PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: February 22, 2023
ACCEPTED: February 22, 2023
PUBLISHED: March 9, 2023

Matrix and tensor witnesses of hidden symmetry
algebras

Sanjaye Ramgoolam®’ and Lewis Sword®

@ Centre for Theoretical Physics, Department of Physics and Astronomy,
Queen Mary University of London,
327 Mile End Road, London E1 4NS, U.K.
b National Institute for Theoretical Physics, School of Physics and Centre for Theoretical Physics,

University of the Witwatersrand,
Wits, 2050, South Africa

E-mail: s.ramgoolam@qmul.ac.uk, 1.sword@qmul.ac.uk

ABSTRACT: Permutation group algebras, and their generalizations called permutation cen-
tralizer algebras (PCAs), play a central role as hidden symmetries in the combinatorics
of large N gauge theories and matrix models with manifest continuous gauge symmetries.
Polynomial functions invariant under the manifest symmetries are the observables of in-
terest and have applications in AdS/CFT. We compute such correlators in the presence of
matrix or tensor witnesses, which by definition, can include a matrix or tensor field ap-
pearing as a coupling in the action (i.e a spurion) or as a classical (un-integrated) field in
the observables, appearing alongside quantum (integrated) fields. In both matrix and ten-
sor cases we find that two-point correlators of general gauge-invariant observables can be
written in terms of gauge invariant functions of the witness fields, with coefficients given by
structure constants of the associated PCAs. Fourier transformation on the relevant PCAs,
relates combinatorial bases to representation theoretic bases. The representation theory ba-
sis elements obey orthogonality results for the two-point correlators which generalise known
orthogonality relations to the case with witness fields. The new orthogonality equations
involve two representation basis elements for observables as input and a representation
basis observable constructed purely from witness fields as the output. These equations
extend known equations in the super-integrability programme initiated by Mironov and
Morozov, and are a direct physical realization of the Wedderburn-Artin decompositions of
the hidden permutation centralizer algebras of matrix/tensor models.

KEYWORDS: Discrete Symmetries, Gauge Symmetry, Gauge-Gravity Correspondence, Ma-
trix Models

ARrRX1v EPRINT: 2302.01206

OPEN AccESS, © The Authors.

Article funded by SCOAP®. https://doi.org/10.1007 /JHEP03(2023)056


mailto:s.ramgoolam@qmul.ac.uk
mailto:l.sword@qmul.ac.uk
https://arxiv.org/abs/2302.01206
https://doi.org/10.1007/JHEP03(2023)056

Contents

Introduction

Algebras and single matrix correlators with matrix witnesses

2.1  Two-point function of general operators with matrix coupling

2.2 Fourier basis for two-point function with matrix coupling

2.3 Gauge invariant functions (observables) of quantum and classical fields

2.4 Fourier basis for two-point function with classical fields

Algebras and two-matrix correlators with two-matrix witnesses

3.1 Two-point function of general operators with matrix couplings for two-
matrix case

3.2 Fourier/Q-basis for the two-matrix, two-point function

3.3 Observable functions of quantum and classical fields for two-matrix case

3.4 Fourier/Q basis for two-matrix, two-point function with classical fields

Algebras and multi-matrix correlators with multi-matrix witnesses
4.1 Two point function of general operators with multi-matrix-couplings
4.2 Fourier/Q basis for multi-matrix correlator

4.3 Observable functions of multi-matrix quantum and classical fields

4.4  Fourier/@ basis for multi-matrix, two-point function with quantum and clas-
sical fields

Algebras and tensor correlators with tensor witnesses

5.1 Two-point function of general tensor operators with tensor quantum and
classical fields

5.2 Fourier/( basis

Summary and outlook

Deriving the two-point function with witness matrix field
Interpreting correlator diagrams

Delta function sums

Wedderburn-Artin basis properties for general matrix models

14
16
18

19

20
25
27
31

31
32
35
38

40

41

43
49

51

53

56

59

59




1 Introduction

Matrix models have played a prominent role in gauge-string duality, starting from the
duality between matrix models with double scaling limits and low-dimensional non-critical
strings [1-3]. They also arise in the description of BPS states and their correlators in
N = 4 super-Yang Mills theories. They are therefore important for the AdS/CFT duality
between N = 4 super-Yang Mills (SYM) theories and string theory on AdSs x S° [4-6].
In particular, complex matrix models with one complex variable matrix Z, and the U(N)
invariant polynomial functions of Z, are relevant for the half-BPS sector of N' = 4 super-
Yang Mills (SYM) with U(N) gauge group. AdS/CFT brings into focus the classification
of the invariant polynomial functions and the computation of their correlators. It was
observed in [7] that the breakdown of the standard map between multi-traces in SYM
and multi-particle states in AdS, for large dimension operators, is related to a failure of
orthogonality of multi-traces in the inner product constructed from 2-point functions of
holomorphic and anti-holomorphic gauge invariant operators. Sub-determinant operators
were also proposed as SYM duals of giant gravitons extended in the S®. Orthogonal bases
were thus recognised as important for the identification of bulk space-time duals for the
quantum states in the CF'T corresponding to large dimension local operators. This led
to the classification of half-BPS operators in U(N) N/ = 4 SYM theory with dimension
n in terms of operators Or(Z) labelled by Young diagrams R having n boxes [8]. These
operators were shown to be orthogonal in the free-field inner product, and this informed a
proposal for a general map between half-BPS gauge invariant operators in SYM to giant
gravitons in the string theory, distinguishing giant gravitons extended in the S® from those
extended in the AdS5 giants, and single-giant states from multi-giant states in terms of the
Young diagrams. This proposal has passed non-trivial checks based on the calculation of
3-point functions of large dimension operators in SYM and comparison with calculations
in the AdSs x S° (see [9-16]). The free-field inner product is equivalently expressible in
terms of a Gaussian matrix model correlator. The precise form of Or(Z) = xr(Z) will
be recalled in (2.42) of section 2.2: they are linear combinations of multi-trace operators
weighted by characters of the symmetric group S,,. The inner product was calculated as

(Or(2)05(21) = s DT )
where Dimy R is the dimension of the U(V) irreducible representation associated with
Young diagram R. This object is referred to throughout as the two-point correlator. The
reason for this nomenclature stems from the fact that the matrices Z and Z' are inserted at
a given point in spacetime, and the convention followed in this paper chooses to suppress
this spacetime dependence. In section 2.2 we consider a modification of the standard
Gaussian matrix model integral by introducing a matrix coupling A. The partition function
is modified as:

/ [dZ]e~ ™22 _ / (dZ)e"TZAZ) (1.2)

Similar modifications of hermitian matrix models have been considered in [17]. Using a
subscript A to denote the correlation functions calculated with this modified action, we



show that

n!Or(B)
dr

where B = A~1. The r.h.s. of (1.1) is recovered from the r.h.s. of (1.3) by setting B to be

equal to a unit matrix. The matrix-coupling dependent result is obtained by generalising

(Or(2)0s(Z")) 4 = brs (1.3)

the combinatorial and diagrammatic techniques in [8] and [18] to the case of the background
matrix coupling.

For operators of dimension n obeying n < N, a familiar basis of operators is given
by trace structures. For operators of dimension n, the different trace structures can be
parameterised by integers p = {p1,p2,- - ,pn} giving the powers of different traces

Op(Z) = (trZ)PL(tr Z*)P2 - - - (trZ™)P» (1.4)

These integers obey

n

n=pi+2p2+---+npy =Y ip; (1.5)
i=1
i.e, they define a partition of n. The linear change of basis between the O, and Opg is
given by

OR(2) = = 3 x(0) Os(2) = - 3 xE 0,(2) (16)

" o€Sh tpkn

where X{f is the character for any permutation ¢® in the conjugacy class p in S, |Tp| is
the number of group elements in the conjugacy class p and

Op(2) = T,|0, (Z) . (1.7)

For n > N, the operators Op(Z) form an overcomplete basis, due to finite N trace relations.
The description of the finite N state space is simple in terms of the Young diagram basis
elements Or(Z). We simply drop all Young diagrams with [(R) > N, where [(R) is the
number of rows in the Young diagram R. The two-point function (1.1) reflects this cutoff
since the r.h.s., viewed as a polynomial in N, vanishes for [(R) > N. The two-point
function in the trace basis is

(00, (2)(Opy(2))1) = Y OB, NP (1.8)

P1,p2
p3kn

where CF3 = are the structure constants of the commutative algebra formed by the centre
of Z(C(Sy)). These are described more explicitly in section 2.

A partition p of n determines a conjugacy class in S5,. The formal sum of group
elements in the conjugacy class, denoted T}, is an element in the group algebra C(.S,,) and
commutes with all elements of C(S,). As p ranges over all partitions of n, these 7T}, form
a basis for the centre of C(S,,). The multiplication of two of these central elements can be

expanded in terms of the same basis

TPI sz = Z Cgf,pngs (1'9)
p3



where CP3 = are the structure constants of the multiplication in the algebra Z(C(S,)). We
will show that, with the background matrix coupling A, the equation (1.8) admits a simple

modification

(0p (Z)(Opy(Z2)) ) a=nl > CB Oy, (B) (1.10)

p3|—’n

This shows that the class algebra of the symmetric group has a direct realization in terms
of matrix model correlators in the presence of a background matrix coupling. In (1.9) we
have a direct realisation of the same structure constants, purely within the algebra, with
no connection to matrix elements. To go from (1.9) to (1.10) we are simply decorating the
algebra elements with matrix model quantities:

Tp, — Op(2)
TP?. - (Opz(Z))T
Ty, — Op(B) (111)
The equality of the number of conjugacy classes and irreducible representations of a
finite group is a familiar mathematical fact. A related fact is that there is a change of
basis in the centre of the group algebra between a basis labelled by the conjugacy classes

and a basis labelled by irreducible representations. In the case of S, we have a basis of
(un-normalized) projectors

1
Pr=—3% xTp (1.12)
P

The multiplication in this basis is diagonal, i.e. zero unless that two projectors are identical:

Pr,

PR1PR2 = 5R1RQT (113)
Ry
To obtain (1.3) we apply the same map (1.11)
PR1 — OPRI (Z) = ORl(Z)
Pr, — (OPR2 (Z))T = ORz(ZT)
Pry, — Opy, (B) = Opy(B) (1.14)

Our derivation of the refined 2-point correlator in the Schur basis will in fact be obtained
by first deriving (1.10) and then Fourier transforming. The result (1.3) may be expected by
analogy to similar results in the super-integrability literature. Our derivation shows that
this result follows using Fourier transformation on a hidden symmetry algebra underlying
the combinatorics of invariant operators, which becomes visible (as in (1.10)) in the presence
of a background matrix coupling.

The super-integrability results in [17] also include examples where there is a classical
(un-integrated) matrix in the observable, alongside the quantum (integrated) matrix. Em-
ulating these results, we also show that an equation similar to (1.3) can be obtained by



considering gauge invariant operators constructed from classical as well as quantum fields.
The result takes the form

(OR(Z4) (Os(ZA)) = 51;1"%5(3) , (1.15)

where we now have B = ATA. This is also related by a Fourier transform on the algebra
Z(C(Sy)) to the fact that the structure constants of this algebra arise in 2-point functions
for operators labelled by permutations. In the context of AdS/CFT with N/ = 4 SYM,
where the theory has three complex matrices X, Y, Z, the matrix A could be Y, X which
transform in the same way as Z with an adjoint U(/V) action, so that the observables
ORr(ZA) are gauge-invariant under the simultaneous gauge transformation of Z and A.

Classical matrices which occur as couplings in the action are matrix spurions. Spurions
are coupling constants in quantum field theories which are promoted to fields (see for
example [19] for a recent effective field theory discussion). Here the matrix A can be
viewed as a matrix spurion in a zero-dimensional quantum field theory. Since there are
results of the same algebraic nature whether we consider classical (un-integrated) matrices
as coupling constants in the action or classical matrices appearing inside observables, it
is natural to have a single name for both uses of a classical field in a matrix model. We
propose to use “matrix witness” as a unifying terminology which includes a matrix being
used in either role. There is some resonance with the fact that classical objects appear
as measuring apparatuses in classical/quantum interactions. We leave the exploration of
witnesses, as defined here, for applications in quantum information theory as an intriguing
question for the future.

Motivated by the CFT description of open strings attached to giant gravitons, the
orthogonality relation (1.1) has been generalised to multi-matrix systems [20-26]. The
study of tensor models as combinatorial models of quantum gravity [27-31] and as models
of gauge-string duality [32] has also led to tensor generalisations of the orthogonality rela-
tion [33-36]. It has been recognised that these orthogonality equations for representation
theoretic bases are related to permutation centralizer algebras [37]. These are in general
non-commutative algebras. The starting point is that the observables can be constructed
by using a set of permutations to parametrize the contractions of upper and lower indices
of matrix or tensor fields. We will refer to these as the parameterising-permutations. There
are redundancies in the parameterising permutations, which are themselves described by a
smaller permutation group. It is useful to think of the smaller permutation group as giving
a discrete gauge symmetry which acts on the discrete set of parameterising-permutations.
Parameterising permutations which are gauge-equivalent give rise to the same gauge invari-
ant polynomial. In the case of the one-matrix problem with U(/V) invariants of degree n,

Parameterising permutations : G = S,

Gauge permutations : H = S, (1.16)

For the two-matrix problem with U(/V) invariants of degree m in one matrix and degree n



in the other

Parameterising permutations : G = Sy, 4n

Gauge permutations : H = S, X Sy, C Sptn (1.17)

In both of the above cases, the gauge permutations act by conjugation on G. For the case
of a complex 3-index tensor ® transforming in 3-fold tensor product Vy ® Vi ® Vv of the
fundamental representation Viy of U(IV), the construction of invariants of degree n in ®
and ® can be done by using

Parameterising permutations : G = S, X S, X Sy,

Gauge permutations : H = Diag(S,,) x Diag(Sy,) (1.18)

Diag(Sy,) is the diagonal sub-group of S, x S, x S, consisting of permutations v € S,
embedded diagonally in S, x S;, X Sy, as (,~,7). Writing the general parameterising S,, x
Sp xSy, elements as ordered triples (o1, 02, 03) with o1, 02, 03 € Sy, the gauge permutations
YL, YR € S, act as

(Y2, YR) : (01,02,03) = (YLO1YR, YLO2VYRs YLOSVR) (1.19)

with the v7 acting diagonally on the left and vgr acting diagonally on the right. In all
the above cases, the group action by H organises the set of permutations in G into gauge
orbits. Sums over G-permutations within an orbit of the H-action commute with H, and
form a combinatorial basis of a (G, H) permutation centralizer algebra (PCA). This is
defined as the subspace of the group algebra C(G) which is stabilised by elements of H.
A more detailed and more general account of permutation centralizer algebras is given
in [37]. The PCA for the 2-matrix models is closely related to Littlewood-Richardson
coefficients (reduction multiplicities for irreps of Sy, 4, to the subgroup S,, x S,), while
that for the tensor model the PCA (denoted KC(n)) is related to Kronecker coefficients
(Clebsch-Gordan multiplicities) for tensor products of S, irreps. These latter algebras
have been used to realise the squared Kronecker coefficients as the dimensions of null
spaces of combinatorially defined integer matrices: the null vectors can be obtained using
standard combinatorial integer matrix algorithms [38, 39]. Using an involution on K(n)
these remarks are generalised to the Kronecker coefficients themselves.

An important aspect of the PCAs is that there is a change of basis (Fourier transfor-
mation) from the combinatorial basis to a Wedderburn-Artin basis labelled by representa-
tion theory data (a collection of Young diagrams and associated representation theoretic
multiplicity labels). The Wedderburn-Artin basis shows that the associative algebras are
isomorphic to a direct sum of matrix algebras. A general discussion of the Wedderburn-
Artin theorem for associative algebras in a form we find accessible for physicists is in [40].
Explicit equations describing the bases which exhibit the isomorphism to a direct sum of
matrix algebras, drawing on the background physics literature, will be reviewed at the start
of sections 3, 4, 5. A general synopsis of this paper’s results is captured in figure 1.

The paper is organized as follows. Section 2 develops the results outlined in the
earlier part of this introduction for the complex 1-matrix model. Section 3 develops all



Correlators with Wick contraction Structure constants

Y

witness fields in of permutation

combinatorial basis centraliser algebras
A A
Fourier Transform Fourier Transform
Y Y
Correlators with | Wick contraction | Representation theoretic
witness fields in > orthogonality relations
W.A. basis with witness fields

Figure 1. The diagram demonstrates the core results of the paper. The action of Fourier trans-
forming exchanges combinatorial and Wedderburn-Artin (W.A.) bases, while Wick contractions are
used to produce the orthogonality relations of correlators as well as the structure constants of the
associated PCAs.

the analogous results for the complex 2-matrix model. Section 4 generalises this discussion
to the complex multi-matrix models. Section 5 describes how the structure constants of
the Kronecker PCA arise by using tensor witness fields appearing inside gauge invariant
composites of quantum (integrated) and classical (unintegrated) tensor fields.

