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ABSTRACT: We obtain the matter-graviton scattering amplitude in the gravitational theory
of quadratic curvature, which has RZV term in the action. Unitarity bound is not satisfied
because of the existence of negative norm states, while an analog of unitarity bound for S-
matrix unitarity holds due to the cancelation among the positive norm states and negative
norm ones in the unitarity summation in the optical theorem. The violation of unitarity
bound is a counter example of Llewellyn Smith’s conjecture on the relation between tree-
level unitarity and renormalizability. We have recently proposed a new conjecture that
an analog of the unitarity bound for S-matrix unitarity gives the equivalent conditions to
those for renormalizability. We show that the gravitational theory of quadratic curvature

is a nontrivial example consistent with our conjecture.
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1 Introduction

There are a few basic properties which quantum field theories (QFT) are supposed to
possess, causality, locality, analyticity, S-matrix unitarity. The last of these governs the
high-energy behavior of scattering amplitudes in renormalizable QFT. In particular, more
than half a century ago Froissart and Martin used unitarity together with dispersion rela-
tion to derive high-energy bound on elastic two-two amplitudes [1, 2]. Later the tree-level
unitarity bound on two-two amplitudes at high energy called the tree unitarity was intro-
duced [3-8]. Since the unitarity bound makes a relation among the quantities of different
orders in the coupling constants, the tree unitarity inductively exposes full order properties
of the perturbation with respect to the coupling constants [6], and it is expected to be a
very powerful tool in determining whether a given QFT is renormalizable or not. The
tree unitarity fails for QF'T with higher derivative kinetic terms, including Lee-Wick type
QFT [9, 10] and RZ, gravity [11, 12], because of negative norm field (ghost). The tree uni-
tarity can be extended to perturbative S-matrix unitarity (SST=1) for higher-derivative
QFT [13, 14].

The important question then arises whether the same holds true for the scattering
amplitude in gravity theories. In this paper we address ourselves to this question, and to
this end we compute the matter-graviton scattering amplitudes in two gravity theories,
Einstein gravity' and wa gravity [11], or quadratic gravity. The reason why we consider
both is that the former is a non-renormalizable theory while the latter is a renormalizable
one. A part of our results has been reported briefly in [14]. In the present paper we obtain
the matter-graviton scattering amplitudes in full, and study how the perturbative S-matriz
unitarity is obeyed, even though the tree unitarity fails, in quadratic gravity. Some of the

!The amplitudes in Einstein gravity have been known since long time ago [15, 16].



amplitudes have been computed in earlier papers by considering leading terms in the power
of Mandelstam’s s (CMS energy squared) or for some helicity states [17, 18].

It was shown that in gauge theories the unitarity bound at tree-level, called the tree
unitarity, implies the same conditions for renormalizability [3-6]. A similar situation should
hold for the S-matrix unitarity. This expectation has been verified at tree level in scalar field
theories with higher-order derivatives [13]. In this paper, we focus on the S-matrix unitarity
for matter-graviton scattering amplitudes at the tree-level (figure 3) in wa gravity.

The gravity theory which we study consists of only R and the quadratic curvature
terms in the action. This gravity theory is known to be renormaizable and is valid to
high energies [11]. It is known that starting with the Einstein action only, quadratic
curvature terms as well as those of higher orders are generated (with infinite coefficients)
by quantum corrections. This case is an effective field theory of gravity and is valid at
low energies. In such a theory, however, higher-order curvature terms than quadratic
break the renormalizability. Since our purpose is the investigation of the relation between
renormalizability and S-matrix unitarity in Stelle’s wa gravity [11], higher-order curvature
terms should not be included in the action. We analyse the theory consisting of only R
and the quadratic curvature terms even at high energy in the action.

S-matrix unitarity is a key element in many processes involving gravitons; some stud-
ies of particle radiation from black holes have been made referring to unitarity [19-21].
It was pointed out that the quadratic curvature changes the fate of black holes [22, 23]
and the spacetime causality [24-29]. Unitarity should come into play in graviton scatter-
ing at Planckian energies [17, 18, 30-32]. The explicit evaluation of the matter-graviton
amplitudes (of all combinations of spin/helicity states including ghost field) in quadratic
gravity should show us the basic properties of QFT at Planckian energies, which are so far
unknown to us.

One intriguing property of the quadratic gravity is that the gravity field h,, contains
massive negative norm field (ghost) in addition to the usual massless graviton field and
a scalar component. The appearance of ghost field is common to higher-derivative field
theories [12] and it implies negative probability. This apparent difficulty of the higher-
derivative field theory has been investigated repeatedly in relation to unitarity (see for
instance a review article [33]) since the early works of Lee and Wick [9, 10]. In this paper
we are concerned with ghost fields only in connection with the question of how it comes to
rescue the perturbative S-matrix unitarity.

A recent work [34] studies how the ghost field may be treated as an unstable resonance
maintaining the unitarity. More recently there has been a new development [35-37], called
gravitational positivity bound, which aims at relating, by use of unitarity, dispersion re-
lation and graviton exchange, particle physics at low energies to Planckian energies. The
basic notion and tools are developed earlier in [38]. We wish to learn from our evaluation
of the scattering amplitudes in the quadratic gravity some hint on the question whether
this theory may provide the UV completion of quantum gravity.

The matter-matter scattering amplitude in wa gravity has earlier been investiga-
ted [39]; the authors of this paper have shown that the unitarity bound is satisfied. The
matter considered there have no negative norm states, and thus, the discussion of S-matrix



unitarity in matter-matter scattering cannot uncover the issue of negative norm fields. In
this paper, we analyse the matter-graviton scattering, which is the simplest situation that
involves the negative norm gravitons in the initial and/or final states.

We introduce a scalar field as matter. The renormalized action of wa gravity with a
scalar field that we consider is [40]

S = Syt Sm, (1.1)

S, = /d4x\/7—g <A+12R+aR2+5RiV), (1.2)
K

S = [[dtoy=g (50" 0,00,0— g~ A6+ R) (1.3)

We call S, the gravitational action and S, the matter action. We analyse scatterings on
the Minkowski background and thus A is set to vanish. Moreover, in tree-level amplitude
of matter-graviton scattering, the quartic-order term of ¢ (i.e. A¢*) does not give any
contribution.

Our (classical) background is the vacuum in Minkowski spacetime, and graviton hy,
is defined by the deviation of the physical metric g,,, from Minkowski metric 7,,,,

h/},l/ =G —Nuv- (14)

We expand the action (1.1) with respect to h,, and study the quantum field theory on the
background metric 7,,,.

It is appropriate to see at this early stage what kinds of vertices of hy,,’s and ¢’s we
need to compute the tree amplitudes of matter-graviton scattering. From all tree graphs
contributing to the scattering in figure 3, we find that we need vertices of only three kinds,
hu,,qﬁz, hfw, hzyng.

The computation of the gravitation scattering is bound to be quite involved and
lengthy, particularly so for the case of quadratic gravity. To avoid reading the lengthy
calculations on the readers’ side, much of the lengthy calculations is relegated to a few
appendices, appendices B, C, D and E. Appendix A is a minimal necessary account of the
canonical quantization of the massive gravity. In the text only the results of the computa-
tion are reported.

This paper is organized as follows. In section 2, the canonical quantization is done. We
see that the asymptotic degrees of freedom of graviton are decomposed into three parts,
massless gravitons, a massive scalar graviton and massive gravitons. The first two have
positive norm, while the last is negative norm excitation, that is ghost modes. In sec-
tion 3, we show the propagators and vertex functions, which are required in the calculation
of scattering amplitude. In section 4, we give the derivation of scattering amplitude. In
section 5, we show the UV limit of scattering amplitude. We confirm that perturbative
S-matrix unitarity is satisfied in the quadratic gravity, in section 6. Section 7 is devoted
to a summary and discussion. Appendix A is given for the detailed derivation of canonical
quantization of massive graviton. In appendix B, we give a calculation technic in gravita-
tional perturbation. Appendices C, D and E are given to show the detailed calculations.



We use the following notation. Riu represents R, R'" and tensor squared appearing
in this paper means similar. The symmetrization of indices is expressed as

1
A Qn ) o o o <7rA o o Qo
AM(aroz|vlas|Magas...a )'_EZAW 1002V Aoy Ay Qo Aoy (1.5)
ag
where the sum is computed over all permutations o ={o1,---,0,} of the set {1,--- ,n}.

2 Canonical quantization

Two alternative ways of quantizing higher derivative gravity have been given in the past,
the path integral method [11] and the canonical quantization [41]. The latter method
seems more suitable for our purpose of computing scattering amplitudes and of dealing
with negative norm states. We recapitulate the minimal account of canonical quantization
for this purpose, particularly introducing the creation and annihilation operators.

For the scalar field, it is done by analysing the quadratic parts of the scalar field
action (1.1),

SO - % / &' [ 8,00,0—m*¢?] . (2.1)

The canonical quantization is done in the usual way,

¢=/\/(2§L32m{%(p)eimﬂfb(p)eim}, (porzx/p“rm?), (2.2)

where ag4(p) and aL(p) are the creation and anihilation operators, respectively.
The second-order action for graviton is obtained by the expansion of the gravitational
action (1.2) with respect to hy,,

1 1 2 2
SgQ _ Z/d4x Lzhwﬁw’aﬁhaﬁ"‘@ (nuyﬁuy’aﬁhaﬁ) + (ﬁ#l/,aﬁhaﬁ) :| , (23)
where £/ is a differential operator defined as
LHaB . Dnu(anb’)v _ 3ua(anﬁ)v _ ava(anﬂ)u _ Dn"”naﬁ +3uavnaﬁ —1—77’“’80‘85. (2.4)

The last two terms of eq. (2.3) have the higher-order derivatives in time, which give negative
norm states [12]. This type of theory can be quantized directly, but it involves many
constraints, which makes the analysis complicated. An easy way of quantizing such a
theory is to transform action (2.3) into that with second-order derivatives by introducing
Lagrange multiplier A,

1 1
Sp2=7 / d'z L#h””UW—irozUz—kﬁUi,,—i—/\W (U’“’—K’W’“Bhag)] , (2.5)
where U = U*#,,. The variation of this action with respect to A, gives
U“V—ﬁ“’/’o‘ﬁha/j =0, (2.6)

and substituting back this into action (2.5), we go back to the original action (2.3).



Any tensor A,, can be decomposed into the trace part and traceless part by
1 _
A= EAnW—i—AW. (2.7)

The traceless part AW, satisfying A,* =0, is obtained by operating the projection tensor

— 1
Guu,aﬁ = Nu(a"B)y — Znuunaﬁa (2'8)

that is
Ay =Gl apA®P. (2.9)

Then, the action (2.5) can be written as

1 I T
Sp=1 / 'z [BUW%KQhWUWHWUW

B 1 1
+ <a+4 U2+th+Z)\U—)\Wﬁ“V*O‘5hQ5 : (2.10)
The constraint equations on U and U, follow from the variation of action (2.10) with
respect to U and Uy,,. Substituting back these constraint equations into action (2.10), we

have

S —1/d4x —1(1B +A )2—1(1h+)\)2—)\ LHreBp (2.11)
927y A \ k2 T | T 640+ 16 \ K2 o abl-

The field redefinition

h,uu = H;w"'luw (2'12)
1 1
)\,u,u = _?H/,LV—’_EI’UJV (213)

makes the action (2.11) diagonal in H,, and I,,,

Sg2= ﬁ / d*z {HWE“”’”‘BHM— (IWE“”’C“BIQQ—F;RZ (Iﬁ,,— 4ao‘+ Bﬂ)ﬂ . (2.14)
where I:=1",. Since the quadratic action (2.14) is composed of diagonalized gravitons
with the second-order derivatives, we quantize these fields in the usual manner.

The form of the second-order action (2.14) for H,,, is the same as that for the linearized
graviton in Einstein gravity, that is a masslass spin-2 mode, and thus the same asymptotic
states as those in Einstein gravity are obtained,

_ K (o) —ipx (o)t ipz | (o)
Hy =Y [ dp—e {af? () ™+ (p)e }ef2) (), (215)
" zg: V(2m)3po i " jeis
where pg := /p? and the sum is computed over all elements of a basis of asymptotic states.
The same as in Einstein gravity, the number of independent components for massless
graviton H,,, is two. o in eq. (2.15) represents two helicity states.



There are a few different conventions of defining graviton polarization. Berends and
Gastmans use o = +2,—2 as basis elements [16]. We use those constructed from the vector
elements [14, 47], given in eqgs. (A.30) of appendix A.

The second-order action (2.14) for I, is that for massive graviton [45] but with the
negative sign. The mass term does not have Fierz-Pauli form unless 3a+ 3 # 0. Therefore,
this massive graviton generically includes not only spin-2 but also spin-0 (scalar) degrees
of freedom. Because of the over all negative sign of the action, the massive spin-2 graviton
gives negative norm states, while the positive-norm spin-0 graviton appears. The way of
quantization is shown in appendix A, and the result is

(o) (p)efipx +a§:’)T (p)eipx} e(cr)

b =X | g

—|—/d3p r {ag(p)e*ipx—l—ag(p)eim} —0,, (2.16)

V(27)%po

where

9/“, =N +Pubus Pui=—F= (2.17)

P2
The polarization basis e,(g,) appearing in eq. (2.15) and that in eq. (2.16) are the same
except that the mass in the former is set to zero while that in the latter nonzero. This
observation makes our computation of a few different amplitudes substantially easier.

The commutation relations for annihilation and creation operators are

[ag(K), al,(p)] = 8% (k—p), [ (k),aly (D)) = 6,-8% (k—p),
[l (), a1 (p)] = —65,6% (k—p), las(k).af(p))|=0"(k—p).  (2.18)

The negative sign in the third commutation relation means that the particle states of

agg ) (p) lead to negative norms.

3 Propagators and Vertex functions

3.1 Propagators

The propagators for the scalar field ¢ and graviton h,, are obtained from the quadratic
actions (2.1) and (2.3). For scalar field, it becomes

—1

Gp=—5—3-
¢ P2 rm2

(3.1)
The quadratic action for graviton (2.3) is written as

1/71 1
Sg2 :/d4$haﬁ [4 <,€2D+B‘:12> P(Q)aﬁ,uu+ (—MD—F(?)a-i-ﬂ)DQ) P(O)aﬁ"w/] h,uya
(3.2)
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Figure 1. Scalar (left) and graviton (right) propagators.

where PO%)’ v is the projection to the transverse-traceless component, and Po(é%) v to the
transverse-trace part, defined respectively by?
2 1 1
P;ﬁ{w = 5 (BauOp0+0av03) = 50080, (3.3)
o _1
Paﬂ7/“/ = g@agelw. (34)

Thus, the quadratic action for graviton is decomposed into the spin-2 (transverse-traceless)
and the spin-0 (transverse-trace) parts. The degrees of freedom other than the transverse
ones are gauge modes. Theories with gauge degrees of freedom may be dealt with by
Becchi-Rouet-Stora-Tyutin (BRST) method, where gauge and Faddeev-Popov (FP) ghost
modes should be taken into account. However, in the tree-level approximation that we take
in this paper, gauge modes do not appear even in the internal lines. Hence, it is enough to
derive the propagators and vertex functions only for transverse modes. Therefore, we take
the harmonic gauge [11]

8" hyu, = 0. (3.5)

The graviton propagator is obtained by taking the inverse of each part in the quadratic
action for graviton (3.2),

S — - i PY .
Bp? (p2+m§) afB,uv 2(3a+5)p2 (p2+m§) aB,uv

Gapyw = (3.6)

where m; and mg are masses of the massive spin-2 and spin-0 modes, respectively, satis-
fying3

-1
m? =—(Bx2) 7", m% = (262(3a+58)) . (3.7)
The Feynman diagrams for propagators are shown in figure 1.

