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holographic pseudo entropy in this model and show that the entropy grows logarithmically.
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1 Introduction

Entanglement entropy is a very useful probe of quantum phases in many-body systems
and field theories [1–4]. For example, it plays a role of order parameter in quantum phase
transitions [5, 6] and it can detect topological phases [7, 8]. At the critical points, it measures
the degrees of freedom of conformal field theories (CFTs), namely central charges [9, 10]. It
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also offers a nice entropic quantity of thermalization for non-equilibrium quantum processes,
such as quantum quenches [11, 12].

As a more recent development, entanglement entropy has been employed to probe a novel
dynamical quantum phase transition, so called measurement induced phase transition or
entanglement phase transitions [13, 14]. This phase transition occurs in monitored quantum
circuits, where a quantum many-body system is time evolved by a chaotic or random
Hamiltonian and subsequently by projection measurements. Under the unitary time evolution
of the Hamiltonian, the entanglement entropy grows linearly. However, in the presence of
projection measurements, the entanglement growth is suppressed. Due to the competition
between these two effects, an intriguing phase transition occurs. In (1+1)-dimensional
quantum spin systems, the time evolution of entanglement entropy changes as

(i) p < p∗ : SA ∝ t,

(ii) p = p∗ : SA ∝ log t, (1.1)
(iii) p > p∗ : SA = finite,

where p is the rate of projection measurement and p∗ denotes the phase transition point. A
similar phase transition was found for quantum systems with dissipating dynamics in [15].

It is intriguing to see if such entanglement phase transitions exist in broader quantum
systems such as interacting quantum field theories, including those in higher dimensions. For
this purpose a powerful method is the holographic calculation of entanglement entropy [16–
18] based on the AdS/CFT [19]. Even though there have been interesting progresses on
holographic descriptions of measurement induced phase transition [20–24], they are either
discussed in (0+1)-dimensional models [20, 21] or by realizing a limited number of projection
measurements [20–24], and hence the entanglement phase transition with the behavior (1.1)
has not been realized so far.

Recently, a different approach to the entanglement phase transition in a two dimensional
holographic CFT was suggested in the paper [25]. Instead of considering a holographic
description of projection measurements, a certain dissipative effect is taken into account as an
imaginary valued scalar field on the end-of-the-world brane (EOW brane) in the AdS/BCFT
formulation [26, 27]. This can be regarded as a modification of the gravity dual of quantum
quenches [28]. The resulting gravity dual describes a time-dependent transition matrix [29]
in CFT viewpoints, instead of a regular quantum state. Therefore, strictly speaking, the
geodesic length computes the holographic pseudo entropy [29]. The pseudo entropy is a
natural generalization of entanglement entropy so that it depends not only on the initial
state (a given quantum state) but also on the final state (a final state projection), which has
been successfully applied to detect quantum phase transitions [30–32] in quantum many-body
systems. Refer also to e.g. [33–59] for further developments. In [25], it was conjectured
that the time evolution of pseudo entropy shows the same behavior as the entanglement
transition (1.1), where the phases for p < p∗, p = p∗ and p > p∗ correspond to the three
different geometries: AdS black hole, Poincaré AdS and the thermal AdS, respectively.

The purpose of this paper is to explore this connection more quantitatively and generalize
to other setups. First we will fully work out the behavior of holographic pseudo entropy and
show the following quantitative behavior in a holographic model constructed by introducing
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a massless free scalar on the end-of-the-world brane in AdS3/BCFT2:

(i) ∆ϕ < ∆ϕ∗ : ∆SA ≃ c

6a
t,

(ii) ∆ϕ = ∆ϕ∗ : ∆SA ≃ c

3 log t, (1.2)

(iii) ∆ϕ > ∆ϕ∗ : ∆SA = finite,

where ∆ϕ is the amount of scalar field perturbation which controls the dissipative effect in
Lorentzian time evolution and ∆SA is the pseudo entropy with the ground state entanglement
entropy subtracted. The constant a increases as ∆ϕ gets larger and becomes divergent at
∆ϕ → ∆ϕ∗, and c is the central charge of the corresponding BCFT2.

One advantage of our approach is that it is straightforward to be extended to higher
dimensional cases and we will show that the intermediate logarithmic behavior is not present
in higher dimensions. Moreover, We will discuss a generalization of our setup with a gauge
field on the EOW brane. We will also explore a purely bulk model which mimics a general
measurement by employing the Janus solution.

A brief summary of the contents in this paper is as follows:
In section 2, we explore the model proposed in [25], where an EOW brane with a brane-

localized massless free scalar field was considered in the AdS3/BCFT2. Especially we work out
the global structures of its Lorentzian time evolution obtained by a Wick rotation. We compute
explicitly the growth of pseudo entropy including its higher dimensional generalization and
determine the coefficient of both its linear and logarithmic growth as presented in (1.2). We
will also analyze some brane profiles when the brane-localized scalar field has a nontrivial
potential. Besides, We find a higher dimensional result for the growth at the critical point. In
this calculation the global extension beyond the Poincaré horizon turns out to be important.
We also present a simple model of dissipating time evolution which shows the logarithmic
growth and which is universal for any two dimensional CFTs.

In section 3, we analyze another setup of AdS/BCFT with a gauge field on the EOW
brane. We give solutions of EOW branes with a localized gauge field in Poincaré AdSd+1
setup. Interestingly, for d > 2 we find that the solution with the localized gauge flux in
Poincaré AdSd+1 look identical to that with the localized scalar in Poincaré AdSd. For
d = 2, we find that the EOW brane solution with the gauge flux is not available in Poincaré
AdS3. Instead, for the three dimensional gravity dual, the EOW brane solution with the
flux can be obtained for BTZ and thermal AdS geometry. We examine the phase transition
between the two phases. Note that this section is written in an independent manner of
the above sections to be self-contained.

In section 4, which is different from the above two sections involving the EOW brane,
we consider the model with a bulk scalar field in an asymptotically AdS spacetime. One
motivation for this section is to provide the soft wall model for the EOW brane model,
similar to the argument in the gluon condensation [60, 61]. To this end, we introduce the
spacelike brane in the CFT, by taking the double Wick rotation of Janus solution, described
by the deformation caused by the line defect whose tangential direction is in the spacelike
direction. We discuss the dual Janus solution for both the Euclidean and Lorentzian time
cases. Especially in the Lorentzian model, the dual spacetime exhibits highly exotic behavior.
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We compute the pseudo entropy using the HRT formula for these spacetimes. We find that
the analytic formula for the entanglement pseudo entropy, defined with the subsystem parallel
to the defect, shows logarithmically decreasing behavior around the defect.

In section 5, we summarize our conclusions and discuss future problems.
Some math formulas used in section 4 will be summarized in appendix A. An alternative

interpretation of the setup analyzed in section 4 can be found in appendix B. Besides,
while all the analyses appearing in the main text are performed holographically on the
gravity side, we present an analogous CFT analysis in C where the pseudo Rényi entropy
is computed perturbatively.

2 Entanglement phase transition from AdS/BCFT

As proposed in [25], an asymptotically AdS3 background with an end-of-the-world brane
(EOW brane) where a massless free scalar field is localized, provides an interesting holographic
setup of entanglement phase transition. In this section, we would like to analyze this setup by
focusing on the behavior of its holographic pseudo entropy and would like to quantitatively
confirm that it shows the expected behavior of entanglement phase transition (1.1) with
explicit coefficients as given in (1.2). We would like to mention that a brane-localized scalar
field was also considered in earlier works on the holographic Kondo effect [62–65]. A scalar
field in AdS/BCFT was also analyzed in a probe limit by the paper [66]. There is another
interesting approach to AdS/BCFT with multiple boundary conditions and brane localized
matter, by introducing a corner defect on the EOW brane [67–69].

2.1 End-of-the-world brane with a localized scalar in AdS/BCFT

Before we present our calculations of holographic entropy, we would like to start with a brief
review of the model introduced in [25]. The AdS/BCFT is an extension of AdS/CFT to
the cases where the CFT is defined on a manifold Σ with boundaries [26, 27, 70]. It argues
that the CFT on Σ is dual to an asymptotically AdS region which is surrounded by the Σ
at the asymptotic boundary and by an EOW brane Q. The EOW brane is a dynamical
brane beyond which no spacetime exists, and it satisfies a Neumann boundary condition in
the metric fluctuations. Refer to figure 1 for a sketch.

In the model introduced in [25], one ingredient was added to the minimal model of
AdS/BCFT explained above in three dimensions. It is a scalar field ϕ localized on the
EOW brane. From the viewpoint of boundary conformal field theory (BCFT), this scalar
field corresponds to an external field which couples to a boundary scalar operator. The
Neumann boundary condition on Q in the presence of the scalar field (with the potential
energy V (ϕ)) reads

Kab − habK = Tab = −hab (∂cϕ∂cϕ + V (ϕ)) + 2∂aϕ∂bϕ, (2.1)

where the indices represent the coordinates on the EOW brane. Below, unless otherwise
noted, we will set V (ϕ) = 0, i.e. we will consider a massless free scalar field.

In particular, we consider a BCFT defined on a two dimensional strip whose coordinate
is described by (τ, x) in the Euclidean signature. The width of this strip is −β

4 ≤ τ ≤ β
4 ,
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Figure 1. A sketch of the AdS/BCFT model. The left figure shows a BCFT defined on a strip (light
grey region) with the width β

2 . The right figure shows the dual gravity setup which is given by the
AdS3 region surrounded by the strip and the EOW brane (blue surface). The red curve ΓA is the
geodesic whose length calculates the holographic pseudo entanglement entropy for the subregion A

shaded in green.

while the coordinate x is non-compact. In the absence of the localized scalar field, this is
identical to the setup in [26, 27] and [28] and the bulk geometry is found to be the BTZ black
hole with the temperature 1/β. We write the metric of BTZ black hole as follows:

ds2 = dz2

h(z)z2 − h(z)dt2

z2
+ dx2

z2
, h(z) = 1− z2

a2 , (2.2)

where TBT Z = 1
2πa is the temperature of the BTZ black hole. We have β = 2πa when

there is no brane-localized scalar field. The EOW brane connects the two boundaries of
the strip in the bulk as in figure 1.

We then introduce the localized scalar field on Q such that it takes the values −∆ϕ
2 and

∆ϕ
2 on each of the two boundaries of the strip. We further analytically continue at τ = 0 to

the Lorentzian time as τ = it. This realizes the following transition matrix in a CFT:

T = e−iHte−βH/4 |B(∆ϕ/2)⟩ ⟨B(−∆ϕ/2)| e−βH/4eiHt, (2.3)

where |B(· · · )⟩ are boundary states (or Cardy states) [71] labeled by different boundary values
of ϕ. The gravity dual of this transition matrix can be found by solving (2.1) together with
the bulk Einstein equation. The non-trivial profile of the scalar field gives the backreaction,
which makes the inverse temperature 2πa deviate from β, where β is also twice the width
of strip. As the scalar field shift ∆ϕ increases, with β fixed, a grows and gets divergent
at the critical point ∆ϕ = ∆ϕ∗. Its explicit value is given by ∆ϕ∗ = 2K[−1] ≃ 2.6. The
fact that a = ∞ means that the dual geometry now looks like the Poincaré AdS3. For
larger values ∆ϕ > ∆ϕ∗, the EOW brane is no longer connected and the dual geometry
becomes the thermal AdS3 where the EOW brane consists of two disconnected surfaces,
which disappear in the Lorentzian counterpart obtained by performing analytic continuation.
These three phases are sketched in figure 2.

The quantity we focus on below is the pseudo entropy defined by

SA = −Tr[TA log TA], (2.4)

– 5 –



J
H
E
P
0
3
(
2
0
2
4
)
0
6
0
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(a) BTZ phase (b) Poincare phase (c) TAdS phase

.
6

t
a
cSA ⋅≈ .log

3
tcSA ⋅≈ const.≈AS

Q
𝚪𝚪𝐀𝐀

Q
𝚪𝚪𝐀𝐀 𝚪𝚪𝐀𝐀

Δφ＝Δφ* Δφ＞Δφ*

τ τ τ

t t t

Figure 2. A sketch of gravity duals in our AdS/BCFT model with a brane localized scalar. Depending
on the value of the shift of scalar field ∆ϕ, there are three phases (a) BTZ phase, (b) Poincaré phase
and (c) TAdS phase. The upper three pictures describe the Euclidean geometries, while the lower
three are the corresponding Lorentzian time evolution obtained from analytic continuation.

where TA is the reduced transition matrix obtained by tracing out the complement Ā of
the subsystem A as

TA = TrĀ[T ]. (2.5)

Even though TA is not Hermitian in general, it turns out that SA is real and non-negative for
the examples we study in this paper. Since it is obvious that in the final phase ∆ϕ > ∆ϕ∗,
the time evolution of the bulk geometry and hence the time evolution of SA is trivial, we
will focus on the BTZ phase ∆ϕ < ∆ϕ∗ and critical phase ∆ϕ = ∆ϕ∗ below. As a result,
we will get the behavior shown in (1.2)

Below we will calculate the holographic counterpart of SA from the bulk geometry. In the
AdS/CFT correspondence, the pseudo entropy SA for a subsystem A can be computed from
the area of the extremal surface ΓA which surrounds A and takes the minimal value as [16–18]

SA = Area(ΓA)
4GN

. (2.6)

In the AdS/BCFT, the holographic pseudo entropy can be computed similarly except that ΓA

can also end on the EOW brane Q [26, 27]. Since our analysis in this paper always assumes
that the subsystem A covers a half of the total space, ΓA always ends on Q. In this case,
we need to extremalize by changing the end points of ΓA on Q.

Before we proceed, we would like to point out an interesting possibility which may give
another interpretation of our results. In our example, the pseudo entropy is always real and
non-negative, though the pseudo entropy in general can take complex values, as we have
already mentioned. Moreover, it is also natural that the Rényi extensions of pseudo entropy
(pseudo Rényi entropy) also take real and non-negative values in our setup as the replicated
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geometries are expected to be described by certain real valued metrics, though it would be
difficult to construct them explicitly. If all pseudo Rényi entropies are real and non-negative,
then there is a chance that the eigenvalues of the reduced transition matrix are also real
and non-negative. Such a matrix is called pseudo Hermitian and can be diagonalized by
a similarity transformation TA = P · Λ · P−1, where Λ is a diagonal matrix with real and
non-negative eigenvalues. This implies, in this case, that the calculation of pseudo entropy for
the transition matrix can be regarded as that of entanglement entropy for certain quantum
states. It is an interesting future problem to examine this clearly and relate our results
to entanglement entropy of definite quantum states in some quantum systems, though we
will not pursue this in the present paper.

2.2 Complete analysis of holographic pseudo entropy in BTZ phase: ∆ϕ < ∆ϕ∗

Let us consider the BTZ black hole phase and compute SA. Since the geodesic extends beyond
the horizon in the coordinate patch (2.2), we need to work with the Kruskal coordinates

ds2 = −4dudv + (1− uv)2dx2/a2

(1 + uv)2 , (2.7)

where u and v are related to z and t outside of the horizon as

u = −
√

a − z

a + z
e−t/a, v =

√
a − z

a + z
et/a. (2.8)

In this coordinate, the horizon locates at uv = 0. The center and the asymptotic boundary
of the spacetime correspond to uv = 1 and uv = −1 respectively. Note that since we do not
compactify x, the points on uv = 1 are not singular.