2 Algebras and single matrix correlators with matrix witnesses

In this section we consider the complex-matrix model of a single complex matrix Z of
size N, transforming in the adjoint of U(N), which is relevant to the half-BPS sector of
N =4 SYM theory with U(N) gauge group. We first set up the notation following previous
work [8, 18]. The holomorphic gauge invariant functions of degree n are BPS operators
with dimension n. These are products of traces of powers of Z. For the N x N, complex
matrix Z and permutation o € S, we can define a gauge invariant operator (GIO) as

O (2) =272 ... .Zr = Tryen(Z2°"Ls) . (2.1)

lo(1) " Tig(n)

The indices i1, - - - , i, are summed over the range {1,--- , N}. The last expression indicates
that O,(Z) is the trace in the n-fold tensor product of the N-dimensional fundamental
representation Vy of U(N) of the product of two linear operators: Z®"L,. Here, L, has
the following action on the tensor product of basis vectors

Lolei @ @ei,) = ‘eia(l) ®"'®eig(n)> : (2.2)



It follows straightforwardly that these GIO satisfy
05(Z) = Oypy-1(Z) (2.3)

where v € S,,. This invariance means that the holomorphic gauge invariants can be de-
scribed in terms of equivalence classes of permutations o € S,,, obtained by conjugation
with permutations v € S,:

o~ ~yoy L. (2.4)

Sums of permutations o within an equivalence class belong to the centre Z[C[S,]] of the
group algebra C[S,]. These equivalence classes are the conjugacy classes in S,,, associated
with partitions p of n, which describe cycle structures of permutations. We denote as C,,
the conjugacy class of permutations associated with partition p, and let ¢® be any chosen
permutation in the class C,. The automorphism group Autz (o(”)), is the subgroup of

S, that leaves 0P invariant under conjugation i.e. the stabiliser subgroup composed of
the permutations v € S,,, that satisfy yo?)y~1 = ¢(). The order of this stabiliser group
depends only on p, and not the choice of ¢(P), and we denote this order as |[Autz (p)|. We
define central elements 7T}, labelled by partitions p as follows:

T, = e Aut Z oyt = 3" a € Z[C[S,]]. (2.5)

’YES'IL CXECp

As central elements T), satisfy T, = 4Ty~ ! for all v € S,,. The size of the class is denoted
by |C,| = |T,| and it is useful to note that |T),| = W.

The algebra Z[C[S,]] is an example of a permutation centraliser algebra (PCA) as
defined in [37]. As discussed in the introduction, the definition of the PCAs used in this
paper involves a set of parameterising permutations and a set of gauge permutations. In
this case the parametrising permutations o and the gauge permutations v are both general
permutations in S,, (as indicated in (1.16)). In section 2.1 we show that the two-point
function involving a holomorphic and an anti-holomorphic gauge invariant operator, in the
presence of an invertible matrix coupling A = B~!, can be written in terms of the structure
constants of the algebra Z[C[S,]]. In section 2.2 we perform the Fourier transform from
the basis in Z[C[S,]] labelled by partitions p to a basis labelled by Young diagrams, to
show that the Young-diagram-labelled operators form an orthogonal basis for the two-
point functions. In section 2.3 we consider gauge-invariant operators with the matrix Z
replaced by the matrix product ZY, where Y is another complex matrix (such as exists in
N =4 SYM), transforming in the adjoint of U(N). We define two-point functions where
Z is integrated while Y is left as an unintegrated classical field. We show that the results
are given in terms of the structure constants of Z[C[S,]]. In section 2.4 we use Fourier
transformation to obtain the orthogonal two-point functions in the Young diagram basis.
Thus we have the same structure of results whether we have matrix couplings or matrix
classical fields, both of which are referred to as examples of witness fields. The results of
this section provide the template which is emulated in subsequent sections, with Z[C[S,,]]
replaced by appropriate PCAs, which are in general non-commutative.



2.1 Two-point function of general operators with matrix coupling

The partition function of the single matrix model with coupling witness matrix A is
s[0] = / [dZ]e~T(ZAZY) (2.6)

and throughout we take A to be a positive definite Hermitian matrix. In appendix A, we
derive the basic correlator!

1

(Zj(ZN}) = S0}

i —Tr f iA— i
[1dz12( 20} ™A — 5i(A))s = 5B} (2.7)

where we set B = A~! and henceforth refer to B as the coupling witness field. Recalling
the permutation parameterisation of the GIO from (2.1)

OU(Z):TrV]%gn(Z(X’”ﬁ) zZh ...z (2.8)

o(1) to(n)’

the Hermitian conjugate is

(OU(Z))T:(Trvgn(zm,cg))T:(ZT)?l L (Zhm o =0,.(2h). (2.9)

toml(n) to=1(n)

By taking the expectation value of the product of (2.8) and (2.9), the two-point func-
tion/correlator of GIOs with coupling matrix field is

(05, (2)(Oay(Z))T)
1 - t
= 55 112100 (2)(@0, (2)) 17 A7) (210)
i
= (Tryon (29" Lo, (Trvlgn(Z®”£a2)) ) (2.11)
J— "il ’Ln T ]:1 T Jn
- izi <Zw1) B ATRCA) S (n)> (2.12)
1,225.-45tn
jl,j2,-~~;jn
= 5l ... B . gl 2.13
i1 1,22: in ’y; 3 Ly jdgl(W(n)) to1(1) toy(n) ( )
J15325--5dn
- Lo pho gl 2.14
i1 ZQZ in gb;n col Jw; Yy 1) to1(n) (214)
.717]27 7.777,
_ ~Lo1(1) st g pin 91
Z Z al'ya 1) T ]7_101702_1(71) 17_101(1) o Z”/_lal('n) ( ’ 5)

117127 ﬂn 'YESn
J1,925-20n

= > ZBJI . ‘“Bﬁfj_l . (2.16)

1 1
. N . 1
31,925-2dn YESn torroy (@ 1773 (7

=Y Tryen (B®n57,1m%_1) , (2.17)

YESh

"Note that (Z;Z[) = (Z");(Z")F) = 0, also.
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Figure 2. The diagrammatic representation of the one-matrix correlator with coupling witness field.
The expectation value of these gauge invariant operators can be written as a sum over permutations
by exchanging Z®" and (Z7)®" for permutation operators £,-1 and L., inserting B®" and then
swapping the indices. This tensor product of the coupling witness matrix B is incorporated when
the (y~1,v) permutations are inserted via Wick contraction, using equation (2.7).

In (2.13), Wick’s theorem has been used to write the correlator as a sum over permutations
v € S, in conjunction with the basic correlator of (2.7). The step between equations (2.14)
and (2.15) uses the following identity
ir(1 ir(n ; ;
6j0<(1)) "'5jg(<n)> = 6}1_10(” . 5}’:_10@) (2.18)
where the action of permutations on a number a is 7-'o(a) = o(771(a)), i.e. the chosen
convention is to act with the leftmost permutation first (left-to-right). We will refer to this
identity for products of Kronecker delta functions as Kronecker equivariance. It follows by
re-ordering the Kronecker delta’s. In equation (2.15), we also used the identity
(1 Jry(n j in
BBl =Bl Bl (2.19)
This follows from a similar re-ordering of the B-matrix elements. The final equation (2.17)
writes the correlator as a trace over the n-fold tensor product of V.
A neat way to understand the structure of the derivation and to anticipate the outcome
is to use the diagrammatic representation of linear operators in tensor spaces [18, 26].
Figure 2 demonstrates the original two-point function on the left, while the right hand
side replaces the matrix variables with permutation operators and the tensor product of
coupling matrix B. To obtain the result from the diagram, one follows a branch downward
and multiplies the B®™ and L operator boxes encountered. The horizontal bars on each
branch imply a trace by identifying the bottom and the top of the diagram. The figure
therefore expresses the correlator equation

<TrV]@V<>n(Z®"£Jl)TrV]§n((ZT)®"£UQ_1)> = > Trvgn(B(@"LW_lﬁmﬁwc%_l), (2.20)
YESn

~10 -



K = LO’T

J J

Figure 3. The diagrammatic interpretation of the multiplication of linear operators £, and L.

In terms of the tensor components of these operators, (Lo )" (L7)57 0" = (Lor) 3", where
3een i EREER) seedn

the sum over repeated £ indices is implicit.

and we infer the equation on the right, starting at B®™ in the right side diagram. From
definition (2.2), it is possible to show that multiple permutation operators acting on tensor
space follow the rule £,£; = L,r, where again, o7(i) = 7(0(7)) is the composition of
elements, applying left-to-right convention. This action is represented diagrammatically in
figure 3 and using this fact, the expression of (2.20) reduces to that of the derived result
in (2.16). For a more detailed discussion of the diagram interpretation and linear operators,
see appendix B.

Like the previous work without witness matrix fields, this two-point function is natu-
rally related to the cycle structure of the product of these permutations

(O (2)(Ooy(2)) = > > B}, - BJ" (2.21)

—1 1 —1
L . 1
YESR J1:925-In 7Ty (W 7oy ()

-1 (| ) (2.22)

YESh i=1

= Z Z ﬁ [TI'(Bi)}Ci(tm) 5(0_3_17710,1702—1). (2.23)

03E€Sy YESK i=1

1

Here “Tr” is the matrix trace and C;(y~ o170, 1) is the number of i-length cycles in the

permutation v~ 'oyyoy . In (2.23), a delta function on permutations is introduced using
o3 € Sy,. This is defined by 6(¢) = 1 for o = e (the identity element) and 6(¢) = 0 for all
other elements. From here, the appearance of the underlying PCA in the correlator can
also be made manifest. Since the o3 sum runs over the entire group, it can be decomposed

in terms of conjugacy classes/partitions

S 3 I ]

03€Sn YESK 1=1

= 2 ( > ﬁ [Tr(Bi)]Ci(a) 5(041710170—51)) (2.24)

YESK p3kn \ a€Cpy i=1

Ci(o3) 1

(o5 'y oryoy )

- 11 -



ﬁ {Tr Bl} (0@3))5( > a_17_101702_1> (2.25)

a€Cpy

s
=3 Opun(B) 2 8Ty lonroy ') | (2.26)
pskn

YESn

where p3 labels the conjugacy classes in the decomposition. Note that C;(«) is replaced
with CZ‘(O'(pS)) here, as both « and o(3) represent permutations from conjugacy class Cps
and therefore have the same cycle structure. Consequently, the sum over o can move inside
the delta function and since a and a~! belong to the same conjugacy class C,,, the PCA
element Ty, =3 0ecc,, @ = Xacc,, a1, is used. Equation (2.26) then sets

(o(P3)) on
= Tl“vlg;)n (B ﬁa(%)) = Og(p?)) (B) , (227)

n
H | Tx(BY) ]
following the general definition in equation (2.1), and noting again that ¢(3) is any repre-

sentative permutation from class C,,. At this point, it is useful to introduce the following
lemma.

Lemma 1. For v,01,09 € Sy, T, € Z[C[S,)]] the following equality holds

T
Y 0Ty ooy ) = Tl cr, (2.28)
or |1 | T |

where CB3 . is a Z[C[S,]] PCA structure constant and 01,0y L belong to conjugacy classes

C,., Cp, respectively.

Proof.
> 6(Tpy toyey ) = ) 5(Tp5 [ 2) 101(N1N2)U2_1) (2.29)
Vesn ,LL1€
= Z (ug p2) Tps iy 1y 01#1#2051) (2.30)
pES
= > 0| Ty py ooy st (2.31)
meSn \ Ty
o,
1 _ 1
== Y (Tl o) a0y 'y ) (2:32)
" p1,pu2€Sn
1 1
= Z K1 Lo Z H209 1:“21 (2.33)
11E€Sn 12ESn
[Autz (p1) |[Autz (p)) |
_ - 5 (Tps T Ty (2.34)
n!
5 (T Ty, Tpy) - (2.35)
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In (2.29), the sum over v has been replaced by a sum over p; with v — pipe. Equa-
tion (2.30) inserts the identity element e = 5 L1ip, while (2.31) cycles the oy ! permutation
to the right hand side of the delta and utilises Tp; = paTpspiy - An additional sum over
2 is introduced in (2.32), and the appropriate normalisation factor 1/n! introduced (see
appendix C for similar arguments). Equation (2.33) collects the sums inside the delta
functions, leading to the introduction of the PCA elements in (2.34), along with the auto-
morphism group sizes as per the PCA definition in (2.5). We take oy and o, ' to belong
to conjugacy classes C,, and Cp/2 respectively: the primes on the partition/class labels
indicating that they are related to an inverse permutation. The final step makes use of the
orbit-stabiliser theorem, whereby the size of the automorphism group is related to the con-
jugacy/equivalence class size and gauge permutation group order by [Autz(p)| = |Sn|/|Tp|-
As was the case with T),,, since a permutation and its inverse share the same conjugacy
class, the prime labels have subsequently been removed in (2.35).
The next step makes use of PCA multiplication and identities of the delta function

5(Tp3Tp1T chfpgd T T - Zépapkcgfpz‘Tpk‘ :‘ ’ plpz' (236)
Pk
Therefore
n!| T,
Y 3Ty ooy ) = T, |!p3 Gl (2.37)
YESn
O

The result of this lemma combined with equation (2.26), directly shows that upon
inclusion of a coupling matrix field, the correlator may be written as

T
(O (2)(Ong(Z)1) = 3 O, (B |Tp1',|§3' i (2.38)

p3tn

As the GIOs in the correlator are functions of conjugacy class, we may write Oy, = O_ ()
and O, = O_(»,). Additionally, since a PCA element is the sum of permutations in a given
equivalence class, the GIO may also be written in combinatorial basis form, using PCA
elements divided by the size of the class

1 1
O ) = 701“ = 70 ;- (2.39)
T T Tl
Therefore, by rearranging the class size factors, the final result can be written as
(0p (2)(Op,(2))T) =t Y 2,0 (2.40)

p3Fn

showing that the insertion of gauge invariant functions in combinatorial basis, O, (Z),
(Op,(2))T of the fluctuating/quantum field Z, is equal to a linear combination of gauge
invariant functions of the B witness fields. The structure constants C}?, can be exactly
reconstructed by choosing the appropriate basis labels (pi, p2,p3) for the gauge invariant
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functions of the quantum and witness fields. Contact with the previous result of [8] can
be made by setting the coupling matrix in equation (2.22) equal to the N x N identity
matrix, i.e. B =1,

CRPTCHEIUED IS | (0]

YES i=1

n
= HNCi(’flffl’w;l)

YESy i=1 (2.41)
_ Z NC1(W_101702_1)+~-~+Cn(“/_101702_1)

YESn

— Z Ncﬂflaﬂagl

YESh

where C;(o) is the number of i-length cycles in o and C,, is the total number of cycles in o.

2.2 Fourier basis for two-point function with matrix coupling

We have established above a direct connection between the structure constants of the
algebra Z[C[S,]] and the two-point correlator of matrix observables in the presence of a
matrix coupling. In this section we will show that a Fourier transform on Z[C[S,]] which
maps the combinatorial basis to a Young-diagram basis results in an orthogonal 2-point
correlator in the presence of the matrix coupling. This generalizes the orthogonality result
for Young-diagram basis operators, also called Schur polynomial operators, which captures
finite N effects in terms of a simple cut-off on the Young diagram and informs the map
between half-BPS operators in N' = 4 SYM and giant gravitons [8, 41]. The role of the
Fourier transform on algebras in the construction of orthogonal bases was emphasized
in [21, 25, 26, 37, 42].

Applying the Fourier transform to the single matrix operator, as seen in section 2.1,
we define a general gauge invariant operator as

Z Xr(0)Tryen(Z9"Ly) = ~ Z xr(o (2.42)

n! o€Sh G o€Sh

along with conjugate operator

(Or(Z o Z Xr(0))* (Tryen (297L,))" = i Z Xr(o (Z)t.  (243)
0ESh 0ESh

Here R denotes the irreducible representation (irrep) of S,, Z is a complex matrix and
Xr(0) is the character of the representation R of element o € S,, [8]. The fact (xr(0))* =
xr(c71) = xr(c) has been used since characters of S, representations can be chosen to be
real and the operator O,(Z) is as previously defined in (2.1). These Or(Z), with R having
n boxes, form a basis in the space of U(NN) invariant polynomial functions of the matrix
Z of degree n, where U(N) acts on Z by conjugation. The calculation of the general GIO
two-point functions starts with

(Or(2)(05(2))") = '2 > D xrlo )(0a(2) (0-(2)") . (2.44)

o€Sn TESK
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The expectation value appearing in the right hand side is just the correlator found in the
previous section using the permutation parameterisation of the observables. Using its form
given in equation (2.23), stated again here for convenience

0a(2)(0:(2))) = 3 3 T80 v ) [1(BH] ™ (245)

pPESH YESH i=1

this can be substituted in to (2.44) to achieve the following

(Or(2)(05(2))") = E > HXR S(p vy oy )[Tr(Bi)}Ci(p). (2.46)
n! o,7T,0,7 i=1
e,

To simplify the correlator further, the following lemma is introduced.

