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1 Introduction

Due to their rapid proliferation at small x, it is well-known that gluons constitute the dominant
partonic component of the content of hadronic and nuclear matter in the high-energy limit.
It is expected that this fast growth cannot go unchecked and that the gluon density must
eventually saturate due to the non-linear interactions of quantum chromodynamics [1, 2].
The experimental observation for gluon saturation in collider experiments is one of the
outstanding topics in high-energy nuclear physics [3—11]. The Color Glass Condensate (CGC)
effective theory provides a systematic framework to study this novel regime of matter of high
parton densities [12-17]. A hallmark consequence of the CGC is the suppression of particle
production when the typical transverse momenta or invariant mass is commensurate to the
energy-dependent momentum saturation scale [18-34]. Heavy-quarkonium production in
high-energy proton-proton and proton-nucleus collisions at RHIC and the LHC [35-46] (see
also [47-54] for open heavy flavor studies) is a particularly compelling observable as the mass
of the heavy quarkonium provides a semi-hard scale comparable to the expected saturation
scales reached on these collision systems. Analogous studies have been proposed in deep
inelastic scattering (DIS) at the future Electron-Ion Collider (EIC), albeit the majority of
them focusing on diffractive production [55-68]. Recently, direct quarkonium production
in DIS has been studied at small-z within the transverse momentum dependent framework
in [69-71], and within the CGC effective theory in [72]. In this work, we further extend these
studies by computing direct quarkonium production accompanied by a gluon in DIS and
within the joint framework of the CGC and the Non-relativistic Quantum Chromodynamics
(NRQCD) formalism [73]. Our calculation paves the way for the computation of direct
quarkonium production at the next-to-leading order in the CGC, as well as the study of
azimuthal correlations of direct quarkonium + jet/hadron production in the saturated regime.

This paper is organized as follows. In section 2 we begin by setting up the kinematics of the
process under consideration, as well as the notations and conventions to be followed throughout
the manuscript. We then briefly review the basic theoretical tools of our computation: the
NRQCD formalism and the CGC Effective Field Theory. In particular, we introduce the
momentum space Feynman rules with CGC effective vertices that encode the multiple
scattering of quarks and gluons with the strong gluon field of the nucleus. We then review
the computation of heavy quark pair + gluon production in virtual photon nucleus collision
in section 3. We follow the strategy in [74] by performing our computation using covariant
perturbation theory. The projection of the heavy quark pair into the S-wave states is
performed in section 4, where we include both color octet and singlet contributions. The
complete results for short distance coefficients for the differential cross-section are gathered in
section 5. We present a brief outlook of the potential application of our results in section 6.

Our manuscript is supplemented by multiple appendices. First, we remind the readers
of the usual Feynman rules and set conventions in appendix A. We then present several
useful identities for the traces of gamma matrices, simplification of the Dirac structures, and
Lorentz contractions in appendices B, C and D respectively. We close the manuscript by
presenting integrals over transverse components of the loop momenta that are present in
scattering amplitudes for diagrams where the gluon is emitted before the shockwave.



Figure 1. Representative diagram for direct quarkonium + gluon production in electron-nucleus
collisions within the joint CGC + NRQCD framework. The gray oval with the black circles represents
the interaction of the heavy quark pair and gluon with the gluon shockwave of the nucleus. The red
oval represents the hadronization of the heavy quark pair to the quarkonium H with momentum p.

2 Theoretical framework

We study direct quarkonium production H accompanied by a gluon ¢ in deep inelastic
lepton-nucleus scattering at small-z,

e(ke)+A(Apn) — e(ky) + H(p) +9(pg) + X , (2.1)

as shown in figure 1. In this section, we introduce the basic conventions and kinematic
variables to be used throughout the manuscript. We then briefly review the basic elements of
the Color Glass Condensate effective field theory and the Non-relativistic QCD formalism
needed for our computation.

2.1 Kinematics and notations

We define two light-cone vectors n/ = (1,0,0, ) and n4, = (0,1,0, ) giving the + and — directions
respectively. The Sudakov decomposition of any vector has the form

pr=pTnl+pnk+pl . (2.2)
The scalar product of two vectors is given by
ab=a"b +a b +a b,

—a*b 4+a"bT—a-b. (2.3)



We work in a dipole frame where the target moves ultra-relativistically in the — light-cone
direction while the photon flies close to the + light-cone direction, as shown in figure 1. The
average four-momentum of the nucleon in the nucleus is

Ph=(0,p,,01) , (2.4)

where we ignored the mass of the nucleon. The four-momentum of the virtual photon is
given by

;@

- _

q = <q ) 2q+70l> . (25)
We will denote py,pg,pg the momenta of the on-shell quark, antiquark, and gluon respectively.
The momenta pq,pz will be parameterized as

p
Py
Dq 2+ )
p

where p is the total momentum of the heavy quark pair, and k is half their relative momentum.
The on-shell conditions for the quark (antiquark) are

2
pgz (B+k) =mé,
P 2
p2=(b—k) =md, (2.7)
with mg the heavy quark mass. These two conditions imply

pk = Ou
pr= 4(m2Q—k:2) . (2.8)

We define the longitudinal momentum fraction of the quark, antiquark, and gluon with
respect to the photon as:

+ + +
_Pq _Pg _Pyg
l‘q—q+, :L'q——q+, azg—q+. (2.9)

Furthermore, we introduce £ =k*/¢". Then we find the following relations between the
momentum fractions, using the longitudinal momentum conservation ¢* =p*+p/:

pq:]*j‘f‘k:mq_*_ﬁ £,

2 2 2 (2.10)
po=P k==
179 179 9

We denote the polarizations of the virtual photon and the radiated gluon as A and A
respectively. The two transverse polarizations are denoted by A, A= +1, and for the virtual
photon the longitudinal polarization is denoted by A =0. The spin indices for the quark and
antiquark are indicated as s and 5 respectively. The color indices of the quark, antiquark,
and gluon are 4, ¢ and a respectively.

For convenience, we summarize the kinematics variables and quantum numbers in table 1.



pA four-momentum of the nucleus
Pn=pa/A average four-momentum of a nucleon in the nucleus
ke incoming electron four-momentum
k. outgoing electron four-momentum
q=ke—k, virtual photon four-momentum
s=(pn+ke)? center of mass energy squared per nucleon
of the electron-nucleus system
W2 = (p,+q)* center of mass energy squared per nucleon
of the virtual photon-nucleus system
Q% =—¢* virtuality squared of incoming photon
Dq>Pg:Pg quark, antiquark, gluon four-momenta
m2Q quark (antiquark) mass squared
P =pqe+p;z total momentum of the heavy quark pair
k= %(pq— Dq) half the relative momentum of the heavy quark pair
Tq, T, Tg longitudinal momentum fractions of the quark, antiquark and gluon
relative to the virtual photon
AN polarization of virtual photon (gluon)
5,8 spin of quark and antiquark
ii,a color indices of quark, antiquark and gluon

Table 1. Summary of kinematic variables (see figure 1).

2.2 NRQCD factorization

The differential cross-section for quarkonium production can be factorized using the NRQCD
factorization formalism [73, 75]:

dof =%"d6.(OF), (2.11)

where x =29 +1L‘[]C] and the symbols S, L J, [¢] stand for spin, orbital angular momentum,
total angular momentum, and color state of the heavy quark pair. In this work, we consider
both color singlet [1] and octet contributions [8]. dé, are the short-distance coefficients for
the production of the heavy quark pair in the quantum state x, and <Of » are the Long-
Distance matrix Element (LDME), which are typically fitted and encode the non-perturbative
mechanism for the hadronization of the heavy-quark pair QQ[x] to the quarkonium. The
short-distance coefficient functions dé" are averaged over the degenerate quantum states
of the heavy-quark pair

1 1

by = —— 6™’z
Ncolor 2J+1 JZZ

(2.12)

where Ncolor =1 for the color singlet state while Neojor :NCQ—l for the color octet state.
Eq. (2.12) is obtained from the scattering amplitude projected onto a specific £ quantum
state of the heavy-quark pair.



In this work, we focus on the S-wave contribution to the heavy quarkonium production,
for which the projection reads:

MOy = e S5 (s ) T8 Mo 0p)] (213)

SS 44

where we used the fact that (LL,;SS.|JJ,)=0;500r.9s.s, for L =0 (S-wave). The P-wave
state can be computed in a similar fashion [35], though more involved, and will be presented
in a future publication. The color projector is defined as

_ L5 ifc=1
Bi:3iley =l = VR e (2.14)
v \ftgi if c=8

To carry out the sum over spins, it is useful to introduce the spin projector:

77 (p, k Z< s|JJ> (g k) s (§+k:) . (2.15)

In particular, for the states 1.9y and 3S; with k=0 these projectors are given by [35]

1% (p,0) = — \/531711in5 (2mq+p) , (2.16)
HlJz (p’ 0) _ 5z(‘]z)

P (2 + , 2.17
Nk (2mq+p) (2.17)
where £(J,) is the polarization vector of the quarkonium which satisfies the relation

Ze ——gpa+p;paf19>pa. (2.18)

2.3 Color Glass Condensate

In the Color Glass Condensate effective field theory, the large-z components of the nuclear
target are treated as stochastic classical color sources, characterized by a charge density p4,
which generates the small-z background color fields [76-80]. For a fast-moving nucleus along
the minus light-cone direction, the color sources generate a current of the form

T, 7) =" pa(at, ), (2.19)

where the sub-eikonal components of the current are neglected. In the semi-classical ap-
proximation, the small-x color field is obtained by solving the classical Yang-Mills equations
[D,,, F#]=J", where the current is given by eq. (2.19). In light-cone gauge A} =0, these
equations have the solution

Azt 8) =" aa(z™,T), (2.20)
where a4(zT,Z) satisfied the Poisson equation

V3 aa(zt, @)= —pala™,T). (2.21)



Figure 2. CGC vertex for quarks.

