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1 Introduction

The idea of curved momentum space dates back to the early days of quantum field theory [1].
It stems from the desire to effectively bound the momenta p of particles from above and
thereby overcome problems with ultraviolet divergences. For example, if the space of momenta
happens to be compact, then the desired upper bound is determined by the volume of the
momentum space. This idea has resurged from time to time in different forms [2-8] but
has met with limited success so far.

As noted by Born in [2], the hypothesis of curved momentum space is closely related
to the idea of noncommutative spacetime, where the positions = of particles cannot be
measured with arbitrary accuracy [9-11]. The intuitive reasoning is that it is impossible
to bring two repulsing particles arbitrarily close if their momenta are bounded from above.
Consequently, it becomes impossible to probe spacetime at arbitrarily small distances and
speak, for example, about a point where two colliding particles interact. This brings one to
the idea of noncommutative spacetime with its ‘smeared’ notion of a point. The proposal
to get rid of local interactions, and hence of ultraviolet divergences, through spacetime
noncommutativity was first spelt out by Snyder in [10].

In [1, 2] the interplay between the curvature of momentum space and spacetime non-
commutativity was formulated as a reciprocity principle. This naive principle requires all
physical laws to be invariant under the canonical transformations z — —ap, p — o~ !z for
any non-zero constant . Then the curvature of a spacetime manifold in general relativity
implies the curvature of momentum space.! In this paper we revise and develop a more
modern version of Born’s reciprocity principle within a precise mathematical framework. In
our approach, the reciprocity principle is built into the structure of symplectic groupoids.

'For a recent discussion of the reciprocity principle, see [12].



The formal definition, basic properties and some examples of symplectic groupoids are
discussed in section 2. For now, let us give a preliminary idea of how they work. Consider
linear commutation relations for the spacetime coordinates given by

[, 27] = f7 2" (1.1)

The Jacobi identity for the commutator forces flij to be the structure constants of some Lie
algebra g. The dual space X = g* of g thus plays the role of a noncommutative spacetime.
Let G be a Lie group which integrates the Lie algebra g.

Regarding the commutator (1.1) as coming from the quantization of a linear Poisson
bracket on X, one can integrate the latter to a symplectic groupoid. This is given by
the cotangent bundle T*G with its canonical symplectic structure. Then the symplectic
manifold T*G ~ X x G is identified with the phase space of a point particle living in the
noncommutative spacetime X. This identification automatically interprets G as the space
of particle momenta. If we further suppose that the Killing metric on g is positive-definite,
then G is compact as a topological space. The compactness of G imposes an upper bound on
the uncertainty of momenta given by Ap < Vol(G)Y/™, where Vol(G) is the volume of G in
its Haar measure and n = dim(G). The Heisenberg uncertainty relation? then sets a lower
bound on the uncertainty of positions given by Az > %Vol(G)‘l/ ™. This can be regarded as
a manifestation of the general reciprocity principle: the more noncommutative a spacetime
is, the more curved the space of conjugate momenta becomes.

A field theory realisation of curved momentum space was obtained in [13] from the
effective dynamics of scalar fields coupled to three-dimensional quantum gravity. After
integrating out the metric field in the path integral, one is left with an effective field theory
on a noncommutative spacetime with the commutation relations (1.1) of the Lie algebra
su(2). The Feynman diagram expansion for the effective quantum field theory shows that
the momenta of virtual particles take their values in the Lie group SU(2) rather than in a
three-dimensional vector space. In [6] the same conclusion about momentum space is arrived
at by considering the coupling of a classical point particle to three-dimensional gravity, while
in [14] it arises from dimensional reduction of M-waves probing four-dimensional M-theory
backgrounds with non-geometric Kaluza-Klein monopoles. Thus non-linear phase spaces
like T*G appear in some concrete dynamical models, for example through the interaction
with topological modes of fields. In our treatment, a non-linear phase space with curved
momentum subspace is postulated from the very beginning.

Gauge fields can be naturally incorporated into this picture by considering the interactions
of open strings on D-branes with background B-fields. For a single D-brane wrapping X = R"
in a constant B-field, or equivalently with a constant Poisson structure, the seminal treatment
of Seiberg and Witten in [15] shows that the low-energy effective field theory on the D-brane
has a consistent deformation to a noncommutative gauge theory. The U(1) gauge potential
A has field strength

Fij = 0iAj — 0;A; + [Ai, A (1.2)

2As we will see in section 2, the positions and momenta have non-zero Poisson brackets on T*G.



and transforms under infinitesimal *-gauge transformations as
6cA; = Oie + [Aj el  OcFyj = [Fij, els, (1.3)
for a U(1) gauge parameter ¢, which close to the Lie algebra

[5617562] = 5[81,82}* : (1'4)

The brackets [—, —]+ denote star-commutators defined with respect to the Moyal-Weyl star-
product of functions which quantizes the constant Poisson structure. See [16, 17] for early
reviews of the subject.

The noncommutative gauge theory admits a well-defined consistent low-energy limit for
slowly varying gauge fields A. The low-energy limit appears as the semi-classical limit where
one replaces the star-commutators in (1.2)—(1.4) with the corresponding Poisson brackets.
The Poisson bracket brings non-linearity into the Maxwell equations for the U(1) gauge
potentials without introducing higher derivatives or non-localities. It also upgrades the
abelian gauge transformations of A to nonabelian gauge transformations. We refer to the
resulting gauge theory as Poisson electrodynamics.

Non-constant background B-fields lead to non-constant Poisson brackets, so that the
extent of spacetime noncommutativity varies from point to point. This also yields a more
general Lie algebra of infinitesimal gauge symmetries. However, the naive implementation
of this generalisation encounters immediately the following problem: the partial derivatives
0; in (1.2) do not differentiate non-constant Poisson brackets by the Leibniz rule. As a
result, neither the covariance of the field strength in (1.3) nor the closure of gauge variations
in (1.4) holds. The problem of constructing a consistent noncommutative field theory in this
case is related to the mathematical problem of constructing a differential graded Poisson
algebra on differential forms.

By now there are several proposals for how to incorporate a general Poisson bracket
into noncommutative field theory. In this paper we are interested in the recent proposal
of [18-20] which advocates the method of symplectic embedding.® As the name suggests,
one starts with extending a given Poisson manifold X, regarded as a physical spacetime, to
some ambient symplectic manifold G C T*X. The latter is endowed with nondegenerate

Poisson brackets of the form

{0’y =7(z), {ad,pi} =~](@.p). {pipj} =0. (1.5)

Here 7% (z) is the Poisson bivector on X, p; are linear coordinates in the fibers of the
cotangent bundle 7% X, and 'y;(x, p) = (5} + O(p) are given by formal power series in p; with
smooth coefficients. The symplectic structure is thus defined in a formal neighbourhood
of the zero section X C T*X. The construction of the functions fyg for the most part
repeats the construction of a local symplectic groupoid integrating the Poisson manifold
(X, 7), see section 2.

3The terminology is used because the technique also covers the more general cases of twisted and almost
Poisson structures. In this paper we work solely with Poisson structures, for which a symplectic embedding
coincides with the more common notion of symplectic realization that is used in the mathematics literature,
see section 2.



Semi-classical spacetime

Phase space of a point particle in X

Electromagnetic potentials

Gauge group

Gauge transformations

Minimal coupling to electromagnetic
field

Gauge invariant electromagnetic field
strength tensor

Gauge covariant electromagnetic field
strength tensor

Poisson manifold (X, )

Symplectic groupoid G = X integrating
(X, )

Group #(G) of bisections

Subgroup .Z(G) C #A(G) of Lagrangian bi-
sections

Left action of Z(G) on £(G) accompanied
by right action on G: if ¥ — X/ . X for
Y € #(G) and ¥’ € Z(G), then

Ry} :G—G
Described by the Hamiltonian
H* = RLH

where H € C*°(G) is the Hamiltonian of a
neutral particle and ¥ € Z(G) is a gauge
field

Two-form F* = ¥fw on X, where ¥y € B(G)
is a section of the target map and w is the
symplectic form on G

Two-form F* = ¥fw on X, where X5 € #(G)
is a section of the source map

Table 1. Physical quantities in Poisson electrodynamics (in the left column) and their geometric
realisations in the language of symplectic groupoids (in the right column). Items 1-2 are explained in
detail together with explicit examples in section 2, items 3-5 in section 3, and items 6-8 in section 4.

Gauge transformations are then postulated in the form

6. A; =~ (z, A) dje + { Ay, e}, (1.6)

where () is an infinitesimal gauge parameter. Remarkably, these transformations close
to the Lie algebra

[5617 562] = 5{81,52} : (1'7)

One of the aims of the present paper is to give a conceptual geometric explanation for the
formula (1.6). Again the language of symplectic groupoids is most suitable for this purpose,
and their appearance in this context is in hindsight not surprising: local symplectic groupoids
appear in the semi-classical limit of quantizations of Poisson manifolds [21].

In our geometric setting, gauge fields are parameterized by the group of bisections
of a symplectic groupoid, whose subgroup of Lagrangian bisections parametrize (finite)



gauge transformations of Poisson electrodynamics. This generalises the situation in classical
electrodynamics, where a U(1) gauge field A on X is a section of the cotangent bundle 7% X
and gauge transformations act as translations of A by closed one-forms. Generally, bisections
act by diffeomorphisms on the base manifold X, thus realising the interplay between gauge
transformations and spacetime diffeomorphisms that is a general feature of noncommutative
gauge theories [22, 23]. We give precise definitions, properties and examples in section 3.

Recent work on Poisson electrodynamics is found in [24-29]. One puzzling feature of
the theory is that it is not clear how to couple it to matter fields in representations of the
gauge group other than the adjoint representation: gauge symmetries and interactions in
noncommutative field theories constructed solely in terms of star-products (rather than star-
commmutators) do not have a well-defined semi-classical limit. In section 4 we take first steps
towards addressing this problem by constructing minimal couplings of dynamical charged
particles to a background electromagnetic field in Poisson electrodynamics. We further
give natural definitions of both gauge covariant and gauge invariant field strength tensors
for the gauge potential, and briefly address the problem of constructing a gauge invariant
action functional for the electromagnetic field. Our constructions are purely geometric and
are summarised in table 1.

We proceed to present several explicit examples of our constructions in section 5, including
the case of a constant Poisson structure discussed above where we show how emergent gravity
is a feature of Poisson electrodynamics. We further exemplify the considerations of curved
momentum space in the SU(2) example mentioned above as well as in the popular example
of k-Minkowski spacetime. Finally, we illustrate our constructions for a class of non-linear
Poisson brackets.

In section 6 we conclude with a summary of our results and some prospects for future work.

2 Symplectic groupoids

We begin by introducing some basic concepts and examples whose systematic exposition can
be found in [21, 30-33]. For a gentle introduction to the subject of Lie groupoids, see [34].

Groupoids.
Definition 2.1. A groupoid is a small category whose morphisms are all invertible.