Now, the trajectory of the EOW brane and the scalar field on the EOW brane can be
described as v = v(u) and ϕ = ϕ(u), assuming the translational invariance in x direction.
After some algebra, we obtain

V (ϕ) = −(1− u2v2)v′′ + 2(3− uv)(v − uv′)v′
8(1− uv)v′3/2 , (2.9)

ϕ′2 = (1− uv)v′′ − 2(v − uv′)v′

2 (1− u2v2)
√

v′
, (2.10)

where primes denote the derivative with respect to u. As we have already mentioned, we
consider the case where V (ϕ) = 0. This implies

v′′ = −2v′(3− uv)(v − uv′)
1− (uv)2 . (2.11)

We impose

v(u0) = −u0, v′(u0) = 1, u0 := −
√

1− ζ0
1 + ζ0

, ζ0 :=
z0
a

< 1, (2.12)

as the initial conditions. Besides, ζ0 and a are fixed by ∆ϕ and β via

∆ϕ = 2
(
1− ζ20

)1/4
K
(
−
(
1− ζ20

))
, (2.13)
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β

a
= 4

ζ0
√(

1− ζ20
) (

2− ζ20
)
(
Π
(
− ζ20
1− ζ20

∣∣∣∣∣1− ζ20
2− ζ20

)
−
(
1− ζ20

)
K

(
1− ζ20
2− ζ20

))
. (2.14)

The conditions (2.12) are equivalent to z(t = 0) = z0 and ż(t = 0) = 0 in the Poincaré
coordinate. Using the Poincaré coordinate z as the parameter of the curve, we can solve
this equation as follows:

u=− 1−z/a

A(z/a)e−B(z/a), v = A(z/a)
1+z/a

eB(z/a), (2.15)

A(ζ) :=

√(
1−ζ20

)(
ζ20+ζ2−ζ20ζ2

)
+ζ
√

ζ2−ζ20√
ζ2+ζ20−ζ40

, (2.16)

B(ζ) := ζ0√(
1−ζ20

)(
2−ζ20

)
[
F

(
cos−1 ζ0

ζ

∣∣∣∣ 1
2−ζ20

)
−Π

(
1−ζ20
2−ζ20

; cos−1 ζ0
ζ

∣∣∣∣∣ 1
2−ζ20

)]
, (2.17)

where F (ϕ|m) and Π(n;ϕ|m) are the incomplete elliptic integrals of the first kind and of the
third kind, respectively. Here, z runs from z0 to ∞ as a parameter.

Consider the extended region by embedding BTZ metric into the global AdS:

ds2 = 1
cos2 ρ

(
dρ2 − dτ2 + sin2 ρdθ2

)
, (2.18)

where the AdS radius is normalized to unity. Explicitly, embedding is accomplished by

u = − sin ρ cos θ + sin τ

cos ρ +
√
cos2 τ − sin2 ρ sin2 θ

v = sin ρ cos θ + sin τ

cos ρ +
√
cos2 τ − sin2 ρ sin2 θ

x = a sinh−1
(

sin ρ sin θ√
cos2 τ − sin2 ρ sin2 θ

)
. (2.19)

The original BTZ region is a subregion of the global AdS, which is{
(ρ, τ, θ)| cos2 τ > sin2 ρ sin2 θ, τ ∈ [−π/2, π/2], ρ ∈ [0, π/2), θ ∈ [0, 2π)

}
. (2.20)

Now, we introduce the same coordinates for the extended region adjacent to the original
BTZ black hole by shifting the range of τ to [π/2, 3π/2]. For clarity, we use a tilde to
distinguish the original coordinates and the extended ones. Although (2.11) is the equation
for the original region, it is important to emphasize that it still governs the EOW brane
even outside of the original region, as we are using identical coordinates in the extended
region. Instead of (2.12), however, we need to impose that the EOW brane is connected
and smooth at the junction point z = ∞ (equivalently, z̃ = ∞) from the perspective of
the global AdS. Thus, we have

ũ3 =
1

v2∞

A(z̃/a)
1 + z̃/a

eB(z̃/a), ṽ3 = −v2∞
1− z̃/a

A(z̃/a) e−B(z̃/a), (2.21)
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Figure 3. The EOW branes in the ∆ϕ phase. It is conformally compactified using arctan. The lower
square corresponds to the original BTZ black hole, while the upper one corresponds to the extended
region. In this picture, the dual BCFT lives in the left asymptotic boundary of the lower BTZ. The
EOW brane with z0/a = 1, corresponding to ∆ϕ = 0, forms a vertical line, which is consistent with
the configuration described in [28].

where

v∞ := lim
z→∞

eB(z/a) = exp

 ζ0√(
1− ζ20

) (
2− ζ20

)
(

K

( 1
2− ζ20

)
−Π

(
1− ζ20
2− ζ20

∣∣∣∣∣ 1
2− ζ20

)) .

(2.22)
Figure 3 shows the result of the solutions.

Next, we will calculate the pseudo entropy using the HRT prescription. We take a half-line
x > 0 as the sub-region A. In the HRT prescription, the pseudo entropy at time t is given by

S(t) = max
P2∈Q0

ℓ(P1, P2)
4G

. (2.23)

Here, Q0 represents the set of points that are located on the EOW brane and have an x

coordinate of zero. P1 is the endpoint of A at time t and ℓ(P1, P2) represents the space-like
geodesic length between P1 and P2. Maximization is carried out only for points that are
spacelike separated. The explicit form of ℓ(P1, P2) in the global coordinates is given by
AdS-invariant function:

cosh ℓ(P1, P2) = σ (P1|P2) :=
cos(τ1 − τ2)− sin ρ1 sin ρ2 cos(θ1 − θ2)

cos ρ1 cos ρ2
. (2.24)

In our setup, P1 is (ϵ, t, 0) in the Poincaré coordinates, where ϵ is the UV cut-off scale of
the CFT. Now, using eq. (2.8) and eq. (2.19), we can calculate the entropy. Numerical
results tell us that the point P2, which maximizes σ (P1|P2), is located in the extended
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Figure 4. Graphs of entropy behavior. Left: t-dependency, i.e., we fix a = 1 and z0 = 0.5. Middle:
z0-dependency, i.e., fix a = 1 and t = 10. Right: ∆ϕ-dependency, i.e., fix β = 1 and t = 10. For all
graphs, we set ϵ = 10−5.

region. Then, we have

σ = a

ϵ

−1 + ũṽ + et/aũ − e−t/aṽ

1 + ũṽ
, (2.25)

which becomes at late times t ≫ a

σ ≃ et/a

2v2∞ϵ

A(z̃/a)
z̃/a

eB(z̃/a). (2.26)

Therefore, we need to solve

dσ

dz̃
= et/aa

2v2∞ϵ

eB(z̃/a)

z̃2/a
(A′(z̃/a) · z̃/a + A(z̃/a)B′(z̃/a) · z̃/a − A(z̃/a)) = 0. (2.27)

In fact, this equation can be solved analytically and the real solution z̃ that is greater than z0 is

z̃

a
= ζ̃0 :=

ζ0(
1− ζ20

)1/4 . (2.28)

Finally, we obtain

S(t) = c

6 cosh−1 σ ≃ c

6
1
a

t + c

6 ln a

ϵ
+ log g, (2.29)

where

log g = c

6 ln
(

A(ζ̃0)eB(ζ̃0)

v2∞ζ̃0

)
. (2.30)

Since eq. (2.29), excluding the log g term, is identical to the entropy of ∆ϕ = 0 if a is fixed, we
can identify log g — which is determined only by ∆ϕ via ζ0 = z0/a — as the boundary entropy.

2.3 Other profiles of EOW brane for V (ϕ) ̸= 0

Before we move on, we would like to pause here to explore more solutions of EOW branes
for V (ϕ) ̸= 0.
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Figure 5. Brane configurations with ϕ′ = 0. These correspond to constant tension branes without
the brane scalar.

First, the solution of ϕ′2 = 0, i.e. ϕ =const. is

tan−1 v = tan−1 u − 2 tan−1 u0, V (ϕ) = 2u0
1 + u2

0
, −1 < u0 < 1, (2.31)

where u0 is a negative constant. Since ϕ′ = 0, this solution corresponds to the one without
the brane scalar and the constant potential is the tension of the brane. In fact, the value
of the potential is constrained within the range of −1 < V (ϕ) < 1, and the shape of the
brane becomes a straight line in the Kruskal coordinates like figure 5. These are the standard
solutions in the pure gravity model of AdS/BCFT studied in [26, 27].

There is another solution with the constant potential:

vu = −u2
0, V (ϕ) = 1 + 6u2

0 + u4
0

4u0(1 + u2
0)

, −1 < u0 < 0. (2.32)

Unlike the solution in eq. (2.31), ϕ′ is not zero, in fact,

ϕ′2 = − u0
u2 (1 + u2

0
) > 0, (2.33)

and V (ϕ) ≥ 1. As we can see in figure 6, this brane does not extend across with the horizon.
We can analytically calculate the entanglement entropy. Since u2v2 = −u2

0, using
eq. (2.24), we have

ℓ = cosh−1
(
1 + 2−∆u∆v

α

)
, α = 2ϵ(1− u2

0)
a + ϵ

. (2.34)

To maximize ℓ with respect to u2, we need to find the maximum value of −∆u∆v. We
can easily find it as follows:

−∆u∆v = −
√

a − ϵ

a + ϵ

(
e−t/av2 + et/a u2

0
v2

)
+ a − ϵ

a + ϵ
+ u2

0 ≤
(

u0 +
√

a − ϵ

a + ϵ

)2

. (2.35)
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Figure 6. Brane profile of eq. (2.32). uv = const. means z = const.

Namely, since D is time-independent, the entanglement entropy is also a constant. The
value of the entanglement entropy is

S(t) = c

6 ln
(
(1 + u0)2
1− u2

0

2a

ϵ

)
. (2.36)

This solution has unusual features compared to previous ones. Since the EOW brane is
located at z = const. in Lorentzian coordinates, through analytical continuation, we find that
it remains constant, which means the EOW brane does not end on the asymptotic boundary
even in Euclidean metric and the description of the path integral from some boundary state
fails.1 The gravitational force toward the horizon direction is cancelled by the effect of
time-dependent localized scalar field. As the left side and right side of the BTZ black hole
are connected through the Euclidean region, the EOW brane exists also in the right side.

Finally let us mention possible CFT interpretations of this EOW brane. One possibility
is that it is a certain thermofield double-like state without the IR degree of freedom. This may
look similar to the prescription of the T T̄ deformation [73], where the finite radius boundary
conceals the UV degree of freedom, the EOW brane is hovering. Unlike the T T̄ deformation,
however, the EOW brane is subject to the Neumann boundary condition. Another possibility
is the final state projection [39, 74].

In order to think of the projection proposal, we consider a geometry which may be
corresponding to the final state projection at a finite time:

(u + α)(v − α) = −u2
0. (2.37)

By the analytical continuation, we have the corresponding Euclidean brane:√
a − z

a + z
= α cos(τ/a) +

√
u2
0 − α2 sin2(τ/a). (2.38)

This implies that β = 2πa.
1We note that a similar situation, where the brane does not intersect the asymptotic boundary in the

Euclidean signature, was also discussed in [72].
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Figure 7. The blue line represents an EOW brane with V (ϕ) = 0 in the Poincaré patch. At late
times, this EOW brane moves at a speed approaching that of light.

For another topic, there exists a configuration that does not have the well-defined
Euclidean brane. For instance, z = z0 exp

(
−t2/2σ

)
poses no problem at least in Lorentzian

space if we choose the parameters not to make the EOW brane space-like. On the other hand,
in the Euclidean space, this EOW brane follows z = z0 exp

(
τ2/σ

)
, which obviously encounters

difficulties. Namely, this brane penetrates z = a in the Euclidean space and has no periodicity.

2.4 Complete analysis of holographic pseudo entropy at critical point:
∆ϕ = ∆ϕ∗

For the critical phase ∆ϕ = ∆ϕ∗, the corresponding geometry is the Poincaré AdS

ds2 = dz2 − dt2 + dx2

z2
, (2.39)

and the EOW brane is determined by the following differential equation

1− ż2 = z40
z4

, (2.40)

with the initial condition z(t = 0) = z0. The solution of this equation can be described by
using the hypergeometric function as follows:

|t| = z0f(z/z0), f(x) := x · 2F1

(
−1
4 ,

1
2;

3
4;

1
x4

)
− α, α =

√
πΓ(3/4)
Γ(1/4) . (2.41)

As we can see in figure 7, this EOW brane will fall at a light speed at late time:

z ≃ t + αz0. (2.42)

This implies that the EOW brane can be extended to the global AdS where the Poicaré
patch is embedded.
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The Poincaré AdS is embedded into the global AdS via R2,2 as follows:

X0 =
z

2z0

(
1 + 1

z2

(
x2 − t2 + z20

))
= cos τ

cos ρ
, (2.43)

X1 =
x

z
= tan ρ sinϕ, (2.44)

X2 =
z

2z0

(
1 + 1

z2

(
x2 − t2 − z20

))
= tan ρ cosϕ, (2.45)

X3 =
t

z
= sin τ

cos ρ
. (2.46)

Thus, using the global coordinates, the Poincaré coordinates are represented as
z

z0
= cos ρ

cos τ − sin ρ cos θ
,

t

z0
= sin τ

cos τ − sin ρ cos θ
,

x

z0
= sin ρ sin θ

cos τ − sin ρ cos θ
. (2.47)

The Poincaré AdS corresponds to the region where cos τ − sin ρ cos θ > 0. Now we define
new coordinates for the region out of the Poincaré patch, namely cos τ − sin ρ cos θ < 0,

as the following:

z̃

z0
= cos ρ

cos τ − sin ρ cos θ
,

t̃

z0
= sin τ

cos τ − sin ρ cos θ
,

x̃

z0
= sin ρ sin θ

cos τ − sin ρ cos θ
. (2.48)

Note that z̃ is negative. Obviously, since eq. (2.47) and eq. (2.48) have the same form,
new coordinates have the same metric with the original Poincaré metric (eq. (2.39))and
are embedded into the global AdS in the same way (eq. (2.43)). Therefore, the differential
equation of the EOW brane outside of the Poincaré patch is also

1− ˙̃z2 = z40
z̃4

. (2.49)

Thus, we can find the solution

|t̃ − t̃0| = z0f(−z̃/z0), t̃0 = −2αz0, (2.50)

by imposing z̃ ≃ t̃ + αz0 for t̃ → −∞.
Figure 8 shows the extended EOW brane. In a similar way in the small ∆ϕ phase, we

can evaluate the entanglement entropy using HRT surface Γ. We set subregion A of a time
slice of CFT, as a half line x > 0. Then, Γ ends (z, t, x) = (ϵ, t, 0) where ϵ is UV cut-off.
Another endpoint of Γ is on the red line in the right side of figure 8. Therefore, to calculate
the entanglement entropy, we need to find maximum value of the length of Γ for a fixed t.