The expectation value of any observable O in the CGC is computed in perturbation theory
in the presence of the background field A for a given configuration of sources p4, and then
averaging over all possible configurations according to a gauge-invariant weight functional

Wy [pal:

©Olpaly = [ DpaWy[paIOlpa]. (2.22)

The rapidity dependence Y is acquired after absorbing large logs Y in the quantum corrections
to the semi-classical approximation. The evolution of Wy-[p4] follows the JIMWLK non-linear
renormalization group evolution equations [81-86].

Light-like Wilson lines are the relevant degrees of freedom in high-energy scattering
and are defined as

V() =Piexp {igfderA_a(er,f)ta} , (2.23)
and
U (Z) =Pyexp {z’gfderA_a (z*,%) T“] , (2.24)

where t* and T* are the generators of SU(3) in the fundamental and adjoint representation
respectively. P, is the path-ordering in the x*- direction. The CGC effective vertex that
resums multiple eikonal interactions of the quark with the background field of the nucleus
illustrated in figure 2 reads [87]

Tq

(L) =2m8(1 =1 )y Jdgie_i(l_l V7Vii(2). (2.25)
Similarly, for the antiquark interaction illustrated in figure 3 one has

Tq

vt i (L) = =2m 0 (1 =)y, fdQZei(ﬁr)'z‘/};(?) - (2.26)
Finally, the CGC effective vertex for the gluon illustrated in figure 4 reads [79, 88]

74, (11 = =@ ) g sen(t”) [ 2 TR
The adjoint Wilson line has a useful identity

V@)t V() = Un(2)1° . (2.28)



Figure 4. CGC vertex for gluons.

The effective CGC vertices include all possible scatterings off the target, including the
possibility of no-scattering which has to be subtracted to obtain the physical amplitude. This
can be done systematically by subtracting from the scattering amplitude a term in which all
the Wilson lines inside the effective CGC vertices are set to unity. Furthermore, to obtain the
“reduced amplitude” one factorizes the overall delta function from “plus” lightcone momentum
conservation. Mathematically, this amounts to the following operation:

N
(2m)6 (ijcﬁ) M=8-S[A=0]. (2.29)
=1

2.4 Outline of the computation

Without loss of generality, we compute the differential cross-section for direct quarkonium
production + gluon in virtual photon-nucleus collision. The DIS result can be readily
obtained from!

doetA—e' +H+g+X da'y*+AaH+g+X
2d02d25d2 5 = HhW?Q%) == : (2.30)
dW=dQ=*d*pd*pydz, N d2pd2p,da,

Here )\ denotes the polarization of the virtual photon, and fy(W?2,Q?) are the photon
flux factors:

ren(W2,Q%) = o (1), (2.31)
frer (W2, Q%) = 5 S 1+ (1-p)%], (2.32)

with g the inelasticity satisfying y= (W?2+Q?)/s.

'"Here we assume the azimuthal angle of the scattered electron is integrated out, and thus we do not consider
azimuthal correlations with respect to the electron. Thus, it is sufficient to consider the diagonal elements in
the polarization of the virtual photon [65].



Following eq. (2.11), the differential cross-section for direct quarkonium + gluon pro-
duction reads

do) A= +g+X o) .
- O 2.33
d2pd?p,dz, — d2pd?pydz, O ( )

where the short-distance coefficients for QQ[x]g are given by

d6N — 1 d?p d?p, dz,
" (2¢1)2 (2m)? (2m)2 dmg(1—xy)
N2-1
T2 X X MR M ), (234)
co or’yT a—1 A—+1

(--+)y refers to the CGC average over all possible charge configurations inside the target at
rapidity scale Y (see section 2.3). We summed over the two transverse polarizations A and the
color a of the gluon. Furthermore, following the convention in [35], we denote ; 57 +1 Z

At the level of the amplitude, there are four contributions to QQg production in DIS.
M=Mp, +Mp, +Mp,+Mpg,, (2.35)

where Ry (R3),Ra2 (Ra4) refer to the contributions where the gluon is emitted by the quark
(antiquark) before and after the shockwave respectively. The diagrams associated with
these contributions are shown in figure 5. Thus, at the level of the differential cross-section
in eq. (2.34) there are 16 contributions. The amplitudes for QQg production have the
generic form

AAa 2242bd27e ik — b - >7 >
MR1(3>,85,Z'5( ipg) = fd Fab Lz e Zpqzc}%l(a) “( ’b’z>
X Ug < )NR1(3) (p7k7pg;7?7575)v§ (§_k> 3 (236)

for the diagrams in which the gluon is emitted before the shockwave, and

) (g T 5T
CR2(4)“ b+2,b 5

( +k> NR2(4) (p, k,pg; T, g)’l)g (g—k) , (2.37)

MHL

My —(,kapg)==i;Q‘fd2Fd256ig*éiﬁge_ﬁ%(g
™

R2(4) 785,7;7;

for the diagrams in which the gluon is emitted after the shockwave. Here s (5) and i (i)
are the spin and color index of the quark (antiquark) respectively. As is customary in CGC
calculations, we work with transverse spatial coordinates. The quark (antiquark) scatters
with the shockwave at transverse location Z (¥), and the gluon scatters at location z. We
then introduce the coordinates

2
F=i—7, (2.38)
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Figure 5. The four diagrams for heavy quark pair + gluon production in DIS in the CGC formalism.
The black circles with the gray oval represent the interaction of the partons with the background field
of the nucleus.

which are conjugate to p and k respectively. In addition, Cﬁzi,ﬁ and N ];;)‘ stand for the
color structure and the perturbative factor associated with the diagram R;. Their explicit
expressions will be computed in section 3. The short-distance coefficients for the amplitude
of QQ[k]g are obtained by inserting eq. (2.36) into eq. (2.13) and we have

M (p.pg) = T2 fd%?d?z? @ze Pl Ty gy (75, 2)C1 |

Ris)
xRt (p,pg, Q75 2) (2.39)
where we have specialized on the S-wave state and defined
FR (0,09, Qi 5,2) = Te [ (0, 0N (9,0,0037,7.7) | (2.40)
DWW A

Similar expressions are obtained for M Rasy (p,pg). The functions F will be computed
in section 4.

3 QQg production in the CGC

In this section, we compute the amplitude for QQg production in virtual photon-nucleus
collision in the CGC. This calculation has been carried out in [89, 90] within light-cone pertur-
bation theory (LCPT). Here, we follow the approach in [74] by performing our computation
using covariant perturbation theory.? We employ the standard QCD+QED Feynman rules

2In section 3 of [74], a procedure to establish the one-to-one correspondence between both approaches
was outlined, where different contributions in LCPT are identified in the covariant approach by a proper

,10,



in momentum space (see appendix A) with the effective CGC vertices in eqs. (2.25), (2.26)
and (2.27). We work in light-cone gauge for the photon and gluon fields: ns-Aqep =0 = AESED
and no-Aqecp =0= A(E,CD. In this gauge the polarization vectors are

Q -
EM(CL)\:O) = <O7q+70 ) (31>
e'(g, A= +1)=(0,0,&), (3.2)
for the virtual photon, and
e (pg h=+1)= [0 &7y & (3.3)
pg’ - = - ) p;_ ) ) .

for the real gluon. Here we introduced the two-dimensional vector

It is useful to define w*” = % [v*,7"]. For i,j transverse component indices, we have

R P R L
v =55 ] =g e (3.4)
We perform the explicit computation for the amplitudes corresponding to the diagrams R;
(gluon emission from quark before the shockwave) and Rs (gluon emission from quark after

the shockwave). The computation for the contributions Rs and R4 are almost identical,
thus we simply present their results.

3.1 Gluon emission from quark before the shockwave

3.1.1 The scattering amplitude

Using the standard momentum space Feynman rules in appendix A and the CGC effective
vertices presented in section 2.3, one can write the scattering amplitude for the R; diagram
(figure 6) as:
A\ a
SRl,SE,i{(p’ k7pg)
= fd% Jd% s (D) T (pgs 11 —12) So (I —12)igyut’, So (11 ) (—ieeqi (q, M)
= 2m1 ) @n) s\Pg)Lin(Pg>t1—t2)00(t1 —12)2gVplpmo0(t1 Q¥#\Yq,
x So(li =) T2 (a=11,09)vs(Pg)e ™ (Dgs N T Py 12) G (I2) (3.5)

Replacing the propagators and the vertices by their expressions and using the relations in
eq. (A.6) and eq. (2.28), then the scattering amplitude reads

A\ a
SR7178§,ﬁ(p’ kvpg)
= (2m)3(p] +p; +p; —a") 52 fd%d?.vzd?? V@V (v @V@)]zeP?
7T

decomposition of the Dirac and Lorentz structures according to its light-cone energy dependence, and
subsequent integration over the light-cone energy via contour integration. Another advantage of the covariant
approach is that one can keep track of the full d dimension dependence of Dirac and Lorentz structures, while
in LCPT one has to extend the notion of helicity sums to ds dimensions [91]. This last point is beyond the
scope of the present manuscript as we work in 4 dimensions only.

— 11 —
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Figure 6. Real gluon emission from the quark before the shockwave. Here, I3 and [y are loop
momenta.