To unravel this definition let us denote by X the set of objects and by G the set of
morphisms of the category. Then there are two maps

G
7N
X X
called source and target. It is convenient to denote morphisms g € G by arrows
x5y

with x = s(g) € X and y = t(g) € X.
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Figure 1. Groupoid multiplication.

Two arrows g1, g2 € G are called composable if t(g1) = s(g2). By definition, to each
pair of composable arrows (g1,¢g2) there corresponds an arrow g = g; g2 € G called the

composition (or product) of g1 and go:

g1 g2
r——y—>=2z

g1 92

The product of composable arrows is required to be associative:

(91 92) 93 = g1 (92 93) -

For each x € X there exists an identity morphism e, € G, called a unit, such that
s(ez) =t(ey) =z, e, g = g and ge, = g for every morphism z %) y. Furthermore, to each
morphism z SN y there corresponds an inverse morphism y -4 2 such that g g =ey

and gg~! = ey:

g
— T
o g
gfl

It is convenient to identify X with the subset of units and think of G as a special
bifibration s, t : G — X over the base X, see figure 1. This suggests the shorthand notation
G = X for a groupoid.

Example 2.2. Every group G can be viewed as a groupoid over the one-point base X = {e}.
Hence s(g) = t(g) = e € G and all morphisms g € G are composable. The associative product
is given by multiplication in the group G. This example explains the origin of the name
‘groupoid’.

Notice that the elements of the intersection s~*(z) Nt~!(x), being pairwise composable,
form a group G, for each x € X. This group is called the isotropy group at x € X; in
Example 2.2, G, ~ G. The orbit of a point € X is the set O, := t(s~!(z)) of all targets
that can be reached from a given source z. A groupoid G = X is called transitive if O, = X
for some (and hence for all) x € X; this means that for each pair of points z,y € X there
exists at least one arrow z —» y. We say that a groupoid G = X is totally intransitive
it O, = {z} for all z € X.



Lie groupoids. In the following we consider groupoids endowed with additional structures.
In particular, all of our groupoids will be smooth, meaning that G and X are smooth manifolds
and all structure maps — source, target, multiplication, and inversion — are smooth.* These
are called Lie groupoids.

Example 2.3. Let T'G be the tangent bundle of a Lie group G. The group G acts on itself
by left and right translations:

g— hg and g—gh,

for all h € G. Let l(h) and r(h) denote the corresponding maps of the tangent space
TgG — Tth and TgG — TghG.

The elements of the tangent bundle T'G are pairs (g,v), where g € G and v € T,G. One
can make T'G into a Lie groupoid by identifying the submanifold of units X C T'G with the
tangent space T.G at the identity e € G. The source and target maps are defined as

s(g,v) = (e,r(g™)v)  and  t(g,v) = (e, l(g7)v).
Hence the elements (g,v) and (h,u) are composable if and only if
g Hv=r(hHu € T.G. (2.4)
For composable pairs we set
(9,0) (hyw) = Ly(h,u) i= (ghsl(g)u) € TynG,

where L, : TG — TG is the diffeomorphism of the tangent bundle induced by the left
translation on GG. The inversion is given by

(g:0) "= (g g Hr(g ).

Symplectic groupoids. Of most interest to us are Lie groupoids endowed with compatible

symplectic structures. These are called ‘symplectic groupoids’ To give their formal definition,
we need some more notation. Given a pair of symplectic manifolds (Mi,w;) and (Ma,ws),
one can endow the product manifold M; x My with the symplectic structure determined
by the sum of pullbacks

e * *
w1 B wr = prwi + pPawa,

where p; and pg are the canonical projections onto the first and second factors in M7 x Mo,
respectively. Given a Lie groupoid G = X, let G « G C G x G denote the submanifold
of composable elements:

GG ={(g1,92) € Gx G |t(g1) =s(g2)}- (2.5)

Definition 2.6. A symplectic groupoid is a Lie groupoid G = X such that

4Usually one also requires the source and target maps to be surjective submersions.



(a) G is a symplectic manifold with symplectic two-form w, and

(b) the multiplication map
m:GxG— G, (g,h)—gh

is Poisson, i.e., the pullback of the symplectic form w by m coincides with the restriction
of wdwto GxG.

Generally, a k-form o € A*(Q) is called multiplicative if
m* (@) = a®al,,,-

According to item (b), the symplectic structure on G is defined by a multiplicative two-form
w. It follows from the definition that

S1. the inverse map (g + g~') is an antisymplectomorphism of (G,w), i.e., it sends w to

S2. X is a Lagrangian submanifold of (G,w);

S3. X has a unique Poisson structure « for which s is a Poisson map and t is anti-Poisson,
ie, si(w™) =7 and ty(w) = —m;

S4. the symplectic leaves of (X, ) coincide with the orbits of G = X.

Property S3 allows one to refer to (G,w) as a symplectic realization of the Poisson manifold
(X, 7). The main idea is to ‘desingularize’ a given Poisson structure = by constructing a
Poisson submersion from a suitable symplectic manifold (G,w) onto (X, 7).

Example 2.7. We provide a symplectic realization for any linear Poisson bracket. In
Example 2.3, one can replace T'G with the cotangent bundle T*G to produce a new Lie
groupoid.® The cotangent bundle T*G carries the canonical symplectic structure given by
the differential of the Liouville one-form, which makes T*G into a symplectic groupoid.

Indeed, each fibre TG is a Lagrangian submanifold, and in particular the submanifold
of units TG C T*(G is Lagrangian. To check property S3 it is convenient to trivialize the
cotangent bundle T*G using the left translations:

T;G > (g,v) — (g9.l(g")v) € GxTIG. (2.8)

Here we view the vector space TG = g* as the Lie coalgebra dual to the Lie algebra g of the
group G. The corresponding coproduct A : g* — g* ® g* then endows the space g* with a
linear Poisson bracket. If {¢,} is a basis of g such that [t,, ] = f$, tc, then in the dual basis
{t7} we get At® = f2 % At¢; here (1%, t,) = 6f.

Under the trivialization (2.8) the source and target maps become

s(g,v) = v and  t(g,v) = Adj-1(v), (2.9)

5In fact, this is true for any tensor bundle over G.



for all (g,v) € G x g*, where Ad* stands for the coadjoint representation of G. Hence the
product of composable elements is given by (g,v) (h,u) = (g h,v). The canonical symplectic
structure on T*G then takes the form

w=d(v,dgg™") = (dvAdgg™") = (v,dgg '  Adgg™") = dvg A e® — v fie” N e,

1

where v, are linear coordinates on g* and dgg~" = e®{, is the right-invariant one-form on G

with values in g.

It is enough to check multiplicativity for the symplectic potential

0= (v,dgg™").

One can identify the submanifold of composable elements with G x G x g* through the
identifications

((g,"U) ) (h7Ad;—1 (U))) A (g,h,U) :

Under this identification

p1(g,h,v) = (g,v), pa(g,h,v) = (h,Adj-1(v)), m(g,h,v) = (gh,v),
giving

pif=(v,dgg™") and  p36=(Ad; i(v),dhh ).
Hence
m*0 = (v,d(gh) (gh)~") = (v,dgg™") + (v,g (AR h™") g)
= (v,dgg™") + (Ad} 1 (v),dhh™") = p} 6 + p5 0,

and multiplicativity follows.

Local symplectic groupoids. A closer look at Example 2.7 shows that the symplectic re-

alization for linear Lie-Poisson structures owes its existence to Lie’s third theorem, that
is, to the existence of a Lie group integrating a given Lie algebra. One can wonder about
symplectic realizations for an arbitrary (not necessarily linear) Poisson structure: can any
Poisson manifold X be ‘integrated’ to a symplectic groupoid having X as the manifold of
units? Unfortunately, the answer to this question is no, with many explicit counterexamples.

However, every Poisson manifold can be integrated to a local symplectic groupoid. The
latter can be roughly defined as a tubular neighbourhood of the base X of a genuine
symplectic groupoid (if it really existed). The proof is based on the following simple
construction [21, Ch. IIJ.

Let (U, q') be a coordinate chart on an n-dimensional Poisson manifold (X, ). Consider
the system of ordinary differential equations

{2
(z—qt:#](q)pj, i=1,...,n, (2.10)

where p is a fixed vector of R™. Let ¢(t) = ¢(z, p,t) be the unique solution of (2.10) subject
to the initial condition ¢(0) = = € U. For p sufficiently small, we can assume that ¢(t)
exists for all ¢ € [—1,1]. Define functions

1

. A . 0o
o'(x,p) = ; q'(z,p,t)dt  and Tz(:v,p)z/i1 q'(z,p,t)dt. (2.11)



Solving the equations

¢ =o'(z,p) and ¢ =1'(x,p) (2.12)
for x respectively gives two vector functions

z' = s'(q, p) and ' =1t (q,p). (2.13)

By construction si(q,0) = t'(q,0) = ¢'.

Let w = dp; A d¢* be the canonical symplectic form on a sufficiently small domain
W C R?" parametrized by (¢’, p;) on which the solutions (2.13) to the equations (2.12) make
sense. Geometrically, one can view W as a neighbourhood of the zero section in 7*U. Lemma
1.4 of [21, Ch. II] states that the functions (2.13) define, respectively, Poisson and anti-Poisson
maps W — U that Poisson commute with each other:

{s",d} =n(s), {t,t'}=—-n"(t), {s,t/}=0, (2.14)

where {—, —} denotes the Poisson bracket of (X, ).

The vector functions (2.13) define the source and target maps of a local symplectic
groupoid over U. It remains to describe a partially-defined multiplication operation on
W. To this end, one introduces the Hamiltonian flow ¢, on W generated by some function
s*h with h € C*°(U). For each point a = (¢,p) € W it is always possible to choose the
Hamiltonian h in such a way that a = ¢1(t(a)). Let b = (¢’,p’) be another point in W
such that s(b) = t(a). We put

ab:=p1(b). (2.15)

According to Lemma 1.7 of [21, Ch. II], this product satisfies all the required properties and
does not depend on the choice of a Hamiltonian function h. By carefully gluing up the domains
W along X, one obtains a local symplectic groupoid integrating the Poisson structure .

Remark 2.16. As mentioned in [20], this construction enables one to make contact with the
symplectic embedding method. For this, we note that the formulas (2.13) and (2.14) imply
the Poisson brackets

os

{2 27}y = 79(z), {2,p;} = i {pi,pj} =0. (2.17)

This allows one to identify the tensors 7 in (1.5) as

v (z,p) = @;) (o(z,p), ).

One can use the formulas (2.10)—(2.13) and (2.15) to explicitly integrate constant Poisson
structures.

