
J
H
E
P
0
3
(
2
0
2
4
)
0
2
7

Published for SISSA by Springer

Received: January 5, 2024
Accepted: February 6, 2024

Published: March 5, 2024

Direct quarkonium-plus-gluon production in DIS in the
color glass condensate

Zhong-Bo Kang,a,b,c Emilie Lid and Farid Salazar e,f,a,b

aDepartment of Physics and Astronomy, University of California,
Los Angeles, California 90095, U.S.A.

bMani L. Bhaumik Institute for Theoretical Physics, University of California,
Los Angeles, California 90095, U.S.A.

cCenter for Frontiers in Nuclear Science, Stony Brook University,
Stony Brook, NY 11794, U.S.A.

dUniversité Paris-Saclay, CNRS/IN2P3, IJCLab,
91405, Orsay, France

eNuclear Science Division, Lawrence Berkeley National Laboratory,
Berkeley, California 94720, U.S.A.

fPhysics Department, University of California,
Berkeley, California 94720, U.S.A.

E-mail: zkang@ucla.edu, emilie.li@ijclab.in2p3.fr, salazar@lbl.gov

Abstract: We compute the differential cross-section for direct quarkonium production
accompanied by a gluon in high-energy deep inelastic scattering (DIS) at small-x. We employ
the Non-Relativistic QCD factorization framework, focusing on the S-wave contribution to
the formation of the quarkonium, and including both color singlet and octet contributions.
Our short distance coefficients for the production of the heavy quark pair are obtained within
the Color Glass Condensate effective field theory. Our results pave the way towards the
next-to-leading order computation of direct quarkonium in DIS, as well as the study of
azimuthal correlations of direct quarkonium and jet.

Keywords: Deep Inelastic Scattering or Small-x Physics, Quarkonium

ArXiv ePrint: 2310.12102

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP03(2024)027

https://orcid.org/0000-0002-4007-6136
mailto:zkang@ucla.edu
mailto:emilie.li@ijclab.in2p3.fr
mailto:salazar@lbl.gov
https://arxiv.org/abs/2310.12102
https://doi.org/10.1007/JHEP03(2024)027


J
H
E
P
0
3
(
2
0
2
4
)
0
2
7

Contents

1 Introduction 2

2 Theoretical framework 3
2.1 Kinematics and notations 3
2.2 NRQCD factorization 5
2.3 Color Glass Condensate 6
2.4 Outline of the computation 8

3 QQ̄g production in the CGC 10
3.1 Gluon emission from quark before the shockwave 11

3.1.1 The scattering amplitude 11
3.1.2 Explicit calculation of the Dirac structures and transverse momenta

integrals 14
3.2 Results for the amplitude 14
3.3 Gluon emission from quark after the shockwave 15
3.4 Gluon emission from antiquark 17

4 Short-distance coefficients for QQ̄rκsg amplitude in CGC + NRQCD 19
4.1 Gluon emission from quark before the shockwave 19
4.2 Gluon emission from quark after the shockwave 21
4.3 Gluon emission from antiquark 22

5 Differential cross-section for direct quarkonium + gluon production 24
5.1 Color Correlators 25
5.2 Perturbative factors 27

5.2.1 Longitudinally polarized photon 28
5.2.2 Transversely polarized photon 30

6 Summary and outlook 34

A Feynman rules 35

B Gamma traces 36

C Dirac structure manipulation for gluon emission 37

D Lorentz contraction with Pαρ 39

E Transverse momentum integrals for the R1 diagrams 39
E.1 Schwinger’s parametrization 40
E.2 Feynman parametrization 43

– 1 –



J
H
E
P
0
3
(
2
0
2
4
)
0
2
7

1 Introduction

Due to their rapid proliferation at small x, it is well-known that gluons constitute the dominant
partonic component of the content of hadronic and nuclear matter in the high-energy limit.
It is expected that this fast growth cannot go unchecked and that the gluon density must
eventually saturate due to the non-linear interactions of quantum chromodynamics [1, 2].
The experimental observation for gluon saturation in collider experiments is one of the
outstanding topics in high-energy nuclear physics [3–11]. The Color Glass Condensate (CGC)
effective theory provides a systematic framework to study this novel regime of matter of high
parton densities [12–17]. A hallmark consequence of the CGC is the suppression of particle
production when the typical transverse momenta or invariant mass is commensurate to the
energy-dependent momentum saturation scale [18–34]. Heavy-quarkonium production in
high-energy proton-proton and proton-nucleus collisions at RHIC and the LHC [35–46] (see
also [47–54] for open heavy flavor studies) is a particularly compelling observable as the mass
of the heavy quarkonium provides a semi-hard scale comparable to the expected saturation
scales reached on these collision systems. Analogous studies have been proposed in deep
inelastic scattering (DIS) at the future Electron-Ion Collider (EIC), albeit the majority of
them focusing on diffractive production [55–68]. Recently, direct quarkonium production
in DIS has been studied at small-x within the transverse momentum dependent framework
in [69–71], and within the CGC effective theory in [72]. In this work, we further extend these
studies by computing direct quarkonium production accompanied by a gluon in DIS and
within the joint framework of the CGC and the Non-relativistic Quantum Chromodynamics
(NRQCD) formalism [73]. Our calculation paves the way for the computation of direct
quarkonium production at the next-to-leading order in the CGC, as well as the study of
azimuthal correlations of direct quarkonium + jet/hadron production in the saturated regime.

This paper is organized as follows. In section 2 we begin by setting up the kinematics of the
process under consideration, as well as the notations and conventions to be followed throughout
the manuscript. We then briefly review the basic theoretical tools of our computation: the
NRQCD formalism and the CGC Effective Field Theory. In particular, we introduce the
momentum space Feynman rules with CGC effective vertices that encode the multiple
scattering of quarks and gluons with the strong gluon field of the nucleus. We then review
the computation of heavy quark pair + gluon production in virtual photon nucleus collision
in section 3. We follow the strategy in [74] by performing our computation using covariant
perturbation theory. The projection of the heavy quark pair into the S-wave states is
performed in section 4, where we include both color octet and singlet contributions. The
complete results for short distance coefficients for the differential cross-section are gathered in
section 5. We present a brief outlook of the potential application of our results in section 6.

Our manuscript is supplemented by multiple appendices. First, we remind the readers
of the usual Feynman rules and set conventions in appendix A. We then present several
useful identities for the traces of gamma matrices, simplification of the Dirac structures, and
Lorentz contractions in appendices B , C and D respectively. We close the manuscript by
presenting integrals over transverse components of the loop momenta that are present in
scattering amplitudes for diagrams where the gluon is emitted before the shockwave.
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Figure 1. Representative diagram for direct quarkonium + gluon production in electron-nucleus
collisions within the joint CGC + NRQCD framework. The gray oval with the black circles represents
the interaction of the heavy quark pair and gluon with the gluon shockwave of the nucleus. The red
oval represents the hadronization of the heavy quark pair to the quarkonium H with momentum p.

2 Theoretical framework

We study direct quarkonium production H accompanied by a gluon g in deep inelastic
lepton-nucleus scattering at small-x,

epkeq`ApApnqÑ epk1eq`Hppq`gppgq`X , (2.1)

as shown in figure 1. In this section, we introduce the basic conventions and kinematic
variables to be used throughout the manuscript. We then briefly review the basic elements of
the Color Glass Condensate effective field theory and the Non-relativistic QCD formalism
needed for our computation.

2.1 Kinematics and notations

We define two light-cone vectors nµ
1 “p1,0,0Kq and nµ

2 “p0,1,0Kq giving the ` and ´ directions
respectively. The Sudakov decomposition of any vector has the form

pµ “ p`nµ
1 `p

´nµ
2 `p

µ
K . (2.2)

The scalar product of two vectors is given by

a¨b“ a`b´`a´b``aK ¨bK ,

“ a`b´`a´b`´a⃗ ¨⃗b . (2.3)
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We work in a dipole frame where the target moves ultra-relativistically in the ´ light-cone
direction while the photon flies close to the ` light-cone direction, as shown in figure 1. The
average four-momentum of the nucleon in the nucleus is

pµ
n “

`

0,p´n ,0K
˘

, (2.4)

where we ignored the mass of the nucleon. The four-momentum of the virtual photon is
given by

qµ “

ˆ

q`,´
Q2

2q` ,0K
˙

. (2.5)

We will denote pq,pq̄,pg the momenta of the on-shell quark, antiquark, and gluon respectively.
The momenta pq,pq̄ will be parameterized as

pq “
p

2`k ,

pq̄ “
p

2´k , (2.6)

where p is the total momentum of the heavy quark pair, and k is half their relative momentum.
The on-shell conditions for the quark (antiquark) are

p2
q “

´p

2`k
¯2

“m2
Q ,

p2
q̄ “

´p

2´k
¯2

“m2
Q , (2.7)

with mQ the heavy quark mass. These two conditions imply

p¨k“ 0 ,
p2 “ 4pm2

Q´k2q . (2.8)

We define the longitudinal momentum fraction of the quark, antiquark, and gluon with
respect to the photon as:

xq “
p`q
q`
, xq̄ “

p`q̄
q`
, xg “

p`g
q`

. (2.9)

Furthermore, we introduce ξ“ k`{q`. Then we find the following relations between the
momentum fractions, using the longitudinal momentum conservation q`“ p``p`g :

pq “
p

2`kñxq “
1
2´

xg

2 `ξ ,

pq̄ “
p

2´kñxq̄ “
1
2´

xg

2 ´ξ .
(2.10)

We denote the polarizations of the virtual photon and the radiated gluon as λ and λ̄

respectively. The two transverse polarizations are denoted by λ, λ̄“˘1, and for the virtual
photon the longitudinal polarization is denoted by λ“ 0. The spin indices for the quark and
antiquark are indicated as s and s̄ respectively. The color indices of the quark, antiquark,
and gluon are i, ī and a respectively.

For convenience, we summarize the kinematics variables and quantum numbers in table 1.
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pA four-momentum of the nucleus
pn “ pA{A average four-momentum of a nucleon in the nucleus

ke incoming electron four-momentum
k1e outgoing electron four-momentum

q“ ke´k
1
e virtual photon four-momentum

s“ppn`keq
2 center of mass energy squared per nucleon

of the electron-nucleus system
W 2 “ppn`qq

2 center of mass energy squared per nucleon
of the virtual photon-nucleus system

Q2 “´q2 virtuality squared of incoming photon
pq,pq̄,pg quark, antiquark, gluon four-momenta
m2

Q quark (antiquark) mass squared
p“ pq`pq̄ total momentum of the heavy quark pair

k“ 1
2ppq´pq̄q half the relative momentum of the heavy quark pair

xq,xq̄,xg longitudinal momentum fractions of the quark, antiquark and gluon
relative to the virtual photon

λpλ̄q polarization of virtual photon (gluon)
s, s̄ spin of quark and antiquark
i, ī,a color indices of quark, antiquark and gluon

Table 1. Summary of kinematic variables (see figure 1).

2.2 NRQCD factorization

The differential cross-section for quarkonium production can be factorized using the NRQCD
factorization formalism [73, 75]:

dσH “
ÿ

κ

dσ̂κ xOH
κ y , (2.11)

where κ“ 2S`1L
rcs
J and the symbols S, L J , rcs stand for spin, orbital angular momentum,

total angular momentum, and color state of the heavy quark pair. In this work, we consider
both color singlet r1s and octet contributions r8s. dσ̂κ are the short-distance coefficients for
the production of the heavy quark pair in the quantum state κ, and xOH

κ y are the Long-
Distance matrix Element (LDME), which are typically fitted and encode the non-perturbative
mechanism for the hadronization of the heavy-quark pair QQ̄rκs to the quarkonium. The
short-distance coefficient functions dσ̂κ are averaged over the degenerate quantum states
of the heavy-quark pair

dσ̂κ “
1

Ncolor

1
2J`1

ÿ

Jz

dσ̂κ,Jz , (2.12)

where Ncolor “ 1 for the color singlet state while Ncolor “N2
c ´1 for the color octet state.

Eq. (2.12) is obtained from the scattering amplitude projected onto a specific κ quantum
state of the heavy-quark pair.
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In this work, we focus on the S-wave contribution to the heavy quarkonium production,
for which the projection reads:

Mκ,Jzpp,pgq“
1

?
mQ

ÿ

ss̄

ÿ

īi

B

1
2s;

1
2 s̄|JJz

F

x3i; 3̄̄i|p1,8dqy
“

Mss̄,īipp,0,pgq
‰

, (2.13)

where we used the fact that xLLz;SSz|JJzy“ δJSδ0LzδSzJz for L“ 0 (S-wave). The P -wave
state can be computed in a similar fashion [35], though more involved, and will be presented
in a future publication. The color projector is defined as

x3i; 3̄̄i|cy“C
rcs

īi
“

$

&

%

1?
Nc
δīi if c“ 1

?
2td

īi
if c“ 8 .

(2.14)

To carry out the sum over spins, it is useful to introduce the spin projector:

ΠJJzpp,kq“
1

?
mQ

ÿ

ss̄

B

1
2s;

1
2 s̄|JJz

F

vs̄

´p

2´k
¯

ūs

´p

2`k
¯

. (2.15)

In particular, for the states 1S0 and 3S1 with k“ 0 these projectors are given by [35]

Π00pp,0q“´
1

a

8mQ
γ5 `2mQ`{p

˘

, (2.16)

Π1Jzpp,0q“´
ε˚ρpJzq
a

8mQ
γρ

`

2mQ`{p
˘

, (2.17)

where εpJzq is the polarization vector of the quarkonium which satisfies the relation
ÿ

Jz

ε˚ρpJzqεαpJzq“´gρα`
pρpα

p2 ”Pρα . (2.18)

2.3 Color Glass Condensate

In the Color Glass Condensate effective field theory, the large-x components of the nuclear
target are treated as stochastic classical color sources, characterized by a charge density ρA,
which generates the small-x background color fields [76–80]. For a fast-moving nucleus along
the minus light-cone direction, the color sources generate a current of the form

Jµpx`, x⃗q“ δµ´ρApx
`, x⃗q , (2.19)

where the sub-eikonal components of the current are neglected. In the semi-classical ap-
proximation, the small-x color field is obtained by solving the classical Yang-Mills equations
rDµ,F

µνs“ Jν , where the current is given by eq. (2.19). In light-cone gauge A`
cl “ 0, these

equations have the solution

Aµpx`, x⃗q“ δµ´αApx
`, x⃗q , (2.20)

where αApx
`, x⃗q satisfied the Poisson equation

∇2
KαApx

`, x⃗q“´ρApx
`, x⃗q . (2.21)
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ÝÑ ÝÑ
l1 l

σ, iσ1, j

Figure 2. CGC vertex for quarks.

The expectation value of any observable O in the CGC is computed in perturbation theory
in the presence of the background field Acl for a given configuration of sources ρA, and then
averaging over all possible configurations according to a gauge-invariant weight functional
WY rρAs:

xOrρAsyY “

ż

DρAWY rρAsOrρAs . (2.22)

The rapidity dependence Y is acquired after absorbing large logs Y in the quantum corrections
to the semi-classical approximation. The evolution of WY rρAs follows the JIMWLK non-linear
renormalization group evolution equations [81–86].

Light-like Wilson lines are the relevant degrees of freedom in high-energy scattering
and are defined as

V px⃗q“P` exp
„

ig

ż

dz`A´apz`, x⃗qta
ȷ

, (2.23)

and

U px⃗q“P` exp
„

ig

ż

dz`A´a
`

z`, x⃗
˘

T a

ȷ

, (2.24)

where ta and T a are the generators of SUp3q in the fundamental and adjoint representation
respectively. P` is the path-ordering in the x`- direction. The CGC effective vertex that
resums multiple eikonal interactions of the quark with the background field of the nucleus
illustrated in figure 2 reads [87]

T q
σσ1,ijpl, l

1q“ 2πδpl`´l1`qγ`σσ1

ż

d2z⃗ e´ip⃗l´l⃗1q¨z⃗Vijpz⃗q . (2.25)

Similarly, for the antiquark interaction illustrated in figure 3 one has

T q̄
σσ1,ijpl, l

1q“´2πδpl1`´l`qγ`σσ1

ż

d2z⃗ e´ipl⃗1 ⃗́lq¨z⃗V :
ijpz⃗q . (2.26)

Finally, the CGC effective vertex for the gluon illustrated in figure 4 reads [79, 88]

T g
µν,abpl, l

1q“´p2πqδpl`´l1`qp2l`qgµν sgnpl`q
ż

d2z⃗ e´ip⃗l´l⃗1q¨z⃗U
sgnpl`q

ab pz⃗q . (2.27)

The adjoint Wilson line has a useful identity

V :px⃗qtaV px⃗q“Uabpx⃗qt
b . (2.28)

– 7 –
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ÝÑ ÝÑ
l l1

σ1, jσ, i

Figure 3. CGC vertex for antiquarks.

ÝÑ ÝÑ
l1 l

µ,aν,b

Figure 4. CGC vertex for gluons.

