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1 Introduction

The absence of gauge anomalies is one of the most fundamental consistency constraints
on general quantum field theories. Especially gravitational theories in (2 + 4n) dimensions
are subject to strong restrictions, imposed by the presence of pure gravitational anomalies.
In six-dimensional (6d) N = 1 supergravity theories, the potential anomalies severely
limit the multiplicities of hyper, vector, and tensor multiplets. However, these theories
also provide the means to cancel part of the anomalies via a generalization of the Green-
Schwarz mechanism [1–3], for which the (anti-)self-dual tensor fields transform under gauge
symmetries and diffeomorphisms, leading to a plethora of seemingly consistent theories.

The Swampland Program [4, 5] analyzes which of these theories actually arise as the
low-energy limit of ultra-violet (UV) complete quantum gravity theories such as string
theory, defining the Landscape, and which do not, and consequently are in the Swamp-
land.1 One of the richest constructions of UV complete 6d supergravities is provided by
F-theory [9–11], a non-perturbative formulation of Type IIB superstring theory. An advan-
tage of F-theory is, that it encodes the physical properties of the 6d theory in the geometry
of the underlying compactification manifold, given by a torus-fibered Calabi-Yau 3-fold. In
particular, this includes the realization of anomalies as well as their cancellation. Thus, the
absence of anomalies, as required by the consistency of the theory, is equivalent to certain
highly non-trivial generic properties of Calabi-Yau manifolds [10–20]. However, the set of
birational equivalence classes of torus fibered Calabi-Yau threefolds is finite [21, 22] while
there are infinite families of apparantly consistent 6d supergravities [23, 24]. This suggests
the existence of new Swampland constraints of various nature, some of which have been
explored in [5, 25].

The correlation between physical properties, such as anomalies, and geometry is well-
explored in the case of continuous symmetries [18, 26–28], but is far from being understood
in the context of discrete symmetries [29–45]. The present work provides some of the
missing entries in the F-theory dictionary associated to the cancellation of discrete gauge
anomalies, which in turn enables an extension of the Swampland Program to discrete gauge
data, shedding light on more general consistency constraints of supergravities that are part
of the Landscape.

From the field theory side, we study 6d N = 1 supergravities with a discrete Zn
gauge group, and in some parts we focus on theories with n = 3 and no tensor multiplets.
Discrete gauge anomalies as well as discrete mixed-gravitational anomalies are induced by
the presence of Zn charged hypermultiplets containing chiral fermions. In the absence of
tensor multiplets, the only other field that can contribute to the anomaly cancellation is
given by the self-dual 2-form field in the gravity multiplet. The geometrical realization
within F-theory is given in terms of genus-one fibered Calabi-Yau 3-folds with n-section
and base P2 or, equivalently, the associated so-called Jacobian fibration that exhibits a
section but is singular.2 Throughout the paper we study the discrete gauge data directly,
without relying on un-Higgsing to continuous symmetries.

1For recent reviews of the Swampland Program and pointers to the vast literature see [6–8].
2For n ≥ 4 additional geometric realizations of the same F-theory vacua arise, as was studied in [44, 45].
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The analysis of discrete gauge anomalies in a gravitational theory requires the use of
modern field theory techniques, see e.g. [46, 47] for recent reviews. The 6d anomalies are
encoded in a 7d invertible topological field, the anomaly theory, which contains information
about the phase of the 6d partition function. For that the 7d manifold is bounded by the 6d
spacetime together with the correct gauge field background and tangential structure, such
as e.g. orientation or Spin structure, which extend into the 7d bulk. The absence of the
most general class of global anomalies, often called Dai-Freed anomalies [48], which take
into account fluctuations of the spacetime topology, is equivalent to the statement that the
above construction does not depend on the extension to seven dimensions. To ensure that,
one needs to evaluate the anomaly theory on a set of generators of deformation classes of
closed 7d manifolds with the given structure. These are classified by bordism groups. For
6d theories with Z3 gauge group there is a single generator of ΩSpin

7 (BZ3) given by L7
3,

the 7d lens space with non-tivial Z3 bundle. We show that theories with the number of
charged fermions not divisible by 9 turn out to be anomalous.

In order to investigate the possibility of discrete anomaly cancellation, one first needs
to describe the self-dual tensor as a boundary mode of a 3-form in seven dimensions [49–51].
Moreover, the correct framework of the description of these higher-form fields is given by
differential cohomology, in order to account for torsion fluxes. The discrete Green-Schwarz
mechanism can then be formulated as a ’t Hooft anomaly for the higher-form symmetries
of the involved fields and hinges on the realization of a quadratic refinement,3 needed to
define a topological term for the 3-form field in the 7d theory. The pure field theory analysis
shows that anomalies coming from a fermion multiplicity divisible by 3 can be cancelled in
such a way by appropriate choice of the quadratic refinement.

To compare this to the landscape of theories realized in F-theory, we systematically en-
gineer suitable genus one fibrations by using monad bundles. All the F-theory models with
anomalous fermion sector, however, turn out to exhibit a multiplicity of charged fermions,
or equivalently of charged hypermultiplets, that is given by 6 mod 9. This singles out a
particular quadratic refinement and leads us to propose the existence of novel Swampland
constraints in the presence of discrete gauge anomalies.

The special quadratic refinement depends on an additional discrete parameter `∈{1, 2}
that determines the anomaly inflow onto the effective strings coupling to the self-dual tensor
field. For the quadratic refinement preferred by F-theory, the discrete 6d anomaly cancella-
tion is independent of this parameter and in principle both values are allowed. This raises
the questions, whether both values are actually realized in the F-theory compactifications
and what the physical effect of different values is.

Among the genus one fibered Calabi-Yau manifolds that we have constructed, we
observe pairs of geometries that lead to the same massless spectrum in F-theory but that
exhibit inequivalent intersection numbers and different Gopakumar-Vafa invariants. Since
the latter carry information about the massive spectrum of the theory, the corresponding
theories should be physically distinct. However, the only parameter that could distinguish

3Here, we refer to the quadratic refinement of the differential cohomology pairing, which on the lens
space L7

3 reduces to a quadratic refinement on the torsion pairing on H4(L7
3;Z).
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them is the value of `. This is consistent with the fact that such “degenerate spectra”
only arise for theories that have a non-vanishing fermion anomaly. Since F-theory doesn’t
seem to single out a value, we are then led to the problem of relating the discrete anomaly
coefficient ` to the geometry of the Calabi-Yau.

To solve this problem, we use the fact that the 6d theory also contains non-critical
strings that couple to the 2-form fields. As a result, the discrete gauge anomalies are related
to 2d ’t Hooft anomalies of the induced global symmetries on the string worldsheets via
anomaly inflow. The associated 3d anomaly theory, a Dijkgraaf-Witten theory [52], can be
represented by an element in group cohomology [l] ∈ H3(BZn,U(1)) = Zn and we argue
that the anomaly inflow leads, up to a sign, to the relation

[`] = [±l] . (1.1)

Fixing the sign requires a careful treatment of the Bianchi identity and we leave this for
future work. In the presence of additional tensor fields both l and ` will be equipped with
an index that takes values in the string charge lattice and that we leave implicit here.

A non-vanishing discrete ’t Hooft anomaly manifests itself as a failure of the associ-
ated twisted twined elliptic genera to combine into a modular invariant orbifold partition
function under gauging. From another perspective, a global 0-form symmetry is equivalent
to the existence of topological symmetry line operators [53], see also [54, 55]. The twist-
ing and twining of the partition function can also be realized by inserting corresponding
symmetry lines and the anomaly leads to a non-trivial phase in a crossing relation. We
use this relationship to explicitly derive a general expression for the “modular anomaly”
of the twisted twined partition function in terms of the element in group cohomology that
represents the ’t Hooft anomaly. This can then be applied to the twisted twined elliptic
genera of the non-critical strings.

It remains to relate the modular properties of the twisted twined elliptic genera to
the geometry in F-theory. To this end we use a duality with topological string theory.
Using recent results from [45], we first argue that the 6d theory compactified on a 2-torus
together with a choice of discrete holonomies (g, h) along the cycles is dual to Type IIA
string theory on different torus fibrations Xg that are equipped with a flat torsional B-field
labelled by h. The twisted twined elliptic genera are then encoded in the corresponding
A-model topological string partition functions. Using the modular properties of the latter,
that have been worked out in [42, 45, 56], we can then derive a geometric expression for
the ’t Hooft anomaly in terms of the height-pairing of a multi-section on the genus one
fibered Calabi-Yau. Applying this to our family of Calabi-Yau manifolds, we find that
there are indeed different anomalies for the pairs of inequivalent theories that exhibit the
same massless spectra and therefore the “degeneracy” is lifted.

An overview of the different theories and objects that are involved in our analysis is
provided in figure 1 and the paper is organized as follows. In section 2 we describe the geo-
metric realization of discrete gauge symmetries in F-theory, involving genus-one fibrations
with multi-sections and their associated singular Jacobian fibrations. We also discuss the
relationship between discrete holonomies and Type IIA compactifications on different torus
fibrations with flat torsional B-fields and construct a set of genus one fibrations that leads
to F-theory vacua with G = Z3. In section 3 we discuss the discrete Dai-Freed anomalies
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6d N = 1 SUGRA on M6

• G = Z3, T = 0

• From F-theory on X0

• Discrete GS-coupling `

2d Non-Crit. String on Σ

• From D3’s on C ⊂ P2

• Induced global GF = Z3

• ’t Hooft Anomaly l

Elliptic Genera Z(r,s)
C

• (r, s)-Twisted/twined

• Encoded in topological string
partition function on Xr,n.c.s

7d Anomaly Theory on N7

• η-inv. + CS-like theory

• F-theory fixes quad. refinement
→ n±1 ∈ {0, 6} mod 9

3d Anomaly Theory on N3

• Dijkgraaf-Witten theory
[l] ∈ H3(BZ3,U(1)) = Z3

• Enters crossing relation of
topological symmetry lines

Extension
M6 = ∂N7

Extension
Σ = ∂N3

Anomaly
Inflow

[`] = [±l]

4d Instantons from Strings on S1
F × S1

M

w/ discrete holonomies (r, s)

T 2-Partition
function

Modular
anomaly

Figure 1. The relationship between the different theories and objects that enter our analysis.

from a purely field theoretical viewpoint and study the possibilities of anomaly cancellation
via a discrete version of the Green-Schwarz mechanism and its implication on the anomaly-
inflow onto the effective strings in the setup. In section 4 we study the relationship between
a discrete ’t Hooft anomaly in 2d CFTs and the modular properties of the twisted twined
partition functions. We use topological symmetry lines to derive a general expression for
the anomalous phase under modular transformations in terms of the anomaly. In section 5
we then relate the twisted twined elliptic genera of non-critical strings to the A-model
topological string partition functions on different torus fibered Calabi-Yau manifolds with
flat torsional B-fields. Using the modular properties of the latter, we derive a geometric
expression for the discrete ’t Hooft anomaly.

Some technical details are relegated to appendices. In appendix A we elaborate on
our construction of genus one fibrations with a 3-section using monad bundles. In ap-
pendix B we review the anomaly theories associated to pure gravitational anomalies in
six-dimensional supergravities. In appendix C we collect basic definitions related to modu-
lar and Jacobi forms. Appendix D provides an overview of some earlier results on anomalies
of six-dimensional supergravities. Finally, in appendix E, we compare the Gopakumar-Vafa
(GV) invariants, including their recently proposed Z3 refinements, for a pair of geometries
that leads to identical massless spectra in F-theory and show that the excitation spectra
of the self-dual strings are different.
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2 F-theory vacua with discrete gauge symmetries

We will assume familiarity with the basics of the “F-theory dictionary” and refer to [39, 57]
for reviews. However, the geometric realizations of discrete symmetries in F-theory and
the corresponding dualities to M-theory and Type IIA string theory have usually been
discussed from the perspective of Higgs transition [29, 30, 33, 34, 36, 58], see also [59],
where a Zn symmetry is a remnant of a partially broken U(1). For our purpose it will
prove beneficial to approach the topic of discrete symmetries intrinsically, without invoking
an un-Higgsing. This will also allow us to connect the discussion to recent insights on the
role of non-commutative resolutions of singular torus fibrations in the duality to Type IIA
compactifications discovered in [45], which will be important later on. To begin, let us first
discuss the effect of discrete holonomies in circle compactifications of 6d supergravity.

2.1 Discrete symmetries and discrete holonomies

Before discussing how discrete symmetries are geometrically engineered in F-theory, let us
start by considering a six-dimensional N = 1 supergravity with gauge group

G6d = Zn , (2.1)

and for simplicity assume that n is prime. In addition to the Planck scale, the continuous
parameters that enter the theory are the vacuum expectation values of the real scalar fields
in T tensor multiplets that parametrize the tensor branch, as well as the complex scalar
fields in H hypermultiplets that parametrize the Higgs branch.