Example 2.18. Every manifold X can be viewed as a Poisson manifold with the zero Poisson
bracket. The corresponding symplectic groupoid integrating the zero Poisson structure is
just the total space of the cotangent bundle T*X endowed with the canonical symplectic

,10,



structure w = dp; A da’. The source and target maps coincide with each other as well as
with the canonical projection p : T*X — X, while the object inclusion X — T*X is the zero
section. Then s~!(z) = t71(x) = T} X and the groupoid T*X is totally intransitive. As a
result, the isotropy group at each point € M is maximal and is given by G, = T,; X; here
we regard the fibre T M as an abelian group for the addition of covectors: (p,p’) — p+p'.
The product of composable elements reads

(z,p) (z,p) = (z,p + ).
The simple identity
dz’ A d(p; + pl) = da® A dp; + da* A dp)
shows that the canonical symplectic structure w is multiplicative.
Example 2.19. A slightly more non-trivial example is provided by the symplectic realization
of constant Poisson brackets. Consider the vector space X = R" equipped with a constant
bivector w. The corresponding symplectic groupoid is now given by the symplectic vector
space R?® = R"” x R" endowed with the canonical symplectic form w = dp; A d¢* with
i =1,...,n. In coordinates, the source and target maps are defined by the Bopp shifts
S(¢.p) =¢'—377p; and  t(gp)=q +377p;.
The orbit t o s7!(q) is given by the affine symplectic plane in (R",7) passing through the
point (g, 0), so that the groupoid is transitive if and only if the bivector 7 is nondegenerate.
The product of two composable elements (g, p) and (¢’,p’) with
t(q,p) =z =s(¢,p) € R"

reads

(aji — Laiip,, pj) (xz + %Wz‘jpg,’ p9> — (xz + 1 id (P — ps)s P —}—p;-) ) (2.20)
Again the canonical symplectic structure w obeys the multiplicativity condition

d(a’ + 577 (0 —pj)) Ad(pi +1f) = d(a’ — 577 p;) Adp; +d(a + 57 pf) A dp}.
By construction
{s',}=n", {t'ht)}=—7", [t} =0.
In the new coordinates (z, p), where ¢ = s?(q, p), the symplectic form on R?" is given by
w:dpiAda:i+%7rijdpiAdpj.

Example 2.21. The Poisson structure of any symplectic manifold (M, o) is integrable. As
an integrating symplectic groupoid, one can always take the pair groupoid M x M = M
defined by the structure maps

s(:c,y) =7, t(IL‘,y):y, (l’,y) (y,z) = (:L’,Z), (l'ay)_l = (y7$)

The submanifold of units is identified with the diagonal of M x M, which is diffeomorphic to
M. The pair groupoid is transitive. The compatible symplectic structure on M x M is given

by the difference of pullbacks
w=s"(o) =t (o).

By construction, the source (target) projection is a Poisson (anti-Poisson) map.

— 11 —



Figure 2. The left and right actions of bisections.

3 Bisections

As discussed in section 1, symplectic groupoids will play the role of phase spaces of point
particles living on spacetimes with Poisson structures. To introduce electromagnetic couplings
of these particles we need one more fundamental concept related to groupoids, namely the
notion of ‘bisection’, which we now explain and develop in some detail in anticipation of
our applications to Poisson electrodynamics.

Bisections of Lie groupoids.

Definition 3.1. Let G = X be a Lie groupoid. A submanifold ¥ C G is a bisection if s|x
and t|y are diffeomorphisms onto X.

To each bisection X there corresponds a pair of maps s : X — G and X : X — G
defined as s = (s|y)~! and X = (t|s)~!, and hence the name.

The set of all bisections Z(G) of G has the structure of a regular Lie group for the
multiplication operation [35]

S1-%:={g192| (g1,92) € (1 xZ2) N(G*G)},

where Y = X plays the role of the unit and the inverse of ¥ is X1 = {g71 | g € T}.
The group #(G) acts naturally from the left and right on G as

Ls(9) =019 and  Rx(g) =go2, (3.2)

where 01 and o are the unique elements of ¥ satisfying t(o1) = s(g) and t(g) = s(o2), namely
o1 = Yros(g) and o9 = g o t(g). By associativity, the right and left actions commute.
Sometimes we will denote them as Ly(g) = ¥ ¢ and Rx(g) = g X%, see figure 2. Notice that
Yi(x) =Xz and ¥s(z) = 2 X for all z € X. It follows from the definition that the right (left)
action of #(G) preserves s-fibres (t-fibres) while taking t-fibres to t-fibres (s-fibres to s-fibres).

Example 3.3. In the case of a group G regarded as a groupoid over the identity element
(see Example 2.2), bisections are just elements of G and the group %(G) is isomorphic to G.
The left and right actions of Z(G) correspond to left and right translations on G. From this
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perspective, the concept of bisection generalises the left and right translations on groups to
the case of Lie groupoids.

The group #(G) also acts by diffeomorphisms on the base manifold as
In(x) =soX(x) and re(z) =to Xg(z), (3.4)

for all ¥ € #(G) and = € X. The diffeomorphisms Is; and ry are mutually inverse to each
other. Hence each bisection X is completely specified by either of g or Y.

Let #(G)°P denote the opposite group to #(G). Then the formulas (3.2) and (3.4)
define group homomorphisms

L:%(G) — Diff(G) and 1:%B(G) — Diff(X),
R:B(G)® — Diff((G)  and  r: 2Z(G)® —> Diff(X).

These left and right actions give the spaces of differential forms A(G) and A(X) the structures
of modules over the groups #(G) and B(G)°P, respectively. In the following we will need

Proposition 3.5. For any multiplicative k-form o € A¥(G) define the pair of maps
So: B(G) — N(X), T+ 5 =Xta; 5
3.6
T, : B(G)P — A (X), B+ T =Yia.

Then
Ria=a+t*S> and Lia=a+s'T>. (3.7)

Furthermore, the maps (3.6) are crossed homomorphisms from the groups of bisections to
the corresponding modules:

SET LB 4§ and TRUB T g T (33)
for all 31, %9 € Z(G).

Proof. We will prove only the first identities in (3.7) and (3.8), leaving the proof of the
remaining two to the reader. Given a bisection ¥ € 4, consider the submanifold of composable
elements

GxX={(9,0) eGxX|tlg) =s(0)} CGxG.

Then G * ¥ ~ G and one can write each element of G * X as (g, 2s(t(g))) for some g € G.
Hence

P1(g,5s(t(9))) =9, p2(9.5s(t(9))) = Es(t(g)), m(g,0) =go=g%.
Since « is multiplicative, we can write
Rya=m*a=pja+p,a=a+t'Xla. (3.9)

This proves the first relation in (3.7).
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On substituting 3 = 31 - 39, we then find
RS, 5,0 = (Ry, 0 Ry,)"a = Ry, R,a 5.10)
= R§1 (a +t (22):04) = R*E1a + R§1 t* (22):()[ :

Denote by i : X < G the embedding of the base manifold as the submanifold of units X C G.
It obeys the identity Ry oi = Xs. Applying now the pullback map i* to (3.10), we get

(B Do)sa = (Br)sa+ 1y, (B2)sa
and the first relation in (3.8) follows.° O

Remark 3.11. Acting with the map i* on both sides of (3.9) and using the identity
toi =idy, we arrive at one more interesting relation: «a|x = 0. That is, the restriction of
any multiplicative form « to the base of a Lie groupoid G == X vanishes.

Lagrangian bisections. For symplectic groupoids, one can define the subset .Z(G) of La-

grangian bisections. By definition

YeX(G) <= w|,=0.

3

The Lagrangian bisections form a subgroup of the group #(G). Furthermore, the left
and right translations (3.2) are symplectomorphisms of (G,w) if and only if the bisection
¥ is Lagrangian [32, Lem. 9.11]: this follows immediately from the relations (3.7), with
a = w, by noting that the condition w|y, = 0 is equivalent to either of the two equations
t"Xiw = 0 or s*Xfw = 0.

Example 3.12. Consider the symplectic groupoid of Example 2.18. This integrates the zero
Poisson structure on X and is given by the cotangent bundle 7% X. Since the source and
target maps coincide here with the canonical projection p : 7" X — X, the group Z(T*X) is
just the additive group of sections I'(T*X) = A'(X), i.e., the space of one-forms on X. Then
one easily sees that a one-form A € A'(X) defines a Lagrangian bisection if and only if it
is closed, dA = 0. The closed one-forms constitute a subgroup ZA'(X) of the group of all
one-forms in accordance with the general inclusion .Z(G) C B(G). The coinciding of the
source and target maps also implies that the group Al(X) acts trivially on X.

Example 3.13. Let us now explore the group of bisections associated with the symplectic
groupoid of Example 2.19. Consider a pair of bisections ¥4 and £Z defined in Darboux
coordinates by the maps

S (z) = (o' + L7 Aj(2), Ar(2)) and 2P (z) = (2’ — 3 7Y Bj(z), By(w))

for some one-forms A = A;(z)dx’ and B = B;(x) dz’ on R™. Here we adapt the parametriza-
tion of the bisections 34 and X# by one-forms to the s-projection and to the t-projection,
respectively. According to (2.20) the product of these bisections is given by

$A = 2B .94 = (o + L7V (A;(2) — Bj(x)), Ar(z) + Bi(z)). (3.14)

6Tt seems that the first proof of these relations was published in [36, Thm. 7.11].
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Notice that the parametrization of 4 s adapted to neither the s-projection nor the
t-projection.

Suppose the one-form B is infinitesimally small so that 7 is close to the base X = R".
Then by shifting 2° — 2° + 7%/ B;(x) we can write

A — (z" + %ﬂ'ij A;-(x), Al (2), (3.15)
where
A; =A;+B;+ 8]'142‘ ik By + 0(32) .
This gives the variation of the one-form A under infinitesimal left translations as
0BA; = A; —A;=B; + @Az 7Tjk By .
The condition that the bisection ¥ is Lagrangian takes the form
» =dB+0(B* =0.

dg' A dpi\E

Locally it implies that B = de for some small function £(z). In this way we arrive at the
standard infinitesimal gauge transformations

0. A; = O;e + {Ai, E}

for Poisson electrodynamics, cf. (1.3).

By comparing (3.14) with (3.15) one can also write a formula for finite gauge transforma-
tions that integrate the infinitesimal gauge transformations. A straightforward computation
yields

Aj(z) = Ai(y) + Bi(y)
where y = y(z) is determined by the equation
2t =y’ — 7 Bj(y) = lgn(y)'
In other words, y = ry5(x). The condition that X7 is Lagrangian now takes the form
(EB):(dqi Adp;) = d(z" — L 7Y Bj(z)) A dB;(x)
= *% (3133 - 8]'Bl' + o 0; By, 6jBl) det Ada? = 0.

Example 3.16. Generalizing Example 3.13, we consider infinitesimal left translations on the
group of bisections associated with a local symplectic groupoid. In the setting of section 2,
let (X, 7) be an n-dimensional Poisson manifold with local coordinate chart (U, ¢*), and let
W be a neighbourhood of the zero section in T*U, parametrized by (¢’, p;). For a pair of
composable points (7(x,p1),p1) and (o(z,p2),p2) we can write

(T(x,p1),m) (0(, p2),p2) = (0(56'7173),193) ) (3.17)

where x € U while the maps 7 and o are defined by (2.10) and (2.11). With these equations,
one can see that

T'(wp) =o' — 57 (2)p; +O(p®)  and  S'(r(z,p),p) =2 =7 (2)p; + O(p?).
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Equating the sources in the left-hand side and right-hand side of (3.17), we find immediately
' =a —m(x)p1+O(p}).

