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1 Introduction

Soft or low energy theorems play a crucial role in understanding quantum field theory.
They provide a connection to classical field theory, allow performing resummation of large
infrared logarithms, and constrain scattering amplitudes. Soft theorems for the emission of
single gauge bosons hold to next-to-leading power in the soft expansion [1, 2]. Gauge sym-
metry constrains the form of the next-to-soft terms and guarantees the universality of the
soft limit. The soft theorem has been generalised to graviton emission by Weinberg [3] and
subsequently by Gross and Jackiw [4, 5]. Recent developments of spinor-helicity amplitude
methods renewed interest in the gravitational soft theorem and led to the discovery [6–10]
that the universality of soft graviton emission extends to the first three terms in the soft
expansion, that is, to sub-subleading power. A relation between the asymptotic symmetries
of [11, 12] and the soft theorems has been uncovered [13, 14], which extends to subleading
power [15, 16] as well.

Why are there three universal terms in the soft theorem for gravity but only two for
gauge theories? What role do the local symmetries underlying gravity and gauge theory
play? And is there a more direct way of deriving the soft theorem from the underlying
Lagrangians? In the spinor-helicity formalism, the existence of a third term in the gravita-
tional soft theorem is a consequence of little-group scaling of the spinor-helicity amplitude.
Compared to gauge-boson amplitudes, the helicity-two nature of the graviton leads to an
additional singular term after soft rescaling of the amplitude, which can be related to the
non-radiative amplitude through a recurrence relation. In relativistic quantum field theory,
the helicity of the emitted particle is closely related to the gauge symmetry of the theory,
and its coupling to the conserved currents. However, the gauge symmetries — non-abelian
and diffeomorphism invariance — of the full relativistic Lagrangians are not suited to make
the soft theorem manifest. In this work, we approach the above questions from the notion
of soft-collinear effective Lagrangians for gauge theory [17–20] and gravity [21, 22] and show
that the soft theorem is essentially dictated by the powerful constraints imposed by the
emergent soft gauge symmetry on the Lagrangian. This approach allows us to derive the
soft theorem in an operatorial form that makes the appearance of the angular momentum
operator transparent. It also explains the number of universal terms as a consequence of
soft gauge invariance without any calculation. While the result is of course the well-known
soft theorem, our approach provides an interesting new perspective on the structure and
interpretation of the various terms in the soft theorem, especially for gravity, for which the
sub-subleading term was uncovered only using the spinor-helicity formalism.

To be more specific, for gauge theory, the Low-Burnett-Kroll (LBK) theorem [1, 2]
relates the amplitude Arad, with an additional single soft gauge boson emitted, to the non-
radiative amplitude A, stripped of its external polarisation vectors, through the formula

Arad = −gs
n∑
i=1

tai u(pi)
(
pi · εa(k)
pi · k

+
kνε

a
µ(k)Jµνi
pi · k

)
A , (1.1)

where pi is the momentum of the emitter, tai its non-abelian “colour” charge and u(pi)
its polarisation vector (spinor). The momentum k and εa(k) refer to the momentum and
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polarisation vector of the emitted soft gauge boson, respectively. The first term is gauge-
invariant after one sums over all charged external particles and imposes charge conservation∑
i t
a
i = 0.1 The second term is manifestly gauge-invariant due to the anti-symmetry of

the angular momentum operator

Jµνi = Lµνi + Σµν
i = pµi

∂

∂piν
− pνi

∂

∂piµ
+ Σµν

i , (1.2)

where Lµνi is the orbital angular momentum operator of particle i, and Σµν
i the spin oper-

ator.
In contrast, the single-graviton radiative amplitude is related to the non-radiative

amplitude as

Arad = κ

2
∑
i

u(pi)
(
εµν(k)pµi pνi

pi · k
+ εµν(k)pµi kρJ

νρ
i

pi · k
+ 1

2
εµν(k)kρkσJρµi Jσνi

pi · k

)
A . (1.3)

The appearance of an additional universal term suggests that the gauge symmetry of
gravity provides stronger constraints than in the ordinary gauge-theory case. The first two
terms resemble (1.1) if one replaces the gauge charge by momentum, tai → −p

µ
i , the gauge-

boson polarisation vector by the graviton-polarisation tensor εaµ(k)→ εµν(k), and adjusts
the coupling constant g → κ/2, very suggestive of the gauge-gravity double copy [23, 24],
for a comprehensive review, see [25]. Indeed, the first two terms of the soft theorem can
be constructed this way from the LBK amplitude already at the Lagrangian level in the
soft-collinear effective theory [26].