After compactifying on a circle, the five-dimensional gauge symmetry is given by

G5d = Zn ×U(1)KK ×U(1)T . (2.2)

From the six-dimensional perspective, the additional factors arise from the Kaluza-Klein
photon associated to the metric and from the dual vectors of the T anti-self-dual tensor
fields. The vacuum expectation values of the real scalar fields in the vector multiplets
parametrize the T + 1-dimensional Coulomb branch of the theory.

While there is no continuous Coulomb branch associated to the Zn factor of the gauge
group, one can nevertheless turn on a discrete holonomy. After fixing a generator g ∈ Zn
this amounts to a choice,

ξZn = r , r ∈ 0, . . . , n− 1 . (2.3)

such that, denoting the circle direction by x6, a shift x6 7→ x6 + 2π is equivalent to acting
with gr in the corresponding five-dimensional theory. Note that this is nothing but a choice
of Zn-bundle along the circle.

Let us denote the Zn × U(1)KK charges of states in the theory with ξZn = 0 by
(qZn , qKK). To understand the physical effect of the discrete holonomy, recall that shifts
along the circle generate U(1)KK , such that a general coordinate dependent translation
x6 7→ x6 + χ(x1,...,5) amounts to a gauge transformation

AKK 7→ AKK + dχ , φ 7→ eiqχφ , (2.4)
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where AKK is the associated 1-form potential and φ is any field of KK-charge q. After
turning on a non-trivial holonomy ξZn = r 6= 0, the KK-charges are effectively shifted,

qKK 7→ qKK + r

n
· qZn . (2.5)

As a result, the Zn and U(1)KK gauge symmetries combine into a new symmetry U(1)M
that is encoded in the short exact sequence

1→ Zn → U(1)M ·n−→ U(1)KK → 1 , (2.6)

where the generator g ∈ Zn maps to e2πir/n ∈ U(1)M , and the corresponding charges are

qU(1)M = n · qKK + r · qZn . (2.7)

Since we have assumed that n is prime, the discrete symmetry is now fully embedded into
U(1)M such that the gauge group becomes

G5d,k = U(1)M ×U(1)T . (2.8)

After compactifying on an additional circle to four dimensions, there is another Kaluza-
Klein gauge symmetry U(1)M ′ as well as a second choice of a discrete holonomy s =
0, . . . , n − 1. For r 6= 0, since the Zn is fully embedded inside U(1)M , this holonomy just
amounts to a large U(1)M gauge transformation. If on the other hand r = 0, a non-
trivial choice s 6= 0 is again absorbed by the second Kaluza-Klein U(1)M ′ , analogous to the
discussion in the previous paragraph.

2.2 The geometry of discrete holonomies

Let us now discuss how the six-dimensional supergravity and the circle compatifications
with discrete holonomies are geometrically engineered in F-theory, M-theory and Type IIA
string theory. Recall that in F-theory, the axio-dilaton profile of a non-perturbative Type
IIB compactification on a surface B is encoded geometrically in a torus fibered Calabi-Yau
threefold π : X → B. If there is no discrete gauge symmetry, the circle compactification
of this theory is dual to M-theory on X while the 2-torus compactification is dual to Type
IIA string theory on X. In the presence of a discrete gauge symmetry, this picture needs
to be refined in order to account for the discrete holonomies.

The possibility of discrete holonomies is obvious from the six-dimensional perspective
but it has the non-trivial geometric implication that multiple torus fibrations over a given
base B can encode the same axio-dilaton profile. While each of these torus fibrations
therefore corresponds to the same F-theory vacuum, they lead to different compactifications
in M-theory and geometrically realize the different choices of discrete holonomies.

In the following, we will denote the torus fibration associated to the holonomy r =
0, . . . , n−1 by Xr. Note that since the holonomies r and −r are related by choosing the Zn
generator g−1 instead of g, which in particular preserves the charges of all hypermultiplets,
the corresponding theories are physically equivalent and one expects Xr = X−r. The five
dimensional gauge symmetry (2.2) in the absence of a discrete holonomy is only preserved
when compactifying M-theory on X0.

– 7 –
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In fact, another consequence is that this set of geometries is equipped with a group
law. For any finite Abelian group G it is clear that the set of G-bundles on a circle is itself
equipped with a G group structure. Given two bundles that correspond to the respective
twists g, g′ ∈ G, the product of the two bundles is just the bundle with twist g · g′. The
holonomies themselves can therefore be interpreted as elements [r] ∈ G and the group of
holonomies is isomorphic to the six-dimensional discrete symmetry in F-theory.

The group of discrete holonomies is geometrically realized as the Weil-Châtelet group
WC(J/B) associated to the so-called Jacobian fibration J = X0. The elements correspond
to pairs (Y, σ), where Y is a torus fibration that encodes the same axio-dilaton profile as
J and σ is an action

σ : Y × J → Y . (2.9)

We will not go into the subtleties related to the precise definition of this group and in-
stead refer to [60, 61] for details. Restricting to elements of WC(J/B) that correspond,
roughly speaking, to geometries without multiple fibers leads to the Tate-Shafarevich group
X(J/B). The physics associated to multiple fibers is still not fully understood, although
some aspects have been discussed in [40, 41, 43, 59, 62, 63]. We will therefore only consider
the situation when X(J/B) = WC(J/B) and to highlight this we will in the following
refer to the Tate-Shafarevich (TS) group instead of the Weil-Châtelet group.

A non-trivial TS-group arises for example when X is a smooth genus one fibered
Calabi-Yau threefold that does not have a section but only an n-section, meaning a divisor
that intersects the generic fiber n times. The associated Jacobian fibration J = X0 can
be constructed by replacing the fibers of X with the corresponding Weierstraß models.
Assuming e.g. that B = P2 and that the fibration is sufficiently generic, one can then show
that X(J/B) = Zn and choose X1 = X [64].

After compactifying on an additional circle, the theory becomes dual to Type IIA
string theory on the torus fibered Calabi-Yau threefold Xr. From the six-dimensional
perspective, as discussed before, we now have the freedom to choose a pair of discrete
holonomies r, s ∈ Zn along the cycles of the torus. On the other hand, in M-theory this
choice corresponds to a compactification on Xr × S1 together with discrete holonomy s

along the circle.
In Type IIA string theory, the additional degree of freedom [s] ∈ Zn was recently

found to correspond to a choice of flat fractional B-field on Xr [45]. From a geometrical
perspective, it was argued that Xr is singular whenever n′ = gcd(r, n) 6= 1, given our
assumption that n is prime this implies r = 0, and that the B-field leads to a so-called non-
commutative resolution Xr,n.c.s. Moreover, the group of holonomies along the second circle
can be identified with TorsH3(X̂,Z), where X̂ is a non-Kähler small analytic resolution of
X, see also [65]. Again, we will not go into the rich details of this aspect and rather refer
to [45] and [65] for more information.

The relationship between the different compactifications and choices of discrete holo-
nomies are summarized in table 1.
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d F-theory M-theory Type IIA
6 X

5 X × S1

Zn-hol. r
Xr

4 X × T 2

Zn-hol. (r, s)
Xr × S1

Zn-hol. s
Xr,n.c.s

Table 1. The duality between F-theory, M-theory and Type IIA string theory with Zn-holonomies.

2.3 F-theory vacua with G = Z3 and T = 0

To initiate the study of discrete anomalies in F-theory, we will focus on compactifications
that lead to six-dimensional N = 1 effective supergravities with gauge group G = Z3 and
no tensor multiplets, i.e. T = 0, such that the only anti-symmetric two-form field that
participates in the generalized Green-Schwarz mechanism is the generic self-dual two-form.

Geometrically, this leads us to consider smooth Calabi-Yau threefolds X1 that are
genus one fibered over B = P2 and that do not admit a section but only a 3-section.
The associated Jacobian fibration X0 = J(X1/B), that can be obtained by replacing each
fiber in X1 with the corresponding Weierstraß model, exhibits terminal nodal singular-
ities [66] but encodes the same F-theory vacuum. The corresponding Tate-Shafarevich
group X(X0/B) = Z3 takes the form [34]

X(X0/B) = {(X0, i), (X1, σ), (X1, σ
−1)} , (2.10)

where the details of the actions i, σ, σ−1 of X0 on itself and on X1 are not important to us.
As discussed above, this can physically be thought of as the group of discrete holonomies
and is isomorphic to the discrete gauge symmetry itself.

The 3-section of X1 determines a degree 3 line bundle on each fiber and the sections
embed the fiber as a hypersurface into P2 [29]. As a consequence, the Calabi-Yau X1 itself
can be realized as an anti-canonical hypersurface in a P2 bundle over the base B. Assuming
that the cohomological Brauer group of B vanishes, which is the case for B = P2, such
bundles can always be obtained as a projectivization P(V ) of a rank 3 vector bundle V on
B.4 To construct all smooth Calabi-Yau threefolds that are genus one fibered with a 3-
section over B, one would therefore in principle have to construct all rank 3 vector bundles
V on B for which a generic anti-canonical hypersurface in P(V ) is smooth. However,
according to Bertini’s theorem, this is equivalent to determining whether the anti-canonical
bundle P(V ) is basepoint-free, which is in general a hard problem even for B = P2.

Instead of attempting a full classification, we therefore focus on particular monad
bundles V that fit into a short exact sequence

0→ V →W
f−→ U → 0 , (2.11)

4A non-trivial element of the Brauer group can be used to define twisted bundles, which lead to additional
Pn bundles that are not projectivizations of ordinary rank n+ 1 vector bundles.
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# 1 2 3 4 5 6 7 8 9 10 11 12 13
n±1 177 180 186 186 189 195 195 198 204 207 213 216 225
n0 96 93 87 87 84 78 78 75 69 66 60 57 48
c111 14 3 5 11 0 2 8 15 5 12 2 9 6
c112 7 3 5 7 3 5 7 9 7 9 7 9 9
l 2 0 1 2 0 1 2 0 2 0 2 0 0

Table 2. F-theory multiplicities n±q of hypermultiplets with Z3 charge ±q and triple intersection
numbers cijk associated to 13 inequivalent Calabi-Yau threefolds that are genus one fibered with a
3-section over P2.

where we further assume that W and U are sums of line bundles on P2. We then find
that the anti-canonical hypersurface in P(V ) can equivalently be described as a complete
intersection in a toric P5 bundle over P2 and the technology developed in [67] can be
applied. As a result, we obtain a set of 13 inequivalent Calabi-Yau threefolds with h1,1 = 2
that are genus one fibered over P2 and exhibit a 3-section. The details of our construction
are discussed in appendix A and the data of the Calabi-Yaus is summarized in table 3.

For the readers convenience, we reproduce the resulting numbers nq of hypermultiplets
with Z3 charge q in F-theory, as well as the corresponding triple intersection numbers

cijk = Di ·Dj ·Dk, with i, j, k = 1, 2 . (2.12)

of the Calabi-Yau manifolds in table 2. Here D1 and D2 respectively denote the class of a
3-section and the vertical divisor associated to the hyperplane class of the base. We have
already included the value

l = 1
2(c112 + 3) mod 3 , (2.13)

for the Z3 ’t Hooft anomaly, applying the expression (5.16) in terms of the geometric height-
pairing that will be derived in section 5. In each case the massless F-theory spectrum
satisfies the 6d irreducible gravitational anomaly cancellation condition

n±1 + n0 = 273 , (2.14)

as expected. We can summarize our main results in terms of the properties of this table:

1. Multiplicity of charged hypermultiplets: the multiplicities of Z3 charged hypermulti-
ples n±1 are always divisible by three and the spectra therefore satisfy the (refined)
Monnier-Moore [68] discrete anomaly cancellation conditions (see appendix D for a
summary). However, we observe an even stronger condition. All of the multiplicities
satisfy the congruency relation

n±1 ∈ {0, 6} mod 9 . (2.15)

In other words, none of the spectra exhibit n±1 = 3 mod 9! We will explain this
in section 3 as a highly non-trivial consequence of a particular choice of a quadratic
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refinement that F-theory uses in the generalized Green-Schwarz mechanism for global
anomalies. This suggests that six-dimensional theories with T = 0, G = Z3 and
n±1 = 3 mod 9 are in the Swampland.

2. Degenerate spectra: there are two pairs of models that lead to the same six-dimen-
sional massless spectra in F-theory, respectively corresponding to the entries 3, 4
and 6, 7 in table 2. At a geometric level, the two Calabi-Yau manifolds in each
pair have the same Hodge numbers but inequivalent triple intersection numbers.
In both cases the discrete fermion anomaly does not vanish, i.e. n±1 = 6 mod 9,
and needs to be cancelled. As will be discussed in section 3, the discrete Green-
Schwarz mechanism then leads to a topological term in the six-dimensional theory
and a corresponding coupling constant ` ∈ {1, 2}, which is not fixed by the number
of charged fermions. Up to an overall sign, this can be identified under anomaly
inflow with the ’t Hooft anomaly [l] ∈ H3(BZ3,U(1)) = Z3 of the induced global
Z3 symmetry of the worldsheet theories of a single self-dual string. The value of l,
that will be derived in sections 4 and 5, distinguishes the two theories in each pair.
In appendix E, using recent results from [45], we show that the associated Jacobian
fibrations X0 encode different Z3-refined Gopakumar-Vafa invariants and therefore
exhibit different excitation spectra for the self-dual strings.