3.2 Vertex functions

Vertex functions are obtained by further expanding the total action (1.1) with respect
to hy. As we have commented, imposing the transversality condition for graviton h,,,
eq. (3.5) does not affect the result in the tree-level approximation. Therefore, hereinafter
the transversality condition (3.5) is used without notice. The matter-graviton scattering is
expessed by the Feynman diagrams with two ¢- and two hy,-external lines, and then, only

2To be precise, the projection tensors are defined in Fourier space.
3To avoid tachyonic instability for massive graviton 1., we might be required to impose 5 <0 and
3a+£>0.
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Figure 2. Graviton-matter three-point (left) and the graviton-matter four-point (middle), graviton
three-point (right) vertex functions: the double wiggly lines corresponds to graviton h,, , while the
scalar field ¢ is described by dotted lines.

linear and quadratic orders for h,, of the matter action, and cubic order of gravitational
action are required. (See the Feynman diagrams appearing later in figure 3.)
Let us further expand the matter action (1.3) in powers of h,,

1
Sm= [ d4x{2 [0 8,00,6—m>¢?]
AR [0, 00,0 -m?6?] + th 0, 60,06 Oh
1 2 1 afs "7 2,2 1 pv 1 poy v
+<16h —gh haﬁ) [_77 8M¢8V¢_m¢}+1hh au¢av¢_§h ha" 0,90, ¢
g2 (—;hDh—i (0,h) (07 h) -+ 1 8,0, h+ " Ok,
3

45 Oul) 1) =5 (Duhy) (') ) |+ O(671). (3.8)

The second line in the above equation gives the 3-point vertex functions for
&(p1)P(p2)hyuw (p3). We decompose it into {-independent and -dependent parts,

N3 = YN, (3.9)
w1

N = 3 [(praps —m®) ™ —plivs —pips ] (3.10)
Ny'e = 2p3n™”. (3.11)

Similarly, the 4-point vertex functions for ¢(p1)@(p2)huw (p3)hap(ps) become

/\Zv,aﬁ _ XZV@B+§5\Z’V€7&57 (3.12)
- 1
praB Y 02 wv oaf  po, v uB va
At —4[(pmpz m)(n N =" =0 )}
1

5 [ hpsptes) 0 — (P05 +pip8 ) "+ (pips +piph)

+ (plips +pip5 ) "+ (pips +p005) "+ (phps +0ips ) |, (3.13)
N = (p3+p3+pspa) 0 — (203 +2p3 +3ps-pa )

—2pipin®® —2p P 4 pl) 4 pl ph. (3.14)

The corresponding Feynman diagrams are shown in figure 2.



Let us move to the graviton three-point vertex function corresponding to the rightmost
graph in figure 2. It is obtained from the gravitational action (1.2) but it involves a lengthy
calculation. The derivation is given in appendix B and we show here only the result,*

1

1 1 3 1
= [ d*z{——= | =h?0h—=hh*P0hes — —h*Ph,s0h
593 / x{ 2 [16 8 5716 gt

ZhaﬁhfﬂDhm
L, a8 1,08 ~ L, oy, 8 L, aspaa
_Zhh 8a8/3h+1h he aﬁa,yh—§h h 6a(95h7)\+1h h aaﬁ/ghw

1 3 1
+a [hQDQh—haﬁhaﬁDQh—hO‘BDh(th—2hh“’36a05Dh+h“ah#58a85Dh]

3 3
— —hOAOA W22 — - hagh®P TP h+ ~hOhas O
+5 { 16 HEY) 16 +8 p
—ghaﬁDha[gDh—Zha6h57D2ha7—§hha58a85Dh
1 1
+ghDhaﬁaaang—Zh“ahf@aﬁﬂDhjLha”Dhﬂ”ﬁaaghW

1 1 1
~|—§h°‘“h'8”8a65DhW— §ha'8h“”8a85DhW— 4h“”Dho‘56a85hW] } : (3.15)

This gives the 3-point vertex function for h,, (p1)has(p2)hya(p3), but, since the expression
is lengthy, we show it in appendix C. Here we show the 3-point vertices for modes with
basis elements efg,) and/or 0,,,/v/3 (see egs. (2.15) and (2.16) for the decomposition of h,,,

in this basis). In the derivation, we use the relations among pf', €7

¢ and 6; ,, shown in

appendix C, which is obtained by direct calculations.

l“/yaﬁﬁ)\
>\3 C1luv€2a B3y

Lo o oy B
= [2&2 (p1+p2+p3> B} ( 1+p2—|-p3) 61u€2a€3u
1
+ [_,QQ'Fﬁ (p% +p% ‘H{%)} (plﬂegvelllaegﬁpg+P2u€’fu€5a6§‘gp§+p3ue§,,e§ae‘f‘ﬁp§> (3.16)
1 B
" [4/-{2 4 (p% +73 +p§)] (eluuegypiypi\ezaw+elweg‘”p'{p§62w\

TLeluu egypgpéeii'y)\ + 63uuegypgp%€17A + €1W€§Vpgpy>,\€2w\ + 63uuegypgp§€17>\) s
1
€1ur€2ap %637)\
2
1 ( p%) ( Ly 197, 2>
= “\WIT) ) 3 o Z
f[ ( (p1+pz)+6 pa RACR o7 (p1+3)

Myvo‘ﬁv’y)‘
A3

(3.17)
B oo, (P33’ 03 +pd)
_’_274 -5 (pl +p2) + P e1uveh”
11 (p§+p2) 2 B pi +p2
+v3 7352—@T §< a+3) 3+* p3 p2N61V€20¢p1’

4The result here is simplified by partial integration.



v 1 1
)\g ’ B’PY)\el,uV (\/392045) <\/§93'y)\)

:pé‘el,wp% {572 (—p4+3p2(p2+p2)+2(p4+p4)—12p2p2)

+(3a+8) (129} (p3+p3) +4(p5+p3) —36(psp3 +p3p3) )

+5 (p+3pl (03 +73)) }

1 1 1
A0 () (5000 (J50)
V3 1

= T | 2 (= @3 +p3+3) +8(0ipS +pip +pip3 +pipi +p3pi+pind)

~14(ptp}+pipi+pip}) — 28p303p3 (0} +p3+13) ) (3.19)

+2(3a+8) (—(p1°+p8° +p3°) + 11(p305+ 305 + i3 + P} + pip +p5p3)

—10(p1pS+pipS+pSps+pips +p3ps+p5ps)

—34pip3p3 (i +pa+p5) —42pip3p3 (pip3 +pips +p§p§))] ,

(o)

where we omit the suffix (o) denoting the helicites in e}/, and p!’s are the momenta of
modes associated with basis e; ,,, or 6; ..,/ V3.

4 Amplitudes for matter-graviton scattering

The simplest scattering involving gravitons with positive norm and/or negative norm is a
matter-graviton two-body scattering, which is the concern of this paper. The graviton field
hyw is decomposed into the massless part H,, and the massive part I, (see eq. (2.12)).
H,,, has two massless transverse-traceless (T'T) degrees of freedom efff,) (see eq. (2.15)) with
positive norm, while I, is composed of five negative-norm massive transverse-traceless
degrees of freedom e,(fy) and one positive-norm massive TT degree of freedom 6, (see
eq. (2.16)). We expand H,, and I, as

2
Hy =Y [ d'pH 0)ef2) () (41)
o=1
5
> [ @1 W) o)+ [ apr (p>¢1§e,w<p>. (4.2)

H®©) (p), 1) (p) are the operators for TT components, and I6) (p) is that for the trace
component. The two e;;) appearing in egs. (4.1) and (4.2) are the same except that the
mass is set to zero in the former. The operators H'?)(p), I(9)(p) are written with the
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Figure 3. Contact, s-, u- and t-channel exchange diagrams (from left to right): the double wiggly
lines correspond to graviton h,,, while the scalar field ¢ is described by dotted lines. The initial
(final) state is composed of a graviton hy, (hag) with momentum k; (k3) and a scalar field ¢ with
momentum ko (k).

annihilation and the creation operators (see eqgs. (2.15) and (2.16)) as

HO) = s (ol (p)e 4ol (e}, (43)
1) = L (o e o) ()} 44
I(s)(p) = (2:)3]30 {ag(p)e_ipx+ag(p)eipx}. (4.5)

We introduce h(?)(p) denoting either of TT modes H(?) (p) or I\?)(p), since the scattering
amplitudes become the same except for the value of mass.

We are now ready to discuss our main issue, the h,,-¢ scattering amplitudes. We fix
the kinematics of h,,-¢ scattering by

hlﬂ/(kl’eLMV or 01,/“,)+¢(k2) — hag(k3,637a5 or 03’a/3)+¢)(k4), (46)

as shown in figure 3. In our calculation at the tree level, there are four types of graphs,
contact term due to )\ZV’QB , the s- and wu-channel exchanges of ¢ propagator and the ¢-
channel exchange of h,, propagator, denoted by A, As, Ay, and A;, respectively. Figure 3
shows the corresponding Feynman diagrams of them.

Three cases of h,,-¢ scattering are considered separately:

A hD¢—hg,
B: h9¢p—160¢ I8¢ nl0g, (two are related) (4.7)
C: I®p—1)¢,

Since the expression of the amplitudes turns out to be the same regardless of the positivity
or negativity of the graviton norm, we do not need to distinguish them here.

The field operators H(?)(p), I\?)(p) and I®)(p) of eqs. (4.3)—(4.5) are not canonically
normalized. Taking the normalization into account, we should add a factor k per an
external graviton. Since we now have two external gravitons, we should multiply the usual
calculation from the Feynmann diagram by 2. We will show each contribution and then
give the scattering amplitude by summing it up. Since the calculations of the ¢-channel
exchange and summation are complicated, we show the detailed derivation in appendix D.
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4.1 h@¢ — h@)g

Contributions from the contact interaction A., the s-channel exchange A; and the u-
channel exchange A, are obtained as follows,

1
A= K2 {2 (kg-k‘4—|—m2) Tl“[el'63]—(kg'el'eg'k4—|—k2'€3'€1 k‘4)]

—&r? | (2K + 203 — 31 kg ) Tr[ex- €3] +2kz-e1-e3-ka |, (4.8)
A _ﬁ2k2'61'k‘2 ky-e3-ky (4.9)
s (k1+k2)2+m2 ’ ’

and A, is obtained from A; by crossing relation ko <> —k4, as seen from figure 3. The
calculation of the t-channel exchange A; is more involved because of the three point vertex
of gravitons, and is given in appendix D,

_ e 1 B(ki+k3)
A <(k1—k3)2+ﬁ(k1—/€3)4—ﬁ_2(k1—/€3)2>

{_(k’l‘k2+k’1'k’4) (ko-e1-e3-ka—ky-e1-e3-ka)+(ka-e1-ka) (ka-e3-ka)

1
+ (kg-e1-kq) (ka-ez-ko)—2(ko-e1-ky) (k2'€3‘k4)+1(k1‘k2+k1'k4)2Tr[61-63]}

’ (ki +k3)

K
+?(k2'€1'63'k4+/€4'€1'63'/€2)—|—/€2 16

3 2
E(’ﬁ—k:a) +

Tr[61 '63]

K2BE2K3 (k1 —k3)?+4m?)
8 (B(k1—ks)t—r~2(k1—k3)?)
2 [ (2h3+2K3 — 3k kg ) Tr[er - €3]+ 2ks-e1-e3-ka | (4.10)

The t-channel exchange contribution A; by itself satisfies the crossing relation. The sum
of four terms is (calculation is shown in appendix D)

A= A+ A+ Ay +Ac

HZ

(k1 —k3)2[B(k1 —k3)2— 2] [<2ﬁ(k%+k?2>) —20(k1-ks) _“_2)

Tr[61 . 63]

1
X (—4(kf—2kz1'k4)(k%+2k1'kg)Tr[el-eg]—i-(kf—%l.k4)k2.el.63.k4
+ (k2 42k ko )kg-e1-e3-ka—2(ko-e1 - kg) (ko-e3-ky)

]2 —2k; -ky
B St Sy P Y TR
k:%+2k1-k2( 9-e1-ko)(ka-e3-ky)

k%+2k1k2
_MITEMIR2 ko eV (ko en -k
]{3%—2]{31]{34( 4-€1 4)( 2°€3 2)
1
—i—,@k%k’g’ (8(k%—l—k’%—i—élmz)Tr[el'63]—k2'€1-63'/{4—164'61-63']{2
+k%+2k1-k’2( 2-e1-k2)(ks-e3-ky)

2
—————(ka-e1-kq)(k2-e3-k 4.11
+k%—2k1-k‘4( q-€1-ka)(ka-e3 2))]7 (4.11)
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where dot means contraction by spacetime index u, for instance, ko-e1-kqy = ké‘ e1,uwky, and
Trle;-e3] is e1ef”. Curiously, the amplitude (4.11) is independent of « and . The
physical meaning of this is yet unclear to us.

Taking the Einstein limit (o, 3, —0), and setting the basis e, to be the helicity-
2 shown in eq. (5.9) and eq. (5.15), we can reproduce the result of ref. [16] from the
amplitude (4.11).°

4.2 h@¢p - 10

The scattering amplitude is calculated in the similar manner to ()¢ — h(®)¢. The con-
tributions from A., As, A, and A;, and their sum are obtained as follows.

V32
Ac = =g (ki -hatk-kaka-c1-hy— (ki kR ha-ex-ka—hf ka-er-kal
S
€r? (ks-e1-ks) (oo o
A (2k3+4mE—ka-ks) (4.13)

kg €1 ]452
[(k1+ko)24+m2]’
(4.14)

. V3K2ky-e1-ko (3mEks - ky+2m>m% —2(ks-k4)?)

_9 2,2
6m2 [(k1 +k2)2+m?] V3ERTm3

The u-channel exchange contribution A, is related to Ag by crossing relation ko <> —ky.