Lemma 2. For o,7,p,v € S, and where xg(c) are characters of o in representation R,
the following equality holds

P T xr(0)xs (Moo orr N[BT = B 0s(B). (247)
UGTSPW 1 dr

where dg is the dimension of the symmetry group’s R representation, Dim(VZ").

Proof.

1- 2 ﬁXR(")XS<T>5(plvlawl) [Tr(B"ﬂCi(p)

€Sn
= (nlu)z > Tlrtrery st [z (2.48)
T p,yESK =1
= ﬁ ( — > Xs(T)xa( PT) [Tr(B")}C"(p) (2.49)
pESy i=1 TESH
= 5;;3 xs(o) [1 [Tr(Bi)}Cyci(p) (2.50)
PESH =1
5RS > xslp (2.51)
peSn
nlors 0s(B). (2.52)
dr

In equation (2.48), the sum over o was computed to remove the delta function and the
cyclic invariance of the character under conjugation of elements was used to remove the ~
dependence in (2.49), such that the 7 sum produces a factor of n!. Identity

0
Z xs(M)xr(pT) = 22 xs(p) (2.53)
n! TESH ds

was used to obtain (2.50) and the definition of the permutation-parameterised GIO was
applied in (2.51). Finally, definition (2.42) was used to write the final expression in terms
of an operator in the representation basis of the witness field B. O
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Combining equation (2.46) with lemma 2 above, the correlator in Schur/Fourier basis
simply reduces to

(OR(2) (0s(2))1) = == 0s(B). (2.54)

This result states that the correlator of two Schur polynomials/operators is orthogonal and
proportional to a Schur polynomial/operator constructed purely from the witness fields,
in agreement with recent ideas on the super-integrability of matrix models [17, 43, 44].
Additionally, by taking B =1 (the N x N identity matrix) in equation (2.54), the original
result of [8] is obtained

nlérs

1 Co
ag@; xs(o)NT7 = Dimy(8) ==, (2.55)

nldrs
dr

(Or(2) (Os(2))) = "2 05(1) -

using the identity Dimpy(S) = % Y oes, xs(c)N¢ where Dimy(S) is the dimension of
representation .S of the unitary group and C, is the total number of cycles in o.
2.3 Gauge invariant functions (observables) of quantum and classical fields

The previous sections derived the single matrix correlator result by establishing the witness
matrix as a coupling in the action. An alternative approach is to define the operators
themselves as containing some classical field. Start with a matrix field defined as

(ZA); =" Z] AL (2.56)
k

where A is the classical witness matrix, and Z is the (quantum) matrix integration variable.
Then define the gauge invariant operator

Og(ZA) = Tryen (ZA)*"L,) = (ZA);I;(D . (ZA)gi:(n) (2.57)
and its Hermitian conjugate
n T j 'n
(0x(ZA) = (Trvgn((ZA)(@ 50)) =(ATZO] | (A2 =0, (ATZ1). (258)

The path integral, now without a coupling matrix field in the action, is
2[0] = /[dZ]e_Tr(ZZT) (2.59)

which produces basic correlator
i 1 i - 1 i
(Z1(Z2N)y) = Z[O]/[dz]zj(zf)?e 22 = gi5k (2.60)

Therefore the correlator of these GIOs is

(O (ZA)On(ZAN) = 30 A ab (A (AN (261)
I,J,K,L
1 i in ¢ i \ln _Te(z21)
“ 5@ /[dZ]Zkl TN e ,
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where the sum over I,J, K, L represents a sum over all matrix indices. For notational
convenience we define a function in the witness fields

FA AN f R Loy = A Al Al Ah (2.62)

toy(1) toy(n)

where i, for example, is a vector denoting all possible ¢ indices for a witness matrix. Using
this definition, the correlator is written as

(00, (Z24)(00,(2A))T)
= > fAALTGE o)
]’J’K’f T (2.63)
— [[dz1zir ...z~ (zh L (Zh)e —Tx(227)
% E[O] /[ ] kl kn( )']02_1(1) ( )]02_1(71)6
I . o )
= Y f(A AN, k,l;01)<Z,’€11...Z,’%(ZT)]}_I1 2Dy (264)
1,J,K,L oyt (1) oy L(n)
=Y S FAAGTIEEo)st e 6006y (2.65)
NESn ILJK,L '70'2_ (1) '*/0'2_ (n) 1 n
= ATy (A gk A 2.66
Wgn §( Ji Torvay ) ‘a1ayt(n) (2.66)
=3 ¥ (ata)” ~(ata)” (2.67)
YESn J1yeriin J _101'\/02_1(1) ]7_101“(02_1(71)
= B} By 2.68
”/;nhzjn Trtee @ Iy =Loryay n) ( )

n

=2 2 H[Tr ] 03)5(0’517‘1017051) (2.69)

YESn 03€Sy i=1

= Z Z ﬁ [Tr(Bi)}Ci(U(P:%)) 5 ( Z a17101702—1) (2.70)

YESn pakni=1 a€Cpy

= Z Oa(ps)(B) Z d (Tp37_1017051) (2.71)

p3kn YESH
22 0, (1T, T o (B).

Equation (2.63) introduces the f function of (2.62), then Wick contraction, followed by the
redistribution of permutations using Kronecker equivariance, occurs between (2.64)—(2.67).
Equation (2.68) sets B = ATA to match the notation of equation (2.16). Equation (2.70)
splits the o3 sum into a sum over conjugacy classes/partitions (labelled p3) and a sum over
the elements in each class (labelled «), while (2.71) defines the GIO in witness field B and
inserts PCA element T),, = 2 aeC,, at= Yacc,, @ In (2.72), lemma 1 has been used to
write the correlator in terms of structure constants. In summary, the correlator is

(05, (ZA)(Og,(ZA)) Z nl|Tp|

‘ H OPS OU(PS) (B) : (273)
patn TP

’ pip2
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(ah)™ (ah)™

zen | |(zh)™ L L,
| = X |
V€S,
A®n A®n
| |
Lo, Lf’il Lo, Laz‘l

Figure 4. The diagrammatic representation of the one-matrix, two-GIO correlator where the
witness field is a classical matrix. This matrix is introduced as A (along with its conjugate A') and
subsequently used to define B = AT A. The right hand diagram shows how upon Wick contracting,
the L., L£,-1, operators are incorporated and the indices are swapped.

Using Oy, = O p1); Oy, = O,y and equation (2.39), we can rewrite this result in
combinatorial basis, i.e. in terms of partitions/classes on which the operators depend

(O (ZA)(Op,(ZA))T) =nl Y CF3,0 (2.74)

p3kn

This shows that using either classical matrices or coupling matrices as the witness fields,
the same correlator result is obtained. A box operator diagram is given in figure 4 that
portrays this classical matrix construction of the two-point function.

2.4 Fourier basis for two-point function with classical fields

Just as the Schur basis correlator was calculated with the coupling witness field in sec-
tion 2.2, here the analog is derived for the classical witness field. Given the description of
Schur operators in terms of permutation parameterised operators, as well as the equiva-
lence of the combinatorial basis correlator using either coupling or classical witness fields
(as shown by the results of section 2.1 and section 2.3), this extension is straightforward.
Define the classical field GIO in Schur basis as

0 Z XR TrV®" ((ZA)@mE Z XR ) (275)
nl oESn nt oESn

and the conjugate operator

OR(ZA) = 3 (r(o))" (Tryen (ZA)7L0)) = 3 (o) (0(Z4))
gESy gESy (276)
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where again, (xgr(c))* = xr(c™!) = xr(c) has been used and R corresponds to irrep R.
The correlator is therefore

(OR(Z4) (0s5(24))! e > D Xr(@)(xs(M))O6(Z24) (O-(2A))  (2.77)

O'ESn TES’,L

The right hand side features the permutation parameterised correlator for classical witness
fields of equation (2.69), restated here for convenience

0,220, ZA)) = ¥ 3 TT60 1 orr ) [1(89)] (2.78)
pESH YESK i=1

where B = ATA. This can be substituted into (2.77) to simplify the Schur basis two-point
function

(OR(24) (05(24))! 12 > HXR S(p vy toyr™h [Tr(Bi)}Ci(p) )
n)? oo i
€5y,
(2.79)

We now use lemma 2 to conclude that

Orsgn!

(Or(ZA)Os(ZA)1) = R 05(414) =

Os(B) (2.80)

which reproduces the outcome of equation (2.54).

3 Algebras and two-matrix correlators with two-matrix witnesses

Partition functions of complex two-matrix models involve integration over complex matrices
X,Y. Correlators of holomorphic and anti-holomorphic polynomial functions of X, Y are
of interest in connection with the quarter-BPS sector of N' =4 SYM theory (see [45] and
references therein). Invariants of degree m in X and degree n in Y can be constructed using
a permutation parameterisation generalizing (2.1). We define gauge invariant observables
parametrised by a permutation ¢ in the symmetric group Sp,+n of all permutations of
{1,2,--- ,m+n}:

— Xm Rn i1 Zm im+1 7:'m+n
O0,(X,Y) = Trvgmm (X" QY"L,) =X o) "Xia(m)yia(mﬂ) .. ‘Yig(m+n) . (3.1)
The indices i1, - ,im+n are summed from 1 to N, and operator L, has action
[’0'|ei1 ®...®(—jim+n> = |6ig(1) ®.~~®€io(m+n>> . (32)

When ~ is any element of the subgroup (S, X S,) C Spmin consisting of permutations
which map the subset {1,--- ,m} to itself and the subset {m+1,--- ,m+n} to itself, then
by re-ordering the X among each other and the ¥ among each other, it can be shown that

O 1 (X,Y) = O,(X,Y). (3.3)

Yoy
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Thus the parameterising permutations are in S,,1, while the gauge permutations are in
S X Sp C Spmin [22]. The permutation centralizer algebra (PCA) A(m,n) [37] relevant
to this 2-matrix problem is thus based on the equivalence classes:

o~yoy Tt (3.4)

with o € Spin, ¥ € Sm X Sn. We will refer to A(m, n) as the “Necklace PCA”. It is defined
as the sub-algebra of C[Sy,+5] that commutes with C[S,,, X S,,]. There is a basis of the sub-
algebra labelled by the equivalence classes (or orbits) in Sy,+, generated by the conjugation
action by v € S, x 5,. Taking a label p to run over the orbits we denote the orbits as
Orb 4(p). Choosing a representative o), the automorphism group Autg, s, (O'(p)) is the
subgroup of S, x S, which leaves o) e Sm+n invariant under the action of conjugation
by v € Sp X Sp. The order of the automorphism group is independent of the choice of
representative o(P) in the orbit p. We refer to this order as |Aut 4(p)|. By the orbit stabiliser
theorem, the size of the orbit (or equivalence class) labelled by p is

min!

Orby(p)| = ———. 3.5
| (p)] AutA(0)] (3.5)
Applying this notation,? the PCA basis elements for each orbit take the form
1
T;l = Z '70(:0)'7_1 — Z T € A(m,n), (3.6)
[Auta®)] s %s, 7€0rb.A(p)

where the A label on T];“, Aut 4(p) and Orb 4(p), indicate that these objects are associated
with the A(m,n) PCA. Thus, T1;4 are sums over permutations in the same equivalence
class/orbit, governed by relation (3.4). A notable feature of this PCA is that, unlike
Z[C[S,]] in the single matrix case, it is non-commutative. We refer to these basis ele-
ments associated with orbits, and the combinatorics of group multiplications in Sy,4y, as
combinatorial basis elements for A(m,n).

The two-matrix correlators using classical and coupling witness fields are now derived
in both combinatorial and representation basis, following the same order as section 2.

3.1 Two-point function of general operators with matrix couplings for two-
matrix case

The two-matrix analog of the one-matrix, two-point function with coupling fields, features
initial coupling matrices A, for X and A, for Y’

£[0) = [[dx][dy]e AN AND (37)

Following a similar procedure to that of appendix A, the partition function can be written
with vector variables and source fields, so that the basic correlators can be derived by

2These T;,;4 are referred to as “Necklaces” in their original description. See [37] for further explanation
on the analogy.

—90 —



taking derivatives with respect to said sources. These correlators of the field variables can
then be evaluated as

(XXM = zﬁn JUx)ay I TAXDTOAND _ g — 6i(B,)f (3.8)
YOO = 55 Jldxay]y; (v e TEAXDTOAYD _ giaty —6i(B,)E (39)

where again, B, and B, will be referred to as the coupling matrices in the subsequent
discussion. Using the general permutation parameterised gauge-invariant operator (3.1)
and its Hermitian conjugate

(OU(X7 Y))T - Trv$m+n((XT)®m ® (Y-l-)®n£0_,1)
= Ty T\im Tyim+1 tyim+n
(X )1071(1) o (X )Zcr*l(m) (Y )Zcrfl(m+1) e (Y )1071(m+n) (310)
= Ocr*l(XTv YT) )

the two-point function for the two matrix model can be constructed as follows

(00, (X,Y)(O0y (X, Y)1)

.|.
= <Trv&@m+n (X @ YO Lg,) (Trpomin (X" @ VO"L,,)) > (3.11)
S i iy
. - 101(1) o'l(m) Z0'1(m,+1) 101(m+n)
11y--3tm+n
J1seesdman (312)
X]L Ji XJ[ Jm YT ]:m+1 L. Y‘I‘ ]:m-&-n
KOO, e
— 5i 5zm 5im+1 . .67/m+n
1z;n+ 'YGS%:XSn heptm 31 m) Trog ) heg ngn)
jlw“:j'm«kn (313)
J . Jm Jm+1 . Jmetn
X (B )z 1o (1) (B )z _101(m>(By)zW_1al(m+1) (By)lw—lal(m+n) .

Here a sum over vy € S,,, X .Sy, is introduced and the permutations applied to the indices, as
required by Wick’s theorem. v maps the set {1, ..., m} to itself, as well as {m+1,...,m+n}
to itself. Applying Kronecker equivariance

(00, (X,Y)(O0y (X, Y))T)

)

D S e L OO e I e SN Sl
. - In=toyyoy ) ]7_101’70 (m) 7 v loyyay Hmt1) Iy Lo1n0y Himn)
11, im4n YESm X Sn 2 :
J1yeesdmAn
Ji .. Jm _?m+1 NN jm+n
X (B )7, v—1loq (1) (B )Z y~Lloi(m) By)Z Loy (m+1) (By)zwil‘U(er")
(3.14)
= B, ) By)j"
' Z Z ( x)] _101702_1(1) ( )] _101702_10'1)
I1y-sJm4n YESM X Sn (315)
< (Bl (B
( y)]ﬂflo—mcf (m+1) ( y)]v loyyoy Lmtn)
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The 4 indices are contracted in (3.15). Therefore

(O (X, Y) (O, (X, YD) = SZS Tryemin (BE™ @ BY"L. 1y01) - (3.16)
YESm X Sn,

Following the trace notation of (3.16), the result of the calculation can be represented
using the diagram of figure 5, recalling the composition property of the linear operators:
LoL; = Lyr. A delta function can now be inserted and the o3 € S,,,4, sum decomposed
into sums over equivalence classes as well as the elements therein

(00, (X,Y)(O0y (X, Y)1)

= Z Z TrV$m+n (B?m ® Bf"ﬁag) §(o3t v toryoyh) (3.17)
YESm X Sn 03ESm4n
= Z Z Oy (By, By)é(ag_lfy_lalfya;l) (3.18)

YESm X Sn 03E€ESm4n

= D Z( > @a(vaBy)fi(alvlawa;l)) (3.19)

YESm XSn P3 a€Orb 4(p3)

=> 0,09 (Bs,By) > 0 > a Ty lovey! (3.20)

p3 VGSmXSn OéEOI“bA(pg)
= 0,00(BasBy) Y. (T lonrey ) (3.21)
p3 YESm X Sn

where ps labels the equivalence classes/orbits of the o3 sum decomposition. Here we set
Try @mn (Bff’m ® B?”LGS) = Oy, (By, By) as per equation (3.1) and the definition of T;g €
A(m,n) was used in (3.21). Note that given the permutation is o' and the sum is over
a € Orb 4(ps3), we attach a prime to the partition/orbit/class label to indicate that Orb(pj)
is the orbit constructed from the inverse permutations of Orb(p3).? In equation (3.20), the
« label on the GIO has been replaced by ¢3) to help indicate that it is a function of
the ps partition/class. To identify how the PCA structure constants emerge as part of the
correlator, the following lemma is provided.

Lemma 3. Fory € Sy, X Sy, 0; € Sppyn and TI;il € A(m,n) the following equality holds

m‘n‘|T ] A

1 1
WGSZXS 0 (Tyy ooy t) = i HTAyCmpz (3.22)

where Cpi’;A is a structure constant of the A(m,n) PCA and o1, 051 belong to equivalence
2

classes labelled by p1, p respectively.