In the rest of the paper we will carefully work out the details of these statements. We
start by studying the cancellation of global Z3 anomalies in six dimensions.

3 Discrete anomalies in 6d and their cancellation

In this section we discuss the presence of anomalies for discrete gauge symmetries in six
dimensions. Since these are non-perturbative anomalies in a gravitational theory one needs
to take into account topology changes of the spacetime manifold in connection with the
associated Dai-Freed anomalies [46, 48, 69–72]. We then discuss a minimal mechanism to
cancel such anomalies which is reminiscent of a discrete version of the usual Green-Schwarz
mechanism for six-dimensional theories discussed in [1, 3],5 and relies on the description of
(anti-)self-dual tensor fields as boundary modes in a seven-dimensional theory [49–51]. We
will conclude the section with several remarks pointing out some interesting directions for
further investigations. We will further focus on the case of a single self-dual 2-form in 6d,
since it simplifies the discussion and describes the low-energy dynamics of F-theory models
with a P2 base.

3.1 Discrete 6d anomalies from an anomaly theory

The modern formulation of anomalies [75] describes the phase of the partition function
of the theory of interest as the boundary value of an invertible topological field theory,
the so-called anomaly theory A, in one higher dimension. In our case of six-dimensional

5See also the recent discussions in [73, 74] of the Green-Schwarz mechanism in connection with global
anomalies for continuous gauge groups in six dimensions.
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theories described by the partition function Z, one finds for a 7-manifold N with boundary
given by the 6-manifold ∂N = M that

Z[M ] = e2πi
∫
N
A ∣∣Z[M ]

∣∣ . (3.1)

Of course, in order to evaluate the partition function, one further needs to specify back-
grounds for the various symmetries as well as other structures, e.g. a Spin structure, on
the manifold M which extend to N . The absence of anomalies [46, 48, 69–72, 76] is then
equivalent with the statement that this procedure does not depend on the extension from
M to N . Thus, gluing two different extensions along their common boundary, forming a
closed 7-manifold with the imposed structure and field backgrounds, one finds that the
absence of anomalies can be reformulated as

e2πi
∫
Y
A = 1 →

∫
Y
A = 0 mod Z , (3.2)

for all closed 7-manifolds Y with the necessary structure. These are classified by the
bordism groups

Ωξ
7(BG) , (3.3)

where ξ denotes a tangential structure on Y and BG indicates that one also incorporates
maps into the classifying space of the symmetry group G, parametrizing the gauge field
backgrounds.

The trivial element in the bordism group can be described as a boundary of an 8-
manifold, i.e. is null-bordant. Via the connection between the anomaly theory A and var-
ious index theorems, this piece captures the perturbative anomalies of the six-dimensional
theories. In our case these are the pure gravitational anomalies. The non-trivial elements,
however, encode potential non-perturbative global anomalies. To verify their presence one
has to find a complete set of generators of Ωξ

7(BG) and then evaluate the anomaly theory
A on them to show that (3.2) is violated.

In our case with gauge group G = Z3, we are interested in seven-dimensional Spin
manifolds equipped with a Z3 bundle6 which are described by

ΩSpin
7 (BZ3) = Z9 . (3.4)

This can be derived for example using the Atiyah-Hirzebruch spectral sequence, see e.g. [46].
Consequently, there is a single generator, which in our case is given by the seven-dimensional
lens space

L7
3 = S7/Z3 , (3.5)

which can be viewed as the asymptotic boundary of C4 with complex coordinates zi divided
by the Z3 action

(z1, z2, z3, z4)→ (ω z1, ω z2, ω z3, ω z4) with ω = e2πi/3 . (3.6)
6In general the 6d supergravity theories should require a twisted String structure, which we believe

should be related to our discussion as mentioned in section 3.4.
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Importantly, there is a non-trivial Z3 bundle on L7
3 given by the fibration

Z3 ↪→ S7

↓
L7

3

(3.7)

This means that there will be a non-trivial discrete Z3 transition function acting on charged
states once one traverses the torsion 1-cycle of L7

3. This is associated to an element in
H1(L7

3;Z3), which specifies the discrete gauge bundle.7
The anomaly theory of a 6d Weyl fermion with charge q ∈ {0, 1, 2} under the Z3 gauge

symmetry is given by the η-invariant for the Dirac operator, see e.g. [51],

ηD
q [L7

3] = −1
3

2∑
`=1

e−2πi`q/3(
2 sin(π`/3)

)4 . (3.8)

Giving the values

ηD
0 [L7

3] = − 2
27 , ηD

1 [L7
3] = ηD

2 [L7
3] = 1

27 . (3.9)

The fact that the η-invariant does not vanish even for q = 0 indicates the presence of a
perturbative gravitational anomaly. Indeed, since ΩSpin

7 (pt) = 0 forgetting about the Z3
bundle we can describe L7

3 as the boundary of a 8d Spin manifold W . Using the connection
of the η-invariant to various index theorems, see e.g. [51], we find

ηD
0 [L7

3] = −
∫
W
Â(R) mod Z . (3.10)

Here, Â is the A-hat genus, whose 8-form part reads

Â8 = 1
5760(7p2

1 − 4p2) (3.11)

with Riemann curvature R
2π = R entering the Pontryagin classes

p1 = −1
2trR

2 , p2 = 1
8
((
trR2)2 − 2 trR4

)
. (3.12)

Plugging this into (3.10) one finds

−
∫
W
Â(R) = − 1

5760

∫
W

(
trR4 + 5

4
(
trR2)2) , (3.13)

which, as necessary, reproduces the gravitational contribution of a Weyl fermion or hy-
permultiplet to the anomaly polynomial. We can therefore extract the global anomaly
involving the discrete Z3 symmetry by subtracting the pure gravitational part, which for

7As usual the gauge bundles are classified by homotopy classes of maps from spacetime into the classifying
space which here is given by BZ3. Since BZ3 = K(Z3, 1) the Eilenberg-Mac Lane space we see that the Z3

bundles on N are classified by cohomology classes H1(N ;Z3). See also the discussion below.
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the full 6d theory is cancelled anyway by the anomaly contribution of other fields, by
considering the bordism invariant(

ηD
q − ηD

0
)
[L7

3] = 1
9 , with q ∈ {1, 2} . (3.14)

Since for the 6d theories of interest the only charged degrees of freedom are contained in
hypermultiplets, the anomaly contribution comes exclusively from the presence of charged
Weyl fermions. For a theory with n1 hypermultiplets of charge q = 1 and n−1 hypermulti-
plets of charge q = 2 ∼ −1 the part of the 7d anomaly theory capturing global anomalies
involving the Z3 gauge symmetry is given by

AFZ3 = n1 η
D
1 + n−1 η

D
2 − (n1 + n−1) ηD

0 , (3.15)

which, evaluated on L7
3, produces∫

L7
3

AFZ3 = 1
9 (n1 + n−1) . (3.16)

This indicates that the theory is anomalous unless the number of charged hypermultiplets
is divisible by nine. As we review in appendix D, this agrees with the findings of Monnier
and Moore [68]. However, since we have seen that F-theory produces models with n±1 =
(n1 + n−1) not divisible by nine, this cannot be the only contribution to the anomaly.

3.2 Anomaly cancellation and quadratic refinements

In general there are various ways to get rid of the discrete gauge anomalies above. For
example it could happen that the fundamental gauge group is not Z3 but Z9 with fermions
charged in 3Zmod 9. In this case the discrete anomaly would vanish, see e.g. [46, 71, 77, 78].
In our models where we have an explicit high-energy completion in terms of the underlying
F-theory model, we do not believe that such a gauge enhancement occurs since the Z3 has
a geometric realization.

Another possibility to cancel anomalies is to add additional topological sectors whose
(higher-form symmetry) anomalies are related to the gauge symmetry background, a topo-
logical version of the Green-Schwarz mechanism [79]. While the topological sectors do not
modify the local dynamics of the theory, the completeness hypothesis still demands the
presence of possibly extended objects coupling to the fields in the topological theory. This
would result in a variety of different UV completions that all differ by their spectrum of
extended objects and topological sectors. The consistency of such a ‘discrete landscape’ is
not clear yet, see also [80].

This is why we focus on a minimal way to cancel the discrete anomalies which does
not modify the gauge group or additional topological sectors of the theory and is closely
related to a discrete version of the usual Green-Schwarz mechanism [1, 3]. For that we
modify the transformation properties of the self-dual 2-form in six dimensions depend-
ing on the discrete Z3 symmetry background, a similar mechanism in ten dimension was
discussed in [80]. In order to do so we first discuss the realization of the (anti-)self-dual
tensor fields as boundary modes of 3-form fields in seven dimensions closely following the
presentation of [51].
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Self-dual fields and quadratic refinements. As was discussed in [49–51] it is useful
to describe chiral degrees of freedom as boundary modes of non-chiral fields in one higher
dimension. In our case we want to describe the self-dual 2-form on M as a boundary
mode8 of a 3-form field C in seven dimensions, i.e. on N with ∂N = M . The way to
describe (higher-form) fields is via differential cohomology Ȟ•(N), as it was introduced
in [81], see also [51, 82]. Roughly, the information in the associated differential character
F̌C , an element of Ȟ4(N), is the fieldstrength FC , the information about (torsion) fluxes
FC , as well as the holonomies of C. Moreover, one chooses Dirichlet boundary conditions

F̌C
∣∣
∂N=M = 0 . (3.17)

The naive Euclidean action one would write down for C is given by, see [51],

S ∼ 2π
∫
N

( 1
2g2FC ∧ ∗FC − i

κ

2C ∧ FC − iC ∧ FX
)
, (3.18)

with the gauge invariant fieldstrength FC interpreted as an element in de Rham cohomol-
ogy. Here, X denotes the coupling to a background 3-form gauge field X also part of a
differential character X̌ ∈ Ȟ4(N), which will play an important role later. Next, one needs
to lift this action to differential cohomology.

While the first term, encoding the kinematics of C, is unproblematic, the two topolog-
ical terms need to be treated with care. Using the product

? : Ȟ4(N)× Ȟ4(N)→ Ȟ8(N) , (3.19)

one can define a differential cohomology pairing (F̌X , F̌C) by evaluating the holonomy of
F̌X ? F̌C on N . With this one can also describe the second term given now by 1

2(F̌C , F̌C).
However, the multiplication by 1

2 is not well-defined and instead needs to be described by
a quadratic refinement,9 which we will denote by Q and can be understood as a map

Q : Ȟ4(N)→ U(1) . (3.20)

The relation between the differential cohomology pairing and Q is given by

(F̌X , F̌C) = Q(F̌X + F̌C)−Q(F̌X)−Q(F̌C) +Q(0) . (3.21)

With these generalizations the Euclidean action of C on N on the level of differential
cohomology is given by [51]

S =
∫
N

( 2π
2g2FC ∧ ∗FC

)
− 2πiκQ(F̌C)− 2πi (F̌C , F̌X) . (3.22)

Together with the boundary conditions (3.17) the equations of motion shows that there is
a localized boundary mode

C = d(emr) ∧B , (3.23)
8Or rather a mode localized close to the boundary.
9Since the differential character contain integer cohomology information, such as the flux described in

H4(N,Z), one cannot simply multiply with rational numbers such as 1
2 above.
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where r < 0 denotes a coordinate perpendicular to the boundary M , that can be identified
with the B field and is self-dual for the choice

κ = −1 , (3.24)

where the minus sign is due to the fact that we work in Euclidean signature.
In order to determine the anomaly contribution we can neglect the kinetic term, by

sending the coupling g → ∞. Evaluating the path integral carefully, see [51], one finds
that the anomaly of the self-dual tensor field B above is given by

AB = κ
(
ABgrav −Q(F̌X)

)
. (3.25)

The first term denotes the gravitational anomaly which for six dimensions is given by

ABgrav = 28 ηD
0 , (3.26)

i.e. the same as 28 uncharged chiral fermions. Notably, there is a second term that depends
on the background F̌X , this term will be playing a crucial role in the cancellation of
the discrete gauge anomalies. Note also that with the contribution (3.26) the irreducible
gravitational anomaly is cancelled, see appendix B.

Quadratic refinement and anomaly cancellation. We see that the background field
enters the anomaly theory of the self-dual tensor. By analyzing the boundary behavior one
finds that F̌X acts as background field for the natural 2-form symmetry of B. Since B is self-
dual, its electric and magnetic 2-form symmetries are identified. The modern interpretation
of a Green-Schwarz mechanism as a ’t Hooft anomaly for the higher-form symmetries of
the involved p-form fields [51, 83] can now be applied directly to our setup. For that we
relate the background F̌X to the discrete gauge data of the underlying background.