In this work, we suggest an alternative perspective on the terms appearing in the soft
theorem for gauge and graviton emission, which emphasises the underlying local symmetries
in these two cases. This manifests itself already in the structure of the theorems themselves.
In the gauge-theory soft theorem, the next-to-soft term involving the angular momentum
operator is manifestly gauge-invariant for every i, while in the case of gravity the first two
terms are gauge-invariant only after imposing total momentum and angular momentum
conservation, ∑i p

µ
i = 0 and∑i J

µν
i = 0, respectively, of the source. Only the third term is

manifestly gauge-invariant for every i. This difference points out that the second term for
gravity has a different origin than the corresponding term for gauge theory, despite their
similarity in form. Our main objective is to investigate these differences and shed some light
on the connection of different terms to gauge symmetry, providing a novel interpretation of
the origin of the subleading terms. From this perspective the next-to-next-to-soft term in
the gravitational soft theorem should be viewed as the analogue of the next-to-soft term in
gauge theory, while the first two terms in gravity are related to the soft gravitational gauge
symmetries. We explore and rederive the soft theorem using the effective field theory (EFT)
formalism and demonstrate how the soft theorem follows directly from the structure of the
subleading Lagrangian and its soft gauge symmetry. For gravity, the soft gauge symmetry
consists of local translations and Lorentz transformations of a soft background field, which
lives on the light-cones defined by the emitter particles. More importantly, we show that
these theorems can be recast into an operatorial statement within the EFT formalism.

1In QCD this condition is referred to as colour-neutrality of the source of the emitter particles.
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Soft theorems encapsulate factorisation between universal long-distance soft radiation
and short-distance hard scattering. The separation of long- and short-distance effects is
most conveniently formulated in the modern EFT language. A fascinating and advanced
EFT construction is known as soft-collinear effective field theory (SCET) [17–20]. SCET
constructs an expansion of scattering amplitudes around the light-cone, describing ener-
getic particles, collinear modes, and their interactions with soft modes. The fundamental
role which gauge symmetry plays in the construction of the SCET Lagrangian has been
recognized early on [20, 27]. However, although the subleading soft theorem for gauge the-
ories has already been thoroughly discussed in the SCET context in [28] (see also [29]), the
powerful implications of soft gauge symmetry have not yet been fully exploited. Beyond the
leading term, the soft theorem in gravity has not yet been considered in SCET, since SCET
gravity was not constructed beyond the leading power at all. The present work uses the
construction of [22], simplified to tree-level, single-emission of soft gravitons, and highlights
the many similarities and differences between soft-collinear gauge theory and gravity.

The paper is organised as follows: first, in section 2, we provide an introduction to
the basic formalism and notation in SCET. Although the main topic of this work is grav-
ity, we then review the derivation of the gauge-theory soft theorem (“LBK theorem”) for
the emission from scalar, spinor, and vector particles in sections 3 to 5, which serves to
illustrate the main ideas. Rather than calculating the amplitude, we perform the deriva-
tion at the operatorial level by manipulating the Lagrangian until the angular momentum
operator represented on fields becomes manifest. In section 6 we derive the soft theorem
in perturbative gravity. We show that the universality of the first three terms is a direct
consequence of the SCET gravity soft gauge symmetry. In particular, the absence of soft
source operators up to the next-to-next-to-soft order immediately implies the existence of
three universal terms in the gravitational soft theorem.

2 Preliminaries

2.1 Invitation

In this section, we set up the effective field theory notation, introduce the notion of the
soft symmetry and discuss the matching of the non-radiative amplitude to its SCET repre-
sentation. These preliminary constructions, in particular the non-radiative matching, are
valid for both gauge theory and gravity. For the soft gauge symmetry and soft emission,
there are differences, which we point out once relevant, and focus here on gauge theory.