3While in the one-matrix case of section 2.1, permutations and their inverses share the same conjugacy
class, meaning the prime label can be dropped, for the two-matrix and multi-matrix models, this is not
generally the case.
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X®m Y®n (X+)®"l (Y_[_) ®n

Lgl ‘£'0‘2_1
7
BY" ® By"

Y € SuXS,

Figure 5. The diagrammatic representation of the general two-matrix correlator with coupling
matrix fields. As in the one-matrix case, this shows that the correlator can be written as a sum
over permutations with a swap in the indices. Note that here v is an element of S, x S, (the
direct product of symmetric groups of m and n objects), as required by the appropriate equivalence

relation.
Proof.
Z 5T/’Y 101702 )
YESm X Sn,
= ) TI;Z‘ 1 142) 101(u1u2)02_1) (3.23)
11 ESm XSn
= ) 5(u p2) T3 wng ooy ) (3.24)
11 ESm X Sn
Z <M2T 1 Mo Ml 01M1M202 M2 > (3.25)
/‘LleszSn
=74
Py
1 1 —
:m Z 5(T (/h U1M1)(M2021M2 1)) (3.26)

B1,H2€

€ESm
(i, Z o) (B ) e
,LL1€Sm><Sn #2€Sm><sn
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_ |Auta (pr) ||Auta (p5) | 5 (TATATA) (3.28)

min!

m!n! AP A A
= HTA‘(S(TpéTplTpé). (3.29)

In the above, equation (3.23) replaces the sum over v for a sum over p; with v — pqpus. The
identity element is added in (3.24), followed by a rearranging of s L and the identification
of TI;Z = ,u,ngz,uZ_l . A sum over ps € Sy, x S, is introduced in (3.26) along with required
factor 1/(m!n!). Finally, between equations (3.27) and (3.29), the sums are brought inside
the delta function, the PCA elements and automorphism group size factors are introduced,
and the orbit-stabiliser theorem is used to simplify the expression. Again, the prime labels
are used to represent the partitions/classes of which an inverse permutation belongs, and
we have chosen that o1 and o5 ! belong to partitions /equivalence classes labelled by p; and
ph respectively.

The remaining delta function can be reduced using the multiplication properties of
the PCA

NTITAT) = 32 O oTAT) = 32 Gyt | T3 = T3 femet. (330)

D1Py pkp3 P1Dh

Plugging this back into equation (3.29) produces the required result

m!n! 7
Z 6(T/’7 01709 1) W| p3|C§13p . (331)
YESm X Sp,
O
Combining the lemma above and equation (3.21), the correlator is
min!|T ] o
(00, (X,Y) (00, (X,Y)) Z AHTA| IO 1) (B By) (3.32)

Finally, using the facts that |le?\ = |TI;?\, Oy, = O_(»y) and (902_1 = 00@/2), then rearranging
the orbit size factors and applying |T5§|Oa(m) = (’)T;g = O,,, we achieve the combinatorial
basis representation of the correlator

(O, (X, Y)(Op, (X, V)T m'n'ZCp3’ s (Ba, By) - (3.33)

Akin to the result of the one-matrix correlator with coupling matrix field of (2.40), this
two-matrix result shows that the insertion of combinatorial basis GIOs with fluctuat-
ing/quantum fields X and Y, is equal to a linear combination of operators in the associated
witness fields B, and B,. As such, the structure constants can be evaluated by choosing
the basis labels (p1, ph, p3) for the quantum and witness field operators. It is worth noting

that the structure constants C’pw,4 are integer valued.
)
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3.2 Fourier/(Q-basis for the two-matrix, two-point function

As explained at the start of this section, the two-matrix observables can be enumerated
using equivalence classes of permutations o € S,,1, under the equivalence relation o ~
yoy~1 where v € S, x S, C Span. Following [22, 26, 37, 41, 46, 47], it will be useful
to consider the decomposition of the irreducible representation V}%S"””) of Sp,4n labelled
by the Young diagram R having m -+ n boxes as a direct sum of irreps Vllem) ® V(S”) of
the product group Sy, X Sn C Sman, where R1, Rs have m and n boxes respectively. This
takes the form

m+n @ m) ® VR2 ) ® VRl,RQ (334)
R1,Rs

where Vlﬁ R, 18 the “multiplicity space” with dimension equal to the number of times

V}glm) ® V( n) appears in the decomposition. This dimension is the Littlewood-Richardson
coefficient denoted g(R1, Ra, R). The states of this subgroup basis are labelled by

|R1,R2,m1,m2;lj> (335)

where the m; and myq label the states of V(lm) and V}(gn) respectively, while v is the index
which runs over a basis for the multiplicity space V}%%l R, As In the single matrix case, Schur
polynomial operators can be built using characters. For the two-matrix case specifically,
these operators are known as restricted Schur polynomials [22-24, 48-51] due to the choice
of subgroup basis and formed using the restricted character:

XH R () (3.36)

where again, the integers p, v run over the multiplicity g(R;, Re, R) of the branching R —
Ry ® Re: 1 < w1319 < g(R1, R, R), and there is an associated Young diagram for each
representation R, Ry and Rs. The restricted character is analogous to xg(¢) in (2.42), but
equipped with the necessary indices inherited from the decomposition of (3.34). Using the
projector-like operator

dr, dr,

PE =2 |R1, Ra,ma,ma; ) (Ri, Ry, ma, ma; vl (3.37)

mi1 ma2

where dp, is the dimension of irrep R;, the restricted characters are explicitly defined as

Xgl,R%u,V(o-) = Try(ry.ny) {P§17R27W’ (DR(U))} ) (3.38)

Here, D®(0) is the representation matrix of o in representation R and the trace is taken
over the subspace corresponding to the subduction (Rj, R2) of R. The projection-like
operator’s components in turn may be written in terms of branching coefficients as

R Y Rii Rij
(PRLR%/M/) - Z BRl>R2nuf§m1>m2BR17R2:V§m17m2 (3.39)

mi,m2

where the branching coefficients, BE R Rb are defined as the components of the vector

ViMg,myp’
| R, Ry, mq, mp; V) in any given orthogonal basis for R:

BR;i = <R;i’Ra7Rbuma7mb;V>’

Ra,Rp,vima,mp
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The final step in producing the Schur polynomial operators, comes via the Wedderburn-
Artin theorem, which states that the PCA A(m,n) may be decomposed as a sum of matrix
algebras

A(m,n) = @ Span{QﬁLRz’uyy;u,y} (3.40)
RII?RQ

where these (Q-basis elements, using the above terminology, are defined as

d

R _ R R -1

QRl,Rw,u—m Y X epw(0)o T (3.41)
'UESm+n

where dp is the dimension of representation R of Sy,+n,, and they have the property that
they multiply as matrices in the multiplicity indices

R R _ sRS R
QRl»R%Hl»Vl QRl,Rz,uz,uz =0"0R, s, 6R2525V1M2QR17R2““171/2 . (3.42)

This is derived by generalising the multi-matrix model result in appendix D, to the two-
matrix model. Therefore, the associated restricted Schur polynomial operators, which
shall be equivalently called @)-basis/Fourier basis operators throughout, can be formed by
Fourier transforming the permutation parameterised operators of (3.1) as follows

OF Ry Y) = Y 0 (Qf payino ™) O(X,Y). (3.43)

O'ESm+n

Its Hermitian conjugate is

.‘_
(OF Ry X Y)) = > 0(QF, Rywu) O (XT, Y1) (3.44)
Jesm+n
= Y 5 (Qf rewst ) Os(XTYT) (3.45)
&esm+n
= Ogl,Rz,l/,u(XTv YT) ) (346)

1

where properties <Qg1,R2,,u,u)T = QgLRLMH (see appendix D) and of = o~ were used,

1

and 0 — & = 0~ was applied via sum invariance. The corresponding two-point function

is hence

T
(OF: Ragiran (V) (O3 52 (V) )

= <O]I%1,R2,u1,1/1 (Xv Y)Og1752,l/27ﬂ/2 (XT7 YT)> (347)
= Z 6(Qg1,R2,u1,V10_1)5(Q§1,SQ,V2,M2T)<OU(X7 Y)OT71 (XT’YT)> (348)
0, TESm+n

= > Y @R, Ry i QS 550 T)Op(Bas By)d(p ™y oy

0,T,PESm—+n YESm X Sn

(3.49)

Equation (3.49) introduces the permutation parameterised correlator result from (3.18).
Here we use a lemma to simplify the above expression
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Lemma 4. For o,7,p € Spmtn, ¥ € Sm X Sy, irreps R, R1, Ry and multiplicity indices
p1,2,v1,2, the following expression holds

Z Z 5(Qg11327#1,lfl0_1)6(Q§1,Sz,uz,mT)Op(BxaBy)(s(p_l’Y_IO"YT_I)

0, T,pESm4n YESM X Sn

= m!nld™8p, 5, 0R, 8,00, OR, B.,B,) (3.50)

:RQ S 1,2 (

Proof.

Z Z 5(Q§1,R27u1,l/1071)5(Q§175271/2,#27-)0/7(35‘3’By)é(pilf}ﬁl(jfw-il) (3‘51)
0,T,pESm4n YESM XSn

- Z Z OP(BZ‘7 By)é(pilfying1,RQ,M1,V1’7Q§1,SQ,V2,#2) (352)
PESm4n YESM X Sn
= ml!n! Z Op(Bl‘7 By)(s(p_ngl,R2yul,V1le,SQ,VQ,/LQ) (353)
P€S7n+n
= m!n!6R56R1516R2S251/1V2 Z 5(Qg1,R2,u1,u2p_l)Op(Bw7 By) (3.54)
PESm+n
= mInl0™ 6k, 5,6 Ry 550010, Oy Ry iy i (Bas By) - (3.55)

Equation (3.52) computed the sum over the @Q-basis delta functions, replacing the o and
7~! in the final delta function. Equation (3.53) makes use of the invariance of Q-basis
elements under conjugation by v € S, x Sy, while (3.54) is obtained by utilising their
multiplication property (3.42). Finally, (3.55) yields a @-basis operator in witness fields,
following definition (3.43). O

Applying lemma 4 to equation (3.49), the two-matrix generalisation to that of the
one-matrix outcome in section 2.2, is therefore

R )
<OR1,R2,M1,V1 (X7 Y)(Osl,SQ,,lj,g,l/g (X7 Y))T> =
(Bz, By) .

(3.56)

RS R
m!nld™ d g, 5,0 R, 850010, ORy Ry yir o

This shows that the correlator of two Fourier basis operators in two matrices X and Y, is
orthogonal in its representations, and is proportional to a Fourier basis operator made of
the witness fields, B, and B,.

3.3 Observable functions of quantum and classical fields for two-matrix case

If the observables are defined to include classical witness fields, and the action defined
to have no coupling, then the same result can be acquired. Define the gauge invariant
operator as

O (X Az, Y Ay) = Trygmin (XA)®P™ @ (YA)®"L,)
= (XA (XA (YA (YA

lo(1) Lo (m) to(m+1) Lo (m+n)

(3.57)
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and its Hermitian conjugate

(00 (X Az, Y Ay))T
m n T
= (Tryemen (XA)"™ @ (Y A,)*"L,))
= (Al xtyr o AlxTym o (Afy e (Al yTyimn

le—1(1) lo=Ll(m) Y lo=L(m+1) Y to—1(mtn)

(3.58)

= 0,1 (ALXT, AlYT).

where A, and A, are the initially defined classical witness fields. Using the partition
function

(0] = / [dX][dY e (XX =Te(rY) (3.59)
as well as the basic field correlators

i 1 i - D f i
(XN = gy XY P OXD=TOYD  gigh,
, 1 , _
<Y]?(YT)f> — m /[dX] [dy]y'jz(YT);Ce—Tr(XXT)—Tr(YYT) _ 5;5;?7

(3.60)

where all other basic field correlators vanish, one may calculate that the correlator of these
GIOs is

(O, (X Az, Y 4y) (O, (X Az, Y Ay))T)

= 557 / [4X11@Y 105, (X A, Y 4,) (0o, (X A, Y Ay))te XX -T(¥YT) (3.61)
= L;’L(AL){KAQC)?;(U o (ADTADE AN AT A A
X z?o] / [AX[dY X . XYy
: (XT)i;lm o (XT)ZL;W) ! é':;*+11<m+1> o (YT)é':L;(mwe_Tr(XXT)_Tr(YYT)

(3.62)

where the sum over I,J, K, L represents a sum over all associated matrix indices. For
notational convenience we define a function in the witness fields

e - S
Foy(A, AT J R Lon) = (AD] (A - (ADD (A
X (A;[J)lmjrrl1 (Ay)io'ljnlz-&-l) e (A?TJ)lm:n (Ay)ial(tn_'_n) > (3'63)
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where, for example, all possible 7 matrix indices are denoted as vector fcomponents. With
this definition, the correlator becomes

(O0) (X Az, Y Ay)(O0y (X Ay, Y Ay))T)

S fey(A AL G R Lo )2[ 7 / [dX][dY]X}) ... Xyt v
LKL (3.64)
« (X Tl C(XT)bm yym+1 (Y Tlmen —Tr(XXT)—Tr(YYT)
X (X1 oyt ( )]o;1<m) Jo T (m+1) I (matn)
= > Loy (A AL E Lo (XD ley,j"j;...y,j;;j:
I,J,K;[;- l o o o (365)
x (X1)H L (Xhm yTym+l L (YT mn
( )Ja;1<1) ( )Jagl(m)( )]0;1(m+1) ( )]051(m+n)
(A, AT7 5 LT g gl gtman o gimin
IJZ];fo,y , A, 0, K, 70-1)7652;3 ]7051(1> k11 ]’Y0271(m+n) k1 (mtn) (366)
- Z Z Mbﬁw—lu)(Am)jim;lu) "'(AL)?%—Mm) (A‘T)Jmo Lm)
JK'yETSmXSn . hy . (367)
A Im+1 A m—+1 . A Im+n A m—+n
X (A *1<m+1>( Vg oy tmsn) ( y>kv*1<m+n>( Vg oy L metn)
>y (aa) (A
jl,...,jn'yesmjxij I =loiver ) . Iy =loyvo st (m) (3.68)
x (Af4,) . (Afa,)
In=1oyyoy L mr1) Iy =loyvo s (mtn)
Z Z (B )§1_1 -1 e (Bx).?m_1 -1
J15--5Jn YESm X Sn 71 702 w T ()
. . (3.69)
X (B,)Im+1 (B
( y)Jrlmo Yty ( y)% Loyyoy L (mtn)
= Z Z O, (Bz, By)d(ai%_ v 101702 1) (3.70)

YESm XS 03ESm+4n

= Z Z ( Z Oa(BxaBy)‘s(al’YlUl’Yagl)) (3.71)

YESmXSn P3  \a€Orb 4(p3)
= Z(’)a(m)(Bx,By) Z 0 Z Oé_l’y_101702_1 (3.72)
P3 YESm X Sn a€O0rb 4 (p3)
= Z O, (v3)(Bz, By) Z ) (T N oyoy ) (3.73)
P3 YESm X Sp
m'n'|Tp | o
3 El
‘ HTA‘ Cpfp OU(P3> (Baz, By) . (3.74)
P3

Initial steps from (3.64) to (3.68) use Wick’s theorem, Kronecker equivariance and con-
traction of indices. In (3.69) we set the classical matrices as AL A, = B, and ALAy = B,
to match the notation of equation (3.15), while a delta function and the GIO definition
from (3.1) were used in (3.70). Equations (3.71)—(3.73) split the o3 sum into a sum over
equivalence classes/partitions, labelled by ps, and set a PCA element in the delta func-

~ 99 —



@)™ "

y
| |
xen yen (X+)®m (Y‘I') ®n
| |
aen | | asn
| |
Lo‘l Ldgl

Y €SuX Sy

Lgl LO’EI

Figure 6. The diagrammatic representation of the general two-matrix correlator with classical
matrix fields. The presence of the two index swaps in the lower diagram is to account for the two
classical matrices A, and A,, appearing after applying Wick’s theorem.

tion. Note that o and o®3) belong in the same orbit /equivalence class, Orb 4(ps), since
o(P3) is any permutation from the orbit. Lemma 3 was used to reach the final line (3.74).
Using ]T];?]Oa(pi) = \Tﬁ?](’)oi = O,, and rearranging orbit size factors, we achieve the same
combinatorial basis result as equation (3.33) for the coupling matrix derivation

/ ;.A
(Op, (X Az, Y Ay) (Op, (X Ay, Y A))T) = mint Y Cﬁf’pg Op, (B, By) . (3.75)
p3

This two-matrix correlator using classical witness fields has an associated diagram given in
figure 6. The swap in indices occurs now for both A, and A, matrices when the correlator
is expanded in terms of a sum over permutations.
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3.4 Fourier/( basis for two-matrix, two-point function with classical fields

To adopt the Fourier basis for the classical witness field result, define the gauge invariant
Fourier operator

OF Ry (XA YA) = 37 5 (QF 00 ™") Oo(X Ay, Y A) (3.76)

OCESm+n

with Hermitian conjugate

i
(O s (XA, Y A)) = 3 6 (QF ry) O (ALXT, ATV (3.77)
Uesm+n
= Y 5 (Qhraw ") Os(ALXT, AV (3.78)
&esm+n
= OF, rpwu(ALXT ATYT). (3.79)

where again, we used (Q%,RQ’W)T = Q§1,R2,I/,u7 of = o7 and O,(XA;, YA, is the
permutation parameterised operator, defined previously in (3.57). Using these Fourier
basis operators, the correlator is therefore

T
<O]I-%1’R2“u1’yl (XAJ?? YAy) (Ogl,RQHMQ,UQ (XA$, YAZJ)) >
= Y QR Ruyirn® QS 53007 (O (X Az, Y A)) (O7(X A, Y A))T) - (3.80)

ESm+n

A convenient form of the permutation parameterised correlator seen on the right hand side
of the above equation is

(05(X Ay, Y A) (O-(X A, YA
= > D> OBy, Byi(p~ty o). (3:81)

'yESm XSn pES'rrH-n

This was achieved in (3.70) and sets B, = Al A, and B, = ALAy. Plugging this into (3.80)
and then utilising lemma 4, the final correlator expression is once again obtained

(OF i (X Az, YA (O, 5, 0 (X Au, Y A)T) =

152,12,V

RS R (3.82)
mInld™ R, $,0R,5, 00,0, ORl,RQ,Hl,,LIQ (Ba, By)

The result of this classical field witness case has the exact same form as the coupling witness
field case (3.56).