First, even for vanishing gauge background the perturbative gravitational anomaly is
not yet fully cancelled. This is due to the contribution of the gravitino to the reducible
gravitational anomaly, which contributes

I8 ⊃ −
1
4p

2
1 = − 1

16
(
trR2)2 , (3.27)

to the anomaly polynomial, see appendix B. To compensate this reducible part of the
anomaly we demand that

−κ
∫
N
Q(0) = 1

4

∫
W
p2

1 , (3.28)

for N = ∂W and N interpreted as a seven-dimensional Spin manifold. With this the
perturbative gravitational anomalies are cancelled completely.10

The remaining global anomalies involving the discrete gauge data needs to be can-
celled by

−κ Q̃(F̌X) = −κ
(
Q(F̌X)−Q(0)

)
, (3.29)

which is non-zero only for non-trivial gauge background F̌X . We describe how this works
in detail for gauge group Z3 next.

10Note that this shows that the 6d supergravity theories with F-theory origin implement a different
quadratic refinement compared to [51] for which Q(0) = −ABgrav.
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Cancellation of Z3 gauge anomalies. Let us apply the general approach above to our
supergravity theory in six dimensions with Z3 gauge symmetry. We have seen that the
only non-trivial bordism generator is given by L7

3 with a non-trivial Z3 gauge bundle. The
integer cohomology of the lens space is given by

Hn(L7
3;Z) =


Z , for n ∈ {0 , 7} ,
Z3 , for n ∈ {2 , 4 , 6} ,
0 , otherwise .

(3.30)

The quadratic refinement Q is with respect to the torsion pairing

H4(L7
3;Z)×H4(L7

3;Z)→ R/Z ∼ U(1) . (3.31)

Denoting by x the generator of H4(L7
3;Z), see also [51], one has for a, b ∈ Z mod 3

(a x, b x) = 2
3 ab mod Z . (3.32)

This class can be lifted to a differential character F̌x with trivial field strength, but non-
trivial holonomy Ax and topological fluxes Fx

[Fx] = x ∈ H4(L7
3;Z) , [Fx] = Bock[Ax] , (3.33)

where [Ax] is the gauge invariant information of the 3-form holonomy, i.e. an element
of H3(L7

3;U(1)
)
, and Bock denotes the Bockstein homomorphism associated to the short

exact sequence

0 −→ Z −→ R −→ U(1) ∼ R/Z −→ 0 . (3.34)

Demanding that the quadratic refinement vanishes for the trivial element in H4(L7
3;Z) and

using the property (3.21), one finds three possibilities for Q̃:

a 1 2

Q̃0(a F̌x) 1
3

1
3

Q̃1(a F̌x) 2
3 0

Q̃2(a F̌x) 0 2
3

(3.35)

These can be written in terms of the torsion pairing of the lens space (3.32) and its fractional
first Pontryagin class 1

4p1(L7
3) = x as

Q̃k(a F̌x) = −
(
a x, a x+ k

4 p1

)
= −2

3a(a+ k) . (3.36)

We are left with the identification of F̌X in terms of the Z3 gauge background.
The Z3 bundles on L7

3 are classified by homotopy classes of maps L7
3 into the classifying

space BZ3. Since BZ3 is given in terms of the Eilenberg-MacLane space K(Z3, 1), we find
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that Z3 bundles are classified by homotopy classes of maps from spacetime N into K(Z3, 1),
i.e. by H1(N ;Z3), which for L7

3 is given by

H1(L7
3;Z3) = Z3 . (3.37)

We will call the generator A. Using the short exact sequence

0 −→ Z −→ Z −→ Z3 −→ 0 , (3.38)

we obtain another Bockstein homomorphism

β : H1(L7
3;Z3)→ H2(L7

3;Z) = Z3 , (3.39)

from which we can build a class in H4(L7
3;Z) = Z3 using the cup product

β(A) ∪ β(A) ∈ H4(L7
3;Z) . (3.40)

Alternatively, this can be seen as the pull-back of the non-trivial group cohomology class in
H4(BZ3;Z) under the classifying map. Thus, choosing the generator appropriately we have

β(A) ∪ β(A) = x , (3.41)

which can be lifted to the differential character F̌x, see (3.33). Since β is a homomorphism
and x is quadratic in A one has

β(2A) ∪ β(2A) = 4
(
β(A) ∪ β(A)

)
∼ β(A) ∪ β(A) = x , (3.42)

since it is measured mod 3. This means that F̌x only distinguishes between the presence of
a non-trivial Z3 bundle and its absence but maps both A as well as 2A to the generating
element x ∈ H4(L7

3;Z). We now define the gauge background F̌X as11

F̌X = ` F̌x , ` ∈ {1 , 2} . (3.43)

This means we can read off the contribution of the non-trivial background F̌X to the
anomaly theory by combining (3.29) and (3.35). The full anomaly theory for global anoma-
lies involving the Z3 gauge sector in the presence of a single self-dual tensor field reads

AZ3 = AFZ3 + Q̃k(F̌X) = AFZ3 + Q̃k(`F̌x) . (3.44)

For the F-theory vacua with non-trivial Z3 anomaly, see (2.15), we found

AFZ3 = 2
3 mod 3 , (3.45)

which singles out the quadratic refinement Q̃0, which evaluates to 1
3 for the non-trivial

bordism generator L7
3.

11Since we are working mod 3 this is the same as F̌X = ±F̌x.

– 18 –



J
H
E
P
0
3
(
2
0
2
3
)
0
9
0

It therefore appears that F-theory vacua with discrete Z3 gauge factor single out a
specific quadratic refinement in the discrete version of the Green-Schwarz mechanism, which
can be written as the negative of the torsion pairing

Q̃0(`F̌x) = −`2(x, x) = 1
3`

2 . (3.46)

We see that this does not fix the cancellation term completely, and one is left with ` ∈
{1 , 2}, both of which cancel the discrete anomalies in six dimensions. Luckily ` does have a
physical consequence, in that it determines different anomaly inflow onto the self-dual string
and thus can be extracted from the localized degrees of freedom on the string worldsheet.
This can be seen form the action (3.22), by considering the boundary contribution of the
last term, producing a term schematically of the form∫

∂N
B ∪ FX = `

∫
M
B ∪ x = `

∫
M
B ∪ β(A) ∪ β(A) . (3.47)

We will extract this information in the next section via the topological string partition
function and find that indeed both possibilities for ` are realized in F-theory vacua.12

3.3 Anomaly inflow on non-critical strings

The six-dimensional Z3 gauge symmetry induces a global Z3 symmetry on the worldvolume
theories of non-critical strings. For continuous symmetries, the relationship between the
six-dimensional local gauge anomalies and the corresponding two-dimensional ’t Hooft
anomalies has been worked out in [84].

The usual Green-Schwarz coupling takes the form B ∧ I4 and the corresponding local
anomaly exactly cancels the contribution of the anomaly polynomial, which factorizes as

I8 '
1
2I4 ∧ I4 . (3.48)

Up to contributions related to the gravitational anomaly, the anomaly inflow then es-
sentially identifies I4 with the anomaly polynomial of the two-dimensional theory on the
string worldsheet [84]. While an analogous calculation of the inflow for the global discrete
anomaly requires a careful treatment of the corresponding Bianchi identity, with potential
subtleties related to the String structure being discussed in the next subsection, this result
for local anomalies admits a very natural generalization.

As will be discussed further in section 4, the ’t Hooft anomaly associated to a two-
dimensional global Zn symmetry is classified by an element [52]

[l] ∈ H3(BZn,U(1)) = Zn . (3.49)

and if n is odd one can use the Atiyah-Hirzebruch spectral sequence to identify

H3(BZn,Z) ' ΩSpin
3 (BZn) . (3.50)

12This also suggests that Q̃0 is singled out in F-theory, since it is the only quadratic refinement that
produces non-trivial contributions to the discrete anomaly for both values of `.
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Since H3(BZn,U(1)) ' Hom(H3(BZn,Z),U(1)), the element [l] can be directly identi-
fied with the anomaly theory itself. Using the universal coefficient theorem one can also
show that

H3(BZn,U(1)) ' H4(BZn,Z) , (3.51)

and the pullback under the inclusion L7
3 ⊂ L∞3 = BZ3 further identifies

H4(L7
3,Z) ' H4(BZn,Z) . (3.52)

Considering the six-dimensional discrete Green-Schwarz coupling in (3.47), these iso-
morphisms identify the image ` β(A) ∪ β(A) in H3(BZ3,U(1)) with the two-dimensional
Z3 ’t Hooft anomaly [l], such that up to a choice of generator

[l] = [±`] ∈ Z3 . (3.53)

Note that in the presence of additional 2-form fields, both ` and B should carry addi-
tional indices that respectively take values in the string charge lattice and its dual. Since
we focus on the case where there is only a single self-dual 2-form we can suppress this index.

3.4 Discrete anomaly cancellation and String structures?

The mechanism above made extensive use of the construction of self-dual fields as bound-
ary modes in a 7d theory. The mathematical framework is that of differential cohomology.
While this captures the gauge invariant information contained in the various higher-form
fields it does not explicitly capture the modification of the Bianchi identity due to the
Green-Schwarz coupling, describing a higher-group structure. However, this mixture be-
tween the higher-form symmetries of the 2-form fields and the gauge background could be
captured within the framework of (twisted) String structures, see e.g. [85].

For the usual String structure one demands that
1
2p1 = 0 . (3.54)

Since this is a structure of the 6d theory it should also extend over the seven-dimensional
manifold defined for the anomaly theory, similar to the Spin structure above. But this
means that for closed 7-manifolds one needs to restrict to manifolds with vanishing char-
acteristic class 1

2p1. However, for the generator L7
3 above one has

1
2p1 = 2x 6= 0 ∈ H4(L7

4;Z) . (3.55)

Similar to x this has a lift to a differential character, which we denote as 1
2 p̌1 = 2F̌x.

For twisted String structures one allows the characteristic classes of the tangent bundle
to be compensated by characteristic classes of a gauge background. Thus, the presence of a
non-trivial Z3 background might be exactly what we need in the situation at hand. Indeed
we see that

1
2 p̌1 ± F̌X = 2F̌x + F̌x = 0 ∈ Ȟ4(L7

4) , (3.56)
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for ± sign for ` = 1 and ` = 2, respectively. It would further be interesting to explore what
role the cancellation of the remaining (reducible) gravitational anomaly in (3.28) implies
for the potential definition of such a discretely twisted String structure.

This shifts via (fractional) characteristic classes also point towards the use of shifted
differential cohomology as in [68], see also [86], which also pointed out the importance of a
definition of a trivialization of a Wu structure in the intermediate steps of the anomaly can-
cellation. We believe that the proper definition of the quadratic refinement form first prin-
ciples and its connection to twisted String structures and shifted differential cohomology
will shed some light on the topological intricacies of Green-Schwarz anomaly cancellation
in general, but we postpone a detailed study to future work.

4 Discrete anomalies in 2d theories

In order to connect the six-dimensional discrete anomaly to the geometry of the compact-
ification space in F-theory, we are going to use the modular properties of elliptic genera of
non-critical strings. Before doing that in section 5, we will study the general properties of
the partition functions associated to two-dimensional conformal field theories with a global
Zn symmetry that exhibits a ’t Hooft anomaly.

4.1 Discrete ’t Hooft anomalies as a failure of modularity

Let us consider a general two-dimensional conformal field theory on a torus with a global
finite Abelian symmetry G and assume that all local anomalies are cancelled. We can then
define partition functions Z(g,h), where g, h ∈ G respectively correspond to twists along
the time and space direction. This can be equivalently expressed as

Z(g,h) = TrHg (. . . · h) , (4.1)

where Hg is the Hilbert space of g-twisted states and the insertion of h is sometimes called
a twining.

If G does not suffer from global ’t Hooft anomalies, it can be gauged. This leads to an
orbifold of the original CFT and the SL(2,Z) invariant partition function is given by

ZO = 1
|G|

∑
g,h∈G

Z(g,h) . (4.2)

However, it was argued in [55, 87, 88] that if the ’t Hooft anomaly does not vanish this
manifests itself as a non-vanishing phase in the relation

TnZ(g,1) = γαg Z
(g,1) , (4.3)

where T acts as τ → τ + 1, n is the order of g and the phase γαn depends on a class
in H3(BG,U(1)) that represents the anomaly. Using SZ(g,1) = Z(1,g) with S acting as
τ → −1/τ , this is equivalent to the failure of invariance of Z(1,g) under

U−1
n ≡ STnS : τ 7→ τ

1− nτ . (4.4)
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We will explicitly derive this result for a general finite group G, as well as the precise form
of the phase, using topological symmetry line operators below in section 4.2.