The effective CGC vertices include all possible scatterings off the target, including the
possibility of no-scattering which has to be subtracted to obtain the physical amplitude. This
can be done systematically by subtracting from the scattering amplitude a term in which all
the Wilson lines inside the effective CGC vertices are set to unity. Furthermore, to obtain the
“reduced amplitude” one factorizes the overall delta function from “plus” lightcone momentum
conservation. Mathematically, this amounts to the following operation:

p2πqδ
˜

N
ÿ

i“1
p`i ´q`

¸

M“S´SrA“ 0s . (2.29)

2.4 Outline of the computation

Without loss of generality, we compute the differential cross-section for direct quarkonium
production + gluon in virtual photon-nucleus collision. The DIS result can be readily
obtained from1

dσe`AÑe1`H`g`X

dW 2dQ2d2p⃗d2p⃗gdxg
“

ÿ

λ“L,T
fλpW

2,Q2q
dσγ˚`AÑH`g`X

λ

d2p⃗d2p⃗gdxg
. (2.30)

Here λ denotes the polarization of the virtual photon, and fλpW
2,Q2q are the photon

flux factors:

fλ“LpW
2,Q2q“

αem
πQ2W 2 p1´yq , (2.31)

fλ“TpW
2,Q2q“

αem
2πQ2W 2 r1`p1´yq2s , (2.32)

with y the inelasticity satisfying y“pW 2`Q2q{s.
1Here we assume the azimuthal angle of the scattered electron is integrated out, and thus we do not consider

azimuthal correlations with respect to the electron. Thus, it is sufficient to consider the diagonal elements in
the polarization of the virtual photon [65].
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Following eq. (2.11), the differential cross-section for direct quarkonium + gluon pro-
duction reads

dσγ˚`AÑH`g`X
λ

d2p⃗d2p⃗gdxg
“
ÿ

κ

dσ̂λ
κ

d2p⃗d2p⃗gdxg
xOH

κ y , (2.33)

where the short-distance coefficients for QQ̄rκsg are given by

dσ̂λ
κ “

1
p2q`q2

d2p⃗

p2πq2
d2p⃗g

p2πq2
dxg

4πxgp1´xgq

ˆ
1

Ncolor

Ď

ÿ

Jz

N2
c ´1
ÿ

a“1

ÿ

λ̄“˘1

xMλ,λ̄,a,κ,Jzpp,pgqM:λ,λ̄,a,κ,Jzpp,pgqyY , (2.34)

x¨ ¨ ¨yY refers to the CGC average over all possible charge configurations inside the target at
rapidity scale Y (see section 2.3). We summed over the two transverse polarizations λ̄ and the
color a of the gluon. Furthermore, following the convention in [35], we denote s

ř

Jz

“ 1
2J`1

ř

Jz

.

At the level of the amplitude, there are four contributions to QQ̄g production in DIS:

M“MR1`MR2`MR3`MR4 , (2.35)

where R1 pR3q,R2 pR4q refer to the contributions where the gluon is emitted by the quark
(antiquark) before and after the shockwave respectively. The diagrams associated with
these contributions are shown in figure 5. Thus, at the level of the differential cross-section
in eq. (2.34) there are 16 contributions. The amplitudes for QQ̄g production have the
generic form

Mλ,λ̄,a
R1p3q,ss̄,īi

pp,k,pgq“
eeQ

2π

ż

d2r⃗d2⃗bd2z⃗ e´ik⃗¨r⃗e´ip⃗¨⃗be´ip⃗g ¨z⃗ Ca
R1p3q,īi

´

r⃗, b⃗, z⃗
¯

ˆūs

´p

2`k
¯

N λ,λ̄
R1p3q

pp,k,pg; r⃗, b⃗, z⃗qvs̄

´p

2´k
¯

, (2.36)

for the diagrams in which the gluon is emitted before the shockwave, and

Mλ,λ̄,a
R2p4q,ss̄,īi

pp,k,pgq“
eeQ

2π

ż

d2r⃗d2⃗b e´ik⃗¨r⃗e´ip⃗¨⃗be´ip⃗g ¨p⃗b˘ r⃗
2qCa

R2p4q īi

ˆ

b⃗`
r⃗

2 , b⃗´
r⃗

2

˙

ˆūs

´p

2`k
¯

N λ,λ̄
R2p4q

pp,k,pg; r⃗, b⃗qvs̄

´p

2´k
¯

, (2.37)

for the diagrams in which the gluon is emitted after the shockwave. Here s (s̄) and i (̄i)
are the spin and color index of the quark (antiquark) respectively. As is customary in CGC
calculations, we work with transverse spatial coordinates. The quark (antiquark) scatters
with the shockwave at transverse location x⃗ py⃗q, and the gluon scatters at location z⃗. We
then introduce the coordinates

b⃗“
1
2 px⃗`y⃗q ,

r⃗“ x⃗´y⃗ , (2.38)

– 9 –
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R1 R2

R3 R4

Figure 5. The four diagrams for heavy quark pair + gluon production in DIS in the CGC formalism.
The black circles with the gray oval represent the interaction of the partons with the background field
of the nucleus.

which are conjugate to p⃗ and k⃗ respectively. In addition, Ca
Ri,īi

and N λ,λ̄
Ri

stand for the
color structure and the perturbative factor associated with the diagram Ri. Their explicit
expressions will be computed in section 3. The short-distance coefficients for the amplitude
of QQ̄rκsg are obtained by inserting eq. (2.36) into eq. (2.13) and we have

Mλ,λ̄,a,κ,Jz

R1p3q
pp,pgq“

eeQ

2π

ż

d2r⃗d2⃗bd2z⃗ e´ip⃗¨⃗be´ip⃗g ¨z⃗ Tr
”

Ca
R1p3q

pr⃗, b⃗, z⃗qCrcs
ı

ˆFλ,λ̄,κ,Jz

R1p3q

´

p,pg,Q; r⃗, b⃗, z⃗
¯

, (2.39)

where we have specialized on the S-wave state and defined

Fλ,λ̄,κ,Jz

R1p3q
pp,pg,Q; r⃗, b⃗, z⃗q“Tr

”

ΠJJzpp,0qN λ,λ̄
R1p3q

pp,0,pg; x⃗, y⃗, z⃗q
ı

. (2.40)

Similar expressions are obtained for Mλ,λ̄,κ,Jz

R2p4q
pp,pgq. The functions F will be computed

in section 4.

3 QQ̄g production in the CGC

In this section, we compute the amplitude for QQ̄g production in virtual photon-nucleus
collision in the CGC. This calculation has been carried out in [89, 90] within light-cone pertur-
bation theory (LCPT). Here, we follow the approach in [74] by performing our computation
using covariant perturbation theory.2 We employ the standard QCD+QED Feynman rules

2In section 3 of [74], a procedure to establish the one-to-one correspondence between both approaches
was outlined, where different contributions in LCPT are identified in the covariant approach by a proper

– 10 –
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in momentum space (see appendix A) with the effective CGC vertices in eqs. (2.25), (2.26)
and (2.27). We work in light-cone gauge for the photon and gluon fields: n2 ¨AQED “ 0“A`

QED
and n2 ¨AQCD “ 0“A`

QCD. In this gauge the polarization vectors are

εµpq,λ“ 0q“
ˆ

0, Q
q`
, 0⃗
˙

, (3.1)

εµpq,λ“˘1q“ p0,0, ϵ⃗λq, (3.2)

for the virtual photon, and

εµppg, λ̄“˘1q“
˜

0, ϵ⃗
λ̄ ¨p⃗g

p`g
, ϵ⃗ λ̄

¸

, (3.3)

for the real gluon. Here we introduced the two-dimensional vector

ϵ⃗λ “
1
?
2
p1,˘iq.

It is useful to define ωµν “ 1
2 rγ

µ,γνs. For i, j transverse component indices, we have

γiγj “
1
2
␣

γi,γj
(

`
1
2
“

γi,γj
‰

“ gij
K`ωij . (3.4)

We perform the explicit computation for the amplitudes corresponding to the diagrams R1
(gluon emission from quark before the shockwave) and R2 (gluon emission from quark after
the shockwave). The computation for the contributions R3 and R4 are almost identical,
thus we simply present their results.

3.1 Gluon emission from quark before the shockwave

3.1.1 The scattering amplitude

Using the standard momentum space Feynman rules in appendix A and the CGC effective
vertices presented in section 2.3, one can write the scattering amplitude for the R1 diagram
(figure 6) as:

Sλ,λ̄,a
R1,ss̄,īi

pp,k,pgq

“

ż

d4l1
p2πq4

ż

d4l2
p2πq4 ūsppqqT

q
inppq, l1´l2qS0pl1´l2qigγµt

b
nmS0pl1qp´ieeQ{εpq,λqq

ˆS0pl1´qqT
q̄
mī
pq´l1,pq̄qvs̄ppq̄qε

˚αppg, λ̄qT
g
αν,abppg, l2qG

νµ
0 pl2q . (3.5)

Replacing the propagators and the vertices by their expressions and using the relations in
eq. (A.6) and eq. (2.28), then the scattering amplitude reads

Sλ,λ̄,a
R1,ss̄,īi

pp,k,pgq

“ p2πqδpp`q `p`q̄ `p`g ´q`q
eeQ

2π

ż

d2x⃗ d2y⃗ d2z⃗
“

V px⃗qV :pz⃗qtaV pz⃗qV :py⃗q
‰

īi
e´ip⃗q ¨x⃗

decomposition of the Dirac and Lorentz structures according to its light-cone energy dependence, and
subsequent integration over the light-cone energy via contour integration. Another advantage of the covariant
approach is that one can keep track of the full d dimension dependence of Dirac and Lorentz structures, while
in LCPT one has to extend the notion of helicity sums to ds dimensions [91]. This last point is beyond the
scope of the present manuscript as we work in 4 dimensions only.
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Ñ
q´l1

Ñ
l1

Ñ
l2

Ñ
q,λ

Ñ
pq “

p
2 `k, i,s

Ñ
pq̄ “

p
2 ´k, ī, s̄

Ñ
pg,a, λ̄

Figure 6. Real gluon emission from the quark before the shockwave. Here, l1 and l2 are loop
momenta.

ˆe´ip⃗q̄ ¨y⃗e´ip⃗g ¨z⃗p´2q`q
ż

d4l1
p2πq2

ż

d4l2
p2πq3 δpp

`
q̄ ´q``l`1 qδpp

`
g ´l`2 qe

i⃗l1¨px⃗´y⃗qei⃗l2¨pz⃗´x⃗q

ˆgp2p`g q
1

2q`
ūsppqqγ

`
“

p{l1´{l2q`mQ

‰

{ε˚pl2, λ̄qp{l1`mQq{εpq,λq
“

p{l1´{qq`mQ

‰

γ`vs̄ppq̄q

rpl1´l2q2´m2
Q`iεs

”

l21´m
2
Q`iε

ı”

pl1´qq2´m2
Q`iε

ı

“

l22`iε
‰

.

(3.6)

The ` components of the loop variables l1 and l2 are easily integrated over with the two
delta functions thanks to the eikonal interaction of the partons in the projectile with the
shockwave. Following the strategy in [74] and using eq. (C.1), the Dirac structure can be
divided into two parts:

γ`
“

p{l1´{l2q`mQ

‰

{ε˚pl2, λ̄qp{l1`mQq

“ ϵ⃗ λ̄˚
n 2xq

xg

#

ˆ

l⃗2´
xg

1´xq̄
l⃗1

˙

m

„ˆ

1` xg

2xq

˙

δnm´
xg

2xq
ωmn

ȷ

`
xq

xg`xq

ˆ

xg

xq

˙2 mQ

2 γn

+

ˆγ`p{l1`mQq´ϵ⃗
λ̄˚
n γnγ`

ˆ

xq

1´xq̄

˙

pl21´m
2
Qq . (3.7)

The first term corresponds to a regular term. The second one, proportional to the factor
l21´m

2
Q, can be identified as an instantaneous term. It is associated with the diagram

in LCPT where the quark with momentum l1 is instantaneous; the factor canceling the
quark propagator.

Using eq. (2.29), the reduced amplitude for QQ̄g with the gluon emitted by the quark
before the shockwave reads

Mλ,λ̄,a
R1,ss̄,īi

pp,k,pgq“
eeQ

2π

ż

d2x⃗ d2y⃗ d2z⃗ Ca
R1px⃗, y⃗, z⃗qīi e

´ip⃗q ¨x⃗e´ip⃗q̄ ¨y⃗e´ip⃗g ¨z⃗

ˆūsppqq

´

N λ,λ̄
R1,regpp,k,pg; x⃗, y⃗, z⃗q`N λ,λ̄

R1,instpp,k,pg; x⃗, y⃗, z⃗q
¯

vs̄ppq̄q , (3.8)

where we define the color structure

Ca
R1px⃗, y⃗, z⃗q“V px⃗qV :pz⃗qtaV pz⃗qV :py⃗q´ta1 , (3.9)
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and the perturbative factors

N λ,λ̄
R1,regpp,k,pg; x⃗, y⃗, z⃗q“

g

2π

ż d2 l⃗1
p2πq2

d2 l⃗2
p2πq2 e

i⃗l1¨px⃗´y⃗qei⃗l2¨pz⃗´x⃗qIR1,regT λ,λ̄
R1,regpl1, l2q

ˇ

ˇ

ˇ

ˇl`1 “q`´q`xq̄ ,

l`2 “q`xg

,

(3.10)

for the regular, and

N λ,λ̄
R1,instpp,k,pg; x⃗, y⃗, z⃗q“

g

2π

ż d2 l⃗1
p2πq2

d2 l⃗2
p2πq2 e

i⃗l1¨px⃗´y⃗qei⃗l2¨pz⃗´x⃗qIR1,instT λ,λ̄
R1,instpl1, l2q

ˇ

ˇ

ˇ

ˇl`1 “q`´q`xq̄ ,

l`2 “q`xg ,

(3.11)

for instantaneous contributions.
We have decomposed the two perturbative factors into Dirac structures according to

eq. (3.7)

T λ,λ̄
R1,regpl1, l2q“ ϵ⃗ λ̄˚

n 4q`xq

#

ˆ

l⃗2´
xg

1´xq̄
l⃗1

˙

m

„ˆ

1` xg

2xq

˙

δnm´
xg

2xq
ωmn

ȷ

`
xq

xg`xq

ˆ

xg

xq

˙2 mQ

2 γn

+

1
2q` γ

`p{l1`mQq{εpλ,qq
“

p{l1´{qq`mQ

‰

γ` , (3.12)

T λ,λ̄
R1,instpl1, l2q“´2q`xg

xq

1´xq̄
ϵ⃗ λ̄˚
n

1
2q` γ

nγ`{εpλ,qq
“

p{l1´{qq`mQ

‰

γ` , (3.13)

and defined the corresponding pole integrals over l´i

IR1,reg “

ż

dl´1 dl
´
2

´2q`

rpl1´l2q2´m2
Q`iεs

”

l21´m
2
Q`iε

ı”

pl1´qq2´m2
Q`iε

ı

“

l22`iε
‰

, (3.14)

IR1,inst “

ż

dl´1 d
´
2

´2q`

rpl1´l2q2´m2
Q`iεs

”

pl1´qq2´m2
Q`iε

ı

“

l22`iε
‰

. (3.15)

The pole structures are computed using Cauchy’s residue theorem, closing the contour on
the upper half-plane. We finally obtain the following results

IR1,inst “´
p2πq2θpxgqθpxqqθpxq̄qθp1´xq̄q

2q`xqxq̄xg

1
„

Q2`
l⃗ 2
1 `m2

Q

xq̄
`

p⃗l2 ⃗́l1q2`m2
Q

xq
`

l⃗ 2
2

xg

ȷ , (3.16)

IR1,reg “
p2πq2θpxgqθpxqqθp1´xq̄qθpxq̄q

2q`xgxq

ˆ
1

”

Q2xq̄p1´xq̄q`m2
Q` l⃗ 2

1

ı

„

Q2`
l⃗ 2
1 `m2

Q

xq̄
`

p⃗l2 ⃗́l1q2`m2
Q

xq
`

l⃗ 2
2

xg

ȷ , (3.17)

where θpxq is the step function.
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3.1.2 Explicit calculation of the Dirac structures and transverse momenta
integrals

We consider first the case in which the photon is longitudinally polarized. From eq. (3.1),
we have {εpq,λ“ 0q“ Q

q` γ
`. We observe easily from eq. (3.13) that the corresponding in-

stantaneous term vanishes as pγ`q2 “ 0:

T λ“0,λ̄
R1,ins pl1, l2q“ 0 . (3.18)

For the regular term, after some elementary algebra, we obtain

T λ“0,λ̄
R1,reg pl1, l2q“´8Qq`xqxq̄p1´xq̄ q⃗ϵ

λ̄˚
n

#

ˆ

l⃗2´
xg

1´xq̄
l⃗1

˙

m

„ˆ

1` xg

2xq

˙

δnm´
xg

2xq
ωmn

ȷ

`
xq

xg`xq

ˆ

xg

xq

˙2 mQ

2 γn

+

γ` . (3.19)

For the transversely polarized photon case, using eq. (3.2), we have {εpq,λ“˘1q“´ϵ⃗λ
i γ

i.
The regular term takes the form:

T λ“˘1,λ̄
R1,reg pl1, l2q“´4q`xq ϵ⃗

λ̄˚
n ϵ⃗λ

i

#

ˆ

l⃗2´
xg

1´xq̄
l⃗1

˙

m

„ˆ

1` xg

2xq

˙

δnm´
xg

2xq
ωmn

ȷ

`
xq

xg`xq

ˆ

xg

xq

˙2 mQ

2 γn

+

!

l⃗1j

“

δijp1´2xq̄q´ω
ij
‰

γ``mQγ
iγ`

)

, (3.20)

while the instantaneous term reads

T λ“˘1,λ̄
R1,inst pl1, l2q“ 2q`xg

xqxq̄

1´xq̄
ϵ⃗ λ̄˚
n ϵ⃗λ

i γ
nγiγ` . (3.21)

3.2 Results for the amplitude

Armed with the results in eqs. (3.16)–(3.17) and eqs. (3.18)–(3.21), we are in a position
to compute the perturbative factors in eqs. (3.10) and (3.11), they read for longitudinally
polarized photon

N λ“0,λ̄
R1,instpp,k,pg; x⃗, y⃗, z⃗q“ 0 , (3.22)