To determine ps, consider the Hamiltonian he(z) = s'(g, p) &, where £ € R™ is a vector-
valued parameter. It generates the Hamiltonian flow ¢; : W — W with respect to the Poisson
brackets (2.17) given by
0 J dpi 0 Sj

S

dq¢ .
_— = h N —

For small £ we find that the map (¢(1),p(1)) = ¢1(q(0),p(0)) is given by

q'(1) = ¢'(0) = § (g:) (4(0),p(0)) + O(&?),

sl

pi(1) = pi(0) +§; (an) (a(0), p(0)) +O(&) .

Hence setting £ = p; and using the identity

(g;) (¢,0) = %Wij(Q),

we obtain o1 (x,0) = (7(z,p1), p1) for any infinitesimally small p;. Applying the formula (2.15)

then yields
(T(x7p1)7p1) (U(xap2)ap2) = (101(0-(:1"’]92)7]92)

= (O’(SU —m(z) p1,p2 + y(x,p2) P1) , P2 + 7(337102)101) +0(p?),
(3.18)
where

’Y;'(x,p) = <g;j> (o(z,p),p) .

Using (3.18), one can compute the product of two (local) bisections ¥ = (7(z, B(x)), B())
and ¥4 = (o(z, A(x)), A(z)) whenever B(z) is infinitesimally small:

wB.oxA = 2 = (o(x, A(2)), A (2)) = (J(m —7(z) B,A+~(z,A)B), A+~(z,A) B) :
By making the shift 2* — 2’ 4+ 7% (z) A;, we finally get
Al = A + ) (2, A) Bj + 0, Ai 7 (2) B; . (3.19)

The section X7 is Lagrangian if and only if dB = 0 or, in our local setting, equivalently
B = de for some infinitesimal function e € C*°(U). Then

5. A; = AL — Ay = ) (z, A) Bje + O, Ai ™ () Dje

and we arrive at the infinitesimal gauge transformations (1.6).
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Generally, the Lie algebra of the group of Lagrangian bisections .Z(G) of a symplectic
groupoid G = X is isomorphic to the Lie algebra of closed one-forms ZA'(X), see [35, Thm.
4.5]. The Lie bracket is given by

[BI,BQ] = d(?T(Bl,BQ)) 5

for all By, By € ZA'(X). The exact one-forms dA?(X) constitute an ideal in ZA'(X) and
the quotient ZA(X)/dA°(X) = H!(X,R) is an abelian Lie algebra. The exterior differential
defines a Lie algebra homomorphism d : A°(X) — dA°(X) if one regards A°(X) as the Lie
algebra of functions with respect to the Poisson bracket {—, —} of (X, 7). For a connected
base X, ker(d) = ZA°(X) = R. Among other things, this implies that the commutator of
two gauge transformations (1.6) is given by the formula (1.7).

4 Classical Poisson electrodynamics

Now we have all the necessary mathematical tools to formulate the dynamics of a point
particle coupled to an external electromagnetic field on a spacetime which is a Poisson
manifold (X, 7). For this, we identify the phase space of the particle with an integrating
symplectic groupoid G = X. We identify the group of bisections %(G) with the space of
gauge potentials and the subgroup of Lagrangian bisections £ (G) with the gauge group
acting on gauge potentials by left translations:

Yoy .y,

for all ¥ € #(G) and ¥’ € Z(G). In other words, the physical degrees of freedom of the
electromagnetic field are identified with the elements of the left coset B(G)/Z(G).

This identification follows from the analogy with ordinary spacetime, see Example 3.12:
in the case m = 0, the symplectic groupoid is just the cotangent bundle T* X, the space of
bisections coincides with the space of one-forms on X, and the space of Lagrangian bisections
coincides with the space of closed one-forms on X. Altogether, the main ingredients are
summarised in the glossary of table 1. Below we explain these ingredients in more detail.

Minimal coupling. According to the first two items of table 1, the Hamiltonian action

functional of a free relativistic particle has the form
Spart = / 0 NI (4.1)
¥

where

e v:R — (G is a phase space trajectory of the particle;

(]

0 is a (locally defined) symplectic potential for the symplectic two-form w on G, i.e.,
w = dé;

e H is a smooth function on G;

A is a one-form on « playing the role of the Lagrange multiplier for the Hamiltonian

constraint H ~ 0 that expresses the strong conservation of the particle’s mass.”

"For a free scalar particle of mass m in Minkowski space, the Hamiltonian constraint H = p? —m? ~ 0
expresses the relativistic energy-momentum relation (in units where the speed of light is ¢ = 1), or equivalently
the off-shell conservation of mass.
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The action functional (4.1) enjoys the standard gauge symmetry generated by the first
class constraint H ~ 0. The Hamiltonian reduction by this constraint gives the physical
phase space P = G/ H.

This is reminescent of the approach of elementary dynamical systems [37], in which
the physical phase space P is postulated to be a homogeneous symplectic manifold for a
group of fundamental symmetries I'. For example, in the case of a free scalar particle in
Minkowski space R3!, the group I' is the Poincaré group acting by canonical transformations
in a six-dimensional phase space. The phase space of a massive spinning particle is eight-
dimensional [38]. For coloured particles one takes I' to be the direct product of the Poincaré
group with a group of internal symmetries, which leads to further enlarging of the physical
phase space [39]. As is well-known, all homogeneous symplectic manifolds are exhausted
(up to coverings) by the coadjoint orbits of the corresponding symmetry groups. This
gives a complete classification of all elementary particles associated with a given group of
fundamental symmetries I'.

Irrespective of global symmetries and a particular form of the Hamiltonian H, the
model (4.1) describes the correct number of physical degrees of freedom for a scalar particle
on X. If the particle is electrically charged, the next issue is introducing its coupling to an
external electromagnetic field. According to the third item of table 1, the electromagnetic
field is described by bisections ¥ € Z(G) of the symplectic groupoid G = X. The minimal
interaction with the electromagnetic field is introduced by replacing the ‘free’ Hamiltonian H
in (4.1) with H* = RLH, so that the action functional takes the form

St = / 60— \NH*. (4.2)
Y

By construction, the Hamiltonian H> is a A (G)-equivariant function on the phase space
G; in particular, H> * = R’Q,HE for all ¥’ € Z(G). This allows one to compensate the
gauge transformation of the electromagnetic field ¥ — ¥’ - X by the canonical transformation
Rg,l : G — G of the phase space. Since the latter modifies the symplectic potential § by
nothing more than an exact form, the action (4.2) remains unchanged under such combined
transformations of the gauge potentials and the phase space variables.

Field strength tensors. Having identified electromagnetic potentials with the group of

bisections Z(G) and gauge parameters with the subgroup of Lagrangian bisections .Z(G),
we would now like to introduce an object that measures the deviation of a bisection from
being Lagrangian. In the case of conventional electrodynamics, this role is played by the
field strength tensor F' = F(A) = dA for a one-form A on X. For later comparison, we
list its main properties:

F1. F is a two-form on the spacetime manifold X;

F2. F is closed, dF = 0;

F3. F is a local function of the gauge potential A, i.e. it depends on first order derivatives

of A;

F4. F is an additive function of potentials: F(A; + A2) = F'(A41) + F(A2);
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F5. F is invariant under the gauge transformations A — A + de for functions € on X;
F6. F vanishes on pure gauge potentials, F(de) = 0.

It is desirable that the symplectic groupoid counterpart of the electromagnetic field
strength tensor enjoys as many of these properties as possible. The natural candidates to
start with are given by the expressions

FS=F(X)=8"=%w and F'=F()=1T"=w,

for any bisection 3 € #(G). Both quantities F*® and F* are closed two-forms on X, so they
satisfy properties F1 and F2. Property F6 also holds as the two-forms F*° and F* vanish
on Lagrangian bisections by definition.

Here the role of the additive group of gauge potentials is played by the (non-abelian)
group of bisections #(G). By Proposition 3.5,

Fs<21 22) :Fs(zl)—FTglFs(Zg) and Ft(El 22) ZFt(ZQ> —I—l;:QFt(El)

These relations generalize the additivity property F4. In particular, for a pure gauge
¥ € Z(G) we obtain

Fs(El . 22) = TEIFS(ZQ) and Ft(El . 22) = Ft(zg) .

Hence the two-form F" is gauge invariant, while F* is only gauge covariant. The two field
strength tensors are related by the identities

F*=riFt  and  F'=I[LF". (4.3)
For example,
rsFt=riYiv = (Ziorg)*'w = (Stoto X)) w=Tiw = F*.

It follows from (4.3) that whenever one of the field strength tensors is local (in the sense
of property F3) the other is not.

Remark 4.4. The two-form F* defines an equivariant map F* : 4(G) — A*(X) for the
group of Lagrangian bisections .Z(G). Another simple way to assign such an equivariant
map to every tensor field 7 on X is via

T™ =r5T .

Then 7> = 7%, T* for any (not necessarily Lagrangian) bisection Y. Hence the map
Y+ T is equivariant with respect to the left translations of Z%(G). The equivariant tensor
fields form a closed subalgebra in the full tensor algebra® of X.

8By a tensor algebra we understand the space of tensor fields endowed with the tensor product and the
operations of permutation as well as contraction of indices.
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Using Remark 4.4, one can introduce one more type of field strength tensor, which
we call a framed field strength tensor. Let {e*} be a collection of one-forms on X that
constitute a coframe in 7T*U for some open domain U C X. Then each form e} = rye®
defines a %(G)-equivariant map from %(G) to A'(X). Let e denote the dual frame of
A (G)-equivariant vector fields on U. We define the framed field strength tensor as

Fap = Fop(2) = F3(S) (e, € ) -

By construction, Fy; is a collection of scalar functions on X that form an anti-symmetric
matrix Fy, = —Fp,. Each function defines an .Z(G)-equivariant map:

Fup(X X)) =15 Fu(X),
for all ¥/ € Z(G). We also have F* = F,, el A eb.

Example 4.5. Let us consider the constant Poisson structure 7 of Examples 2.19 and 3.13.
We define a bisection X by

Ss(z) = (&' + 37 Aj(), Ak(2))

for a vector-valued function A on R™. Then the right action of (G) on X = R" takes the
form

ry(x)’ = ' + 7% Aj(x).
The equivariant field strength is given by
F* = ¥i(dp; Adq') = dA; Ada’ + 377 dA; AdA;j = § Fjda’ Ada?
where
Fy = 0;A; — 0;A; + n 0, A, 0;A; .