— P, —iPgZ + d*l d*l +_ 4t + 1+, ilh-(Z—7F) ila-(Z—F)
xe PaYePeF(—2¢T) d(pg —q" +17)d(py —13 )e" Ve

(2m)2 ) (2m)3 7
< (25 ) s (pg)y* [(1i—1o) +mq] ¢ (I2, ) (L +mq)¢(a, \) [(11 — ) +1mq] v vs(pg) ‘
T2 (1) - miy i) [B-md e | | (1 —q)2—md e | [B+ie]

(3.6)

The + components of the loop variables [ and [y are easily integrated over with the two
delta functions thanks to the eikonal interaction of the partons in the projectile with the
shockwave. Following the strategy in [74] and using eq. (C.1), the Dirac structure can be
divided into two parts:

YU =12) +mQ] ¢ (I, ) (J1+mg)
2
x0Ty 7 Lg 7 Ly nm L9 mn Lq Lg mQ n
= 2— lo— l 1+—= | —— — =) =
"y {(2 1—z4 1>m[< +2$q> quw }—i_xg‘*‘xq <$q> 2 7 }

ey (lmg)=alyyt ({24 ) @t -my). (3.7
q

The first term corresponds to a regular term. The second one, proportional to the factor
l%—mé, can be identified as an instantaneous term. It is associated with the diagram
in LCPT where the quark with momentum [; is instantaneous; the factor canceling the
quark propagator.

Using eq. (2.29), the reduced amplitude for QQg with the gluon emitted by the quark
before the shockwave reads

)\75\? ee . . N L L BT T N Sy

MRl’:gﬁ(p,k,pg):2;2Jd2$d29d22C?{1($,y72)i{e 1Pq l‘e 1Pq y@ 1Pg =
= >\,5\ — = )\,:\ — =

X Us(pq) (NRI,reg(nk,pg;w,y,Z)JrNRl,inst(p,k,pg;x,y,Z)) vs(pg), (3-8)

where we define the color structure

Co (4,9,2) = V(@)VI( V() Viy) -1, (3.9)

— 12 —



and the perturbative factors

A w9 [ Ph Pl g s A
Ntheg(p,k,pg;:v,y,z) = %J 2n)? (27r)2€2 1-(T=9) pil2-(Z x)[RlvregTtheg(ll,lg) gt gt g,
l;r=q+xg
(3.10)
for the regular, and
NA,X . g 42 il -(F-9) pil2-(F=3) | TA,X i1
Rl,inst(p7 7pgaw7y7z) - % (27’()2 (27T)2€ e Ry,inst Rl,inst( 1, 2) lf=q+—q+x5,
l;r:quxg,
(3.11)

for instantaneous contributions.

We have decomposed the two perturbative factors into Dirac structures according to
eq. (3.7)

A Sk g+ s g P Lg nm Tg mn
] 5 l1,l9) = 4 lo— l 1+—=2 | 6" ——=
theg( b 2) 6” q xq{<2 1—$q 1>m[< +2xQ> 2$qw :|

2
> <%> W;QV"}2q1+7*(ll+mQ)¢(A,q)[(ll—s1>+mcz]7+a (3.12)

Tg+Tq \ Tq
A Tq s 1
Trl st (1,12) = —2¢" 24 1_1767);* Gy Yy EN Q) [(Li—d)+mo]y T, (3.13)
q

and defined the corresponding pole integrals over ;-

i2q+

[(I1—12)2 —m3) +ie] [l%—mé—i—ia] [(ll—q)2—mé+i€] [13+ic]
+

IR, reg = fdzleQ . (3.14)

—2q
[(11—12)2 —m2, +ie] [(ll—q)Q—mé—H’e] [12+ic]

IRl,inst = fdlldg (315)

The pole structures are computed using Cauchy’s residue theorem, closing the contour on
the upper half-plane. We finally obtain the following results

27)20(x4)0(x4)0 () 0(1 — x4 1
IRl,inst:_( m)*0(xg) (fq) (zg)0(1—x4) _ =R (3.16)
2qt TqTgT4 [Q2+l1 +mQ+(2—1) +m 122]
Tg Tq g
1o (2m)?0(2g)0(xq)0(1—24)6(q)
firreg 2qt 42y
1
X - (3.17)

. 12 1m2 i
[Q2xq(1—xq)+mé+lf] [Q2+ et 2+ 2

where 0(x) is the step function.

,13,



3.1.2 Explicit calculation of the Dirac structures and transverse momenta

integrals

We consider first the case in which the photon is longitudinally polarized. From eq. (3.1),
we have #(¢g,A=0) = = 9 ~*+. We observe easily from eq. (3.13) that the corresponding in-
stantaneous term vanishes as (y7)%=0:

TA=0N 1y, 1) =0. (3.18)

Ry,ins
For the regular term, after some elementary algebra, we obtain

A=0,\ o + ~ A=A 7 Tg 7 Lg nm_ L9  mn
Thy ree (1512) = —8Qq " zqxg(1—xg)€,” { <l2— 1_$_l1>m {(14—%) ) —2—%(,0 ]

q

2
Lq Lg\ MQ nl|  +
+— = == . 3.19
Tg+Tq (xq> 2 v }’y ( )

For the transversely polarized photon case, using eq. (3.2), we have #(g, A = £1) = —€2".

The regular term takes the form:

A=+1,2 )\* =\ Lg 7 Lg nm__ g mn
] 1,1 —4q7 lo— l 14— |6 ——
Ry ,reg (l1,l2) = —4q" €, € {(2 1z, 1>m[< +2$q) quw }

2
e () mQ'V"} {85 [89(1~20g) ~w¥]7 " +merr |, (3:20)

Tg+xqg \Tq 2
while the instantaneous term reads

A=+12 T e
TRl 1nst (ll’ l2) 2(] Tg 1— 1 xq_ A ’W"’y”fr (321)
q

3.2 Results for the amplitude

Armed with the results in egs. (3.16)—(3.17) and egs. (3.18)—(3.21), we are in a position
to compute the perturbative factors in egs. (3.10) and (3.11), they read for longitudinally
polarized photon

N (0 ks g ,3,2) = 0, (3.22)
AA=0X o rg(1— xq)gg (20 RTINS v
Ry reg(pakvpgﬂxﬂy7z)__2Q T (xg) (xq) (1_xq) (xq)en Y
g
s L (G~ 7= ) | (1422 ) 7 — 29 mn | g Io(§— & g_f)xigvn
" 2xq 224 @ ' 2(1—xg)xq '

(3.23)

and for transversely polarized photon

A S 1lg .
Nt e (0o opgi,5.2) = - 200 )01~ a)(ag) €
9

Jiastg-s.2-8] (122 = |02

2x4 qu

— 14 —



+mQI”<37_f’g_f)2(1—;f)w [0 (1—215) —w' ]y
qa/"q
2 .’L‘; P 4
2 Iy ([—7, 5= ) —— I AT 394
molo(y—7,2 fv)z(l_xq)xqv T (3.24)
A A 5 o o
NR1 l—ir_lit (p7k?pg;x7yaz)
K
_MQQ( )a(xq)e( )9(1 xq)—»)\*—»)\QRlé 1(QR1,§ R1,§)7n717+ (3.25)
2(1 wq) XR1,§

where we introduced the variables

= 1—x
2 N2 2 g
Qr, ¢ =C +QO7
X, ¢ = 2 (F—)’ +wg2g(J—F)* + g2y (§—2)° . (3.26)

The transverse integrals have been absorbed in the definition of the IO,Ilm,Igmj,flj
functions. Explicit expressions for these functions can be found in appendix E where they
have been computed using both Schwinger and Feynman parametrization. They have to
be taken with 21 =x7,20 = 24,23 =4. In the massless limit, the perturbative factors in
egs. (3.23), (3.24) and (3.25) match with those presented in [74] (before spinor contraction)
up to a factor of 1/(2¢™) that comes from our different convention of the perturbative factor
N, g;’\. We have also checked that our results are consistent with those obtained in [90]
and [89] within the light-cone perturbation formalism.

Now, let us express our results in terms of the variables introduced in egs. (2.6), (2.10),
and (2.38). The reduced amplitude becomes

MA75\7Q, '_'(p’ k7pg) 2 JdQ —»de sz CRl ( g g_ g’ 2‘) e*iﬁ'ge*iiﬂ'-f"e*iﬁg-g

R1,58,it il
i
_ - F - F — by F 7 F by p
Xu5< ) NRl reg p7k;7pg;b+f’b—*,z +NI§1>\1nst p,k pg7b 77b_7yz Vs (7_]{") )
5" 272 2
(3.27)
with 21 =25=5— % —§ 22 =12y and z3 =24 =5—F +&.

3.3 Gluon emission from quark after the shockwave

Now we discuss the scattering amplitude for the R diagram as shown in figure 7. It
represents the real emission of the gluon from the quark but after the shockwave. The

scattering amplitude is given by

4
St aoubry) = [ 5500 (9 (0 )E) oo+, T )00 (i (0. )

x So(1—q)T% (g —1,pg)vs(pg) (3.28)
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- —
g\ Po.a, 2
— d — _
q—1 pg=5—k,i,5

Figure 7. Real emission of the gluon after the shockwave and from the quark.