4 Algebras and multi-matrix correlators with multi-matrix witnesses

The extension to an arbitrary number of witness matrix fields takes gauge invariants of
the form

00<Xl) = Trvgm (X1®m1 ® Xé@mz . "X?iq”_l ® Xl(gmlﬁa)

! (4.1)
= TI'VK@r)m <® X?ma£0_> .

a=1
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Here [ labels the unique/distinguishable matrices, m = mj + mg + --- + m; and L, has
action
EU |ei1 R ® €im> = ‘61‘0(1) R elc(m > . (42)

The invariance of these operators is captured by equivalence relation
o~ yoy ! (4.3)
where o € Szl m, = Sm and v € Sy, X -+ x Sy, such that

=1

Op(X1) = O 1 (X)) (4.4)

The associated PCA stemming from such equivalence is an extension to A(m,n) (the
Necklace PCA) and hence it is denoted as: A(mq,ma,...,my) = A(m). This A(m) is
defined as the sub-algebra of C[Sp,] that commutes with C[S,,, x --- x S;;,] and to ex-
press its elements, we introduce the following notation. Aut z(p) = Autg,,, x-.xS,, (o'(p)>
is the subgroup of Sy, X -+ x S),, comprised of elements that leave o) e S, invari-
ant under conjugation by v € Sy, X --+ X Sy, and has size [Aut z(p)|. The orbit,
Orb z(p) = Orbit (a(p), Sy X oo X Sml), is the set of elements from Sy, obtained by act-
ing on 0P € Sy, with v € Smy X -++ x Sy, by conjugation, i.e. voP~~1 and the size of
each orbit/equivalence class is denoted by \TI;‘T| = |Orb z(p)| = ngzl mg!/|Aut 7(p)|. For
clarity, o) € Sy, is any permutation within the orbit Orb 4(p). As such, an element of
A(m) is defined as

TA = |Aut1()| Y Pyl Y o e A), (4.5)

YESmy X+ X Sm, anrbj(p)

where the label A on T I;I’ Aut z(p) and Orb z(p) implies that these quantities are associated
to the A(m) PCA. Such PCA elements are therefore sums over elements within the same
orbit/class, obtained from the equivalence relation of (4.3).

Applying similar techniques as previously encountered, the following sections explore
the combinatorial and Schur/Fourier basis correlator results for multi-matrix models with
classical and coupling witness fields.

4.1 Two point function of general operators with multi-matrix-couplings

The partition function with coupling witness matrices for the multi-matrix model is
H / [dX,)e~TrXnAn X)) (4.6)

where in what follows, (A4,)"! = B, defines the coupling matrix associated to variable
X, and the [0] in X[0] implies a sourceless partition function. By introducing sources in
the same manner as appendix A, the two-point functions for the X,, field variable can be
derived

l
(o330 =11 zi/ X)(Xa)§ (X e XD = 6,367((Aa) )5 = Gas} (Bl
(4.7)
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Using the permutation parameterised GIO
O (X1) = Tryem (XPmexs™ e X 1 @ XML, ) (4.8)

and its Hermitian conjugate

(05 (X0)T = Tryom ((XD®™ @ (X)E™ @@ (X[ )™ @ (X])*™L,

= 0,-1(X])),

the correlator is then constructed as follows

(0, (X1) (0o (X1)T)

_ ® ® I T

_ a L lm—my () Yim
T Z < (X ) o1 (1) (Xl)zﬂ(ml) (Xl)lffl(m—mz) (Xl)lvl(m)
21 yeeeslm
j17 7jm (4..11)
w (x Ty o (xhyme x Fyim=m XT Jm
( )] ,1( 1 ( 1)]071(7”1) ( l)]agl(m—ml) ( )] ,1( ) >
_ S Lgm lm—my ... gim
vesm; Sy Zm Frogton et g
F15eerjm (4.12)
% (B (B Y™ ByYm-m e (By)m
( l)zrlalm (Br); 7 Lo1(my) ( l)zrlmmfmn ( Z)valcrl(m)
_ 5 —1ol<1) b= 1oy (m1) =ty (m— o 1o (m)
B Z Z Ul’YU )"'5]‘77%”071(7711) ...... 5j“/ 101W Lm-— m).néjv*lffmff*l(m)
YESmy XX Sm, i1,.0,%m 2 l 2
.717 7]m
« (B1)! o (BY™m By mm e (By)Im
( l)lw—lam) ( 1)’w—101(m1> ( l)%—laum—ml) ( l)%—lol(m)
(4.13)
— Jl Jm
B 2 2 (B v Loyey (1) "'(Bl)jwjlalwa*1<m1>
YESmy X+ xsm, J1se-Jm 2 | 2 (4.14)
](m my) J(m)
( l)% Loyyoy Hm—my) ( Z)Jw—lam;%m)

Between equations (4.12) and (4.14) Kronecker equivariance was applied and the set of 4
indices were contracted. Further simplification leads to

(O (X1) (0o (X))

= Z Trngvgm(Bigml ® - @ B Ly )6 (05 y roryay ) (4.15)
O'3€Sm
YESmq X+ X Sm
= Y Ou(B)d(oz'y loyey ) (4.16)
o‘3€5m

YESmy XX Sm,

=2 > ( > Oa(Bz)CS(Oflv_lffwagl)) (4.17)

P3 YESmy XX Sm; \ a€Orb z(p3)
:ZOU<P3>(Bl) Z 5(T/’)/ 10170 ) (4.18)
P3 ’yESle---XSml
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where ps labels equivalence classes/orbits. In (4.15) trace notation was adopted and a
delta function was used. This is followed by setting the witness field GIO in equation (4.16)
using the definition of equation (4.1). Splitting the sum over o3 into a sum over equivalence
classes/orbits labelled by ps is completed in (4.17), and finally the sum over @ — the sum
over elements in the equivalence class/orbit Orb z(p3) of which o®3) and o belong — is
brought inside the delta function to produce the PCA element T;g in (4.18). The prime
label indicates an orbit associated to an inverse permutation.

Lemma 5. For~y € Sy, X+ X Sy, 0i € Sm and Tp“f € A(m), the following equality holds

‘TAH_[I 1m 11
Z 5(T,fy 0170, 1) —acgff (4.19)
2

'Yesml X"'Xsml ’ leTA|

where Cﬁf;f‘ is the PCA structure constant of A(m) and oy, 02_1 belong to equivalence
2

classes labelled by p1, p respectively.

Proof.

Z 5(T/"}/ 101702 )
YESmy XX Sm,;

= Y (T ermp)os ) (4.20)
#1€Sml><"'><sml
= > 6 ((ME1H2)TI£M51M1_101M1M2051) (4.21)
M1€Sm1><~~~><5ml
= > 5<M2T;§u5 Lt o ooyt iy 1) (4.22)
H1ESmy XX S —

TA

vy

1 o o
3 0 (T (i o1 m) (o iz ) (4.23)

Ha 1 Ma! B1,12E€Smy XX S,

= ,1,5<T5§< > uflfnm) ( > M2051M51>> (4.24)

1M P11 €Sy X=X S, H2E€Smy X=X Sm,

Aut 7 Aut z (p! T A A
_ |Au A(pll)H ut g (15| 5 (TT474) (4.25)
Ha:l ma!
l | 5 o
_ 1Ma’ ¢ (A A A
= Sesllass (TATAT) (4.26)

A
AT

In equation (4.20), the sum over < is replaced by a sum over pp, taking v — pius. An
identity permutation (e = puy Lip) is inserted in (4.21), followed by cycling o U'in the
delta function next to o, 1 and identifying that ugTé/LQ_ e Tzé in (4.22). The subsequent
steps introduce a sum over po in (4.23) (including the required 1/|Sp,, x -+ X Sp,| =

1/T1',—; ma! factor), place the sums in the delta function to establish the PCA elements
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and automorphism group size factors between (4. 24) and (4.25), and finally, use the orbit-
stabiliser theorem to rewrite [Aut 7(p;)| = [Sm, X -+ X Sml\/|T;,§] in equation (4.26). Here,
as in previous sections, the prime notation on the class labels imply the equivalence class
of an inverse permutation, and we choose that o; and o5 ! belong to equivalence classes
labelled by p; and pf, respectively.

The remaining delta function can be reduced, revealing the structure constant using
the multiplication properties of the A(m) PCA elements

ApAp A\ _ A s A A A TA| — psiA
S (TATAT) = S COASTAT) = Y- Cits,,, 1Tl = |T5 \Cpfp . (4.27)
Pk Pk
Therefore .
Y 6Ty ooyt = s Ml g et (4.28)
765m1><~~~><Sml ‘TAHT / ‘ ?
O
Using this lemma, the correlator expression is

’TA|Ha 1m A
(O (X0) Oy (X)) = 3 L iRy (. (4.29)

AT

Finally, using |T§‘| = \TI;‘Z,‘|, o = O 00, O, S1= =0 (), Tearranging the orbit sizes and

taking |TI;2T 0 ) =0 Oy, the correlator in combinatorial basis becomes

A =
Tpi

l
(Op (X1) (O (X)) = T] ma'ZCp3’ s (Bi) - (4.30)

a=1

As in the previous sections, we obtain a linear combination of combinatorial basis
GIOs in witness fields B, upon evaluating the quantum field X; GIO two-point function.
Supplying the basis label data (p1,ph, ps) will therefore provide the required information
to reconstruct the structure constants of the permutation centraliser algebra A(m1). Addi-

tionally, structure constant C’I}; f’p74 is an integer by virtue that each orbit/equivalence class
2
is of a set number of elements.

4.2 Fourier/(Q basis for multi-matrix correlator

The representation decomposition for the multi-matrix case follows much the same route
as section 3.2 but is generalised to a larger tensor space to account for the larger number of
unique matrices.? Generalising for o € Sy, and v € Sy, X - - - X Sy, We have a decomposition
of form
V}%Sm) _ @ V(Sml) V(Smg) V(Sml) ® v£7R27.."Rl' (4.31)
R1,R2,...,R;

4The notation in this section closely follows [26] which provides further details/identities in their appen-
dices A, B and D.
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A state in such a space can be labelled by
|R;r, v, t) (4.32)

where R is the representation of Sy, and r = (Ry, Ro, ..., R;) which denotes the set of indi-
vidual representations R;, for i = 1,...,l. Multiplicity label v indicates/counts how many
times the tensor product of the r irreps appear in the decomposition, and t = (t1,t2, ..., 1)
are a set of labels used to denote the states of each individual representation space e.g.
V(Sml) has states labelled by ¢;. Following on from this notation, the characters from
Wthh the GIO in Fourier basis are generated, are now established. Define the projection-
like operator

% Z |R;r, 1, t) (R;r,v,t] (4.33)

with components given in terms of branching coefficients®

R & R;i R;j
(PIWW) - Br,ul;tBr,V];t ) (4.34)
t
where Y, implies a sum over all state spaces in t = (f1,t2,...,%). The character is then
constructed from these operators
R R R
Xatuw(0) = Trve |[BE,, (DR(0))] (4.35)

which leads naturally to the ()-basis element definition

d

R R R -1

TR H Xr,u,u(a)a : (4.36)
" 0€Sm

where dg is the dimension of representation R of Sy,. An important property of these basis

elements is that they multiply like matrices

= 675 6,50,,4, QF (4.37)

7M1,V1 QS yHU2,V2 rp1,v2 -

See appendix D, for the derivation of this rule. The GIO in this Fourier basis for the
multi-matrix model is hence defined as

,lh Z 0 ( ru,v ) 0,(Xy), (4.38)

O'GSm

with conjugate

(O, (X)) = > 6(QF,,0) O (X)) (4.39)
0E€Sm

= > 6 (QF,,57") 0s(x)) (4.40)
GESm

=0F, (X]). (4.41)

5The branching coefficients Bfit are defined as the components of the vector |R;r,v,t) in any given
orthogonal basis for R: BX, = = (R;i|R;r,v,t).

r,v;t
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where (Qru O = QR , . Was applied and ol = ¢~1. Additionally, O,(X;) is the permu-
tation parameterised operator established in (4.8). The correlator of these GIOs is then

written as
<Or 1,01 (Xl)(os Jh2,U2 (Xl))T>
= Y (@) 0 (@57 (0o (X0, (X)) (4.42)
0,TESm

- Z Z 0 ( ful,ma_l) d (Qg,ug,u27> Op(Bl)d(p_l’Y_lU’yT_l) , (4.43)

0,T,p€ESm YESmy ><---><Sml

where the result of the permutation parameterised basis, multi-matrix correlator from
equation (4.16) was inserted in equation (4.43).

Lemma 6. For p,o,7 € Sy and v € Sy, X -+ - X Sy, the following equality holds

> > (o) 6 (QShT) On(BYS(p oY)

0,T,pESm YESm X+ X Sm,

= 76" 82500,0, OF, . 0 (B1) (4.44)
where b = [1L_1 ma! = [Smy X -+ X S, |.

Proof.

Z Z 5( ful,m ) (quz 2 ) (Bl)(s(p_17_1077_1)

0,T,pESm YESmq X+ Xsmz

- Z Z Op(Bl)é(p_lfy_lQﬁul71/17@5’”2““2) (445)
PESm WESm1X~--><Sml
- h Z O Bl QI‘ Ml,lllQS 1/2,/1,2) (446)
PESm
= 78 GGy | S 5( B P 1)0,,(31) (4.47)
PESm
= h6"62500,1, OF . 0 (BY) (4.48)

Equation (4.45) sums over delta functions containing the @)-basis elements, inserting them

in place of o and 77! in the final delta function. In equation (4.46), the invariance of

R
(1,1

was computed, introducing a factor of h. Multiplying the ()-basis elements as matrices

under conjugation by v was used to remove the v dependence, after which the sum

following (4.37) produces equation (4.47). The final line simply identifies a Fourier basis
operator in the witness fields, as per definition (4.38). O

Using the above lemma, the correlator of (4.43) is

(O (X0

r,p1,V1

(Xl))T> = h5R55PS5V1VQO Bl) (449)

S, 2,2 rul,uz(

This exhibits the orthogonality relationship as observed in the one and two-matrix cases
and shows the correlator is proportional to a Fourier operator composed of witness fields B;.
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4.3 Observable functions of multi-matrix quantum and classical fields

Obtaining the multi-matrix correlator result through classical witness fields is possible and
follows the same procedure as section 2.3 and section 3.3. Define the partition function

l
~ 11 / [dX, e~ T XD (4.50)
n=1
which has basic correlator
l
1
() = I 5 i) chre ™D = 5, ) (4.51)

Then, using permutation parameterised GIO

Oy (Z1A1) = Trv®m (Z1A)P™ @ - @ (Z,A)*™ L,)

11 'Lml im—ml 7 (452)
(ZlAl)z RS (Z1A; ) o (ZlAl)z‘J(m,m” . (ZlAl)ig<m)
and its Hermitian conjugate
(O5(Z1A))" = Tryom ((lzhem @ (AlZ)yomL,)
ATZT i1 (ATt imy ATZT tm—m, ATZT im
( ) 1<1) ( 1 1)Zcr*1(m ) ( )7, 71(m 'm) ( )Z ,1( )
= oo,l(AjZ}) :
(4.53)
the GIO two-point function of classical witness fields is then
(O, (X141) (O, (X1 AD)T)
l
1
! 2[0]/[an]001 (X141) (O, (X1 A1) T & THEDAD) (4.54)
n=1
= X (AP A Ak A abin
1@ gy gy 0 N iy ey V) VP A
1,J,K,Q
1
m-—m j 1 7 7;'m lm my im
<A Al T gy X200 - 203, @0 2
n=1
x (Zhn L (zhim Zhimome L (ghtm e TGX)
( 1)]«:;1(1) ( 1)Ja;1<m1> 3 l) L (m—my) Z)Jo;1<m>

(4.55)

where the sum over I, J, K, () covers all matrix indices. To simplify the notation, a function
in the witness fields is defined

Ll " kn—m, km
fi(A, At:g ), k. qo1) = (Al)igl 1 (Al) (ml) e (Al)'0'1<m7ml) o (Al)igl(m) (4.56)
x (AD . ADgm L abim A
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Using this notation the correlator is

(O, (X141) (Oy (X1 AT

l
1 : im
= Y mAALT R Go) ] gm/[an](Zl)?%---(ZﬂZmﬁ
I,JK,Q n=1
<. () (ZhE (2, (Zj)q'“ T (2
oyt (1) oy my) Hm—my) oyt (m)

= Z fl(A,AT;Z;, /;;, 7, 0'1)<(Zl)k1 (Zl)lmll 3 (Zl)lm_mzl (Zl)z:]

km—m

X

—
—+

N—

Q

-

—~
——

N~—
Q2

3

s

—
~—

S~—

dm—m t\q
Z j—1(m1)" Z ]—ll (ZI)J—1 >

(m—my) oyt (m)

= > > f(A AV 5 K, o1)o O gy e g
2

o1 -1
17J7K7Q'Y€Sml ><---><Sml Yoo (1) v (1)

-y Y (aa)

. . J.—
J1yeeesm YESmy X+ X Sy, 7t

(ATAl)jm m (ATAZ)

3_1

-1
o1vo, (1) Yoo, Limy)

ma*(m—mn In=1oyv05 L (m)

= > X B,

J1y--Jm YESmy X+ X Sm,

J(m—my) J(m)
( 1)37*10170 Lm—my) ( l)]ﬂﬁl

= Z Trvﬁm ((Bl)®m1 ® e ® (Bl)®ml£’y_1o'1’yo'gl)
YESmy X+ XSy

=3 Y 0.,(B)so3 v orv0y )

03ESm YESmy XX Sm,

= > ( > Oa(Bz)CS(Ole_lUlel))

p3 'yESml ><~~~><Sml OLEOrbA—(pg)

(B)]™

i ! ..
o1y, (1) Iy 1oiyoy (my)

—1
o170y~ (m)

=> 0,65 (B) > 5(T1;27_101’Y<72_1)

p3 'yeSm1><~-><Sml
ITAI T
P A
=y -2 —||TA| Cpfp2 O ) (B1)
P3 P,

—Tr(Xy X))

(4.57)

(4.58)

¥~ 1(m)

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

In the above, Kronecker equivariance, Wick’s theorem and index contractions were imple-
mented to arrive at (4.60) from (4.58). A;QA77 = B, was set in (4.61), and the GIO of

classical witness fields along with a delta function were used in (4.63).