Figure 9 tells us that for any z0, the entanglement entropy grows logarithmically at
late time.

S ≃ 1
2G

log t

ϵ
− 1

4G
log z0

ϵ
= c

3 log t

ϵ
− c

6 log z0
ϵ

. (2.51)

It is worth noting that taking the part of the spacetime beyond the Poincaré horizon into
account is crucial to get the c

3 log t term [75, 76]. Typically, both the inside-Poincaré piece and
the outside-of-Poincaré piece of the HRT surface contribute to the log t term and together give
c
3 log t. The same behavior is also observed in the study of holographic joining quench [75, 76].

Combining the results obtained so far, we have worked out the behavior of the entan-
glement phase transition shown in (1.2).
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Figure 8. Left: the EOW brane embedded in the global AdS is represented as a red surface.
The original Poincaré AdS is the region surrounded by two blue Poincaré horizons. Right: the
cross-sectional view of a cylinder cut in half.
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Figure 9. The graph of the entanglement entropy S vs time t. We set the Newtonian constant G = 1
and UV cut-off ϵ = 10−5.
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2.5 Higher dimension

Now we move on to the analysis of holographic entanglement phase transition in higher
dimensions. Since the black hole and thermal AdS phase are very similar to the previous
three dimensional setup, here we concentrate on the critical point at ∆ϕ = ϕ∗.

In a similar way to d = 2, we can analyze the Poincaré case in higher dimension, in
which the metric is

ds2 =
dz2 − dt2 + dx2

1 + dx2
2 + dx2

d−1
z2

, (d ≥ 3). (2.52)

The differential equation of the EOW brane in a d-dimensional Poincaré space is

1− ż2 =
(

z0
z

)4(d−1)
, z(t = 0) = z0, (2.53)

and its solution is

|t| = z0fd(z/z0), (2.54)

where

fd(x) := x · 2F1

(1
2 ,

−1
4(d − 1) ;

4d − 5
4(d − 1) ;

1
x4(d−1)

)
− αd, αd :=

√
πΓ
(

4d−5
4(d−1)

)
Γ
(

2d−3
4(d−1)

) . (2.55)

For higher dimensions, we can also define new coordinates for the region outside of the
Poincaré patch in a similar way. Then, outside of the horizon, the EOW brane follows

|t̃ − t̃0| = z0fd(−z̃/z0), t̃0 = −2αdz0. (2.56)

Figure 10 shows behaviors of EOW branes.
Next, we consider a subregion A of a CFT time slice at a certain time t, defined as

A = {(ϵ, t, x1, . . . , xd−1)|x1 > 0}. Hence, the HRT surface Γ = {(z, t(z), 0, x2, . . . , xd−1)}
ends on ∂A and on the EOW brane. The HRT surface maximizes the area of Γ,

Area Γ =
∫
Γ

√
1− (dt/dz)2

zd−1 dzdx2 · · · dxd−1 = Vd−2

∫ f

i

√
dz2 − dt2

zd−1 , (2.57)

where label i and f represent endpoints of Γ. The HRT surface holds the Euler Lagrange
equation with respect to the area function

ż2 = 1 +
(

t∗
z

)2(d−1)
, (2.58)

where t∗ is some positive constant and a solution of this equation is

tf

t∗
− ti

t∗
=Bd

(
zf

t∗

)
−Bd

(
zi

t∗

)
, Bd(x) :=x·2F1

(1
2 ,

−1
2(d−1) ;

2d−3
2(d−1) ;

−1
x2(d−1)

)
. (2.59)

Furthermore, by substituting eq. (2.58) into eq. (2.57), we have

Area(Γ) = Vd−2

∫ zf

zi

dz

zd−1
√
1 + (z/t∗)2(d−1)

= Vd−2

td−2
∗

(
Ad

(
zf

t∗

)
− Ad

(
zf

t∗

))
, (2.60)
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Figure 10. Left: solid lines and dotted lines represent EOW branes and HRT surface respectively at
time t. Right: the horizontal axis is time coordinate of the region out of Poincaré patch. A dotted
line corresponds to t̃ = t̃0. The vertical axis shows the area of the HRT surface in d = 4 connecting
(ϵ, t) and (z̃(t̃), t̃). We set t = 10, z0 = 1 and ϵ = 10−5 in both graphs.

where
Ad(x) :=

√
1 + x2(d−1)

(d − 2)xd−2

[
2F1

(
1,

d − 2
2(d − 1) ;

2d − 3
2(d − 1) ;

−1
x2(d−1)

)
− 1

]
. (2.61)

Since the EOW brane locates outside of the Poincaré horizon, we need to modify the area
of the EOW brane as follows:

Area(Γ) = Vd−2

td−2
∗

(
Ad(∞)− Ad

(
ϵ

t∗

))
+ Vd−2

td−2
∗

(
Ad(∞)− Ad

(
− z̃i

t∗

))
(2.62)

= −Vd−2

td−2
∗

(
Ad

(
ϵ

t∗

)
+ Ad

(
− z̃i

t∗

))
. (2.63)

Here we use Ad(∞) = 0 and z̃i to represent the coordinates of the endpoint of Γ on the EOW
brane. To compute the area, we need to know t∗. This is determined via

Bd

(
ϵ

t∗

)
+ Bd

(
− z̃i

t∗

)
= t

t∗
− t̃i

t∗
. (2.64)

We can determine the position of the endpoint of Γ on the EOW brane numerically. The
right side of figure 10 tells us that the HRT surface ends at (z̃i, t̃i) = (−z0, t̃0).

Furthermore, at late time, t∗ behaves as

t∗ ≃
√

π

2Γ
(

d
2d−2

)
Γ
(
2d−3
2d−2

) t. (2.65)

Hence, both ϵ
t∗

and − z̃i
t∗

decrease in the time evolution. Now, for small x ≪ 1, Ad(x) behaves as

Ad(x) ≃ − 1
d − 2x−(d−2). (2.66)
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Figure 11. The graph of the entanglement entropy SEE vs time t in d = 4 dimension. We set G = 1,
z0 = 1 and ϵ = 10−5.

Therefore, using eq. (2.63), we have

Area(Γ) ≃ Ad
max := Vd−2

d − 2

(
1

zd−2
0

+ 1
ϵd−2

)
, (2.67)

namely, at late time, the leading term of the entanglement entropy is constant. Numerical
calculation supports this result. See figure 11. In this way, in the higher dimensional case,
there is no logarithmic evolution of SA at the critical point, as opposed to the AdS3 case.

2.6 Null energy condition and the brane profile

It is useful to reconsider our EOW profile in terms of null energy condition. Consider the
Poincaré AdSd+1: ds2 = z−2(dz2 − dt2 +∑d−1

i=1 dx2
i ) and place a EOW brane with the profile

z = z(t). The physical region is taken to the boundary side of the EOW brane z ≤ z(t).
In this case, the extrinsic curvature reads

Ktt − httK = −(d − 1)
√
1− ż2

z2
, Kxixi − hxxK = (d − 1)(1− ż2)− zz̈

z2(1− ż2)3/2 . (2.68)

The null vector on this EOW brane is taken to be (N t, Nx1 , Nx2 , ···) = (1,±
√
1− ż2, 0, ···).

Then the null energy condition reads

NaN b(Kab − habK) = − z̈

z
√
1− ż2

≥ 0. (2.69)

This constrains the profile of the EOW brane.
In our model of EOW brane with a localized scalar, the boundary energy stress tensor

T
(Q)
ab on the EOW brane, which is related to the extrinsic curvature via the Neumann
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boundary condition Kab − habK = T
(Q)
ab , reads

T
(Q)
tt = ϕ̇2 + V

z2
(1− ż2),

T (Q)
xixi

= ϕ̇2

1− ż2
− V

z2
. (2.70)

The null energy condition reads

NaN bT
(Q)
ab = 2ϕ̇2 ≥ 0. (2.71)

The profile of our previous EOW brane solutions with the scalar (2.50) and (2.54) violates
this condition (2.69). One quick way to see this is to note that the scalar field takes imaginary
values in the Lorentzian solution and thus ϕ̇2 < 0. Since it has an imaginary value of scalar
field, (2.71) is also violated as expected. Thus the EOW brane solution which shows the
entanglement phase transition violates the null energy condition. This is not surprising
because, in order to realize this entanglement phase transition, we need a dissipative effect,
which may lead to a non-unitary evolution, to suppress the entanglement growth.

It might also be intriguing to consider the energy conservation in the gravity dual. By
taking a derivative of Kab − habK = T

(Q)
ab , we obtain

∇a(Kab − habK) = ∇aT
(Q)
ab . (2.72)

It is straightforward from the differential geometry to see ∇a(Kab − habK) = Rnb, where n

is in the direction normal to the EOW brane. If the bulk dynamics is described by a pure
Einstein equation (in any dimensions), it is clear that Rnb ∝ gnb = 0. Thus the boundary
energy stress tensor is conserved ∇aT

(Q)
ab = 0, which means that the energy on EOW brane

is preserved and there is no energy flux from the bulk to the brane. This is true in all
setups we consider in this paper.

If there are matter fields in the bulk, they may lead to the bulk energy flux T
(bulk)
nb , which

is proportional to Rnb via the Einstein equation. In this case we have ∇aT
(Q)
ab = Rnb ∝ T

(bulk)
nb

and thus there is energy flow between the EOW brane and the bulk.

2.7 Critical behavior from a simple dissipating model

Before we move on, we would like to point out that the critical logarithmic time evolution of
entanglement entropy can be found in a simple dissipating model in a two dimensional CFT.

A simple modeling of quantum quenches is to use the BCFT [11]. The time evolution
under quantum quenches in a two dimensional CFT can be described by

|Ψ(t)⟩ ∝ e−itHe−
β
4 H |B⟩, (2.73)

where |B⟩ is the boundary state. At late time, this state looks like a thermal state at
the temperature 1/β as long as we examine coarse-grained observables. The evolution of
entanglement entropy SA, where the subsystem A is a half space, can be found from a
standard replica method calculation in the CFT, as follows [28].

SA = c

6 log
[

β

2πϵ
cosh

(2πt

β

)]
, (2.74)

up to a constant term. At late time, this grows linearly as SA ≃ πc
3β t.
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We can take into account the dissipating effect by introducing a damping factor e−γtH

under the time evolution, where γ is the parameter which controls the amount of the
dissipation. This leads to the quantum state

|Ψd(t)⟩ ∝ e−itHe−γtHe−
β
4 H |B⟩. (2.75)

To calculate the evolution of entanglement entropy, we can replace β in (2.74) with β + 4γt,
which leads to

SA = c

6 log
[

β + 4γt

2πϵ
cosh

( 2πt

4γt + β

)]
. (2.76)

At late time, this behaves like

SA ≃ c

6 log
[2γt

πϵ
cosh

(
π

2γ

)]
. (2.77)

This shows the critical logarithmic behavior. Note that the coefficient of the logarithmic
evolution gets halved when compared with the result in our holographic model (2.51). Also
note that, when such a damping factor is involved, the logarithmic time evolution is generic
in two dimensional CFTs even if the starting point is not the boundary state [77].

2.8 Comments on the analysis from the CFT side

We have so far realized an entanglement phase transition in AdS/BCFT by introducing
a brane localized scalar field on the gravity side. It is a natural question to consider the
corresponding setup on the CFT side, i.e. a BCFT defined on a strip where the boundary
conditions on the two boundaries are related by a marginal transformation.

In appendix C, we consider a slightly different but parallel setup and compute the pseudo
Rényi entropy at the leading order of the marginal perturbation purely in the CFT language.
Denoting the perturbation parameter as λ, our holographic computation implies that the
leading order correction of the pseudo entanglement entropy is at order λ2 and gives a negative
linear t contribution. In the CFT computation summarized in appendix C, we find that,
for even n, the λ2 order correction of the n-th pseudo Rényi entropy is zero, while for odd
n, it turns out to give a positive linear t contribution.

Although the quantities computed on the two sides are different and we can not compare
them with each other, it would be an intriguing future question to understand how the
analyses on the two sides are related with each other.

3 Gauge fields on the brane

As a natural generalization of matter fields localized on the EOW brane, we can also consider
the gauge field instead of scalar field. Again, we aim to construct an AdS/BCFT solution
where the BCFT is defined on a strip. As will be seen later, the phase transition behavior of
the gauge field model turns out to be quite different from that of the scalar field we studied in
the previous section. Thus this new model does not show the entanglement phase transition
which we are currently interested in. However, it is intriguing that we can find solutions in this
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gauge field model in a way similar to the scalar model. Therefore, we believe it is still useful
and instructive to study this gauge theory model as a descendant of our localized scalar model.

The action we consider is the Einstein-Hilbert action with gauge fields on the brane (we
will work in Euclidean signature and set V = 0 for simplicity)

S = SEH + Sbrane,

SEH = − 1
16πG

∫
dd+1x

√
g(R + d(d − 1)),

Sbrane = − 1
8πG

∫ √
h

(
K − 1

4hcdhef FceFdf

)
. (3.1)

Taking a variation with respect to the induced metric, we obtain the equations of motion
(or Neumann boundary condition) for the EOW brane

Kab − Khab = −1
4habh

cehdf FcdFef + FacFbdhcd. (3.2)

3.1 EOW brane with gauge field in Poincaré AdS

We start with the analysis of EOW brane placed in the d + 1 dimensional Poincaré vacuum
AdS, given by

ds2 = dz2 + dτ2 +∑d−1
i=1 dx2

i

z2
. (3.3)

We specify the profile of the EOW brane by z = z(τ), assuming the translational invariance
along xi direction. The induced metric reads

ds2 = (1 + ż2)dτ2 +∑d−1
i=1 dx2

i

z2
, (3.4)

and the extrinsic curvature on this brane is computed as follows:

Kττ − Khττ = (d − 1)
√
1 + ż2

z2
,

Kxx − Khxx = (d − 1)(1 + ż2) + zz̈

z2(1 + ż2) 3
2

. (3.5)

Here, we choose the physical region of AdS/BCFT setup to be 0 < z < z(τ) and the
normal vector is pointed in the outer direction. Below, we will study the solution to (3.2)
in each dimension.

3.1.1 AdS3

As the simplest example, consider the AdS3 case. The equations of motion for the gauge field

∂a(
√

hF ab) = 0, (3.6)

can be solved as

Fτx = Ex ·
√
1 + ż2

z2
, (3.7)
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where Ex is a constant. The boundary condition (3.2) leads to

2
√
1 + ż2 = F 2

τxz4,

2(1 + ż2 + zz̈) = F 2
τxz4

√
1 + ż2, (3.8)

which ends up with

z̈ = 0. (3.9)

Therefore, the brane profile is solved as

z =
√

4
E4

x

− 1 · τ + const. (3.10)

Indeed, we can see that the above equation of motion is identical to the known vacuum
solution [26] with the nonzero potential (or constant tension) given by V = −E2

x
2 . Since the

brane profile is now a straight line, the solution does not include the gravity dual of BCFT
on a strip, as opposed to the localized scalar field case.