N λ“0,λ̄
R1,regpp,k,pg; x⃗, y⃗, z⃗q“´2Qxq̄p1´xq̄q

xg

g

π
θpxgqθpxqqθp1´xq̄qθpxq̄ q⃗ϵ

λ̄˚
n γ`

ˆ

#

I1mpy⃗´x⃗, z⃗´x⃗q

„ˆ

1` xg

2xq

˙

δnm´
xg

2xq
ωmn

ȷ

´mQI0py⃗´x⃗, z⃗´x⃗q
x2

g

2p1´xq̄qxq
γn

+

,

(3.23)

and for transversely polarized photon

N λ“˘1,λ̄
R1,reg pp,k,pg; x⃗, y⃗, z⃗q“

1
xg

g

π
θpxgqθpxqqθp1´xq̄qθpxq̄ q⃗ϵ

λ̄˚
n ϵ⃗λ

i

ˆ

#

I2mjpy⃗´x⃗, z⃗´x⃗q

„ˆ

1` xg

2xq

˙

δnm´
xg

2xq
ωmn

ȷ

“

δijp1´2xq̄q´ω
ij
‰

γ`
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´mQI1mpy⃗´x⃗, z⃗´x⃗q

„ˆ

1` xg

2xq

˙

δnm´
xg

2xq
ωmn

ȷ

γiγ`

`mQĨ1jpy⃗´x⃗, z⃗´x⃗q
x2

g

2p1´xq̄qxq
γn

“

δijp1´2xq̄q´ω
ij
‰

γ`

´m2
QI0py⃗´x⃗, z⃗´x⃗q

x2
g

2p1´xq̄qxq
γnγiγ`

+

, (3.24)

N λ“˘1,λ̄
R1,inst pp,k,pg; x⃗, y⃗, z⃗q

“´
xgxqxq̄

2p1´xq̄q

g

π
θpxgqθpxqqθpxq̄qθp1´xq̄ q⃗ϵ

λ̄˚
n ϵ⃗λ

i

Q̄R1,ξK1pQ̄R1,ξXR1,ξq

XR1,ξ
γnγiγ` , (3.25)

where we introduced the variables

Q̄2
R1,ξ “Q2`m2

Q

1´xg

xqxq̄
,

X2
R1,ξ “xgxqpz⃗´x⃗q

2`xqxq̄py⃗´x⃗q
2`xq̄xgpy⃗´z⃗q

2 . (3.26)

The transverse integrals have been absorbed in the definition of the I0, I1m, I2mj , Ĩ1j

functions. Explicit expressions for these functions can be found in appendix E where they
have been computed using both Schwinger and Feynman parametrization. They have to
be taken with z1 “xq̄,z2 “xg,z3 “xq. In the massless limit, the perturbative factors in
eqs. (3.23), (3.24) and (3.25) match with those presented in [74] (before spinor contraction)
up to a factor of 1{p2q`q that comes from our different convention of the perturbative factor
N λ,λ̄

R1
. We have also checked that our results are consistent with those obtained in [90]

and [89] within the light-cone perturbation formalism.
Now, let us express our results in terms of the variables introduced in eqs. (2.6), (2.10),

and (2.38). The reduced amplitude becomes

Mλ,λ̄,a
R1,ss̄,īi

pp,k,pgq“
eeQ

2π

ż

d2r⃗ d2⃗b d2z⃗ Ca
R1

ˆ

b⃗`
r⃗

2 , b⃗´
r⃗

2 , z⃗
˙

īi

e´ip⃗¨⃗be´ik⃗¨r⃗e´ip⃗g ¨z⃗

ˆūs

´p

2`k
¯

„

N λ,λ̄
R1,reg

ˆ

p,k,pg; b⃗`
r⃗

2 , b⃗´
r⃗

2 , z⃗
˙

`N λ,λ̄
R1,inst

ˆ

p,k,pg; b⃗`
r⃗

2 , b⃗´
r⃗

2 , z⃗
˙ȷ

vs̄

´p

2´k
¯

,

(3.27)

with z1 “xq̄ “
1
2´

xg

2 ´ξ, z2 “xg and z3 “xq “
1
2´

xg

2 `ξ.

3.3 Gluon emission from quark after the shockwave

Now we discuss the scattering amplitude for the R2 diagram as shown in figure 7. It
represents the real emission of the gluon from the quark but after the shockwave. The
scattering amplitude is given by

Sλ,λ̄,a
R2,ss̄,īi

pp,k,pgq“

ż

d4l

p2πq4 ūsppqq
`

ig{ε˚ppg, λ̄qt
a
in
˘

S0ppq`pgqT
q
nmppq`pg, lqS0plqp´ieeQ{εpq,λqq

ˆS0pl´qqT
q̄
mī
pq´l,pq̄qvs̄ppq̄q . (3.28)
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Ñ
q´l

Ñ
l

Ñ
q,λ

Ñ
pq “

p
2 `k, i,s

Ñ
pq̄ “

p
2 ´k, ī, s̄

Ñ
pg,a, λ̄

Figure 7. Real emission of the gluon after the shockwave and from the quark.

Inserting the corresponding propagators and vertices, we find

Sλ,λ̄,a
R2,ss̄,īi

pp,k,pgq“ p2πqδpp`q `p`g `p`q̄ ´q`q
eeQ

2π

ż

d2x⃗ d2y⃗ e´ipp⃗q`p⃗gq¨x⃗e´ip⃗q̄ ¨y⃗
“

taV px⃗qV :py⃗q
‰

īi

ˆig

ż

d4l

p2πq2 δpp
`
q̄ ´q``l`qei⃗l¨px⃗´y⃗q 1

rppq`pgq
2´m2

Q`iεs

ˆūsppqq
{ε˚pλ̄,pgqp{pq

`{p3`mQqγ
`p{l`mQq{εpλ,qqp{l´{q`mQqγ

`

rl2´m2
Q`iεsrpl´qq2´m2

Q`iεs
vs̄ppq̄q .

(3.29)

The corresponding reduced amplitude takes the form

Mλ,λ̄,a
R2,ss̄,īi

pp,k,pgq“
eeQ

2π

ż

d2x⃗ d2y⃗ e´ipp⃗q`p⃗gq¨x⃗e´ip⃗q̄ ¨y⃗Ca
R2px⃗, y⃗qīi

ˆūsppqqN λ,λ̄
R2

pp,k,pg; r⃗qvs̄ppq̄q ,

with the color structure:

Ca
R2px⃗, y⃗q“

“

taV px⃗qV :py⃗q´ta1
‰

, (3.30)

and the perturbative factor:

N λ,λ̄
R2

pp,k,pg; r⃗q“ ig2q`
ż

d4l

p2πq2 δpp
`
q̄ ´q``l`q

ei⃗l¨r⃗T λ,λ̄
R2

plq

rl2´m2
Q`iεsrpl´qq2´m2

Q`iεs
. (3.31)

The Dirac structure which has been simplified using eq. (C.2) reads:

T λ,λ̄
R2

plq“
ϵ⃗ λ̄˚
n

rpp⃗g´xp⃗qq
2`x2m2

Qs

#

2pp⃗g´xp⃗qqm

”

δmn
´

1`x

2

¯

`
x

2ω
nm

ı

`x2mQγ
n

+

1
2q` γ

`p{l`mQq{εpλ,qqp{l´{q`mQqγ
` , (3.32)

where x“xg{xq.
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As in our calculation for the R1 contribution, the integration over l` is trivial due to
the delta function δpp`q̄ ´q``l`q, and the integration over l´ is performed using the residue
theorem, closing the contour on the upper plane. We find then

N λ,λ̄
R2

pp,k,pg; r⃗q“´gθpxq̄qθp1´xq̄q

ż d2 l⃗

2π
ei⃗l¨r⃗

Q̄2
R2,ξ` l⃗

2
T λ,λ̄

R2
plq

ˇ

ˇ

ˇ

ˇ

l`“q`´q`xq̄

, (3.33)

where
Q̄2

R2,ξ “Q2p1´xq̄qxq̄`m
2
Q . (3.34)

The explicit expressions for the perturbative factors are:

N λ“0,λ̄
R2

pp,k,pg; r⃗q“ 2Qp1´xq̄qxq̄ g θpxq̄qθp1´xq̄qK0pQ̄R2,ξ|r⃗ |q
ϵ⃗ λ̄˚
n

rpp⃗g´xp⃗qq
2`x2m2

Qs

ˆ

!

2pp⃗g´xp⃗qqm

”

δmn
´

1`x

2

¯

`
x

2ω
nm

ı

`mQx
2γn

)

γ` , (3.35)

for longitudinally polarized photons, and

N λ“˘1,λ̄
R2

pp,k,pg; r⃗q“´gθpxq̄qθp1´xq̄q
ϵ⃗ λ̄˚
n ϵ⃗λ

i

rpp⃗g´xp⃗qq
2`m2

Qx
2s

ˆ

!

2pp⃗g´xp⃗qqm

”

δmn
´

1`x

2

¯

`
x

2ω
nm

ı

`mQx
2γn

)

ˆ

"

ir⃗j

|r⃗ |
Q̄R2,ξK1pQ̄R2,ξ|r⃗ |q

“

δijp2xq̄´1q`ωij
‰

γ`´mQγ
iγ`K0pQ̄R2,ξ|r⃗ |q

*

, (3.36)

for the transversely polarized photon case.
The reduced scattering amplitude, in the notations of eqs. (2.6), (2.10) and (2.38) becomes

Mλ,λ̄,a
R2,ss̄,īi

pp,k,pgq“
eeQ

2π

ż

d2⃗b d2r⃗ e´ip⃗¨⃗be´ik⃗¨r⃗e´ip⃗g ¨p⃗b` r⃗
2qCa

R2

ˆ

b⃗`
r⃗

2 , b⃗´
r⃗

2

˙

īi

ˆūs

´p

2`k
¯

N λ,λ̄
R2

pp,k,pg; r⃗qvs̄

´p

2`k
¯

,

with z1 “xq̄ “
1
2´

xg

2 ´ξ, z2 “xg and z3 “xq “
1
2´

xg

2 `ξ. As in the R1 case, we have checked
that eqs. (3.35) and (3.36) match with those presented in [74] (before spinor contraction)
up to a factor of 1{p2q`q due to our convention in the normalization.

3.4 Gluon emission from antiquark

The computations for the diagrams R3 and R4 where the gluon is emitted by the antiquark
follow the same steps as those in R1 and R2. We omit the specific details of the derivation
and simply present the results.

R3 diagram: gluon emission before the shockwave.

Mλ,λ̄,a
R3,ss̄,īi

pp,k,pgq

“
eeQ

2π

ż

d2r⃗ d2⃗b d2z⃗ Ca
R3

ˆ

b⃗`
r⃗

2 , b⃗´
r⃗

2 , z⃗
˙

īi

e´ip⃗¨⃗be´ik⃗¨r⃗e´ip⃗g ¨z⃗

ˆūs

´p

2`k
¯´

N λ,λ̄
R3,regpp,k,pg; r⃗, b⃗, z⃗q`N λ,λ̄

R3,instpp,k,pg; r⃗, b⃗, z⃗q
¯

vs̄

´p

2´k
¯

, (3.37)

– 17 –



J
H
E
P
0
3
(
2
0
2
4
)
0
2
7

where the color factor is the identical as in the R1 contribution

Ca
R3px⃗, y⃗, z⃗q“V px⃗qV :pz⃗qtaV pz⃗qV :py⃗q´ta1 , (3.38)

and the perturbative factors are

N λ“0,λ̄
R3,regpp,k,pg; r⃗, b⃗, z⃗q“ 2Qxqp1´xqq

xg

g

π
θpxgqθ pxq̄qθ p1´xqqθ pxqq ϵ⃗

λ̄˚
n γ`

ˆ

#

I1mpx⃗´y⃗, z⃗´y⃗q

„ˆ

1` xg

2xq̄

˙

δnm`
xg

2xq̄
ωmn

ȷ

´mQI0px⃗´y⃗, z⃗´y⃗q
x2

g

2p1´xqqxq̄
γn

+

,

(3.39)

N λ“0,λ̄
R3,instpp,k,pg; x⃗, y⃗, z⃗q“ 0 ,

for longitudinally polarized photons, and

N λ“˘1,λ̄
R3,reg pp,k,pg; r⃗, b⃗, z⃗q

“´
1
xg

g

π
θpxgqθ pxq̄qθ p1´xqqθ pxqq ϵ⃗

λ̄˚
n ϵ⃗λ

i

ˆ

#

I2mjpx⃗´y⃗, z⃗´y⃗qγ
`
“

δijp1´2xqq`ω
ij
‰

„

δnm

ˆ

1` xg

2xq̄

˙

`
xg

2xq̄
ωmn

ȷ

`mQI1mpx⃗´y⃗, z⃗´y⃗qγ`γi

„

δnm

ˆ

1` xg

2xq̄

˙

`
xg

2xq̄
ωmn

ȷ

´mQĨ1jpx⃗´y⃗, z⃗´y⃗q
x2

g

2p1´xqqxq̄
γ`

“

δijp1´2xqq`ω
ij
‰

γn

´m2
Q

x2
g

p1´xqqxq̄
I0px⃗´y⃗, z⃗´y⃗qγ

`γiγn

+

, (3.40)

N λ“˘1,λ̄
R3,inst pp,k,pg; x⃗, y⃗, z⃗q

“
xgxqxq̄

2p1´xqq

g

π
θpxgqθ pxq̄qθ pxqqθ p1´xqq ϵ⃗

λ̄˚
n ϵ⃗λ

i

Q̄R3,ξK1pQ̄R3,ξXR3,ξq

XR3,ξ
γ`γiγn , (3.41)

for the transversely polarized photon case.
The variables Q̄2

R3,ξ and X2
R3,ξ are identical to those in eq. (3.26). In this case, the

I0, I1m, I2mj , Ĩ1j functions have to be evaluated with z1 “xq,z2 “xg,z3 “xq̄.

R4 diagram: gluon emission after the shockwave.

Mλ,λ̄,a
R4,ss̄,īi

pp,k,pgq“
eeQ

2π

ż

d2r⃗ d2⃗b e´ip⃗¨⃗be´ip⃗g ¨p⃗b´ r⃗
2qe´ik⃗¨r⃗Ca

R4

ˆ

b⃗`
r⃗

2 , b⃗´
r⃗

2

˙

īi

ˆūs

´p

2`k
¯

N λ,λ̄
R4

pp,k,pg; r⃗qvs̄

´p

2´k
¯

,

where the color factor is

Ca
R4px⃗, y⃗q“

“

V px⃗qV :py⃗qta´ta1
‰

, (3.42)
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and the perturbative factors are

N λ“0,λ̄
R4

pp,k,pg; r⃗q“´2Qp1´xqqxq g θpxqqθ p1´xqqK0pQ̄R4,ξ|r⃗ |q
ϵ⃗ λ̄˚
n

”

pp⃗g´x̄p⃗q̄q
2
`x̄2m2

Q

ı

ˆγ`
"

2pp⃗g´x̄p⃗q̄qm

„

δmn

ˆ

1` x̄

2

˙

´
x̄

2ω
nm

ȷ

´mQx̄
2γn

*

, (3.43)

for longitudinally polarized photons, and

N λ“˘1,λ̄
R4

pp,k,pg; r⃗q“ gθpxqqθ p1´xqq
ϵ⃗ λ̄˚
n ϵ⃗λ

i
”

pp⃗g´x̄p⃗q̄q
2
`x̄2m2

Q

ı

ˆ

"

´
ir⃗j

|r⃗ |
Q̄R4,ξK1pQ̄R4,ξ|r⃗ |q

“

δijp2xq´1q´ωij
‰

γ`´mQK0pQ̄R4,ξ|r⃗ |qγ
iγ`

*

ˆ

"

2pp⃗g´x̄p⃗q̄qm

„

δmn

ˆ

1` x̄

2

˙

´
x̄

2ω
nm

ȷ

´mQx̄
2γn

*

, (3.44)

for transversely polarized photons. Here we defined the variables

x̄“
xg

xq̄
,

Q̄2
R4,ξ “xqp1´xqqQ

2`m2
Q . (3.45)

4 Short-distance coefficients for QQ̄rκsg amplitude in CGC + NRQCD

Having computed the amplitudes for QQ̄g production in the previous section, we are now in a
position to compute the short-distance coefficients by proper projection to the quantum state κ.

4.1 Gluon emission from quark before the shockwave

We project the amplitude R1 in eq. (3.27) using eq. (2.13), we find

Mλ,λ̄,κ,Jz

R1
pp,pgq“

eeQ

2π

ż

d2r⃗ d2⃗b d2z⃗ Tr
„

CR1

ˆ

b⃗`
r⃗

2 , b⃗´
r⃗

2 , z⃗
˙

Crcs

ȷ

e´ip⃗¨⃗be´ip⃗g ¨z⃗

ˆ

´

Fλ,λ̄,κ,Jz

R1,reg pp,pg,Q; r⃗, b⃗, z⃗q`Fλ,λ̄,κ,Jz

R1,inst pp,pg,Q; r⃗, b⃗, z⃗q
¯

, (4.1)

where we defined the projected perturbative factor:

Fλ,λ̄,κ,Jz

R1,reg pp,pg,Q; r⃗, b⃗, z⃗q“Tr
”

ΠJJzpp,0qN λ,λ̄
R1,regpp,0,pg; r⃗, b⃗, z⃗q

ı

, (4.2)

with a similar expression for the instantaneous counterpart.
First, we evaluate the perturbative factors in eqs. (3.23), (3.24) and (3.25) at k“ 0

(corresponding to the S-wave), we find

N λ“0,λ̄
R1,regpp,0,pg; x⃗, y⃗, z⃗q

“´Q
p1`xgq

xg

g

2π ϵ⃗
λ̄˚
n γ`

#

I1mpy⃗´x⃗, z⃗´x⃗q rδnm´xgω
mns´mQI0py⃗´x⃗, z⃗´x⃗q

2x2
g

1`xg
γn

+

,

(4.3)
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N λ“˘1,λ̄
R1,reg pp,0,pg; x⃗, y⃗, z⃗q“

1
xgp1´xgq

g

π
ϵ⃗ λ̄˚
n ϵ⃗λ

i

ˆ

#

I2mjpy⃗´x⃗, z⃗´x⃗q rδ
nm`xgω

nms
“

δijxg´ω
ij
‰

γ`´mQI1mpy⃗´x⃗, z⃗´x⃗q rδnm`xgω
nmsγiγ`

`mQĨ1jpy⃗´x⃗, z⃗´x⃗q
2x2

g

p1`xgq
γn

“

δijxg´ω
ij
‰

γ`´m2
QI0py⃗´x⃗, z⃗´x⃗q

2x2
g

p1`xgq
γnγiγ`

+

, (4.4)

N λ“˘1,λ̄
R1,inst pp,0,pg; x⃗, y⃗, z⃗q“´

xgp1´xgq
2

2p1`xgq

g

2π
Q̄R1K1pQ̄R1XR1q

XR1
ϵ⃗ λ̄˚
n ϵ⃗λ

i γ
nγiγ` , (4.5)

with

Q̄2
R1,ξ“0 “ Q̄2

R1 “Q2`m2
Q

4
p1´xgq

X2
R1,ξ“0 “X2

R1 “xg

ˆ

1
2´

xg

2

˙ˆ

z⃗´b⃗´
r⃗

2

˙2
`

ˆ

1
2´

xg

2

˙2
r⃗ 2`

ˆ

1
2´

xg

2

˙

xg

ˆ

b⃗´
r⃗

2´z⃗
˙2

.

