 0, N > 2 we have

1 mimsa
Zs0(2;mq,mg) = (lfcosi)
2’0( L 2) 16sinh? mq sinh? mo ™ ’
1
Zs0(3;my1,mo) =
270( b 2) 64 sinhm sinh mo cosh 37;1 cosh 3?2 sinh 2m sinh 2mo
cosh 3L cosh 3m2 mim 3mim
x | 2coshm; coshmg — z 2 0§ —— — 08 ——= |,
2cosh =t cosh =
1
2270(4;m1,m2): 5 - - ) 5 - - 72cosh2m172008h2m2
56 sinh m1 sinh mg sinh® 2m sinh” 2msg sinh 3my sinh 3msg
. mi . my . 3Imy . 3m
—8cosh2my cosh2mo+8 sinh?® 71 sinh?® 72 sinh 71 sinh Tz

3sinh3mj sinh 3mo 2mima
COS

3mima 6mime
. - —16cosh? mi cosh? Mo COS +cos ,
sinhm1 sinhmo T s

(A.3)
For k =2,M = 1,N > 1 we have
Z (1 ) e%+ 77L1~¢2»7n2 _ i7n217:n2 sin Tn%;nz
2,1{1imy,ma) = - -
’ ’ ’ 2v/2sinhmy sinhmo ’
37i imimag
+mifmg— L2
e’1 e 2mima

Z21(2;mq,ma) = - - - - (—coshml—coshmg—l—coshml coshmy-+cos ) ,

’ 8+v/2sinhm; sinhms sinh 2m sinh 2meo

574, 3(m14+mg)  Bimymg
et t— = ——— a3 sinh3mjsinh3ms . mime
Zo1(3;m1,ma) = . . : : , , . .
32v/2sinhm; sinhmg sinh 2m1 sinh 2mo sinh 3m; sinh3mg | sinhmg sinhmog 27

( coshmi coshma cosh 37% cosh 3%

+coshmq+coshms | sin
cosh % cosh % 1 2

3mime . 9mimeo
—+sin R
g

(A4)

19The exact values were also calculated in [187] for k = 1 and in [189] for M =0, N < 2.
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For k = 3,M = 0,N > 2 we have

1 . mi . mo . 3mimso
Z30(2:m1,mso) = (2smh—smh——smi)
3’0( D 2) 24sinhmy sinhmg cosh 37;” cosh —3”2”2 2 2 2m ’
1 . 3mi . 3mo
Z30(3;m1,me) = 8sinh — sinh —=
3’0( AL 2) 96(:osh23mTlcosh2 322 sinh 3m1 sinh 3mo 2 2
32v/3 cosh? mTl cosh? % sinhm1 sinhmo 3mima
— COSs
3 2
. 3mim . 9mim
—2(cosh2mq —2coshmg)(cosh 2mgy—2coshms)sin 21 2 tsin 21 2),
s s
(A.5)
For k =3,M = 1,N > 1 we have
37i m m 3 .
Zs1(1 ) 6374_7% 2 L - m;lm2 9sinh ™ sinh ™2 2icosh 7L cosh 72
cmi,m = ; B e U —z8mn —smil) —————™
3,115 7, T2 4\/§cosh3%cosh 37;2 2 2 V3 ’
T 1 (23ma,ms) S s _gimim
;M1,Mo) = —1e 2m
3,114,701, T2 16\/§c0sh3%cosh 3”212 sinh 3m1 sinh 3mo

4sinhm; sinhma(1+coshmi +coshma) = . 4sinh? % sinh? % (4coshmi+1)(4coshma+1)
+ 73 +1 3

3imima

+coshmi +coshmsy+coshm; cosh mz) ) e 27

3imima

3 2isinh inh .
m2 (w—%coshmlcoshmg e 2« ,

. 3my .
—4sthsth+ 7
(A.6)