Equations (4.64)

and (4.65) split the sum into equivalence classes/orbits (labelled p3), and a sum over the
elements of orbit Orb z(p3) (labelled ). The PCA element T 1;2 is identified by taking the

a sum inside the delta function, to sum over a~!. Finally, lemma 5 was utilised in (4.66)

to bring the correlator to the form with manifest PCA structure constant dependence.
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The prime label on p} is to indicate that it is the partition/equivalence class of an inverse
() = \T;i‘\(’)gi = Oy, and |T)y| = |T,|, we achieve the
same combinatorial basis result as equation (4.30) for the coupling matrix derivation after

permutation. Employing | ](’)

rearranging the orbit size factors

<Op1 (XZAZ) (Opz XlAl H ma' Z Cp37 p3 Bl (467)

p1p

Figures may be generated for the multi-matrix case as a straightforward generalisation
to both figures 5 and 6, by inserting the required number of box operators to match the

desired number of witness matrices.

4.4 Fourier/(Q basis for multi-matrix, two-point function with quantum and
classical fields

Define the GIO for the classical witness fields in Fourier basis as

OF ,(A) = 3 0 (QF..07") 0s(XiA), (4.68)
0ESm
with conjugate
(Or M V(XlAl T - Z 0 ( rou? ) Odfl(A;XlU (469)
O’GSm
Z 0 ( r V,u ) Oé(AgXlT) (470)
O’GSm
= Off, . (AlX]). (4.71)
where (QF L, = Qr v and o = 0~! were applied. Using the permutation parameterised

correlator result from (4.63), repeated below for convenience,
(06 (X1 A1) (O-(X,A)T) = (00 (X1 A1) 01 (A] X)) (4.72)
=2 D> OBy, (4.73)

PESm YESm, X "'Xsz

where B) = ATAI was set, the classical witness field correlator in Fourier basis is

(OF (X1 (05, (XlAl))T )
= 3 QR0 8 (@5, m7) (Oa(X1A) (O-(Xi)) (4.74)

0,TESm

-2 S (@) (@2 T) OBy ey (4.75)

0,T,pESm YESmq X++*X S,

= 1615 6,50,,,, OF B)), (4.76)

r,ui, l,I/Q(

where lemma 6 was used to obtain the final line, and again h = Hla:1 me!. This correlator
result

.|_
<0§M1 W (XA (05, (X14) > = 16" 6156,,0, 08, o (BY) (4.77)
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generalises the previous findings of section 3.4 to an arbitrary number of witness matrices,
while again confirming the orthogonality relations of the two GIO correlator by virtue of
the representation theoretic delta functions.

5 Algebras and tensor correlators with tensor witnesses

A further extension to the witness field discussion is to introduce tensor invariants [33, 36].

*d and labelled by permutations

Tensor operators of rank d are invariant under U(V)
(01,09,...,04). Assuch they are constructed by contracting a given tensor, Z% % with its

complex conjugate,’ Z-hmi ;- A general permutation parameterised GIO is then written as

OO—l:"'vad(Z7 Z)
= TrV1®m®“'®Vd®m (Z®m2®m(£01 ® c .. ® EO’d)) (51)

= Z Z (1) gy 1y (i) gr) - Z(il)al(m)._.(id)ad(m)Z(zl)l...(m)l  gli)me(ia)m
1

where the sum over I is over the full set of indices I ={(i1)1, ..., (a)1, -+, (11)ms- - - (id)m }-
The tensor invariants have the underlying equivalence relation

(017 02y, Ud) ~ (:U’lO-LU’Qa H102U2, - - - ,,LLlO'dMQ) ’ (52)

where oy, p1 , 2 € Spy. This is known as the equivalence under left-right diagonal action
of S, on S,fld, and means that equivalent permutation tuples produce the same operator

00'1,0'27~-70'd (27 Z) - 0#101#2)/-"10'2,“‘27~-7:U¢10'dﬂ2<Z7 Z) : (53)

In keeping with the previous matrix discussion, such a relation can be linked to a permu-
tation centralizer algebra (PCA) which may be used to characterise tensor correlators. To
help produce an explicit and concise demonstration of such correlator calculations, from
here on we specialise to d = 3. The PCA associated with the tensor model under study
is denoted IC(m) and otherwise referred to as the “Kronecker PCA”. This was originally
discussed in detail in [36] where both a gauged version K(m) and an un-gauged version
Kun(m) were investigated for their connection to the counting of tensor invariants.” There,
Kun(m) was defined as the vector space and sub-algebra of C(S,,)®? which is invariant
under the left and right action of the diagonal symmetric group algebra® Diag[C(S,,)], i.e.

Kun(m) = Spang Z V10172 @ 110272 @ N103Y2,  01,02,03 € Sy ¢ - (5.4)
71,72€Sm

This is also the definition used in the previous matrix models, where the algebra elements
are formed from group averages. An important relation between this PCA and graphs was

5Tn this tensor case, complex conjugated quantities will feature indices down out of convention.

"KCun(m) and K(m) are isomorphic and can be used interchangeably, both being referred to as the
Kronecker PCA.

8JCun(m) is also called the “double coset algebra” in [36].
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at the centre of [33, 36, 38, 39], where a graph basis for the algebra was implemented.
This basis is simply a re-description of the combinatorial/permutation basis so far used, by
labelling the algebra in terms of unique graphs. Counting these graphs connects directly to
counting the elements in Ky, (m), as they both share the same equivalence relation of (5.2)
(see §2 of [38] for more details on the construction of these graphs).

This relation and fact (5.3) apply to Ky, (m) specifically and in terms of graph nomen-
clature, Kyy(m) corresponds to bipartite graphs with m trivalent vertices with three in-
coming coloured edges and m trivalent vertices with three outgoing coloured edges. Unique
graphs are hence equivalence classes of triples (71,72, 73) € Sy X Sy X Spy. The expression
Col(m) is used to denote the set of such equivalence classes, where m labels the number
of vertices, and r € {1,...,|Col(m)|} is the label for each individual graph of chosen m.
Alluding to the counting mentioned earlier, it is a fact that |Col(m)| = |[Kyn(m)], i.e. the
number of graphs is equal to the dimension of the algebra. To define the PCA elements
used in the subsequent discussion, we additionally specify Auty(r) as the subgroup of
Diag[Sy,] x Diag[S,,] leaving triples (O'Y), aér), ay)) € Spm X Sm X Sy, fixed, and Orbg(r) as
the set of unique triples of permutations obtained from the left-right diagonal action of S,,.
The orbit-stabilizer theorem then allows one to connect the size of these orbits, |Orbx(r)],
to the size of the Autx(r) group, |Auti(r)|. More precisely, the theorem states that there
is an isomorphism such that

1 B |Aut(r)] ~ [Autg(r)]

|Orbi(r)|  |Diag[Sy] x Diag[Sn]|  (m!)2 (5.5)
Having briefly introduced the background and notation, consider a graph basis element for
Kun(m) as
1 - . .
b= i >, mot e ©mo o @ ot (5.6)
Y p1,u2€Sm
Auty(r . . .
= |(m,)(z)| Y (@) ®ay(a) ® 0§ (a) (5.7)
’ a€O0rby (1)
1 (r) (r) (r)
=~ [Orb(r)] 01" (a) ® 03" (a) ® 057 (a) € Kun(m). (5.8)
a€Orby(r)

Here a labels the distinct permutation triples that are in the same orbit, such that (O'Y) (a)®
agT) (a) ®O’§T) (a)) is a representative triple of the orbit denoted Orby (). As an aside, the T
basis used in the previous matrix models (for example, equation (3.6) for the Necklace PCA)
is straightforwardly related to the graph E basis for the Kronecker PCA via normalisation

fo— "= Y o) @el (@)@l (a). (5.9)
a€O0rb(7)

i.e. TX is the un-normalised basis element of Ky, (m) and |TX| = |Orbg(r)).
Having addressed the tensor model’s algebra, the correlator of tensor GIOs with classi-
cal witness fields is calculated in section 5.1. Note that using a coupling witness field faces
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difficulties due to a lack of well-defined tensor inverse, hence only classical witness fields are
implemented. Additionally, since Ky, (m) is semi-simple and associative, the Wedderburn-
Artin theorem [52] allows us to describe it as a direct sum of matrix algebras. Using this
fact, the correlator calculations can be organised in terms of representation theoretic quan-
tities by Fourier transforming the GIOs and subsequently using the multiplication of the
Fourier basis matrix elements. This serves to generalise the findings of [36] to include a
classical tensor field in an additional basis, and is the subject of section 5.2.

5.1 Two-point function of general tensor operators with tensor quantum and
classical fields

To calculate tensor correlators with classical tensor witnesses, we define the gauge invariant
operators to include both classical field, A, and field variable Z, as rank-3 tensors. The
permutation o; € Sy, then acts on the i-th index of the tensor as per definition in (5.1).
Explicitly, we will use the gauge invariant operators:

Oo1 02,05 (A, Z) = Try e yon [ZEMAS (Lo, @ Loy @ Loy)]

QVE™®
- Z N 0oy kog ) oy ) (m) Kory ()
IJK

givitkr .| gimimkm  (5:10)

The permutation operators have action

(‘Cdl ®‘CU2 ®‘C03) |(€i1 & ®eim) ® (ejl - ®ejm) ® (ekl Q- ®€km)>

(5.11)
= (g, 1) @ © iy (1) @ (€ 0) @ D €jy) © (61@03(1) ®- ekas<m>)>
It is also convenient to write this, in shorthand notation, as:
(£01 ® ‘CO'Q ® ‘603) |€i1j1k1 ® Eijoky @ eimjmkm>
= [€iny () oy k) © 7 © Cigy (g ()b m)! (5.12)
We also have, in the shorthand notation,
Aleijr) = Aiji
(elik| 7 = Ziik (5.13)

Using these we can convert the trace in tensor space to the formula in terms of indices
using
TrV1®m®V2®m®V3®m [Z®mA®m (EUl ® Edz ® ﬁas)}

= Z <€i1j1k1 R Q eimjmkm’ Z®mA®m(ﬁal ® [,gz ® Lag) |ei1j1k1 R ® eimjmkm>
I1,J. K
(5.14)

This translates directly into a diagrammatic form, as given on the left side of the top
diagram in figure 7 (see appendix B for more details on interpreting this diagrammatic
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tensor GIO). To get the conjugate operator we take A — A, Z — Z and the inverse of the
permutations:

0717T27T3 (A7 Z)
— OTl 1’7_2 177_.3 1(A Z)

— @m 7® 5.15
= TI'V1®77L®V2®WL®V3®77L |:A mZ m (ETfl ® £T271 ® £T§l):| ( )

— 7. .7 . A#diky o Aimimbkm

I%;{ Lyl r‘1< 1) ’ffl(mﬂgl(m)kr;l(m) ’
where the sum over I, J, K implies the sum over the full set of 7,5 and k indices (e.g.
I = {iy,...iy}) and the bar on the fields indicates a covariant field. The conjugate
operator has the diagrammatic form in the top-right of figure 7. The tensor field partition

function is

= /dz [dZ)e”2 Lign Zin 2" (5.16)
and
(Zjjnjs Z0218) = 6716260 (5.17)

is the two-point function of field variables Z, Z. The GIO correlator with classical tensor
fields is therefore

<Oo'1 ;02,03 (A7 Z)OTI »T2,T3 (A7 Z))

1 = — e Zijk
17k
= E/[dZHdZ]Om,m,Ua(A? Z)OT17727T3<A Z)e QZ”k ! (5~18)
= S Be o Ry ZRAKR L gidk
K o1(1)Yog(1) "o3(1) a1(m)’og(m)“agz(m)
0K (5.19)
N7 7. Abdikr o Aimimbkm
Lolwd iRty T T ey T oy B ) )
— A i1j1k1 Azm]mkm
— Z Z PPN PN LRy VIR A A
o1(1)?o9(1) "o3(1) o1(m)?og(m)“oz(m)
1,J,K ~ES
vk (5.20)
-/ / ./ -/ /
1 jl kl Tm Im km
% 51 <1)5j Ly Bty T e ony el m) B (m)
3 1 2 3
_ A .y .
]ZJ;( o197 W ogrry (1 Fogrrs ) oy Loy L (m) Ragrrg L m)

% Ai1j1k‘1 . .Aimjmk'm )

where the expectation value on field variables Z and Z has been expanded into a sum
over permutations vy via Wick’s theorem, and Kronecker equivariance was used to arrive
t (5.21). Therefore we have in trace notation

<OU1,U2,03 (/_\7 2)07'177277'3 (Aa Z)> =

Zsj Tryemgyengyen (ATAS (Lo, @ Loy @ Log) (L) (L, @ L1 @ L)) .
YESM
(5.22)
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A®m

Z®m
7 em

A®m

Lg1 ® ng ® Lo'3 LT;l ®£T;l ®LT;1

L L

A®m

£,0L,8L,

Lal ® Laz ® L03 LTl’l ®L'rgl ®‘£’r§1

N L

Figure 7. The diagrammatic representation of the tensor model two-point function of gauge
invariant operators with classical tensor witnesses. This example takes A and Z as contravariant
tensors and their conjugates as covariant tensors, where all fields are rank-3 and displayed using
triangles. The figure implies (via their associated linear operators) that each of the three indices on

every term in the tensor product, is permuted by o1, 03 and o3 (or 7 Y Ty L and Ty 1) respectively.
Once again, applying Wick’s theorem introduces a permutation  that is summed over, accompanied
by a twist in the indices.

A diagram representing this tensor, two-point GIO correlator and its equivalent descrip-
tion in terms of the « permutations using Wick’s theorem, is given in figure 7. Next we
simplify (5.21) with the introduction of delta functions and elements «o; for I = 1,2, 3,

<OUI ;02,03 (A7 Z)OTI 372,73 (A7 Z)>

- Z Ny ) dagFag) " Niay (my o mFagm)
1K
oy, YES,
brEsm ; (5.23)
x Ai1j1k1 . Aimjmkm H 5(041—10_1771—1) ’
=1
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where } ., implies a sum over aj,as and az. The sum of the classical tensor fields,
A and A, over their index sets I,.J, K now takes the form of an operator as defined in
equation (5.10) i.e.