It is important to note that SCET enters merely as a framework to separate the
soft physics from the energetic, collinear physics of the particles generated by the hard
process. SCET captures the respective soft and collinear limit of the underlying full theory,
QCD or perturbative gravity, at the Lagrangian level, and its Feynman rules precisely
reproduce the full-theory amplitudes in these limits. While the framework may appear very
technical at first, it pays off due to the conceptual clarity of the field theory representation
of the physics underlying soft and collinear processes. From the perspective of SCET, soft
theorems are tree-level computations within an EFT that has much broader applicability.
This means that once we understand the complicated notation, the soft theorem follows
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almost immediately from the effective soft gauge symmetry and the allowed currents and
Lagrangian interactions by a simple computation.

To illustrate this point, we note that an energetic fermion with its large momentum
pµ directed along the light-like vector nµ− interacts with a soft gauge boson through the
effective Lagrangian [17, 19, 30]

L(0)
gauge = χc gsn

µ
−Asµ(x−)

/n+
2 χc (2.1)

at leading order in the soft expansion. Similarly, for the soft graviton [21],

L(0)
grav = χc

[
−κ4n

µ
−n

ν
−sµν(x−) in+∂

]
/n+
2 χc . (2.2)

The graviton coupling is given by κ =
√

32πGN in terms of Newton’s constant. The
structure of the leading term in the soft theorems (1.1), (1.3) is already manifest in the
Lagrangians, which couples the energetic particle to the soft gauge field and graviton only
proportional to the large momentum pµ ∝ nµ−. The content of the leading term in the soft
theorem can now be stated in operatorial form as∑

i

i

∫
d4x T

{
χci(0),L(0)

i (x)
} ∣∣∣

tree
, (2.3)

where the sum over i runs over the energetic particles created in the hard process. At
this point, it is essential that soft gauge bosons and gravitons cannot be emitted directly
from the hard vertex at this order in the soft expansion, since there are no source oper-
ators containing soft fields that would be invariant under the soft gauge symmetry. The
entire radiative amplitude originates from the time-ordered product with the universal
Lagrangian interaction. This guarantees the universality of the soft theorem, that is, its
form is independent of the non-radiative, hard process. We shall show from the general
building principles of the soft-collinear effective Lagrangians for gauge fields and gravitons
that these considerations extend to the next-to-soft order for gauge-boson emission and to
next-to-next-to-soft order for graviton emission.

In the following, we introduce a simplified and decluttered SCET notation that allows
the non-expert to follow the discussion and makes our derivation more transparent. This
notation is chosen specifically to work with tree-level single-emission processes in the con-
text of soft radiation, and, in general, more care has to be taken. We refer to the literature
for the general definitions [20, 22, 29, 31].

2.2 Notation and structure of the Lagrangian

We consider processes involving a number of energetic particles, described by collinear
fields ψi, moving in different, well-separated directions, and low-energy radiation described
by soft modes ψs. The different collinear directions are specified by light-like vectors ni−.
One also introduces a corresponding light-like reference vector ni+, such that n2

i± = 0 and
ni−ni+ = 2. With these vectors, we decompose the collinear momentum pµi into

pµi = ni+pi
nµi−
2 + pµi⊥ + ni−pi

nµi+
2 . (2.4)
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It is implicitly understood that the transverse component for an i-collinear momentum
is defined with respect to the ni± reference vectors. By construction, ni+pi is the large
component of the energetic particle’s momentum. Thus, collinear momentum scales as

(ni+pi , pi⊥ , ni−pi) ∼ Q(1, λ, λ2) , (2.5)

where Q is some generic hard scale (often omitted in the following), and

λ ∼ |pi⊥|
ni+pi

� 1 (2.6)

is the SCET power-counting parameter. With this counting, soft momentum components
scale as kµ ∼ λ2 uniformly. A next-to-soft term therefore corresponds to a subleading
O(λ2) term, and next-to-next-to-soft to O(λ4).

Computations of scattering amplitudes in SCET require two classes of objects, the
Lagrangian interactions, and sources — the N -jet operators. The SCET Lagrangian takes
the form

LSCET =
N∑
i=1
Li(ψi, ψs) + Ls(ψs) , (2.7)

where i denotes the different collinear sectors, and s denotes soft fields. Notably, the La-
grangian only contains interactions within the same collinear sector, interactions between
collinear particles and the soft background, as well as purely-soft self-interactions. There
are no direct interactions between fields from different collinear sectors in the SCET La-
grangian. Such terms, where a hard vertex creates multiple particles belonging to different
collinear sectors, are encapsulated in the so-called N -jet operators. Broadly speaking, these
N -jet operators correspond to the non-radiative amplitude, while the Lagrangian interac-
tions represent the soft emission from the external legs. However, in SCET this separation
is organised in a manifestly gauge-invariant way.