Inserting the corresponding propagators and vertices, we find

Aa ee = 12 (D) E —ifg T [4aT/ (= -
Sl kg) = 23] +; 49 )52 [ TG ORI [y @)V ()],

: d'l g il (F—7 1
Sk R e =
(A pg) (P, Py +m)y T ([+m@)f (N o) ([ —g+mq)y*

< Ua(Py) [2—m2+ic][(1—q)?—m2 +ie] vs(pa) -

(3.29)
The corresponding reduced amplitude takes the form
Aa ee = 122 —i(Py+Py)-E —iPrT e (2
_ A
Xus(pq)NRz (pvkapg;F)UE(pti)v
with the color structure:
Ch, (@.9) = [tV (@)VT(7) -t1] , (3.30)
and the perturbative factor:
S d* TN
N,k pg; ) = ig2 *J S(pt—qt+1T Ry ) 3.31
L A sk B R s [ o e
The Dirac structure which has been simplified using eq. (C.2) reads:
_ Sk
A € o o x T
) l — — _‘TL 2 _ m[émn (1 7) - nm:|
1
+a:2mQ'y”}2q+'y+ (l—l—mQ)ﬂ)\,q)(l—g—l—mQ)’er , (3.32)

where x=x4/z,.
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As in our calculation for the Ry contribution, the integration over [T is trivial due to
the delta function § (p;r —qt+17), and the integration over [~ is performed using the residue
theorem, closing the contour on the upper plane. We find then

-

AX 2l e s
e ] b ey L R
where
Q%M = Qg(l—xq):rq—i—mQQ. (3.34)

The explicit expressions for the perturbative factors are:

N2 0,k pgi ™) = 2Q(1—q) 2 g 6(29)0(1— xq)Ko(Qderl)[(p ;; 22md)]

X {Q(ﬁg—ajﬁq)m [6”‘” (1+g> +gw”m] +mQ:U27"}'y+ , (3.35)

for longitudinally polarized photons, and

Ak A

A= +1)\ - _
N (pakapgvr>_ ge(xq)e(l :BQ)[(pg_qu) +mQ‘T2]

X {2(ﬁg—xﬁq)m [5””" (1—%—%) +gw”m] +mQ:1c y }
{’ |QR2,§K1(QR2 5’7") [5Z]<2x__1)+w ]'7 —mqQ7y ’7+K0(QR2 £|7")} ) (336>

for the transversely polarized photon case.
The reduced scattering amplitude, in the notations of egs. (2.6), (2.10) and (2.38) becomes

Voo (575"
Crs 2" 2

X g <§+k:) /\/R’2 (p,k,pg; T)vs (§+1€) ,

MHl

M)\’;\’a, ( k pg J‘dedQ—» fzpb —ik-7 —ng(

Ro2,s5,ii

with 21 =25 = % 7" §, m=xg4and z3=124= —i—{ As in the R; case, we have checked

that egs. (3.35) and (3.36) match with those presented in [74] (before spinor contraction)
up to a factor of 1/(2¢%) due to our convention in the normalization.
3.4 Gluon emission from antiquark

The computations for the diagrams Rs and R4 where the gluon is emitted by the antiquark
follow the same steps as those in Ry and Ry. We omit the specific details of the derivation
and simply present the results.

R3; diagram: gluon emission before the shockwave.

A
MR3 :S “(p,k‘,pg)

) 921927 22pa (7. T 7 T - —ipb _—ik-F —ipy-Z
:ﬁ d'I"d bd ZCR3 (b+2,b—2,2> e P e [ Pg
_ (D 7 p
X g (2 ) <NR3 reg (s K, g3 7,0, 2) + /\/’R3 st (05 K5 Dgs T, 0 z)) Vg <f—k‘> , (3.37)
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where the color factor is the identical as in the Ry contribution
Chy(,5.2) = V@V ()t V (IVT(7) 11, (3.38)
and the perturbative factors are

L7 Te(l—z .
N0 7.2 =20 T T g9 ) 0.1 ) 0 ) 17

R3,reg Z
Az [ (1 22 ) orms ] g2

m ) qu 2.%'6 Q 2(1—33(]);(:(7 ,

(3.39)
A=0,\ o
NRg 1nst(pvk7pg§xayaz):0,
for longitudinally polarized photons, and

N7 (p,kpgi 7,5, 2)

1lg S
=~ 20(wg)0 (q) B (1-0) 0 () &)°€)

g

X Tom (Z— 5, Z— )y [67 (1—234) +w" | {(wm <1+) +%wmn]
2$q 2$q
T

I r—1i, 27— g1 g mn
+mQLim (=4, 2=9)7" 'v[ <+2$q>+2xqw }
_mel'(f—ﬂzﬂ—ﬁ)xig'ﬁ [09(1—2x4) +w ] "

’ ’ 2(1—zq)zq I

) TG N
—my 5 —Io(#— 4, 7= )7 y"" (3.40)

Q(l_f’fq)xé
Nt 0.k, pgi 7,7, 2)

K X .
:MQQ( )0 (22)0(24) 0 (1—24) ) —»)\*—»/\QRs,ﬁ 1(Qry Rs,g),ywzvn’ (3.41)
2(1—xg) m X

for the transversely polarized photon case.
The variables Q%&é and Xl%is,f are identical to those in eq. (3.26). In this case, the
IO,Ilm,Igmjjlj functions have to be evaluated with z; = x4, 20 = 74,23 = 73.

R, diagram: gluon emission after the shockwave.
A, o Zim (BT ik - 7o T
MR4:S”(P7/f,pg JdQ d2b€ zpb ipg- (b 2)6 zk:rcﬁ24 <b+2,b—2
X’ITLS <§+k) NR; (pakvpg;/’;‘)vg (g_k) )
where the color factor is

Ch,(Z,9) = [V@VT (@t —t1] | (3.42)
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and the perturbative factors are

S\
N 0,2 7) = —2Q(1=9)24 9 0(2)6 (1—24) Ko (Qry ¢l 7)) -
[(pg—:cp ) +x2m%]

xyt {2 (Pg—ZDg),, {(57”" <1+ ;) —;w"m} —mQJ:2'y”} , (3.43)
for longitudinally polarized photons, and

Ak 2\
€n €

N)\ +1)\(p7k.’pg;f‘):ge(xq)a(l_xq) S N2 -9 9
[(pg—qu) T mQ]

i = - o Tei .y _ Ny
x {—MQR%&Kl(QRmTD [6Y(224—1) —w" |77 —=mqKo(Qryel )y 7*}
= == mn x x nm -2 .n
x 12 (Py—2Dg),, | 0 1+§ —qw [ =mQE" ¢ (3.44)

for transversely polarized photons. Here we defined the variables

i
ZL'(j’

Dk = Tq(1—1g)Q*+m¢ 3.45

QR4,§_'%.<1( xQ)Q +mQ' ( )

4 Short-distance coefficients for QQ[x]g amplitude in CGC + NRQCD

Having computed the amplitudes for QQg production in the previous section, we are now in a
position to compute the short-distance coefficients by proper projection to the quantum state .

4.1 Gluon emission from quark before the shockwave

We project the amplitude R; in eq. (3.27) using eq. (2.13), we find

M)\)\RJZ (p’pg) _ 6267(2 d2,,;»d25d25Tr |:CR1 <g f g r “> C[C]:| efiﬁgefiﬁg'f

M

)\ A Jz - 77 o )\ )\ Jz - 77
(‘FRl ng (papng;Tvb’Z)+‘FR1 1§st (pvpng;T7bvz)) bl (41)
where we defined the projected perturbative factor:
SOWE . g L7
fR1,ng (p,pg,Q;’l“,b,Z) =Tr [HJJ (pv )NRl reg(pvo’pg’r’b7z)] ) (4'2)

with a similar expression for the instantaneous counterpart.
First, we evaluate the perturbative factors in eqgs. (3.23), (3.24) and (3.25) at k=0
(corresponding to the S-wave), we find

A=0,) o
NRl reg(p707pg;xayaz)

1+ 5 22
-tz g a?*v*{hm@—f,z—f) (07" ™| QLo (. F ) { ! 7”},
Lg

,19,



A=+1,2 R 1 G 3o\
Ntheg (pvoapg,x’yaz): ; i

9(1=29)* 9 QK1 (Qr XRy) Saor n i + (4.5)
n 7 '

NAELN G, 00 sy |
Rj,inst (p Pg; Y Z) 2(1+$g) 2m XRI o

with

2 M2 _ N2 2
QR1,§=0_Q31 =Q +mQ(1—$g)

1 =z A 1 2.\ 1 =z - 7 2
2 _v2 _ 1 g > 7 T 1 Tg\ -2 1 g o
Xpie=0=Xg, :1:9(2 2>(z b 2) +(2 2) T +<2 2>wg<b 5 z) .

To compute .7-")"5"“*‘]2, we use the projectors in egs. (2.16), (2.17), and perform the traces over
the gamma matrices with the help of the identities in appendix B. We find?

A=0,),150 7, o
]:Rl,reg 0 (p,pg,Q;T,b,Z)
1 +
:fiTQ(ng)Lp EN e (G~ T, F— ), (4.7)
\/2mq s
A=0,2,35k j, I
FRl,reg ! (p,pg,Q;r,b,z)
— * (/D (14+24) 9 5« p+ (g3 5z I'ZI_’ L
_ep( Z) V QQ z ;En (y*l‘,Z*ZE)Jr 1+z U(yfma'z*:v)
9 g
X (9p+ﬁ”—gp”p+)} : (4.8)
for the photon longitudinal polarization, and
A=+1,315 7, I
‘FRl,inst 0 (p,pg,Q;T,b,Z)
_ 1 xg(l—xg)2 gp+ QRlKl(QRlXR1)—»5\*g)\€ni (4 9)
8mQ (1—1—:Ug) m XR1 n i ) .
A=+1,3,351 7, L,
‘FRl,inst ! (p,pg,Q;r,b,z)
1—24)2 g Qr, K1(Qr, XR,) _x ,
:—6*(Jz) @l’g( ZL’g) QQRI 1(Qr, R1)6—»Ti\>x<6—»i/\gp-&-(Sm7 (4.10>
P 2 (1+.CC9) s XR1

3We also used ™79 = —¢¥ where €Y =1.
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A=+1,315 7, N
‘FRl,reg 0 (p,pg,Q;r,b,Z)

=i l¥£g§*gﬁ — o (§—,7—T) [ 6" + 226" "™ |
mQ xg(l—zg) = g

20 o L
molo(§—7,7—2)e™ ¢, (4.11)

— 3 glel 4
‘FRl,;eg v (papg,Q;T,b,Z)

1 (§— 2, 2= F) ["™ (" D =g pT) — 26" (g7 P —pT g") + g0 (¢ TP —pT )]
2

_ﬁhj(g_f’ 7=0) [0 2y(g" " — g ")~ (9P B —pTg?) + 0" (g —pTg’)]
g

42 )
— e m lo(§— T, 7= T)g" " b 412

for the transversely polarized photon. The integrals IO,Ilm,Igmj,f 1; (defined in appendix E)

are evaluated at z; = %—%9, 29 =14 and z3 = %_%9

4.2 Gluon emission from quark after the shockwave

The projected reduced amplitude reads

MO p,p _ CQ | g2 prAmT: D,Dg, QT 425 e~ b= Pa (b+5)
R 9 R» g

2 2
x Tr {CR2 <5+£,5—;> C[C]] , (4.13)
with B )
Fp " (p,pg, Qi 7) = Tr [H‘”z (p,0)N Q;A(p,O,pg;F)] : (4.14)

The computations for .7-";%’2)‘"{"72 are similar to the ones for Fr, We will just give the

results below.