(4.6)

To compute Fλ,λ̄,κ,Jz , we use the projectors in eqs. (2.16), (2.17), and perform the traces over
the gamma matrices with the help of the identities in appendix B. We find3

Fλ“0,λ̄,1S
rcs
0 ,Jz

R1,reg pp,pg,Q; r⃗, b⃗, z⃗q

“´i
1

a

2mQ
Qp1`xgq

gp`

π
ϵ⃗ λ̄˚
n ϵnmI1mpy⃗´x⃗, z⃗´x⃗q , (4.7)

Fλ“0,λ̄,3S
rcs
1 ,Jz

R1,reg pp,pg,Q; r⃗, b⃗, z⃗q

“ ε˚ρpJzq
a

2mQQ
p1`xgq

xg

g

π
ϵ⃗ λ̄˚
n

#

gρ`In
1 py⃗´x⃗, z⃗´x⃗q`

x2
g

1`xg
I0py⃗´x⃗, z⃗´x⃗q

ˆpgρ`p⃗n´gρnp`q

+

, (4.8)

for the photon longitudinal polarization, and

Fλ“˘1,λ̄,1S
rcs
0 ,Jz

R1,inst pp,pg,Q; r⃗, b⃗, z⃗q

“´i
1

a

8mQ

xgp1´xgq
2

p1`xgq

gp`

π

Q̄R1K1pQ̄R1XR1q

XR1
ϵ⃗ λ̄˚
n ϵ⃗λ

i ϵ
ni , (4.9)

Fλ“˘1,λ̄,3S
rcs
1 ,Jz

R1,inst pp,pg,Q; r⃗, b⃗, z⃗q

“´ε˚ρpJzq

c

mQ

2
xgp1´xgq

2

p1`xgq

g

π

Q̄R1K1pQ̄R1XR1q

XR1
ϵ⃗ λ̄˚
n ϵ⃗λ

i g
ρ`δni , (4.10)

3We also used ϵ`´ij
“ ´ϵij , where ϵxy

“ 1.
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Fλ“˘1,λ̄,1S
rcs
0 ,Jz

R1,reg pp,pg,Q; r⃗, b⃗, z⃗q

“´i

d

2
mQ

1
xgp1´xgq

gp`

π
ϵ⃗ λ̄˚
n ϵ⃗λ

i

#

´I2mjpy⃗´x⃗, z⃗´x⃗q
“

´δnmϵij`x2
gδ

ijϵnm
‰

`
2x2

g

p1`xgq
m2

QI0py⃗´x⃗, z⃗´x⃗qϵ
ni

+

, (4.11)

Fλ“˘1,λ̄,3S
rcs
1 ,Jz

R1,reg pp,pg,Q; r⃗, b⃗, z⃗q

“ ε˚ρpJzq
a

2mQ
1

xgp1´xgq

g

π
ϵ⃗ λ̄˚
n ϵ⃗λ

i

#

´2xgI2mjpy⃗´x⃗, z⃗´x⃗qg
ρ`

“

δnmδij`ϵijϵnm
‰

`I1mpy⃗´x⃗, z⃗´x⃗q
“

δnmpgρ`p⃗ i´gρip`q´xgδ
impgρ`p⃗n´p`gnρq`xgδ

inpgρ`p⃗m´p`gmρq
‰

´
2x2

g

p1`xgq
Ĩ1jpy⃗´x⃗, z⃗´x⃗q

“

δijxgpg
ρ`p⃗n´gρnp`q´δjnpgρ`p⃗ i´p`giρq`δinpgρ`p⃗ j´p`gjρq

‰

´
4x2

g

p1`xgq
m2

QI0py⃗´x⃗, z⃗´x⃗qg
ρ`δni

+

, (4.12)

for the transversely polarized photon. The integrals I0, I1m, I2mj , Ĩ1j (defined in appendix E)
are evaluated at z1 “

1
2´

xg

2 , z2 “xg and z3 “
1
2´

xg

2 .

4.2 Gluon emission from quark after the shockwave

The projected reduced amplitude reads

Mλ,λ̄,κ,Jz

R2
pp,pgq“

eeQ

2π

ż

d2r⃗Fλ,λ̄,κ,Jz

R2
pp,pg,Q; r⃗q

ż

d2⃗b e´ip⃗¨⃗be´ip⃗g ¨p⃗b` r⃗
2q

ˆTr
„

CR2

ˆ

b⃗`
r⃗

2; b⃗´
r⃗

2

˙

Crcs

ȷ

, (4.13)

with
Fλ,λ̄,κ,Jz

R2
pp,pg,Q; r⃗q“Tr

”

ΠJJzpp,0qN λ,λ̄
R2

pp,0,pg; r⃗q
ı

. (4.14)

The computations for Fλ,λ̄,κ,Jz

R2
are similar to the ones for FR1 We will just give the

results below.

Fλ“0,λ̄,1S
rcs
0 ,Jz

R2
pp,pg,Q; r⃗q

“ i

d

2
mQ

gp`xgp1`xgqQK0pQ̄R2 |r⃗ |q
ϵ⃗ λ̄˚
n

„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

ˆ

p⃗g´x
p⃗

2

˙

m

ϵnm, (4.15)

Fλ“0,λ̄,3S
rcs
1 ,Jz

R2
pp,pg,Q; r⃗q

“´ε˚ρpJzq

c

mQ

2 gp1`xgqp1´xgqQK0pQ̄R2 |r⃗ |q
ϵ⃗ λ̄˚
n

„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

ˆ

"

4
ˆ

p⃗g´x
p⃗

2

˙

m

δmn
´

1`x

2

¯

gρ``x2pgρ`p⃗n´gρnp`q

*

, (4.16)
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for longitudinally polarized photons, and

Fλ“˘1,λ̄,1S
rcs
0 ,Jz

R2
pp,pg,Q; r⃗q

“

d

2
mQ

igp`
ϵ⃗ λ̄˚
n ϵ⃗λ

i
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

"

2iQ̄R2K1pQ̄R2 |r⃗ |q

ˆ

p⃗g´x
p⃗

2

˙

m

r⃗j

|r⃗ |

ˆ

”´

1`x

2

¯

δmnϵji`
x

2xgδ
ijϵnm

ı

`x2m2
QK0pQ̄R2 |r⃗ |qϵ

ni

+

, (4.17)

Fλ“˘1,λ̄,3S
rcs
1 ,Jz

R2
pp,pg,Q; r⃗q

“´ε˚ρpJzq
a

2mQg
ϵ⃗ λ̄˚
n ϵ⃗λ

i
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

#

4i
ˆ

p⃗g´x
p⃗

2

˙

m

r⃗j

|r⃗ |
Q̄R2K1pQ̄R2 |r⃗ |q

ˆgρ`
”´

1`x

2

¯

xgδ
ijδmn`

x

2 ϵ
ijϵnm

ı

`2
ˆ

p⃗g´x
p⃗

2

˙

m

K0pQ̄R2 |r⃗ |q

ˆ

”

δmn
´

1`x

2

¯

`

p⃗ igρ`´p`gρi
˘

´
x

2 δ
im

`

p⃗ngρ`´p`gρn
˘

`
x

2 δ
in `p⃗mgρ`´p`gρm

˘

ı

`ix2 r⃗j

|r⃗ |
Q̄R2K1pQ̄R2 |r⃗ |q

“

δijxg

`

p⃗ngρ`´gρnp`
˘

´δjn
`

p⃗ igρ`´p`giρ
˘

`δin `p⃗ jgρ`´p`gjρ
˘‰

´2x2m2
QK0pQ̄R2 |r⃗ |qg

ρ`δin

+

, (4.18)

for transversely polarized photons, where

x“
2xg

p1´xgq
,

Q̄2
R2 “ Q̄2

R2,ξ“0 “Q2 p1´xgqp1`xgq

4 `m2
Q . (4.19)

4.3 Gluon emission from antiquark

R3 diagram: gluon emission before the shockwave.

Fλ“0,λ̄,1S
r8s
0 ,Jz

R3,reg pp,p3; r⃗, b⃗, z⃗q

“´i
1

a

2mQ
Qp1`xgq

gp`

π
ϵ⃗ λ̄˚
n I1mpx⃗´y⃗, z⃗´y⃗qϵnm, (4.20)

Fλ“0,λ̄,3S
rcs
1 ,Jz

R3,reg pp,p3; r⃗, b⃗, z⃗q

“´ε˚ρpJzq
a

2mQQ
1`xg

xg

g

π
ϵ⃗ λ̄˚
n

#

gρ`In
1 px⃗´y⃗, z⃗´y⃗q`

x2
g

1`xg
I0px⃗´y⃗, z⃗´y⃗qˆ

`

gρ`p⃗n´gρnp`
˘

+

,

(4.21)

for photon longitudinal polarization, and

Fλ“˘1,λ̄,1S
r8s
0 ,Jz

R3,inst pp,p3; r⃗, b⃗, z⃗q

“´i
1

a

8mQ

xgp1´xgq
2

p1`xgq

gp`

π

ˆ

Q̄R3K1pQ̄R3XR3q

XR3

˙

ϵ⃗ λ̄˚
n ϵ⃗λ

i ϵ
ni , (4.22)
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Fλ“˘1,λ̄,3S
rcs
1 ,Jz

R3,inst pp,p3; r⃗, b⃗, z⃗q

“ ε˚ρpJzq

c

mQ

2
xgp1´xgq

2

p1`xgq

g

π

ˆ

Q̄R3K1pQ̄R3XR3q

XR3

˙

ϵ⃗ λ̄˚
n ϵ⃗λ

i g
ρ`δin , (4.23)

Fλ“˘1,λ̄,1S
r8s
0 ,Jz

R3,reg pp,p3; r⃗, b⃗, z⃗q

“´i

d

2
mQ

1
xgp1´xgq

gp`

π
ϵ⃗ λ̄˚
n ϵ⃗λ

i

#

I2mjpx⃗´y⃗, z⃗´y⃗q
“

´x2
gδ

ijϵmn`δnmϵij
‰

´m2
Q

2x2
g

1`xg
I0px⃗´y⃗, z⃗´y⃗qϵ

in

+

, (4.24)

Fλ“˘1,λ̄,3S0“1rcs,Jz

R3,reg pp,p3; r⃗, b⃗, z⃗q

“ ε˚ρpJzq
a

2mQ
1

xgp1´xgq

g

π
ϵ⃗ λ̄˚
n ϵ⃗λ

i

#

2xgI2mjpx⃗´y⃗, z⃗´y⃗qg
ρ`

“

δijδnm`ϵijϵnm
‰

`
2x2

g

1`xg
Ĩ1jpx⃗´y⃗, z⃗´y⃗ q

“

xgδ
ijpgρ`p⃗n´gρnp`q´δjn

`

gρ`p⃗ i´p`giρ
˘

`δin `gρ`p⃗ j´p`gjρ
˘‰

´I1mpx⃗´y⃗, z⃗´y⃗q
“

δnmpgρ`p⃗ i´gρip`q´xgδ
im

`

gρ`p⃗n´p`gnρ
˘

`xgδ
in `gρ`p⃗m´p`gmρ

˘‰

`m2
Q

4x2
g

1`xg
I0px⃗´y⃗, z⃗´y⃗qg

ρ`δin

+

, (4.25)

for transversely polarized photons. The variables Q̄2
R3

and X2
R3

are identical to those in
eq. (4.6). The integrals I0, I1m, I2mj , Ĩ1j (defined in appendix E) are evaluated at z1 “

1
2´

xg

2 ,
z2 “xg and z3 “

1
2´

xg

2 .

R4 diagram: gluon emission after the shockwave.

Fλ“0,λ̄,1S
r8s
0 ,Jz

R4
pp,p3; r⃗q

“ i

d

2
mQ

gp`xgp1`xgqQK0pQ̄R4 |r⃗ |q
ϵ⃗ λ̄˚
n

„

´

p⃗3´x̄
p⃗
2

¯2
`x̄2m2

Q

ȷ

ˆ

p⃗3´x̄
p⃗

2

˙

m

ϵnm, (4.26)

Fλ“0,λ̄,3S
rcs
1 ,Jz

R4
pp,p3; r⃗q

“ ε˚ρpJzq

c

mQ

2 gp1´xgqp1`xgqQK0pQ̄R4 |r⃗ |q
ϵ⃗ λ̄˚
n

„

´

p⃗3´x̄
p⃗
2

¯2
`x̄2m2

Q

ȷ

ˆ

"

4
ˆ

p⃗3´x̄
p⃗

2

˙

m

δmn

ˆ

1` x̄

2

˙

gρ``x̄2 `gρ`p⃗n´gρnp`
˘

*

, (4.27)
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for longitudinally polarized photons, and

Fλ“˘1,λ̄,1S
r8s
0 ,Jz

R4
pp,p3; r⃗q

“ i

d

2
mQ

gp`
ϵ⃗ λ̄˚
n ϵ⃗λ

i
„

´

p⃗3´x̄
p⃗
2

¯2
`x̄2m2

Q

ȷ

"

´2iQ̄R4K1pQ̄R4 |r⃗ |q
r⃗j

|r⃗ |

ˆ

p⃗3´x̄
p⃗

2

˙

m

ˆ

„

x̄

2xgδ
ijϵnm`

ˆ

1` x̄

2

˙

δmnϵji

ȷ

`x̄2m2
QK0pQ̄R4 |r⃗ |qϵ

ni

*

, (4.28)

Fλ“˘1,λ̄,3S
rcs
1 ,Jz

R4
pp,p3; r⃗q

“ ε˚ρpJzq
a

2mQg
ϵ⃗ λ̄˚
n ϵ⃗λ

i
„

´

p⃗3´x̄
p⃗
2

¯2
`x̄2m2

Q

ȷ

"

´4iQ̄R4K1pQ̄R4 |r⃗ |q
r⃗j

|r⃗ |

ˆ

p⃗3´x̄
p⃗

2

˙

m

gρ`

ˆ

„

xg

ˆ

1` x̄

2

˙

δijδmn`
x̄

2 ϵ
ijϵnm

ȷ

´ix̄2Q̄R4K1pQ̄R4 |r⃗ |q
r⃗j

|r⃗ |

ˆ
“

δijxgpg
ρ`p⃗n´gρnp`q´δjn

`

p⃗ igρ`´p`giρ
˘

`δin `gρ`p⃗ j´p`gjρ
˘‰

´2x̄2m2
QK0pQ̄R4 |r⃗ |qg

ρ`δin`2K0pQ̄R4 |r⃗ |q

ˆ

p⃗3´x̄
p⃗

2

˙

m

ˆ

„

δmn

ˆ

1` x̄

2

˙

pgρ`p⃗ i´gρip`q´
x̄

2 δ
impgρ`p⃗n´p`gnρq`

x̄

2 δ
inpgρ`p⃗m´p`gmρq

ȷ*

,

(4.29)

for transversely polarized photons. The variables are defined as x̄ and Q̄2
R4

are given by

x̄“
2xg

1´xg
,

Q̄2
R4 “ Q̄2

R4,ξ“0 “Q2 p1´xgqp1`xgq

4 `m2
Q ,

which are the same as in eq. (4.19).
We close this section, by pointing out the symmetry between quark antiquark interchange

in the perturbative functions: Fλ,λ̄,κ,Jz

Ri
:

Fλ,λ̄,1S
rcs
0 ,Jz

R1p2q
pr⃗q“Fλ,λ̄,1S

rcs
0 ,Jz

R3p4q
p´r⃗q , (4.30)

and

Fλ,λ̄,3S
rcs
1 ,Jz

R1p2q
pr⃗q“´Fλ,λ̄,3S

rcs
1 ,Jz

R3p4q
p´r⃗q . (4.31)

The sign difference between the two different spin states is due to their different parities.

5 Differential cross-section for direct quarkonium + gluon production

As we discussed in section 2.4, it is sufficient to compute the short-distance coefficients for
differential cross-section for direct quarkonium + gluon production. We show separately the
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results for longitudinally and transversely polarized photons, as well as the different κ states
of the heavy quark pair. As discussed in section 2.4 there are 16 contributions:

dσ̂λ
κ “

4
ÿ

i,j“1
dσ̂λ

RiRj ,κ , (5.1)

where

dσ̂λ
RiRj ,κ “

1
p2q`q2

d2p⃗

p2πq2
d2p⃗g

p2πq2
dxg

4πxgp1´xgq

1
Ncolor

Ď

ÿ

Jz

ÿ

λ̄“˘1

xMλ,λ̄,κ,Jz

Ri
pp,pgqM:,λ,λ̄,κ,Jz

Rj
pp,pgqy

Y
.