3.1.2 AdS4

In the AdS4 case, there are three components of gauge flux and by solving (3.6) we can
set them in the following form:

Fτxi = Ei ·
√
1 + ż2

z
, Fx1x2 = B12, (3.11)

where E1, E2 and B12 are all constants. On the other hand, (3.2) lead to

2
√
1 + ż2

z2
= z2

2
(
F 2

τx1 + F 2
τx2

)
− z2(1 + ż2)

2 F 2
x1x2 ,

2(1 + ż2) + zz̈

z2(1 + ż2) 3
2

= − z2

2(1 + ż2)
(
F 2

τx2 − F 2
τx1

)
+ z2

2 F 2
x1x2 , (3.12)

2(1 + ż2) + zz̈

z2(1 + ż2) 3
2

= − z2

2(1 + ż2)
(
F 2

τx1 − F 2
τx2

)
+ z2

2 F 2
x1x2 . (3.13)

In the presence of both electric and magnetic fields, these equations reduce to
2

z2
√
1 + ż2

= E2 − B2z2

2
4(1 + ż2) + zz̈ = E2z2(1 + ż2)3/2

, (3.14)

where E = E1 = E2 and B = B12. These can be solved as

±τ =
∫ z

0

ζ2|2E2 − B2ζ2|√
16− ζ4(2E2 − B2ζ2)2

dζ + const.. (3.15)

The value of the integral on the right-hand side behaves as depicted in figure 12, depending
on the values of E and B. For E2/|B| > 2, i.e. λ > 2/3 in figure 12, the smallest positive
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Figure 12. The profiles of the EOW brane with the gauge fields E =
√

λ, B = 1−λ. For comparison,
the results using expressions involving hypergeometric functions for λ = 0 and λ = 1 are shown in
the bottom.

Figure 13. Left: the profile of the EOW brane with E = 0, B = 1. Right: the profile of the EOW
brane with E = 1, B = 0.

root of the denominator is ζ =
√

E2 −
√

E4 − 4B2/|B|, and the shape of the EOW brane is
convex. On the other hand, for E2/|B| < 2, i.e. λ < 2/3, the smallest positive root of the
denominator is ζ =

√
E2 +

√
E4 + 4B2/|B|, and the shape has a plateau at ζ =

√
2|E|/|B|.

Especially, in the absence of magnetic/electric fields, we obtain connected solutions:

±τ = B2z5

20 2F1

(
1
2 ,

5
8;

13
8 ; B4z8

16

)
−

√
2π

5
√
|B|

· Γ(13/8)
Γ(9/8) (E = 0), (3.16)

±τ = E2z3

6 2F1

(
1
2 ,

3
4;

7
4;

E4z4

4

)
−

√
2π

3E
·
Γ(7/4)
Γ(5/4) (B = 0). (3.17)

The profiles of the EOW branes in these cases are shown in figure 13.
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3.1.3 AdSd+1

Finally, we analyze the higher dimensional solution in Poincaré AdSd+1. For simplicity, we
turn on only electric fields and they take the form so that they satisfy (3.6):

Fτxi = Ei ·
√
1 + ż2

z4−d
. (3.18)

On the other hand, (3.2) leads to

2(d − 1)
√
1 + ż2

z4
=
∑

i

F 2
τxi

,

(d − 1)(1 + ż2) + zz̈

z4
√
1 + ż2

= −
∑

j

F 2
τxj

2 + F 2
τxi

. (3.19)

These can be solved by setting

Ei = E, (i = 1, 2, · · ·, d − 1),

ż2 = 4
E4 z8−4d − 1. (3.20)

Note that the differential equation for the brane profile (3.20) is the same as the previous
scalar case with replacing d − 2 with d − 1 as can be seen from the Lorentzian version (2.53).
This suggests the following observation: the gauge fixing kills degrees of freedom for one
dimension. We can state that the scalar field on the EOW brane in the vacuum AdSd describes
the same configuration of the gauge field on the EOW brane in the vacuum AdSd+1.

3.2 Localized gauge field on EOW brane in BTZ phase

Here, we consider the EOW brane solution with the localized gauge field in the BTZ
phase. Again, we work with the BTZ metric in the Euclidean signature, obtained by setting
τ = it in (2.2)

ds2 = h(z)dτ2

z2
+ dz2

h(z)z2 + dx2

z2
, (3.21)

where h(z) = 1 − z2

a2 . We choose the brane profile in the form z = z(τ) as before. The
induced metric on the brane reads

ds2 = h(z)2 + ż2

h(z)z2 dτ2 + dx2

z2
, (3.22)

where ḟ = df
dτ and f ′ = df

dz . The extrinsic curvature reads

Kxx − Khxx = 2h3 − zh2h′ − 3zh′ż2 + 2hż2 + 2hzz̈

2z2z
(
h + ż2

h

) 3
2

,

Kττ − Khττ =
h
√

h + ż2

h

z2
, (3.23)

where f ′ = df
dz .
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τ

zf=0.1

f=1

f=1.4

-1.5 -1.0 -0.5 0.5 1.0 1.5

0.2

0.4

0.6

0.8

1.0

Figure 14. The profiles z = z(τ) of the EOW branes with the gauge field in BTZ geometry. The
horizontal and vertical axis describes τ and z, respectively and we set a = 1. The blue, orange and
green curves correspond to the values f = 0.1, 1 and 1.4.

3.2.1 Construction of solution

The Neumann boundary condition (3.2) gives

Kxx − Khxx = hz2F 2
τx

2(h2 + ż2) ,

Kττ − Khττ = F 2
τxz2

2 . (3.24)

The equations of motion of gauge fields (3.6) are solved as

Fτx = f

z2

√
h(z)2 + ż2

h(z) , (3.25)

where f is a constant described as the strength of gauge flux.
Combining the above form, we obtain the differential equation for the brane profile

ż2 = 4h(z)3
f4 − h(z)2. (3.26)

This is solved as follows

z

a
=

√
1− f4

4 cos τ
a√

1−
(
1− f4

4

)
sin τ

a
2
, Fτx = 2h(z)

fz2
, (3.27)

for the range −π
2a ≤ τ ≤ π

2a. Refer to figure 14 for the plot.
Note that compared with the EOW brane solution with the localized scalar [25], our

solution with the gauge field takes a much simpler form. In particular, the width of the strip
is given by πa, which coincides with a half of the black hole inverse temperature.
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3.2.2 Free energy in BTZ phase

Now let us evaluate the free energy i.e. the on-shell action for this BTZ solution with the
EOW brane Q. This is dual to a BCFT on Σ, which is a cylinder. The action we consider is

IBTZ= IEH+IQ+IΣ−Ic.t.,

IEH=− 1
16πG

∫
M

√
g(R+2),

Ibrane=− 1
8πG

∫
Q

√
h

(
K− 1

4FabF
ab
)

,

IΣ=− 1
8πG

∫
Σ

√
hK,

Ic.t. =− 1
16πG

∫
M

√
g(vac)(R+2)− 1

8πG

∫
Q

√
h(vac)K− 1

8πG

∫
Σ

√
h(vac)K, (3.28)

where Ic.t is the same action evaluated on the vacuum AdS (i.e. Poicate AdS3) with the same
asymptotic AdS boundary Σ, which provides the standard holographic counter term.

Now, we would like to evaluate IBTZ for our AdS/BCFT solution surrounded by the
EOW brane (3.27) with the gauge flux. We choose the UV cut off to be z ≥ ϵ and the length
in x direction to be L via the compactification x ∼ x + L, so that Σ looks like a cylinder.
Each term in the on-shell action is evaluated as follows:

IEH = 1
4πGN

∫
g = L

2πGN

∫ π
2 a−δ

0
dτ

[ 1
2ϵ2

− 1
2z2

]
,

IQ = 3f2

16πGN

∫
Q

√
h = 3L

4πGN

∫ π
2 a−δ

0
dτ

h(z)
z2

,

IΣ − Ic.t = −(πã − 2δ)L
8πGN ϵ2

, (3.29)

where ã is the rescaled value of a to adjust the BTZ metric and the Poincaré AdS3 at
z = ϵ defined by ã = a

√
1− ϵ2/a2. The infinitesimal parameter δ is the cut off τ which

corresponds to the asymptotic boundary z = ϵ on the EOW brane, which leads to the relation
δ = ϵ/

√
4/f4 − 1. The evaluation of IΣ − Ic.t goes very similarly as in our earlier work [25]

of EOW brane with the localized scalar field.
By combining these estimations, we eventually find

IBTZ = L

2πGN

∫ π
2 a−δ

0

dτ

z(τ)2 − 5L

16GN a

≃ L

2πGN ϵ
√

4
f4 − 1

− L

16GN a
. (3.30)

In the zero flux limit f → 0, we find IBTZ → − L
16GN a and this reproduces the known result

of the AdS/BCFT without the gauge flux in [26, 27].
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3.3 Localized gauge field on EOW brane in TAdS phase

Now we look at the EOW brane solution with the localized gauge field in thermal AdS3
(TAdS), which is the other phase for BCFT on a cylinder. The metric is given by

ds2 = dz2

k(z)z2 + dτ2

z2
+ k(z)dx2

z2
, (3.31)

where k(z) = 1− z2

b2 . We compactify x as x ∼ x + L as before. The requirement of smooth
geometry fixes L to be

L = 2πb. (3.32)

3.3.1 Construction of solution

For the EOW brane defined by z = z(τ), the induced metric reads

ds2 = k(z) + ż2

k(z)z2 dτ2 + k(z)dx2

z2
. (3.33)

The extrinsic curvature is found to be

Kττ − Khττ = z(2k2 − zk′ż2 + 2kż2 + 2kzz̈)
2z2(k + ż2) 3

2
,

Kxx − Khxx = (2k − zk′)
√

k + ż2

2z2k
. (3.34)

The equations of motion for brane (3.2) reads

Kxx − Khxx = kz2F 2
τx

2(k + ż2) ,

Kττ − Khττ = F 2
τxz2

2k
. (3.35)

The gauge field equation of motion (3.6) is solved to be

Fτx = f

√
k(z) + ż2

z2
. (3.36)

After short algebra, we obtain the differential equation for the brane profile

ż2 = 4
f4 − k(z), (3.37)

which is solved as

z = C1e
τ
b + C2e

− τ
b , (3.38)

where C1 and C2 are arbitrary constants with the constraint 4C1C2 = −b2( 4
f4 − 1). However,

this is not an expected connected solution dual to a BCFT on a strip. Therefore in the
thermal AdS3 case, the only available dual solution is the two disconnected EOW branes
localized at z = ±π

2a.
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Figure 15. The profiles z = z(τ) of the EOW branes with the gauge field in TAdS geometry. The
horizontal and vertical axis describes τ and z, respectively. We choose b = 1, πa = 5 and f = 1.

As before, we are considering a BCFT on a cylinder whose width is πa and the circum-
ference is L = 2πb. Since the EOW brane can end on the tip z = b in the TAdS geometry,
we choose the two disconnected EOW branes from the general solution (3.38):

z = b

√
4
f4 − 1 sinh τ

b
, (3.39)

and

z = b

√
4
f4 − 1 sinh πa − τ

b
, (3.40)

which is plotted in figure 15. We introduce the cut off δ again such that z = ϵ at τ = δ,
which leads to δ = ϵ√

4/f4−1
.

We introduce a positive constant τ0 such that
√

4
f4 − 1 sinh τ0

b = 1. Then the existence
of such a disconnected solution is possible only when

τ0 <
π

2a
, (3.41)

to avoid an intersection of EOW branes.

3.3.2 Free energy in TAdS phase

The evaluation of free energy in the TAdS case can be conducted similarly by computing
each term in (3.28) as follows:

IEH = 1
4πGN

∫
g = L

2πGN

∫ π
2 a

δ
dτ

[ 1
2ϵ2

− 1
2z2

]
,

IQ = 3f2

16πGN

∫
Q

√
h = 3L

4πGN

∫ τ0

δ
dτ

1
z2

,

IΣ − Ic.t = −(πa − 2δ)L̃
8πGN ϵ2

, (3.42)
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where we defined L̃ = L
√
1− ϵ2/β2 and Ic.t is the action for the vacuum Poincaré configuration

with two disconnected straight branes. Notice also that L is determined by b as in (3.32).
By combining all terms, we eventually find

ITAdS = L

2πGN

∫ τ0

δ

dτ

z(τ)2 − L

4πGN b2

(
π

2 a − τ0

)
+ La

16πGN b2

≃ L

2πGN ϵ
√

4
f4 − 1

− L

πGN b
· f2

4− f4 + L

4πGN b2

(
−π

4 a + τ0

)
. (3.43)

In the zero flux limit f → 0, we obtain ITAdS → − La
16GN b2 which reproduces the known result

of AdS/BCFT without the gauge field [26, 27].

3.4 Phase transitions between BTZ and TAdS phase

In summary, the finite part of free energies of EOW brane background with the localized
gauge field in the BTZ and TAdS phase read2

IFiniteBTZ = − πb

8GN a
,

IFiniteTAdS = − 2f2

(4− f4)GN
− πa

8GN b
+ τ0

2GN b
, (3.44)

where we set L = 2πb using (3.32).
These two solutions are possible ones for the gravity dual of a BCFT on a cylinder with

the width πa and the circumference 2πb. In general we expect that when a ≪ b the BTZ
phase is favored, while the TAdS phase does when b ≪ a.

The phase structure is plotted in figure 16 for various values of f . The TAdS phase
becomes dominant when the blue and orange colored regions overlap. In the zero flux limit
f → 0, the TAdS is realized when b < a, which reproduces the known result in [26, 27]. As
the flux gets larger, the TAdS phase gets squeezed as can be seen from figure 16. It is also
intriguing that there is not Poincaré AdS3 phase for an EOW brane with the localized gauge
flux, as opposed to the one with the localized scalar field.

4 Soft wall model with bulk scalar

So far we have discussed the pseudo entropy defined by the transition matrix constructed
from two different boundary states. In the bulk gravity side, we consider the brane-localized
field which interpolates these boundary states with thin branes. It is also natural to consider
the bulk field analogue of this interpolating brane-localized field. In other words, we have
so far discussed the hard wall model and there should also be the corresponding soft wall
model. To this end, we consider a bulk dilaton field which interpolates two different field
values at the conformal boundaries. In the conformal field theory side, this is nothing but
interface CFTs [79–81]. See figure 17 and figure 18 for the boundary path integral dual to
the previous AdS/BCFT model and that for our current bulk field model, respectively.

2Note that the linear divergence O(ϵ−1) in the free energies for both the BTZ and TAdS can be cancelled
by the counter term for the gauge field as analyzed in [78].
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Figure 16. Comparison of free energy between BTZ and TAdS phases of the EOW brane with
gauge field. The blue regions satisfy the condition (3.41) where the EOW brane solution in TAdS
exists. The orange region describes the region where the TAdS solution is favored over the BTZ
one i.e. ITAdS < IBTZ. The left, middle and right panels correspond to f = 0.1, f = 1 and f = 1.4,
respectively. Note that at f = 0 we recover the known result b < a.