Let us first specialize to the case G = Zn, such that the (r, s) twisted fields satisfy
boundary conditions

φ(x1 + 2π, x2) = µrnφ(x1, x2) , φ(x1, x2 + 2π) = µsnφ(x1, x2) , (4.5)

with µn = e2πi/n and the partition functions take the form

Z(r,s) = TrHr
(
. . . µ

sJZn
n

)
, (4.6)

where we use JZn to denote the Zn charge operator. The twisted boundary conditions
transform under large diffeomorphisms γ ∈ SL(2,Z) as

γ =
(
a b

c d

)
: (r, s) 7→ (ar + cs, br + ds) , (4.7)

and are in general only preserved by the subgroup Γ(n) ⊂ SL(2,Z) [89], which in particular
contains the Un-transformation (4.4). However, note that the boundary conditions (r, 0)
and (0, s) are actually preserved by the respective larger subgroups Γ1(n),Γ1(n) ⊂ Γ(n).
The ’t Hooft anomaly corresponds to a cocycle

[l] ∈ H3 (BZn,U(1)) = Zn , (4.8)

and, as we derive below in section 4.2, this is measured by the phases that Z(1,0) and Z(0,1)

respectively acquire under Tn- and Un-transformations (4.4),

Tn : Z(1,0) 7→ µlnZ
(1,0) , Un : Z(0,1) 7→ µ−ln Z

(0,1) . (4.9)

4.2 Modular anomalies from topological line operators

We now use the topological line operators implementing the discrete global 0-form sym-
metry on the worldsheet in a 2-dimensional CFT [53, 54] to derive the relation of the ’t
Hooft anomaly to the modular properties of the twisted sector partition functions. Note
that topological line operators have also been used in [55] to deduce the result for G = Z3
but the corresponding argument does not easily generalize to arbitrary groups. We will
instead develop an iterative algorithm that leads to a closed expression which is valid for
any finite group G.

As already mentioned above, the ’t Hooft anomaly of a G symmetry corresponds to
an element in group cohomology [52]

[α] ∈ H3(BG,U(1)) . (4.10)

For a discrete group, an element [α] ∈ Hk(BG,U(1)) can be represented by a map α :
Gk → U(1) that is annihilated by the coboundary operator

δα(g1, . . . , gk+1) = α(g1, . . . , gk)(−1)k+1
α(g2, . . . , gk+1)

×
k∏
i=1

α(g1, . . . , gigi+1, . . . , gk+1)(−1)i .
(4.11)

– 22 –



J
H
E
P
0
3
(
2
0
2
3
)
0
9
0

g1 g2

g3 g1

g2 g3

g4 g1

g2 g3

g4
α(g1, g2, g3)

Lg1 ⊗ Lg2 → Lg1g2

(Lg1 ⊗ Lg2)⊗ Lg3 → Lg1g2g3 Lg1 ⊗ (Lg2 ⊗ Lg3)→ Lg1g2g3

Figure 2. The fusion of symmetry lines can be depicted as a vertex with fixed ordering of the
outgoing legs while the ’t Hooft anomaly manifests itself as a non-trivial phase in a crossing relation.

Physically, the cohomology class (4.10) can be interpreted from two rather different per-
spectives. On the one hand, assuming for the moment that G = Zn with n odd, we can
use H3(BZn,Z) = ΩSpin

3 (BZn) as well as

H3(BG,U(1)) = Hom (H3(BG,Z),U(1)) , (4.12)

to think of it as a bordism invariant that defines the 3-dimensional invertible topological
field theory which encodes the global discrete anomaly. On the other hand, it corresponds
to a crossing relation of the topological line operators that generate the action of the
symmetry.

We will briefly introduce the very basics of symmetry line operators that are relevant
for our argument but refer to [53–55, 90] for details. The topological operators are oriented
lines Lg that are labeled by group elements g ∈ G. Contracting a loop Lg around a local
operator Op that transforms in some unitary representation U of G amounts to acting on
the operator with Ug. On a cylinder, a line that wraps the spacelike circle can be pushed on
the boundary and then acts on the corresponding Hilbert space. On the other hand, a line
that is oriented along the timelike direction should rather be interpreted as a defect that
changes the boundary conditions and therefore changes the Hilbert space to the Hilbert
space of g-twisted states.

We require all lines that are not loops to start and end on trivalent vertices VLg1 ,Lg2 ,Lg3

with g1g2g3 = 1 in the convention that all lines are outgoing. Each such vertex corresponds
to a fusion of symmetry lines Lg1⊗Lg2 → Lg1g2 and, in the presence of a ’t Hooft anomaly,
it is important to keep track of the order of lines at each vertex. Following [55], we assume
counterclockwise ordering and mark the last leg as illustrated in figure 2. Since we want to
work on a torus we will assume that the metric is flat. The lines can then be continuously
deformed as long as the order of lines at each vertex is preserved. Moreover, a line Lg can
always be replaced by a line Lg−1 with opposite orientation.

The ’t Hooft anomaly is encoded in the crossing kernel α : G3 → U(1), that changes
the order of fusion

(Lg1 ⊗ Lg2)⊗ Lg3
α(g1,g2,g3)−−−−−−−→ Lg1 ⊗ (Lg2 ⊗ Lg3) , (4.13)
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as also illustrated in figure 2. The requirement that α is annihilated by the coboundary
operator (4.11) follows from the so-called pentagon identity, a sequence of five non-trivial
crossings that leads back to the original diagram, see [54]. Different representatives α, α′
of the same anomaly are related by a local operator redefinition, that acts on the Hilbert
spaces at the vertices VLg1 ,Lg2 ,Lg3

by multiplication with δε(g1, g2, g3) for some ε : G2 →
U(1). We can use part of this freedom to assume that α(g1, g2, g3) vanishes if one of the
elements g1, g2, g3 is the identity. From a mathematical perspective, the line operators form
a pointed fusion category VecαG [90].

Before we begin with our actual argument let us note two useful properties that can
be easily derived from the crossing relations:

1. Clockwise rotation of the labels at a vertex VLg1 ,Lg2 ,Lg3
introduces a phase α(g1, g2, g3).

This follows from setting g4 = 1 in the crossing relation in figure 2.

2. A counterclockwise loop Lg can be replaced by an overall phase α(g, g−1, g). This
can be derived by setting g1 = g−1

2 = g3 = g−1
4 = g in figure 2 and connecting the

legs associated to g1, g2 as well as those associated to g3, g4.

Let us assume that g ∈ G is an element of order n. The corresponding defect line that
leads to the twisted Hilbert space Hg is illustrated in step (1) of figure 3. Our goal is to
show that the partition function of the g-twisted sector transforms in the presence of a
’t Hooft anomaly [α] ∈ H3(BG,U(1)) as (4.3) and to derive an explicit expression for the
phase γαg that only depends on the cohomology class.

The general strategy to derive the phase is outlined in steps (2)–(7) of figure 3 and
essentially boils down to iterative application of step (5). However, care has to be taken
in evaluating the phases that are picked up from crossing relations at each step. Iterative
applications of the transformations in figure 4 and taking into account the phases produced
by the trivalent loops in figure 5 leads to the result

γαg =
n−2∏
a=0

α(g, g−1, g−a−1)
α(g, g−1, g−a) α(g, g−a−2, g)

= α(g, g−1, g1−n)
n−2∏
a=0

α(g, g−a−2, g) =
n−1∏
a=0

α(g, ga, g) .
(4.14)

Note that in the second step we have contracted the telescoping product that arises from
the quotient. It is easy to show that this is invariant under changes of α by coboundaries
δε of maps ε : G2 → U(1),

γδεg =
n−1∏
a=0

ε(g, ga+1)ε(ga, g)
ε(g, ga)ε(ga+1, g) = ε(g, gn)ε(1, g)

ε(g, 1)ε(gn, g) = 1 . (4.15)

Let us now specialize this again to G = Zn with H3(Zn,U(1)) = Zn. Representing
elements of Zn additively by integers a = 0, . . . , n− 1, a generator of cocycles is

α(a, b, c) = e2πia(b+c−〈b+c〉)/n2
, (4.16)
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Gauge
transformation

1

0 0

g Tn

2

0 0

1

1

2

n− 2

n− 1

n− 1

n

n

g g

3

0 0

1

1

2

n− 2

n− 1

n− 1

n

n

g

g

Fusion

4

0 0

1

1

2

n− 3

n− 2

n− 2

n

n

g

g2

g2

5 Iterate n− 2 times
a

g ga+1

ga+1g

ga g

n− 1

n− 1

n

n

b

g

g

c

ga+2

ga+2g

ga+1 g

n

n

6

0 0

g g
gn

gn
gn−1

=

7

0 0

g
× γαg

Figure 3. In (1) we start with a defect line on a torus that generates the twisted Hilbert space
Hg. Acting with Tn leads to configuration (2). A sequence of gauge transformation relates this to
the original configuration. The first step is illustrated in (3) and (4). Iterating the transformation
in step (5) n− 2 times produces (6) which is equivalent to the original defect line in (7).
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1

g ga+1

g ga+1

ga

g α(g, g−1, g−a−1)

2

g ga+1

ga

g
g ga+1

g ga+1

Isotopy

3

g ga+1

ga+1

g

g

ga+2

ga+2

`αa

See figure 5

4

g

ga+2

ga+1 g

ga+2

Figure 4. The iteration step produces an overall phase α(g, g−1, g−a−1)`αa , where the phase `αa
arises from contracting a trivalent loop and is defined in figure 5.

where 〈b + c〉 denotes the mod n reduction of b + c [91]. Representing an element g ∈ Zn
of order m by r ∈ {0, . . . , n− 1} and using the telescoping nature of the product we find

γαr =
m−1∏
a=0

α(r, 〈a · r〉, r) = e2πimr
2

n2 , (4.17)

and therefore in particular γl·α1 = µln.

5 Elliptic genera and anomalies

We now apply the general discussion of the relation between the modular anomaly and the
’t Hooft anomaly in 2d CFTs from section 4 to the twisted twined elliptic genera of non-
critical string in six-dimensional F-theory vacua. Using the duality with topological string
amplitudes and the corresponding modular properties derived in [42, 45], this will allow us
to obtain a generic expression for the anomaly in terms of the geometric height-pairing of
a multi-section on the corresponding Calabi-Yau.
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1

ga+1 g

ga+2

g ga+1

ga
α(g, g−a−2, g)

2

ga+1 g

ga+2

g

ga

α(g, g−a−1, ga)

3

ga+1 g

ga+2

g

ga

α(g−a−1, ga, g−a)

4

ga+1 g

ga+2

ga

α(ga, g−a, ga)

5

ga+1 g

ga+2

`αa = α(g, g−a−2, g)α(g, g−a−1, ga)
·α(g−a−1, ga, g−a)α(ga, g−a, ga)

= α(g, g−a−2, g)/α(g, g−1, g−a)
δα(g, g−a−1, ga, g−a)δα(ga, g−a, ga, g−a)

= α(g, g−a−2, g)/α(g, g−1, g−a)

Figure 5. Contracting the trivalent loop shown in step (1) can be performed in four crossings.
This leads to an overall phase `αa = α(g, g−a−2, g)/α(g, g−1, g−a).
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5.1 Elliptic genera and the topological string partition function

Let us first consider a generic six-dimensional F-theory vacuum with or without discrete
gauge symmetry. To illustrate the effect of a continuous gauge symmetry, we assume that
G = U(1)× . . . but this is not essential.

From the Type IIB perspective, a non-critical string arises from a D3-brane that wraps
a curve C in the base B of the torus fibration X. The corresponding worldsheet theories
are two-dimensional (0, 4)-SCFTs and the elliptic genera can be defined as traces

ZC(τ,m, λ) = TrR(−1)F qH0 q̄H̄0yJ
L
3 ξJ , q = e2πiτ , y = e2πiλ, ξ = e2πim . (5.1)

Here JL3 corresponds to the Cartan charge associated to a global SU(2)L symmetry. Af-
ter compactifying the theory on a circle to five dimensions, this becomes part of the
SO(4) = SU(2)L × SU(2)R little group. We use J to represent the Cartan generator
associated to the additional global U(1) symmetry that is induced by the six-dimensional
U(1) gauge symmetry. For details on the worldsheet theories, as well as references to the
vast surrounding literature, we refer e.g. to [92–95].

The modular properties of the elliptic genus encode the two-dimensional local ’t Hooft
anomalies. Under U1 : τ → τ/(τ + 1) it transforms as

ZC

(
τ

τ + 1 ,
m

τ + 1 ,
λ

τ + 1

)
= e2πiae2πi f(m,λ)

τ+1 ZC(τ,m, λ) , (5.2)

where a = 1
2c1(B) · C encodes the gravitational anomaly and f(m,λ) is an equivariant

integral over the anomaly polynomial A4 [96–99]

f(m,λ) =
∫

eq.