Applying the right translations to the basis one-forms dz?, we define the %(G)-equivariant
coframe
W' = wg = r§da® = drg(2)® = (6¢ + 7% 9;A;) da* (4.6)

in the cotangent bundle 7*X. Similarly, the tangent bundle T X can be equipped with the
Z(G)-equivariant frame of Poisson vector fields

o 0
ort  Qzo

Ve = v = (88 + 0; A, 77 +{Aq, -} (4.7)

b

Using the representation 7% v, = {r§(z®), —}, one can easily see that

for all ¥’ € Z(G).
The Lie brackets of frame fields are the Hamiltonian vector fields

[Ua, Ub] = {ﬁaba _} )
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whose Hamiltonians form the antisymmetric matrix
Fop = Fop(2) = 044y — 0pAq + {Aa, A} - (4.8)

It is this matrix that is usually taken as the standard ‘field strength tensor’ of Poisson
electrodynamics associated with a constant Poisson bivector, cf. (1.2). By construction,
the matrix elements are .Z(G)-equivariant functions, i.e., ﬁ’ab(Z' X)) = rg,ﬁab(Z) for all
¥ e Z(G).

The frame v, and coframe w® are not canonically dual to each other. Instead one has

w(vp) = Wl vf = 6 — Fye and wlvl = 55 —IkEs. (4.9)
One can verify the identity
Fvl = wi Fyy .
Now the framed field strength tensor associated with (4.7) is given by

i i_ B _p Kkl f
Fop = vy Fij vy = Fop — Fap ™ Fy, .

With the help of (4.9) one can also find

a b _ s s _kl s

Finally, introducing the dual vector fields &, = & 8‘21- to the coframe of one-forms (4.6), that

is, w*(@Wp) = 05, we can express the components of the standard field strength through the

covariant field strength tensor as
Fap =, (F — Fi 7 F) @)

Both the covariant and the standard field strength tensors are local and vanish simultaneously.

Action functional for the electromagnetic field. To describe the dynamics of the whole

system
charged particle + electromagnetic field

the particle action functional (4.2) should be augmented by the action functional of the
electromagnetic field itself. Although a detailed discussion of the field theoretical aspects
of Poisson electrodynamics is beyond the scope of this paper, we will briefly indicate some
basic constructions here.

As a main building block for the action functional, one can use any of the field strength
tensors F' discussed above. Additional ingredients for the construction are a background
metric g on X, a volume form px, the Poisson bivector 7, and any other external fields. The
main requirement is that the corresponding action functional

Sem:/ L(F,g,m,...) ux
X

be gauge invariant.
The simplest way to satisfy the gauge invariance condition is to use the gauge invariant
field strength tensor F*. Another option is to use the covariant field strength tensor F'*
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which, unlike F*, is always local. As explained in Remark 4.4, one can make every tensor
field on X, such as the metric g, into an Z(G)-equivariant tensor field by applying right
translations, e.g. ¢ — ¢~ = r5g. With the Z(G)-equivariant tensor fields F'*, g%, /@(, T ...
at hand, one can then produce an equivariant Lagrangian L = L(F*, g=,m, .. .) and define
the gauge invariant action functional as

Sem:/ L(Fs, g% m,...) u%. (4.10)
X

Both options in fact lead to the same action functional whenever the Lagrangian does
not depend on 7. The point is that the corresponding integrands are related by the
diffeomorphism:

L(F®,g%,...) pX = r5(L(FYg,...) px) -

Besides the Poisson bivector 7, there may exist some other .Z(G)-invariant tensor fields
on X, for example an invariant volume form px. For instance, if 7 is invertible then one can
take px to be the canonical volume form on the symplectic manifold (X, 7~!). Replacing %
with an invariant volume form px in (4.10) yields another gauge invariant action functional.
As is well known, not every Poisson manifold admits a volume form invariant under all
Poisson diffeomorphisms: the obstruction is represented by the modular class of the Poisson
manifold [40]. The modular class vanishes for symplectic manifolds and for constant Poisson
structures on R™. For the linear Poisson bracket on g*, the modular class is zero if and only if
the Lie algebra g is unimodular. It should be emphasized that, regardless of the existence of
an invariant volume form on X, one can always define an .Z(G)-equivariant form ,u§(, which
is enough for the purpose of constructing the gauge invariant action functional (4.10).

Example 4.11. Consider X = R" endowed with a constant Poisson bivector 7 from
Example 4.5. Using the %(G)-equivariant coframe fields (4.6), the simplest Lagrangian takes
the form L = g% ¢k % ;‘l, where

gij = niEj = Nap WY w? = Nap (6 + 7% D; Ay (55 + 79, Ay)

and 7, is the Minkowski metric. One can take pux = d"z = dz' A--- A dz™ as an invariant
volume form.! This Lagrangian reduces to the conventional Lagrangian of Maxwell’s
electrodynamics when m = 0. However, a detailed comparison with the Lagrangian of
noncommutative Maxwell theory suggests a more complex extension given by

S[A] = /X 1% 0 Fye Fyg d"z = /X g* g (F5+ F o™ FSy) (Fiy + F ™ Fyy) d'a.
One further interesting possibility is to set
SalA] = / \/det (¢ + aFs) d"x,
b'e

where g is an arbitrary metric on X and o € R is a constant. This may be regarded as a

Poisson version of Born-Infeld electrodynamics. For o = 0 the Lagrangian is a total divergence.

9The bivector F = 7~ — 7 provides one more type of .Z(G)-equivariant field strength tensor, which could be
called a contravariant field strength tensor. Unlike F*° and F*, the contravariant field strength tensor vanishes
for m = 0. For a constant Poisson structure, Fii = gia gib ﬁab.

10 Another possibility is to put px = w* A--- Aw™ = y/det(g) d"x. Unlike d"z, this volume form depends
on the electromagnetic field.
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5 Examples

We shall now flush out some detailed examples of the dynamics of charged particles coupled
to an external electromagnetic field in Poisson electrodynamics.

5.1 Constant Poisson structures

Let X = R" endowed with a constant Poisson bivector 7, see Examples (2.19), (3.13) and (4.5).
The minimal coupling is described by the Lagrangian

where an overdot denotes the time derivative, A is a Lagrange multiplier and H is a function
of the gauge invariant variables

X'=a2'+i77 (Aj(z) —p;) and P =p;+ Ai(z).
The infinitesimal gauge transformations
0. A; = Oe + 0jA; m* Ohe,  Oeat = —m Bje,  Oop; = —Ose

change the Lagrangian (5.1) by a total derivative.
For a scalar particle of mass m in Minkowski space, it is natural to choose

H = P, P, —m?,

where 1™/ is the (mostly minus) Minkowski metric on R™. Then the equations of motion read

PP =m?, i'=2XviP', P=-2XF;P, (5.2)
where
U; = 5; -+ 8kAJ 7Tki and Fij = OlAJ — OJAZ + TI'kl OLA; alAj , (5.3)

and the indices are raised using the Minkowski metric 7. The first equation in (5.3) defines
an equivariant frame of Poisson vector fields v;, while the second equation is given by the
components of the standard field strength (4.8).

Let ¥ denote the inverse matrix to v, i.e., ﬁ}; Uf = 5; Then we can solve the first two
equations in (5.2) for A and P as

1 o ) o
A= ooyt dand P = ol (5.4)

Here the symmetric tensor

9ij = U5 5;

may be regarded as an effective metric induced by the electromagnetic field; in this inter-
pretation, the one-forms @ play the role of a vielbein. We can simplify these expressions
by imposing the proper time gauge A = % to fix the reparametrization invariance of the
equations of motion.
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On substituting (5.4) into the third equation of (5.2), we finally obtain the second order
differential equations for the particle’s worldlines given by

B+ I‘Z il iF = — g ] B v3 it (5.5)
Here the affine connection F; =10+ St Gk 18 given by the sum of the Levi-Civita connection

e =39" (9590 + Ongr; — Ougjr)
for the effective metric and the tensor

jk: = 59" 7] (0 gjr + U1 grr) T Os Epq-

Notice that ﬁpq is a collection of scalar functions and so applying a partial derivative to
it is a legitimate tensor operation.

The appearance of the induced metric and connection is a known phenomenon in
noncommutative gauge theory called emergent gravity, see e.g. [41-45]. Note that the effective
connection I is not a metric connection unless the electromagnetic field is homogeneous. The
right-hand side of (5.5) is determined by the effective Lorentz force, which is linear in velocity.

5.2 Linear Poisson brackets

Any linear Poisson bracket gives rise to the symplectic groupoid of Example 2.7. By using the
trivialization (2.8), we can identify the bisections of T*G with the graphs 4 = (A(v),v) €
G x g* of functions A : g* — G. Then the right translation by ¥4 is defined by the formula

(ga AdZ(U» EA = (gv Ad;(’l))) (A(’U), U) = (gA(U)v Ad;A(v) AdZ(v)—l(’U)) :

It is convenient to make the change of the variables (g,v) = (g,Ad;(u)). In the new variables
(g,u) the symplectic potential assumes the form

6= (u,g""dg), (5.6)
while the action of right translations can be written as
(9:u) =4 = (9 A(w), Ad%y (-1 () - (5.7)

The function A : g* — G is identified with a gauge potential. On substituting (5.7)
into (5.6) one can see that the bisection ¥4 = (A(u), u) is Lagrangian if and only if

F*=d(u,dAA™") =

The gauge potentials form a non-abelian group isomorphic to the group of bisections B(T*G).
If 28 = (B(v),Ad*B(v)(U)) € G x g* is another bisection, then

EB ’ EA = (B(v)a Ad*B(v) (U» (A(U>v ’U) = (B(U) A(U)v Ad*B(v) (U)) : (58)
Writing the product in the form adapted to the s-projection,

2804 = A = (A().0).
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we find

where the function v’ = ¢'(v) is determined by the equation v = Adj(,)(v'). In the case that
the bisection ¥ is close to the submanifold of units e x g*, or equivalently the image im(B)
is contained in a small neighbourhood of the identity e € G, one can solve this last equation
approximately as v’ ~ Ad*B(y)*l (v). This gives an approximate expression for the potential

A (v) ~ B(v) A(AdY )1 (v)) (5.9)

For a Lagrangian bisection ©7, this formula yields an infinitesimal gauge transformation
of the gauge potential A(v).
The minimal coupling to the electromagnetic field is now described by the action functional

S = [y (u, g~ dg) — X\ H(g A(u), AdZ(u)—l(u)) ,

where H(g,u) € C®(T*G) is the Hamiltonian of a ‘free’ particle. By construction, the
action functional is invariant under the infinitesimal gauge transformations of the gauge
potential (5.9) followed by the infinitesimal gauge transformations of the phase space variables

(9':) = (9,0) ()" = (9. Bw)™", Ay (w) -
Here we used (5.7) along with (EB)_l ~ (B(v)~1,v).