(5.2)
The differential cross-section will have the following schematic form:

dσ̂λ
RiRj ,κ “

1
p2q`q2

d2p⃗

p2πq2
d2p⃗g

p2πq2
dxg

xgp1´xgq

αeme
2
Q

p2πq2

ż

dΠRipp⃗, p⃗g; r⃗, b⃗, z⃗qdΠ:

Rj
pp⃗, p⃗g; r⃗ 1, b⃗ 1, z⃗ 1q

ˆΞrcs
RiRj ,Y

ˆ

b⃗`
r⃗

2 , b⃗´
r⃗

2 , z⃗; b⃗
1´
r⃗ 1

2 , b⃗
1`
r⃗ 1

2 , z⃗
1

˙

Γλ,κ
RiRj

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

, (5.3)

where we define the differential element

dΠRipp⃗, p⃗g; r⃗, b⃗, z⃗q“

$

’

’

&

’

’

%

d2r⃗ d2⃗b d2z⃗ e´ip⃗¨⃗be´ip⃗g ¨z⃗ if i“ 1,3
d2r⃗ d2⃗b e´ip⃗¨⃗be´ip⃗g ¨p⃗b` r⃗

2q if i“ 2
d2r⃗ d2⃗b e´ip⃗¨⃗be´ip⃗g ¨p⃗b´ r⃗

2q if i“ 4 ,
(5.4)

the color correlator

Ξrcs
RiRj ,Y

`

x⃗, y⃗, z⃗; y⃗ 1, x⃗ 1, z⃗ 1
˘

“
1

Ncolor

A

Tr
”

CRi px⃗, y⃗, z⃗qC
rcs
ı

Tr
”

C:rcsC:

Rj

`

x⃗ 1, y⃗ 1, z⃗ 1
˘

ıE

Y
, (5.5)

and the perturbative factor

Γλ,κ
RiRj

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗1, b⃗1, z⃗1
¯

“
ÿ

λ̄“˘1

Ď

ÿ

Jz

Fλ,λ̄,κ,Jz

Ri

´

p,pg,Q; r⃗, b⃗, z⃗
¯

F:λ,λ̄,κ,Jz

Rj

´

p,pg,Q; r⃗1, b⃗1, z⃗1
¯

.

(5.6)
For a κ“ 2S`1L

rcs
J state, the information on the color state rcs of the heavy-quark pair is

fully encoded in the color correlator in eq. (5.5), while the information about the spin, angular
momentum and total momentum 2S`1LJ of the heavy-quark pair, and the polarization λ of
the photon is completely encompassed in the perturbative factor in eq. (5.6).

5.1 Color Correlators

To compute the color correlator in eq. (5.5) we recall the color structure CRi were given in
eqs. (3.9), (3.30), (3.38) and (3.42) and the color projector in eq. (2.14). To simplify our
results we repeatedly use the Fierz identity:

taijt
a
kl “

1
2δkjδil´

1
2Nc

δijδkl . (5.7)

The color correlators will be expressed in terms of the multipole light-like Wilson line
correlators:

Sp2qpx⃗, y⃗ q“
1
Nc

@

Tr
“

V px⃗qV :py⃗q
‰D

Y
, (5.8)
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Sp2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q“
1
N2

c

@

Tr
“

V px⃗qV :py⃗q
‰

Tr
“

V py⃗1qV :px⃗1q
‰D

Y
, (5.9)

S
p4q
Y px⃗, y⃗, y⃗ 1, x⃗ 1q“

1
Nc

@

Tr
“

V px⃗qV :py⃗qV py⃗1qV :px⃗1q
‰D

Y
, (5.10)

Sp2,4qpx⃗, z⃗; z⃗, y⃗, y⃗1, x⃗1q“ 1
N2

c

@

Tr
“

V px⃗qV :pz⃗q
‰

Tr
“

V pz⃗qV :py⃗qV py⃗1qV :px⃗1q
‰D

Y
, (5.11)

Sp6qpz⃗, y⃗, x⃗, z⃗, y⃗1, x⃗1q“
1
Nc

@

Tr
“

V pz⃗qV :py⃗qV px⃗qV :pz⃗qV py⃗1qV :px⃗1q
‰D

Y
, (5.12)

Sp4,4qpx⃗, z⃗, z⃗1, x⃗1; z⃗, y⃗, y⃗1, z⃗1q“ 1
N2

c

@

Tr
“

V px⃗qV :pz⃗qV pz⃗1qV :px⃗1q
‰

Tr
“

V pz⃗qV :py⃗qV py⃗1qV :pz⃗1q
‰D

Y
,

(5.13)

Sp8qpz⃗, y⃗, x⃗, z⃗, z⃗ 1, x⃗ 1, y⃗ 1, z⃗ 1q“
1
Nc

@

Tr
“

V pz⃗qV :py⃗qV px⃗qV :pz⃗qV pz⃗1qV :px⃗1qV py⃗1qV :pz⃗1q
‰D

Y
.

(5.14)

Noting that CR1 “ CR3 , we have the following relations among the color correlators

Ξrcs
R1R1,Y “Ξrcs

R1R3,Y “Ξrcs
R3R1,Y “Ξrcs

R3R3,Y

Ξrcs
R1R2,Y “Ξrcs

R3R2,Y

Ξrcs
R1R4,Y “Ξrcs

R3R4,Y (5.15)

Furthermore, we can relate correlators using hermitian conjugation:

Ξrcs
RiRj ,Y

`

x⃗, y⃗, z⃗; y⃗ 1, x⃗ 1, z⃗ 1
˘

“Ξ:rcs
RjRi,Y

`

y⃗ 1, x⃗ 1, z⃗ 1; x⃗, y⃗, z⃗
˘

. (5.16)

As a consequence of these relations, it is sufficient to compute 6 color correlators, whose
results we give below.

R1R1 contribution.

Ξr1s
R1R1,Y

`

x⃗, y⃗, z⃗; y⃗ 1, x⃗ 1, z⃗ 1
˘

“
1
2

´

Sp8qpz⃗, y⃗, x⃗, z⃗, z⃗ 1, x⃗ 1, y⃗ 1, z⃗ 1q´Sp2,2qpx⃗, y⃗ ; y⃗ 1, x⃗ 1q

¯

, (5.17)

Ξr8s
R1R1,Y

`

x⃗, y⃗ , z⃗; y⃗ 1, x⃗ 1, z⃗ 1
˘

“
1

2pN2
c ´1q

!

N2
c S

p4,4qpx⃗, z⃗, z⃗ 1, x⃗ 1; z⃗, y⃗, y⃗ 1, z⃗ 1q

´Sp8qpz⃗, y⃗, x⃗, z⃗, z⃗ 1, x⃗ 1, y⃗ 1, z⃗ 1q´Sp4qpx⃗, y⃗, y⃗ 1, x⃗ 1q`Sp2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q

´N2
c S

p2,2qpx⃗, z⃗; z⃗, y⃗q`Sp2qpx⃗, y⃗q´N2
c S

p2,2qpy⃗ 1, z⃗ 1; z⃗ 1, x⃗ 1q

`Sp2qpy⃗ 1, x⃗ 1q`pN2
c ´1q

)

. (5.18)

R2R2 contribution.

Ξr1s
R2R2,Y

`

x⃗, y⃗; y⃗ 1, x⃗ 1
˘

“
1
2

´

Sp4qpx⃗, y⃗, y⃗ 1, x⃗ 1q´Sp2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q

¯

, (5.19)

Ξr8s
R2R2,Y

`

x⃗, y⃗; y⃗ 1, x⃗ 1
˘

“
1
2

ˆ

N2
c ´2

N2
c ´1S

p4qpx⃗, y⃗, y⃗ 1, x⃗ 1q`
1

N2
c ´1S

p2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q

´Sp2qpx⃗, y⃗q´Sp2qpy⃗ 1, x⃗ 1q`1
¯

. (5.20)
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R4R4 contribution.

Ξr1s
R4R4,Y

`

x⃗, y⃗; y⃗ 1, x⃗ 1
˘

“
1
2

´

Sp4qpx⃗, y⃗, y⃗ 1, x⃗ 1q´Sp2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q

¯

, (5.21)

Ξr8s
R4R4,Y

`

x⃗, y⃗; y⃗ 1, x⃗ 1
˘

“
1
2

ˆ

N2
c ´2

N2
c ´1S

p4qpx⃗, y⃗, y⃗ 1, x⃗ 1q`
1

N2
c ´1S

p2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q

´Sp2qpx⃗, y⃗q´Sp2qpy⃗ 1, x⃗ 1q`1
¯

, (5.22)

which is the same as the R2R2 contribution.

R1R2 contribution.

Ξr1s
R1R2

`

x⃗, y⃗, z⃗; y⃗ 1, x⃗ 1
˘

“
1
2

´

Sp6qpz⃗, y⃗, x⃗, z⃗, y⃗ 1, x⃗ 1q´Sp2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q

¯

, (5.23)

Ξr8s
R1R2

`

x⃗, y⃗, z⃗; y⃗ 1; y⃗ 1, x⃗ 1
˘

“
1

2pN2
c ´1q

!

N2
c S

p2,4qpx⃗, z⃗; z⃗, y⃗, y⃗ 1, x⃗ 1q´Sp6qpz⃗, y⃗, x⃗, z⃗, y⃗ 1, x⃗ 1q´Sp4qpx⃗, y⃗, y⃗ 1, x⃗ 1q

`Sp2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q´N2
c S

p2,2qpx⃗, z⃗; z⃗, y⃗q`Sp2qpx⃗, y⃗q´pN2
c ´1qSp2qpy⃗ 1, x⃗ 1q`pN2

c ´1q
)

.

(5.24)

R2R4 contribution.

Ξr1s
R2R4

`

x⃗, y⃗; y⃗ 1, x⃗ 1
˘

“
1
2

´

Sp4q `x⃗, y⃗, y⃗ 1, x⃗ 1
˘

´Sp2,2q `x⃗, y⃗; y⃗ 1, x⃗ 1
˘

¯

, (5.25)

Ξr8s
R2R4

`

x⃗, y⃗; y⃗ 1, x⃗ 1
˘

“
1
2

"

N2
c `1

N2
c ´1S

p2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q´
2

N2
c ´1S

p4qpx⃗, y⃗, y⃗ 1, x⃗ 1q´Sp2q px⃗, y⃗q

´Sp2qpy⃗ 1, x⃗ 1q`1
*

. (5.26)

R1R4 contribution.

Ξr1s
R1R4,Y

`

x⃗, y⃗, z⃗; y⃗ 1, x⃗ 1
˘

“
1
2

!

Sp6q `z⃗, y⃗, x⃗, z⃗, y⃗ 1, x⃗ 1
˘

´Sp2,2q `x⃗, y⃗; y⃗ 1, x⃗ 1
˘

)

, (5.27)

Ξr8s
R1R4,Y

`

x⃗, y⃗, z⃗; y⃗ 1, x⃗ 1
˘

“
1

2pN2
c ´1q

!

N2
c S

p2,4qpz⃗, y⃗; x⃗, z⃗, y⃗ 1, x⃗ 1q´Sp6qpz⃗, y⃗, x⃗, z⃗, y⃗ 1, x⃗ 1q´Sp4qpx⃗, y⃗, y⃗ 1, x⃗ 1q

`Sp2,2qpx⃗, y⃗; y⃗ 1, x⃗ 1q´N2
c S

p2,2qpx⃗, z⃗; z⃗, y⃗q`Sp2qpx⃗, y⃗q´pN2
c ´1qSp2qpy⃗ 1, x⃗ 1q`pN2

c ´1q
)

.

(5.28)

5.2 Perturbative factors

Exploiting the symmetry found in eqs. (4.30) and (4.31), we have the following relations
among the perturbative factors

Γλ,1S
rcs
0

R1R1
pr⃗, r⃗ 1q“Γλ,1S

rcs
0

R3R3
p´r⃗,´r⃗ 1q“Γλ,1S

rcs
0

R1R3
pr⃗,´r⃗ 1q ,

Γλ,1S
rcs
0

R2R2
pr⃗, r⃗ 1q“Γλ,1S

rcs
0

R4R4
p´r⃗,´r⃗ 1q“Γλ,1S

rcs
0

R2R4
pr⃗,´r⃗ 1q ,

Γλ,1S
rcs
0

R1R2
pr⃗, r⃗ 1q“Γλ,1S

rcs
0

R3R4
p´r⃗,´r⃗ 1q“Γλ,1S

rcs
0

R1R4
pr⃗,´r⃗ 1q“Γλ,1S

rcs
0

R3R2
p´r⃗, r⃗ 1q , (5.29)
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and

Γλ,3S
rcs
1

R1R1
pr⃗, r⃗ 1q“Γλ,3S

rcs
1

R3R3
p´r⃗,´r⃗ 1q“´Γλ,3S

rcs
1

R1R3
pr⃗,´r⃗ 1q ,

Γλ,3S
rcs
1

R2R2
pr⃗, r⃗ 1q“Γλ,3S

rcs
1

R4R4
p´r⃗,´r⃗ 1q“´Γλ,3S

rcs
1

R2R4
pr⃗,´r⃗ 1q ,

Γλ,3S
rcs
1

R1R2
pr⃗, r⃗ 1q“Γλ,3S

rcs
1

R3R4
p´r⃗,´r⃗ 1q“´Γλ,3S

rcs
1

R1R4
pr⃗,´r⃗ 1q“´Γλ,3S

rcs
1

R3R2
p´r⃗, r⃗ 1q . (5.30)

In the relations above all other arguments of the functions Γλ,κ
RiRj

are kept fixed, and for the
sake of compactness, they are not shown explicitly.

Furthermore, hermitian conjugation implies

Γλ,κ
RiRj

pp,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1q“Γ:λ,κ
RjRi

pp,pg,Q; r⃗ 1, b⃗ 1, z⃗ 1, r⃗, b⃗, z⃗q . (5.31)

As a consequence of these relations, it is sufficient to compute the contributions for Γλ,κ
R1R1

,
Γλ,κ

R2R2
and Γλ,κ

R1R2
.

In order to compute the perturbative factors, we use repeatedly:
ÿ

λ“˘1
ϵ⃗λ
i ϵ⃗

˚λ
j “´gKij “ δij , (5.32)

when summing over transverse polarizations for the gluon (and photon). We also use

ϵjiϵmn “
`

δjmδin´δjnδim
˘

. (5.33)

For the particular case of Γλ,3S
rcs
1 state, we will use the completeness relation in eq. (2.18)

and the identities in appendix D.
We present the results separately for longitudinally and transversely polarized photons.

They will depend on transverse integrals that are defined in appendix E and that are to
be evaluated at z1 “

1
2´

xg

2 , z2 “xg and z3 “
1
2´

xg

2 and on different variables defined in
eqs. (4.6) and (4.19).

Q̄2
R1 “Q2`m2

Q

1´xg

xqxq̄
,

X2
R1 “xg

ˆ

1
2´

xg

2

˙

pz⃗´x⃗q2`

ˆ

1
2´

xg

2

˙2
py⃗´x⃗q2`

ˆ

1
2´

xg

2

˙

xgpy⃗´z⃗q
2 ,

X
12
R1 “xg

ˆ

1
2´

xg

2

˙

pz⃗ 1´x⃗ 1q2`

ˆ

1
2´

xg

2

˙2
py⃗ 1´x⃗ 1q2`xg

ˆ

1
2´

xg

2

˙

py⃗ 1´z⃗ 1q2 .

5.2.1 Longitudinally polarized photon

R1R1 contribution.

Γλ“0,κ
R1R1

“Γλ“0,κ
R1regR1reg , (5.34)

where

Γλ“0,1S
rcs
0

R1regR1reg

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
Q2

2mQ
p1`xgq

2 g
2pp`q2

π2 I1 py⃗´x⃗, z⃗´x⃗q¨I
˚
1
`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

,

(5.35)
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for the κ“ 1S0 state, and

Γλ“0,3S
rcs
1

R1regR1reg

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
2mQ

3 Q2 p1`xgq
2

x2
g

g2pp`q2

π2

#

1
4m2

Q

I1 py⃗´x⃗, z⃗´x⃗q¨I
˚
1
`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

`
2x4

g

p1`xgq
2

ˆI0 py⃗´x⃗, z⃗´x⃗qI
˚
0
`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘(

, (5.36)

for the κ“ 3S1 state.

R2R2 contribution.

Γλ“0,1S
rcs
0

R2R2
pp,pg,Q; r⃗, r⃗ 1q

“
2
mQ

g2pp`q2x2
gp1`xgq

2QK0pQ̄R2 |r⃗ |qQK0pQ̄R2 |r⃗
1|q

´

p⃗g´x
p⃗
2

¯2

„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ2 , (5.37)

for the κ“ 1S0 state, and

Γλ“0,3S
rcs
1

R2R2
pp,pg,Q; r⃗, r⃗ 1q

“
1

3mQ
pp`q2g2p1`xgq

2p1´xgq
2QK0pQ̄R2 |r⃗ |qQK0pQ̄R2 |r⃗

1|q
1

„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ2

ˆ

#

2
´

1`x

2

¯2
ˆ

p⃗g´x
p⃗

2

˙2
`x4m2

Q

+

, (5.38)

for the κ“ 3S1 state.

R1R2 contribution.