A4 . (5.3)

The relevant terms of this are given by [95, 99–101]

A4 =− 1
2C

2 · c2 (SU(2)L)− 1
4 (C · c1(B)) · p1(X)− 1

2(C · b) · c1 (U(1))2 . (5.4)

Here the U(1) anomaly coefficient b is a certain height pairing associated to an additional
section on the Calabi-Yau [18] and will be further discussed in section 5.4. Evaluating the
integral amounts to the replacement [98]

c2 (SU(2)L)→ −λ2 , c1 (U(1))2 → −m2 , p1(X)→ 2λ2 . (5.5)

The transformation behaviour of the elliptic genus in (5.2) is then precisely that of a weight
0 lattice Jacobi form with two elliptic parameters and corresponding indices

rλ(C) = 1
2C(C − c1(B)) , rm = 1

2C · b , (5.6)

Some basic properties of Jacobi forms are summarized in appendix C. While rλ(C) is
another contribution from the gravitational anomaly, rm(C) is the U(1) ’t Hooft anomaly.
The generalized Green-Schwarz mechanism [2, 3] relates these two-dimensional ’t Hooft
anomalies to the six-dimensional gauge anomalies via anomaly inflow [84, 102].
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After compactifying further down to four dimensions, F-theory on X0 × T 2 becomes
dual to Type IIA string theory on X0.13 The strings wrapping the torus lead to instanton
corrections and as a result the elliptic genera are encoded in the A-model topological string
partition function [42, 92, 99, 101, 103–106]. More precisely, the topological string partition
function on a torus fibration X admits an expansion

Ztop.[X](t, τ,m, λ) = Z0[X](τ,m, λ) ·

1 +
∑

C∈H2(B,Z)
ZC [X](τ,m, λ)e2πit·C

 , (5.7)

and the elliptic genera (5.2) directly correspond to the coefficients on X0,

ZC [X0](τ,m, λ) = ZC(τ,m, λ) , (5.8)

while the overall factor of Z0[X0](τ,m, λ) arises due to field theoretic corrections and
encodes the massless spectrum of the six-dimensional theory.

In (5.7) the arguments are complexified Kähler parameters of the Calabi-Yau and for
X0 the complexified volume of the generic fiber is τ while t represents the complexified
volumes of curves in the base. On the other hand, m represents the complexified volumes
of rational components of reducible fibers which can be absent on a generic torus fibra-
tion. From the topological string perspective, the modular properties — and therefore
the local anomalies — can be derived from the automorphic properties of the topological
string partition function under certain generic monodromies in the stringy Kähler moduli
space [42, 56, 105, 107]. This turns out to generalize to the global discrete anomalies and
we will come back to this point in section 5.4.

5.2 Twisting and twining from geometry and B-fields

Let us now include discrete symmetries and consider a six-dimensional F-theory vacuum
with gauge group Zn ⊂ G. This induces a corresponding global discrete symmetry in the
worldsheet SCFTs of the non-critical strings. We can therefore generalize the trace (5.1)
and consider the set of twisted twined elliptic genera

Z
(r,s)
C (τ, λ) = TrHr(−1)F qH0 q̄H̄0yJ

L
3 µ

sJZn
n , (5.9)

where we denote the Zn charge operator by JZn and µn = e2πi/n.
Using our analysis from section 2, we can again relate these to topological string

amplitudes. As discussed in section 2.2 there is a unique Weierstraß fibration X0 associated
to the F-theory vacuum, and F-theory on X0 × T 2, without discrete holonomies, is dual
to Type IIA on X0. Moreover, the elliptic genus can be interpreted as the torus partition
functions of a non-critical string that is wrapped on this geometric T 2. The twisting and
twining can therefore be induced by turning on non-trivial discrete holonomies.

Let us first consider the twined elliptic genera with (r, s) = (0, s). As discussed in [45],
the Jacobian fibration X0 is singular but one can turn on a fractional B-field, labelled

13In the presence of discrete symmetries we denote by X0 the associated Weierstraß fibration. To study
the topological string A-model, which is independent of the complex structure moduli, we can further
replace any singular geometry by its smooth deformation.

– 29 –



J
H
E
P
0
3
(
2
0
2
3
)
0
9
0

by a choice s ∈ Zn, that stabilizes the singularities and leads to a regular closed string
worldsheet theory. In the open string sector, this leads to a so-called non-commutative
resolution of X0 and in both sectors we denote the corresponding background by X0,n.c.s.
Following our analysis in section 2, we expect F-theory on X0×T 2 with discrete holonomy
(r, s) = (0, s) to be dual to Type IIA on X0,n.c.s.

At the level of the topological string partition function, the effect of the B-field is to
multiply each contribution by µmsqn , where q is the Zn charge and m takes into account
multi-coverings of a curve [45]. When C is primitive, there are no such multi-covering
contributions andm = 1. The phase then precisely matches the twining of the elliptic genus
in (5.9). However, the discrete holonomy induces the same twining on the worldsheets of
bound states of multiple strings. We therefore conclude that

ZC [X0,n.c.s](t, τ, λ) = Z
(0,s)
C (τ, λ) , (5.10)

in terms of the expansion (5.7) of the topological string partition function on X0,n.c.s.
This relation essentially generalizes to arbitrary choices (r, s), but there is a subtlety

related to the normalization of the Kähler parameters. This can already be seen when
considering (r, s) = (1, 0). Let us again denote the geometry that corresponds to an
element r of the Tate-Shafarevich group X(X0) = Zn by Xr. As discovered in [45], the
topological string partition function on X1 = X1,n.c.0 is related to that on X0,n.c.1 by a
Fricke involution

Fn : τ → − 1
nτ

. (5.11)

However, from the two-dimensional perspective discussed in section 4, the twisted twined el-
liptic genera corresponding to (r, s) = (0, 1), (1, 0) are related by a simple S-transformation

S : τ → −1
τ
. (5.12)

The reason for this difference is, that the Kähler parameters are normalized such that
the exponents in the expansion of the topological string partition function are integral.
In particular, the Kähler parameter τ associated to X1 is choosen to be 1/n times the
complexified volume of the generic fiber [42]. Taking this into account, we find that the
twisted elliptic genera are encoded in the topological string partition function on Xr as

ZC [Xr,n.c.0]
(
t,
gcd(r, n)

n
τ, λ

)
= Z

(r,0)
C (τ, λ) . (5.13)

If n is prime, all of the twisted elliptic genera Z(r,s)
C with r 6= 0 can then be obtained from

Z
(1,0)
C by SL(2,Z) transformations.

For F-theory vauca that have Zn symmetries with non-prime values of n, the remain-
ing partition functions can also be calculated. The Tate-Shafarevich group X(X0) then
contains additional singular genus one fibrations and one has to consider all of the smooth
deformations of the associated (partial) non-commutative resolutions. The relevant net-
works of geometries for examples with n = 2, . . . , 5, as well as the corresponding vector
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valued modular transformations of the topological string partition functions, have been
worked out in [45]. However, the relation to the twisted twined elliptic genera is slightly
more involved, due to the mixing of symmetries encoded in (2.6), and we leave a detailed
discussion for future work.

5.3 The discrete ’t Hooft anomaly as a height-pairing

Using the modular properties of the topological string amplitudes, we are now in a position
to relate the worldsheet Zn ’t Hooft anomaly, and by anomaly inflow the six-dimensional
global discrete anomaly, to the geometry of the genus one fibration. Here we will first
summarize the result and then in section 5.4 show that all of the anomalies, global and
local, are directly encoded in certain auto-equivalences of the category of topological B-
branes on X1. Recall that some basic definitions related to modular and Jacobi forms are
summarized in appendix C.

It was found in [42], generalizing results for elliptic fibrations from [92, 105], that the
base degree β topological string partition function on a smooth genus one fibration X1
with an n-section takes the form

ZC [X1](τ, λ) = Z
(1,0)
C (nτ, λ) = ∆2n(τ)

lC
n

η(nτ)12c1(B)·C · φ̃C(τ, λ) , (5.14)

where ∆2n(τ) ∈ M2n(Γ1(n)) is a particular cusp form and φ̃C(τ, λ) is some meromorphic
Γ1(n) Jacobi form. The weight and index of φ̃C(τ, λ) are such that ZC [X1] itself transforms
like a Jacobi form of weight 0 and index rλ(C) but its precise form will not be relevant
to us. At least for low degrees C, it can usually be fixed using known boundary data or
Gopakumar-Vafa invariants.

To determine the exponent lC/n of ∆2n, one first needs to choose some n-section
E

(n)
0 on X1, which, as will be explained in the following section, also defines the Kähler

parameter τ , and introduce the height pairing

D = −π−1π∗
(
E

(n)
0 · E(n)

0

)
. (5.15)

The fractional part of the exponent is then determined by the congruence relation [42]

lC = 1
2
[
n2c1(B)−D

]
· C mod n , (5.16)

where we implicitly identify the vertical divisor D ∈ H4(X1) with its image in H2(B).
Using the transformation properties discussed in appendix C it follows that

Tn : Z(1,0)
C (τ, λ) 7→µ−kCn Z

(1,0)
C (τ, λ) , kC = 1

2D · C .
(5.17)

The phase µ−kCn receives two contributions. The first contribution of eπinc1(B)·C comes
from the factor of η(τ)−12c1(B)·C , where −c1(B) · C/2 corresponds to the vacuum energy
on the non-critical string worldsheet [108]. This already appears for the ordinary elliptic
genera associated to smooth elliptic fibrations and measures the gravitational anomaly, as
can also be seen by comparing with (5.4). On the other hand, the remaining contribution of
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µlCn comes precisely from the Zn ’t Hooft anomaly on the worldsheet that appears in (4.9)
of section 4.1. We thus find that the anomaly theory is

[lC ] ∈ H3(BZn,U(1)) . (5.18)

5.4 Anomalies from monodromies

In the previous subsection we have derived a geometric expression for the discrete ’t Hooft
anomaly by using the modular Ansatz for the topological string partition function on a
smooth genus one fibrationX1. Since the derivation of the precise form of this Ansatz in [42]
involved the use of Higgs transitions in F-theory, let us now discuss how the anomalies can
be directly related to the intersection theory on the smooth genus one fibration X1 by using
auto-equivalences on the category of topological B-branes.

For local anomalies associated to general continuous gauge groups, this has been carried
out in [42, 56], giving an alternative derivation of earlier results that were obtained using
duality with M-theory [17, 28, 109–111]. We therefore focus on the case where the six-
dimensional gauge symmetry is

G = Zn ×U(1) . (5.19)

The U(1) gauge symmetry is included to illustrate the effect of the corresponding local
anomaly but does not affect results for the global anomaly.

We can then assume that X1 is a smooth genus one fibered Calabi-Yau threefold with
an n-section over a base B. The presence of the U(1) gauge symmetry implies that the
rank of the Mordell-Weil group MW(X0) of the Jacobian fibration is r = 1 and, by a gen-
eralization of the Shioda-Tate-Wazir formula [29], X1 exhibits two independent n-sections
E

(n)
0 , E

(n)
1 . In addition, there are also vertical divisors Dl = π−1D̃l, l = 1, . . . , b2(B) which

are preimages of divisors D̃l ∈ H2(B,Z). To simplify the exposition, we assume that the
Mori cones are simplicial, with a basis C̃ l, l = 1, . . . , b2(B) on B, and choose the divisors
D̃l to be dual. We also introduce the curves C l = E

(n)
0 · π−1C̃ l on X1, such that

Ci ·Dj = n · δij . (5.20)

Following [42, 44], to construct a good modular parametrization of the Kähler form
we first need to introduce the shifted zero n-section

Ẽ
(n)
0 = E

(n)
0 + D

2n , D = −π−1π∗
(
E

(n)
0 · E(n)

0

)
, (5.21)

where D is the height pairing that also appeared in (5.15). For any vertical divisor Dl

these satisfy the relations

Ẽ
(n)
0 · Ẽ(n)

0 ·Dl = 0 ⇔ E
(n)
0 · E(n)

0 ·Dl = −E(n)
0 ·D ·Dl , (5.22)

which generalizes corresponding identities for rational sections E(1)
0 on elliptic fibrations

where D = c1(B). We also need the image of E(n)
1 under an n-section analogue σ(n) of the

Shioda map

Ẽ
(n)
1 = σ(n)(E(n)

1 ) ≡ E(n)
1 − E(n)

0 − 1
n

[
π−1π∗

(
E

(n)
1 · E(n)

0

)
+D

]
, (5.23)
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which is defined such that Ẽ(1)
1 is orthogonal to all curves C l. This satisfies π∗(Ẽ(n)

1 ·Ẽ
(n)
0 ) =

0 and we introduce the corresponding height pairing

b = −π−1π∗
(
Ẽ

(n)
1 · Ẽ(n)

1

)
. (5.24)

A suitable parametrization of the Kähler form on X1 is then given by

ω = τ · Ẽ(n)
0 +m · Ẽ(n)

1 +
b2(B)∑
i=1

ti ·Di . (5.25)

We denote the complexified volume associated to a curve C in the base by tC = ω · C.
Note that the choice of E(n)

0 , E
(n)
1 just reflects the freedom of choosing different generators

for the gauge symmetry.
The strategy is now to interpret the complexified Kähler parameters as central charges

of 2-branes and to lift the actions

T : τ → τ + 1 , U : τ → τ

nτ + 1 , (5.26)

to auto-equivalences on the category of topological B-branes. This can be done for every
torus fibered Calabi-Yau with an n-section and leads to generic expressions for the trans-
formation of the complete set of Kähler parameters. We refer to [42, 56] for the technical
details and here just state the result

U :
{
τ 7→ τ

nτ+1 , m 7→ m
nτ+1

tC 7→ tC + 1
2c1(B) · C − nm2

nτ+1
1
2b · C +O(Q)

,

T : τ 7→ τ + 1 , m 7→ m, tC → tC + 1
2nD · C ,

(5.27)

where the contributions O(Q) are exponentially suppressed in the large base limit and can
be neglected for our analysis. Let us stress, that the basis (5.25) including the shift of E(n)

0
by D in (5.21) was derived in [42, 56] only by requiring that the Kähler parameters do not
mix under these transformations, without any input from F-theory.