V3K?
Ai=—5 ((/€1+k2)2—(k‘1—k’4)2> (ko-e1-ka—kq-e1-ka)
24mg
V/3r? 2,12 2 V3K? 5
—— ((k1—k ki+5 ko-e1-ko+ky-e1-ky)— ki ko-e1-k
+24m%((1 3)"+ki+ m5>(261 2+ky-e1-ky) 6mZ M 9-€1-ky
2 2 9 2
V3B g M (3a+p) _ m¥% ((kl—k3)2—2m2>
6 (k1—k3)?  (2(3a+pB)(k1—k3)?+r72) (k1—k3)?
xk3~el-k:3
£r? 12(3a+8)m}

{(klakg)—2k§—4m§+2 }kg-el-kig,

V3Bml (BatP5) (k1 —ks)?+r~2

(4.15)

®The amplitudes in ref. [16] are calculated in a different basis, labeled by 2 and —2. Their amplitudes of
2—2and —2 — —2 become the same, i.e. A(2—2) = A(—2— —2) =: Aaig. (In their notation, the amplitude
A(2— 2) is denoted as —i¢2;2, and the signature of spacetime metric is flipped.) In addition, A(2— —2)=
A(—2—2)=: A,ss holds. Hence, the scattering amplitude is expressed as a matrix

Adig Aofr
A= g . 4.12
<Aoff Adig) ( )

Our basis elements (2,0) and (2,e), defined in eq. (5.8), are different from those in ref. [16], and give the
diagonal matrix of the scattering amplitude (4.12). Since the difference between the matrix of ref. [16]
and ours is caused by the different choices of basis, their eigenvalues should coincide with each other. We
confirm the coincidence and see that A in eq. (4.11) satisfies A(2,0— 2,0)|g=0 = Adig—Aors and A(2,e —
2,€)|p=0 = Aaig+Aoss.
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A=A+ A, + A+ A,

:_\/5,12(m%+2m2>< kaeiks | kwerk
(

6 k1+ko)2+m?2 (k1 —kq)2+m?2
V3K?2 m? 2(3a+p5) m% 9 9
6 (2(k1—k3)2+(2(3a+6)(k1—k3)2+/<2)(k:1—k3)2 (k1 =hs)*—2m°)
Xk‘g'el-kg
9 9 2(30&+5)(k}3'61-k3) ko-e1-ka ky-e1-ky
—2v3x m5<2(3a+6)(k1—k3)2+m2 [(k1+k2)2+m2] [(kl—k:4)2+m2]>'

(4.16)
We note that o and 8 appear only in combination (3a+ /). The dependence of the total

amplitude on momentum is 4-th order lower than that of each contribution: A, A, As
and A.. Hence, cancelation occurs in the UV limit.

4.3 I®¢p - 1G)g

The scatteing amplitude in this case is also obtained in the similar manner,

KJ2 I<,2 kl'kg k‘l'ki4 KJ2 k‘g'kg kig-]{?4
o = —— ko ky+5m?| —— _
Ac = =5 [ho-katsm?] -5 m3 6 md
ki-k
12 61m43 ((ka-atm?) ey ey —2ky -kp kg by 2k ko)
S
¢n? [ (k1 ks)® _ (ka-ks)® 2
tag | 8 (Ruks)2mi | (4.17)
S S
A k2 (3mky -ka+2m?m% —2(ky -k2)?) (3mZks-ka+2m>m% —2(ks-k4)?)
° 12md [(k1+k2)2+m?]
2meE +4m?m? 1262K%2mt
2 2 S S S
— 2(k1-ko)—2m% — . 4.18
Sk ( (1 -hz) =2m [2(k1 ko) —m2] ) " (k1+ks)2+m? (4.18)

The u-channel exchange contribution A, is obtained from Ay by crossing relation kg <> —kj4.

1432

Ar= 48m§

(k14ko)?(ky —kg)? (k1 —k3)? —6m% (k1 +k2)2 (k1 —kg)? + (4m% —m?) (ky — k3)*

+(11mE—4m®*mE —m?) (k1 —k3)? —10m& —12m*mE+-6m*m?%

(k1 —k3)*—6(k1+k2)% (k1 —ka)? +4(mZ%+m?) (k1 — k3)? +6(m%+m?)? —8m>m?%
12(k2B(ky —k3)2—1) (k1 —k3)?
/12 3md (k1 —ks)?+4mZm?(ky —ks)?—2mim?

6 (kl —k3)2 ((kﬁl —k3)2+m§)

6/4,2 (k‘l-k‘g)s (k?l-kg)Q 2 12m§

— = 8 T7(ki-k 10 4.19
+3 ) + 2 +7 (k1 -k3)+ ms+((k1_k3)2+m%) : (4.19)
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A=A+ A+ A+ A

_ _/12( %_i_mQ)+/i2Smé(kl—k3)2—|—42m§m2(k12—k3)22—2m§m2
6 6 (k1—k3)? (k1 —k3)2+m3)
_KJQ(kl—k3)4—6(k1—|—k2)2(k1—k4)2—|—4(m%—1—m2)(k‘1—k3)2—|—6(m%—|—m2)2—8m%m2
12(,‘{2ﬁ(k‘1—k3)2—1)(kl—k3)2
L +4m>m%4-4m? 1 1
+ﬁ2m5+ m-mg-+4m ( n )
12 (k1+k2)2+m2 (k?l—ki4)2+m2
2mi m‘é~+2m2m%~ m‘é—l—?QO%
+2¢k2 [ 4m2+ S + + . 4.20
& <m5 ((kl—kg)Q—i—m%) (k1+k2)2+m2 (/ﬁ—k4)2+m2 ( )

Here, we use kl_Q :k§2 = —m§2 = —2xk%(3a+p). Thus, the amplitude (4.20) depends on
(3a+ ) through m?g, but does not depend on « and 3 separately, the same as for h(@) ¢ —
Qe

5 Scattering amplitude in the UV limit

We are interested in the high energy behavior of the scattering amplitude to investigate
the relation between renormalizability and UV unitarity. Two kinds of high energy limits
are often investigated, namely, the Regge limit and the hard scattering limit. Whether
these two different ways of analyzing the high-energy 2-2 amplitudes are related and how
if so has not been studied. As discussed in refs. [4-6, 8], we take the hard scattering limit
here due to the following reason. The basis of two-particle states can be independently
labeled in the total energy F, the total momentum P and the scattering angle 6. The
hard scattering limit, that is, £ — oo with P =0 and 6 fixed, does not change the measure
for P and 6 in the inner product. Since the optical theorem, providing the tree unitarity,
involves the inner product, the analysis in the hard scattering limit straightforwardly gives
results.f

Although the scattering amplitudes have been derived in the previous section, their
dependences on the total energy are hard to be seen. One of the reasons is that each
element of the basis has a nontrivial energy dependence. The situation is similar to that
in gauge theories [46]. Another reason is that nontrivial cancelation occurs. In section 5.1,
the exact forms of the basis elements will be shown. We will see there that they have the
total energy dependence. With the exact forms of the elements, all amplitudes of matter-
graviton scattering will be derived in section 5.2. There exist thirteen non-zero amplitudes
in all.

5The Regge limit would provide a different condition for the tree unitarity. It is known that the Regge
limit gives constraints on the amplitude of the forward scattering [1, 2].
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5.1 Mode Decomposition

Without loss of generality, we always take the center of mass (CoM) frame due to Lorentz
symmetry. In CoM frame, for massive particle, their component can be expressed as

i = (\/k‘2+m1,k 0 o) (5.1)
ko, = (\/kQ—i—m%,—k,O,O) , (5.2)
ks, = (\/q2+m§,qc080,qsin9,0) , (5.3)
kyy= (\/q2+mi,—qcos9, —qsinG,O) , (5.4)

where k and ¢ are the amplitude of 3-momenta of initial and final particles. Moreover, my
and my are equal to the mass of the scalar field m. The energy conservation law gives,

E=\/k2+m?+Vk2+m :\/q2+m§+\/q2+m2. (5.5)

In the UV limit, ¢ is described by k£ and masses,

m2—m2 m2—m2 mz—mQ _
q:k<1+ 14k2 3 (m 11)’231541 )+O(k: 6)) (5.6)

We define basis elements for vector to construct bases for gravitons. Transverse elements
are denoted as t, and u,, while [, is the element for longitudinal. Their components is
explicitly written in

tlu:(oaoalvo)a ll,u,: (kv \/ k‘l2+m%a0>0) /mlv
t3, = (0,—sinb,cosh,0), I3, = (q,\/qQ—i-m%cosG,\/q2+m§sin6,0> /ms,

uu(=w1, =us,) =(0,0,0,1). (5.7)

The basis elements for graviton is constructed from the vector elements [14, 47],

o 2 1 1 o 1
zM)V \/éli,uliu_ %tiutiu - %uuum e@(/ﬂ/@) = % (li,utizz +ti,u,liu) ’
1 1
ez('}/;) =5 (Lipuy +upliv), 62(3’5) =5 (tiptiv —upuy), (5.8)
2, 1 S 1 1
GEWO) =/ (tipuw +uptiv) , ez(';u)/ =73 (lipliv+tiptiv+uyuy) = %Qiuu-
Here, eZ W, {egllwe ), E;VO } { € s EEVO } and eguz are helicity-0 mode, helicity-1 modes,

helicity-2 modes and scalar mode, respectively. For massless graviton, the basis elements
of helicity-2 modes, which are only onshell states, can be obtained by taking massless limit
m; — 0. Although in the massless limit the helicity-0 and -1 elements are ill-defined, it
does not matter because the massless graviton does not have helicity-0 and -1 modes.
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We can categorize the basis elements into two groups: {emw uluf ,egif , ZW} and
{ (1,0) (2 0)

z,ul/ ) z,uzz
which stem from the number of u,. Since the inner product with w, and the others (¢,, {,,

}. The former and the latter are named even and odd modes, respectively,

k,) gives zero, any scalar quantity, including scattering amplitude, with the odd number of
u,, vanishs. This leads to the fact that the scattering amplitudes involving both even and
odd modes, all Tr[e;-e3], (k-e1-e3-k) and (k-eq-k)(k-es-k) become zero for any k. Therefore
only the scattering amplitudes with two odd gravitons or two even gravitons give non-zero
values. Let us see each case.

5.2 Scattering amplitudes in UV limit

The UV behaviors of scattering amplitudes are shown in this subsection. Since the calcula-
tions are lengthy, we give the derivations in appendix E. Although the scattering amplitudes
are shown in the previous section, they depend on the basis elements e,,,. Since the differ-
ent basis elements e, have the different momentum dependence, the individual analysis
for each is required. As in Weinberg-Salam theory [46], the nontrivial cancelation occurs,
and thus the naive estimation by separately checking the total-energy dependence of each
term gives the false result. The careful calculations are required.

5.2.1 h(29¢ — h(29)¢

The basis elements eg w(j) and egi’z) become
(20)_ 1 (20)_ 1
eluu = ﬁ (tllluy+u#tlu) ) 63[1,1/ = ﬁ (t3uuv +ullt31/) . (59)
Substituting the aboves into eq. (4.11) we have
1 0
At At Aut Ag = kK250 00 (19). (5.10)
1—cosf

The UV behavior of scattering amplitude has k? dependence. This dominant contribution
does not depend on the initial nor final graviton mass, which means that the UV behavior
of scattering amplitude is independent of whether the initial and final graviton is massless

or negative-norm massive state.

5.2.2 hZ2¢ - 11,94

The basis elements for them are described as

2,0 1 1,0 1
g;w) = ﬁ (tluuu +uutlu) ) ei(i,uu) = ﬁ (ZBMUV +uul3u) ) (5‘11)
The scattering amplitude becomes
o mrksiné 1
s ” =k"—+O (k™). 5.12
At At At Aa = 0 S0 (1) (5.12)

Note that all terms in k3 order are canceled. The dominant contribution does not depend on
the initial graviton (helicity-2 graviton) mass but depends on the final graviton (helicity-1

graviton) mass.
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5.2.3 I19¢p 5 1(10)g
The basis elements for them become

o 1 o0 1
egty):\ﬁ(lmuﬁ-uullu)a egbu):\ﬁ(lwuu"'“ul%)' (5.13)

The scattering amplitude behaves

Kk2m? 22+ (1+cos0)?+(1—cosf)?
=— O (k2 5.14
At A+ Ay + Ag 5 T +0(k7?), (5.14)
where the cancelation occurs in k* and k2 orders.
5.2.4 hZ9¢ - h2Ze)g
The basis elements for them are given as
(2¢) _ 1 2¢) _ 1
€l = 7 (truti —upuy),  ebn) = 7 (taptsy —upuy). (5.15)
Substituting the above into eq. (4.11), we have
1+4-cosd
A+ A+ Ay + Ay = K2k +0O (kO) . (5.16)
1—cos6

As is the case of 5.2.1 the dominant k?-order contribution, does not depends on the initial

and final graviton masses.

5.2.5 h(Z9¢ - 11e)¢

The basis elements are written as

e 1 e 1
egi’y) = (trut1y —upuy ), 6:(),};”) = (laptay+taulsy). (5.17)
They give
o mrksiné 1
. et Ag= — 2 TIEIRY g (=1 5.18
As+ A+ Ay+Ag=—k 2(1—cos9)+ ( ) (5.18)

The cancelation occurs in k3 order and the dominant contribution does not depend on the
initial graviton mass as is the case of 5.2.2.

5.2.6 I1&gp —»11e)g

Substituting the basis elements for them

e 1 e 1
e%ju) =5 (llutlu ‘I‘tlullu) ) ei(’,ty) = % (l3ut3l/+t3,u13u) (5'19)

V2

into eq. (4.11), we have

Kk2m? 22+ (1+cos0)?+(1—cosf)? ) (k_g) 7

Ast At At Ag=— 8 (1—cosf)?

where the cancelation occurs as is the case of 5.2.3.
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5.2.7 hZ9¢ 510
In this case, we have

2, 1
egui) = ﬁ(tlutlv_“u%%

o 2 1
€3 = %l&uliﬁ/_% (t3,ut31/ +'Uapu1/)
2 1
= ———ks, ks, +—= (21, —3t3,t3, —3uyuy ) . 5.21
V6k2 3uk3 \/6(77# 3ul3 L Uy) ( )
The cancelation occurs in k* and k? orders in the scattering amplitude and finally it
becomes
As+ A+ Ay +Ag = O(K°). (5.22)
5.2.8 119y 510¢
Substituting
l,e 1
egw) =5 (Lt +tud),
O 2 et (20— Statsy —Suu) (5.23)
€3u = \/6]{532’ 3ul3y \/é Umy 3ul3y —oUyUy ), .
into eq. (4.11), we have
As+ A4+ A+ Aqg=0(k™ ), (5.24)

where the cancelation occurs in k°, k3 and k! orders.

52.9 1My 510¢

The basis elements are written in

(0) 2 1

e = ——ki ki, + 21, —3t1,t1, —3u,u,,),

luv \/6](3% 1phl \/6( Um 1pll m )

6:(30),/ -2 k3uk3u+71 (21 —3tautsy —3uyuy) . (5.25)
a V6k3 V6

The scattering amplitude becomes
At A+ A+ A= —— 2 = (mi42m?)+O(k2), (5.26)

where the cancelation occurs in k%, k* and k2 orders.

5.2.10 h(2®¢ 516

Substituting the basis element for the initial graviton

e 1
egi’u) = ﬁ (tlutlu—uuuy)7 (5.27)
into eq. (4.16), we have
As+ A+ A+ A= O(k°). (5.28)
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5.2.11 IMe)gp 1)

The basis element for the initial graviton is expressed as

1
eﬁji) =5 (hpti+tiulin), (5.29)
and the amplitude behaves as
A+ A+ A+ A= O(k™h). (5.30)

Note that the cancelation occurs in k order, in addition to that in the derivation of
eq. (4.16).