In our present model, the path integral prepares a transition matrix defined by two
vacuum states for two CFTs with different marginal deformation. More concretely, we consider
the two CFT with Hamiltonian H± = H0±ϕ±

∫
O and each of the Hamiltonian has their own

vacuum, say |0±⟩. Here ϕ± are boundary values of the dilaton field which is dual to the brane
deformation. Then we consider a constant Euclidean time slice τ = τ0, where the transition
matrix is defined. In this setup, the transition matrix T for τ0 > 0 can be expressed as

T (τ0 > 0) = N · lim
T→∞

e−τ0H+e−T H− |0−⟩ ⟨0+| e−H+(T−τ0)

= N · e−τ0H+ |0−⟩ ⟨0+| ,
(4.1)

where N is a normalization factor. Similarly for τ0 < 0, we have

T (τ0 < 0) = N · |0−⟩ ⟨0+| eτ0H− . (4.2)

One difference from the usual holographic model of the interface CFTs is that we put the
defect on the time slice and compute the pseudo entropy of the sub-region which is parallel
to this defect.

The solution of the Einstein equation with back-reacting dilaton field is known as the
Janus solution [79–81]. Here we focus on the AdS3 case [81]. Explicitly, the Janus solution
with the defect on Euclidean time slice τ = 0 can be written as follows,

ds2 = dr2 + f(r)dx2 + dξ2

ξ2
, f(r) = 1

2

(
1 +

√
1− 2γ2 cosh 2r

)
,

Φ(r) = 1√
2
log

(
1 +

√
1− 2γ2 +

√
2γ tanh r

1 +
√
1− 2γ2 −

√
2γ tanh r

)
,

(4.3)

where we adopt the hyperbolic slice coordinate (r, ξ, x). Here γ is a constant related to
the strength of deformation by spacelike defect as usual defect. Especially, when γ = 0,
there is no defect on the CFT side. In this case, the gravity dual is the vacuum AdS3.
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⟨B(ϕ2)|

τ

Aτ0

τ = 0 β
2

Figure 17. The model with different boundary
states discussed in the above sections.

τ

Aτ0

τ = 0

CFTΦ2

CFTΦ1

defect

Figure 18. The model with bulk fields. The
bulk fields interpolate two CFTs, CFTΦ1 and
CFTΦ2 . In the CFT side, there is a defect lies
on τ = 0.

We consider the range of gamma |γ| < γc = 1√
2 . Also the γ is related to the asymptotic

value of the dilaton field Φ as

Φ(r → ±∞) = 1√
2
log

(
1 +

√
1− 2γ2 ±

√
2γ

1 +
√
1− 2γ2 ∓

√
2γ

)
. (4.4)

4.1 Pseudo entropy from Euclidean Janus solution

Let us move on to the computation of the pseudo entropy in our setup. As in figure 18, we
take the subsystem A to be parallel to the defect. Note that this is different from situations
explored in [82, 83] where the subsystem is taken to be perpendicular to the defect. We
compute both the Euclidean and the Lorentzian time evolution of the pseudo entropy with the
same trick as above. That is, we take the subsystem A as the interval [−l, l] on the constant
Euclidean time slice τ = const. and perform the Wick rotation after all the computations.
Thus our computation of the pseudo entropy is basically entropy of the transition matrix
obtained from the two distinct vacuum states and its Lorentzian time evolution. Note that
in our computation, the bulk geometry is not AdS spacetime itself, the choice of the time
coordinate is not the same as the usual one. Here we relate the bulk time coordinate and
the boundary time coordinate by using the analogue of the coordinate transformation in
the vacuum AdS3. We see this point in detail later.

Finally we move to the computation of the holographic pseudo entropy. What we
need to do is to compute the geodesic length connecting the entangling surface ∂A in the
Janus geometry (4.3).
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Figure 19. Figure for the Janus solution (4.3). The dashed line denotes the constant r surfaces,
r = const.

The geodesic equation. To compute the geodesic x = x(r), ξ = ξ(r) and its length,
we consider the Lagrangian

L =
√
1 + f(r) ẋ2 + ξ̇2

ξ2
, (4.5)

where the dots denote the r derivative. To compute the geodesic, it is useful to utilize the
symmetries in this setup. The Lagrangian (4.5) has two symmetries,

1. AdS2 isometry
x → x + λx, ξ → ξ + λξ. (4.6)

The corresponding Noether charge is

QAdS2 = f(r)
L

ξξ̇ + xẋ

ξ2
. (4.7)

2. x-translation
x → x + c. (4.8)

The corresponding Noether charge is

QT = f(r)
L

ẋ

ξ2
. (4.9)

By dividing (4.7) by (4.9), we have
QAdS2

QT
= 1

2
d

dx

(
ξ2(x) + x2

)
,

ξ2(x) + x2 = 2QAdS2

QT
x + A.

(4.10)
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where A is an integration constant. Thanks to the Z2 symmetry x → −x, we find QAdS2 = 0.
Thus, we have

ξ2 + x2 = A, (4.11)

with some constant A > 0. Note that to derive (4.11), we do not use the concrete form of
f(r). By combining (4.5), (4.11) and (4.9), we obtain geodesic equations,( √

Aẋ

A − x2

)2

= α

f(r)(f(r)− α) ,

L2 = f(r)
f(r)− α

, α = AQ2
T .

(4.12)

From the first equation of (4.12) we see

x(r)√
A

= tanh
(
−
√

−k

χ
F (G(r)| k) + B

)
,

G(r) := Arcsin

1
2

√
(2α − χ − 1) (χ cosh 2r + 1) csch2r

αχ

,

k = − 4αχ

(1− χ)(2α − χ − 1) ,

(4.13)

where χ =
√
1− 2γ2, B is an integration constant and −π

2 < Arcsin(·) < π
2 . F (z|m) denotes

the incomplete elliptic integral of the first kind. See for details of the elliptic integrals
in appendix A.2.

Cutoff surface. In AdS/CFT correspondence, we need to regularize the physical quantities
of the boundary theory by introducing a cutoff surface in the bulk gravity. For asymptotically
AdS spacetime, the regularization procedure is based on the Fefferman-Graham expansion
of the asymptotically AdS spacetime [84, 85]. However, it is known that for the Janus
geometry dual to the interface CFT we cannot construct the FG coordinates which cover
all spacetime [86, 87]. In other words, there may be several ways for defining the coordi-
nate transformation from the H2 slice coordinate (r, ξ, x) to the Poincaré-like coordinate
(z, t, x). There are several considerations about ways of putting the cutoff surface for these
geometries [88]. Here, we define the AdS (regularized) boundary by

ξ = ϵ
√

f(r). (4.14)

This definition is motivated by two reasons. One is that, in the pure AdS case, γ = 0 and
χ = 1, this surface completely mathcs z = ϵ in the Poincaré coordinates. We can easily
see this from (A.1). The second reason is that, by properly defining time τ , we can set
the induced metric of the cutoff surface which will be the CFT metric as the flat metric.
Indeed, from (4.14), the induced metric reads

ds2|ind = dx2

ϵ2
+ 1

ϵ2

(
1 + 4f

f ′2

)
dξ2. (4.15)
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Figure 20. Plots for the τ(ξ) with χ = 0.7, ϵ = 0.01. For τ0 ≫ ϵ, we confirm that τ(ξ) ∼ ξ. The
right figure shows the plots for the time τ0 = O(ϵ).

We now introduce the boundary time τ by setting

dτ2 =
(
1 + ϵ2

ξ′2

)
dξ2 =

1 +
(

ξ
ϵ

)2
−χ2 +

(
2
(

ξ
ϵ

)2
− 1

)2

dξ2, (4.16)

so that the boundary metric looks like

ds2 = dx2 + dτ2

ϵ2
. (4.17)

We can find τ = τ(ξ) by solving (4.16). Note that for τ ≫ O(ϵ), we find τ ∼ ξ, but for
τ ∼ O(ϵ) there is a bit difference from ξ.

Determination of the constant A, B, α. Firstly let us determine A. As mentioned
above, (4.11) is derived just by the AdS2 structure of the metric and it does not depend
on the specific form of f(r). Thus we suppose the value of A is universal and is the same
as the vacuum case, i.e.

A = l2 + τ2
0 . (4.18)

This will be valid at least when τ0 ≫ ϵ. The constant B can be determined from the
boundary condition at the turning point x = 0, r = rt. At the turning point, ẋ(r) should be
divergent. From the first equation of (4.12), we find that f(rt) = α, i.e.

1 + χ cosh 2rt = 2α, (4.19)

holds. By using this identity, we also find

G(rt) =
π

2 . (4.20)

Finally, by evaluating (4.13) at the turning point r = rt, x = 0, we obtain

B =
√

−k

χ
K(k), (4.21)

where K (k) = F
(

π
2
∣∣ k) denotes the complete elliptic integral of the first kind.
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To determine the constant α we introduce the value of r∞ where geodesic pass through
the cutoff surface (4.14). By

ξ(r∞)√
f(r∞)

= ϵ (4.22)

The constant α is determined with (4.13) at the cutoff surface r → r∞ and x → l

l√
A

= − tanh
(√

−k

χ
(F (G(r∞)| k)− K (k))

)
. (4.23)

The geodesic length. Next we evaluate the geodesic length. This is done with an analogy
of the coordinate change between the hyperbolic coordinate and the usual Poincaré coordinate
in the vacuum AdS3 [86]. See the appendix A.1.

As we can solve the geodesic equation in terms of the elliptic integrals, we can also evaluate
the geodesic length in an explicit manner. Indeed, the length of the HRT surface ΓA is given by

Area[ΓA] = 2
∫ r∞

rt

dr

√
f(r)

f(r)− α

=
[√

m

αχ
((χ + 1)F (H(r)|m) + (2α − χ − 1)Π (n;H(r)|m))

]r∞

rt

,

(4.24)

where Π(n; z|m) is the incomplete elliptic integral of the third kind and we introduce

H(r) := Arcsin

1
2

√
(χ + 1)(−2α + χ cosh(2r) + 1)csch2(r)

αχ

,

m := 4αχ

(χ + 1)(2α + χ − 1) , n := 2α

χ + 1 .

(4.25)

By using some identity involving the elliptic integrals and the formula for the cutoff (4.22)
and the turning point (4.19), we can simplify the expression of the geodesic length. At the
turning point (4.19), we can easily see H(rt) = 0 and

F (H(rt)|m) = 0, Π(n;H(rt)|m) = 0. (4.26)

Next, we try to simplify the r = r∞ part of (4.24) in the specific range. To this end, let
us recall the following formula [89].

Π(n; z|m) = F (z|m)−Π
(

m

n
; z
∣∣∣∣m)

+ 1

2
√

(n−m)(n−1)
n

log


√

(n−m)(n−1)
n tan z +

√
1− m sin2 z

−
√

(n−m)(n−1)
n tan z +

√
1− m sin2 z

 .

(4.27)

Finally we have an expression for the geodesic length,

Area[ΓA] =
√

m

αχ

(
2αF (H(r∞)|m)− (2α − χ − 1)Π

(
m

n
;H(r∞)

∣∣∣∣m))

+ log


√

(n−m)(n−1)
n tanH(r∞) +

√
1− m sin2 H(r∞)

−
√

(n−m)(n−1)
n tanH(r∞) +

√
1− m sin2 H(r∞)

 .

(4.28)
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The pseudo entropy SA is given by the usual HRT formula (2.6). As similar to the discussion
in the previous subsection, we also consider the analytic continuation to Lorentzian path
integral at τ0 = 0. Formally, this is done by replacing τ0 = it0 + ϵ. We show that the
Euclidean and Lorentzian time evolution of the pseudo entropy SA in figure 21 and figure 22
respectively.3 We see that the pseudo entropy grows mildly as SA ∼ log τ0

l in the Euclidean
time, and in Lorentzian time at time up to the half of the subsystem size l. At late time,
the pseudo entropy reaches the value of vacuum entanglement entropy S0 = c

3 log
2l
ϵ . For the

Euclidean case, this is because the large Euclidean time evolution makes the states to the
vacuum of the Hamiltonian. For the Lorentzian time case, we may interpret that the reduced
transition matrix forgets about the information, that is, one of the defects. However, of
course, the global transition matrix contains the information. The pseudo entropies take small
value around the defect. This is because the two vacuum states are different states for γ ̸= 0.
For the Lorentzian time evolution, the pseudo entropy moves up and down around t0 ∼ l.
This behavior should be checked from the boundary side. We leave this as a future problem.

Let us then introduce a parameter δ as

δ = 2(2α − χ − 1)
χ

e−2r∞ = 2(2α − χ − 1)
(

ϵ

2τ0

)2
. (4.29)

This quantity is motivated by the formula for the definition of r∞. At least for the time scale
ϵ ≪ |τ0|, we can safely suppose that the parameter δ is small. Since H(r∞) ≈ Arcsin

√
1−δ

n

for small δ, we obtain

Π(n;H(r∞)|m) = F (H∞|m)−Π
(

m

n
;H∞

∣∣∣∣m)+
log

(
4
δ

(
n

n−1 + m
n−m

)−1
)

2
√

(n−1)(n−m)
n

+ O
(
δ1
)

,

(4.30)

where we introduce H∞ = Arcsin
√

1
n . Also note that F (H∞|m) and Π

(
m
n ;H∞

∣∣m) is O(δ0).
Finally we obtain the formula for the geodesic length as follows

Area[ΓA] =
√

m

αχ

(
2αF (H∞|m)− (2α − χ − 1)Π

(
m

n
;H∞

∣∣∣∣m))
+ log

(
4
δ

(
n

n − 1 + m

n − m

)−1
)
+ O(δ1).

(4.31)

Note that the pseudo entropy has the logarithmic cut-off dependence similar to the vacuum
entanglement entropy in CFT2. Note that this formula only works when |τ0| ≫ ϵ,i.e. δ ≪ 1.

4.1.1 Late time behavior of the pseudo entropy

Late Euclidean time τ0 ≫ l. Since τ0 → ∞ is a limit away from the defect, we naturally
expect that the situation is close to the vacuum. When γ = 0, α = 1 + τ2

0
l2 , we expect

α → ∞ as τ → ∞. To confirm this fact, we take τ0 ≫ l and α ≫ 1 limit of (4.23). After

3We should take care about the branch of
√

(n−m)(n−1)
n

.
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Figure 21. The plots of the pseudo entropy in Euclidean time evolution SA(τ0). We set γ = 0.35, ϵ =
0.01, l = 1. The black line expresses the entanglement entropy for undeformed CFT S0 = c

3 log 2l
ϵ .

Figure 22. The plots of the pseudo entropy in Lorentzian time evolution after the Wick rotation.
the first picture is plot with SA(t0). γ = 0.4, ϵ = ϵ′ = 0.01, l = 1 in t0 ∈ [0, 5]. The first figure shows
the real part of the PE and the second one is its imaginary part.

a short algebra we find that

(l.h.s) = l

τ0
+ O

((
l

τ0

)3)
,

(r.h.s) =
√

1
α
+ O

( 1
α

3
2

)
.