As was observed in [56], the modular properties of the topological string partition
function on X1 under Γ1(n)-transformations follow from the requirement that each term

ZC [X1](τ,m, λ)e2πit·C , (5.28)

remains invariant under (5.27),14 such that

ZC [X1]
(

τ

nτ + 1 ,m, λ
)

= e2πiae2πi nm
2

nτ+1
1
2 b·CZC [X1](τ,m, λ) ,

ZC [X1](τ + 1,m, λ) = µ
− 1

2D·C
n ZC [X1](τ,m, λ) ,

(5.29)

where again a = 1
2c1(B) ·C. From this one can directly read off the geometric expressions

for the local as well as the global ’t Hooft anomalies.
14The λ-dependent phase that arises from the local gravitational anomaly under the U -transformation

requires a slightly different treatment, due to its relation to the holomorphic anomaly of the topological
string. However, it can be absorbed by introducing an anti-holomorphic overall factor in ZC [X1] [92]. Here
we assume that this has been done but keep the anti-holomorphic dependence implicit.
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6 Conclusions

In this paper we have initiated the study of discrete anomalies in F-theory and of the
corresponding discrete Green-Schwarz mechanism. We have found new highly non-trivial
consistency conditions on the spectra, that seem to imply a discrete Swampland for general
6d supergravities, and also derived a geometric expression for the discrete anomaly in F-
theory on a torus fibered Calabi-Yau threefold.

By explicitly constructing the 7d anomaly theory of a self-dual chiral 2-form field
we have found that this depends on a choice of a quadratic refinement of the differential
cohomology pairing, as well as on an overall coupling `. For theories with G = Z3 and no
additional tensor multiplet, we observed that F-theory singles out a particular refinement,
which imposes new non-trivial consistency conditions on the discrete charged spectrum.
On the other hand, we found that the value of ` is in general not fixed by the massless
spectrum of an F-theory compactification and depends on the geometry of the Calabi-Yau.
Moreover, we have used the Z3-refined Gopakumar-Vafa invariants associated to a pair of
geometrically inequivalent fibrations that lead to the same massless spectrum in F-Theory
to demonstrate that the choice of ` affects the excitation spectrum of the non-critical
strings.

To derive a geometric expression for `, we have used anomaly inflow and identified
the 6d discrete Green-Schwarz coupling — up to a sign — with a ’t Hooft anomaly of the
induced global symmetry in the worldsheet theory of the non-critical strings that couple
to the 2-form fields. The anomalous crossing relations of topological symmetry lines then
allowed us to relate this to the modular properties of the twisted twined elliptic genera
of the strings. We also argued that the twisted twined elliptic genera are encoded in the
A-model topological string partition function on different non-commutative resolutions of
the elements of the Tate-Shafarevich groups of the Calabi-Yau. The modular properties of
the topological string partition function then allowed us to express the discrete anomaly
in terms of the height-pairing of a multi-section on a smooth genus one fibration.

Our results open up many interesting avenues for future investigation. From the su-
pergravity perspective, we have focused on theories with only a self-dual 2-form field and
Z3 gauge symmetry. In future work we plan to extend our analysis to include additional
tensor multiplets as well as more general discrete symmetries. It will be very interesting to
see which constraints arise in constructing the corresponding Green-Schwarz mechanisms
and, eventually, to work out the boundaries of the landscape of discrete symmetries in
F-theory.

An open issue that we plan to resolve is the precise relation between the global gauge
and ’t Hooft anomalies under anomaly inflow, eliminating the sign ambiguity. While the
general strategy will be be analogous to the matching of the local anomalies carried out
in [84], extra care is necessary when treating the Bianchi identity in the presence of a string
that couples to a non-trivial discrete gauge bundle. This will likely also require us to clarify
the role of the String structure.

Another aspect that we would like to investigate in future work is the relationship
between local and global anomalies under Higgs transitions that break a continuous gauge
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symmetry to a discrete subgroup. In general, a previously local anomaly can contribute to
both the local and global anomalies of the Higgsed theory. At the level of 2d theories, this
has been studied already in [91]. From a more modern perspective, the total anomaly is
encoded in the cohomology of the so-called Madsen-Tillman spectrum [112, 113]. Exam-
ples of this “anomaly interplay” in two- and four-dimensional theories have been studied
in [78, 114, 115]. It will be very interesting to extend this to six-dimensional theories and
to see whether the discrete anomaly cancellation conditions, that arise from the particular
quadratic refinement choosen by F-theory, imply non-trivial constraints that go beyond
the cancellation of local anomalies in an un-Higgsed theory.

In our analysis we have only touched upon the worldsheet theories of the self-dual
strings and focused on measuring the corresponding ’t Hooft anomalies. Working out the
actual field content should be possible using the techniques developed e.g. in [94]. Con-
sistency of these theories could potentially lead to constraints on the possible discrete
symmetries themselves, analogous to the results obtained by [5, 25] bounding the rank
of continuous gauge groups. Moreover, the elliptic genus can be seen as an invariant of
deformation families of two-dimensional superconformal field theories, which are conjec-
turally classified by the cohomology that is associated to the point by the spectrum of
topological modular forms [116]. The latter is graded by the gravitational anomaly, see
e.g. [117, 118]. The discrete ’t Hooft anomaly provides an additional grading and leads to
a further vector valued structure, similar to the effect of the defect group on the strings
that arise from compactifications of 6d SCFTs on four-manifolds, studied in [117]. Again,
we leave a further investigation of this aspect to future work.
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A Cubic fibrations from monad-bundles

A generic genus one fibration with a 3-section is birational to a fibration π : X → B of
cubic curves in P2. If the Brauer group of B is trivial, the latter can always be realized
as a hypersurface in the projectivization P(V ) of an algebraic rank 3 vector bundle on the
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base B. However, in general V will not be a toric bundle. To obtain a larger class of
rank 3 bundles on a base B we use the so-called Monad construction. An introduction to
Monad bundles, albeit in the different context of heterotic string compactifications, can be
found in [119].

The monad bundles V that we consider are defined via short exact sequences

0→ V →W
f−→ U → 0 , (A.1)

where W and U are sums of line bundles on B and V = ker(f). The rank rV of V is then
given by

rV = rW − rU . (A.2)

while the first and second Chern classes are

c1(V ) = c1(W )− c1(U) , c2(V ) = c2(W ) + c1(U)2 − c2(U)− c1(W )c1(U) . (A.3)

Using the results from [32], the multiplicity n±1 of hypermultiplets with Z3 charge ±1 and
the Euler characteristic χ of X can be expressed in terms of the Chern classes of V and
the first Chern class c1(B) of B as

n±1 = 1
2
(
42c1(B)2 + 3∆(V )

)
, χ = 3∆(V )− 18c1(B)2 , (A.4)

where ∆ is the Bogomolov discriminant, which for a rank 3 bundle V takes the form

∆(V ) = 2(3c2(V )− c1(V )2) . (A.5)

The Bogomolov discriminant appears, because it is invariant under tensoring of V with a
line bundle and therefore an actual invariant of the projective bundle P(V ).

We will mainly focus on fibrations over B = P2, such that

W =
rW⊕
i=1
OP2(wi) , U =

rU⊕
j=1
OP2(uj) . (A.6)

To ensure that V is indeed a vector bundle it suffices to require that uj ≥ wi for all i, j
and that f is sufficiently generic [120]. Using P(V ⊗ L) = P(V ) for any line bundle L we
impose that w1 = 0 and wi ≤ 0 for 1 < i ≤ rW .

The projective bundle P(V ), and as a consequence the Calabi-Yau hypersurface, can
actually be described as a complete intersection in the toric variety P(W ). The subspace
P(V ) is obtained as the vanishing locus of three polynomials that are linear in the homoge-
neous coordinates of the fiber but of respective degrees ui, i = 1, . . . , 3 with respect to the
base coordinates. The Calabi-Yau will be smooth if the complete intersection corresponds
to a nef partition of the anti-canonical class of P(W ) [67]. By explicit calculation one finds
that this is the case if and only if

rW∑
i=1

wi ≥ −3 . (A.7)

– 36 –



J
H
E
P
0
3
(
2
0
2
3
)
0
9
0

On the other hand, if ui = wj for some i, j, the corresponding line bundle can be removed
from W and U without affecting V . Without loss of generality we can therefore restrict to
rW = 6, rU = 3 and write

(w1, . . . , w6) = (−~v, 0, 0, 0) , (A.8)

for some ~v ∈ N3. We have to consider all choices ~u,~v ∈ N3 with

3∑
i=1

(ui + vi) ≤ 3 . (A.9)

To avoid redundancy we can further impose ui ≥ uj , vi ≥ vj if i > j.
For each of the 16 possible choices we calculate the Hodge numbers of the anti-canonical

Calabi-Yau hypersurface using cohomCalg [121] and find 14 cases with h1,1 = 2. Wall’s
theorem implies that the homotopy type of a Calabi-Yau threefold is determined by the
Hodge numbers, the intersection numbers and the second Chern class [122]. Two of the 14
geometries turn out to be Wall equivalent and to avoid redundancy we only include one of
them. In the end we therefore obtain 13 inequivalent Calabi-Yau threefolds that are genus
one fibered over P2 with a 3-section.

For each geometry we also choose a basis of divisors D1, D2 such that D1 is the class
of a 3-section and D2 = π−1(H) is a vertical divisor with H being the hyperplane class in
P2, and the triple intersection numbers on the corresponding Calabi-Yau Y are defined as

cijk =
∫
Y
DiDjDk . (A.10)

The topological invariants associated to the 13 geometries, together with the resulting F-
theory spectra, the invariants of a representative bundle V and the corresponding values
for ~v, ~u are listed in table 3.

B Anomaly theory for 6d supergravity without gauge group

In this appendix we summarize the anomaly theory for six-dimensional supergravity the-
ories without gauge group. Since the anomalies consequently are pure gravitational and
their global part

ΩSpin
7 (pt) = 0 , (B.1)

vanishes, we can directly relate our findings to the anomaly polynomial I8. The absence
of a gauge symmetry determines the number of vector multiplets V = 0, leaving us with
the gravity multiplet containing a positive chirality gravitino and a self-dual tensor, T
tensor multiplets containing a negative chirality spinor and the anti-self-dual tensor field,
as well as H hypermultiplets containing negative chirality spinors. The η-invariant for the
gravitino is given by

ηgravitino = −(ηRS − 2ηD) , (B.2)
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# n±1 n0 χ l c111 c112 c122 c222 c1,V c2,V ∆V v1 v2 v3 u1 u2 u3
1 177 96 −186 2 14 7 3 0 −2 0 −8 −2 0 0 0 0 0
2 180 93 −180 0 3 3 3 0 −3 2 −6 −2 −1 0 0 0 0
3 186 87 −168 1 5 5 3 0 −1 0 −2 −1 0 0 0 0 0
4 186 87 −168 2 11 7 3 0 −2 1 −2 −1 −1 0 0 0 0
5 189 84 −162 0 0 3 3 0 0 0 0 0 0 0 0 0 0
6 195 78 −150 1 2 5 3 0 −1 1 4 0 0 0 0 0 1
7 195 78 −150 2 8 7 3 0 −2 2 4 −1 0 0 0 0 1
8 198 75 −144 0 15 9 3 0 −3 4 6 −1 −1 0 0 0 1
9 204 69 −132 2 5 7 3 0 −2 3 10 0 0 0 0 1 1
10 207 66 −126 0 12 9 3 0 −3 5 12 −1 0 0 0 1 1
11 213 60 −114 2 2 7 3 0 −2 4 16 0 0 0 0 0 2
12 216 57 −108 0 9 9 3 0 −3 6 18 0 0 0 1 1 1
13 225 48 −90 0 6 9 3 0 −3 7 24 0 0 0 0 1 2

Table 3. Our monad construction leads to 13 inequivalent Calabi-Yau threefolds with h1,1 = 2
that are genus one fibered over P2 with a 3-section. Here we list the corresponding numbers n±1 of
Z3 charged, and n0 uncharged hypermultiples in F-theory, the Euler characteristics χ, the ’t Hooft
anomaly coefficients l, the triple intersection numbers cijk and the data associated to the monad
bundles V .

with RS denoting the η-invariant for the spin- 3
2 Rarita-Schwinger operator. The overall

minus sign indicates the positive chirality of the gravitino and the subtraction of two Dirac
η-invariants accounts for the additional contribution of the longitudinal polarization and
extra dimension for the RS operator in seven dimensions. From the main text we have
seen that the gravitational contribution of (anti-)self-dual tensor fields is given by

ABgrav = ±28 ηD , (B.3)

with +/− sign for anti-self-dual and self-dual tensors, respectively. Giving the full contri-
bution to the anomaly theory

Agrav = −(ηRS − 2 ηD)− 28 ηD +H ηD + (28 + 1)T ηD . (B.4)

Extending the 7-manifold N to an 8-manifold W with ∂W = N and using the index
densities for Dirac and Rarita-Schwinger operator15

ηD[N ] = − 1
5760

∫
W

(7p2
1 − 4p2) mod Z ,

ηRS[N ] = − 1
720

∫
W

(37p2
1 − 124p2) + 1

5760

∫
W

(7p2
1 − 4p2) mod Z ,

(B.5)

15Due to the extension by another dimension for W one once more needs to subtract a Dirac contribution
for ηRS.
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this can written as∫
N
Agrav =

∫
W

(
− 1

5760(H + 29T − 273)
(
7p2

1 − 4p2
)
− 1

4p
2
1

)
=
∫
W

(
− 1

5760(H + 29T − 273)
(
trR4 + 5

4
(
trR2)2)− 1

16
(
trR2)2) . (B.6)

This precisely matches the irreducible gravitational anomaly and the gravitino contribution
to the reducible gravitational anomaly, see e.g. [18].