5.2.12 I0¢ - 1)
The basis element for the initial graviton is

) 2 1
eluy = —ka%klukly—i‘% <2nuy—3tlutly—3u’uuy) . (531)

Then, the amplitude behaves as
As+ A+ Ay + A= O(K°). (5.32)
The cancelation occurs in k? order.
5.2.13 I®¢p I ¢
The amplitude is given in eq. (4.20), which indicates the scattering amplitude behaves as

2
1
Agt At Ay + A= (mE+m?) 153

; +8¢r7mE+0 (k72). (5.33)

Each contribution, A, A;, A, and A., indeed has k® terms, and hence the cancelation
occurs in the summation.

6 S-matrix unitarity
The S-matrix unitarity
SST=1 (6.1)

should be satisfied in any healthy theories, where I is the identity matrix. In theories
without negative norm states, to see the perturbative unitarity of a theory in the UV limit,
we usually check the unitarity bound for amplitude of two-body elastic scattering A(2 — 2)
at tree level. The unitarity bound is written in

|A| < E%, a<0 (E— 00), (6.2)

where F is the total energy in the center-of-mass frame. Since in our 2-2 scattering problem
the total energy F is given by E ~ 2k at high energy (see eq. (5.5)), the UV limit means
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the limit £ — oo or k— oco. In theories without ghost fields, the bound (6.2) is a necessary
consequence from (6.1). Since Riu gravity has negative norm states, however the unitarity
bound is not necessarily satisfied. Instead of the unitarity bound, we will check its analog
for the S-matirix unitarity which is valid in the theories with negative norm states. To
construct the analog, we begin with the optical theorem, which is the starting point of the
derivation of the unitarity bound (6.2).

The matrix element of 1" is obtained from the scattering amplitude A as

(®|T|¥) =5* (py—pa) A(T — D). (6.3)
The optical theorem can be written by the scattering amplitude A as

2Im A (¥ — U) => epd” (p—pa) [A (T — @) |2, (6.4)
[0

where the summation is over all possible intermediate on-shell states, and €g is 1 or —1,
if the state ® is normalized, depending on the norm of ® being positive or negative. We

consider the following inequality,

JA(¥ = 0)| > Im AV = U) = " ep6” (p—po) [A(T — @) %, (6.5)
P

where we ignore the unimportant numerical factors. If theory does not have negative norm
states, all ep are positive, and thus we have’

AT = U)| > Im AV = 0) = 6 (p—ps) [A(T = @) > > |A(T—T)[2.  (6.6)
(]

This inequality is simplified into
1>|A(Y = W), (6.7)

which results in the unitarity bound (6.2). However, if theory has negative norm states,
the right hand side of the optical theorem (6.4) (or eq. (6.5)) is not bounded as the last
inequality in eq. (6.6). Therefore, we should directly analyse the inequality (6.5). Hence,
the inequality (6.5) is the analog of the unitarity bound for S-matrix unitarity.

The tree-level approximation of the unitarity bound (6.2) represents unitarity of theo-
ries well, such as gauge theories and Einstein gravity. As is the case in the unitarity bound,
the tree-level approximation of the analog is expected to give the information of S-matrix
unitarity, which has already been discussed in scalar field theory [13]. Therefore, we study
the analog of the unitarity bound for S-matrix unitarity, that is the inequality (6.5), at
tree level.

Let us move to the analysis of the inequality (6.5). We have to rewrite the inequality
of eq. (6.5) in the terms of momentum basis, which gives some contributions to order

"In the four dimensional spacetime, the dependence of Z@ €s6* (py —ps) on total energy in the UV
region is estimated as E°. Tt leads to the inequality (6.2). In other dimension, the bound for « in (6.2) is
different.
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of total energy from summation and delta functions for energy-momentum. However, in
four dimension, such contributions are accidentally canceled.® Suppose that scattering
amplitudes for (h(D¢—h(@)g), (K p— I ¢) and (I9)¢p — I15)¢) behave in UV limit
(E— o) as

AR ¢ — 1) p) = B0 E¥oo (6.8)
AR ¢ — 19 ¢) — By B,
AID ¢ — 1) ) — B B (6.10)

Then, the inequality of eq. (6.5) for & = h(?) ¢ is written as

| By B | o~ A(h(a)(bﬁh(ff)qb)’

> Ze¢\A<h<0>¢w>\2|
d

6o
o-/

Zea’ ‘/Bao" |2 EZQUU/ _Z |ﬁo’s|2 E2ao's
o’ s

1

A(h“’)wh(%)f—Z !A(h%ﬂ%)f‘

1

, (6.11)

where, in the last (approximated) equality, we ignore the states consisting of more than
two particles in the summation which is higher order in the perturbative expansion. The
right hand side of eq. (6.11) has | Bw\zE%‘” in the summation, while the total energy
dependence of the left hand side is E®?¢. Thus, in the naive estimation, if a,, >0 (for
helicity-two mode it is true since oy, is two), the right hand side might be larger than
the left hand side in the UV limit F — oo, which means the violation of the inequality.
However, since the right hand side of eq. (6.11) has not only positive contribution but also
negative ones due to the negative norm states, there is a possibility that cancelation occurs
and then the inequality is satisfied. We will see that it is the case in the gravity theory
with quadratic curvatures.

The high energy behavior of scattering amplitude derived in the previous subsection
is summarized in table 1. We find that some of scattering amplitudes violate the unitarity
bound. For instance, the scattering amplitude for h(2¢)¢ — h(2€) ¢ diverges as « k2, which
does not satisfy the unitarity bound (6.2). However, as we explained, it does not mean the
violation of the S-matrix unitarity due to the negative norm states. In order to explore the
S-matrix unitarity, we should see the inequality (6.11). Let us see the case for the forward
scattering of the scalar field ¢ and the massless positive norm graviton H (%€,

AHEI > HEOg)| > 3| AR HEOg)|’
g
2

~S[AEC s 5 1) 4 AEC 5 19g)| (6.12)

81t is really accidental. In other dimension, such contribution is important and a factor depending on F
in eq. (6.11) appears. The detail is discussed in [7, 8].
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h(2€) ¢ — p(2e) g a=2

h(2€) ¢ — p(1e) g a=1

h29) ¢ —h0¢ a=0

h(Ze) ¢ — 1(5) a=0
h(20) ¢ — h(20)¢ a=2 ¢ ¢

R0 ¢ — h(1e) g a=0
h(22) ¢ — p(10)¢ a=1

he) ¢ — ¢ a<—1
h(1:0) ¢y — p(1.0) ¢ a=0

heg — 1) a<-1

RO ¢ — 10)g a=0

hO¢ —1)¢ a<0

Qe (OF) a=0

Table 1. Energy dependence of the scattering amplitudes in the UV limit. « shows the power
dependence of energy, that is, A — SE®.

The left hand side behaves as o k2, while one of the terms in the right hand side
‘.A(H(Ze)(b — H(Q’e)qb)‘ behaves as o k*. Therefore, in the naive estimate, in the high energy
limit k% terms in the right hand side becomes larger than the left hand side, and the in-
equality of eq. (6.12) seems to be violated. However, since a cancelation occurs, the naive
estimate does not give the correct result. In the right hand side, ‘A(H 2e)¢ T (Q’S)gb)‘
appears with the negative sign. As we see in section 5, the leading-order behaviors of
‘A(H(Q’e)cb — H(Q’e)gﬁ)‘ and ’A(H(2’e)¢ — I(2’€)¢)’ are the same, because the dominant con-
tribution of the amplitude does not depend on the graviton mass. Therefore, their k% terms
are canceled and the sub-leading parts behave as oc k2. Other terms in the inequality of
eq. (6.12), such as ‘A(H(Ze)qb —>H(17e)¢>)‘, behave as oc k? or the lower power. Thus, the
right hand side behaves as oc k2. Then, the leading-order terms in the left and right
hand sides have the same power. The right hand side is supressed by the coupling constant
(which should be small in the perturbative analysis), the inequality of eq. (6.12) is satisfied.

In conclusion, for all the other cases, we can see that the similar inequality obtained
from the optical theorem is satisfied. It means that S-matrix unitarity is satisfied.

7  Summary

In this paper, we have given the matter-graviton scattering amplitude in the quadratic
gravity. We have seen that the perturbative S-matriz unitarity (SST=1) is satisfied, al-
though the tree unitarity fails. The tree unitarity was introduced to investigate the UV
consistency in full order perturbation [3-8]. However, it was pointed out that the deriva-
tion of the tree unitarity is valid only if the theory has no negative norm states [13]. The
perturbative S-matriz unitarity is a generalization of the tree unitarity and it is applicable
to the theories with negative norm states as wll. Therefore, the analysis of the perturbative
S-matriz unitarity is expected to give a new sight on understanding the UV consistency,
as the tree unitarity contributed to the progress in the particle physics [46]. Our re-

~93 -



sult that the quadratic gravity satisfies the perturbative S-matriz unitarity shows that the
quadratic gravity behaves better in the UV than the Einstein gravity which violates the
tree unitarity [16], and it should be related to the renormalizability as discussed for the
tree unitarity [3-8].

One concern about the quadratic gravity is the existence of negative norm excitations.
Negative norm states violate the interpretation of probability in quantum system. However,
all the negative norm states in the quadratic gravity are massive such that all of them decay
into light particles, and thus they do not appear as asymptotic states [9, 10]. Therefore,
the Hilbert space in this theory, which should be defined in the asymptotic region as
usual, has no negative norm states. This idea has been recently applied to the quadratic
gravity [17]. The disappearance of negative norm asymptotic states may mean a possibility
that there exists a sector without negative norm states in psuedo-Hilbert space of the
quadratic gravity, although it would not be written in local operators, similar to dressed
states. This may imply that, for the description of quantum gravity with local operators,
an infinite number of operators are required.

Our results may suggest that superpositions of positive and negative gravitons are
physically-preferred states, since the cancelation of scattering amplitude among positive
and negative gravitons makes S-matrix unitarity hold. If some positive-norm superposed
states do not create any other states, the theory is closed under taking only positive norm
states. At low energy, it is approximately performed by redifinition of metric

v = Juv = guu(gaﬁy Raﬁvk)‘ (7.1)

Under this redefinition of metric, the quadratic curvature terms in action can be eliminated,
but higher order curvature terms and nontrivial coupling between graviton and matter are
produced [48]. Since no quadratic curvature terms appear in the new theory, only the
positive norm gravitons exist in the approximation where we ignore higher curvature terms
than the quadratic. It may mean that the ghost pole push up to higher energy scale.
In terms of creation and annihilation operators, the transformation (7.1) is regarded as a
nonlocal superposition of positive and negative gravitons. It may imply that a nonlocal
superposition puts out the appearance of the negative norm states to high energy, and
our results of cancelation may support it even in high energy limit. For investigation, it
would be intersting to compare the scattering amplitude of before and after redefinition of
metric (7.1), which is left for future work.

The information paradox problem of black holes can be said to be the problem of
unitarity. This problem appears to stem from the fact that Einstein gravity is not unitary.
The problem roughly states that the correspondence between initial and final states is not a
one-to-one relation. The S-matriz unitarity, that is shown to be satisfied for the quadratic
gravity in this paper, quarantees the one-to-one correspondence between initial and final
states, even if negative norm states appear. Naively it seems to us that the solution to the
information paradox problem can be seen in the quadratic gravity. This is an interesting
future direction.

The exact form of scattering amplitudes, that we have derived, helps us with reveal-
ing the other properties of the quadratic gravity. For instance, the quadratic curvature
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correction of gravity enables us to predict the stability of the Higgs potential with quan-
tum gravitational corrections near Planck scale [49-53]. Our results of the amplitude of
matter-graviton scattering would provide other insight into the effect of UV physics from
the viewpoint of particle phenomenology. Furthermore, the gravitational positivity bound
is recently discussed in Einstein gravity [35-37], aiming at deriving constraints in the in-
flation cosmology. It is interesting to investigate whether different constraints may arise
in the quadratic gravity. The difficult problem of the negative-norm graviton is recently
discussed in ref. [34]. Together with these, namely, the gravitational positivity bound,
treatment with the negative-norm graviton and our results of the scattering amplitude, the
quadratic gravity appears as a UV complete quantum gravity theory. These topics are left
for the future works.
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A Quantization of massive graviton I,

In this appendix, we give the canonical quantization for massive graviton I,,,,. The canonical
quantization for graviton is given in [42, 43] for the massless graviton, in [44] for the massive
graviton, in [41] for the quadratic gravity and in [54] for the conformal gravity. Some of
them involve the Faddeev-Popov ghosts in addition to the gauge fixing terms. Since they
do not contribute to the tree amplitudes that we focus on, in this appendix we give the
minimal requirement for our purpose.

The quadratic action for I,,, is given in (2.14),

_ g v 1<2_ a 2)}
Spo = 4/{2/619;[1“”5 oo+ 53 (B )| (A1)

We take the Cartesian coordinate
ds* = —dt* +dx?, (A.2)

which gives the (1+3)-decomposition of spacetime based on constant ¢ surface. The action
in this decomposition becomes

1
2155 (204855 — 0i0 3 — 0;0u) Lo+ 117G ™ Ty + 1, L5 Ty
(_IOO+Iii)2>] : (A.3)

1 2 2 | 72 o
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where dot means time derivative and

ggj,kl — 5‘(k6l)j — 80k, (A.4)
LI = A§i kDT _ i gk ahT g gtk gl _ A 5K 4 5157 57 45 4. (A.5)

Here, Latin letters {7,7,...} are the indices for the 3-dimensional space.
The canonical variables are obtained by the variation of action (A.3) with respect

to jwu
70 =0, 70 =0, (A.6)
iy 1 -
7 = o | (204015~ 0i8 1~ 0y0u) Tow+ G5 i (A7)
The first two are interpreted as the constraints, while the last equation can be solved for
jij as
Lij=—G3Yijn (2;@ T+ (201051 — OOty — 3z5km)10m), (A.8)
where G3 ';; 1 is the inverse of g”*’“
1 1
G3 " ijkl 5:5i(k5l)j—§5z‘j5kz, (A.9)
satisfying
g”7klg3 1kl,mn = 5z(m5n)] (AlO)

The Hamiltonian density H is expressed in terms of the canonical momenta as

H = Wijfij —£+AM7TO“

1 ; )
N 452[_4’{4#@3 L 82 Ti0; 0+ 2000 (A0 —0,0) i+ Ly L5 T

<100 2101+I"—L( Ioo+1u)2)] + A, (A.11)

1
B Br2 do+p3

where ), is a multiplier. The time evolutions of the primary constraints (A.6) should be
set to zero. This requirement reads as follows. Define

1 0H
o 260 —7'(' [H TI'()()] 5100
—L(Aa —0,0,) I+ — (1 e +Iu)) (A.12)
_2,%2 i 26"‘34 00 40é+,3 00 i ’ .
0H 1
2C; =7 = [H,m0;) = 5l =207 ~n 1 (A.13)

The secondary constraints amount to setting

C,=0. (A.14)
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The time evolution of the secondary constraints (A.14) are required to be zero, that is,
Cu =0. This is achieved by adjustment of the Lagrange multipliers A, in eq. (A.11), and
generates no more constraints.