Γλ“0,κ
R1R2

“Γλ“0,κ
R1regR2

, (5.39)

where

Γλ“0,1S
rcs
0

R1regR2

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1
¯

“´
1
mQ

xgp1`xgq
2 g

2pp`q2

π
Q2K0pQ̄R2 |r⃗

1|q

´

p⃗g´x
p⃗
2

¯

¨I1 py⃗´x⃗, z⃗´x⃗q
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ , (5.40)

for the κ“ 1S0 state, and

Γλ“0,3S
rcs
1

R1regR2

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1
¯

“´
2mQ

3
p1`xgq

2p1´xgq

xg

g2pp`q2

π
Q2K0pQ̄R2 |r⃗

1|q
1

„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

ˆ

#

1
2m2

Q

´

1`x

2

¯

I1 py⃗´x⃗, z⃗´x⃗q¨

ˆ

p⃗g´x
p⃗

2

˙

`
x2x2

g

1`xg
I0 py⃗´x⃗, z⃗´x⃗q

+

, (5.41)

for the κ“ 3S1 state.
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5.2.2 Transversely polarized photon

Here we present the results averaged over the two transverse polarizations.

R1R1 contribution.

Γλ“˘1,κ
R1R1

“Γλ“˘1,κ
R1instR1inst`Γλ“˘1,κ

R1regR1inst`Γλ“˘1,κ
R1instR1reg`Γλ“˘1,κ

R1regR1reg , (5.42)

where
ÿ

λ“˘1
Γλ“˘1,1S

rcs
0

R1instR1inst

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
1

4mQ

x2
gp1´xgq

4

p1`xgq
2
g2pp`q2

π2
Q̄R1K1pQ̄R1XR1q

XR1

Q̄R1K1pQ̄R1X
1
R1

q

X 1
R1

, (5.43)

ÿ

λ“˘1
Γλ“˘1,1S

rcs
0

R1regR1inst

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
1

2mQ

p1´xgq

p1`xgq

g2pp`q2

π2
Q̄R1K1pQ̄R1X

1
R1

q

X 1
R1

#

´I2mj py⃗´x⃗, z⃗´x⃗qp1`x2
gqδ

jm

`
4x2

g

p1`xgq
m2

QI0 py⃗´x⃗, z⃗´x⃗q

+

, (5.44)

ÿ

λ“˘1
Γλ“˘1,1S

rcs
0

R1instR1reg

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
1

2mQ

p1´xgq

p1`xgq

g2pp`q2

π2
Q̄R1K1pQ̄R1XR1q

XR1

#

´I˚2mj

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

p1`x2
gqδ

jm

`
4x2

g

p1`xgq
m2

QI
˚
0
`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

+

, (5.45)

ÿ

λ“˘1
Γλ“˘1,1S

rcs
0

R1regR1reg

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
2
mQ

1
x2

gp1´xgq
2
g2pp`q2

π2
␣

I2mj py⃗´x⃗, z⃗´x⃗qI
˚
2rl

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

ˆ

”

p1`x4
gqδ

rmδjl´2x2
gpδ

lmδjr´δlrδjmq

ı

´
2x2

g

p1`xgq
m2

QI2mj py⃗´x⃗, z⃗´x⃗q

ˆI˚0
`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

p1`x2
gqδ

mj´
2x2

g

p1`xgq
m2

QI0 py⃗´x⃗, z⃗´x⃗q

ˆI˚2rl

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

p1`x2
gqδ

rl`
8x4

g

p1`xgq
2m

4
QI0 py⃗´x⃗, z⃗´x⃗q

ˆI˚0
`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘(

, (5.46)

for the κ“ 1S0 state, and
ÿ

λ“˘1
Γλ“˘1,3S

rcs
1

R1instR1inst

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
1

12mQ

x2
gp1´xgq

4

p1`xgq
2
g2pp`q2

π2
Q̄R1K1pQ̄R1XR1q

XR1

Q̄R1K1pQ̄R1X
1
R1

q

X 1
R1

, (5.47)
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ÿ

λ“˘1
Γλ“˘1,3S

rcs
1

R1regR1inst

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
1

3mQ

xgp1´xgq

p1`xgq

g2pp`q2

π2
Q̄R1K1pQ̄R1X

1
R1

q

X 1
R1

"

I2mj py⃗´x⃗, z⃗´x⃗qδ
mj`

2xg

p1`xgq
m2

Q

ˆI0 py⃗´x⃗, z⃗´x⃗q

*

, (5.48)

ÿ

λ“˘1
Γλ“˘1,3S

rcs
1

R1regR1reg

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
4mQ

3
1

x2
gp1´xgq

2
g2pp`q2

π2

#

x2
g

m2
Q

I2mj py⃗´x⃗, z⃗´x⃗qI
˚
2rl

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

ˆ

”

δrmδlj´δlmδrj`δjmδlr
ı

`
2x3

g

p1`xgq
I2mj py⃗´x⃗, z⃗´x⃗qI

˚
0
`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

δjm

`I1m py⃗´x⃗, z⃗´x⃗qI˚1r

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

δrm
“

1`x2
g

‰

`
x2

g

p1`xgq
I1m py⃗´x⃗, z⃗´x⃗q Ĩ˚1l

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

δlm r1´xgs
2

`
x2

g

p1`xgq
Ĩ1j py⃗´x⃗, z⃗´x⃗qI

˚
1r

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

δjr r1´xgs
2

`
4x4

g

p1`xgq
2 Ĩ1j py⃗´x⃗, z⃗´x⃗q Ĩ

˚
1l

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

δjl
“

x2
g`1

‰

`
2x3

g

p1`xgq
I0 py⃗´x⃗, z⃗´x⃗qI

˚
2rl

`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

δlr

`m2
Q

4x4
g

p1`xgq
2 I0 py⃗´x⃗, z⃗´x⃗qI

˚
0
`

y⃗ 1´x⃗ 1, z⃗ 1´x⃗ 1
˘

+

, (5.49)

ÿ

λ“˘1
Γλ“˘1,3S

rcs
1

R1instR1reg

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1, b⃗ 1, z⃗ 1
¯

“
1

3mQ

xgp1´xgq

p1`xgq

g2pp`q2

π2
Q̄R1K1pQ̄R1XR1q

XR1

#

I˚2mjpy⃗
1´x⃗ 1, z⃗ 1´x⃗ 1qδmj`

2xg

p1`xgq
m2

Q

ˆI˚0 py⃗
1´x⃗ 1, z⃗ 1´x⃗ 1q

+

, (5.50)

for the κ“ 3S1 state.

R2R2 contribution.
ÿ

λ“˘1
Γλ“˘1,1S

rcs
0

R2R2
pp,pg,Q; r⃗, r⃗ 1q

“
2
mQ

g2pp`q2 1
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ2

ˆ

#

4
„

´

1`x

2

¯2
`
x2

4 x
2
g

ȷˆ

p⃗g´x
p⃗

2

˙2 r⃗ ¨r⃗ 1

|r⃗ ||r⃗ 1|
Q̄R2K1pQ̄R2 |r⃗ |qQ̄R2K1pQ̄R2 |r⃗

1|q
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`i2x2
”´

1`x

2

¯

`
x

2xg

ı

m2
Qr⃗ ¨

ˆ

p⃗g´x
p⃗

2

˙

Q̄R2K1pQ̄R2 |r⃗ |q

|r⃗ |
K0pQ̄R2 |r⃗

1|q

´i2x2
”´

1`x

2

¯

`
x

2xg

ı

m2
Qr⃗

1 ¨

ˆ

p⃗g´x
p⃗

2

˙

Q̄R2K1pQ̄R2 |r⃗
1|q

|r⃗ 1|
K0pQ̄R2 |r⃗ |q

`2x4m4
QK0pQ̄R2 |r⃗ |qK0pQ̄R2 |r⃗

1|q

+

, (5.51)

for the κ“ 1S0 state, and
ÿ

λ“˘1
Γλ“˘1,3S

rcs
1

R2R2
pp,pg,Q; r⃗, r⃗ 1q

“
2mQ

3 g2pp`q2 1
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ2

#

4
m2

Q

ˆ

p⃗g´x
p⃗

2

˙2 r⃗ 1 ¨r⃗

|r⃗ 1||r⃗ |
Q̄R2K1pQ̄R2 |r⃗ |qQ̄R2K1pQ̄R2 |r⃗

1|q

„

´

1`x

2

¯2
x2

g`

´x

2

¯2
ȷ

´i2x2
ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗

|r⃗ |
Q̄R2K1pQ̄R2 |r⃗ |qK0pQ̄R2 |r⃗

1|q

”´

1`x

2

¯

xg`
x

2

ı

`8
ˆ

p⃗g´x
p⃗

2

˙2
K0pQ̄R2 |r⃗ |qK0pQ̄R2 |r⃗

1|q

„

´

1`x

2

¯2
`

´x

2

¯2
ȷ

`i2x2
ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗ 1

|r⃗ 1|
K0pQ̄R2 |r⃗ |qQ̄R2K1pQ̄R2 |r⃗

1|q r1´xgs

´i2x2
ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗

|r⃗ |
K0pQ̄R2 |r⃗

1|qQ̄R2K1pQ̄R2 |r⃗ |q r1´xgs

`2x4 r⃗ ¨r⃗ 1

|r⃗ ||r⃗ 1|
Q̄R2K1pQ̄R2 |r⃗ |qQ̄R2K1pQ̄R2 |r⃗

1|q
“

x2
g`1

‰

`i2x2
ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗ 1

|r⃗ 1|
Q̄R2K1pQ̄R2 |r⃗

1|qK0pQ̄R2 |r⃗ |q
”´

1`x

2

¯

xg`
x

2

ı

`2x4m2
QK0pQ̄R2 |r⃗ |qK0pQ̄R2 |r⃗

1|q

+

, (5.52)

for the κ“ 3S1 state.

R1R2 contribution.

Γλ“˘1,κ
R1R2

“Γλ“˘1,κ
R1insR2reg`Γλ“˘1,κ

R1regR2reg , (5.53)

where
ÿ

λ“˘1
Γλ“˘1,1S

rcs
0

R1instR2

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1
¯

“´
1
mQ

xgp1´xgq
2

p1`xgq

g2pp`q2

π

Q̄R1K1pQ̄R1XR1q

XR1

1
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

ˆ

"

´i

ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗ 1

|r⃗ 1|
Q̄R2K1pQ̄R2 |r⃗

1|q

”´

1`x

2

¯

`
x

2xg

ı

`x2m2
QK0pQ̄R2 |r⃗

1|q

*

, (5.54)
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ÿ

λ“˘1
Γλ“˘1,1S

rcs
0

R1regR2

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1
¯

“´
2
mQ

1
xgp1´xgq

g2pp`q2

π

1
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

ˆ

#

2iQ̄R2K1pQ̄R2 |r⃗
1|qI2mj py⃗´x⃗, z⃗´x⃗q

ˆ

p⃗g´x
p⃗

2

˙

r

r⃗ 1l
|r⃗ 1|

ˆ

”´

1`x

2`x
3
g

x

2

¯

δrmδjl`

´

x2
g

´

1`x

2

¯

`
x

2xg

¯´

δrlδmj´δrjδml
¯ı

´x2 `1`x2
g

˘

m2
QK0pQ̄R2 |r⃗

1|qI2mj py⃗´x⃗, z⃗´x⃗qδ
jm

´i
4x2

g

p1`xgq
m2

QQ̄R2K1pQ̄R2 |r⃗
1|qI0 py⃗´x⃗, z⃗´x⃗q

ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗ 1

|r⃗ 1|

”´

1`x

2

¯

`
x

2xg

ı

`
4x2

gx
2

p1`xgq
m4

QK0pQ̄R2 |r⃗
1|qI0py⃗´x⃗, z⃗´x⃗q

+

, (5.55)

for the κ“ 1S0 state, and

ÿ

λ“˘1
Γλ“˘1,3S

rcs
1

R1instR2

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1
¯

“
1

3mQ

xgp1´xgq
2

p1`xgq

g2pp`q2

π

Q̄R1K1pQ̄R1XR1q

XR1

1
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

ˆ

"

´i

ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗ 1

|r⃗ 1|
Q̄R2K1pQ̄R2 |r⃗

1|q

”´

1`x

2

¯

xg`
x

2

ı

´x2m2
QK0pQ̄R2 |r⃗

1|q

*

(5.56)

ÿ

λ“˘1
Γλ“˘1,1S

rcs
0

R1regR2

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1
¯

“´
2
mQ

1
xgp1´xgq

g2pp`q2

π

1
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

ˆ

#

2iQ̄R2K1pQ̄R2 |r⃗
1|qI2mj py⃗´x⃗, z⃗´x⃗q

ˆ

p⃗g´x
p⃗

2

˙

r

r⃗ 1l
|r⃗ 1|

ˆ

”´

1`x

2`x
3
g

x

2

¯

δrmδjl`

´

x2
g

´

1`x

2

¯

`
x

2xg

¯´

δrlδmj´δrjδml
¯ı

´x2 `1`x2
g

˘

m2
QK0pQ̄R2 |r⃗

1|qI2mj py⃗´x⃗, z⃗´x⃗qδ
jm

´i
4x2

g

p1`xgq
m2

QQ̄R2K1pQ̄R2 |r⃗
1|qI0 py⃗´x⃗, z⃗´x⃗q

ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗ 1

|r⃗ 1|

”´

1`x

2

¯

`
x

2xg

ı

`
4x2

gx
2

p1`xgq
m4

QK0pQ̄R2 |r⃗
1|qI0py⃗´x⃗, z⃗´x⃗q

+

(5.57)
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ÿ

λ“˘1
Γλ“˘1,3S

rcs
1

R1regR2

´

p,pg,Q; r⃗, b⃗, z⃗, r⃗ 1
¯

“´
2mQ

3
1

xgp1´xgq

g2pp`q2

π

1
„

´

p⃗g´x
p⃗
2

¯2
`x2m2

Q

ȷ

ˆ

#

´2xgQ̄R2K1pQ̄R2 |r⃗
1|qI2mj py⃗´x⃗, z⃗´x⃗q

ˆ

p⃗g´x
p⃗

2

˙

r

´ir⃗ 1l
|r⃗ 1|

1
m2

Q

”

xg

´

1`x

2

¯

`
x

2

ı

ˆ

´

δrmδlj`δlrδjm´δlmδrj
¯

`2xgx
2K0pQ̄R2 |r⃗

1|qI2mj py⃗´x⃗, z⃗´x⃗qδ
jm

`4K0pQ̄R2 |r⃗
1|qI1 py⃗´x⃗, z⃗´x⃗q¨

ˆ

p⃗g´x
p⃗

2

˙

”´

1`x

2

¯

`xg
x

2

ı

`ix2 p1´xgq
2 Q̄R2K1pQ̄R2 |r⃗

1|qI1 py⃗´x⃗, z⃗´x⃗q¨
r⃗ 1

|r⃗ 1|

`
4x2

g p1´xgq

p1`xgq
K0pQ̄R2 |r⃗

1|qĨ1 py⃗´x⃗, z⃗´x⃗q¨

ˆ

p⃗g´x
p⃗

2

˙

`i
4x2

gx
2 `x2

g`1
˘

p1`xgq
Q̄R2K1pQ̄R2 |r⃗

1|qĨ1 py⃗´x⃗, z⃗´x⃗q¨
r⃗ 1

|r⃗ 1|

`i
4x2

g

p1`xgq
Q̄R2K1pQ̄R2 |r⃗

1|qI0 py⃗´x⃗, z⃗´x⃗q

ˆ

p⃗g´x
p⃗

2

˙

¨
r⃗ 1

|r⃗ 1|

”

xg

´

1`x

2

¯

`
x

2

ı

`
4x2

gx
2

p1`xgq
m2

QK0pQ̄R2 |r⃗
1|qI0 py⃗´x⃗, z⃗´x⃗q

+

, (5.58)

for the κ“ 3S1 state.

6 Summary and outlook

In this work, we performed the first computation of the short-distance coefficients for direct
quarkonium + gluon production in electron-nucleus collisions at small x within the joint CGC
+ NRQCD framework. We study both color octet and singlet contributions and focus on the
S-wave states. We revisited the computation of QQ̄g production in the CGC within covariant
perturbation theory with momentum space Feynman rules, and CGC effective vertices which
resum coherent multiple interactions of the heavy quark pair and the gluon with the gluon
background field of the nucleus to all orders. Then, we projected the amplitudes to the
specific quantum state κ for the heavy quark pair.

Our final results for the short distance coefficients for the differential cross-section
are presented in section 5. They are expressed as a sum over 16 contributions dσλ

RiRj ,κ

corresponding to all possible locations for the emission of the gluon. We show the results for
6 of these contributions, as the others can be easily obtained by quark-antiquark exchange or
complex conjugation. Each of these contributions is written as a convolution of perturbatively
calculable impact factors Γλ

RiRj ,κ with multi-point lightlike Wilson line correlators ΞRiRj ,κ.
The color correlators are collected in section 5.1 for both singlet and octet states. The
perturbative factors depend both on the polarization of the virtual photon and the spin state
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κ and are presented in section 5.2. The calculation for the P -wave can be carried out in a
similar fashion, and it will be presented in an upcoming paper.

In the future, we plan to implement the fragmentation of the gluon into a jet (hadron), to
study the azimuthal correlations of direct quarkonium + jet (hadron) at the future Electron-
Ion Collider. While its complete numerical evaluation is computationally expensive due
to the high-dimensional integration and the presence of Fourier phases, we expect several
simplifications in two kinematic regimes: (i) the quarkonium and the jet are produced
back-to-back in the transverse plane, and (ii) in the limit in which the quarkonium has a
small transverse momentum (relative to its mass). Both limits should admit a TMD-like
factorization which drastically simplifies the numerical evaluation as has been recently been
studied for dijet production in [92]. The first limit has been studied within the TMD
formalism [93]. We expect a matching between CGC and TMD in this kinematical domain
as it has been observed to occur for other processes [34, 92, 94–97]. In the second limit, the
dominant contribution is when the gluon is soft and it leads to large Sudakov logarithms
after integrating over the phase space of the gluon [42, 98, 99].