Indeed, an important consequence of this structure is that each collinear sector trans-
forms under its own collinear gauge symmetry, and all fields transform under the soft gauge
symmetry with transformations [20]

i-collinear: Aci → UciAciU
†
ci + i

g
Uci

[
Ds , U

†
ci

]
, φci → Uciφci ,

soft: Aci → Us(xi−)AciU †s (xi−) , φci → Us(xi−)φci ,
(2.8)

where we introduced
Dsµ = ∂µ − igni−As(xi−) ni+µ2 , (2.9)

the soft-covariant derivative with homogeneous λ-scaling, and defined

xµi− = ni+x
nµi−
2 . (2.10)
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2.3 Soft gauge symmetry

We now take a closer look at the above gauge symmetries, which play an important role
in our construction, and even more so in gravity. For the following discussion, we focus on
the interactions of soft gauge fields with collinear matter fields, i.e. we do not discuss soft
matter and collinear gauge fields, which are also present in the theory.

The transformations (2.8) do not take the form of the standard gauge transformation
in non-abelian gauge theory. We note the following two important properties:

• Only the n−As component of the soft gauge field appears in the covariant derivative
(as is the case for the leading Lagrangian (2.1)). Hence, for collinear fields, only
this component acts as a gauge field, but not the transverse and n+As components.
Moreover, n−As appears as a background field in the collinear gauge transformation.

• The soft gauge field and soft gauge transformations in collinear interactions “live”
on the light-cone or classical trajectory xµ− of the energetic particle. This important
property of the soft gauge symmetry stems directly from the expansion in the pa-
rameter λ, since for a systematic and homogeneous power expansion in λ, the soft
fields at space-time point x must be multipole-expanded as

ψs(x) = ψs(x−) + x⊥ · ∂ψs(x−) + . . . (2.11)

about xµ− in interactions with collinear fields. This expansion can be performed in a
straightforward and systematic fashion [20].

The effective theory allows us to make the soft gauge symmetry manifest, which in turn pro-
vides an understanding and an interpretation for the individual terms in the soft theorems.
Remarkably, a soft gauge symmetry with very similar properties but a generalised soft-
covariant derivative also arises in the gravitational soft-collinear effective theory [22], as ex-
plained in section 6, even though in full Einstein gravity, covariant derivatives are absent for
scalar fields, which highlights the different nature of the soft gauge symmetry relative to the
original one. For this reason, the soft gauge symmetry is an emergent one in the infrared.

To illustrate the different nature of the components of the soft gauge field, let χc be a
fermionic collinear matter field. Its interaction Lagrangian with soft fields is constructed
as a power-series in λ,

L = L(0) + L(1) + L(2) +O(λ3) . (2.12)

The leading piece takes the form

L(0) = χc

(
in−Ds(x−) + i/∂⊥

1
in+∂

i/∂⊥

)
/n+
2 χc , (2.13)

and it contains the soft field only in the covariant derivative n−Ds, as it must be, as this
is the only soft gauge invariant term at this order. In fact, the soft covariant derivative
only appears in this term, while all subleading soft-collinear interactions are expressed as
couplings of the field-strength tensor F sµν and its covariant derivatives to the multipole mo-
ments of the fluctuations around the classical trajectory. For example, the first subleading
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Figure 1. Non-radiative N -jet amplitude.

interaction takes the form
L(1) = 1

2x
µ
⊥n+j

anν−gsF
s a
µν , (2.14)

where ja denotes the Noether current, and a denotes an adjoint representation index. We
can identify xµ⊥n+j

a as part of the dipole moment. Both the leading and the subleading
term are universal and appear in similar form for matter fields of different spin. The dipole
term is relevant for the second, next-to-soft term in the soft theorem (1.1).