A=0x,18l g, .
fRQ 0 (p7png;r)

2 - e L P\ am
SN~ $9(1+$9)QK0(QR2|T|)[(q 5 ](pr)m (1.15)

A=0,2,351 J, .
‘FRQ ! (p7png;r)
m S e
= 5 (| 5 9L +2g) (1—24) QEo(Qr, |7)
[(ﬁg—xé’) +x2m2Q]
<4 p — Ij smn (1 { p+ 2( pt>n_ _pn -+ 4.16
Pg—15 +5 )9 e (TP =g ) (4.16)
m
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for longitudinally polarized photons, and

A=+1,158 g,

PRy (p.pg Qs 7)
2 . E‘S\*g)\ L - ) ) p‘ =
= mizngr iL 21 {2ZQR2K1(QR2‘T|) (pg_x2> ﬁ
@ [(-af) o .
[ (142) 6mmeii 4 2o 50 enm | 4 o2md K, (Qro|F)e™ (4.17)
2 29 QB o(WRry|T])E™ ¢ s '

A=+1,2,351 7,

]:RQ ( 7pg7Q;’F)

—»A*—»A o _
Jz)«/2ng[ ‘n {41 Dg— JU ]QRQKI(QR2|F|)

(ﬁg—wg +x2m ]
Xgp+[(1+§) :cg(siﬂ'ém" e +2 iy x> Ko(Qr,|7])
X[5mn (1_‘_%) (ﬁigp+—p gpz)_gdim(—»ng —p gpn)+ 5111 (p g p-‘rgpm)]

—I-Z.%' 7QR2K1(QR2‘TD[ g(ﬁngp-i- gpn +) 5]71( p+ p+ zp) 51n (ﬁ]gp-&- +gjp)]

—2x2mzKo<@RQ|F|>gﬂ+5m} , (4.18)
for transversely polarized photons, where
_ 2z
(1—zg)
- - l—x,)(14+x
Q%b = Q%{275:0 = QQ( 9)4( g) +m2Q . (4.19)
4.3 Gluon emission from antiquark
R3; diagram: gluon emission before the shockwave.
A=0,),1S8 g, -
‘FRS,reg 0 (p,pg;?“,b,z)
1 +
= i —Q( ) &N Iy (T, 7)™, (4.20)
2mg s
A=0,),350 J, L
R3,reg ' ( ,pg,?",b,Z)
14z, 9 3 oo o z? N o
= —&;(J2)1/2meQ =4 =& {g”+li’(w— E=) o @ g.2=g) < (¢ g”"f)}
g g
(4.21)
for photon longitudinal polarization, and
A=+1,0,158 . Lo
‘FRg,mst (p,pg;r,b,z)
- 1 xg(l_wg)Q gp”" Qry K1 (Qrs XRj) E»g\*gi)\em” (4.22)
8mqg (14+x4) XRs,
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A=+1.3,250 7, Lo
‘FRg,inst ! (p,pg;?“,b,z)
mq 4(1-74)% 9 [ QraK1(Qrs XRs) \ s - ,
=e*(J maQ Lyg 9/ J 3 3 3 Ak oA p+5m’ 4.93
AN e e e (4.23)

A=+1 215807, L7
R3,reg (p7p3;r7baz)

=—i i¥£€;\*€)‘ Igm-(f—gj'Z—g')[—:rQ(Sijemn—i-(S”meij]
mQ xg(l—zg) = ™ ! 7 I

(4.24)

% _';\*E'Z-)‘ {nglgmj (F—4,Z7—1)g"" [5”5’"” + eije"m]

2$2 [ iJ y - . . . .
9 7 240 (gP T " — gPp ) — 6T (g9 i —pt gP) +6™ (g7 T —pt g7?) ]

- - —») [5nm (gp-&-ﬁi _gpip+) —ZL‘g(Sim (gp-&-ﬁn _p+gnp) +$géin (gp+ﬁm _p+gmp)]

y
422 :
s 1] (4.25)

for transversely polarized photons. The variables Q%g and X}%{B are identical to those in
1 Tg

eq. (4.6). The integrals Io,Ilm,Igmj,flj (defined in appendix E) are evaluated at z; = 5 — =,

29 =14 and 23:%—%9.

R, diagram: gluon emission after the shockwave.

A=0)1S8 g,
FR, ¢ (p,p3;T)

. 2 + 2 - 6_;5* — 75 nm
=iy | ——gp" xg(14+29)QKo(QR,|T|) 5 ps—z5 ) €, (4.26)
mg [ } 2/

o =D =2, 2
3 :):2) +z mo

A=0,3,35 . .
FR, b (p,pssT)
* mqQ A = 55*
= U 22 (1) (14 1) Q@) T
[(ﬁ?,—:cg) +x2mé}
X {4 (ﬁ3—§72> omn <1+§> g*t+z? (gp+ﬁ"—gp”p+)} ) (4.27)
m
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for longitudinally polarized photons, and

A=+1,0,158 7,

Fry “(p,p3;T)
]2 e A S en T (o T
=1 gp* N3 {—2’LQR4K1(QR4!T\);7< 3—96'>
mg 5o 7)) 4 52m2 7| 2)m
b3 D) Q
E ij .nm ? mn _ji =2,.2 A =1\ ne
X 21795 "4 1—1—2 " |+ my Ko(QRry|T])e™ ¢ (4.28)

A=+1,3,35k 7,

]:R4 (p7p377?)

R

€ = - T L P
R 21 {_4ZQR4K1(QR4|TD|T—J»|< 3—IB§> ngr
<p3 %) +x2m§2] m
. -
2oz anmsaniy
x [67zg(gPt P — g pT) =67 (5Pt —pT ") +6™ (g7 7 —pTg7?) ]

—22°mgy Ko(Qmy|7])g"* 6" +2K0(Qn |7 (ﬁs— 2)

@1

c|om (143) -0 -t 4 50 e ||
(4.29)

for transversely polarized photons. The variables are defined as * and Q% , are given by

2
F=—9
1—xg
52 52 o (I—2y)(1+xy) 2
Qky = QRy—0 =@ ——=+mq,

which are the same as in eq. (4.19).
We close this section, by pointing out the symmetry between quark antiquark interchange

in the perturbative functions: .F’\ Atz

PRI AAAs g

R1(2) ’ ( ) ‘FR3<4) 0 ( r)? (430)
and

)\,5\,35'{5]“]2 . AN SS[ c] s .

Rowy () ==Fpy (=) (4.31)

The sign difference between the two different spin states is due to their different parities.

5 Differential cross-section for direct quarkonium + gluon production

As we discussed in section 2.4, it is sufficient to compute the short-distance coefficients for
differential cross-section for direct quarkonium + gluon production. We show separately the
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results for longitudinally and transversely polarized photons, as well as the different x states
of the heavy quark pair. As discussed in section 2.4 there are 16 contributions:

Z A6, R, (5.1)

3,5=1
where
Jys) 1 d¥p d?%p, dzg 1
g . =
Riltjr = (2g+)2 (2m)2 (27)2 dmray(1—x4) N,

Z Z <M)\)\NJZ( Dp g)MT/\)‘NJZ(p,pg»

v
olorJ Aet1

(5.2)

The differential cross-section will have the following schematic form:

. 1 d% &%, dx, aemeéf
TR T (02 (27)2 (2m)2 g (1—2g) (27)2

= = =
<=, (b %b 5hE b’+T,5')rg“Rj (p.pp @7B27T,Z), (53)

where we define the differential element

d?Fd?bd2z e Pbe=WeZ  if  §=1,3

Al g, (5,76, 2) = {  d2Fd2be Pl o (bH8) 4f =2 (5.4)
272 e~ Pbe=Pe (5=5)  if =4,
the color correlator
Sin,y (@5.27.8.7) = % : <Tr |Cr, (@5.2) 01| |}, (@.5.2)) . (55)
COOF
and the perturbative factor
D, (P20 @FBET,2) = ) VFRN (.00, Q78 2) FRA (ppg, 78,7
A=+1J:
(5.6)

For a k=29 “LBﬂ state, the information on the color state [c] of the heavy-quark pair is
fully encoded in the color correlator in eq. (5.5), while the information about the spin, angular
momentum and total momentum 251 L ; of the heavy-quark pair, and the polarization A of

the photon is completely encompassed in the perturbative factor in eq. (5.6).