C Modular and Jacobi forms

In this appendix we collect some relevant properties of modular- and Jacobi forms.
A weak Jacobi form of weight k and index m on a finite index subgroup Γ ⊆ SL(2,Z)

is a holomorphic function φk,m(τ, z) on H× C that satisfies [123]

φk,m

(
aτ + b

cτ + d
,

z

cτ + d

)
= (cτ + d)ke2πimcz

2
cτ+d φk,m(τ, z) ,

(
a b
c d

)
∈ Γ ,

φk,m(τ, z + λτ + µ) = e−2πim(λ2τ+2λz)φk,m(τ, z) , λ, µ ∈ Z ,
(C.1)

and admits a Fourier expansion around all the cusps, i.e.

(cτ + d)−ke−2πimcz
2

cτ+d φk,m

(
aτ + b

cτ + b
,

z

cτ + d

)
=
∞∑
n=0

∞∑
r=−∞

c(n, r)qnζr ,
(
a b
c d

)
∈ SL(2,Z) ,

(C.2)

with q = e2πiτ , ζ = e2πiz. A weak Jacobi form is called a Jacobi form if the coefficients
c(n, r) in (C.2) vanish unless n ≥ r2/4m. More generally, one can consider lattice Jacobi
forms φk,M (τ, z1, . . . , zr) which depend on multiple elliptic parameters z1, . . . zr and the in-
dexm is replaced by an r×r index matrixM . The generalization of (C.1) is straightforward
and we refer e.g. to [101] for additional details.

The ring of even index SL(2,Z) weak Jacobi forms Jweak is generated over the corre-
sponding ring of modular forms by the elements

φ−2,1(τ, z) = ϑ2
1(τ, z)
η(τ)6 , φ0,1(τ, z) = 4

(
ϑ2(τ, z)2

ϑ2(τ)2 + ϑ3(τ, z)2

ϑ3(τ)2 + ϑ4(τ, z)2

ϑ4(τ)2

)
, (C.3)

where ϑi(τ, z), i = 1, . . . , 4 are the Jacobi theta functions, with ϑi(τ) = ϑi(τ, 0), such that

φ−2,1(τ, z) = 1
ζ
− 2 + ζ − q

( 2
ζ2 −

8
ζ

+ 12− 8ζ + 2ζ2
)

+O(q2) , (C.4)

φ0,1(τ, z) = 1
ζ

+ 10 + ζ + q

(10
ζ2 −

64
ζ

+ 108− 64ζ + 10ζ2
)

+O(q2) . (C.5)

We denote the ring of weight k modular forms on Γ1(N) by Mk(Γ1(N)). Generators
of the rings for N ≤ 6 can be found e.g. in the appendix of [45]. Of particular importance
to our discussion are the two weight 2N cusp forms on Γ1(N),

∆2N (τ) = 1
q · φ−2,1(Nτ, τ)N , ∆′2N (τ) = 1

φ−2,1(τ, 1/N)N , (C.6)
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that are related by the Fricke involution FN : τ → −1/Nτ as

FN : ∆2N (τ)→ τ2N∆′2N (τ) . (C.7)

Under T : τ → τ + 1 an N -th root of ∆2N (τ) transforms as

T : ∆
1
N
2N (τ)→ µ−1

N ∆
1
N
2N (τ) , (C.8)

where we defined the N -th root of unity µN = e2πi/N .
Let us also note the transformation properties of ∆′2N (τ) under

UN : τ → τ

Nτ + 1 . (C.9)

Using the general properties of Jacobi forms it is easy to see that

UN : φk,m(τ, 1/N)→µ−mN (Nτ + 1)kφk,m(τ, 1/N) , (C.10)

and therefore ∆′2N
1
N transforms under the action (4.4) as

UN : ∆′2N
1
N → µN (Nτ + 1)2∆′2N

1
N . (C.11)

On the other hand, the Dedekind eta function transforms as

UN : η(τ)→ e−Nπi/12√Nτ + 1η(τ) . (C.12)

D Anomalies in supergravity theories with Abelian symmetries

Six-dimensional N = 1 supergravities are highly constrained by perturbative anomalies.
Nevertheless, those anomalies still allow for a wide range of solutions. It is expected that
the majority of these can not be realized in string theory and are in the Swampland.

For a U(1)r theory coupled to gravity, conditions that the pure gauge and gauge-
gravitational anomaly can be cancelled by the generalized Green-Schwarz mechanism are
given by

U(1)i ·U(1)j ·U(1)m ·U(1)n : bi,j · bm,n = ∑
k qiqjqmqnn(qi,qj ,qm,qn) ,

U(1)i ·U(1)j ·Grav2 : a · bi,j = ∑
k qiqjn(qi,qj) ,

(D.1)

with a, bi,j being vectors in the SO(1, T ) anomaly lattice and n(qi,qj) the multiplicity of
hypermultiplets with charges (qi, qj) under U(1)i,U(1)j . Together with the corresponding
conditions for the pure gravitational anomalies

a · a = 9− T , H − r + 29T = 273 , (D.2)

these still allow for an infinite set of seemingly consistent theories, as has systematically
been analyzed in [24, 124]. For example, in theories with T = 9 and no massless charged
hypermultiplets, the rank r is unbounded [124]. However, imposing consistency of the
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worldsheet theories of the non-critical strings, an upper bound r ≤ 16 for theories with
T > 0 was recently derived in [5].

Similarly, the anomaly conditions themselves are not strong enough to bound the
maximal U(1) charge of hypermultiplets. When setting T = 0 one may consider a massless
spectrum [24] which is given as

H : {nq, np, np+q, n0} = {54, 54, 54, 112} , with a = 3 , b11 = 6(p2 + pq + q2) . (D.3)

This solves (D.1) and (D.2) for any pair q, p. At this point, there is also no general argument
from string theory that imposes an upper bound on the largest possible charge. The only
constraints so far, rely on various concrete string constructions: Fully resolved compact
Calabi-Yau threefolds that lead to F-theory vacua with hypermultiplets of U(1) charge
q = 5, that can also be used to Higgs to a Z5, have been constructed in [44]. Semi-local as
well as perturbative IIB constructions yield charges up to q = 6, see for example [125, 126],
while an indirect construction, based on a Higgs chain starting with a non-Abelian group
and exotic matter, might even yield charges up to q = 21 [127].

The maximal possible U(1) charges for massless hypermultiplets is, via Higgs transi-
tions, closely related to the question about possible discrete gauge symmetries. Currently
there is also no bound on the degree of the (minimal) multi-sections in genus-one fibrations
that could indicate a maximal Zn symmetry. Attempts in classifying genus one fibrations
have been put forward in [128] and indirect arguments for such bounds have been given
in [37, 41, 45, 129], indicating that Z6 might be the maximum.

Anomalies of Zn discrete gauge theories have also been considered in [68], using similar
techniques to the ones we apply in this work. There it was found that the differences ∆ns
of the multiplicities of discrete charged singlets of two theories that are free of anomalies
have to satisfy

n−1∑
s=1

∆ns
24n

(
2s2 − 2ns− n2s2 + 2ns3 − s4

)
= 0 mod 1 . (D.4)

Including 2-form fields and using the general structure of the 7d Wu-Chern-Simons theory
and its quadratic refinements it was argued [68] that this condition is a priori weakened
and, specialized to Z3, the generic constraint on the difference of spectra is

Z3 : 1
3(∆n1 + ∆n2) = 0 mod 1 . (D.5)

Note that this does not constrain the absolute multiplicities n1 and n2 in the theories
themselves.

E Gopakumar-Vafa invariants

Here we compare the Gopakumar-Vafa invariants associated to a pair (X(1)
1 , X

(2)
1 ) of in-

equivalent genus one fibered Calabi-Yau threefolds that lead to a G = Z3 gauge symmetry
and identical massless spectra in F-theory. We also compare the Z3-refined invariants as-
sociated to the corresponding Jacobian fibrations (X(1)

0 , X
(2)
0 ) following [45]. We focus on
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n
(d1,d2)
g=0 d2 = 0 1 2 3 4
d1 = 0 0 18 −2 0 0

1 186 2439 442 −512 768
2 186 58032 480662 109488 −119142
3 168 709281 39212788 232354413 60915700
4 186 5931612 1402803900 35519961168 165368736700

Table 4. Genus 0 GV-invariants associated to X(1)
1 .

n
(d1,d2),q=0
g=0 d2 = 0 1 2 3
d1 = 0 0 3 −6 27

1 168 −336 840 −5376
2 168 47952 −192144 1688904
3 168 68025204 24932016 −304414536
4 168 7257658029 −16644397488 74703349650

n
(d1,d2),q=±1
g=0 d2 = 0 1 2 3
d1 = 0 0 0 0 0

1 186 −372 930 −5952
2 186 47709 −191208 1681533
3 186 68022990 24939252 −304484232
4 186 7257644763 −16644331086 74702754525

Table 5. Z3-refined genus 0 GV-invariants with Z3 charge q ∈ {0,±1} associated to X(1)
0 .

the geometries 3, 4 in tables 2 and 3. They can be realized as anti-canonical hypersurfaces
in the respective toric ambient spaces

M (1) = P(O(−1)⊕O⊕2 → P2) , M (2) = P(O(−1)⊕2 ⊕O → P2) . (E.1)

Gopakumar-Vafa invariants are physically defined as certain traces over multipicities
of BPS states in the five-dimensional M-theory compactification on a Calabi-Yau and are
encoded in the A-model topological string partition function [130, 131]. In the case of a
genus one fibration X1 with an n-section, it was recently found that there are, in addition
to the GV-invariants associated to X1 itself, also Zn-refined GV invariants that can be ex-
tracted by combining information from the topological string partition function on the non-
commutative resolutions X0,n.c.s of the singular Jacobian fibration X0 and its smooth de-
formation X0,def. [45]. The refined invariant are associated to M-theory on X0 and take into
account the charge of the BPS particles under the Zn gauge symmetry. We will just state
the result of the calculation at genus zero and refer to [45] for any of the technical details.

Some genus zero Gopakumar-Vafa invariants n(d1,d2)
g associated to X(1)

1 and X(2)
1 are

listed in tables 4 and 6. The corresponding Z3-refined GV invariants n(d1,d2),q
g associated

to the Jacobian fibrations X(1)
0 and X(2)

0 are provided in tables 5 and 7. In each case d1
refers to the degree with respect to the fiber or, in the case of the genus one fibrations, a
component of a reducible I2 such that the generic fiber has degree d1 = 3. The degree with
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n
(d1,d2)
g=0 d2 = 0 1 2 3 4
d1 = 0 0 1 0 0 0

1 186 640 0 0 0
2 186 22295 10032 0 0
3 168 324012 2367222 288384 0
4 186 3017570 138486166 239874519 10979984

Table 6. Genus 0 GV-invariants associated to X(2)
1 .

n
(d1,d2),q=0
g=0 d2 = 0 1 2 3
d1 = 0 0 3 −6 27

1 168 −336 840 −5376
2 168 47952 −192144 1688904
3 168 68024232 24932016 −304414536
4 168 7257653655 −16644388740 74703327780

n
(d1,d2),q=±1
g=0 d2 = 0 1 2 3
d1 = 0 0 0 0 0

1 186 −372 930 −5952
2 186 47709 −191208 1681533
3 186 68023476 24939252 −304484232
4 186 7257646950 −16644335460 74702765460

Table 7. Z3-refined genus 0 GV-invariants with Z3 charge q ∈ {0,±1} associated to X(2)
0 .

respect to the hyperplane class of the base P2 is denoted by d2. The refined invariants are
also labelled by the Z3 charge q. The genus g is related to the representations under the
SO(4) little group.

Comparing the GV-invariants associated to X
(1)
1 and X

(2)
1 in tables 4 and 6, it is

immediately clear that X(1)
1 are X(2)

1 lead to different M-theory vacua. The Z3-refined
invariants in the tables 5 and 7 also differ but only for degrees d1 ≥ 3, corresponding to
higher excitations of the self-dual strings. Nevertheless, this demonstrates that the excita-
tion spectra of the strings, and therefore the F-theory vacua associated to X(1)

0 and X(2)
0 ,

are also physically distinct. It would be very interesting to develop a better understanding
of the corresponding worldsheet theories and to study the effect of the anomaly further in
future work.
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