(4.32)

Thus we can conclude α =
( τ0

l

)2 + · · · for general γ. Also we can estimate the geodesic
length (4.31) when τ0 ≫ l ≫ ϵ. Then we see the pseudo entropy has the late Euclidean
time behavior,

SA = c

3 log
(2l

ϵ

)
+ O

((
l

τ0

)2)
. (4.33)

As a result, the pseudo entropy approaches the vacuum entanglement, which matches
our expectation.

Late Lorentzian time t0 ≫ l. With Wick rotation τ0 = it + ϵ′, t > 0, we find the real
time dynamics with the quantum states prepared from the Janus path integral. Following
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the same procedure as above, we can analyze the late time behavior of the pseudo entropy.
However, we should take care of the branch of the argument a bit. Similar to the Euclidean
analysis, we expect α ∼ τ2

0
l2 ∼ − t2

l2

(
1− 2iϵ′

t

)
. Then, choosing y = 1+χ

2α , we find

− tanh
(√

−k

χ

(
F
(
Arcsin

√
1− y

∣∣∣ k)− K (k)
))

= −
√

2y

1 + χ
+ O(y

5
2 )

1√
1 + τ2

0
l2

= 1√
− t2

0
l2

+ O

(
l3

t30

)
,

(4.34)

in α → −∞, t0 → ∞. Thus we confirm α = − t2
0

l2 + · · · . Next, we evaluate the pseudo entropy
at late time. First, let us evaluate the inside of the square root in the (4.25) at r = r∞,

q := (χ + 1)(−2α + χ cosh (r∞) + 1)csch2(r∞)
2αχ

= −1 + χ

2t2
(l2 − ϵ2)

(
1 + i

4l2

l2 − ϵ2
ϵ′

t

)
+ · · · .

(4.35)
Since q is a complex number, we should take care of the branch of the square root.4 We
take the positive sign here. The negative sign branch just gives the pseudo entropy with
the opposite sign of the positive one. Note that

√
|q| = l

t

√
1 + χ

2

√√√√(1− ϵ2

l2

)(
1 +

(
4

1− ϵ2

l2

))2(
ϵ′

t

)2
+ · · · (4.36)

by recalling that Arg(q) = −π + 2ϵ′

t for t > 0. In this case,

√
q = −i

l

t

√
1 + χ

2

√√√√(1− ϵ2

l2

)(
1 +

(
4

1− ϵ2

l2

))2(
ϵ′

t

)2
ei 2ϵ′

t + · · · , (4.37)

H(r∞) = Arcsin√q = −i

√
l2 − ϵ2√
2t

√
1 + χ

√
1 +

( 4l2

l2 − ϵ2

)2(ϵ′

t

)2
ei 2ϵ′

t + · · · . (4.38)

Similarly, we take the same branch for
√

α,

√
α =

√
|α|e

i
2Arg(α) = i

t

l

√
1 + 4ϵ′2

t2
e−i 2ϵ′

t . (4.39)

For small z, it holds

2αF (z|m)− (2α − χ − 1)Π
(

m

n
; z
∣∣∣∣m) = (1 + 2α + 2αχ)z + O(z3). (4.40)

By using this expansion, the first term of (4.28) has the series expansion√
m

αχ

(
2αF (H(r∞)|m)− (2α − χ − 1)Π

(
m

n
;H(r∞)

∣∣∣∣m)) = 2(1 + χ) + · · · . (4.41)

4√q = e
1
2 log |q|+ i

2 Arg(q)+inπ = ±
√

|q|e
i
2 Arg(q), where Arg(·) runs from −π to π.
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Similarly we see

log


√

(n−m)(n−1)
n tanH(r∞)+

√
1−msin2H(r∞)

−
√

(n−m)(n−1)
n tanH(r∞)+

√
1−msin2H(r∞)

= log
(
4l2

ϵ2

)
+O

(
l2

t20
,
ϵ2

t2

)
. (4.42)

From this, we can confirm that the pseudo entropy approaches the vacuum entanglement
entropy in the Lorentzian late time in this branch.

4.1.2 Early time behavior

Here we consider the behavior of the pseudo entropy in the period of ϵ ≪ |τ0| ≪ l. Again, we
consider the subsystem A with the length 2l (i.e. A = [−l, l]) at the specific time τ0 ≃ ξ(∞).
We find the relation between the value of r at the turning point rt and L:

l

ξ(∞) = sinh

∫ ∞

rt

dr√
f(r)

(
f(r)
f(rt) − 1

)
 . (4.43)

Let us consider the limit rt → 0 or equally L
ξ(∞) ≫ 1. By using the fact that the dominant

contribution for the integration is around r ∼ rt and for rough calculation we can obtain
f(r) to f(rt) and since rt is small f(rt) = α = 1+χ

2 , we obtain∫ ∞

rt

dr√
f(r)

(
f(r)
f(rt) − 1

) ≃ − 1
χ
log

[√
1− χ

1 + χ

rt

4

]
+ O(r2t ). (4.44)

Thus, also by using τ0 ≃ ξ(∞), we find

L

τ0
≃ 1

2

(√
1− χ

1 + χ

rt

4

)− 1√
χ

. (4.45)

The UV cutoff can be estimated for τ0 ≫ ϵ by ϵ ≃ τ0√
f(r∞)

i.e.

r∞ = log
(

2
√

χ

τ0
ϵ

)
. (4.46)

Now we can estimate the area of ΓA in a similar way. We can evaluate its behavior in the
early time limit rt → 0 as follows

Area[ΓA] = 2
∫ r∞

rt

dr

√
f(r)

f(r)− α

≃ 2r∞ −
√
2(1 + χ)

χ
log

(√
1− χ

1 + χ

rt

4

)
+ O(1),

≃ −2 log ϵ +
(
2−

√
2(1 + χ)

χ

)
log τ0 +

√
2(1 + χ)

χ
log l. (4.47)

The first term comes from the integral around r∞. Here f(r∞) is large and integral for
Area[ΓA] is evaluated in this large r∞ limit. From this result, we find that the pseudo
entropy grows logarithmically in the early time region for both Euclidean and Lorentzian
time evolution.

– 39 –



J
H
E
P
0
3
(
2
0
2
4
)
0
6
0

4.1.3 Entanglement entropy on the defect; at τ0 = t0 = 0

From the time-reversal symmetry at τ0 = t0 = 0, we can easily obtain the geodesic formula
for the subsystem on the defect. Especially we see that the geodesic is on the r = 0 surface.
Fortunately, the metric on the r = 0 surface takes the same form as that of the constant
time slice of the Poincaré AdS3, i.e.

ds2|r=0 = f(0)dξ2 + dx2

ξ2
. (4.48)

The cutoff surface is given by ξ = ϵf(0). Thus the entanglement entropy is given by the one
of the vacuum entanglement entropy with the central charge ceff = 2lAdS

3GN

√
f(0) and cutoff

ϵeff = ϵf(0). As a result, we have

SA(τ0 = t0 = 0) = ceff
3 log 2l

ϵeff
=
√

1 + χ

2
c

3 log
( 2
1 + χ

2l

ϵ

)
. (4.49)

Note that the coefficient ceff does not depend on the choice of the cutoff. The effective central
charge is a monotonically decreasing function for the deformation strength γ. From this fact
we may say that the defect plays a role of the measurement.

4.2 Pseudo entropy from time-like Janus solution

4.2.1 The setup

Here we treat the Lorentzian path integral directly in the holographic CFT dual to a spacelike
brane on t = 0, instead of performing analytical continuation from the Euclidean setup.
The path integral again gives the transition matrix of two distinct vacuum states of the
two CFTs. More specifically, on a constant time slice t = t0, we prepare the transition
matrix defined through two states

T (t0) = lim
T→∞

e−i(T−|t0|)H− |0−⟩ ⟨0+| e+iT H+ei|t0|H−

= |0−⟩ ⟨0+| e+i|t0|H− .
(4.50)

The second expression is the same as the analytic continuation of the Euclidean model and as
we see later we have the same plots of the pseudo entropy. Note that if we prepare quantum
states for initial and final states which are not the eigenstates of the Hamiltonians, then we
will have a different transition matrix from the one obtained from the analytic continuation.
See figure 24 for a sketch. As we will discuss from now on, this path integral is holographically
dual to the Lorentzian Janus solution which gives a thick spacelike brane in the gravity side.

We know that the vacuum AdS3 with the planar conformal boundary can be written
in the Poincaré coordinate.

ds2 = −dt2 + dz2 + dx2

z2
(4.51)

We can introduce new coordinate (r, ξ, x) by the following coordinate transformation from
the Poincaré coordinate,

z = ξ

cos r
, t = ξ tan r,

sin r = t

z
, z2 − t2 = ξ2.

(4.52)
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t

A

t = 0

t = t0

spacelike defect

Lorentzian Time

Figure 23. Sketch for the path integral of the spacelike brane model for the measurement. We
expect that the spacelike defect decreases entanglement like measurement. The left figure shows the
vacuum process and the right figure shows the multiple measurement and quantum quench. In this
process, there are entanglement creation from quench and decreasing from defect. So we expect an
entanglement transition occurs.

t0

|0−⟩

⟨0+|

T − |t0| |t0| T

|0−⟩

⟨0+|

Figure 24. The path integrals in the complex time plane for two models in this section. The vertical
direction is Lorenztian and the parallel direction shows the Euclidean. The left shows the path integral
for the analytic continuation of the Euclidean model in the last subsection. The right shows the path
integral for the current Lorenzian model. If the initial states and final states are the vacuum states
then these two are equivalent.
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RegionⅠ

RegionⅡ

RegionⅢ

Figure 25. Three regions in the vacuum AdS solution with dS2/H2 slice coordinate. The blue region
represents the region II, the yellow represents the region I and the red III.

In this coordinate, the metric takes the form of

ds2 = −dr2 + cos2 r
dξ2 + dx2

ξ2
. (4.53)

If we suppose that (r, ξ) is defined on the region such that

−π

2 ≤ r ≤ π

2 , ξ ≥ 0, (4.54)

then this region is the restricted region in the Poincaré patch

−z ≤ t ≤ z. (4.55)

We call this region as region II. To cover the other regions, we can analytically continue (r, ξ) to
the complex value. We have two other regions. The t ≥ z region, called region I, is defined by

r = −iρ + π

2 , ρ ≥ 0, ξ = iη, η ≥ 0

z = η

sinh ρ
, t = η coth ρ.

(4.56)

Similarly, the t ≤ −z region, called region III, is defined by

r = iρ − π

2 , ρ ≥ 0, ξ = iη, η ≥ 0

z = η

sinh ρ
, t = −η coth ρ.

(4.57)

Now, the gravity dual of the Lorentzian time evolution of the transition matrix (4.50)
is obtained by solving the Einstein equation with the dilaton field. The solution can also
be obtained from the double Wick rotation of the original timelike Janus solution [79]. The

– 42 –



J
H
E
P
0
3
(
2
0
2
4
)
0
6
0

0 Out[ ]=

1 2 3 4 5

-4

-2

2

4

Figure 26. The contour maps of the constant ξ2 surface (left) and the constant r surface (right).

final solution looks like

Region II :

ds2 = −dr2 + f(r)dξ2 + dx2

ξ2
,

f(r) = 1
2

(
1 +

√
1− 2γ2 cos 2r

)
,

Φ(r) = 1√
2
log

(
1 +

√
1− 2γ2 + i

√
2γ tan r

1 +
√
1− 2γ2 − i

√
2γ tan r

)
.

(4.58)

If we focus on the region II, where r-coordinate is real, and if γ is real and |γ| < 1√
2 , then

the dilaton field is purely imaginary,

Φ(r) = i
2γ tan r

1 +
√
1− 2γ2 . (4.59)

Note that this solution matches the wick rotated geometry of our Euclidean model (4.3)
with peculiar Wick rotation r → ir. By doing the appropriate analytic continuation, we
can obtain the solution for the other two regions,

Region I :

ds2 = dρ2 − f(ρ)−dη2 + dx2

η2 ,

f(ρ) = 1
2

(
1−

√
1− 2γ2 cosh 2ρ

)
,

Φ(ρ) = 1√
2
log

(
1 +

√
1− 2γ2 +

√
2γ coth ρ

1 +
√
1− 2γ2 −

√
2γ coth ρ

)
,

(4.60)

Region III :

ds2 = dρ2 − f(ρ)−dη2 + dx2

η2 ,

f(ρ) = 1
2

(
1−

√
1− 2γ2 cosh 2ρ

)
,

Φ(ρ) = 1√
2
log

(
1 +

√
1− 2γ2 −

√
2γ coth ρ

1 +
√
1− 2γ2 +

√
2γ coth ρ

)
.

(4.61)

We have two comments on this metric. One is that there exist lines ρ = ρc such that

f(ρc) = 0, (4.62)
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ρ = 0, r = π
2

ρ = 0, r = −π
2

ρ = ρc

ρ = ρc

ρ, r

f(ρ) > 0 f(ρ) < 0

f(ρ) > 0 f(ρ) < 0

Figure 27. Sketch for the Janus spacetime duals to the CFT with spacelike interface with nonzero
γ. The red and pink region denotes the region III, the yellow region denotes the region II and the
blue and the light blue region denotes I. The green line denotes the sketch of the cutoff surface we
are introducing.

where the dS2 slices shrink to a point. Note that on this critical line,

1 +
√
1− 2γ2 −

√
2γ coth ρc = 0, (4.63)

holds and the dilaton field diverges. These show that the solution becomes singular at
ρ = ρc. However, we proceed further by assuming that, since we consider a non-Hermitian
evolution, it may have such an exotic feature in its gravity dual. Moreover, for 0 ≤ ρ < ρc,
f(ρ) > 0 and Φ(ρ) takes a complex value, which looks like a feature also common to our
brane localized scalar model. The second comment is on the boundary where CFTs live.
Because of the Wick rotation, in region II, the warped factor for the H2 slices does not
blow up for every r. On the other hand, for the region I and III, at the ρ → ∞ limit, the
factor −f(ρ) in (4.59), (4.61) for the dS2 blows up exponentially. Thus each region of the
spacetime (4.59) (4.61) is asymptotically AdS. Thus we consider that the holographic theory
lives on these asymptotic boundaries.

4.2.2 Time evolution of pseudo entropy

Let us compute the entanglement pseudo entropy holographically in this solution. Take
subsystem A as the interval [x = −l, x = l] on the time slice at t = t0. Here we will focus on
the t0 < 0. The t0 > 0 case can be done in the same manner. In this case, the HRT surface
starts from region III. Let us denote the co-dimension two HRT surface as η = η(ρ), x = x(ρ)
and the corresponding Lagrangian as

LIII =
√
1− f(ρ)−η̇2 + ẋ2

η2 . (4.64)

Similar to the model in the last subsection, this Lagrangian has two types of the symmetry:
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1. AdS2 scaling;
η → (1 + λ)η, x → (1 + λ)x. (4.65)

The corresponding Noether charge is

QAdS2 = −f(ρ)
LIII

−η̇η + ẋx

η2 . (4.66)

Because of the Z2 symmetry x → −x, the HRT surface has a turning point at x = 0,
where dη

dx = 0. Thus QAdS2 = 0. This leads to

η2 = x2 − A, (4.67)

where A is some constant. Similar to the Euclidean model considered above, so far we
have not used the concrete form of f(r) and thus it is natural to assume that η(x) is
independent of the value of γ. We assume that A is also independent of γ,

A = l2 − t20. (4.68)

In other words, we set a boundary condition η(l) = t0.