2.4 N-jet operators

In SCET, the source that generates the energetic particles, or “N -jet operator”, depicted
in figure 1, is represented by an operator that is non-local along the light-cones of the
energetic particles. Schematically, we have

Â =
∑
X

∫
[dt]N C̃X(t1, . . . , tN )

(
N∏
i=1

JXi (ti)
)
JXs (0) , (2.15)

where [dt]N = ∏N
i=1 dti, ti ∈ [0,∞) and X enumerates different possible operators. The

collinear currents Ji(ti) are displaced along their respective light-cone direction, and con-
structed from collinear gauge-invariant fields, convoluted with the hard matching coeffi-
cients C̃X . Js(0) is a soft gauge-covariant product of soft fields. However, the soft gluon
and graviton fields cannot appear in these N -jet operators up to order O(λ4) and O(λ6),
respectively [22, 32].2 This follows from the fact that the soft covariant derivative can be
eliminated by applying the equation of motion for the collinear fields, and further because
the field strength tensor F sµν (Riemann tensor in gravity) scales as O(λ4) (O(λ6) for the
Riemann tensor). It is this simple consequence of soft gauge symmetry which implies that
there is some form of universal soft theorem including a next-to-soft term in the gauge
theory soft theorem, and a further universal next-to-next-to-soft term for gravity, as any
soft emission up these orders must arise from universal Lagrangian terms, independent of
the source for the energetic particles.

2Note that soft matter fields can appear already at O(λ2) for the scalar case. However, these are not
relevant to the soft gluon/graviton emission processes we consider here, and hence we can ignore them.
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To derive the specific form of the soft theorem requires the subleading soft-collinear
interaction Lagrangians, which will be discussed in subsequent sections, and the construc-
tion of a complete and minimal operator basis, using soft and collinear gauge symme-
try [29, 31, 32]. For our purpose — the derivation of the LBK amplitude or soft theorem,
respectively — we can restrict ourselves to interaction Lagrangians that describe tree-level
single soft-emission processes, and to N -jet operators with a single energetic particle in a
given direction. This means that each Ji contains a single collinear field

JA0
i (ti) ∈

{
χi(tini+), χ†i (tini+),Ai⊥(tini+)

}
. (2.16)

Here, χi is a collinear gauge-invariant matter (scalar, spinor, or vector) field, and Ai⊥ is a
collinear gauge-invariant gluon field. Subleading currents are constructed from this using
the ∂⊥ derivative. Thus, the leading-power operator reads

Â(0) =
∫

[dt]N C̃A0(t1, . . . , tN )
∏
i

JA0
i (ti) . (2.17)

At subleading power, we further need the collinear building blocks

O(λ1) : JA1µ
∂χ†i

(ti) = i∂µi⊥χ
†
i (tini+) ,

O(λ2) : JA2µν
∂2χ†i

(ti) = i∂µi⊥i∂
ν
i⊥χ
†
i (tini+) ,

(2.18)

and so on, up to JA4µ1µ2µ3µ4
∂4χ†i

(ti) for the case of gravity. We use χ†i in the building blocks
as we employ all-outgoing particle convention. The soft emission is then generated from
the time-ordered products

i

∫
d4x T{JAk(ti),L(n)

i (x)} ∼ O(λk+n) (2.19)

of the collinear currents with the soft-collinear Lagrangian interactions with n = 0, 1, 2 (up
to n = 4 in gravity).

2.5 Non-radiative matching

In this section, we clarify how the non-radiative amplitude A appearing in the soft theo-
rem (1.1) and (1.3) is related to the coefficients of the above N -jet operators. Although the
main results, (2.24) and (2.27) below, are rather obvious, their precise formulation appears
somewhat cumbersome. This is reminiscent of imposing momentum conservation in the
traditional derivation [1, 2]. The technical nature of these expressions and the derivation
is unavoidable in the EFT framework, and the reader should not get distracted by the
technical details. The main result is that, roughly speaking, the N -jet operator corre-
sponds to the non-radiative amplitude and its momentum derivatives order-by-order in the
λ-expansion. We first focus on a non-radiative amplitude of energetic spin-0 particles. The
generalisation to the fermionic and vectorial matter particle amplitudes is straightforward
and explained in the respective later sections.