B Guess of bilinear relation for m; # ms (3.12) from exact values

In section 3 we have displayed the bilinear relation (3.12) for 1 < M < k — 1 and its
extension (4.8) to M = 0. As explained in section 3, (4.8) can be straightforwardly guessed
from (3.12) by applying the duality relations (4.7) to Zj —1(k), while (3.12) for m; = ma,
namely (3.11), was guessed from the topological string/spectral theory correspondence and
the blowup relation in the corresponding topological string (or five-dimensional super Yang-
Mills) side. On the other hand, so far there is no such justification for the bilinear relation
with m1 # mg (3.12).1! Instead we have found (3.12) by assuming that the bilinear relation
of the following form holds

L1 L2
> aiZk n1 (bik;ma,ma)Zg -1 (cirsmy,ma)+ Y diZ1 v (eik;my, ma)En ar (fikima, ma) =0,
= i=1

(B.1)

! is still characterized by a rectangular

"UEven when mq # ma, if m1, ma € miQ the inverse dentity matrix p~
Newton polygon, and hence the curve p~! = const. is identified with the five-dimensional A" = 1 Yang-Mills
theory on a linear quiver. Therefore it may be also possible to obtain the bilinear relation (3.12) for mi # mao
by from the blowup equations for this five-dimensional theory, although we do not pursue this approach in

this paper.
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for some L1, Ly > 0 and some coefficients a;, b;, ¢;, d;, €;, f;, and then fixing these parameters by
using the exact values of the partition function (A.1)—(A.6). In this appendix we demonstrate
how this guesswork goes.

For simplicity let us consider the case k = 1, where the bilinear relation should be written
only in terms of Z; o(N;m1, ma) after using the duality relations as

L1 L2
) / — / —_ —_
kY aiZ1o(biksmy, ma)E10(cirsma,ma) + > diS1o(eir; ma, ma)Z10( fik; ma, ma) = 0.
i=1 =1
(B.2)
, .
Here a}, b}, ¢, are related to a;,b;,¢; in (B.1) as
_ m1+m2 . m1+m2 _ im1m2 i m1+m2 1m1m2
a;=e T aie;, b =ie 2 2 b, ¢ = —ie” T e (B.3)

We also require that for m; = ms = m the bilinear relation reduces to the following

. .2
B K, m)ELo(ie%/ﬁ;; m,m) + Z10(—€"Kk;m, m)= o(—e " r;m,m)

KEL()(—?;(?_
— Z10(k;m, m)Z1 0(k;m,m) =0, (B.4)

as obtained from (3.11) and (4.7). By expanding the left-hand side of (B.2) in x, we obtain

0o .1 .2
y R, R

Lo
> di =0, (B.5)
=1

the following constraints from the orders &

Ly Lo

Za§+zdi(6i +fi)Z10(1) =0, (B.6)
Z(I b/ + C Z1 0 Z 6 + f Zl70(2) + eifiZL()(l)Q] =0, (B7)
i=1

where we have used Z;(0) = 1. Let us first look at the second equation. By substituting
the exact value Z1 (1) = ——wi———my (A.2) we obtain

m m
4 cosh =L cosh 2

Lo : : : m1+m mi1—m —m1+m —m1—m
_Zizldzfezj‘fz)ze 1; 2+6 1 2—}—6 12+ 2—}—(3 L 2‘ (B.8)
2t 4
Taking also into account the equation for M = 0 (B.4), it is not difficult to guess Lo, e;, f; as
mi+m mi+m mi—m mi—m
Ly=2, er=—¢ 2, fi=—e 2, e=¢ 7, fo=e 2, (B.9)

with which we are left with the following condition on di, ds
d1 = —d2 = Za; (B.lO)

Note that the constraint from the order x° (B.5) is also granted under this condition. Next
look at the constraint from the order x? (B.7)

S al(bh 4+ &) Zio(1) + 02 dieifiZ10(1)?
21:1 dl(ezZ + fzz) ‘

Z10(2) = — (B.11)
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After the substition Lo, d;, e;, f; fixed above and the exact values of Z; (1) and Z; o(2) (A.2),
this reduces to

Ll / ! / imqm imqm
Lt Gilbi TG) _gompe g (B.12)
>ilia;
from which it is not difficult to guess Lq,al, b, ¢} as
Li=1, d, =1 b =—iec 3", & =ie 2", (B.13)
which also fixes di,ds as di = 1,d2 = —1. Once we have guessed the coefficients completely,

we can further check that (B.2) is satisfied also for N > 3 by using the exact values of
the partition function.