According to Dirac’s method of quantization, we put together all constraints in an
8-component vector Ca := (7°*,C,), and calculate a matrix Myp:=[Ca,Cp|. Here, A, B
run from 0 to 7; 0 to 3 corresponding to 0 to 3 of 7% ’s y and 4 to 7 to 0 to 3 of Cu’s
1, respectively. We note that det M #0 is satisfied, and hence all C'4 =0 are the second
class constraints. The Dirac bracket should be applied for the quantization of the I;; and
7#. The 4 x4 submatrix appearing the upper left in M4p is zero, and thus, in the inverse
submatrix, the lower right 4 x4 submatrix is zero. The components with spacelike indices,
I;; and 7, are commutative (in Poisson bracket) with the first four components of the
constraints, i.e. 7. Therefore, for I;; and 7% Dirac bracket becomes the same as Poisson

bracket,

[Lij (), 7 (y)]p = [Lij (), 7" (y)] p = i6;(461);6° (x—y). (A.15)
[1i(), I™(y)]p = [Iij (), I™ (y)]p =0, (A.16)
[mij (@), 7™ ()] p = [ms;(z), 7 ()] p =0, (A.17)

where [-,:]p and [-,-]p are Dirac and Poisson brackets, respectively.
The variation of the action (A.1) with respect to I, gives the equation of motion
(EoM) for 1,

2 o}
v, ﬂ j—

o L1V Ia’8+ﬁ/€2 (I‘“’_4a+ﬁlnwj> =0, (A.18)
where we omit the overall constant factor. Operating 9, to (A.18) and noting 9, L/ I3 =
0, we have

o
"W =——9"I. Al
O 4a+5a (4.19)

Then, the trace of (A.18) can be expressed as
1
_ B
0 = 2(Badsl® ~OI)+ 51
1
= —2(3a+p3)0I+—1. (A.20)
K
This equation shows that the trace part of I, behaves as a scalar field with mass

1
m? = 5 (A.21)

BatB)r?’

The general solution is given as

I= /d3p{As(p)e_ipx—l—A’é(p)eim} (Where po= \/p2—|—m%> , (A.22)

where Ag is an integration constant depending on p.
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We separate the degrees of freedom in I, into that of I and the rest by expressing the
latter by I, uv- This can be made by writing

2&25(3a+ﬁ)8 0.1 3a+p

Ty = Tt 3(dat+B) M 3(4a+B)

Iy (A.23)

Then, 1, v satisfies the transverse-traceless condition
"1, =0, I=0, (A.24)
where we use the EoM for trace mode I, eq. (A.20). Equation (A.18) becomes

DI,W+5 51w =0. (A.25)

Hence, I uv is a transverse-traceless mode with mass m —(BK%)~1, that is, interpreted as
a massive spin-2 field. The general solution for T, uv 18 given as

Tw=3 [ dp (A7 e+ AR ()} o7 (m=prrmi).  (a20)

where Agﬁ ) is an integration constant depending on p and e,(f;) shows the five elements of

the transverse traceless modes. In section 5.1, five degrees of freedom of (o) are expressed
as (0), (1,0), (1,e), (2,0) and (2,e). The solution for I,,, is given as

2
2K 5(3a+6)a 9.1+ 3a+p3

Ty = Ty = 3(da+p) M 3(4a+pB)

I (A.27)

Now, we quantize I and f,w. It can be done by replacing {Ag, Ar} and {A%, A%} by
annihilation and creation operators, respectively. The normalization factors are fixed such

that the commutation relations (A.15)—(A.17) hold. To this end, we need the explicit form
(o)

of the basis e;,/. In preparation, we introduce a basis of vector as

lﬂ(py) = <p7 \/ pQ—{—m%,O, 0) /mv t#(py) = (O’Ov 1, 0) ; uu(py) = (0’0707 1) . (A28)

Here, I, t,, and u, are normalized spacelike vectors normal to momentum p”.

P’ = (\/pQ-I-m%,p,O,O) . (A.29)

Five elements for transverse-traceless modes are written with these vectors as [14, 47]

w2 1 1
6!(2/) (p ): %luly—%tuty—%uuuy,
(Le) _ l l (Lo) (o) = & l l A.30
= (p )_\ﬁ(#tl’—’—t,ﬂ V)’ Cuv (p )_ﬁ<#ul’+u# V)’ ( : )
1 1
e;(fv’e) (p*) = 2 (tuty —upuy) GLQV’O) (p”) = 2 (tuuy +uuty).
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Since the commutation relations (A.15)—(A.17), it is useful to define the three dimen-
sional elements for tensors. We use the elements for three-dimensional parts of t,, u, and

p;=(1,0,0). (A.31)
The (4, j)-components of e,(g,) can be written as
SONNEIN ANP) P SR S (A.32)
€ij NG m? Wi G T e :
[2 12 02 102
(1 e)_ p +m[ (ﬁt+t1’j) 6(»1'70) — p +m] (ﬁu‘i‘uﬁ)
’Lj \@ml v 1y ) i \/im[ 1 Wy 1))
2,e 1 2,0 1
27 ):ﬁ(titj—uiuj), el ):ﬁ(tiuﬁuz‘tj)‘
The space components of I,,,, can be written as
I = /d3 zpm+A( o)t ( ) zp:c}el(;)
3a+p3 / 3 —i t i (S)
+———— [d°plA e PP+ A e'P* , A.33
Tiiasd) p{ 5(p) bp)e}el; (A.33)
where
P 1
el = — (1225 ) pipy+ —= (tity ). (A.34)
! \/?7 mj V3

The spatial components of the canonical momentum 7%, defined in eq. (A.7), are
expressed as

7 Z g —ipx o wpx | =0
= [Z [ @ femi {AD @) — AP e} el
2(3a+ inz) —
At (sl ]

(A.35)

where

o 2. 1 p (, mi
6():7 iDi (27712—1) (titj—i-uin), ez('j Q):p2—|—m%e('q)’

_(2.) _ _(2.) 5 1.1 <p2 )
€ij =€y s ;. = —=hiDj+—7= | =5 +1 | (titj+uuy), (A.36)
J \/g J \/3 m% J v

and ¢ represents e or o. The basis elements él(»;) are the dual of the basis elements 6%7),

e =5, (A.37)
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Substituting I;; and 7/ into the commutation relations (A.15)—(A.17) fixes the nor-
malization factors, and finally we have

K o —ipx o ipxT o
Ly = Z/d?’p {a;)(p)e P 4 @ (p)e? HW)

Vv (27%)po
+ [ @ {astple ralp)e ) (nw—f;p%”) L (AB)

Sl

where

(a7 (k),af (p)] = —0,-:0°(k—p),  [as(k),a(p)] =6 (k—p), (A.39)

and other commutations are zero.
Field H,, has the gauge symmetry. In the free-theory limit, it is written as

HIW — HW+8(#§,,). (A.40)
Therefore, if we shift the field H,, as
Hyuy — Hu+pup,®, (A.41)

where ® is an arbitrary operator, the obtained theory becomes the same. The fundamental
field appearing the theory is h,, and it is shifted in the above transformation as

huu = /LV+IMI/ — Huu‘i‘lpu‘f‘pupu(b- (A42)

This can be interpreted that the field I, can be shifted by p,p,®. Using this gauge degree
of freedom, we can eliminate the component propotional to p,p,, and then I, can be

af? (p)e™ " 0l (p)e } ef)

o = 3 [
+/d3p A% (2:3)1?0

B Perturvative expansion by variation

{as(p)e—iprJraTS(p)eipm} \}gQW. (A.43)

One way to expand a function F'(g) of the metric g,, with respect to the perturbation

Py ::guy—gfg), (B.1)

where ng) is a background metric (not need to be Minkowski metric 7, ), is substituting

G = g,(f’) +hy, into the function F(g). The derivation has not been explicitly given in the
past literature, as far as we can find. Here we rely on another way to derive the perturbative
expansion by use of Taylor series. Taylor series of function F(g) is obtained (where the
indices for metric g,, are omitted for simplicity) as

F(g)=86"F(gN+6'F (¢ h)+62F (g h,h)+...
k

——
_ Zi(;kp(gm);h,... 7). (B.2)
£l

— 30 —



The k-th order variation 6*F(g(");h,---,h) relates to the (k—1)-th order variation
5k_1F(g(0);h,-~ ,h) as follows. Suppose we have an operator §*~'F(g;h,---,h) on an ar-
bitrary background g. F*=1(g(0);h,... h) is described as 6*1F(g;h,--- ;h)|y= g Then,
6k F(g\9;h,--- h) is the first-order part of the expansion of 6*~'F(g;h,---,h) with respect
to hy, divided by k. This relation gives 6k F(g9;h,---  h) successively. Taylor series can
give the perturbative expansion more easily than the direct substitution, especially if we
go to higher orders.

Let us calculate the expansion of gravitational action with respect to hy,, by Taylor
expansion. In this paper, the background metric is taken to be 7,,. Hence, we introduce
the symbol “~” denoting that 7, is taken as the background metric i.e.

§"F(g;h,-+ ,h) ~"F(n;h, -+ ,h), (B.3)

while, in this appendix, the symbol of equality “=" means that the background metric is an
arbitrary metric g. Be mindful that in the form of 6* F(g;h,--- ,h), raising and /or lowering
indices should be done by g, not by ¢(® nor by n. Moreover, in this appendix, functions
without arguments show those of an arbitrary background metric g,, and hy,, that is,

FF:=6"F(g;h,--- ,h). (B.4)

B.1 Christoffel symbols

The variations of the Christoffel symbols can be calculated as

(63 1 aw
(511&/ = §g (Vghyy +Vyhog—Vihgy) (B.5)
21 aw A
1) By = —2g hw)\éfﬁv
The n-th order variation is obtained by using eq. (B.6) itereatively,
kpa k—1 k—1\a A
O, = (—1)F k! (AF1) \0T, (B.7)

where
(hk) =gt hmmgylmhuwgg’&% e 'gyk72uk71huk—ll/k—lgykimk h#k)” (B'8)

that is, the Christoffel symbols are expanded as

8 = T8 lymgo + D (= 1)F (h%) *20T3 | g0, (B.9)
k=0
where
(R%) “x =6 (B.10)
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B.2 Riemann curvature

The variations of the Riemann curvature can be calculated as

1
ORapsr = —5 (ViaV iy (Vi) hus =V (uV oo+ V (Vi hap
+Ro¢p[ﬁ)\hu])\+Rﬂy[a>\hu]>\> ) (Bll)
52Rau6u = _29/\65256aﬁ/\uu7 (B'12)
where
028 4y 1= 0T LE 6T), —0TE 6T, (B.13)

The variations of (5256017)‘#,, becomes
5 (%8 o v ) = =20 P02 8% = 26 Pigs 628 ' - (B.14)
The higher-order variation of the Riemann curvature can be obtained by induction,
O Rays = (=1 klgan (h572)" 025 05" (B.15)

Therefore, we can compile the Taylor series of the Rieman curvature into the following
simple form,

K
Rauﬂu = Rauﬂu‘g:g(o) +6R04}Lﬂl/’g:g(0) + Z(_l)k_lgkn (hk) eézseaﬂ)\uv‘g:g@) . (B16)
k=0

With Leibniz rule, the Ricci curvature and the Ricci scalar are expressed as

" n!

n k _uv sn—k
0" Rap = Zm5 9" 0" " Rappy, (B.17)
k=0
n k '
n.
0"Rapg = 3D w8l g™ R g 5K Ry (B.18)
= l(k—1)!(n—k)!

B.3 Einstein-Hilbert action

Here, we show the perturbative expansion of Einstein-Hilbert action:

SEn ::/\/—ng4x. (B.19)
The first-order variation becomes
1
0SEH >~ — / V=g (g“o‘g'jﬁ— 2g’“’ga'3> Ragh,“,d‘lx ~0. (B.20)

where ~ means that total derivative terms are ignored. The quadratic-order variation can
be obtained by taking another variation of the above,

1
§2Sp ~ — / Hé {\/9 (g“‘lg”ﬁ ——g"g™? ﬂ }Raﬁhw/

2
—V/—g g’“"g”ﬁ—lg“”g“ﬁ ORug| by | dix B.21
2 Bl
~ = / % <h“ﬁ —;hn"ﬁ) (040ah g+0,05h" o — 050" hag—0adsh) d'x

N % / (h*P0,07 hog — 210 0,0, 17 5+ 21 0, 05h—ho, 07 h) d'z.  (B.22)
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The cubic-order variation becomes
8°Spn =~ / (— {52 [x/?g (g““g”ﬁ - %g’“’go‘ﬁ )] }Raﬁhuu
e[ (g ) o
S — (guaguﬂ _ ;guugaﬂ) [52Ra,3] hw,> dia
~ (_gmmmimﬁmmzﬁaﬁﬁaﬁmﬁ_ B R Ty + 5 R 0051

3

o e - . - 3 - -
—2ho‘ﬁhoﬂag(?wh+3h°‘7hﬁ)‘8a85h7,\—2h°‘5h7)‘8a85h7,\)d4a:, (B.23)

where, in the last equality “~”, we omit the surface terms. Then, Sgy is expanded as
Lo Les 4
Setr =0Spm+50"Spa+ 50°Spr+0 (n"). (B.24)
B4 wa term
Let us expand the quadratic curvature action
Spz, = / V=gRu R diz = / V99" ¢"° Ry Rosd'z. (B.25)

The linear, qudratic and cubic variations can be calculated as
5SR§V = /({5 (V —gguagyﬁ)] RWRag—i—Q\/—gg“ag”ﬁRW(SRag)aﬁx ~0, (B.26)
5t = [ ([ (V7300 s 52| B

-|—2\/—gg“°‘g”ﬁRW52Ra5+2\/ —gg“agVB(FRW(sRa@) d*z

1
~ / (030,17 =00 Iy — DDt 0,07 1)

(020" PM =030 W™ — 00" ht- 09y ) d', (B.27)
P, = [ ([ (V7000 )] B8 5 (/020" s
+6[6 (V=99"9"")| Ryuw0* Rap+6 3 (vV=99"9"" )| 6 Ry 0 Rayp
+2\/ng“o‘g”ﬁRW53Ra5+6\/jgg”ag”’35RW52Ra5> d*z
~6f [_1mmﬁ+3ﬁ2m_SEQBﬁaﬁm2ﬁ+;hmﬁaﬁmﬁaﬁ

16 32 16

lewgr n Llopgs o os 1-- SRR P .
—ghaﬂmhaﬂmh—Zhaﬁhﬂm%cw—§hhaﬂaaaﬁmh+§hmhaﬂaaaﬁh

1 a7, S N 7 B T 1~o¢ T B 7
+ h,P 00050h+h AP OaDphyw+5h HhPY 0 050h

1: 057 R . -
—iho‘ﬂh“”ﬁa@gDhW—thDho‘ﬂ@a@BhW d'z. (B.28)
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Then, S R2, is expanded as
1 1
Swz, =08ms, +50°Sm, + 0" Sk, +O (h).

B.5 RZ? term

We have another quadratic curvature action in four dimensional spacetime,
Sg2 ::/\/—gR2d4:L" :/\/—gg“”gaﬁRuyRa5d4x.