With only a single particle in a given collinear direction, it is always possible to
align the reference vectors nµi− with the collinear particle momentum pµi , such that pµi =
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(ni+pi)nµi−/2. We will adopt this choice for the radiative amplitude. If the emitted soft
particle carries away momentum k, one of the lines connecting to the hard vertex will have
momentum pi + k, see figure 2 below, which is not aligned with ni−. We therefore have
to perform the non-radiative matching for the general case where the transverse momenta
pi⊥ ∼ O(λ) at the source are non-vanishing.

To connect the SCET operator to the full non-radiative amplitude, we perform tree-
level matching, that is, we adjust the coefficients C̃X(t1, . . . tN ) of the N -jet operator (2.15)
order by order in λ to reproduce the full amplitude. The latter depends on the scalar
products pi · pj . Given the collinear scaling (2.5), these are expanded as

pi · pj = ni−nj−
4 ni+pi nj+pj + ni−pj⊥

2 ni+pi + nj−pi⊥
2 nj+pj +O(λ2) . (2.20)

Thus, we Taylor-expand the full amplitude in λ,

A = A(0) +A(1) +O(λ2) , (2.21)

with

A(0) = A
∣∣∣
pµi =ni+pi nµi−/2

, (2.22)

A(1) = pµi⊥

(
∂

∂pµi⊥
A
)∣∣∣∣∣

pµi =ni+pi nµi−/2
. (2.23)

The leading term in this expansion must equal the matrix element of the leading-power
SCET amplitude operator Â(0) defined in (2.17), hence

A(0) = 〈p1, . . . , pN |Â(0)|0〉

=
∫

[dt]N ei
∑

i
ni+pi tiC̃A0(t1, . . . tN ) ≡ CA0(n1+p1, . . . , nN+pN ) . (2.24)

In the last step, we introduced the Fourier transform of the position-space matching coef-
ficient C̃A0(t1, . . . , tN ).

As mentioned before, there are multiple ways to generate next-to-leading power (NLP)
currents. The only one relevant here are transverse derivatives acting on the collinear fields
in the A0 operator. At O(λ), we have

JA1µ
i (ti) ∈

{
i∂µ⊥χi(tini+), i∂µ⊥χ

†
i (tini+), i∂µ⊥Ai⊥i(tini+)

}
. (2.25)

The relevant power-suppressed N -jet amplitude operator is

Â(1) =
∑
j

[dt]N C̃A1µ
j (t1, . . . , tN ) JA1

j µ (tj)
(∏
i 6=j

JA0
i (ti)

)
. (2.26)

The coefficient C̃A1µ
j (t1, . . . , tN ) can be obtained as before by matching A(1) with the

matrix element of Â(1):

A(1) = 〈p1, . . . , pN |Â(1)|0〉 = −pµj⊥
∫

[dt]N ei
∑

i
ni+pi tiC̃A1

j µ (t1, . . . tN )

= −pµj⊥C
A1
j µ (n1+p1, . . . , nN+pN ) . (2.27)
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While (2.23) and (2.27) completely determine the subleading A1 matching coefficient in
terms of the full-theory amplitude, it is useful to note the following relation. Using (2.23)
and (2.24), as well as the fact that the amplitude depends only on the scalar products pi ·pj
and their λ-expansion (2.20), one finds [33, 34]

CA1µ
j (n1+p1, . . . , nN+pN ) = −

∑
k 6=j

2nµk−
nk−nj−

∂

∂ni+pi
CA0(n1+p1, . . . , nN+pN ) . (2.28)

With the help of reparametrisation invariance (RPI) [35, 36] of SCET or Lorentz invariance
of the full amplitude, one can prove that this relation between the matching coefficients
holds to all orders. Thus, the subleading contributions to the non-radiative amplitude
are in principle completely determined already from the leading-power matching. To sum-
marise, (2.24) and (2.27) state that, without soft radiation, the matrix element of the N -jet
operators Â(i) corresponds order-by-order to the λ-expanded full-theory amplitude A(i).

3 Soft theorem in scalar QCD

In this section, we derive the soft theorem for emission from scalar particles within the
SCET of scalar QCD. We further show that the essence of the theorem can be recast
in an operatorial statement in the form of a time-ordered product of the non-radiative
amplitude and a soft-emission vertex containing the angular momentum operator. To
obtain this result, we identify the Lagrangian terms that contribute to the single soft-
emission process, and manipulate them directly under the assumption that these terms
are evaluated inside a matrix element. In this way, we can cast the interaction vertex in
a form that directly yields the soft theorem. Crucially, this simple tree-level computation
already demonstrates the universality of the soft theorem, i.e., the radiative amplitude Arad
expressed entirely in terms of the non-radiative one, A, without any further calculations.