SU(2) as momentum space. Let us exemplify this construction by the linear Poisson
structure associated with the simplest non-abelian Lie algebra su(2). The corresponding
Poisson brackets read

{l’,y}:Z, {y,z}:x, {va}:ya

where (7,y, 2) is a vector of su(2)* ~ R3. To make all constructions as explicit and simple
as possible, we will use the language of quaternions, see [33, Ex. 14.22]. Let i, j and k be
the imaginary unit quaternions satisfying

iZ=j2=k’>=ijk=-1.
We identify the group SU(2) with the quaternions of norm one:
p=u+vi+sj+tk with u? +0? 4+ s> +t2=1. (5.10)

These form the three-sphere S2. The space su(2)* is then identified with the purely imaginary
quaternions via

g=zi+yj+zk. (5.11)
We can now define the Lie groupoid S3 x R? = R? with source and target maps (cf. (2.9))

s(p,q)=¢q and  t(p,q) =pgp,
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where p = u —vi— sj— tk is the quaternion conjugate to (5.10); by definition pp = 1. The
product of two composable elements is given by
(p,q) (v, pap) = (p1'.q).
The multiplicative symplectic form w = df is determined by the Liouville one-form
0=—3Tr(gpdp) = —(zv+ys+zt)du+ (zu—yt+zs)dv (5.12)
+(xt+yu—zv)ds+ (—rs+yv+zu)dt,

where Tr(p) = p+ p = 2u is the trace on the quaternion algebra.
Each bisection X4 = (A(q), q) is determined by a smooth map A : R? — S3 that assigns
to every purely imaginary quaternion (5.11) a quaternion

of norm one, AA = 1. The right translation by ¥4 is given by

(»,9) 4 = (p,q) (A(paD),pad) = (P ApaD).q) .

Physically this formula defines gauge invariant coordinates on the phase space S% x R3. The

formula (5.8) for the composition of two bisections takes the form
5P .4 = (B(qg),q) (A(BqB),BqB) = (B(q) A(BqB),q). (5.14)

Consider a bisection %8 that is infinitesimally close to the base manifold R3. This is
defined by a map B(q) = 1 + b(q), where b(q) is a small purely imaginary quaternion. The
bisection X7 is Lagrangian if

F*=—1Tr(dgAdb) =0.
This last condition implies that
b=0zei+0yej+ 0.k

for some small scalar function e(z,y,z). On substituting B = 1+ b in (5.14), we get the
expression for infinitesimal left translations on the group of bisections given by

S, A=bA+ A(g+bq—qb) — A(q). (5.15)

Let us treat the symplectic manifold (5% x R3,w) as the phase space of a non-relativistic
scalar particle moving in R3. Then the bisections 5.13 are naturally interpreted as the
3-vector potentials for a purely magnetic field. The potential A enjoys the infinitesimal
gauge symmetry transformations (5.15). At this point, it is convenient to change variables
(p,q) = (p,r = pqp). In terms of these new variables, the symplectic potential (5.12) assumes
the form 6 = —% Tr(rdpp) and the dynamics of a scalar particle minimally coupled to the
external magnetic field is governed by the gauge invariant Lagrangian

L:—%Tr(rpﬁ)—)\H(pA(r),ﬁrp). (5.16)

Here H(p,r) is the Hamiltonian of the free particle and the overdot stands for the time
derivative. Omne should also remember that the ‘position’ and ‘momentum’ quaternions
in (5.16) are subject to the constraints r +7 = 0 and pp = 1; hence here the momentum
space of a non-relativistic particle moving in R3 is compact and diffeomorphic to S2.
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Poisson brackets of k-Minkowski type. For another concrete example where everything
can be computed explicitly, consider the linear Poisson structure on R"™ of k-Minkowski
type, whose integrating symplectic groupoid was detailed in [46]. This is defined by the
Poisson brackets

(2% 2} = k12t and {z',27} =0,

where i € {1,...,n — 1} and & is a constant. The integrating Lie group (momentum space)
G in this case is non-compact; for n = 2 it is isomorphic to the connected affine group of
R, also known as the “ax + b group”.

The source map is given by

(pq)=q¢"— k¢’ pi=2a° and s'(p,q) = ¢' = 2°,

while the target map is
. _ 71 .
t%(p,g) =¢° and  t(p,g)=e" g,

where {¢",p,} = 0¥ with p,v € {0,1,...,n — 1}. Two elements (p,q) and (p’,¢') are
composable if t(p,q) = s(p’,¢’), or equivalently

(q/)O — qO + I'i_l e—n_lpg qz'pé and (q/)i — e—ﬁ_lpo qi )
The product reads
; 1 -1 . -1 .
((po,pi) > (°,4") ((P6:p7) , (@ + k™" e™ Pogpf e P g'))
-1 1 -1 . .
= ((po+pospi+e Ppl), (@ +r e g plq)).

Let us write the gauge invariant phase space coordinates. For this, we consider a
bisection ¥4 = (A(7),q) and apply the right translation

(p, @) (A@),7) = (P,Q).
Composability implies
@)° =¢"+r71 e b0 q' Ai(Q) and (@) = eF T po i
Then using the product one finds
Q"=@°, Q'=¢ and R=po+A@). P=pit+e ™ P AQ).

The minimal coupling of the particle to the electromagnetic field is thus described by the
Lagrangian

L=pid = AH(P.Q).
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5.3 A class of quadratic Poisson brackets

As our final example, we consider the log-canonical Poisson brackets on R", see [47] and [33,
Ex. 14.23], which are given by

{2%, 27} = o 2t 2 (no sum over i, j) .
Here a” = —aJ% are constants. The integrating symplectic groupoid is given by the space
R?" = R™ x R™ with coordinates (z',...,z", p',...,p") and the symplectic structure
w = dz* Adp' — = o d(zt p') Ad(2? p?) . 5.17
Y detAdyf =5 3 ¥ dla's) Ad(aT ) (517)

The corresponding Poisson brackets read
oy =alalad | (P} = oy, (o p) =0 —aVal

Unlike the symplectic realization (1.5), the symplectic structure (5.17) yields non-zero Poisson
brackets among the momentum coordinates p.
The source and target maps are defined by

A ' ' ' ' ' Zn: atd pj
S(xlapl) = (xl) and t(xszl) = (I'Zej:l

The product of composable elements has the form

i i pi
PN (5 iy (o i ;azp
(z',p") (2", 7") = (2", p" + D' e : (5.18)
Composability implies
L Yavay
It =xa'ei=t . (5.19)

It is straightforward to check the brackets

n .
otk gk pk:

{(#,27} =0 and  {F,p'} =Y ei=1 : (5.20)
In particular, the map s is Poisson by definition, while t is anti-Poisson:
{s',s'} =a¥s's’ and {tht/} = —a¥ 't/ .

Let ¥4 be the bisection defined by a graph (%, A(F)) € R™ x R". Then the right
translation by 24 gives

(2',p") 24 = (a', P),
where

' ' ) Xn: ot I pi
Pl = p + Al(F) e , (5.21)
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and the argument 7 is determined from the composability condition as in (5.19). Notice
that the right translations preserve each s-fiber, that is, points move along s-fibers under
the right action of bisections. As a result, the gauge invariant positions coincide with the
original coordinates x. Only the momenta are modified according to (5.21).

The covariant field strength tensor F* = %Ff;C dz! A dz* has components

n
Fo= 0 Al — 0,AF = >~ ol (AT6] + 2" 9 A") (A7 6], + 27 0, A7) . (5.22)
ij=1
Let 8 = (z, B(x)) for some infinitesimal functions B(z). It follows from (5.22) that %8
is a Lagrangian bisection if 9;B’ — 8; B’ = 0. Using (5.18) one can compute

- . 3" ot ad Bi(a)
nB.yA (;UZ,BZ(:U) + Ai(Fp)eit ) ,

where

n .. . .
> o zd BI(x)

I =a'ei=!

Taking B'(z) = 0;e(x), we obtain the infinitesimal gauge transformation
. n .. . .. . .
5 A" =" (67 — a2l o?" A'(x)) Dje + {A" €} (5.23)
j=1

The minimal coupling of the particle to the external electromagnetic field is now described
by the Lagrangian

n n

L:Zpia'viJrZ ' pta (2 p) + 27 ) — NH(z, P), (5.24)
i=1 ij=1

where the gauge invariant momenta P! are defined by (5.21) and (5.19). By construction, this

Lagrangian is invariant (up to total derivative) under the combined gauge transformations

of the electromagnetic field (5.23) and the canonical transformations of the phase space

variables given by

n

bt = ol e@} =0  and o = {p,e(@)} = —Oe(@) eit

otk pk zk

Here we used (5.20). Of course, by changing the dynamical variables as (x,p) — (Z,p) one
can bring the Lagrangian (5.24) into a form where the electromagnetic potentials A(Z) depend
on the ‘position coordinates’ . Contrary to x, however, the new position coordinates &

are not gauge invariant when o% # 0.

6 Conclusions

Summary of results. In this paper we have interpreted the classical phase space of a point
particle on a noncommutative spacetime, regarded as the quantization of a Poisson manifold,
as the corresponding integrating symplectic groupoid. This provides a conceptual geometric
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explanation for the structure of the gauge sector of Poisson electrodynamics through the role
of bisections of symplectic groupoids. We used this description to explicitly realise the gauge
invariant minimal coupling of a dynamical charged particle to a background gauge field in
Poisson electrodynamics. We constructed both gauge covariant as well as gauge invariant
field strength tensors which are related to one another through the actions of bisections,
and briefly addressed the problem of formulating gauge invariant action functionals for the
electromagnetic field.

The geometric realisations of these physical quantities in terms of symplectic groupoids
are concisely summarised in table 1. From a conceptual point of view, our constructions
provide a precise mathematical meaning to earlier proposals of the role of curved momentum
spaces in noncommutative geometry. As one particular phenomenon anticipated from early
studies of noncommutative gauge theories, we explicitly demonstrated the interplay between
gauge transformations and spacetime diffeomorphisms, as well as the related appearance of
emergent gravity phenomena in Poisson electrodynamics.

Further extensions and applications. A tantalizing perspective of our approach stems
from the fact that a Poisson manifold can be quantized by a twisted polarized convolution
C*-algebra of a symplectic groupoid, extending standard geometric quantization of symplectic
manifolds; see e.g. [46, 48] and references therein. It would be interesting to exploit this
quantization to produce a complete noncommutative gauge theory for the first time, beyond
the semi-classical sector captured by Poisson electrodynamics. Among other things, this
approach has the prospect of elucidating the geometric origin and algebraic structure of
full noncommutative gauge symmetries.

Another interesting avenue would be to generalise our geometric perspective to the
case of twisted Poisson manifolds, which are integrated by a twisted version of symplectic
groupoids [49]. Twisted Poisson brackets are quantized by nonassociative star-products and
arise in the dynamics of electric charges in smooth magnetic monopole backgrounds as well as
in string theory on certain flux compactifications; see [50] for a review and references therein.
The symplectic embeddings in these instances are described in [18-20] and the gauge sector
of twisted Poisson electrodynamics in [20]. It would be interesting to understand how these
constructions are explained geometrically in terms of the twisted symplectic groupoids of [49].

Our proposed construction of minimal interaction allows, in principle, experimental
verification of the hypothesis of spacetime noncommutativity. For example, one can test
the deviation from Coulomb’s law for a pair of charged particles due to one or another
form of noncommutativity. Upon quantization such a deviation should inevitably manifest
itself in atomic spectra; even if the corresponding measurements are beyond the reach of
current experiments. Another option is to study the magnetic susceptibility of an electron
gas within the framework of our proposed model of minimal interaction. As is well known,
a non-zero magnetic susceptibility is a purely quantum effect due to the noncommutativity
of position coordinates and momenta (Landau diamagnetism). The noncommutativity of
position coordinates themselves should contribute to the overall susceptibility of the electron
gas. This provides another possible test for noncommutativity.