The variations are calculated as

0Spe = / ([5 (\/jgg“”gaﬁ)] RNVRQ5+2Mg“”gaﬂRuy5Rag)d4xNO,

628z = / ([52 (vV=99"9)| Ry Ras+4 |5 (V=99" 9" )| Rud Rass
+v=99" 9°° Ry, 6> Rag++/— 99" g*° 5RW5Ra5> d'z
~ 2 / (0,0"h— 8,0, ) d'z,

6°Spe = / ([53 (vV=99" )| R Bas+6 [0* (V=99""¢"" )| R0 Reys

+6 [5 (\/?ggwgaﬁ)} Ry,62Rap+6 [5 (\/?ggwgaﬁ)} SRu0 R

+2\/—gg“”g“5RMV53Ra5+6\/ —gg””gaﬁ5RMV52Ra5>
logos 35087 27 1o 7
~ 6/ S R202h— 2 OB R g0 — = hPOhgs0h
4 4 2
_zﬁﬁaﬁaaaﬁmmﬁwﬁfaaaﬁm} da.
Then, Sge is expanded as
1 1
S =Sz + 50 Spat £ 6° S +O (h4) .

B.6 ¢’R term

The expansion of ¢2R term
Sgep = / V—g¢*Rd*x
is written as

1
S¢2R = 5S¢2R+§6S¢2R+O (h?’) 5
5Sp = / (16v/=9] Rt/ —gd?R) d'a ~ - / #20hds,
S = / ([>v=3] *R+2[5v=5] 66> R +/~g8*5*R) d*s
~ / e (FLDB; (9,1 (0"R) + 2R 0,0, h+ 20 O,

45 (Ou) (020) = (2uhs) (000 )
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C Supplement for the calculation of 3-point vertex for gravitons

We have expanded the gravitational action in appendix B. The cubic action for gravitons are
written as eq. (3.15). After Fourier transform, 3-point vertex function for

hyuw (p1)hap(p2)hya(p3) is obtained as

)\/’“/70‘1877)‘
3
L orog o oN, (@ 3B\ a4, 4, 4\ Bfao, 29, 22 B. YA
= [ (o) + (5435 ) (oot = (vt aid i) e
1L /5 3 5 3 4 1 299, 29\, B 29
+ [_8m2 <P2 +P3> —gabi— g datB)pi— < (datf) (p1p2 +P1p3> +7Paps

1 v
)™ (1 0™ 07 ) (1, 1,v) < (2,0, 8) < (93,7, M) (2 terms)]

2
1 2 2 2 /8 4 4 4 1 wee, By, Av va, By, AL upB oy AU
+ 22 (p1+p2+p3)—5( 1+P2+P3) §(77 [/ e o/ E /B T e o/ A/ I
_i_nuﬁnow,r})\u_‘_nmxnﬂ)\nw/_‘_nuanﬁ)\nvu_i_npﬁna)\n'yu_|_,,7V577a)\n'yu)
[ 1 /8 2 1 2 v A
i TR (4a+ﬁ)pz} "’ p3py
+[(p1,11,v) < (p2, v, B) 4> (p3,7,A); (5 terms)]

11 1
53+3 (4a+ﬂ)p%] 2 (oo™ o pin - pipin™ +pipin® )

+ [(plnu'vy) ANe (pg,a,,@) ANe (p?)a’Y?)‘); (2 terms)]

1 1

=8 (vt 43 +p§)} 1 (e wipt et Oy g o pie )
+(p1,1v) € (2,0, 8) < (p3,7,A); (2 terms)]

1 5 2 2 2 1 woee, v B, va\, V. A

+ _@_Z( 1+p2+p3)]2<77 nrEnTn )p1p1

+(p1, ) < (2,2, 8)  (p3,7,2); (5 terms)]. (C.1)

Multiplying the corresponding basis elements eff,,) and/or 0, /v/3 by the above, we can

obtain the 3-point vertices for them. The results are shown in egs. (3.16)—(3.19). In the

calculations, we use the following equalities,

1
en,e5005, = el €5, — ﬁpzueiegap?, P3a€1,,€h, D5 = P2uel, €5aD7 (C.2)
3
b v pa B b v pa B by o B Ly v a (&
(p1u62u61a936p1 +p2u€1y€2a935172 +P3u€2y‘93a€15P3) = —sz €1uvP2 P1€2a8P1 )
3
(C.3)
(eluu egVPYPi\e?m\ + elulleéﬂjp'lypi\eQW)\ + Cluv egyp%pée?w)\
03,65 Pypse1ya+e1u by’ pIpaes,n+ 93W65Vpgp§€1w\)
1 1 2 4
= <—p§+ (p1+03)—5 5 (v7-13) ) et e~ —Pheruph piesaspl, (C.4)
2 2p3 D3
|2 v K 14
Pre1uvp Pre1uvp
pgemypg :pgeluupga eluveéw - _2p7#21’2’ el#’/eéw = _QT/W’ (C.5)
2 3
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pi+p3+p3
e1" 02, 030" = — =22 (pherwph), (C.6)
g 2p3p3 e
P +p3—p3
pg@lu 92y P3x #(pgeluylh) (07)
2
PO O350 = e P15 +i—20303] (Pheruph), (C.8)
3
1
Phe1,u 05030505 = pr [ i‘—p§+p§—2p%p§] (Phe1wp), (C.9)
2F3
1 14
P02, 05 € 10505 = p [pi“rp%—p%—?p?p%] (Phe1wpy), (C.10)
2F3
1
O, 05" = —— [l +p3+pi+ 100703 — 2ptp3 —2p3p3) (C.11)
4p1p2
, 1
PAO2upt = 5 | = (pi+p3+93) +2 (P03 +pt03 +p303) | (C.12)
D2
011" 02 05" = —5 5 [P +D3+D — (pips+pip}+pivi+pini+pipi+viv3)
8p1p2p3
+18p?p3p3] , (C.13)
, 1
PRO2 b5 Pr= s |5 =305 (p3 +93) +3p1 (v +3)
17253
+2pip3p} —p} (0§ +3) +pip3pl (03 +13))| (C.14)
P 021,01 305 = 2 [P (p3+5)+207 (05 +5) 207 (p3p3 + 0303
—~2p8 (p3+P3) —6p3pi +4(p3p3 +p3p5) | (C.15)
Ph 02,007 O30+l 01,0005 O350 + D5 02,05 0105
1
= e |~ (P} +P5) +4(p$p3 +Pp3 +Pip +pSp3 +pips +p3ps)
1P2P3
—6(pips-+pipi+pip}) —4pip3pi (0} +p3+03)] (C.16)
Hlyyeéwp(lx 93&,319?
= ooz |~ PV ) AW+ p8)pd + 4t +p3)p§ - 8(rip3+pind)
P1DP2P3

+18pip3—6(pi +p4)pi — 16pip3ps +20(pip3p3 +pipspd) |, (C17)
01#1/9/2“/1)(11 9304/329? + eluyeéujp(ll 920[6105 + 92;w géwpgglaﬂpg
1
= s |~ 3(p} P8 +) +6(pips -+ pipd +pips) + 24p3p3pd (p} +p3 +p3)]
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(C.18)

D Calculations of scattering amplitudes

Here we show the calculation of scattering amplitudes in details. Since the calculations of

the s-channel exchange and the contact term are not hard, we show only the result. The

derivation of the t-channel exchange is quite complicated. We give some equations which
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we used in the calculation. After showing each of the contributions separately, we sum up
all. Then, we can see nontrivial cancelations among the s-, t-, u-channel exchanges and
the contact term.

Four-momenta of the ingoing graviton, ingoing scalar field, outgoing graviton and
outgoing scalar field are denoted by kY, kb ki kf, respectively. Polarization tensors for
ingoing and outgoing gravitons are denoted as e1,,, €3, respectively.

D.1 s-channel exchange

In the s-channel exchange, only the scalar field mediates (see the second figure in figure 3)
and its contribution is obtained as follows,

As (h,uu(kl)d)(]@); haﬁ(k3)¢(k4))

= w2e1,u Ny (p1 = ka,p2 = —k1—k2)iG (p = k1 +k) A (py = —ky,po = k3+k4)ezap

li2

» 1
= (k13 m?) o 2k e a6kl | o]

x [ (—ksak — k3 —m?) e+ 2k§ k] €30 +4€k3eS,

kg-el'k2k4-€3']€4 ’
e (o 026579)
V3ko-e1-ks (3k3'k4+2m2+2w)

—R2 k3

6 [(k‘l +k2)2+m2]

]{52-61-]{32
2v/3¢K% k32
2 B
(for (h(@)p— I<S>¢))
. 2 . 2
 (3k1-ko+2m2 42 B2 ) (3 -y - 2m2 2B )
12[(k1+k32)2+m2]

—2k*+4m2k2
—Er2 | 2(ky ko) +2k2 + L L
&k (“ R T )

(D.1)

K

kik3
1282k ————
>+ o (k1 +k2)2+m?
(for (19— 15)g)) .

where we use the transversality condition ki-e; =0=kj3-e3 and on-shell condition for ex-
ternal lines k3 = k3 = —m?2. Note that the graviton propagators (3.2) and the vertex func-
tions (3.9), (3.12) and (3.15) are constructed with respect to hy,, not Hy,, nor I,,. The
factor k2 appearing in (D.1) is due t the factor x used in eqs. (2.15) and (2.16). The
u-channel exchange contribution can be obtained by the crossing relation ko <> —k4.
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D.2 Contact term

Contact term is calculated as follows,

Ac (hpy(k1)¢(k2); ha,@(k3)¢(k4))

= H2€1W>\Zu’aﬁ (p1 =ko,p2=—k4) e3ap

K2

=7 [— <k27k1+m2) (e‘f#egy—QelwegVﬂ
2
K
+ [2k2k4elwe3a+2k2k4egwem AkS k] e1apuelyy — ARG RS erapels|
HE[ (R 4+ K3 —hnukf ) efaely— (2K 4203 — 3k1uk} ) erages”

—khkSe1 e, — kiR espwel, — 2k kS ezuaet, |
2
% (kg'k4+m2) Tr[e;-e3) — K2 (ko-e1-e3-kq+ka-e3-e1-ky)
+Ek2 [— (2k%—|—2k§—3k1 -ks) Tr (e1-e3) —2k1 -e3-€1 k3]

(for (h(@p— h<0’>¢))
V3K2
6l<:2 [(K1-kat+ks -ka)ko-e1-ko— (k1 kao+ks-ko)ka-e1-ka—kf ka-eq-ky]

| e g g ] (or 1) 0

K k2 ky-koky-ky K2 ko-ksks-ky
0 [—ko-kg—5m?] + 5 2 “ 2
K k‘l k‘3 9
6]€2k2 ((kQ'k4+m )kl'k3_2k1‘k2k’3'k’4—2/€1'k4k‘2'k3)
ki-k ki -k3)?
+f’<l[( 17k3)? —8( 1-k3)

2
3 mS ms

~(ky-kg)+2m% | (for (IS¢ —15)g)) .

D.3 t-channel exchange and total amplitude

In the t-channel exchange, the gravitational field mediates (see the last figure in figure 3).
It involve the 3-point graviton vertex and thus the calculation becomes quite messy. We
give the detail in each case: (h(D¢p—h()¢ ), (MDp—=T16)¢ ) and (I9)¢p— I5)¢). The
graviton propagator appearing in the t-channel exchange is expressed in eq. (3.6). The
projection operators (3.3) and (3.4) in the graviton propagator are written as

aﬁ N2 Zeaﬂ y,u ) (D3)
0 1 1
P ., = (\/geaﬁ> (\/g%). (D.4)

With this expression, we decompose the t-channel exchange contribution into two parts:
spin-2 propagator and spin-0 propagator parts. We also give the total amplitude, which is
the sum of all contribution A.+.A4;+.4;+.A4,.
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D.3.1 (h(@D¢— h(@)p)

The contribution from the ¢-channel exchange is written as

As () (k)6 (k2); ) () b (R
= K2e1wesas s’ (p1 = ki, po = —ks,ps = —k1 +k3)
XiGos 0 (P =k1—k3) A3 (p1 = ko, p2 = —ka)

1
= K? { [ (k%+k§+(k1—k3)2) —g (k%+k§+(k1—k3)4)] ef ey’
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1 (03 o
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+ (3a+p) (_;<kl—k3)4_é(lﬁ—k3)2 (k%ﬂLk?Q,))
2 (co(uteat SR D)

(k1 —ks)?

o

B kit+kt

2 v oo
- A2 9/ g (3C¥+/8) (kl—k3)2+gm k3uelfye3ak1 }

3/<62 6/<L2 (kl—kg)

_[ 1 1 (k%+k3)

—1
" 2BatB) (k1 —ks) k2 (k1 —ks3)? (

ko k] —2m?+6€ (ky —ka)?) (D.5)

where we use 6, defined in eq. (2.17), with p= (—k1+k3). We calculate each part of A,
separately,

1 1 Loy
{5 Casi+60s8.) ~ 5t b5 ISR+ R5HY
Z<k2a+k4a)(kw+k45)—éeaﬁ(kzm m?), (D.6)
1
et e} { (k2a+kaa) (kop+kap) — 69aﬁ(’f2vk1—m2)}
1 m?
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X LFL
3" 3(ky—ky)?
(k k4 mz)
6

2
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Trle;-es], (D.7)
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where we use the on-shell condition for matter, 1.e. k3 =k? = —m?

)

(klveg,\ei\akf‘FkS'yel\@gakg _klvegae?/\k&\)
1 1
X {4 (k2a+k4a) (k25+k45) — gaag (kgwk‘z —m2> }
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AN

1
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(kQVkZ_mQ)
6(k1—k3)?
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1 1
X {4 (kaa+Fkaa) (kog+kag)— 6%,@ (kzyk‘z—mg)}

ki —ks)? k3RS (K kD)
_ (k1—ks3) T (1 3) . (k%kz_mz)
12 6 12 (k1 —ks)

+% [(k?2'y+k74’y) kiy]Q }Tr[el €3]
(

+ k2-61']€2+k4'€1-k'4) (kg-eg'k2+k4'€3~k4)—4k2-61'/€4 k‘Q'eg'k4
2 (ko k] —m?
+W(k2'61'k2+k4'€1'1€4—2k2'61'k4)
X (ko-eg-ko+ky-e3-ky—2ko-e3-ky), (D.9)
kgue’fl,egak‘f‘ = —(kg‘el'63‘k2+k4'61-63‘k4—k2'61-63‘]€4—k4'61-63‘]€2). (D.lO)

The external momenta squared of gravitons k% and k‘% can be written by the graviton

masses squared, that is m? =0 (for positive norm modes) and m? = —1/(8x?) (for negative

norm modes) where m, is mass of spin-2 graviton. Thus, we have four cases,

(?.K3) = {(0,0), (o, 522), (61/# 0), (622,622)}. (D.11)

In all cases, equalities

% (kP +43) -8 (ki+K3) =0, (k%—k§)2 (;—5 (k%+k§)) =0 (D.12)
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hold true. Then the t-channel exchange contribution 4; can be simplified as follows,
2 7.2
A= ((kl—lk3)2 +/3(k1—/€3ﬁ)ik—1:‘k§()k1—k3)2>
X[ = (k1 -ko-+hr-ka) (o-e1-e5-ka—ky-e1-e3-ko)
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2 3 k3 4+ k2
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+ER? [(2k%+2k§—3k1'k3> rﬁ"[61'63}—i‘2k3'€1'€§'k’1} : (D.13)

Taking the sum Az+A;+A,+Ag, we have the total scattering amplitude shown in
eq. (4.11). There we use

1
(k$+k3) (k%+k§— ) =2k%k3, (D.14)

K26

which is satisfied in any case of eq. (D.11). Note that the contributions from « & are
canceled.