Plugging these results back to (B.1), now we have the following guess for the bilinear
relation at k = 1,M = 0

_m1+m2 - mqi+mo
— (=" 2 smy,mo)= —1(—e 2 smy,ma)

— my1tmg —_ _mitmy
+E10(—e" 2 smi,m2)E10(—e T 2 ;mi,ma)

mj1—mo _ mp—mg

—Zi0(e” 2 ymy,mo)E10(e” 2 ymy,ma) =0. (B.14)

By choosing the k, M-dependent coefficients same as those in the bilinear relation for m; =
ma (3.11), we end up with the bilinear relation (3.12) for m; # ma.

C Instanton coefficients of wlvi,

In this appendix we compare our guess for the instanton coefficient for w = wgzst, (5.12)
with the non-perturbative effect lead off from the numerical values of Zj p/(N). Since the
partition function is symmetric under Zo X Zs transformation m; — —mj and ms — —meo, it
is sufficient to look at one of the four species, say w"> which is the most dominant one when

0 < —imy < mwand 0 < —img < w among the four. Note that in order to make this instanton
WS
<1

the most dominant one among all species (5.6), we have to choose my,mg such that w

(we do not have to examine w5 < wMB since wMP is always larger than 1), namely

4
i) ()

Let us choose a point (mj,mg) which satisfy the condition (C.1). To extract the

< 1. (C.1)

instanton coefficient (n ws = 1, other n, = 0), let us truncate the modified grand potential
J(p) (5.10) as

J(p) = %,ug + Bp+ A+ v(n,ws = 1, other n, = 0)€_wzv_su +--- (C.2)

Substituting this into the inversion formula (5.9) we obtain

d

2—“6%M3+B“+A_“N(1 + v(n,ws = 1, other n, = O)e,w\jﬁsu +--4)
= WS

= ZPSI(N) + Z251 (N + w¥3)y(n ws = 1, other ny, = 0) + -+ . (C.3)

Zrm(N) =
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M| m ma (C.5) (5.12)
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Figure 7. Comparison between y(n ws = 1, other n, = 0) obtained by a numerical extraction (C.5)
and the analytic guess (5.12) for m; # mq (top table) and my; = mo = m (bottom plots). In the
top table we have chosen N = 188 for £k = 2 and N = 138 for k = 3, as also displayed in the plots.
We have chosen Ny in (C.5) as Ng = N + 1 for all cases. As Zy p(N), Zi, 1 (No) we have used the
numerical values obtained by the recursion relations (4.12), (4.18), (4.19) with initial conditions set
with the precision of 2000 digits.

This implies that we can estimate v(n,ws = 1,other n, = 0) by comparing the exact (or

numerical with high precision) values of Zj, 5/(N) with ZP5;(N) as

Zy i (N) = Z75;(N)
v(n,ws = 1,other n, = 0) ~ Z,ff]f}(N )

(C.4)

Note however that in some parameter regime it is difficult to evaluate Z,S?}(N ) at high preci-

sion due to the constant A (5.2) which is given only through the integral representation (5.3)
for generic mq, mg. For this reason it is more useful to extract the instanton coefficient from
the ratio of the partition functions at two different N’s as
Zia(N)  Zig(N)
Zi,m(No) — ZP1 (No)
ZRn NSz (V) ZRo (NotwS)
731 (No) Zi,m(No) — ZPSUH(No)

(C.5)

v(n,ws = 1,other n, = 0) ~

By comparing the right-hand side calculated for sufficiently large N, Ny with (5.12) we indeed
find a good agreement. See figure 7.
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