2. x translation;
η → η, x → x + c. (4.69)

This leads us to the corresponding Noether charge

QT = −f(ρ)
LIII

ẋ

η2 . (4.70)

By combining (4.64), (4.67), (4.70), we obtain

√
A

(
ẋ

x2 − A

)2
= α

f(ρ)(f(ρ)− α) , (4.71)

L2
III =

f(ρ)
f(ρ)− α

, (4.72)

where we introduce α = AQ2
T . x(ρ) can be determined from the first equation. Then we have

x(ρ) =
√

A tanh
(
−
√

−k

χ
F (G(ρ)| k) + B

)
, (4.73)

where

G(ρ) = π − G̃(ρ),

G̃(ρ) = Arcsin

√(1− χ)(2α + χ cosh 2ρ − 1)csch2ρ

4αχ

,

k = 4αχ

(1− χ)(−2α + χ + 1) .

(4.74)

We can determine the constant α, B from the boundary condition for x(ρ).
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Figure 28. Plots for the α(t0 − iϵ′). The parameters are chosen such that l = 1, γ = 0.4, ϵ = ϵ′ = 0.01.
1− t2

0
l2 is the α for the vacuum AdS3 case,i.e., γ = 0, χ = 1.

• Because of the Z2 symmetry, ρ = ρ(x) is an even function of x. In this case, there is a
turning point at x = 0, where dρ

dx=0. From (4.71), we find that the turning point is at
f(ρ) = 0 or f(ρ) = AQ2

T = α. Suppose the correct one is f(ρt) = α, that is,

2α + χ cosh 2ρt − 1 = 0 (4.75)

holds. In fact, this choice is the correct one in the vacuum AdS3 solution and f(ρ) = 0
corresponds to x = ±

√
A. It seems that we have two choices for arcsin in (4.74). When

we take sin−1(0) = 0 then we have B = 0. When we take sin−1(0) = π, then

B = 2
√

−k

χ
K(k). (4.76)

Especially in the vacuum AdS3 limit χ → 1, k → +∞, this branch retrieves the correct
solution. Indeed, from the asymptotic expansion of K(k) [90], we can see

B → 1
√

χ
log (−k) → ±∞. (4.77)

• At the boundary ρ → ∞, x → l. From this condition we can get α;

G(ρ → ∞) = π −Arcsin
√

1− χ

2α

l =
√

A tanh
(√

−k

χ
F
(

G̃(ρ∞)
∣∣∣ k)).

(4.78)

We put the plots for the α(t0) in figure 28. We see α can take complex values in the
time period t0 ⪆ −l. −iϵ′ is prescribed so that the quantum state can be vacuum and
we can obtain clean plots.

Eventually, we get the geodesic

x(ρ; t0) =
√

A tanh
(√

−k

χ
F
(

G̃(ρ)
∣∣∣ k)). (4.79)
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Figure 29. The plots of ρt. The Left figure shows when γ = 0.1 and the right shows γ = 0.4. The
other parameters are set λ = 1, ϵ = ϵ′ = 0.01. For the small γ, we see the transition of ρt from real to
pure imaginary around t0 ∼ −l, however for large γ it looks that ρt takes a general complex number.

Figure 30. Plots of x(ρ). The left figure shows the x(ρ) on t0 = 5 and the right figure shows the one
with on t0 = 0.5. The parameters are chosen so that γ = 0.4, l = 1, ϵ = ϵ′ = 0.01. The x(ρ) approaches
to zero at ρ = ρt.

We have some comments on the turning points and geodesic. Firstly the turning point ρt is a
function of t0 for general γ < γc. We naively expect that ρt(t0) is real positive until it reaches
ρc. Roughly, this happens around t0 ∼ −l. In this time period, ρt and also the whole geodesic
lie in the parts of the region III where f(ρ) > 0. See figure 27 for a sketch. After this time, the
turning point is situated in the region f(ρ) < 0. Later, it reaches region II, where ρt is pure
imaginary. This story is almost true for a small value of γ. However, if we tune γ to be larger
where the correlation between the system and probe gets strong, ρt takes general complex
values after some time around t0 ∼ O(l). This comes from the fact that α takes complex
values. Thus the geodesic lies in another region which analytically continues from region III
rather than region II. The second comment is that, for a small enough time, the geodesic can
be time-like since f(ρ) < 0 happens in some parts of the geodesic, which leads to a complex
valued holographic pseudo entropy. We put the plots of the profile x(ρ) in figure 30.

The geodesic length is computed as follows:

Area[ΓA] = −2
∫

C
dρ

√
f(ρ)

f(ρ)− f(ρt)

=
[√

−k

αχ
((1− χ)F (G(ρ)| k) + (2α + χ − 1)Π (j;G(ρ)| k))

]ρt

ρ∞

,

(4.80)

where
j = 2α

1− χ
. (4.81)
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Here we introduce the cutoff surface ρ = ρ∞ by

ϵ

−t0
= 1√

1− f(ρ∞)
. (4.82)

This will be a nice cutoff surface since the inside of the square root is always positive and
it matches the one of the vacuum AdS case when γ = 0. Note that this cutoff works well
when |t0| ≫ ϵ. Since G(ρt) = π and

F (π − θ| k) = 2K (k)− F (θ| k) ,

Π(j;π − θ| k) = 2Π (j|k)−Π(j; θ| k) ,
(4.83)

we obtain

Area[ΓA] = −
√

−k

αχ

(
(1− χ)F

(
G̃(ρ∞)

∣∣∣ k)+ (2α + χ − 1)Π
(

j; G̃(ρ∞)
∣∣∣ k)). (4.84)

Similar to the Euclidean model in the last subsection, by using the formula (4.27), we
have the last expression

Area[ΓA] =
√

−k

αχ

(
2αF

(
G̃(ρ∞)

∣∣∣ k)− (2α + χ − 1)Π
(

k

j
; G̃(ρ∞)

∣∣∣∣ k))

+ log


√

(j−k)(j−1)
j tan G̃(ρ∞) +

√
1− k sin2 G̃(ρ∞)

−
√

(j−k)(j−1)
j tan G̃(ρ∞) +

√
1− k sin2 G̃(ρ∞)

.

(4.85)

By using the condition (4.78), we can also write

Area[ΓA] =
√

−k

αχ

(
2α

√
χ

−k
arctanh

(
l√
A

)
− (2α + χ − 1)Π

(
k

j
; G̃(ρ∞)

∣∣∣∣ k))

+ log


√

(j−k)(j−1)
j tan G̃(ρ∞) +

√
1− k sin2 G̃(ρ∞)

−
√

(j−k)(j−1)
j tan G̃(ρ∞) +

√
1− k sin2 G̃(ρ∞)

.

(4.86)

As shown in figure 31, we see that the pseudo entropy behaves in completely the same manner
as the analytic continuation of the pseudo entropy from the Euclidean case. This is because
the transition matrix is equivalent in our setups.

5 Conclusions and discussions

In this paper, we explored entanglement phase transitions in time evolution of pseudo entropy
using holography. First we considered a model of AdS3/BCFT2 which describes the global
quantum quench and added a scalar field localized on the end-of-the-world brane. In the
Euclidean signature this is dual to a boundary conformal field theory (BCFT) on a strip
where the boundary conditions on the two boundaries are different. In the gravity dual,
the different boundary conditions are realized by requiring that the brane localized scalar
field approaches different values at the two boundaries. Under the Lorentzian time evolution
via its Wick rotation, the scalar field, which was originally real valued in the Euclidean
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Figure 31. The plot of the time evolution of the entanglement entropy. We put γ = 0.4, ϵ = 0.01, l = 1.
S0 denote the vacuum entanglement entropy without the defect S0 = c

3 log 2l
ϵ .

solution, takes imaginary values. This effect suppresses the time evolution of area of the
extremal surface, which is properly interpreted as the pseudo entropy instead of entanglement
entropy. At a certain value of the imaginary scalar field, the growth of the entropy changes
from the linear behavior to the logarithmic behavior. This exhibits the entanglement phase
transition via the AdS/BCFT holography. We analytically determined the coefficient of the
time evolution in each phase as shown in (1.2). In this analysis, we worked out the global
extension of our AdS/BCFT solution using the Kruskal coordinate and found the profile
of extremal surfaces in the extended geometry.

On the CFT side of this phase transition, we looked at the behavior of pseudo entropy of
a transition matrix instead of entanglement entropy for a quantum state. However, since the
gravity dual is given by a Lorentzian time evolving geometry, it might look dual to a certain
quantum state in a CFT. The only difference from the standard gravity dual is that we
have an imaginary valued scalar field localized on the brane, which is expected to give some
dissipating effect. We noted that since the Rényi pseudo entropies computed from holography
look real and non-negative, it is possible that it is pseudo Hermitian. If this is correct, it can
be mapped to a regular Hermitian density matrix via a similarity transformation and our
gravity solution can also be interpreted as a certain quantum state under a non-unitary time
evolution instead of a transition matrix. It will be an intriguing future problem to explore
this possibility. Besides, we also commented on the direct computation of the pseudo Rényi
entropy from the CFT side. It would be an important future problem to understand how to
compute the pseudo entanglement entropy, possibly nonperturbatively, from the CFT side.

We also studied a class of AdS/BCFT solution with a gauge field localized on the end-
of-the-world brane instead of a scalar field. In the AdS3 case, we showed that the profile of
the end-of-the-world brane is identical to the standard AdS/BCFT setup for pure gravity
where the gauge flux gives a non-zero tension. This means that there is no critical point
where the pseudo entropy grows logarithmically as opposed to the localized scalar case. By
computing its free energy, we worked out its phase structure. We also analyzed solutions of
the end-of-the-world brane with the gauge field in a higher dimensional Poincaré AdS. We
found that the brane profile with the localized gauge flux in AdSd+1 is the same as the one
with the localized scalar field in AdSd. One interesting future direction is to apply this new
AdS/BCFT setup to model strongly correlated condensed matter systems with boundaries
and study transport phenomena in them.

Finally, we turned to a bulk version of such a solution where the scalar field is not
localized on the brane but spreads throughout the entire bulk spacetime. We have discussed
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the transition matrices of two distinct vacuum states. We find that for both the Euclidean
and Lorentzian models, the pseudo entropies decrease around the spacelike defect and take
smaller values than the vacuum AdS case. It is intriguing to note that the Lorentzian solution
describes a highly exotic spacetime. Especially, it has singularities and the dilation scalar
field becomes complex valued in a certain region. As a future work, it would be interesting to
demonstrate a measurement-induced phase transition with the bulk fields. More specifically,
by considering the soft wall, the phase transition is expected to happen more mildly or in a
crossover style. An important consideration for achieving entanglement phase transition in
our bulk field model is the competition between the growth of entanglement due to a quantum
quench and the reduction of entanglement through measurement. To realize entanglement
phase transition by modifying our spacelike brane model, we should start with a quenched
state which might be obtained from a black hole geometry.
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A Formula for the hyperbolic coordinate and the elliptic integrals

A.1 Hyperbolic coordinate and geodesic in the vacuum AdS3

The relation between the Poincaré coordinate (z, tE) and the Janus coordinate (r, ξ) is

ξ2 = τ2 + z2,
z

τ
= 1

sinh r
. (A.1)

We know the RT surface in the vacuum AdS3 in the Poincaré coordinate

z(x) =
√

l2 − x2, τ = τ0 (A.2)

Then the RT surface we see is

x(r) =

√
l2 − τ2

0
sinh r2

, ξ(r) = τ0 coth r (A.3)

The Noether charges can be read off as

QT = 1
l
, A = l2 + τ2

0 , α = A

l
= 1 + τ2

0
l2

(A.4)

To check consistency we should see the integral of the E.L. equation in a direct manner.∫
dr

√
α

f(r)(f(r)− α) = arctanh g(r) + B

g(r) =
√

α sinh r√
1− α + sinh2 r

(A.5)
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Thus the solution of the equation is

arctanh x(r)√
A

= arctanh g(r) + B

x(r)√
A

= g(r) + B′

1 + g(r)B′ , B′ := tanhB

(A.6)

Demand there is the turning point x = 0, r = rt where f(rt) = α we have B′ = +∞ and thus
x(r)√

A
= 1

g(r) (A.7)

The geodesic length is evaluated by integrating the lagrangian. We should care about the
sign of the Lagrangian. Correct one is

L=2sgn(τ0)
∫ rt

r∞
dr

√
f(r)

f(r)−α
=2sgn(τ0)

[
arctanh

(
sinhr√

−α+1+sinh2 r

)]rt

r∞

(A.8)

By putting the cut-off as
ϵ

τ0
= 1

sinh r∞
, cosh2 rt = α (A.9)

Then,[
arctanh

(
sinhr√

−α+1+sinh2 r

)]rt

r∞

= 1
2 log(−1)− 1

2 log

1+sgn(τ0)
(
1+ ϵ2

2τ2
0

)
1+sgn(τ0)

(
1− ϵ2

2τ2
0

)


=sgn(τ0) log
2l

ϵ

(A.10)

Finally we see

SA = c

3 log 2l

ϵ
(A.11)

A.2 Elliptic integrals

In the computation in the Janus solution we see the expression with the elliptic integrals. In
this section we summarize the definition and some formulas of them. See [89, 90] for details.

Definition. There are three kinds of the incomplete elliptic integrals. Incomplete elliptic
integral of the first kind F (z|m) is defined as

F (z|m) =
∫ z

0

1√
1− m sin2 t

dt. (A.12)

The complete elliptic integral of the first kind K(m) is the specific version of the incomplete one

K (m) = F

(
π

2

∣∣∣∣m) (A.13)

The definition of the incomplete elliptic function of the third kind is as follows

Π(n; z|m) =
∫ z

0

dt

(1− n sin2 t)
√
1− m sin2 t

Π(n|m) = Π
(

n; π

2 |m
) (A.14)
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B Another point of view for the spacelike brane

In section 4.2, we see a spacelike brane in the Lorentzian time evolution. Here we want
to give another viewpoint on the spacelike brane in the quantum field theories. To this
end, we review the indirect measurement shortly based on [91, 92]. In general, it may be
difficult to touch our interest system in direct ways. For such a case, it is useful to introduce
a probe system and correlate it to our system to obtain some information. This indirect
measurement can be done in the following schemes:

1. We prepare the quantum state which is a direct product of the system and probe
Hilbert space.

ρtot = ρS ⊗ ρP (B.1)

2. Act a unitary operator U to create correlations between the system and the probe.

ρtot → UρS ⊗ ρP U † (B.2)

3. Doing the projection measurement {Pk}k for the probe system. A probability that the
outcome of the measurement k is

pk = TrSP

[
PkUρS ⊗ ρP U †Pk

]
. (B.3)

Also, the quantum state after the measurement with the outcome of the measurement
k is

ρ
(k)
tot =

1
pk

PkUρS ⊗ ρP U †Pk (B.4)

4. Let us introduce the normalized orthogonal basis of the probe system {|Ψm⟩} and also
denote the spectral decomposition of the initial state ρP as ρP = ql |Φl⟩ ⟨Φl|. Then by
introducing the Kraus operator and the POVM as

Mki =
√

ql ⟨Ψm|PkU |Φl⟩ , i = (l, m)
Ek =

∑
i

M †
kiMki

(B.5)

Then the quantum state of the system with the measurement outcome k is

ρ
(k)
S = 1

pk

∑
i

MkiρSM †
ki

pk = TrS [EkρS ]
(B.6)

5. If we do not know the measurement results, the resulting state is

ρ′S =
∑

k

pkρk =
∑
ik

MkiρSM †
ki (B.7)
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Ueff,k

Figure 32. Sketch for the indirect measurement.If we trace out the probe system the system action
modified to the effective action with a spacelike brane.