Oai,a2,03 (j_X, A) = Z [_\ial(l)ja2(l)ka3(l) a /_\1 j AR AT (5.24)

ay(m)Jag(m)kaz(m)

1,J K
= Tryemgyemgyen (AB™AS™ (Lay @ Loy @ La) ) (5.25)
such that
- 3
(Oo1,00,05(0, 2) Oy 2y s (M Z)) = > Oy gy (A, A) H oyl (5.26)

a1, YESm =1
The expression is further simplified by introducing v = 12 and, by using the invariance of
the GIO in classical tensor fields, Ou, as,05 = Ousarpr,pscspus pusaspr» Permutations pp and
p1 can be included in the correlator (see appendix C for more details)

<Oo'1 302,03 (A7 Z>OTl 372,73 (A Z)>

1 3 3
I Z 001170427063 A A) H5 o Ul'Yl'YQTl 1)
M i ¥2E€Sm I=1 (5.27)
1 3
- (m!)3 Z 004170427013 A A) H M?alilﬂlaﬂ/l'YQTfl)-

LY1,Y2:01,42E€m
Using the cyclicity of permutations in the delta functions, in explicit tensor product form
the correlator is

<OO'1 ;02,03 (A’ Z)OTI 372,73 (A’ Z)>

1 _
- Z Oai,a2,03 (A, A) (5.28)

13
(m) QY12 H1:42€5m
x 85 (7' @ a3 @ az ) (uf*) (o1 @ 03 @ 03) (P (5 (T @t @ ) (5?))

where

3
85(81® B2 ® B3) = [[8(8) for By € Sim. (5.29)
l

The two-point function now takes the form of an operator strictly in the classical tensor
fields multiplying a delta function of tensored permutations of S,,. This can be further
evaluated using the elements of the Kronecker PCA, Ky, (m). There are two permutation
triples with left-right S, x .5,, diagonal permutations acting on them in the delta function
of (5.28). Bringing the sums over pu;,~; inside, the correlator is equivalently rewritten as

1
( )3 Z Oa1,a2,o¢3(A A)
m: aESm

<OUI,0'270'3 (A7 Z)O7'177'277'3 (‘/_X7 Z)>

X 03 ((af1® oyt ®az?t) { > o ® poam® M103’Y1}
11,7

X [ Z Yori 2 ® Yoty o ®7273_1u2D . (5.30)
K272

— 46 —



These square bracket terms are just the graph basis elements of (5.6) up to the normalisa-
tion factors and choice of graph label. Since the GIO are functions of equivalence class, we
can equally write an operator defined by permutations (01,09, 03), as an operator defined
by (O'Y), ag), J:E)T)) instead. This () notation implies any triple of permutations from the
orbit Orby(r), i.e. from equivalence class r. Hence, associating the o; and 7; triples with
graph labels r and s respectively, the correlator is now defined in reference to this basis as

<0Er (A’ Z)OES (Av Z)) = <001,02,03 (]\7 Z)OT1,7'2,7'3 (]\7 Z)> (5'31)
=(0_ ) 0 (A 2)0_ ) (A, 2)) (5.32)

1 92 03 1 T2 573
=m! Y Ouyanas(A, M) (07! @ 05! @ ag ) EEy) . (5.33)

QI ESm

The prime notation on Fy, is used to indicate that this basis algebra element was formed

1,7'51). Decomposing the o; € S,

from an triple of inverse permutations, namely (7, L Ty
sums into sums over equivalence classes (labelled by p) and sums over elements in each
class (labelled by d),” means the a~! triple can also be exchanged for a Kronecker PCA

basis element

(05, (A, Z)0g, (A, 2))

=m/! Z [ Z Oagp),a(p)ﬂgp) (A, A)

2
P LdeOrbi(p) (534)

<83 (7)) © (0719(d) ® (03 ) () EE)]

2

=m!)_ (Oa?’),a(”,agp) (A, A)
’ (5.35)
<8, [ S (@) ® @) © (05)() EED |

deOrbi (p)

where the orbits/equivalence classes in this sum decomposition are labelled by p, and again,

1

the prime notation has been adopted for the inverse triple (afl, g, 03 1).10 Hence,

<OE,~ (/_\, Z>OES (/_\, Z)> = Zm!’Ol"b;c(p/)’Oagp)ﬂép),agp) ([_\, A)53 (EprErEs/) s (5.36)
p

Note that since the GIO are invariant under the equivalence relation (5.3), the operator
O ) ,m is the same for all d € Orbg (p), and so the d-label on the operator is omitted.
1 72 3

For this same reason, it is free to move outside the sum over d as seen in (5.35). From §2.3

In graph nomenclature, this is decomposing the sum into a sum over all unique graphs and a sum over
the elements in the same orbit of each graph.

10We may think of the sum over d € Orbx(p) as running over all permutation triples in a given orbit
p. The implied effect this has on triples (o' (d),a; ' (d), a3 '(d)), is to run over all triples in the p’ orbit,
which is the orbit generated by inverse permutations: ai_l.
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of [38], this delta function of graph basis elements can also be simplified. The following
multiplication rule holds

|Col(m)| |Col(m)|
EBy= Y CE, = &(EyEEy)= Y Cho(EyE). (5.37)
t=1 t=1

where Cﬁs’,c is the Kun(m) structure constant in the graph basis. Setting ¢ (a) = J](Lp ) (a)®

3

aép ) (@) ® aép ) (a) for convenience, the inner product g on C(S,,)®? can be defined as

(»)

90 (@.500) =8 (o) @) . (5.38)

and one can identify that

(BB = o eiome, o, o (@ @s00)  69)

a€O0rbi (p') beOrb ()

L / t
= O ObeD] 2 2 g (al(a), 30 (1)) (5.40)

a€O0rby (p) beOrbx(t)

1
N |Orb(p')||Orbg(t)| Z Z Op'tOab (5.41)

a€O0rbi (p") beOrbx (t)

1

S — 42
|Orb;c(p’)|6pt (5.42)

Combining equations (5.42) and (5.37) then substituting this into equation (5.36), the final
expression for the correlator in the graph basis becomes

|Col(m)|
e 1
! —_—
(OE, (M, 2)0g, (A, Z)) Z Z m!|Orb (p')|O CINCY (,,)(A A)CEY Orbe )‘6}71‘,
5.43)
= Zmlcfyc@agp)@;p)’agp) (A, A) (5.44)
~ :
=m!Y O 0R (A, A), (5.45)
p

(»)

where the final line identifies the a;"’ triple with algebra element E, (see equation (5.31)

for similar application). This graph basis result

(Op (M, Z)Og, (A, Z)) vaCP XOp, (A, A) (5.46)

is again in keeping with the previous cases: a linear combination of operators composed
of the classical (tensor) fields with multiplicative structure constant factors from the cor-
responding PCA. Hence, given a set of basis labels (E, E,, E},), these structure constants
can be computed. Note that for the graph basis of Ky,(m) used, the structure constant
appearing in the final expression, C’f;;,’c, is an integer as shown in [38].
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5.2 Fourier/(Q basis

This section utilises the Fourier basis to write the correlator in terms of representation theo-
retic quantities. The Fourier basis we use is referred to as the “Qyy-basis of Ky, (m)” in [36]
where again, “un” stands for “ungauged”. These @y, matrix basis elements, transformed
from the combinatorial basis in (5.4), are given by!!

R,S,T RSTARSTp )R S T
Qun;/\yp = KR,ST Z Z 021,12,%3 Jl»]z,JspDHJl( )Dlwz( )Dist (03)01 @ 02 ® 03 (5.47)
01E€Sm 11,]1

where the sums over oy,1;, j; are taken to mean summing over all [ values: [ = 1, 2, 3.
Here kps1 = %, where d(A) is the dimension of representation A of S,,. In

other words, the matrices D4(c) of representation A of permutation element o € S,,, are
d(A) x d(A) in size. The Cf 1327;3)‘ terms are Clebsch-Gordan coefficients, which arise from
the decomposition of a tensor product representation into the space of irreps tensored by
the multiplicity space of the irreps. Indices 41,71 run from 1 to d(R), iz, jo from 1 to d(S)
and i3, j3 from 1 to d(T'), while \,p € [1,C(R,S,T)] where C(R,S,T) is the Kronecker
coefficient: the multiplicity of the irrep 7" in the tensor product of the irreps R and S.

Such a decomposition may be written as

Ve®@Vs= P VraV, (5.48)
THEm

with Vg, Vg and Vp the vector space representations for .5,,,, and V) the multiplicity space.
Multiplication of two Quun-basis elements gives

RST AR,S'T R,S,T
Qun;h,mQun;)\Qm - 5RR/(SSS/5TT/591)‘2Qun;)q,pg ) (5.49)

and the stability of the Qu,-basis elements under left and right actions of the diagonal
group algebra Diag[C(S,,)] elements implies'?

RST R,ST
(7](?3)Qun7A7p(7§®3) = Qun;)\hg . (5'50)

As for the operators, they take Fourier form

ORST A, Z) Z 93 (@ ( fn?}f;(al_l ® ‘72_1 ® ‘73_1)) Oo1,02,05 (N, Z) (5.51)

01,02,03

where Oy, oy.05(A, Z) is defined in (5.10), while the conjugate Fourier operator is

OFSTR,2)= Y 6(QRS T 07 @05 ©05) Orvonen (M, Z)  (5.52)

un;A,p
01,02,03
= Y (L (012 02©03)) Oy 005 (A, Z) (5.53)
01,02,03

"Explicit transformation between combinatorial/permutation and representation/Fourier basis (gauged
form) is given by equation (39) of [36]. It can also be derived by starting with the basis of algebra C(S,),
then forming a tensor product, see appendix B1 of [36]. Finally, direct transformation between graph and
Q-basis is given in appendix B of [38].

12See appendix B of [36] for proofs.
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with Oy, o9.05(A, Z) defined in (5.15). Using fact Dg(a) = Dﬁ(a‘l) in equation (5.47),
the multiplicity indices A, p have swapped positions in (5.53), accompanied by the inverse
permutations of the delta function. The two-point function in this basis is then

<OR’S’T(A, 2)0F ST} Z)>

A1,01 A2,p2

S _ _ _ —
=< > 8 (A, (0 @0y ©037) Oy 0a0s(A, 2)

01,02,03

(5.54)
X Z 93 (an’,izig; (Mene T3)> 07—177—277—3(/_\, Z)>
T1,72,73
R,S,T — — —
= > & (Qun;)\l,pl(o-l '@oy! ®o; 1))
s (5.55)
X 03 (QuRn:§2:;; (M®m® 7—3)) <001702,0’3 (/_\7 Z)Ox 375 (/_\7 Z)>
From here, the result of (5.28), repeated below for convenience,
e 1 _
<001,02,03(A7Z)Oﬁﬂ?ﬂ's(AvZ» = (m!)g Z 001,042,043(A7A) (5'56)

QLY1Y2:81,42ESm
x 83 (a1 @ ay' @ a3 )(uF*) (1 @ 02 ® 03) (47 (5 @ @ 7 ) (15

may be utilised by substituting this correlator into the expression (5.55). By then summing
over the o; and 7;, the tensor product triples of (5.56) are replaced by the Q-basis elements
via the delta functions. As such we have

_ — 0y ar T = 1 _
<Oﬁi?(A, Z)O)I\%Q:pS;’T (‘A_7 Z)> — W Z Oa17a2,a3 (A., A) (5-57)

QY1211 542 ESm
-1 -1 -1 3\ R,S,T 3 3\ RS, T’ 3
x 8 (o' ® a7 @ oz ) (uFH)QEST , (F(EH Qe (1)) -

Using properties (5.50) and (5.49) of the Quu-basis,

<OR7S7T(A7 Z)OR/,S/,T/(]\’ Z)>

A1,p1 A2,p2
" — - - R,S,T R'.S'T'
=m! Y Ouyazas(A,A)33 ((% '9a;' ® a; 1)Qun;h7m@umpm) (5.58)
QI ESm
— — — R,S n
= MIORR 055077 0pips ), O3 ((al toay@ag I)Qu{l;ilT,Az) Oy az,as(A, A) - (5.59)
aESm
R,S, n
= MR 0550170, 9, Opins ag (A A (5.60)

where the final equation comes from the operator definition in (5.51). The correlator

<Of‘1’i’lT(A, 7)o ST}, Z)> = IO RR 055 07T Opr ps Ot 2, (A, A) (5.61)

is therefore akin to the matrix cases where the final result is also proportional to an operator
of the classical witness fields in representation theoretic/Fourier basis.
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6 Summary and outlook

Representation theoretic orthogonal bases for the complex one-matrix, multi-matrix and
tensor models have applications in the AdS/CFT correspondence and more general models
of gauge-string duality. It has been understood that these orthogonal bases are related
to permutation centralizer algebras and organise many aspects of the combinatorics of
matrix and tensor model correlators. In the context of CFTy, these algebras have been
shown to be related to enhanced symmetries in the free field limit [24, 37]. However
a direct physical interpretation, in terms of the observables of matrix or tensor models,
of the structure constants of these algebras has so far been lacking. In this paper, we
showed that the notion of matrix and tensor witness fields, defined in the introduction,
allows such a direct interpretation. The Fourier transform from combinatorial bases of the
PCAs to representation theoretic Wedderburn-Artin bases lead to generalisations of the
orthogonality relations making contact with the super-integrability programme of Morozov
and Mironov [43]. We outline a number of future research directions suggested by the results
of this paper.

The problem of identifying the quantum state associated with the operator Or(Z2)
in the half-BPS sector of N' = 4 SYM with U(N) gauge group is related to interesting
questions related to the black hole information paradox [53] and also connects with inter-
esting structural properties of the centres of symmetric group algebras [54]. The Casimirs
of U(N), which can identify the Young diagrams, can be related to asymptotic multipole
moments of the gravity fields generated by the LLM geometry [55] corresponding to the
Young diagram R. Using the results of this paper, we can measure the Young diagram
labelling a matrix model observable by inspecting the outcome of the 2-point correlator as
a function of a matrix coupling. It would be interesting to consider deformations of N = 4
SYM involving the introduction of 4-dimensional background matrix fields. Presumably
this would reduce or break the supersymmetry, but would provide an interesting higher
dimensional quantum field theory arena to explore the implications of witness fields, with
potential implications for the gravity dual. The use of classical matrix fields alongside
quantum matrix fields inside observables has also been used in the context of coherent
state methods for matrix correlator problems in N' = 4 SYM [56]. In a distant corners
limit the Young diagram bases of the 2-matrix sector considered in section 3 have been re-
lated to coherent state calculations, resulting in new integral formulae for symmetric group
characters [57]. A better understanding of the link between coherent state methods and
the results in the present paper is likely to be useful in applying the present results to giant
graviton physics. For example taking the matrix A in section 2.3 to be another complex
field say Y among the SU(3) triplet {Z,Y, X} of complex fields in SYM, the r.h.s. of (2.80)
contains Schur polynomial functions of YYT. Finding an interpretation of such Schur poly-
nomials in the bulk space-time is an interesting problem. A non-trivial goal would be to
justify such an interpretation using agreement between independent calculations in bulk
and boundary, e.g. agreements of 3-point functions along the lines of [9-16].

In this paper we have considered modifications of Gaussian single and multi-matrix
actions by adding matrix couplings to the quadratic terms. We have shown that two-point
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functions calculated as a function of the matrix couplings define structure constants of
associative algebras. An interesting question is whether analogous correlators depending
on matrix couplings in the quadratic terms lead to associative algebra structure constants
when the Gaussian actions are perturbed with interaction terms. Commutator interaction
terms are of interest in AdS/CFT (see [58-60]) and also in the context of emergence geom-
etry in the context of the IKKT IIB matrix model [61, 62]. Establishing associativity or
characterising the departure from associativity in interacting matrix models are interesting
projects.

The formula (1.8) for the 2-point function in the one-complex matrix in the combina-
torial basis has an interpretation as a combinatorial model of gauge-string duality [63—65]
closely analogous to the duality between partition functions of two-dimensional Yang-Mills
theory and combinatorial models of Euler characteristics of Hurwitz moduli space [66, 67].
The combinatorial string side is a sum over Belyi maps, which are branched covers of the
sphere with three branch points. The different world-sheet genera are summed with an
N-dependent weight. With appropriate normalization of the operators, 1/N can be inter-
preted as the string coupling. In the presence of the matrix coupling A, powers of the string
coupling have effectively been replaced by the invariant functions Oy, (B). From (1.10) we
recover CP3 by picking up the coefficient of Op,(B). We thus have a direct matrix model
interpretation of Belyi map counting with specified branching structure at the three branch
points being given by the partitions (p1,p2,ps). This is a refinement of the Belyi map —
matrix model connection known from [63-65].

It is instructive to compare the emergence of the structure constants of a symmetry
algebra in this paper from matrix and tensor witness fields, i.e. classical couplings in the
action or classical constituents of composite classical /quantum observables, with other ways
of getting structure constants of algebras in quantum field theory. A common mechanism
is to consider 3-point functions in topological or conformal field theories (see discussions,
for example, in [68, 69]).