Furthermore, by integrating over the phase space of the gluon, we can obtain the next-
to-leading order real corrections for direct quarkonium production in DIS at small-x. Strictly
speaking, we should work in d dimensions to obtain the results for quarkonium production at
NLO. However, we expect that the integration over the phase space of the gluon does not
yield any UV divergences (as in the case of dijet production at NLO, see [74]). Furthermore,
we do not expect collinear divergences since these would be regulated by the mass of the
heavy quarks. We expect only rapidity divergences which are regulated by introducing a
longitudinal momentum cut-off. Thus, we expect that when considering the real corrections
for direct quarkonium production it is sufficient to work in 4-dimensions.
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A Feynman rules

In this section, we gather the elementary Feynman rules needed for our computation. We
remind the reader that we work in light-cone gauge A`“ 0. We label σ,σ1 the spinor
indices and i, j, a,b the color indices in the SUpNcq fundamental and adjoint representations
respectively.
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The free massive quark and gluon propagator are

Sσσ1,ij
0 plq“

ip{l`mqσσ1

l2´m2`iε
δij , (A.1)

Gµν,ab
0 plq“

i

l2`iε
Πµνplqδab , (A.2)

where
Πµνplq“´gµν`

lµnν
2`l

νnµ
2

l`
, (A.3)

is the gluon tensor. It has the following properties:

Παβplq“
ÿ

λ̄“˘1

εαpl, λ̄qε
˚
βpl, λ̄q`

l2

pl`q2n2αn2β , (A.4)

ΠαβplqΠβδpl1q“´
ÿ

λ̄“˘1

εαpl, λ̄qε
˚δpl1, λ̄q , (A.5)

ε˚βpl, λ̄qΠβδpl1q“´ε˚δpl1, λ̄q , (A.6)

where λ̄ is the gluon polarization.

B Gamma traces

This section is dedicated to collecting some useful traces of gamma matrices. Here, ωµν “
1
2 rγ

µ,γνs. These results are used in particular to compute Fλ,λ̄,κ,Jz

Ri
which is given by

eq. (2.40). They are:

Trpodd nb of γq“ 0 (B.1)
Trpγµγνq“ 4gµν (B.2)

Trpγµγνγργσq“ 4pgµνgρσ´gµρgνσ`gµσgνρq (B.3)
Trpγαγβγµγνγργσq“ 4gαβpgµνgρσ´gµρgνσ`gµσgνρq´4gαµpgβνgρσ´gβρgνσ`gβσgνρq

`4gανpgβµgρσ´gβρgµσ`gβσgµρq´4gαρpgβµgνσ´gβνgµσ`gβσgµνq

`4gασpgβµgνρ´gβνgµρ`gβρgµνq (B.4)
Tr

`

γ5γµγν
˘

“ 0 (B.5)

Tr
´

γ5γµγνγαγβ
¯

“´4iϵµναβ (B.6)

Tr
´

γ5γαωijγβ
¯

“
1
2
“

Tr
`

γ5γαγiγjγ`
˘

´Tr
`

γ5γαγjγiγ`
˘‰

“
1
2

”

´4iϵαijβ´p´4iϵαjiβq

ı

“´4iϵαijβ (B.7)

Trpγαγβωijq“
1
2

”

Trpγαγβγiγjq´Trpγαγβγjγiq

ı

“
1
2

”

4pgαβgij´gαigβj`gαjgβiq´4pgαβgij´gαjgβi`gαigβjq

ı

“ 4pgαjgβi´gαigβjq (B.8)

Hence, for the last trace, if either α or β is `,´, the trace is equal to 0.
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C Dirac structure manipulation for gluon emission

We use the Ward identity l2 ¨ε˚pl2, λ̄q“ 0, eq. (3.3), the properties of the Gamma matrices and
the Dirac equations ūsppqqp{pq

´mQq“ 0 and p{pq̄
`mQqvs̄ppq̄q“ 0 in the below manipulations.

Emission of a gluon by the quark before the shockwave.

γ`
“

p{l1´{l2q`mQ

‰

{ε˚pl2, λ̄qp{l1`mQq

“ γ`
“

2pl1´l2q¨ε˚pl2, λ̄q´{ε˚pl2, λ̄qp{l1´{l2q`mQ{ε
˚
pl2, λ̄q

‰

p{l1`mQq

“ γ`

«

2
˜

l`1
l⃗2 ¨ϵ⃗

λ̄˚

l`2
´ l⃗1 ¨ϵ⃗

λ̄˚

¸

`ϵ⃗ λ̄˚
n γnp{l1´{l2q´mQϵ⃗

λ̄˚
n γn

ff

p{l1`mQq

“ γ`
„

2 l
`
1
l`2

ˆ

l⃗2´
l`2
l`1
l⃗1

˙

¨ϵ⃗ λ̄˚`ϵ⃗ λ̄˚
n γn

ˆ

l⃗2´
l`2
l`1
l⃗1

˙

m

γm`ϵ⃗ λ̄˚
n γn

ˆ

1´ l`2
l`1

˙

p{l1´mQ`mQq

´mQϵ⃗
λ̄˚
n γn

ȷ

p{l1`mQq

“ γ`
„

2 l
`
1
l`2

ˆ

l⃗2´
l`2
l`1
l⃗1

˙

m

ϵ⃗ λ̄˚
n

„

δnm`
l`2
2l`1

γnγm

ȷ

`ϵ⃗ λ̄˚
n γn

ˆ

1´ l`2
l`1

˙

p{l1´mQq

´
l`2
l`1
mQϵ⃗

λ̄˚
n γn

ȷ

p{l1`mQq (C.1)

Emission of a gluon by the quark after the shockwave.

ūsppqq{ε
˚
ppg, λ̄qp{pq

`{pg
`mQqγ

`

“ ūsppqq

”

2ε˚ppg, λ̄q¨ppq`pgq´p{pq
`{pg

q{ε˚ppg, λ̄q`mQ{ε
˚
ppg, λ̄q

ı

γ`

“ ūsppqq

«

2
˜

p⃗g ¨ϵ⃗
λ̄˚

p`g
p`q ´ϵ⃗ λ̄˚ ¨p⃗q

¸

´p{pq
´mQq{ε

˚
ppg, λ̄q´{pg

{ε˚ppg, λ̄q

ff

γ`

“ ūsppqq

„

2
x
pp⃗g´xp⃗qq¨ϵ⃗

λ̄˚`

´

{pg
´x{pq

`x{pq

¯

ϵ⃗ λ̄˚
n γn

ȷ

γ`

“ ūsppqq

„

2
x
pp⃗g´xp⃗qq¨ϵ⃗

λ̄˚´pp⃗g´xp⃗qqmγ
mϵ⃗ λ̄˚

n γn`xmQϵ⃗
λ̄˚
n γn

ȷ

γ`

“ ūsppq q⃗ϵ
λ̄˚
n

„

2
x
pp⃗g´xp⃗qqm

´

δmn´
x

2γ
mγn

¯

`xmQγ
n

ȷ

γ`

“ ūsppq q⃗ϵ
λ̄˚
n

"

2
x
pp⃗g´xp⃗qqm

”

δmn
´

1`x

2

¯

`
x

2ω
nm

ı

`xmQγ
n

*

γ` (C.2)

We have defined x“ p`g {p
`
q .

Emission of a gluon by the antiquark before the shockwave.
“

´{l1`mQ

‰

{ε˚pl2, λ̄q
“

p{l2´{l1q`mQ

‰

γ`

“
“

´{l1`mQ

‰“

2ε˚pl2, λ̄q¨pl2´l1q´p{l2´{l1q{ε
˚
pl2, λ̄q`mQ{ε

˚
pl2, λ̄q

‰

γ`

“
“

´{l1`mQ

‰

«

´2
˜

ϵ⃗ λ̄˚ ¨ l⃗2

l`2
l`1 ´ϵ⃗ λ̄˚ ¨ l⃗1

¸

`p{l2´{l1q⃗ϵ
λ̄˚
n γn´mQϵ⃗

λ̄˚
n γn

ff

γ`
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“
“

´{l1`mQ

‰

„

´2 l
`
1
l`2

ˆ

l⃗2´
l`2
l`1
l⃗1

˙

¨ϵ⃗ λ̄˚`

ˆ

{l2´
l`2
l`1

{l1`
l`2
l`1

{l1´{l1

˙

ϵ⃗ λ̄˚
n γn´mQϵ⃗

λ̄˚
n γn

ȷ

γ`

“
“

´{l1`mQ

‰

„

´2 l
`
1
l`2

ˆ

l⃗2´
l`2
l`1
l⃗1

˙

¨ϵ⃗ λ̄˚´

ˆ

l⃗2´
l`2
l`1
l⃗1

˙

m

γmϵ⃗ λ̄˚
n γn

`

ˆ

l`2
l`1

´1
˙

`

{l1`mQ´mQ

˘

ϵ⃗ λ̄˚
n γn´mQϵ⃗

λ̄˚
n γn

ȷ

γ`

“
“

´{l1`mQ

‰

"

´2 l
`
1
l`2

ˆ

l⃗2´
l`2
l`1
l⃗1

˙

m

ϵ⃗ λ̄˚
n

„

δnm`
l`2
2l`1

γmγn

ȷ

´
l`2
l`1
mQϵ⃗

λ̄˚
n γn

`

ˆ

l`2
l`1

´1
˙

`

{l1`mQ

˘

ϵ⃗ λ̄˚
n γn

*

γ`

“
“

´{l1`mQ

‰

"

´2 l
`
1
l`2

ˆ

l⃗2´
l`2
l`1
l⃗1

˙

m

ϵ⃗ λ̄˚
n

„

δnm

ˆ

1´ l`2
2l`1

˙

`
l`2
2l`1

ωmn

ȷ

´
l`2
l`1
mQϵ⃗

λ̄˚
n γn

*

γ`

`

ˆ

1´ l`2
l`1

˙

pl21´m
2
Qq⃗ϵ

λ̄˚
n γnγ`

“
“

´{l1`mQ

‰

#

´2
p`g `p`q̄
p`g

ˆ

l⃗2´
p`g

q`´p`q
l⃗1

˙

m

ϵ⃗ λ̄˚
n

«

δnm

˜

p`g `2p`q̄
2pp`g `p`q̄ q

¸

`
p`g

2pp`g `p`q̄ q
ωmn

ff

´
p`g

p`g `p`q̄
mQϵ⃗

λ̄˚
n γn

+

γ``

˜

1´
p`g

p`g `p`q̄

¸

pl21´m
2
Qq⃗ϵ

λ̄˚
n γnγ`

“
“

´{l1`mQ

‰

#

´2
p`q̄
p`g

ˆ

l⃗2´
xg

1´xq
l⃗1

˙

m

ϵ⃗ λ̄˚
n

«

δnm

˜

p`g `2p`q̄
2p`q̄

¸

`
p`g

2p`q̄
ωmn

ff

´
p`q̄

p`g `p`q̄

p`g

p`q̄
mQϵ⃗

λ̄˚
n γn

+

γ``
p`q̄

q`´p`q
pl21´m

2
Qq⃗ϵ

λ̄˚
n γnγ`

“ 2
p`q̄
p`g
ϵ⃗ λ̄˚
n

“

´{l1`mQ

‰

γ`

#

´

ˆ

l⃗2´
xg

1´xq
l⃗1

˙

m

«

δnm

˜

1`
p`g

2p`q̄

¸

`
p`g

2p`q̄
ωmn

ff

`
mQ

2
p`q̄

p`g `p`q̄

˜

p`g

p`q̄

¸2

γn

,

.

-

`
xq̄

1´xq
pl21´m

2
Qq⃗ϵ

λ̄˚
n γnγ` (C.3)

Emission of a gluon by the antiquark after the shockwave.

γ`p´{pg
´{pq̄

`mQq{ε
˚
ppg, λ̄qvs̄ppq̄q

“ γ`
”

2p´pg´pq̄q¨ε
˚ppg, λ̄q´{ε˚ppg, λ̄qp´{pg

´{pq̄
q`mQ{ε

˚
ppg, λ̄q

ı

vs̄ppq̄q

“ γ`
”

´2pq̄ ¨ε
˚ppg, λ̄q`{ε˚ppg, λ̄q{pg

`{ε˚ppg, λ̄qp{pq̄
`mQq

ı

vs̄ppq̄q

“ γ`

«

´2
˜

p`q̄
p⃗g ¨ϵ⃗

λ̄˚

p`g
´p⃗q̄ ¨ϵ⃗

λ̄˚

¸

´ϵ⃗ λ̄˚
n γn

{pg

ff

vs̄ppq̄q

“ γ`
„

´
2
x̄
pp⃗g´x̄p⃗q̄q¨ϵ⃗

λ̄˚´ϵ⃗ λ̄˚
n γnp{pg

´x̄{pq̄
q´x̄ϵ⃗ λ̄˚

n γn
{pq̄

ȷ

vs̄ppq̄q

“ γ`
„

´
2
x̄
pp⃗g´x̄p⃗q̄qmϵ⃗

λ̄˚
n δmn`pp⃗g´x̄p⃗q̄qmϵ⃗

λ̄˚
n γnγm`x̄mQϵ⃗

λ̄˚
n γn

ȷ

vs̄ppq̄q
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“ γ`
„

´
2
x̄
pp⃗g´x̄p⃗q̄qmϵ⃗

λ̄˚
n

ˆ

δmn´
x̄

2γ
nγm

˙

`x̄mQϵ⃗
λ̄˚
n γn

ȷ

vs̄ppq̄q

“ ϵ⃗ λ̄˚
n γ`

"

´
2
x̄
pp⃗g´x̄p⃗q̄qm

„

δmn

ˆ

1` x̄

2

˙

´
x̄

2ω
nm

ȷ

`x̄mQγ
n

*

vs̄ppq̄q (C.4)

where x̄“ p`g {p
`
q̄ .

D Lorentz contraction with Pαρ

Here, we list a few useful identities that will aid in the calculation of the perturbative
factor defined in eq. (5.6) when κ“ 3S

rcs
1 . The following contractions are encountered when

summing over Jz and using eq. (2.18):
ˆ

´gρα`
pρpα

p2

˙

gρ`gα`“
pp`q2

p2 , (D.1)
ˆ

´gρα`
pρpα

p2

˙

gρ`pgα`p⃗ s´gαsp`q“ p⃗ s pp
`q2

p2 ´p`
p⃗ sp`

p2 “ 0 , (D.2)
ˆ

´gρα`
pρpα

p2

˙

pgρ`p⃗n´gρnp`qpgα`p⃗ s´gαsp`q“ pp`q2p´gnsq“ pp`q2δns . (D.3)

E Transverse momentum integrals for the R1 diagrams

We calculate in this appendix the transverse integrals that appear in diagrams R1 and R3.

Ipr⃗1, r⃗2q“

ż d2 l⃗1d2 l⃗2
p2πq2

ei⃗l1¨r⃗1ei⃗l2¨r⃗2

Q2`
l⃗ 2
1 `m2

Q

z1
`

l⃗ 2
2

z2
`

p⃗l1 ⃗̀l2q2`m2
Q

z3

(E.1)

I0pr⃗1, r⃗2q“

ż d2 l⃗1d2 l⃗2
p2πq2

ei⃗l1¨r⃗1ei⃗l2¨r⃗2

”

Q2z1p1´z1q` l⃗ 2
1 `m

2
Q

ı

„

Q2`
l⃗ 2
1 `m2

Q

z1
`

l⃗ 2
2

z2
`

p⃗l1 ⃗̀l2q2`m2
Q

z3

ȷ (E.2)

I1mpr⃗1, r⃗2q“

ż d2 l⃗1d2 l⃗2
p2πq2

ei⃗l1¨r⃗1ei⃗l2¨r⃗2
´

l⃗2m` z2
1´z1

l⃗1m

¯

”

Q2z1p1´z1q` l⃗ 2
1 `m

2
Q

ı

„

Q2`
l⃗ 2
1 `m2

Q

z1
`

l⃗ 2
2

z2
`

p⃗l1 ⃗̀l2q2`m2
Q

z3

ȷ

“´i

ˆ

B

Br⃗m
2

`
z2

1´z1

B

Br⃗m
1

˙

I0pr⃗1, r⃗2q (E.3)

I2mjpr⃗1, r⃗2q“

ż d2 l⃗1d2 l⃗2
p2πq2

ei⃗l1¨r⃗1ei⃗l2¨r⃗2 l⃗1j

´

l⃗2m` z2
1´z1

l⃗1m

¯

”

Q2z1p1´z1q` l⃗ 2
1 `m

2
Q

ı

„

Q2`
l⃗ 2
1 `m2

Q

z1
`

l⃗ 2
2

z2
`

p⃗l1 ⃗̀l2q2`m2
Q

z3

ȷ

“´i
B

Br⃗ j
1
I1mpr⃗1, r⃗2q (E.4)

Ĩ1jpr⃗1, r2Kq“

ż d2 l⃗1d2 l⃗2
p2πq2

ei⃗l1¨r⃗1ei⃗l2¨r⃗2 l⃗1j
”

Q2z1p1´z1q` l⃗ 2
1 `m

2
Q

ı

„

Q2`
l⃗ 2
1 `m2

Q

z1
`

l⃗ 2
2

z2
`

p⃗l1 ⃗̀l2q2`m2
Q

z3

ȷ

“´i
B

Br⃗ j
1
I0pr⃗1, r⃗2q (E.5)

z1,z2,z3 such that z1`z2`z3 “ 1.
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We use the following relation to compute them
ż 8

0
ds sν´1e´sA2

e´B2{s “ 2
ˆ

A

B

˙´ν

K´ν p2ABq (E.6)

with A2 ą 0,B2 ą 0.

E.1 Schwinger’s parametrization

Schwinger’s parametrization

1
Dβ

“
1

Γpβq

ż 8

0
dssβ´1e´sD (E.7)

for Repβqą 0.