5.1 Color Correlators

To compute the color correlator in eq. (5.5) we recall the color structure Cr, were given in
egs. (3.9), (3.30), (3.38) and (3.42) and the color projector in eq. (2.14). To simplify our
results we repeatedly use the Fierz identity:

1
The color correlators will be expressed in terms of the multipole light-like Wilson line
correlators:
@) (= ~ 1 R
S(7,9) = . (B [V@VI@) ]y » (58)
C
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SC(&, 7,7, 7") = ;2 (T [V@VI@] T [VEOVIE)]Dy (5.9)
S0 @,7.7,7) = (B V@V @V @V E)]y (5.10)
SCH(g 2, 2,4,7,7) = Nlm (T [VE@EVI )| T [VEAVIGVE)VIE) ], (5.11)
SO(E5.8.57.7) = 3 (T VEV @VEVIEV @V @)y (5.12)

SUN (32,2, 7, 5,5,7,7) = ]\1[02<Tr V@V eV EVTE)] T [VEVI @V EVIE)]D,
(5.13)

Noting that Cr, =Cgr,, we have the following relations among the color correlators

:[C] _ :[C] _ :[C] _ :[C]
—Ri1R1,Y — —RiR3,Y  —R3Ri1,Y  —R3R3,Y

':[C] _ '::[C]
“RiR2,Y T —R3R2,Y

E%Lny = E[Rc};m,y (5.15)

Furthermore, we can relate correlators using hermitian conjugation:

- = =

2 p v (E0.57,8,2) =28 (7.7, 254,5.7) (5.16)

As a consequence of these relations, it is sufficient to compute 6 color correlators, whose

results we give below.

R1R; contribution.

—1 et o 1 AV, RV
:E%}Rl,Y (x,y zy 7 z') =3 (5(8)(z,y,3:,z,z/,:):’, "7 5(2’2)(x,y,y',x/)) , (5.17)
=[8] = o o o 2 o) 1 20(44) (= 2 2 2.7
—Ri1Ri1, (1‘ Y,z y/ x/’zl) o Q(ch—l) {NCS( )(x,z,z/,x’7 , 7y/72/)
~58(zg.2,2.2, 7.y, 2) - SW(&. 5.5 &)+ SE (&5 y &)
—N28@22) (2 2.2, + S (z,5) - N2s@2 (7' 2. 7' 7")
LSO &)+ (N3—1)} . (5.18)
Ry Ry contribution.
— PR 1 Y o Y o
Sl py @577 = 5 (SO 7,7, 7) - S @557 7)) | (5.19)
2
—[8] —»—»,—»/—»/_1 NZ-2 D= = =1 =1 1 2.2) (=2 = o =
HR2R27Y(J;7 ,y’x)_Z(NZZ—].S( )(x,y, 7‘7: )+N02_1S( )($7y7 ,.73‘)
—5(2)(53,g)—S(2)(g’,f’)+1) . (5.20)
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R4R,; contribution.

- L 1 o o

Shirey (B5T.T) =5 (5(4)@7,3/, L&) =52 (&, g, a:)) : (5.21)

= ooy L (NE=2 oy ] L

552347 (#9:9",) = 2 <N2—1S(4)($»y, ',x')+m5(2’2)(ﬂ:,y; )
_5(2)@@—5(2)(5’75’)“) , (5.22)

which is the same as the RyRs contribution.

R1 Ry contribution.

- ot o L/a) /o = = = - S Do o
:‘%Lﬁ (:L‘vy7zay/’ /) = 5 (S(G)(Z Y, x,z y/ .’E/) S(272)(l‘7y; /71;/)) ) (523)
E%}R2 (fvg757g/a _»/7 _‘/)
1
_ NZ 24) (= 7.5 7 6)(7 7 = 7 1 2N o) (2 7
2<N02_1){ CS ($7Z?z?y7y :U) S (Z7y7x7z7y7x) S (:L'?y? 7'%.)
+5C (@ i &) - N2SP (@ 2 2,9)+ SO (@, 5) - (NZ-1)SP (&) + (NZ-1)}
(5.24)
Rs R, contribution.
- o o 1 o o o o
:%ngl (‘T Yy LL’/) - D) (S(4) (a:,y,y’,x’) §2) (x’y,y/7x/)> ) (5.25)
—«[8] S oo ol o . 1 N02+1 29 N 2 A) /= — = — 2 oo
‘—‘R2R4 (ZE ?ylagj,) - 2{N02—1S( )(:E,y, /,IL‘/)—Ng_ls( )(w,y, ,71'/) S( )(‘/an)
S@ *’)+1} . (5.26)
R R, contribution.
=[] = = o o L{a®) (572 2~ /=t (22) (2 o =
SR R.Y (Z.9.29",7") = 5{5 (z,g,2,2,9,8) S (2,49, & )}, (5.27)
—[8 R,
Sy (B 5.50.7)
_ 1 2024) (7 77 7 7 6)(7 = = 7 ! =1 A) (= = 2 =
_2(Nc2 ){NS (Zyaxzy;U) S (zy,xzym) S ($7y7yax)
+5@(, ;7 &)~ N2SPD(F, 2 2,5)+ SP (&)~ (N2-1)SO &)+ (N2-1) |
(5.28)

5.2 Perturbative factors

Exploiting the symmetry found in eqgs. (4.30) and (4.31), we have the following relations
among the perturbative factors

)\713([)0] . A 13[‘3] N . )\’15[[)0] N .
FRlRl (T,T' ) FR3R3 (—T,—T ):FRle ( , T )7
)\713([)0] . /\715«([)‘3] . . A 15[0] N .
FR2R2 ( 7 ) =L RyRy (—T,—T‘ _FR2R4 ( y T )7
ASE oy _eatsE Aty e s
FR1R2 (7“,7’ ~ Y R3R4 (—7“,—7“ T YRRy (T,—T =1lRypr, \7THT )7 (5'29>
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and

/\’35[0] oo )\735[0] . . /\735[0] . .
'R R (7,7 = 'R Ry (=7, —7") = —TRr (7, —7"),
/\’35[0] oo )\735[0] . . /\735[0] . .
FRzR; (T’T/) = R4R411 (—7‘, _T/) = _FRszll T, _T,) )
/\’35[0] oo )\735[0] . . /\735[0] . . )\735[0] oo
'R Ry (7,7 = I (=7, —7") = S (7, —7") = TR R (=7, 7). (5.30)

In the relations above all other arguments of the functions F)}‘%’ij are kept fixed, and for the
sake of compactness, they are not shown explicitly.
Furthermore, hermitian conjugation implies

-

F;\iij (p7pqu;Fu b? 27 F/ag,vgl) = F"}-{);’In{l (papgaQ;F/')g/?g/aFu g? 5) . (531>

As a consequence of these relations, it is sufficient to compute the contributions for F)I\%TRN

K W
'R r, and I'g'p .
In order to compute the perturbative factors, we use repeatedly:

Z e =—g1ij=0i;, (5.32)
A=+l

when summing over transverse polarizations for the gluon (and photon). We also use
ellemn = (57t —gInsim) (5.33)

For the particular case of IS state, we will use the completeness relation in eq. (2.18)
and the identities in appendix D.

We present the results separately for longitudinally and transversely polarized photons.
They will depend on transverse integrals that are defined in appendix E and that are to
be evaluated at z1 = %—%", 29 =w4 and z3 = %—%9 and on different variables defined in

egs. (4.6) and (4.19).

1 =z L. 1 z,\?2 L. 1 =z o
Xh =y (5= %) G224 (5-%) G-a7+ (5~ )anti- 27,

/ 1 =z I 1 z,\2 o 1 =z AV
X3 = (3-2) -0+ (3-2) -4, (5-2) -2,

5.2.1 Longitudinally polarized photon

R1 R, contribution.

A=0,5 _ 1 A=0
FR1R1K_FR1regR1reg7 (5.34)
where
A=0,1557 T ) GO e -
FeregR(;reg (p,pg,Q;r,b,z,r’,b’,z’> = 2mQ(1+$g)2TII (y—2,7—2)- I} (y'—x',z/—w/),
(5.35)
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for the k=15, state, and

A= OSS[C] S e
eregR1reg <p pg,Q, 7,b Z,T/,b',z’)
4
2mQ 2(1+l‘g)292(p+)2 1 R N L N7 A A ) 2$9
L(y—2,7—2)-1 Ay ) I —
@ xg 2 4mg2 1(y )1 (y ) vy
(5.36)

Iy (§—,7—8) I (' —&, 7' —7")} ,

for the k=39 state.

Rs Ry contribution.

A=0,1 5l S
FR2R2 0 (p,pg,Q;T‘,T’,)
N2
2 5 4\2.2 2 A= = (pg—xg)
=g (07) 2y (1429)"QKo(Qr, ) QKo (Qr,|]) 5 5 (5.37)
@ (ﬁgfx%) +x2m2Q}

for the k=15, state, and

A=0,351 S
FR2R2 ! (p,pg,Q;Tﬂ“/)
1 - ~ 1
=5~ 7) 9 (1+a4)*(1-24)*QKo(Qr, T QKo (Qr,|]) N 5
@ {(ﬁg—xg) +x2mé}
T\ 2 P 2 4.2
X 2(1—1—5) (pg—x2) +x'mg ¢ (5.38)
for the k=385 state.
R Ry contribution.
A=0, A=0,
FRlR: = Fereng , (5.39)
where
A=0,15l .
Coegiy (P20 @57.5.2,7)
. g  (B=ef) 0 -7 5-0)
L (P Q20 G ) . S (540)
Q (ﬁg—x§> —i—me%]
for the k=15, state, and
A=0,35l! o,
eregRIQ <p pngv b Z r )
- 2ma (g U 0T e e, ) 1
2
s T [ ﬁg—x§> +x2mQ}
2
(5.41)

- 2
1 B N A
X{2mQ (1+2)Il(y—m,z—m)-(pg—x2>+ 91

for the k=385 state.
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5.2.2 Transversely polarized photon

Here we present the results averaged over the two transverse polarizations.

R1R; contribution.