Our results may also have implications for the hypothesis of Lorentz-invariance violation,
which has been a topic of intensive investigation in both theoretical and experimental high

— 30 —



energy physics, see e.g. [51-57]. At low energies, one can describe hypothetical Lorentz
violating effects by an effective field theory called a ‘standard model extension’ The idea
is to include into the standard model Lagrangian all possible terms that, while violating
Lorentz and CPT invariance, do respect the standard gauge invariance and renormalization
properties; in so doing, various tensor coefficients responsible for breaking Lorentz invariance
are interpreted as expectation values in some fundamental (yet unknown) theory. The case
of the pure electromagnetic field was considered in [58]. Poisson electrodynamics offers a
refined interpretation of the Lorentz-invariance violating terms — all of them arise from a
background Poisson bivector. Furthermore, unlike the various standard model extensions,
the violation of the Lorentz symmetry is accompanied here with a non-trivial deformation
of the gauge group. All this makes Poisson electrodynamics quite rigid and therefore more
specific with respect to the predictions of Lorentz violation.

Poisson electrodynamics features a remarkable duality between the noncommutativity of
spacetime and the curvature of momentum space. As discussed in section 5.2, the simplest
su(2)-type Poisson brackets leads to a model of a non-relativistic particle whose momenta
form a three-sphere S2, rather than R3. The radius of the momentum sphere turns out to be
the reciprocal to the uncertainty in measurements of spacetime coordinates. The compactness
of the momentum space has numerous far-reaching physical consequences: from the existence
of a natural ultraviolet cut-off in quantum field theory and negative-temperature states in
classical thermodynamics to deviations in Planck’s radiation law and caloric properties of
gases at very high temperatures [1]. More recent proposals for experimental tests of the
curvature of momentum space can be found in [8]. It should be noted that all previous works
on curved momentum space treated the curvature exclusively in terms of Riemannian or
affine geometry. Our analysis clearly demonstrates that the true geometry behind curved
momentum spaces is that of symplectic groupoids.

Acknowledgments

We would like to acknowledge an enlightening correspondence with Alan Weinstein. This
article is based upon work from COST Action CaLLISTA CA21109 supported by COST
(European Cooperation in Science and Technology). R.J.S. thanks the Centro de Matemaética,
Computacao e Cognigao of the Universidade de Federal do ABC for hospitality and support
during the initial stages of this work. V.G.K. acknowledges support from the CNPq Grant
304130/2021-4. The work of V.G.K. and R.J.S. was supported in part by the FAPESP Grant
2021/09313-8. The work of A.A.S. was partially supported by the FAPESP Grant 2022/13596-
8 and by the Foundation for the Advancement of Theoretical Physics and Mathematics
“BASIS”. The results of section 5.3 were obtained under the exclusive support of the Ministry
of Science and Higher Education of the Russian Federation (project No. FSWM-2020-0033).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

,31,


https://creativecommons.org/licenses/by/4.0/

References

[

2]
3]

(4]

[5]

[10]
[11]

[12]

[13]

[15]

[16]

[17]

[18]

[19]

[20]

M. Born, A suggestion for unifying quantum theory and relativity, Proc. Roy. Soc. Lond. A 165
(1938) 291 [INSPIRE].

M. Born, Reciprocity Theory of Elementary Particles, Rev. Mod. Phys. 21 (1949) 463 [INSPIRE].

Y.A. Golfand, Quantum field theory in constant curvature p-space, Zh. Eksp. Teor. Fiz. 43
(1962) 256 [INSPIRE].

M. Arzano, Anatomy of a deformed symmetry: field quantization on curved momentum space,
arXiv:1009.1097 [DOI:10.1103/PhysRevD.83.025025].

V.G. Kadyshevsky, M.D. Mateev, R.M. Mir-Kasimov and I.P. Volobuev, Equations of Motion for
the Scalar and the Spinor Fields in Four-Dimensional Noneuclidean Momentum Space, Theor.
Math. Phys. 40 (1979) 800 [INSPIRE].

J. Kowalski-Glikman, Living in Curved Momentum Space, Int. J. Mod. Phys. A 28 (2013)
1330014 [arXiv:1303.0195] [INSPIRE].

S. Franchino-Vinas, S. Mignemi and J.J. Relancio, The beauty of curved momentum space, PoS
CORFU2022 (2023) 340 [arXiv:2303.08220] INSPIRE].

G. Amelino-Camelia, L. Freidel, J. Kowalski-Glikman and L. Smolin, The principle of relative
locality, Phys. Rev. D 84 (2011) 084010 [arXiv:1101.0931] InSPIRE].

M. Bronstein, Quantum theory of weak gravitational fields, Gen. Rel. Grav. 44 (2012) 267
[INSPIRE].

H.S. Suyder, Quantized space-time, Phys. Rev. 71 (1947) 38 [INSPIRE].

H.S. Snyder, The Electromagnetic Field in Quantized Space-Time, Phys. Rev. 72 (1947) 68
[INSPIRE].

L. Buoninfante, Mazimal acceleration, reciprocity & nonlocality, Int. J. Mod. Phys. D 30 (2021)
2142012 [arXiv:2105.08167] [INSPIRE].

L. Freidel and E.R. Livine, 3D Quantum Gravity and Effective Noncommutative Quantum Field
Theory, Phys. Rev. Lett. 96 (2006) 221301 [hep-th/0512113] [INSPIRE].

D. Lust, E. Malek and R.J. Szabo, Non-geometric Kaluza-Klein monopoles and magnetic duals
of M-theory R-flur backgrounds, JHEP 10 (2017) 144 [arXiv:1705.09639] [INSPIRE].

N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 09 (1999) 032
[hep-th/9908142] [INSPIRE].

M.R. Douglas and N.A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73 (2001) 977
[hep-th/0106048] [INSPIRE].

R.J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378 (2003) 207
[hep-th/0109162] [INSPIRE].

V.G. Kupriyanov and R.J. Szabo, Symplectic realization of electric charge in fields of monopole
distributions, Phys. Rev. D 98 (2018) 045005 [arXiv:1803.00405] [INSPIRE].

V.G. Kupriyanov, Recurrence relations for symplectic realization of (quasi)-Poisson structures, J.
Phys. A 52 (2019) 225204 [arXiv:1805.12040] [INSPIRE].

V.G. Kupriyanov and R.J. Szabo, Symplectic embeddings, homotopy algebras and almost Poisson
gauge symmetry, J. Phys. A 55 (2022) 035201 [arXiv:2101.12618] [INSPIRE].

- 32 —


https://doi.org/10.1098/rspa.1938.0060
https://doi.org/10.1098/rspa.1938.0060
https://inspirehep.net/literature/2011515
https://doi.org/10.1103/revmodphys.21.463
https://inspirehep.net/literature/2012497
https://inspirehep.net/literature/1804273
https://arxiv.org/abs/1009.1097
https://doi.org/10.1103/PhysRevD.83.025025
https://doi.org/10.1007/BF01032066
https://doi.org/10.1007/BF01032066
https://inspirehep.net/literature/120880
https://doi.org/10.1142/S0217751X13300147
https://doi.org/10.1142/S0217751X13300147
https://arxiv.org/abs/1303.0195
https://inspirehep.net/literature/1222147
https://doi.org/10.22323/1.436.0340
https://doi.org/10.22323/1.436.0340
https://arxiv.org/abs/2303.08220
https://inspirehep.net/literature/2642424
https://doi.org/10.1103/PhysRevD.84.084010
https://arxiv.org/abs/1101.0931
https://inspirehep.net/literature/883371
https://doi.org/10.1007/s10714-011-1285-4
https://inspirehep.net/literature/1087163
https://doi.org/10.1103/PhysRev.71.38
https://inspirehep.net/literature/4034
https://doi.org/10.1103/PhysRev.72.68
https://inspirehep.net/literature/42454
https://doi.org/10.1142/S0218271821420128
https://doi.org/10.1142/S0218271821420128
https://arxiv.org/abs/2105.08167
https://inspirehep.net/literature/1863738
https://doi.org/10.1103/PhysRevLett.96.221301
https://arxiv.org/abs/hep-th/0512113
https://inspirehep.net/literature/700229
https://doi.org/10.1007/JHEP10(2017)144
https://arxiv.org/abs/1705.09639
https://inspirehep.net/literature/1601405
https://doi.org/10.1088/1126-6708/1999/09/032
https://arxiv.org/abs/hep-th/9908142
https://inspirehep.net/literature/505947
https://doi.org/10.1103/RevModPhys.73.977
https://arxiv.org/abs/hep-th/0106048
https://inspirehep.net/literature/557835
https://doi.org/10.1016/S0370-1573(03)00059-0
https://arxiv.org/abs/hep-th/0109162
https://inspirehep.net/literature/563085
https://doi.org/10.1103/PhysRevD.98.045005
https://arxiv.org/abs/1803.00405
https://inspirehep.net/literature/1658084
https://doi.org/10.1088/1751-8121/ab10e8
https://doi.org/10.1088/1751-8121/ab10e8
https://arxiv.org/abs/1805.12040
https://inspirehep.net/literature/1675672
https://doi.org/10.1088/1751-8121/ac411c
https://arxiv.org/abs/2101.12618
https://inspirehep.net/literature/1843970

[21] M.V. Karasev and V.P. Maslov, Nonlinear Poisson Brackets: Geometry and Quantization,
American Mathematical Society (1993) [DOI:10.1090/mmono/119].

[22] D.J. Gross, A. Hashimoto and N. Itzhaki, Observables of noncommutative gauge theories, Adv.
Theor. Math. Phys. 4 (2000) 893 [hep-th/0008075] [NSPIRE].

[23] F. Lizzi, R.J. Szabo and A. Zampini, Geometry of the gauge algebra in noncommutative
Yang-Mills theory, JHEP 08 (2001) 032 [hep-th/0107115] [INSPIRE].

[24] V.G. Kupriyanov, Poisson gauge theory, JHEP 09 (2021) 016 [arXiv:2105.14965] [INSPIRE].

[25] M. Kurkov and P. Vitale, Four-dimensional noncommutative deformations of U(1) gauge theory
and Lo, bootstrap, JHEP 01 (2022) 032 [arXiv:2108.04856] [INSPIRE].

[26] O. Abla, V.G. Kupriyanov and M.A. Kurkov, On the L, structure of Poisson gauge theory, J.
Phys. A 55 (2022) 384006 [arXiv:2202.10227] [INSPIRE].

[27] V.G. Kupriyanov, M.A. Kurkov and P. Vitale, Poisson gauge models and Seiberg- Witten map,
JHEP 11 (2022) 062 [arXiv:2209.13044] [iNSPIRE].

[28] V.G. Kupriyanov, M.A. Kurkov and P. Vitale, Lie-Poisson gauge theories and k-Minkowski
electrodynamics, JHEP 11 (2023) 200 [arXiv:2304.04857] [INSPIRE].