Ipr⃗1, r⃗2q

“

ż 8

0
ds

ż d2 l⃗1d2 l⃗2
p2πq2 ei⃗l1¨r⃗1 ei⃗l2¨r⃗2 e

´s
”

Q2 ⃗̀l 2
2

´

1
z2

` 1
z3

¯

⃗̀l 2
1

´

1
z1

` 1
z3

¯

`m2
Q

´

1
z1

` 1
z3

¯

⃗̀l2¨
2

z3
l⃗1
ı

“

ż 8

0
ds e

´s
´

Q2`m2
Q

1´z2
z1z3

¯
ż d2 l⃗1

2π ei⃗l1¨r⃗1 e
⃗́l 2
1

sp1´z2q
z1z3

ż d2 l⃗2
2π e

l⃗2¨
´

ir⃗2´
2s
z3

l⃗1
¯

e
⃗́l 2
2

sp1´z1q
z2z3

“

ż 8

0
ds e

´s
´

Q2`m2
Q

1´z2
z1z3

¯
ż d2 l⃗1

2π ei⃗l1¨r⃗1 e
⃗́l 2
1

sp1´z2q
z1z3

1
2π

ˆ

πz2z3
sp1´z1q

˙

e
pir⃗2´

2s
z3

l⃗1q
2

4sp1´z1q
z2z3

“
z2z3

2p1´z1q

ż 8

0

ds

s
e
´s

´

Q2`m2
Q

1´z2
z1z3

¯

e
´r⃗ 2

2
z2z3

4sp1´z1q

ż d2 l⃗1
2π e

l⃗1¨
´

ir⃗1´ir⃗2
z2

1´z1

¯

e
⃗́l 2
1

s
z1p1´z1q

“
z2z3

2p1´z1q

ż 8

0

ds

s
e
´s

´

Q2`m2
Q

1´z2
z1z3

¯

e
´r⃗ 2

2
z2z3

4sp1´z1q
1
2π

ˆ

πz1p1´z1q

s

˙

e
´

´

r⃗1´
z2

1´z1
r⃗2
¯2 z1p1´z1q

4s

“
z1z2z3

4

ż 8

0

ds

s2 e
´s

´

Q2`m2
Q

1´z2
z1z3

¯

e
´ 1

4s

„

r⃗ 2
2

z2z3
1´z1

`

´

r⃗1´
z2

1´z1
r⃗2
¯2

z1p1´z1q

ȷ

“
z1z2z3

4

ż 8

0
ds sp´1q´1 e´sQ̄2

e´
X2
4s

“
z1z2z3

4 2
ˆ

2Q̄
X

˙

K1pQ̄Xq

“ z1z2z3
Q̄K1pQ̄Xq

X
(E.8)

where

Q̄2 “Q2`m2
Q

1´z2
z1z3

X2 “ r⃗ 2
2
z2z3
1´z1

`

ˆ

r⃗1´
z2

1´z1
r⃗2

˙2
z1p1´z1q

“ r⃗ 2
2
z2z3
1´z1

`
z2

2z1
1´z1

r⃗ 2
2 `z1pz2`z3qr⃗

2
1 ´2z2z1r⃗1 ¨r⃗2

“ z1z2pr⃗1´r⃗2q
2`z1z3r⃗

2
1 `r⃗

2
2

ˆ

z2z3
1´z1

`
z2

2z3
1´z1

´z1z2

˙

r⃗ 2
2
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“ z1z2pr⃗1´r⃗2q
2`z1z3r⃗

2
1 `r⃗

2
2

ˆ

z2z3`z
2
2z1´z2z1pz2`z3q

1´z1

˙

r⃗ 2
2

“ z1z2pr⃗1´r⃗2q
2`z1z3r⃗

2
1 `z2z3r⃗

2
2 (E.9)

I0pr⃗1, r⃗2q

“

ż d2 l⃗1d2 l⃗2
p2πq2

ei⃗l1¨r⃗1ei⃗l2¨r⃗2

”

Q2z1p1´z1q` l⃗ 2
1 `m

2
Q

ı

„

Q2`
l⃗ 2
1 `m2

Q

z1
`

l⃗ 2
2

z2
`

p⃗l1 ⃗̀l2q2`m2
Q

z3

ȷ

“
1

z1p1´z1q

ż 8

0
ds

ż 8

0
dt

ż d2 l⃗1d2 l⃗2
p2πq2 e

´s

«

Q2`
l⃗ 2
1 `m2

Q
z1p1´z1q

ff

e
´t

«

Q2`
l⃗ 2
1 `m2

Q
z1

`
l⃗ 2
2

z2
`

p⃗l1 ⃗̀l2q
2`m2

Q
z3

ff

“
1

z1p1´z1q

ż 8

0
ds

ż 8

0
dt e´ps`tqQ2

e
´m2

Q

´

s
z1p1´z1q

`
p1´z2qt

z1z3

¯

ˆ

ż d2 l⃗1
2π e

⃗́l 2
1

´

s
z1p1´z1q

`
p1´z2qt

z1z3

¯

ei⃗l1¨r⃗1

ż d2 l⃗2
2π e

´
tp1´z1q

z2z3
l⃗ 2
2 e

l⃗2¨
´

ir⃗2´
2t
z3

l⃗1
¯

“
1

z1p1´z1q

ż 8

0
ds

ż 8

0
dt e´ps`tqQ2

e
´m2

Q

´

s
z1p1´z1q

`
p1´z2qt

z1z3

¯

ˆ

ż d2 l⃗1
2π e

⃗́l 2
1

´

s
z1p1´z1q

`
p1´z2qt

z1z3

¯

ei⃗l1¨r⃗1 1
2π

ˆ

πz2z3
p1´z1qt

˙

e
pir⃗2´

2t
z3

l⃗1q
2

4tp1´z1q
z2z3

“
z2z3

2z1p1´z1q2

ż 8

0
ds

ż 8

0

dt

t
e´ps`tqQ2

e
´m2

Q

´

s
z1p1´z1q

`
p1´z2qt

z1z3

¯

e
´r⃗ 2

2
z2z3

4tp1´z1q

ˆ

ż d2 l⃗1
2π e

⃗́l 2
1

´

s`t
z1p1´z1q

¯

e
l⃗1¨

´

ir⃗1´i
z2

1´z1
r⃗2
¯

“
z2z3

2z1p1´z1q2

ż 8

0
ds

ż 8

0

dt

t
e´ps`tqQ2

e
´m2

Q

´

s
z1p1´z1q

`
p1´z2qt

z1z3

¯

e
´r⃗ 2

2
z2z3

4tp1´z1q

ˆ
1
2π

ˆ

πz1p1´z1q

s`t

˙

e
´

ˆ

r⃗1´
z2

1´z1
r⃗2

˙2

4ps`tq
z1p1´z1q

“
z2z3

4p1´z1q

ż 8

0
ds

ż 8

0

dt

t

1
s`t

e´ps`tqQ2
e
´m2

Q

´

s
z1p1´z1q

`
p1´z2qt

z1z3

¯

ˆe
´r⃗ 2

2
z2z3

4tp1´z1q e
´

ˆ

r⃗1´
z2

1´z1
r⃗2

˙2

4ps`tq
z1p1´z1q

We do the following change of variables u“ s`t and v“ t with s“u´vą 0, t“ vą 0ñ
uą vą 0 to obtain finally

I0pr⃗1, r⃗2q“
z2z3

4p1´z1q

ż 8

0

du

u

ż u

0

dv

v
e´uQ2

e
´m2

Q

´

u´v
z1p1´z1q

`
p1´z2qv

z1z3

¯

ˆe
´r⃗ 2

2
z2z3

4vp1´z1q e´

ˆ

r⃗1´
z2

1´z1
r⃗2

˙2

4u
z1p1´z1q
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“
z2z3

4p1´z1q

ż 8

0

du

u
e´uQ2

e
´m2

Q
u

z1p1´z1q e´

ˆ

r⃗1´
z2

1´z1
r⃗2

˙2

4u
z1p1´z1q

ˆ

ż u

0

dv

v
e
´m2

Qv
´

z2
z3p1´z1q

¯

e
´r⃗ 2

2
z2z3

4vp1´z1q . (E.10)

Using

´i

ˆ

B

Br⃗m
2

`
z2

1´z1

B

Br⃗m
1

˙

»

—

–

´

´

r⃗1´
z2

1´z1
r⃗2

¯2

4u z1p1´z1q´r⃗
2
2

z2z3
4vp1´z1q

fi

ffi

fl

“ i

$

&

%

z2
1´z1

2
´

r⃗1´
z2

1´z1
r⃗2

¯

m
z1p1´z1q

4u `

ˆ

´
z2

1´z1

˙ 2
´

r⃗1´
z2

1´z1
r⃗2

¯

m
z1p1´z1q

4u

`
z2z3

4vp1´z1q
2r⃗2m

+

“ i
z2z3

2vp1´z1q
r⃗2m ,

we obtain

I1mpr⃗1, r⃗2q“
pz2z3q

2

8p1´z1q2 ir⃗2m

ż 8

0

du

u
e´uQ2

e
´m2

Q
u

z1p1´z1q e
´

´

r⃗1´
z2

1´z1
r⃗2
¯2 z1p1´z1q

4u

ˆ

ż u

0

dv

v2 e
´m2

Qv
z2

z3p1´z1q e
´r⃗ 2

2
z2z3

4vp1´z1q . (E.11)

This leads to

I2mjpr⃗1, r⃗2q“
pz2z3q

2

8p1´z1q2 ir⃗2m

ż 8

0

du

u
e´uQ2

e
´m2

Q
u

z1p1´z1q e
´

´

r⃗1´
z2

1´z1
r⃗2
¯2 z1p1´z1q

4u

ˆ

˜

i
z1p1´z1q

4u 2
ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

¸

ż u

0

dv

v2 e
´m2

Qv
z2

z3p1´z1q e
´r⃗ 2

2
z2z2

4vp1´z1q

“´
pz2z3q

2z1
16p1´z1q

r⃗2m

ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

ż 8

0

du

u2 e
´uQ2

e
´m2

Q
u

z1p1´z1q

ˆe
´

´

r⃗1´
z2

1´z1
r⃗2
¯2 z1p1´z1q

4u

ż u

0

dv

v2 e
´m2

Qv
z2

z3p1´z1q e
´r⃗ 2

2
z2z3

4vp1´z1q . (E.12)

Finally, the last integral has the following expression

Ĩ1jpr⃗1, r⃗2q“
z2z3

4p1´z1q

ż 8

0

du

u
e´uQ2

e
´m2

Q
u

z1p1´z1q

˜

i
z1p1´z1q

4u 2
ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

¸

ˆe
´

´

r⃗1´
z2

1´z1
r⃗2
¯2 z1p1´z1q

4u

ż u

0

dv

v
e
´m2

Qv
z2

z3p1´z1q e
´r⃗ 2

2
z2z3

4vp1´z1q

“
z1z2z3

8 i

ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

ż 8

0

du

u2 e
´uQ2

e
´m2

Q
u

z1p1´z1q

ˆe
´

´

r⃗1´
z2

1´z1
r⃗2
¯2 z1p1´z1q

4u

ż u

0

dv

v
e
´m2

Qv
z2

z3p1´z1q e
´r⃗ 2

2
z2z3

4vp1´z1q (E.13)
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E.2 Feynman parametrization

I0pr⃗1, r⃗2q“

ż d2 l⃗1d2 l⃗2
p2πq2

ei⃗l1¨r⃗1 ei⃗l2¨r⃗2

”

Q2z1p1´z1q` l⃗ 2
1 `m

2
Q

ı

„

Q2`
l⃗ 2
1 `m2

Q

z1
`

l⃗ 2
2

z2
`

p⃗l1 ⃗̀l2q2`m2
Q

z3

ȷ

“
1

z1p1´z1q

ż 1

0
dx

ż d2 l⃗1d2 l⃗2
p2πq2

ei⃗l1¨r⃗1ei⃗l2¨r⃗2

D2

with

D“xQ2`p1´xqQ2`x

˜

l⃗ 2
1 `m

2
Q

z1
`
l⃗ 2
2
z2

`
p⃗l1` l⃗2q

2`m2
Q

z3

¸

`p1´xq
l⃗ 2
1 `m

2
Q

z1p1´z1q

“Q2`m2
Q

xp1´z2qp1´z1q`p1´xqz3
z1z3p1´z1q

` l⃗ 2
1
xp1´z2qp1´z1q`p1´xqz3

z1z3p1´z1q

` l⃗ 2
2
xp1´z1q

z2z3
` l⃗2 ¨

2x
z3
l⃗1

“Q2`m2
Q

xz1z2`z3
z1z3p1´z1q

` l⃗ 2
1
xz1z2`z3
z1z3p1´z1q

` l⃗ 2
2
xp1´z1q

z2z3
` l⃗2 ¨

2x
z3
l⃗1 .

Using the Schwinger parametrization again, we have

I0pr⃗1, r⃗2q“
1

z1p1´z1q

ż 1

0
dx

ż 8

0
ds s e

´s
´

Q2`m2
Q

xz1z2`z3
z1z3p1´z1q

¯
ż d2 l⃗1

2π ei⃗l1¨r⃗1 e
⃗́l 2
1 s

xz1z2`z3
z1z3p1´z1q

ˆ

ż d2 l⃗2
2π e

l⃗2¨
´

ir⃗2´
2xs
z3

l⃗1
¯

e
⃗́l 2
2

sxp1´z1q
z2z3

“
1

z1p1´z1q

ż 1

0
dx

ż 8

0
ds s e

´s
´

Q2`m2
Q

xz1z2`z3
z1z3p1´z1q

¯
ż d2 l⃗1

2π ei⃗l1¨r⃗1 e
⃗́l 2
1 s

xz1z2`z3
z1z3p1´z1q

ˆ
1
2π

ˆ

πz2z3
sxp1´z1q

˙

e

´

ir⃗2´
2xs
z3

l⃗1
¯2 z2z3

4sxp1´z1q

“
z2z3

2z1p1´z1q2

ż 1

0

dx

x

ż 8

0
ds e

´s
´

Q2`m2
Q

xz1z2`z3
z1z3p1´z1q

¯

e
´r⃗ 2

2
z2z3

4sxp1´z1q

ˆ

ż d2 l⃗1
2π e

l⃗1¨
´

ir⃗1´i
z2

1´z1
r⃗2
¯

e
⃗́l 2
1

s
z1p1´z1q

“
z2z3

2z1p1´z1q2

ż 1

0

dx

x

ż 8

0
ds e

´s
´

Q2`m2
Q

xz1z2`z3
z1z3p1´z1q

¯

e
´r⃗ 2

2
z2z3

4sxp1´z1q

ˆ
1
2π

ˆ

πz1p1´z1q

s

˙

e
´

´

r⃗1´
z2

1´z1
r⃗2
¯2 z1p1´z1q

4s

“
z2z3

4p1´z1q

ż 1

0

dx

x

ż 8

0
ds s´1 e

´s
´

Q2`m2
Q

xz1z2`z3
z1z3p1´z1q

¯

e
´ 1

4s

„

r⃗ 2
2

z2z3
p1´z1qx

`

´

r⃗1´
z2

1´z1
r⃗2
¯2

z1p1´z1q

ȷ

“
z2z3

4p1´z1q

ż 1

0

dx

x

ż 8

0
ds s0´1 e´sQ2

F pxq e´
X2

F
pxq

4s

“
z2z3

2p1´z1q

ż 1

0

dx

x
K0pQF pxqXF pxqq (E.14)
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where we define

Q2
F pxq“Q2`m2

Q

xz1z2`z3
z1z3p1´z1q

, (E.15)

X2
F pxq“ r⃗ 2

2
z2z3

p1´z1qx
`

ˆ

r⃗1´
z2

1´z1
r⃗2

˙2
z1p1´z1q . (E.16)

Using

´i

ˆ

B

Br⃗m
2

`
z2

1´z1

B

Br⃗m
1

˙„

´
X2

F pxq

4s

ȷ

“ i

"

2r⃗2mz2z3
4p1´z1qxs

`
z1p1´z1q

4s

ˆ

´
z2

1´z1

˙

2
ˆ

r⃗1´
z2

1´z1
r⃗2

˙

m

`
z2

1´z1

z1p1´z1q

4s 2
ˆ

r⃗1´
z2

1´z1
r⃗2

˙

m

*

“
z2z3

2xsp1´z1q
ir⃗2m ,

we have

I1mpr⃗1, r⃗2q“´i

ˆ

B

Br⃗m
2

`
z2

1´z1

B

Br⃗m
1

˙

I0pr⃗1, r⃗2q

“
pz2z3q

2

8p1´z1q2 ir⃗2m

ż 1

0

dx

x2

ż 8

0
ds sp´1q´1 e´sQ2

F pxq e´
X2

F
pxq

4s

“
pz2z3q

2

2p1´z1q2 ir⃗2m

ż 1

0

dx

x2
QF pxq

XF pxq
K1pQF pxqXF pxqq . (E.17)

Using

´i
B

Br⃗ j
1

ˆ

´
X2

F pxq

4s

˙

“ i
z1p1´z1q

2s

ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

,

we obtain

I2mjpr⃗1, r⃗2q“
B

Br⃗ j
1
I1mpr⃗1, r⃗2q

“´
pz2z3q

2z1
p1´z1q16

ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

r⃗2m

ż 1

0

dx

x2

ż 8

0
ds s´2´1 e´sQ2

F pxq e´
X2

F
pxq

4s

“´
pz2z3q

2z1
p1´z1q2

ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

r⃗2m

ż 1

0

dx

x2

ˆ

QF pxq

XF pxq

˙2
K2pQF pxqXF pxqq , (E.18)

and

Ĩ1jpr⃗1, r⃗2q“´i
B

Br⃗ j
1
I0pr⃗1, r⃗2q

“
z1z2z3

8 i

ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

ż 1

0

dx

x

ż 8

0
ds sp´1q´1 e´sQ2

F pxq e´
X2

F
pxq

4s

“
z1z2z3

2 i

ˆ

r⃗1´
z2

1´z1
r⃗2

˙

j

ż 1

0

dx

x

QF pxq

XF pxq
K1pQF pxqXF pxqq . (E.19)
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