A=+1 A=+ =+
o=+ ,n:F +1,k A=+1,k

A=+1,k A=+1,k
R1R1 RiinstRiinst + FRl regRjinst + FRlinstRl reg + FRl regRireg’ (542)

where
/\=i1,1S[C] L7 L7 L
RlinstRl(i)nst (p,pg,Q;T,b,Z,’l“/,b,,Z/>
A==+1
2 4 A A A A
1 zy(1-29)" ¢*(p*)? Qr, K1(Qr, Xr,) Qr K1(QR, Xp,)

= 4
4mQ (1_’_339)2 71-2 XR1 X}{I ) (5 3)

RjiregR;inst
A=+1

1 (1 2(pt)2 Qp. K1(Qpr, X/ '
1 (15) P07 i@, RJ{-zzmj@—f?z—fﬂlﬂéﬁ”m

A:ilals[e] ST o o T o
Diregios (PoP0> Q70,27 B, 2)

2mQ (1+l'g) 7T2 X}h
4303

Tz,

mylo (§—7, 3—33')} : (5.44)

)\:il,lstgc] ST o o T =
Z FRlinstereg <p,pg,Q,T,b,z,r 7b s 2 >
A==+1

1 (1—xg)gz(p+)2QRlKl(QRlX&){_I; (=32 =3") (L+ag)o™
mj 9

- 2mqg (1+xz,) w2 Xg, s

4x?] 2 7k (= = o =)
iyl =) ¢ (5.45)
g

)\=i1,15[c] > 7 o of T o
eregeroeg (p,pg;Q;T,b,Z,T' ,b , 2 )
A==1
2 2
_ 2 1L g")
mq x2(1—z4)* 72

X [(1+m3)57‘m5ﬂ—zxg(almcsﬂ—alfajm)] — ; mg Iom; (§—F,7—T)
g

. Z
xIg (' =2 7' =&") (1+a2) 0™ — —L-m@ Iy (i — &, 7—T)

(14z4)

8
ol o o ! 4 Lo o S
I (7' =72/ =&") (142)0" + g mo o (=7, 2—7)

xIy (7' =2, 7' =)}, (5.46)
for the k=15, state, and

)\=i1735[5] - V-
FRlinstRl%nst ,pg,Q;r,b,z,r/,b’,z’>
A=+1
_ 1 wg(1-m9) ¢ (p7)* Qr K1 (Qr, Xr,) Qr K1(QR, XF,)
12mQ (1—|—:L‘g)2 2 XR1 Xll‘%l ’

(5.47)
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A=+1,35l

PN g N}
eregRllnst <p png, 7b Z,T b )
A=+1

1 1—24) ¢2(pT)2 Qr, K1(Qr, X} 9
_ zg(1—2x4) g (p2 )? Qr, 1(6;2}21 Rl) Toms (§— &, 7—7) 5™ + Tg 2
3mg (1+z4) 7 Xk,

x Iy (ﬂ—f,g—f)} ,

(5.48)
A=+l 35[0] N A
Feregereg (p png;r7b,Z,7' ,b , 2 )
A=+1
4m 1 g0 ) 7 i
- 3Q$2(1_xg)2 2 mii%IQmJ (yfx,z—x)[;;l (y/ CL‘,,Z/*:E/)
g
x| o7t gt g1l + oy lomi (=8 2= 0) 1§ (7=, 2/ =) 67
g
+ I (§—7,Z2—2) I}, (y —a:’,z‘”—a‘c”) o [1+x§]
2
:I: ~
I B B )
g
.T2 ~ )
=2 737 —/ —/ o —/
- ) 1
g
4:1;3 " A-dibv g % / =/ o/ —/ jl 2
+(1+x )211] (§—2,7-2) 1 (§ -2, 2 —7") &' |2 +1]
223
eyl G858 By (7 -2 =7) o
g
2 4(173 = 27 * [ =/ =/ =/ —/
MG g, p o G- TE- D)5 (7 =7, =3) ¢ (5.49)
)\+1SS[C] IS
Z RllnStereg <p pg7Q7 b,Z,T/,b,,z/)
A=+1
— 1 Jjg(l—xg) 92(p+)2 QR1K1(QR1XR1) I* .(_”—f’ — )5m]+ 2379 mz
3mq (1+xz,)  m? Xp, 2m; Z re)™@
AT )} (5.50)

for the k=385 state.

RsRs contribution.

A=+1, S R
Z FR2R2 p pg;Q;r;T )
A=+1

2 2 N2 o2
x{4[(l+§) 22 (Ao} D Qs Qa7 K Q)
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- — p 2 2K ) 2 r o —/

vize?[(145) o i (7,8 ) LB k)
K _

—2(142) + Ly | i (pg— 2) Qr, l‘(f;f&‘“) Ko(@n, 7

+2$4m25K0(QR2F|)K0(QR2\F'\)}7 (5.51)

for the k=15, state, and

>\=i1735[c] oo
RaRo> ! (p7pg7Q;T7r/)
A=+1

4 (L P\ L e, e
{mQQ <pg x2> |7—,»/H7—:|Q (QR2‘T’)QR2K1(QR2’T ’) [( +§) xg+(§> ]
_7,233‘2 <ﬁg_l']29>’;|QRQKl(QR2|F|)KO(QR2|T—_»/|)|:(1+v;>xg+:;]

N2 B 2
+8 <ﬁg—x§> Ko(Qr, ™) Ko(Qr|7]) {<1+;)2+<§> ]
+i222 (ﬁg—x§> ’F (QR2|7“\)QR2K1(QR2’7' ’)[1_%]
—i2x? <ﬁg—x§> ’% 0(Qr ™) QR K1 (Qr, I7]) [1—24]

T -

—Qr, K1(Qr, I7)Qr, K1(Qr, 7)) [22+1]

+i2a <~g_x32’> .%Q&Kl@&|f’|)K0(QR2|ﬂ) [(1+3) 7+3]
+2a"mg Ko(Qr, IFI)Ko(QRQIF'I)} : (5.52)

for the k=385 state.

R1Rs contribution.

A=+1, A=+1r A=+1r
FRlRQ F= FR1lnsR2reg+FR1regR2reg7 (553)
where
A=+1,150 I

FR1instR2 (p7png;rab727T )
A=+1
_ Lxg(l_x9)2 92(p+)2 QR1K1(QR1XR1) 1

e (1+$g) " Xy [(ﬁg—xg)2+$2mé]

=i (7-oh ) i@ @al D [ (145) + o] +otmdKa(@e D} (55
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A=+1,15L] =,
eregR20 (p7pnga b z r )

A=+1
2 1 &

_ — —
mQ toll=rg) [@%—m§)<+x%né]

— —/

N p "

— 1) (Pg—ﬂf) e

2) .1

) ()

+)2

Ni

X{QiQRzKl(QRz‘F/DIQmj (-1,

[(1+2—|—x )5”"6]5 (9(1+§)+
(l—i-ac )mQKO(QRQ\T ) Lom; (§—2,Z—T) 6™

o da? N L
g5 () (1)
dagz® N
+(1+ )mQKO(QRzV No(j—7,2—T) § (5.55)
g

for the k=15, state, and

A=+1,35l] o
' (p g, @370, 2,7 )

RyinstRa
A=+1
_ 1 oxg(1-29)* ¢°(01)? Qr K1 (Qry XRy) 1
3mQ (1 +flfg> ™ XR1 |:<ﬁg_xg>2+$2mé]

=i (7-od ) D@ @ual ) [ (145) | - o @ul )} (550

A=+1,150 =
RiregRo (p p!J’Q’T b )

A=%1
2 1 St 1
mqQrg(l—zy) 7 {(ﬁg—x§>2+x2mé]

x {%QRQKl(Qm |7 [) Lo (5~
x [(1+§+m3f> 5T eIty (a:g <1+g> +§:z:g) (5”5mj—6’"j5ml)]
—x (1+x )mQKo(QR2|7" ) Iomj (Y—2, 27— )

4 2
_.(1_1_ ) QQRzKl(QR2|T |)IO(?j

4
o Qa1 w—f)} (5.57)
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>\=i1735[c] )
RiregR2 ! (p,pg,Q;r,b,Z,T >
A=+1

_2mgq 1 g*(p*)? 1

1— N2
3 ayl=zg) [(ﬁg—$g> —I—:rzmé}

~ - I A p\ —ir 1 T T
x4 =224 QK1 Qs ) T (77, 7—7) (pg—:c];) Lo |2, (145) +3]
, mg 2 2

x (ymalj +5lraﬂ‘m_5lmaw‘) +22,02 Ko(Qro| 7)) Iomj (§— T, Z— &) 67

=/
; A 5 = N 0
+ir (1=20)* Qu Ky (@ |7 (77,27 1o
A2(l—2g) -
(glJrixg)Ko(QRQ 7)1 (y—x,z—@-( g—ng)
4a22? (ac2—|—1) - _ - 7!
g g ) s S
H ey QuE1Qn P D1 (G-7.7-3) o
iy ) P\ 7 T\ T
. Aoy . S
+Z(1+$9)QR2K1(QR2|T,|)]0 (y—2,7—-17) ( g—x2> i [:Eg (1+§)+§]
+ 41‘5582 méKO(QR2|F,|)IO (g_fag_f) s (558)
(1+zg)

for the k=385 state.

6 Summary and outlook

In this work, we performed the first computation of the short-distance coefficients for direct
quarkonium + gluon production in electron-nucleus collisions at small & within the joint CGC
+ NRQCD framework. We study both color octet and singlet contributions and focus on the
S-wave states. We revisited the computation of QQg production in the CGC within covariant
perturbation theory with momentum space Feynman rules, and CGC effective vertices which
resum coherent multiple interactions of the heavy quark pair and the gluon with the gluon
background field of the nucleus to all orders. Then, we projected the amplitudes to the
specific quantum state s for the heavy quark pair.