[29] O. Abla and M.J. Neves, Effects of wave propagation in canonical Poisson gauge theory under an
external magnetic field, EPL 144 (2023) 24001 [arXiv:2305.14514] [INSPIRE].

[30] A.C. da Silva and A. Weinstein, Geometric Models for Noncommutative Algebras, American
Mathematical Society (1999) [ISBN: 9780821809525].

[31] K.C.H. Mackenzie, General Theory of Lie Groupoids and Lie Algebroids, Cambridge University
Press (2005) [DOI:10.1017/cbo9781107325883].

[32] I. Vaisman, Lectures on the Geometry of Poisson Manifolds, first edition, Birkhduser (1994)
[DOI:10.1007/978-3-0348-8495-2].

[33] T. Ratiu, A. Weinstein and N. Tien Zung, Proceedings, Lectures on Poisson Geometry,
Mathematical Sciences Publishers, Bekeley, CA (2011) [DOI:10.2140/gtm.2011.17] INSPIRE].

[34] A. Weinstein, Groupoids: unifying internal and external symmetry, math/9602220.

[35] T. Rybicki, On the group of lagrangian bisections of a symplectic groupoid, Banach Center Publ.
54 (2001) 235.

[36] Y. Kosmann-Schwarzbach, Multiplicativity, from Lie groups to generalized geometry, Banach
Center Publ. 110 (2016) 131 [arXiv:1511.02491].

[37] J.-M. Souriau, Structure of Dynamical Systems: A Symplectic View of Physics, first edition,
Birkhéuser Basel (1997) [ISBN: 9780817636951].

[38] S.L. Lyakhovich, A.Y. Segal and A.A. Sharapov, A universal model of D = 4 spinning particle,
Phys. Rev. D 54 (1996) 5223 [hep-th/9603174| [INSPIRE].

[39] C. Duval and P. Horvathy, Particles With Internal Structure: The Geometry of Classical
Motions and Conservation Laws, Annals Phys. 142 (1982) 10 [nSPIRE].

[40] A. Weinstein, The modular automorphism group of a Poisson manifold, J. Geom. Phys. 23
(1997) 379.

[41] E. Langmann and R.J. Szabo, Teleparallel gravity and dimensional reductions of
noncommutative gauge theory, Phys. Rev. D 64 (2001) 104019 [hep-th/0105094] [INSPIRE].

— 33 —


https://doi.org/10.1090/mmono/119
https://doi.org/10.4310/ATMP.2000.v4.n4.a4
https://doi.org/10.4310/ATMP.2000.v4.n4.a4
https://arxiv.org/abs/hep-th/0008075
https://inspirehep.net/literature/531491
https://doi.org/10.1088/1126-6708/2001/08/032
https://arxiv.org/abs/hep-th/0107115
https://inspirehep.net/literature/559986
https://doi.org/10.1007/JHEP09(2021)016
https://arxiv.org/abs/2105.14965
https://inspirehep.net/literature/1866142
https://doi.org/10.1007/JHEP01(2022)032
https://arxiv.org/abs/2108.04856
https://inspirehep.net/literature/1903564
https://doi.org/10.1088/1751-8121/ac87df
https://doi.org/10.1088/1751-8121/ac87df
https://arxiv.org/abs/2202.10227
https://inspirehep.net/literature/2035651
https://doi.org/10.1007/JHEP11(2022)062
https://arxiv.org/abs/2209.13044
https://inspirehep.net/literature/2157284
https://doi.org/10.1007/JHEP11(2023)200
https://arxiv.org/abs/2304.04857
https://inspirehep.net/literature/2650480
https://doi.org/10.1209/0295-5075/ad0574
https://arxiv.org/abs/2305.14514
https://inspirehep.net/literature/2662346
https://doi.org/10.1017/cbo9781107325883
https://doi.org/10.1007/978-3-0348-8495-2
https://doi.org/10.2140/gtm.2011.17
https://inspirehep.net/literature/1614688
https://arxiv.org/abs/math/9602220
https://doi.org/10.4064/bc54-0-13
https://doi.org/10.4064/bc54-0-13
https://doi.org/10.4064/bc110-0-10
https://doi.org/10.4064/bc110-0-10
https://arxiv.org/abs/1511.02491
https://doi.org/10.1103/PhysRevD.54.5223
https://arxiv.org/abs/hep-th/9603174
https://inspirehep.net/literature/417115
https://doi.org/10.1016/0003-4916(82)90226-3
https://inspirehep.net/literature/167827
https://doi.org/10.1016/s0393-0440(97)80011-3
https://doi.org/10.1016/s0393-0440(97)80011-3
https://doi.org/10.1103/PhysRevD.64.104019
https://arxiv.org/abs/hep-th/0105094
https://inspirehep.net/literature/556427

[42]

[43]

[44]

[45]

[46]

V.0O. Rivelles, Noncommutative field theories and gravity, Phys. Lett. B 558 (2003) 191
[hep-th/0212262] [INSPIRE].

H.S. Yang, Ezact Seiberg- Witten map and induced gravity from noncommutativity, Mod. Phys.
Lett. A 21 (2006) 2637 [hep-th/0402002] [INSPIRE].

R.J. Szabo, Symmetry, gravity and noncommutativity, Class. Quant. Grav. 23 (2006) R199
[hep-th/0606233] [INSPIRE].

H. Steinacker, Emergent Geometry and Gravity from Matriz Models: an Introduction, Class.
Quant. Grav. 27 (2010) 133001 [arXiv:1003.4134] [INSPIRE].

C. Saemann and R.J. Szabo, Groupoids, Loop Spaces and Quantization of 2-Plectic Manifolds,
Rev. Math. Phys. 25 (2013) 1330005 [arXiv:1211.0395] [INSPIRE].

S. Li and D. Rupel, Symplectic groupoids for cluster manifolds, J. Geom. Phys. 154 (2020)
103688.

E. Hawkins, A groupoid approach to quantization, J. Sympl. Geom. 6 (2008) 61 [math/0612363].

A.S. Cattaneo and P. Xu, Integration of twisted Poisson structures, J. Geom. Phys. 49 (2004)
187 [math/0302268] [INSPIRE].

R.J. Szabo, An Introduction to Nonassociative Physics, PoS CORFU2018 (2019) 100
[arXiv:1903.05673] [INSPIRE].

D. Colladay and V.A. Kostelecky, Lorentz violating extension of the standard model, Phys. Reuv.
D 58 (1998) 116002 [hep-ph/9809521] [INSPIRE].

S.R. Coleman and S.L. Glashow, High-energy tests of Lorentz invariance, Phys. Rev. D 59 (1999)
116008 [hep-ph/9812418] [INSPIRE].

V.A. Kostelecky, Gravity, Lorentz violation, and the standard model, Phys. Rev. D 69 (2004)
105009 [hep-th/0312310] [iNSPIRE].

S. Liberati, Tests of Lorentz invariance: a 2013 update, Class. Quant. Grav. 30 (2013) 133001
[arXiv:1304.5795] [INSPIRE].

PIERRE AUGER collaboration, Testing effects of Lorentz invariance violation in the propagation
of astroparticles with the Pierre Auger Observatory, JCAP 01 (2022) 023 [arXiv:2112.06773]
[INSPIRE].

A. Sarker, A. Medhi and M.M. Devi, Investigating the effects of Lorentz Invariance Violation on
the CP-sensitivities of the Deep Underground Neutrino Ezperiment, Eur. Phys. J. C 83 (2023)
592 [arXiv:2302.10456] [INSPIRE].

J.D. Finke and S. Razzaque, Possible Evidence for Lorentz Invariance Violation in Gamma-Ray
Burst 221009A, Astrophys. J. Lett. 942 (2023) L21 [arXiv:2210.11261] [INSPIRE].

V.A. Kostelecky and M. Mewes, Electrodynamics with Lorentz-violating operators of arbitrary
dimension, Phys. Rev. D 80 (2009) 015020 [arXiv:0905.0031] [INSPIRE].

— 34 —


https://doi.org/10.1016/S0370-2693(03)00271-5
https://arxiv.org/abs/hep-th/0212262
https://inspirehep.net/literature/605367
https://doi.org/10.1142/S0217732306021682
https://doi.org/10.1142/S0217732306021682
https://arxiv.org/abs/hep-th/0402002
https://inspirehep.net/literature/643757
https://doi.org/10.1088/0264-9381/23/22/R01
https://arxiv.org/abs/hep-th/0606233
https://inspirehep.net/literature/719965
https://doi.org/10.1088/0264-9381/27/13/133001
https://doi.org/10.1088/0264-9381/27/13/133001
https://arxiv.org/abs/1003.4134
https://inspirehep.net/literature/849615
https://doi.org/10.1142/S0129055X13300057
https://arxiv.org/abs/1211.0395
https://inspirehep.net/literature/1198040
https://doi.org/10.1016/j.geomphys.2020.103688
https://doi.org/10.1016/j.geomphys.2020.103688
https://doi.org/10.4310/jsg.2008.v6.n1.a4
https://arxiv.org/abs/math/0612363
https://doi.org/10.1016/S0393-0440(03)00086-X
https://doi.org/10.1016/S0393-0440(03)00086-X
https://arxiv.org/abs/math/0302268
https://inspirehep.net/literature/619428
https://doi.org/10.22323/1.347.0100
https://arxiv.org/abs/1903.05673
https://inspirehep.net/literature/1724945
https://doi.org/10.1103/PhysRevD.58.116002
https://doi.org/10.1103/PhysRevD.58.116002
https://arxiv.org/abs/hep-ph/9809521
https://inspirehep.net/literature/476815
https://doi.org/10.1103/PhysRevD.59.116008
https://doi.org/10.1103/PhysRevD.59.116008
https://arxiv.org/abs/hep-ph/9812418
https://inspirehep.net/literature/481071
https://doi.org/10.1103/PhysRevD.69.105009
https://doi.org/10.1103/PhysRevD.69.105009
https://arxiv.org/abs/hep-th/0312310
https://inspirehep.net/literature/636528
https://doi.org/10.1088/0264-9381/30/13/133001
https://arxiv.org/abs/1304.5795
https://inspirehep.net/literature/1229277
https://doi.org/10.1088/1475-7516/2022/01/023
https://arxiv.org/abs/2112.06773
https://inspirehep.net/literature/1989395
https://doi.org/10.1140/epjc/s10052-023-11785-4
https://doi.org/10.1140/epjc/s10052-023-11785-4
https://arxiv.org/abs/2302.10456
https://inspirehep.net/literature/2635079
https://doi.org/10.3847/2041-8213/acade1
https://arxiv.org/abs/2210.11261
https://inspirehep.net/literature/2168025
https://doi.org/10.1103/PhysRevD.80.015020
https://arxiv.org/abs/0905.0031
https://inspirehep.net/literature/819249

	Introduction
	Symplectic groupoids
	Bisections
	Classical Poisson electrodynamics
	Examples
	Constant Poisson structures
	Linear Poisson brackets
	A class of quadratic Poisson brackets

	Conclusions