D.3.2 (h(D¢— I1)g)

Contribution from the t-channel exchange is obtained as
Ay (B (k) d(ka); 1) (g ) (k) )
\/g v,
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(D.15)
1

2(3a+B)K2’
The latter gives

Now, the graviton in the final state is scalar one, mass of which is (—k% =)m?% =

1
while the graviton mass of the initial state (—kf=)m3 =0 or T
K

k2 (k2 —Pk3) =0. (D.16)

Using these equations, we have
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1
=3 {(k1+/€2)2—(/€1—/€4)2} (ko-e1-ka—Fkq-eq-ky)

1 1 m? 9 .9 .9
- . T . LA - - * M . D'21
<24 6 (kl—k3)2> (Uﬁ Fs)"+ha k3) Fy-e1-ks ( )

These equation simplify the form of A; and finally we have

3 2
= \2£:2 ( k1+k2 kl—k4) )(kz‘el'kQ_k4'61'k4)
3
\2£/:2 (kl_k3 )2k~ 5k3> (ko-e1-katky-e1-kq)+ \/;2 I2ky-eq-ky
m?_ 2BatB) K, o,
2 -2 ka-eq-k
<2p2 (2(B3a+B)p2+r-2) p? (p m) 3-€1-k3
12(3a+B)k3
(ky-ks3) —2k3 +4k2 ks-eq-ks. D.22
\[kZ{ 1-k3) 1+ 3+ 2Bt B) (hy — )+ 12 3-e1-ks3 ( )

The sum A;+.A4,+A;+ Ay is shown in eq. (4.16).

D.3.3 (I®¢— 1) ¢)

Using the following equation

(k2atkaa) (kap+kap)— éeaﬁ(k%m_mQﬂ

(et +2)? = (k1 — ka) ) —Z((kl—kg) +4m?) ((ky —ks)? ~ 4k}
((k

(

—4(ki—m?) (k1 —k3)*+6(kf —m?)*+8kim?), (D.23)
1 1

1
KK |2
[4

ﬁ\HS\H

1—/{73 —6 k?l—l—k‘g) (/6‘1—]424)
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the t-channel exchange contribution is written as

Ar (19 (k1)@ h2): 1) (k3) 6 (ka) )

V3 V3 va
=ﬁ2< 3 01, ?93@ MY pnd (p1 =k1,p2 = —k3,p3=—k1+k3)

Gy (p= k1 —k3) \3* (p1 = k2, p2 = —ka)
_2k%kf{_2(kk4 2(1.2 2 4 4 2,9
= 55 F - (—(k1—ks)"+3(k1—ks) (k1+k3)+2(k1+k3)—12k1k3>

2AKIK]

+(3a+B) (12(k1 — ks)? (b + k) +A(kS +K) — 36 (ki k3 + k3k3))
+8 (k1 —ks)+3(k1 — k) (7 +43)) }

-2 1 1 1
— (00880 +00098,) — =008, ¢ = (K K +ESKY
Xﬂ(kl—k3)4—1¢2(k1—k3)2{2( 080 +0a05,,) 30asbu }2[ o ki +koky]
K2 1

5 (O (k= k3) S 5)

T 144282 (ke —3)?

+8(kF (k1 —k3)®+ kT kS 4k (k1 —ks)®+ kS k3 + (k1 — k) * kS + (k1 — k3)°k3)

—14(k7 (k1 — k) + ki kg + (ky — k3)*k3) — 28K (k1 — k3 ) k3 (k7 + (ky —k3)2+k§))
+2(30+8) (= (k1" + (k1 — k3) O+ k3?)

+11(KF (k1 —k3) S+ kT kS + kT (k1 — ks)? + kT3 + (k1 — ks)*k§ + (k1 —k3)®k3)

—10(kf (k1 —k3)0 + kRS + k9 (kg — k3) - kSES + (k1 —K3) kS 4 (k1 — k3)k3)

—34K2 (ky — ks) k3 (ki + (ky —ks)* + k)

—42k%(k1—k3)2k§(k%(k1—kg)—I—k%k?,—i—(m—kg)zkg))]

—1
— 7_2 2 k —k 2
X Bt Bk e 7 Tl 266 (o —ka)?)
2

= Janzrz | (b k) by —ka)? (k=) 6K (b + ) (ks — ) = (487 +m) (b — )
173

+(11k:j*+4kfm2—m4)(k1—k3)2+10k?—12k‘11m2—6kfm4]

iz 3kil(k31 —]{53)2 —4k‘%m2(k‘1 —k3)2 —Qk%mg
6 (k1 —ks)? ((k1—ks)?—k?)
2k — k)t —6(k1+ko)? (k1 —ka)?—4(E? —m?) (k1 —k3)? +6(k? —m?)? +-8kIm?
12(k2B(k1—k3)? —1) (k1 —k3)?
+L"‘2 (k1ky)? _8(k1.k3)2 12k% 1 .

7 (ky-k3)—10k> D.24
ol R N (FE ey (B-24)

The sum A;+.A4,+A;+ Ay is shown in eq. (4.20).
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E Derivation of the UV behavior

In the calculation, inner products of k, [, t, and wu, appear frequently. Before going to
the calculation of each scattering amplitude, we summarise the inner products,

mi+m? (m? —m2)2

Ky ko~ —2k* — g (E.1)
2
kq (m? m3 kq (m? m3
kg~ —kq(1— S B B iy L E.2
ki ks~ —kq(1—cosf) 5 <k2 7 + s\ g , (E.2)
2
kq (m? m? kq (m? m?
ky-kq~—kq(1 O—— | >+ |+—= | —5—— E.
1k q(1+cosf) 2<k+q2 +8 22 ) (E.3)
2
kq (m? m3 kq [ m? m%
ko ks~ —kq(1 O)—— | =+—=|+—=—5——= E.4
2-k3 q(1+cos0) 2<k:+q2 T3\ % 2/ (E.4)
2
kq [ m? 2 kg (m? m?
ky-ka~—kq(l—cosb)—— | =+—5 |+—= | 5—— E.5
2 4 q( COs ) 2 <k2+q2>+ 8 k q2 b ( )
2 2 2 2\2
+m?  (m3—m?)
ki kg~ —2¢%— 3 3 E.
34 q 2 8(]2 ) ( 6)
1 m24+m?  (m}+m?
I k2~71 2k? 12 ( 18k2 ) , (E.7)
1| kq [ m? 3 kq mi ms
~— | —kg(1— A AT DI Y s | =3
l1-ks | kq(1—cosf) 5 ( 12 0+— 3 I cosf+ 4l
(E.8)
1] kq [ m? m? kq (m3i m*\ |
li-ky~—|—kq(1 0)—— | —cos0+— | +— 0+— E.9
1-ka | q(1+cosb) 2<k2008+q2 +8 k4cos—i—q4 |’ (E.9)
L kg (mi _m3 kg (mi_mg _
l3-ky~— _—kq(l—cosG)—? <k2—q20089 +§ ﬁ—qjcose ,
(E.10)
1 kq (m? m3 kq [ m* 3
lg-kzwmig _—kq(l+cos€)—? (kQ—l-qzcosQ +§ ﬁ—kqjcos@ ,
(E.11)
1] mi+m?  (mi+m?)
ly-hy~— | —2¢*——2 3 E.12
34 ms i q 2 8(]2 ) ( )
t1-ko=t3-ks =0, (E.13)
t1-k3=gqsinf, t1-k4=—qsind, (E.14)
t3-k1=—ksinf, t3-ko==Fksin6, (E.15)
2
1 kq (m? m3 kq (m? m3
ly-l3~ —kq(1—cost)+— | —+— 0—— | ———= 0
1-1l3 — [ q(1—cos®)+ 5 <k2 + 7 cos s\ g cosf|,
(E.16)
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. k- mp mi\ |
ll.tg——\/lﬂ—i—m%sm@/mlw—(ml—i—%—8k§> sinf, (E.17)

3
. qg m3 mg\ .
ls-t1 =1/ q?>+m3sind/mg ~ <m+2q_8q3> sin 6, (E.18)
t3-t1 = cosb, (E.19)

where “~” means that we ignore the higher order terms of k~'. For later convenience, we
show also the following relations,

k24-2ky ko = —4kq—m3 —m3—m?+0O(k™?), (E.20)
k2 —2ky -ky = 2kq(1+cosf)+m? +O(k™?). (E.21)
We are now in a position to obtain the behaviors of the amplitudes in the UV limit, which
is the main purpose of this paper. As we commented in the last paragraph of section 5.1,

the scattering amplitudes involving both even and odd modes vanish. There are thirteen
non-zero scattering amplitudes in total. We give the analysis of each.

E.1 h29¢ - 20

Since these modes satisfy

k-eik =k-es-k=0 for any k,
1
k2-61'63-k4 = O, k4'€1~63'k2:i(tl‘kzl)(tg-kg), (E.22)
Tr[el-eg] = (t1~t3),

the scattering amplitude becomes simple,

As+ A+ Ay +Aqg
2
= 8/{:,1{'1453 {—2(/61'k2+k1'k4)(t1'k4)(t3'k2)—(k1'k2+k1'k4)2(t1't3)}
K2 K2 0
= (k) (k) 4 (R ks (0 8) 4O ()
ki-k

— 2 (2];]:3) [(t1- k) (b3-) + (K1 -ka) (b1 2)]+ O (K°)
9,9 l+cosd 0
S— 1_C080+(’)(k ). (E.23)

E.2 hZ9¢ - 1oy

In this case, the modes satisfiy

k-ei1-k =k-e3-k=0 for any k,
1
k2'61'63-k4 = 0, k4-61'63'k2:5(751']434)([3']{32), (E24)
Trle;-e3] = (¢1-13).
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Calculation becomes uncomplicated,

As+ A+ Ay +Aqg

i [2(k1 ko + Ky ks (1K) (L ko) — (Ky ko + Ky ks (81 -15) |

= 8Ky k3
2

—Z(tl-k4)(l3~k:2)+/i(kykg)(tl-lg)—i—(’)(k_l)
= ,i?W [=2(t1-ka) (I o) + (= 2 k) (t1-13) | +O (k1)

o mgksinf 1
—K 72(1_0080)+0(k: ). (E.25)

E.3 110)p — 110y

In this case, e; and ez satisfy
k‘~61-k:—k‘-63-k:—0 for any k,
ki-e1-ez-kj= (l1 ki) (I3-k5) for any k; and k;, (E.26)
Trle;-e3] = (ll-l3).

Since the initial and the final gravitons are massive gravitons, we have the following rela-
tions

l1-l3= 72/61 kg—i—(l-i-COSQ)
my

L m]ms
hky=ly-ha=— k:1 o O (K7, (E.27)
B B 1—cosf l1—cosOmi 1mpm? _4
11'k4—13'k2—Ek1'k4+ 5 Mg T 2 —|—O</~c )

Then, we have

1
—Z(lﬁ%—Zk‘l'lﬂ)(k‘%—l—le -kz)Tr[el-eg]—l—(k%—2k1 -k‘4)k‘2'61'€3'k‘4
+(1€%+2]{71'k?g)k4'€1'63']{12—2(]{32'61'k4)(k§2'€3'k4)

k3 —2k1-ky k2 2k - ko
LM ko ko) (e e kg ) — LT EMLTR2
R 2k kR Raeska) = mop

1
= (k:l k:4+> oy k2—> (Kr-ks+m3 (1-+cos0) )
mj

1 2m2\
o (kl k4+> (k ey e )
2
1 1— cos@ 5 l—cos@m? 1mIm? 0
m2<k1 ey — =L ><k1 kat mi- | TO(*)
+0

I
(k). (E.28)

(kg-e1-ka)(ko-e3-ka)

1—cosf
= — 4 m1k2
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Moreover, we have

1
8
+

(k%+k§+4m2)Tr[el-eg] —ko-e1-e3-ks—ky-e1-e3-ko
2z
k‘%—i—le ko
1 1
)

(kg-el‘]{ig)(k4'63'k4)+ (k4‘61'k4)(/€2-63'k2)

=~ g kO ()
- _2]:;2 (22—|—(1+0089)2) +0 (k?Q) :
I

I

From these equations, the total amplitude is estimated as

Kk2m? 22+ (1+cos0)? +(1—cosf)? —9
At Avt- Ay Ag = == A—cosd)? +0(k72).

E.4 h29¢ - p2eg
In this case, we have the following relations,

ko-e1-kyg = ko-e1-kg=ko-e3-ky=kg-e3-kg=0
1

1
ky-eq-ky = —(t1-ka)?, ko-es-ko = t3-ko)?,
1-e1-kg \/5(14) 232\/5(32)
1
ko-e1-e3-ky = 0, k4'€1'€3'k2:§(t1'k4)(t3'/€2)(t1't3),

[(tl -t3)2—‘r1} .

N

Tr[61 -63] =
With these relations, the total amplitude is calculated as

As+ A+ Ay +Aqg

HQ

ST [4(k1 ko + Ky -oa) (1K) (ks - ho) (1)

F4(t-ka)? (t3 ko) 4 (ky ko Ky -k )? [(751 '753)2—|-1”
—’12(tl'k4)(t3-k2)(t1-t3)+/i(kl-kg) [(t1-t5)2+1]

(t1-ka)%(t3-ko)?
T ) 1] O ()

/i2

RTINS {2(]{71-]{32)(751 Ka)(t3-ko) (£ 13)

(t1-ka)(t ko) + (ko) (R -Ka) [ (11 3)2 41
2 (t1-ka)?(ts-k2)?