Spacelike brane from tracing out the probe. In total system point of view of the total
system, we have the Schwinger Keldysh path integral formulation.

Suppose we are only interested in the system S and trace out the probe system. Then
we naturally expect that the system includes the spacelike brane if the total unitary U is
instantaneous. That is the effective action of the system will take the form of

LS,eff = LS + δ(t0)γLsp.brane. (B.8)

This will be done in the same manner as the Caldeira-Leggett model or more generally
Feynman-Vernon influence action formulation [93, 94]. Here we can interpret γ as a strength
of the measurement. This can be explained as follows: the spacelike brane term is emergent
from the trace out of the probe system and if the unitary U is simply tensor product, then
γ = 0. In terms of measurement, if unitary U is decoupled, we do not have any information
about system S from the probe and essentially we do not do any measurement in this case.

Here we introduce the instant spacelike brane, i.e., the thin brane localized on the t = 0,
we also consider the thick brane. It is known that there are classes of soliton solutions in
quantum field theories and string theory, which are thick spacelike brane [95]. In these
solutions, system field shows dissipative radiation as a tachyon condensation. It may be
possible that we interpret this radiation as energy transfer between system and probe in
the indirect measurement scheme.

Note that it is clear that not all of the spacelike branes give an effective picture for the
indirect measurement. For example, in our models in section 4.2, the pseudo entropy clearly
satisfies SA = SAc , which holds since the geodesic is just determined by the entanglement
surface. This means there is no decoherence and we can think of the path integral gives
the two state amplitude.
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C CFT analysis of a defect marginal perturbation

In this section, we present a CFT analysis parallel to the holographic pseudo entropy studied
in this paper. The transition matrix considered in this paper can be written as

T = e−itHe−
β
4 H |B⟩ ⟨B′| e−

β
4 HeitH

⟨B′| e−
β
2 H |B⟩

, (C.1)

where |B′⟩ and |B⟩ are two different conformal boundary states connected by a marginal
deformation. The subsystem considered in the current setup is A = {x|x > 0}. The
corresponding path integral setup is shown in the left of figure 33, which turns out to be
a path integral over a strip with width β/2 along the imaginary time direction, where a
marginal perturbation is performed on the one boundary located at τ = β/4.

It would be great to study this transition matrix directly in BCFT. However, since it
is a little bit subtle to perform the marginal perturbation exactly on the boundary in the
path integral formalism, we consider an alternative version of the dynamics

T = e−it(HL+HR) |TFD⟩ ⟨T̃FD|eit(HL+HR)

⟨T̃FD|TFD⟩
. (C.2)

Here, |TFD⟩ is the standard thermo-field double state

|TFD⟩ =
∑

i

e−βEi/2|ni⟩L|ni⟩R, (C.3)

where |ni⟩L(R) is the energy eigenstate of HL(R) associated to energy Ei, and L and R label
two copies of the original system. By contrast, |T̃FD⟩ is realized by performing a marginal
perturbation to the initial condition of the thermo field double state. More specifically, the
corresponding setup is realized by considering a path integral on a Euclidean cylinder, where
S1 is parameterized by τ ∈ (−β/2, β/2], and R is parameterized by x. Additionally, the
marginal perturbation is realized by adding λ

∫
dx O(x + iβ/4, x − iβ/4) to the action of

the path integral, where λ is a dimensionless small parameter, and O is a scalar primary
with scaling dimension ∆ = 1. In the following, we denote O(x + iβ/4, x − iβ/4) as O(x) for
simplicity. See the right of figure 33 for a sketch. A specific way to construct a BCFT on a
strip is to take a Z2 orbifold of a standard CFT defined on a strip, by identifying z = x + iτ

and z = x + i(β/2 − τ). This justifies what we are doing here, i.e. considering the setup
shown in the right of figure 33 instead of that shown in the left.

Now we consider the pseudo Rényi entropy for the subsystem AL ∪ AR, where AL(R) is
the x > 0 half of the left (right) system. Accordingly, we should put the two edges of the
subsystem at z = iτ and z = i(β/2 − τ), perform the replica method, and then perform
the analytic continuation τ → it. We use Σn to denote the n-replicated manifold. A sketch
of Σ2 is shown in figure 34, where boundaries labeled by the same number 1 ≤ k ≤ 4 are
identified with each other. It is also convenient to think about the x = const. slice at x > 0,
which is shown in figure 35.

Applying the replica method, the n-th pseudo Rényi entropy can be computed as

S(n)(TA) =
1

1− n
log

∫
Σn

Dϕ exp [
∫

dx
∫

dτLCF T + λ
∑n

i=1
∫

dxi O(xi)](∫
Σ1

Dϕ exp [
∫

dx
∫

dτLCF T + λ
∫

dx O(x)]
)n , (C.4)
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Figure 33. The left figure shows a path integral realization of the transition matrix (C.1), where
the two boundaries states are taken to be |B⟩ and |B′⟩ respectively. |B′⟩ is expected to be realized
by performing a marginal perturbation (shown in orange) along τ = β/4. However, there are some
subtleties to perform marginal perturbations exactly along the boundary. The right figure shows an
alternative path integral realizing the density matrix (C.2). A marginal perturbation is performed
along a one-dimensional defect at τ = β/4. The lower half −β/2 < τ ≤ 0 prepares |TFD⟩ and
the upper half 0 < τ ≤ β/2 prepares ⟨T̃FD|. The two setups can be regarded as connected by a
Z2 orbifold.
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Figure 34. Replica manifold Σ2 appearing in the computation of the 2nd Rényi entropy. Two copies
of the original cylinder are cut along the x > 0 half of imaginary time slices τ and β/2− τ and glued
together by identifying the boundaries labeled by the same number. A marginal perturbation is
performed along the orange lines.

where i labels the sheets of the replica manifold. Noting that the 1-point function of a primary
operator vanishes, the leading nontrivial correction comes from the second order of λ as

S(n)(TA)≈
1

1−n
log

∫
Σn

Dϕexp[
∫

dx
∫

dτLCF T ](∫
Σ1

Dϕexp[
∫

dx
∫

dτLCF T ]
)n

+ 1
1−n

·λ
2

2


n∑

i=1

n∑
j=1

∫
dxidxj⟨O(xi)O(xj)⟩Σn−n

∫
dxdx′⟨O(x)O(x′)⟩Σ1

 . (C.5)

Let us treat the terms appearing here one by one. The first term gives back the standard
global quench evolution as

1
1− n

log
∫
Σn

Dϕ exp [
∫

dx
∫

dτLCF T ](∫
Σ1

Dϕ exp [
∫

dx
∫

dτLCF T ]
)n = c

6

(
1 + 1

n

)
log

(
β

πϵ
cosh 2πt

β

)
. (C.6)
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Figure 35. An x = const. slice of Σ2 at x > 0. Points labeled by the same number are identified. A
marginal perturbation is performed on the orange points.

To evaluate the last term, note that the cylinder can be mapped to a plane via

ξ = f(z) = e
2π
β

z
. (C.7)

Accordingly, the two point function ⟨O(x)O(x′)⟩Σ1 turns out to be

⟨O(x)O(x′)⟩Σ1 =
(2π

β
e

2π
β

x
)(2π

β
e

2π
β

x′
) 1(

e
2π
β

x − e
2π
β

x′)2 =
(

π

β

)2 1
sinh2

(
π
β (x − x′)

) . (C.8)

Since the integral over x and x′ diverges, we introduce both UV cutoff and IR cutoff as follows(∫ x′−ϵ

−∞
dx +

∫ ∞

x′+ϵ
dx

)∫
dx′⟨O(x)O(x′)⟩Σ1 = 2π

β

(
coth πϵ

β
− 1

)
· L (C.9)

where L is the divergent volume of the time slice.
Let us then move on to the second term, which is the most cumbersome. Noting that

the two edges of the subsystem are located at z = iτ and z = i(β/2 − τ), we find that
Σn can be mapped to R2 via

fn(z) =

 e
2π
β

z − e
i 2π

β
τ

e
2π
β

z + e
−i 2π

β
τ

 1
n

. (C.10)

Note that, via this transformation, the line z = x + iβ
4 is mapped to the segment of the

unit circle shown below
j − 1

n
2π ≤ θ ≤ j − 1

n
2π + 1

n

(
π + 4π

β
τ

)
, (1 ≤ j ≤ n), (C.11)

where θ is the angular coordinate parameterizing the unit circle. A sketch of the n = 2
case is shown in figure 36.

C.1 2nd pseudo Rényi entropy

Let us consider the n = 2 case as a specific example. The conformal map is

f2(z) =

 e
2π
β

z − e
i 2π

β
τ

e
2π
β

z + e
−i 2π

β
τ

 1
2

, (C.12)
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Figure 36. The lines z = x + i β
4 where the marginal perturbation is performed are shown in orange

on the f2(z) plane for n = 2. The marginal perturbation lives on two segments of the unit circle. The
two segments correspond to the two different sheets of the replica manifold Σ2 respectively.

and the first derivative is

f ′
2(z) =

2π

β
cos

(2π

β
τ

)
e

2π
β

z
(
e

2π
β

z − e
i 2π

β
τ
)− 1

2
(
e

2π
β

z + e
−i 2π

β
τ
)− 3

2
. (C.13)

Accordingly,

∣∣f ′
2(x + iβ/4)

∣∣2 = [
2π

β
cos

(2π

β
τ

)
e

2π
β

x
(

e
4π
β

x − 2e
2π
β

x sin 2π

β
τ + 1

)−1
]2

=
[

π

β
cos

(2π

β
τ

)(
cosh 2π

β
x − sin 2π

β
τ

)−1
]2

. (C.14)

Therefore, the two point function on the replica manifold turns out to be

⟨O(xi)O(xj)⟩Σn =
∣∣f ′

2(xi+iβ/4)
∣∣ ∣∣f ′

2(xj+iβ/4)
∣∣ 1
|f2(xi+iβ/4)−f2(xj+iβ/4)|2 . (C.15)

It would be cumbersome to compute this combination directly. However, note that there are
only two situations: two points on the same sheet and two points on different sheets,

2∑
i=1

2∑
j=1

∫
dxidxj⟨O(xi)O(xj)⟩Σn

= 2
∫

dxdy (⟨O(x)O(y)⟩Σn,same sheet + ⟨O(x)O(y)⟩Σn,different sheet) . (C.16)

Since different sheets correspond to different branches of (· · · )1/2, if we use F2(z) to denote
the principal value of f2(z), then ⟨O(x)O(y)⟩Σn,same sheet and ⟨O(x)O(y)⟩Σn,different sheet can
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be written as

⟨O(x)O(y)⟩Σn,same sheet =
∣∣f ′

2(x + iβ/4)
∣∣ ∣∣f ′

2(y + iβ/4)
∣∣ 1
|F2(x + iβ/4)− F2(y + iβ/4)|2 ,

(C.17)

⟨O(x)O(y)⟩Σn,different sheet =
∣∣f ′

2(x + iβ/4)
∣∣ ∣∣f ′

2(y + iβ/4)
∣∣ 1
|F2(x + iβ/4) + F2(y + iβ/4)|2 ,

(C.18)

respectively (refer figure 36). It is convenient to combine them together and compute

1
|F2(x + iβ/4)− F2(y + iβ/4)|2 + 1

|F2(x + iβ/4) + F2(y + iβ/4)|2

=
4e

2π
β

x+ 2π
β

y
(
cosh 2π

β x − sin 2π
β τ
) (

cosh 2π
β y − sin 2π

β τ
)

(
e

2π
β

x − e
2π
β

y
)2

cos2 2π
β τ

=

(
cosh 2π

β x − sin 2π
β τ
) (

cosh 2π
β y − sin 2π

β τ
)

sinh2 π
β (x − y) cos2 2π

β τ
(C.19)

Accordingly,

⟨O(x)O(y)⟩Σn,same sheet + ⟨O(x)O(y)⟩Σn,different sheet

=

(
cosh 2π

β x − sin 2π
β τ
) (

cosh 2π
β y − sin 2π

β τ
)

sinh2 π
β (x − y) cos2 2π

β τ

× π

β
cos

(2π

β
τ

)(
cosh 2π

β
x − sin 2π

β
τ

)−1
× π

β
cos

(2π

β
τ

)(
cosh 2π

β
y − sin 2π

β
τ

)−1

=
(

π

β

)2 1
sinh2

(
π
β (x − y)

) . (C.20)

Therefore, comparing (C.5), (C.8) and (C.20), we find that the λ2 correction to the 2nd
pseudo Rényi entropy is exactly zero.

C.2 3nd pseudo Rényi entropy

Let us then consider the n = 3 case. Similarly,
3∑

i=1

3∑
j=1

∫
dxidxj⟨O(xi)O(xj)⟩Σn

= 3
∫

dxidxj (⟨O(xi)O(xj)⟩Σn,same sheet + ⟨O(xi)O(xj)⟩Σn,j=i+1 + ⟨O(xi)O(xj)⟩Σn,j=i+2) .

(C.21)

Note that

1
1+eiφ

1
1+e−iφ

+ 1
1+ei(φ+ 2π

3 )
1

1+e−i(φ+ 2π
3 )

+ 1
1+ei(φ+ 4π

3 )
1

1+e−i(φ+ 4π
3 )

= 9
4

(
cos 32φ

)−2
.

(C.22)
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Therefore,

3∑
i=1

3∑
j=1

∫
dxidxj⟨O(xi)O(xj)⟩Σn

=3
∫

dxdy
∣∣f ′

3(x+iβ/4)
∣∣ ∣∣f ′

3(y+iβ/4)
∣∣

× 9
4

cosh
3
2×

1
3

log ie
2π
β

x−e
i 2π

β
τ

ie
2π
β

x+e
−i 2π

β
τ
−log ie

2π
β

y−e
i 2π

β
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where at the last line we write down the leading term at t/β ≫ 1. Therefore,
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C.3 Rényi entropy for general n

Based on the results above, let us consider computing the Renyi entropy for general integer
n. The map and its first derivative turn out to be

fn(z) =
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, (C.25)

and
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respectively. Accordingly,
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Note that
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(C.29)

Let us consider the two cases separately.

When n is odd:
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where at the last line we write down the leading term at t/β ≫ 1. Therefore,
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for odd n.

When n is even:
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Therefore, comparing this with (C.5), (C.8), we find that the λ2 correction of the n-th pseudo
Rényi entropy is zero when n is even.
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