Algebraic techniques similar to those used in this paper have recently been applied to
the case of matrix models or matrix quantum systems where the U(/N) invariance of matrix
variables is replaced by an Sy (symmetric group) invariance of the matrix variables. The
hidden symmetry algebra is related to a partition algebra. More precisely, for the case of
degree k invariants, we have an S, invariant subspace of a partition algebra Py (N), denoted
SPy(N). This is developed in [70, 71] . A natural future direction is to obtain the explicit
structure constants of these algebras using witness fields as we have done here.
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A Deriving the two-point function with witness matrix field

Here the basic two-point function of matrix variables Z and Z' is derived. The path
integral with a coupling witness matrix field A (that is taken to be invertible), is

(0] = / [dZ)e~Tx(2427) (A1)
where the [0] in X[0] represents a source-free action/integral. The action is
Tr (z42Y) = 3 Z3Al(ZN)}

1,5,k
= Y zi(sjaflap) (2N (A.2)

i,3,k,l,;m,n

= Y Z(orah) (2N

Z7]7m7n

Having separated the expression in terms of indices, to begin solving the integral, first
define a N2-dimensional vector with components equal to matrix Z’s elements as follows

Z{
Zy
x! VA
1
T o | A3
=1 =zl (A.3)
2NV :
z{¥
2N
Its Hermitian conjugate is therefore
7= [(xl)* ......... (xNQ)*}
= [(le)* e (ZL)E (ZN)* ... (ZJJ\\;)*] (A.4)
— [(zf)% (2NN (ZhHY, - (ZT)%} _

In component form, each matrix element is then defined as
N = 28 and (@) gy = (270 = (200 (A5)

Similarly, for 647, in the last line of (A.2), introduce the N? x N? dimensional matrix R,
which is formed from this Kronecker product of I (the identity matrix) and AT

n AJ n m m,m N(n— m
o7 Af, = OP(AT) = (1@ AT) 7" = Ry (A.6)

z?j
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Note that AT was introduced so that R and the vector variables of (A.5), contract/multiply
correctly. The action can thus be redefined using the above objects as

#'RT = ' Z (xT)N(n—l)—f—m (R%E?__ll))_:;m) N1+
,7,n,m
- @ (5 ()7
o (A7)
=Y ZiAl (Zh)"
7.7 m

—Tr (ZAZT) .

Substituting this into the integral and changing the variable of the measure to Z, we
find it is of standard form and is readily computable

(0] = / [d7)e— "B — 7N det (R . (A.8)

Equation (A.8) holds when R is Hermitian and is positive definite (see chapter 3.2 of [72]).
These conditions are adhered to throughout the discussion of matrix coupling fields in this
paper. To derive the correlator, we introduce complex vector sources (5 , §T) to the action
and normalise by the sourceless partition function

i 1 o~ RE+# §+51F
21,81 = 5 / [dF]e~ RIS +51E (A.9)

where Z1S = (:E'T)N(Z-_l)Jrj(S")N(i_lHj and S17 = (gT)N(i_1)+j(£)N(i_1)+j, with § an N2-

dimensional vector. One may write

(Z— R'S$)R@Z - R'S)=7'Rz — Z'RR'S — SH(R"V) Rz + ST (R"H)IRR'S

(A.10)
=Rz - 7§ - Stz 4+ SRS,
where in the second line (R™1)" = R~ was used to simplify. Therefore
2[5«” S’T] _ L /[df]ef(ffR_1§)TR(5:'7R_1§)+§TR_1§. (A.ll)
3[0]
Changing variables as § = ¥ — RS produces a trivial Jacobian and hence
(3, 5t = StE1S L / (dgfle T AT = (SRS (A.12)
2[0]
=1
Finally, to derive the correlator, we set
(Z(ZN]F) = @V @ ) = (@), (A.13)

where we have labelled p = N(i — 1)+ j, v = N(l — 1) + k for convenience. Taking
derivatives of the partition function (A.12) with respect to the sources and at the end of
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the calculation, setting the sources to zero, we obtain

(w(a1),) = oo (2[5, 1))

95 d(S1), §=§1=0
_ 0 0 3 (Sherh3sH
98" 0(S1),u §=5t=0
MRS - 3G, ST A4
aSV[Zé 5% 8(8.51|| (A.14)
S=S1=0
= lZég(Rl)Ké{,\ .%[5, 5 + (S and ST dependent terms)]
oA §=5t=0
= (R
Therefore the basic two-point function with witness matrix field is
(Zj(Zh) = (@"(ah)) = (B = (R)va )i (A.15)
J l v v N(-1)+k :
1\ NE—=1)+j
= <<H®AT ) (A.16)
N(—1)+k
N(i=1)+j
( ) (i=1)+j (A.17)
N(I—1)+k

J

_ s ((AT) l)k (A.18)

=6 (A‘l)f . (A.19)

where equation (A.18) writes the R~! matrix components in terms of the Kronecker product
components, as in (A.6). Note that the condition that R is Hermitian, implies that in
addition to invertibility, A must also be Hermitian. This can be seen by observing the
block diagonal matrix R, formed from the Kronecker product between the delta function

and AT
0 ... 0
0 -AT .0
R=(1IeA")=| — '
0 0 ..
Since R = R, then by virtue that R is block diagonal, where each block consists of the
same matrix A7, we have AT = (AT)" and consequently, A = AT,

(A.20)

Additionally, since Hermitian matrices are diagonalisable, it suffices that if R is positive
definite, i.e. its eigenvalues are all positive, and as R is composed of N copies of the
eigenvalues of AT (noting that A has the same eigenvalues as A”), then A must also be
positive definite. Finally, integrals of the form (A.8), can be extended to those with a
complex symmetric matrix R’, providing further positivity conditions are applied to the
real/Hermitian part of R’ (see chapter 1.7 of [73]).
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B Interpreting correlator diagrams

This appendix describes how to interpret the correlator diagrams, focussing on the “one-
matrix correlator with coupling witness field” result of section 2.1 as a main example first,
then proceeds to describe a tensor GIO diagram, used to produce the correlator figure in
section 5.1.

Figure 8 shows the one-matrix correlator diagrams where each box corresponds to an
“operator” which are connected to one another by “branches”. Note that there are also
horizontal lines at the bottom and top of the diagrams, which imply that the ends of these
branches should be identified. The operators can either be matrix variables such as Z,
witness fields B, or permutation linear operators such as L, for o € S,,. As mentioned
previously, the permutation operators act on basis vectors in the following way

Lolei, ®: - ®ei,) =lei,q) - €im) - (B.1)
where e;,,...,e; is a basis for V®". They abide by the tensor composition property
LoLr=Lor, (B.2)

which is shown by calculating the tensor composition elements of these operators by in-
serting the identity

<ej1 R ® ejn‘£0'£7'|€i1 Q- ® 6z‘n>

frnd <€j1 ®®€]n‘£0|ek21 ®®ek ><ek1 ®...®ekn|£7_|eil ®®ezn>

= (M@ @ee,, @ Bep,,) (€7@ @eei, ® - Bei,)

=of of ...55;;") (B-3)
— oo 527;1@5{“1(1) Lo

= g{;(l) SR

where the last two steps make use of Kronecker equivariance and the repeated indices are
summed. By virtue of the operator action (B.1), it may also be written that

(@ Qe Lorlen ® - Qe,) = (' ® Qe Q- Ve, )
= e (B-4)
tor(1) Yor(n)

Since results (B.3) and (B.4) are equal, we conclude that £,L; = L,. The composition of
these linear operators can therefore be thought of as first substituting e;, for €ira) from the
action of £, (7 thus acting on the positions of basis vectors labelled by a € {1,2,--- ,n}),

then further substituting e;_ (@) for e; = €iyria) from the action of £,. Having addressed

7(o(a))
the operator properties, to obtain the correlator result by reading figure 8, start at the top
J index of the right hand side diagram. Follow this branch downward to encounter the
Ben, L,-1 and L, operators. This connection of the three operators corresponds to
multiplication/contraction of indices as
n ki,....kn l,,ln in k,,k
ZB LB (L) (L) ZB“ 2 VO (B.5)

7/13 in U15eenyin

— 56 —
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z®" (Z+)®n Ly L
o o > - 8 A |
Ly, Laz’l V€5 L, ng—l
- T T e

Figure 8. The correlator diagrams where each box is an operator connected by branches. The
right side diagram explicitly shows the indices, indicating that horizontal lines are to be thought
of as traces connecting the bottom and top. The diagram is read by following branches downward
and multiplying the operators encountered.

where }j ; indicates a sum over all k,l indices. Note that the upper indices on the B
witness matrices are labelled with j and the lower indices on operator L,, are labelled
with 4, in keeping with the figure 8 labels. Continuing on, follow the bottom I index under
Ly, to the top of the diagram since we identify the horizontal lines, and progress down
this branch, meeting £, then L = and finally connecting back to the J index at the top.
Having formed a connected loop, all indices are contracted and we may represent the result
as a trace over these operators. In total, including the sum over «, the correlator of the
one-matrix, coupling witness field model is therefore

(00, (2) (O0y(2))T)

=D D BU - BU(L ) (Lo )iy i (L) (Lo i (B6)
~€ESy I,J,K,L,P

— ®

= 3 Tryen (B¥"Ly1Lo, LyL, 0 ) (B.7)
YESn

— ®

- ; Tryen (B¥'L, 1 0o1) (B.8)
YEOn
Z ; (et ,..e]n‘B®”[,,y,101702_1 €jy - ..ejn> (B.9)
J1seIn YEON

Ji Jn ®n . .

ﬁZj ZS: (B ey ) (B.10)
= > ¥ B“ ...Bl o (B.11)
J1sein YESR loyvoy (1) 1 loyvey (n)

where (B.2) was used in equation (B.8), and (B.1) used in (B.10). This is the previously
identified result of equation (2.21). Note that the right hand side diagram introduces a swap
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Z®m - @

001,02,03(ZI Z) = Z@m

—@

‘£‘01 ® Laz ® LU3

L |

Figure 9. A diagram representing a single gauge invariant tensor operator Oy, 5,04 (A Z), with
quantum fields Z and classical witnesses A. It can be decomposed into two parts: (I) where Z®™
acts on a bra state and (2) where the linear permutation operators act first on a ket state, followed

by A®™,

in the indices. The origin of this swap stems from deriving the basic two-point function,
as seen in appendix A, where indices j,l on (Z}(Z")f) = 6;(A~!)¥ switch positions in the
outcome.

The tensor correlator diagram of figure 7 from section 5.1, introduces tensor variables
(Z,Z) and witnesses (A, A) illustrated by triangles. To help understand this, we explain
the diagrammatic representation of a single tensor GIO, Oy, 4y 04 (A, Z), in figure 9. Math-
ematically we calculate D and (2) as follows

D={("@e @M@ @ (e @elm @ eFm)| Z8™ (B.12)
_ itk giminkn (B.13)
@ = A®m(£a1 ® ‘602 ® ‘603) |(ei1 ®ej @ 6k1) Q- ® (eim ® €j,, @ 6km)> (B'14)
= A= |(ei01(1> ® €joyy & 67%3(1)) Q- ® (eial(m) ® €y (my @ ekog(m)» (B.15)
= Mgy Wdos kg -+ Do (g (om) g om) (B.16)
Combining these two pieces, the final GIO evaluation is then
001,02,03 (/_\7 Z) = @ X @ (Bl?)
— A ) A ) 111k tmJmkm
= Lo, (imybog) Doy emioyomibogemZ o 4 ) (B.18)

which matches the definition in equation (5.10). The triangles are used to help emphasise
that the tensor field operators are maps from the tensor space to the complex numbers
Zem . yem . C,
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C Delta function sums

Equation (5.27) can be obtained from equation (5.26) by first exchanging the v € S,,.
Begin with

Z 6(117200) - (C.1)
71,72,ESm

Setting v = 7172 and noting that the sum over 7; runs over all permutations in S,,, and
so too does the sum over v, = 772_1, then we can substitute Zm for 3,

Z d(1y20) Z 0(ya) m!Zé(*ya) = Zé(fya) Z d(11yea). (C.2)

T1Y2,0 VY2, v, v, 71 2,0
Therefore
[ — B 3
<OU1,02703 (A, Z)Osy 7ym5(N, Z)) = Z Oat 0,05 (A, A) H 5(04l_1‘7177l_1> (C.3)
[&7) 77€Sm =1
1 3 .
= ml Z Oai,az, as( H Ul")/l')’QTl ).
’ Qar,Y1 772€Sm =1

We then use the invariance of the operator Oq, a5 (A, A) to insert permutations iy and po,

1 _ 3 3 B
— > Oavasas(MA) [ 6(eg  orminer ™)
T a;,71,72€8m =1
1 _ 3 B B
- m! Z Omawz,ulazuz,mawz (A, A) H5(a 10171’727'1 1) (C.4)
T a;,71,72€8m =1
1 3
- m! Z Z Oy, da,as ( A A) H5 2al H1017Y172T; l) (C.5)
" Y1,72€Sm Mfldz/@lesm =1
1 3 o .
= Y Y Oaranas(AA) H5(uzal Yoy ) (C.6)
71,72ESm A ESm =1
1 _ 3 ) .
- (m!)3 Z Oaaz,05 (A A H (p2ay “propyiyeT ). (C.7)

Oél771772“17“2768m

In (C.4) the equivalence property Ou, .as.as (A A) = Opuya sy copus s asps (s A) is used.
Equation (C.5) relabels pujajue — &, while (C.6) relabels the sum since both cover all
elements in S,,. Finally (C.7) introduces sums over p; and pg and includes the appropriate
normalisation factors.

D Wedderburn-Artin basis properties for general matrix models

Take the multi-matrix model tensor space decomposition

@ Ve @ Ve g . V(S’”l)®VrR. (D.1)

— 59 —



Here, R is the representation of Sy, with m =mj;+ma+---+myandr = (R1, Ra,..., R))

which denotes the set of individual representations R;, for ¢ = 1,...,l. The restricted
character is
R R ; R;
Xr“u,u(o-) = ZZD”(U) r/thrVZt (DZ)
where t = (t1,t2,...,1;) are a set of labels used to denote the states of each individual

representation space e.g. Vlgfml) has states labelled by 1. u,v are multiplicity indices. The
Wedderburn-Artin basis (also referred to as ()-basis/Fourier basis) element

r NTRZ Z Xr NTRY ) (D3)

' O’GSm

multiplies like a matrix in the multiplicity indices and is subsequently proven.

Lemma 7.

Ql‘ 1,01 QS M2,v2 5RS§I'55V1N2 Ql‘ WH1,V2 (D'4)
Proof.
deS o
Qr 41,01 Qs ,ug,uz - Z Xr,,ul,lq Xs,ug,uz (T)O' 17— ! (D5)
UTGSm
drdgs R -1 S -1
= (m')2 Z Xr,,ul,lq(T a)XS,uQ,VQ(T) Q ’ (D6)

OéESm TGSm

1

where in the above, ¢ — 77"« and the sum symbol is exchanged accordingly. The square

bracket term can be evaluated using the definition of (D.2)

— S
Z XEMLVl (T 1a)XS7u2,V2 (T)

TESm
R R; R; Sl Sik
Z Z Z D (r” ‘o Bufl, B, 1/11 tDkl( )Bg uziaDsinia (D.7)
TESmM t,q i,5,k,l
R; R; S;l S;k
:Z Z Brujh Br;l, B ,uz,quuzq Z D Dkl( ) (D-S)
t,q @5kl TESm

Using the following orthogonality relation

> Di(ra) Dy (r ZD (@) Y Di(r)DE(r™h) (D.9)

TGSm TESm
= Z DE 5RS Skadii (D.10)
m!
— %5351),@((1)5“, (D.11)
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in equation (D.8), we achieve

R - S
Z XI','LLl,Ijl (T la)Xs’)U‘QyVQ(T)

TESm
R R;j :
= 5RS ZZ > 0uBy, 4B | DEs(@) By« Bolh g (D.12)
tq jk Ll
— dfaRS > " [brsOtqdumpe) Di: (@) By (B (D.13)
R ik ta
m! R; Sk
= 0 0xsbuy, 3 D DY (0) Bl Bl (D.14)
R Jk ot
m!
— ﬁaRsars@lmxﬁum (). (D.15)

Therefore, substituting this result back into equation (D.6):

_ dpdg _ _
,ul,les Mg,ug - 12 Z Xﬁ,ul,yl (T la)XSS,ug,ug (T) « ! (D16)
(m) aESm LTESM

:5R55r55,w< > x i (a 1) (D.17)

. a€Sm

= 5Rs5rs($u1,u2Qr,u1,uz (D'18)
O

Note that specialising to [ = 2 in (D.1) leads to the required rules for the two-matrix
calculation in section 3.2. Namely, the decomposition becomes VS M Vé?’ ! ®VS 2 ®VR1 Ry
where we label m; = m, mg = n such that m = m + n. This specialisation also implies
that notationally, dys = 0r,s,0R,S,- Appendix B.2 of [26] provides additional details and
proofs on restricted quiver characters. Additionally, the Hermitian conjugate of the Q)-basis
R )T: R

element switches its multiplicity indices, such that ( Tt o

Proof.

(@) =2 S (@) (o)’ (D.19)

" 0€Sm

== Z Xfuhyl(a)a (D.20)

’ O'GSm

- T S S pln Bl (02)

"0€Sm t

S ZZD B B o (D.22)

"0€Sm t

=— Z Xﬁyljm(o'_l)a (D.23)

m!
0ESm
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dr P
=l Z Xﬁ,m,m(a)g 1 (D.24)
" 6€Sm

=QF, .. (D.25)

r,vi,M1

O]
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