Our final results for the short distance coefficients for the differential cross-section
are presented in section 5. They are expressed as a sum over 16 contributions daﬁi R
corresponding to all possible locations for the emission of the gluon. We show the results for
6 of these contributions, as the others can be easily obtained by quark-antiquark exchange or
complex conjugation. Each of these contributions is written as a convolution of perturbatively
calculable impact factors Ff‘;ii R with multi-point lightlike Wilson line correlators Zg; gr; x-
The color correlators are collected in section 5.1 for both singlet and octet states. The
perturbative factors depend both on the polarization of the virtual photon and the spin state
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k and are presented in section 5.2. The calculation for the P-wave can be carried out in a
similar fashion, and it will be presented in an upcoming paper.

In the future, we plan to implement the fragmentation of the gluon into a jet (hadron), to
study the azimuthal correlations of direct quarkonium + jet (hadron) at the future Electron-
TIon Collider. While its complete numerical evaluation is computationally expensive due
to the high-dimensional integration and the presence of Fourier phases, we expect several
simplifications in two kinematic regimes: (i) the quarkonium and the jet are produced
back-to-back in the transverse plane, and (ii) in the limit in which the quarkonium has a
small transverse momentum (relative to its mass). Both limits should admit a TMD-like
factorization which drastically simplifies the numerical evaluation as has been recently been
studied for dijet production in [92]. The first limit has been studied within the TMD
formalism [93]. We expect a matching between CGC and TMD in this kinematical domain
as it has been observed to occur for other processes [34, 92, 94-97]. In the second limit, the
dominant contribution is when the gluon is soft and it leads to large Sudakov logarithms
after integrating over the phase space of the gluon [42, 98, 99].

Furthermore, by integrating over the phase space of the gluon, we can obtain the next-
to-leading order real corrections for direct quarkonium production in DIS at small-z. Strictly
speaking, we should work in d dimensions to obtain the results for quarkonium production at
NLO. However, we expect that the integration over the phase space of the gluon does not
yield any UV divergences (as in the case of dijet production at NLO, see [74]). Furthermore,
we do not expect collinear divergences since these would be regulated by the mass of the
heavy quarks. We expect only rapidity divergences which are regulated by introducing a
longitudinal momentum cut-off. Thus, we expect that when considering the real corrections
for direct quarkonium production it is sufficient to work in 4-dimensions.
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A Feynman rules

In this section, we gather the elementary Feynman rules needed for our computation. We
remind the reader that we work in light-cone gauge AT =0. We label 0,0’ the spinor
indices and ¢, 7, a,b the color indices in the SU(N,) fundamental and adjoint representations
respectively.
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The free massive quark and gluon propagator are

i([+m)7o ..
897 (] _ MM s Al
©) l2—m2—|—z’5 ’ (A-1)
G (1) = ———T1 (1) A2
(1) = lg i (1™, (A.2)
where " -
y ny+1"n
(1) = =g+ —2—=, (A.3)
is the gluon tensor. It has the following properties:
_ _ 12
Mas(l) = . eall, b1, A) + iy zams (A.4)
A=+1
Mo (NP (1) = — Y7 eall, )X (1,1, (A.5)
A=+1
ST (1) = —e* (T, ), (A.6)

where X is the gluon polarization.

B Gamma traces

This section is dedicated to collecting some useful traces of gamma matrices. Here, wt” =

AR,

%[’y“,y”]. These results are used in particular to compute which is given by

eq. (2.40). They are:

Tr(odd nb of ) =0 (B.1)

Tr(y#v") = (B.2)

Tr(v YAPyT) = 4(9"”9” " 9" + 9" g"") (B.3)
Tr(y*y oty yP7) = 4g*P (g P — g g"7 + g g"°) —4g™* (g7 g7 — gPP g7 + g°7 g7

+4g™ (g1 grT — g% g7 + g7 ') — AP (9P 9" — g™ g7 + 977 g
+4g°7 (97" — g™ g +97 ) (B4)
Tr (757“7”) =0
Tr (’y ~ ’y”fya'y'g> —4jehveb

Tr (v%°w47)

—
w
=]

~

[Tr (727977 F) =Tr (4°7*77'7 ) ]

N — DN —
r

[ 4i¢®iiB (—4ie°‘jiﬁ)]
— 4P (B.7)

| Tr(1%97197) = Tr(r*7 747 7) |

=
5

Q
2

[\’)M—‘[\’)M—‘

4(9‘*3 g — g™ gPi 4 g 6P —4(g™P g — g g7t 4 g1 g% )]
4(9‘”96’ g*g"7) (B.8)

Hence, for the last trace, if either o or 3 is +,—, the trace is equal to 0.
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C Dirac structure manipulation for gluon emission

We use the Ward identity ly-£*(lo, ) =0, eq. (3.3), the properties of the Gamma matrices and
the Dirac equations ﬂs(pq)(pq—mQ) =0 and (pq-i-mQ)Ug(pq) =0 in the below manipulations.

Emission of a gluon by the quark before the shockwave.

VU1 =12)+me| ¢ (I, ) (1 +mq)
Y20 —12)-*(I2, ) —¢* (I, A) (11 = I2) +mqé (12, A)] (11 +mq)
g

)-€

+ +lﬁ2.€‘/_\>’< 7o Xk n Sk Am

=y"12 l1l7+_l1'€ +E Y (I1—1o)—mge, (I1+mg)
2

+ . l . . l . l+
=7 |: l-‘r <l2_ l%r l1> A*_'_ /\* 7" <l B l+ ll) v +€>\*7n <1_l+> (ll_mQ+mQ)
—ngﬁ*’Yn] (I1+mq)
+ lf— 7 l;__“ —»)\* nm l+ )\* n l+
=7 QF la—-5h 9 ‘f‘?’Y 7" vl 1= l+ (1 —mq)
! A% n
_l%_erﬁ\*ry ](ll+mQ) (C.l)

Emission of a gluon by the quark after the shockwave.

l_LS(pq)fk(pg,5‘)(3%"‘1%4‘77%9)’)’Jr
=15 (pg) | 267 (9 V) (g +2) = (B, B, ) (g N+ mad* (pgs V)| 7

= Us(pq) 2<pgp pq _ﬂ)\*'ﬁq>_(7ﬁq—mQ)¢ (pg, A)— fo¢ (g, )]

g

= (By—abiy)- &+ (p, —ap, +ap, ) & ] :

5\ moXk _n

2 By —apy) - — (Fy— Py my " EN Y+ wmge ”]7+

[ 2
|
[ 2
|

) 2 g = mn x m_n n
= s(pq>61i\* [x(pg_l'pq)m (5 —5"}/ vy )—i—me'y j|’y+
M | 2 r\ T
)\ - — mn d L nm n +
(pq) {x(pg fqu)m [(5 <1—|— 2) + 2w ]—l—me'y }7 (C.2)
We have defined x=p] /p].

Emission of a gluon by the antiquark before the shockwave.

[—l1+mQ]¢*(l275\) [(lz—ll)+mQ]’Y+
= [—h+mq][2e%(I2, ) - (lo—11) = (Ta = 1) (12, A) +meg™ (12, ) ]+

55\*.[’ 5. o
:[_ll+mQ] [_2 <ﬁ2[ii-_€)\*_l1 +(12_ll) )\*'Yn_mQE/\*'Yn ,Y+
2
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2 1
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+ 4t + + + +
Py tpP; (- - 5 Py +2p; P
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2
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m Pg p Lq A
+ 2Q q % A +1_ (l2 ) *’7n7+ (C.3)
p +pq Pg

(l2 Q)—»/\*,Yn,y-i-

Emission of a gluon by the antiquark after the shockwave.

Y (=P, =Pt mQ)E" (Pg, Nvs(pg)
=7 | 2(=py—g)€* (Pg: N) —#* (g ) (—, ) +ma#™ (pg, A )]Ug(pq)

=t :_2pq-g*(pg,5\)+¢*(pg,5\)pg+¢ (pg,)\)(pq,erQ)] vs(pg)
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2 . . 3 T
=7 | == —Zfg)mé, " <5m”— 37" ) +me6A*7n} vs(Pg)
X 2., z z _
=&yt {—j(pg —ZPg)m [5mn <1+ 2> - anm:| -I-.I‘mQ’}/n} vs(pg) (C.4)

where T =p, /pq

D Lorentz contraction with P,,

Here, we list a few useful identities that will aid in the calculation of the perturbative
factor defined in eq. (5.6) when k= 35%3]. The following contractions are encountered when
summing over .J, and using eq. (2.18):

+)2
PpP p
( Gpat ;“)g"+g“+= (pg) : (D.1)
+12 St
DPpPa - s \D pp
< Ypat ; )g“(ga*zis—g“sp*):pS(pQ) —p* 2 =0, (D.2)
Ppp - -

<_gpa+ ;))204) (gp+pn_gpnp-‘r)(ga-‘rps_gasp-‘r) — (p-i-)?(_gns) _ <p+)26ns . (D3>

E Transverse momentum integrals for the R; diagrams

We calculate in this appendix the transverse integrals that appear in diagrams R; and Rs.

oo dzfld2f2 ifl'FleiB'F2
I(r1,r2)=f )2 E T v (E.1)
M eyl By (R P
z9 23
d217d21; il il 7
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(0 2z 0 -
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0
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or

21,22,23 such that z;+29+23=1.
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We use the following relation to compute them

0O _ _ A2 _B2 A v
J dss" e % e /3:2(B> K_,(2AB) (E.6)
0

with A% >0,B%>0.

E.1 Schwinger’s parametrization

Schwinger’s parametrization
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for Re(B) > 0.
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We do the following change of variables u= s+t and v=t with s=u—v>0,t=v>0=
u>v>0 to obtain finally
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Finally, the last integral has the following expression
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E.2 Feynman parametrization
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where we define
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