+K

—K T +0 (k:o)
:F?k?%zz?co (k).
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E.5 h29¢ -1y

The inner products become

1
ko-e1-ko=ko-e1-ks=ks-e3-ks =0, ky-e1-ky= %(tl-k4)2,
1
ka-e3-ka = V2(t3-k2)(I3-ka), ko-e3-ky= \ﬁ(ts'kz)(l?ykl),
1 1
ki4-61 -63-1{?2 = 5(751']{4)([3-]{52)(751 't3)+§(t1-k4)(t3'k2)(t1'l3), (E33)
k2'€1'63'k4:0, Tl“[€1'€3]:(t1-t3)(t1'13),

and then we have the total scattering amplitude,

As+ A+ Ay +Aq

K2

=S (201 koot k) (b1 Fi) (L oa) (b )+ (£ -Fia) (s ho) (11 L)

At ka)? (ts - Ko) (Is-ko) + (Rr ko + By ka)” (1 -8) (t1-1s) |

[(t1-ka) (I3 ko) (t1-t3)+ (t1-ka)(ts-k2)(t1-13)]

(k1K) (t1-t3) (t1-13) 47 GENRGRAICT) +0 (k_l)

(kz—k3)+m2
k2 42k ko) (t; -t
_ 2 EiE 2k k) (b ts) [2(t1-ea) (I3 2) = (= 2k - K (t1 )|
8%y ks

o (t1-ka)(t3-k2)

—K 1 kl-kg)(kQ-kg) [(/ﬁ%—i—?krk’g)(tl-l3)(/€2'k3)+2(t1'k4)(l3'k‘2) (kl-k3—|—k2-l{73)}

(
k3(t1-ka)?(t3-ko)(l3-k2) _
2R3 L1
" 4(kk3)2 +0 (k)
2—cosf
_ .2
- m3k2(1—cos€)

+

o | %, | 3

sind+0 (k7). (E.34)
E.6 I(19¢p - 10e)g

The calculation in this case is complicated. Let us see the detail. ey, and e3,, satisfy

1
ky-e1-ko=ky-e3-ky =0, ko-eq1-ky= ﬁ(tl'lﬁ)(ll'lﬁ);
ky-er-ky=2(t1-ka)(l1-kg), ka-e3-ka = V2(t3-k2)(I3-ka),
1 1
ko-e3-kg= E(tg‘kg)(lg-kzl), ko-e1-e3-ky = 5([1-/432)([3‘,1{34)(751'753), (E35)
1
k4-€1-€3-k2 =

B [(tl ka)(ts-ko)(li-13)+ (11 -ka)(I3-ko)(t1-t3)
(b1 k) (ko) (I t) + (I K (3 o) (1115 |
Tr[el '63] = (tl '253)([1 '13)+(t1 'lg)(ll -tg).
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Since now the masses of the initial and final are the same, the inner products of vectors
become

1
li-l3 = m—% (—(k2+m§)(1—0080)+m§),

o k4——— <\/k2+ms—|—\/l-€2+m1)
ll-k4 = l3 k2__7 (\/kQ—i-mS—i-\/k:Q—i—m COSH)
k
- k2 2 k2 2 _ k2 2 1— 0 )
(Ve e - ki (1-cos0))
tl-k‘g = t3-k52:—t1~k4:—t3~k1:ksin9, (E36)
1
t1-l3 = —tg'llsz k2—|—m%Sin9,
I

ki-ke = —\/k‘Q-i-’m% (\/k2+m%+\//~c2+m%) +m3

ky-ky = —\/kQ—i-m% (\/k2+m§+\/k2+m%cos0> +m?cosf

- —\/k2+m% (\/k2+m%+\/k:2+m%) + (k2 +m?)(1—cos ) +m? cosb.

Then, we have

]{24 2
(ko-e1-kyq) (k2-e3-kq) = —2—%8111 9(\/k2+m%+\/k2+m%> ,

2 4 2
(ka-e1-ks) (ky-es-ks) = _n’%sin29(\/k2+mg+\/k2+m§cose) ,

2 2
ko-e1-e3-ky = Qkﬁ (\/k2+m%+\/k2+m%> cos¥, (E.37)
T

]{32 2
k4'€1'€3'k2 = M[(\/lﬁ—i-m%—i-\/k?—i-m%) cosf

_2\/k2+m% (\/kz—km%—{—\/k@—l—m%) (14-cosf—2cos*0)

+(k*4+m7)(1—cosf)(3+cos—4cos? §) —m7sin 9]

1
Trle1-e3] = — (—(k2—i—m%)(l—i—cos@—2(:082 9)+m%cos€).
1
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The inverse of (k% —ki-ky) is estimated as
(kT —2ky k)"

-1
= <2\/k:2+m% <\/k:2+m%+\/k2+m% cos@) —m%(2cos€—|—1)>

_ (2\/k2+mf, <\/k:2+m2s+\/k2+m§ cos@))_l

B m?(2cosf+1)
2\//<:2+m% <\/k2+m%+\/k2+m% cos@)

- (2\/k2+m§ <\//~c2+m25+\/k2+m%cos9)>_2

X l2\/k‘2+m% <\/k2+m%+\/k2+m% cos@) +m?%(2cosf+1)

-1

x |1

(m2(2cosf+1))*
2k2(14-cos @)

+0 (k7%),
With these equations, we can calculate the following quantity,

1
_Z(k%_2k1 -k4)(k%+2k1 'kQ)TI'[el ~63} —i—(k%—?kl -k4)k2 -e1 -63-k4
—i—(k%—l—le-kg)k4-€1~€3-k2—2(k2-61-k4)(/€2~€3-k4)

k‘%—Qk‘l-kz; k%+2k1k2
R ey o) (e k) — SR ) (e
k%+2k1k2( 2°€1 2)( 4°€3 4) ]{7%—2]{71]{}4( 4°€1 4)( 2°€3 2)

_ f%(l—cose)m§k2+(9 (k).
where cancelation occurs in the leading and subleading order. We also have

1
g(k%+k?2)+4m2)TI‘[€1-63]*]{32-61'63']{34*]{34'61'63']{?2
2 2
+kf—i—2k1-k2( 2-e1-k2)(ks-e3 4)+k%—2k1'k4( s-e1-ky)(ka-e3-ka)

k4 9
= ——— (224 (14cos6)*—2(1—cosh)?) + 0O (k?).

From these equations, the total amplitude is estimated as

Kk2m? 22+ (1+cos0)? +(1—cosf)? Lo (](2) .

Ast At Aut-Aa == A—cosd)?

E.7 h29¢ - 10

(E.38)

(E.39)

(E.40)

(E.41)

In this case, the graviton of the final state is the helicity-0 mode. Its basis is written as

0 2 1
ei(%u)u = %l&ul&/ - % (t3,ut31/+uuul/)

2 1
= —leﬂgk3uk3y + % (21’]u,/ —3t3ﬂt3V _3Uuuy) )
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With this expression, we have

_ 2 2 1 2 2
ko-e3-ko = —ﬁ(k‘?k‘:&) +% (27{32—3(1452'153) >, (E.43)
2
ko-eg-ky = — ko-ks)(ks-ka)+—=(ko-kq), E.44
9-e3-k4 fk2(23)(34) \/6(24) (E.44)
ky-e3-ky = ks-k kQ, E.45
4-€3° K4 \[kj( 3 4) NG 4 ( )
Tr[el-eg] = \/»]{ (k‘g e1-kot+ky-e1-kyg—2ko-e1- ]4,‘4)
3
3
_%(tﬁ]'el’t:’)‘i_u'el‘u), (E46)
2 2
ko-e1-es-ky = — k3 -ka)(ko-e1-ko—ko-e1-kg)+—=(ko-e1-kyq), E.47
2:€1°€3-K4 \/€k§(3 1) (k2-e1-ka—ka-eq 4)+\/6(2€1 1) ( )
2
ki-e1-e3-ky = _\/6162 (ko-ks)(ko-e1-ky—ky-e1-kq)
3
1
—i-% (2(]%‘2-61~k4)—3(t3-61-/€4)(t3-k2)). (E.48)
Substituting the above equations into the form of the total amplitude (4.11) and using
1
kaks = ki-ka—3 (ki-K3), kg kg =k ko + = (k2 k), (E.49)
1
k:g-ki4 = kl-k3—§ (k%—l-k%) —m2, (E50)
we have
As+ A+ A+ Ag
K2 k3 k2(k1-kq)
-~ k a4+ B3 M (e -k
NGRS ( 9-e1-kq)+ 4(kr - Fo) (ko-e1-ka)
k3 (k1 -k2) ki
+W(k}4'61'k4)—?(k2'61-k4)

K2 1 (k1-ko)
V6 2(ky ks) {3(161-1{51)(tg'kQ)Q(k4.el‘k4)+6(kl'kQ)(tS.kZ)(tg'el'kll)

+3(k‘1 kg)(kl k4)(t3 -e1 -tg) —|—3(k1 k‘g)(kl k4)(u€1 u)

; . ((kl(.lflz.)l:;)(fl ) (o)1) + 32tk -1k

3
—§k‘%(k‘1-k‘3)(t3'61'tg)—(2/62—1—2/{%—1—47712)(}6‘2'61']{}4)
k1-ky ki-ko
2 v1” oK1
2
o kQ(kQ er- k2)+ m kot
2 3(kik2) (t3-ko)?

= Qf(kl -k3) (k1 -ka) (kq-e1-ky)+2(t3-ko)(t3-e1-ky)

—+

+2m

(k4-el'k4)] + (lower order of k)

+(k1-ka)(tsz-e1-t3)+(k1-ka)(u-e; u)}
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(t3 ~/€2)2(k'4-61 ~/€4) +2(t3 -kQ)(tg €1 -k4)

2 3k2 [((kl-kz)ﬂklm))

" (ks k) (k1 -ka)?

—(ky1-k3)(t3-€1-t3) —2(ka-e1-ka)

+/€2i [—2(k2'€1'k4)+
4v/6(ky1 -k3)

2

(K1-ka)
(K1 -k2)

2 m kl‘k’4 kl-kg
V6(ky -k3) /<71-/€2( 2-€1 2)+k1-k4( 4-e1-kg)

+(lower order of k). (E.51)

(K1-k2)
(k1-ka)

(k2-61~/€2)+ (k4'€1'k4)]

+K [—2(%2'61'k4)+

Note that we do not fix the basis of the in-state graviton in the above equation. Therefore,
this equation is applicable to the cases for K19 ¢ — K0 ¢ and for h(O¢ — B0 4.

Substituting the basis of the in-state graviton

(2¢) _

1
Cluy = ﬁ (tlutlu_uuuu)y (E52)

into eq. (E.51), we have

As+ A+ A+ Ag

_ 2 3(kk) [ (tsko)?
4N/3(k1-ks) | (k1-ka)
+0(kY)

2 3k2(ky-ko) | sin26
4v/3(ky-k3) | —(1+4cos0)

+0O(k%)

= O(kY). (E.53)

(kg-t1)24-2(t3-ko)(t3-t1) (t1-ka)+ (K1 -ka)(ts-t1)? — (K -m)]

sin?04-2sin  cos f(—sin ) — (1+cos @) cos? §+ (1+cos 9)]

E.8 119p 10¢

Substituting the basis of the in-state graviton

e 1
(L) — — (Lutiy+tiuhy) (E.54)

6l,u,l/ ﬁ
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into eq. (E.51), we have

As+ A+ A+ Ay
_ 2 Blkika) | (s-ko)?
4v/3(ky-ks) | (ki-ka)

(ka-t1)(l1-ka)+2(t3-ko)(t3-t1)(l1-ka)

+2(t3 -kg)(tg-ll)(tl -k4)+2(l€1 -k4)(t3 -tl)(ll -tg)]

(ts ko) (ka-t1) (I -ka)+2(t5 ko) (t3-t1) (11 -ka)

2 3k7 [ ((k1-k2)+(K1-kq))
8\[([451 k‘g) (kl‘k4)2

+2(t3~k2)(t3-ll)(t1~k4)—2(k1-kg)(tg-tl)(ll-t3)—2(k2-ll)(t1~k4)1

3k2 (k1-k2)
28[(15 o [ 2(k2-11)(t1‘k4)+2(k1‘k4)(k4 t1)(l1-ka)
+m22¢§fgll;l@,)l‘2<kz-ll)(tl k4>+2? Z<k4-t1><h-k4) +O(K)
2 3(k1-k2) M sin 3kt kjsin 0
A3k ks) [Pl siné] + 8f(k?1 k?:s)[ KD 9]+O(k)
o) (E.55)

E9 10g 104

In this case, we can also use eq. (E.51). As a preparation, we show the contraction of
the basis of the in-state graviton

0 2 1
65;1)1/ = %llully_%@lutly—i—uuuy)

1
= \/>k2 k‘l#kly-i— \/6 (Qnuy_stlutly_3uluuy) (E.56)

with vectors,

ko-eq-ko = Y k:2 -1-%7{32, k2-€1'/€4=—%.k—%.+%k‘2'k4,
ki-e1-ky = —jé(klk]§4) +567€2—5€(k4't1)27

t3-eq1-ty = —jé(klkf’) \Zf \f(tl 43)2, (E.57)
t3-e1-ky = —%W—\j@(tl-tg)(kzytl), u-el-u:—\}é
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With these equations, the total amplitude is calculated as

As+ A+ Ay +Aqg

_ 2 (kiky) [(t?,'kz)Q
T 2k k) | (ke k)

(k1-ka)?42(t3-ko) (k1 -t3) (ky -ka)+ (ky -kg) (ky - 3)?

HQZL((kI;.-k/z) [((t/jlk;:j; (=3)(ka-t1)2+2(t3 ko) (=3) (t1-t3) (ka-t1)

+(/{31~]{24) (2—3(t1-t3)2) +(k1-k4)(—1)‘|

: l((kl‘k&)—k(kl ka)) (t3-k2)2(k1-k4)2+2(t3'k2)(k1't3)(k1'k4)

4(k1-ks) (k1-ky)?

—(k1-ks) (k1 -t3)? = 2(ky k) (k1 - ka)

s K3
(k1 k3)

(k1 -ka)
(k1 -k2)
k1-ky
k1Ko

(K1-k2)
(kl'k4)

k1 e (k1-ka) ]—Fo(k )

(k1-ko)?+

200 k) (b1 o)+ (k|

(k1 -k2)®+

2(ky-ka)(k1-k
kk[ (k1-k2)(k1-kq)+

1 3
93(k1ko)

4(k1-k3)
[( (k1 ko) + (1 -ka)) — (k1 -ka) — (k1 - k)] +O(K°)

[(k11k4 ((t3-k) (ka-t1)+(ky-ka) (t1-t3)) —(k1~k4)]

(t3 ko)?
"4k k)
0).

O(k

E.10 r29¢ »16)¢

(E.58)

(2.¢)

Since the basis ej),,’ for the initial graviton does not involve [, it does not affect the
order of k. Then, we find from eq. (4.16),

As+ A+ Ay +Ag=O(KY). (E.59)

E.11 109¢ —16)g

In this case, the basis of the initial graviton satisfies

ky-e1-ky =0, ka-e1-ka=~/2(t1-ks) (l1-ks) ,
k3~€1 -k’3 = —ﬁ(tr/ﬂl) (ll-kg) . (E.GO)

Substitute these equations into eq. (4.16), we have

\/61%2 2 2 2 ll‘k4 ll'ki} -1

=o(k1). (E.61)
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E.12 [09¢ - 16)g
V6 (k1-k2)? V6 4

ko-eqky = —~— 1220 Vg
2 3 K 3
\/é(kl‘]%)2 \/6 2 \/6 2
ki-ep ky = ———2+—kj——(ks-t
1-e1-ky 3 P2 +34 2(41),
V6 (ki1-k3)®2 V6 V6
kg'el-kg = —3(1k23)+3k§—2(k}4-t1)2. (E62)
1

Substitute these into eq. (4.16), the total amplitude can be estimated as

As+ A+ Ay +Ag

V26 2 o\ [ (k1-ko)®  (Ki-ka)®  (Ki-ks3)? 0
_ Ve 2m? 412 _ _ o (k
o (mE+2m?+12¢m) S oy ol B (k)

=0 (k). (E.63)

E.13 I®)g =16

The UV behavior of this case can be obtained by taking the UV limit of eq. (4.20)
directly, which gives eq. (5.33).
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