3.1 Set-up

The process we consider consists of N energetic particles moving in well-separated direc-
tions, each described by their own collinear Lagrangian, and one soft gluon. The collinear
particles are described by complex scalar fields in some representation of SU(N). As
we do not consider additional collinear emission, we can drop collinear Wilson lines Wc

and directly work with the manifestly gauge-invariant scalar fields χc = W †c φc introduced
in (2.16). Soft gauge symmetry imposes that there are no soft-gluon building blocks in the
N -jet operator basis until O(λ4), where the soft field-strength tensor enters. All building
blocks appearing in the N -jet operator (2.15) are thus the collinear fields χ†c, considering
the situation of outgoing particles. This means that the radiative amplitude is obtained
entirely from time-ordered products of the non-radiative N -jet operator with Lagrangian
interactions, visualised as emission off the legs in the first two diagrams in figure 2. No-
tably, diagrams of the third type, containing a soft building block from which the gauge
boson can be emitted, are not possible at O(λ2). Such diagrams would introduce process-
dependence, since the corresponding operators have short-distance coefficients unrelated
to those of the non-radiative amplitude. The absence of such operators at leading and
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Â(0)

L(2)

<latexit sha1_base64="HB+XDtnvpA+dRD/uuFxOR4TL76Q="></latexit>

i@?
p1

pN

pN�1

pi+1

pi

k

p2
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Figure 2. Three possible contributions to the radiative amplitude in SCET at NLP. The first
diagram represents the time-ordered product of the leading power current and the λ2 suppressed
Lagrangian. In the second diagram, both current and Lagrangian are suppressed by a single power
of λ. There are no soft building blocks at order λ2; hence, the third diagram does not contribute to
the LBK amplitude in SCET. The leading-power emission would correspond to the first diagram
with an L(0) insertion.

first subleading order in λ2 allows us to focus only on a single collinear direction and the
relevant Lagrangian insertion. The final result is then given by the sum over all collinear
sectors, already matching the form of (1.1).

To declutter the notation, we omit the indices numbering the external legs, as well as
irrelevant variables, e.g., we write CA0(n1+p1, . . . , nN+pN ) = CA0(n+p). As explained in
section 2.5, we align the collinear momentum with the corresponding reference vector, i.e.
we have pµi = ni+pi

nµi−
2 for the external momenta. This choice can always be made without

loss of generality.
The Lagrangian is defined as a power series in λ

Lχ = L(0)
χ + L(1)

χ + L(2)
χ +O(λ3) , (3.1)

and the leading piece is given by

L(0)
χ = 1

2 [in+∂χc]† in−Dsχc + 1
2 [in−Dsχc]† in+∂χc + [i∂⊥µχc]† i∂µ⊥χc , (3.2)

where n−Ds is given in (2.9). The relevant parts of the subleading Lagrangian can be
expressed in terms of the Noether current3

jµa = χ†c t
a i∂µχc + [i∂µχc]† ta χc , (3.3)

and soft field-strength tensors F sµν , such that

L(1)
χ = 1

2x
µ
⊥ n+ja n

ν
−gsF

s a
µν , (3.4)

L(2)
χ =∧ L(2a)

χ + L(2b)
χ + L(2c)

χ , (3.5)

3See also [22] for a more extensive discussion of scalar SCET.
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with

L(2a)
χ = 1

2x
ν
⊥j

µ⊥
a gsF

s a
νµ , (3.6)

L(2b)
χ = 1

4n−xn
µ
+ n+ja n

ν
−gsF

s a
µν , (3.7)

L(2c)
χ = 1

4x
µ
⊥x⊥ρ n+ja n

ν
− tr

([
Dρ
s , gsF

s
µν

]
ta
)
. (3.8)

Here, we introduced the symbol =∧, which indicates that we omitted terms that do not
contribute to the specific tree-level matrix elements considered here, i.e. with single soft
emission, no collinear emissions, and ⊥-component of the external collinear particle mo-
menta set to zero. In particular, this implies that we can drop the collinear Wilson lines Wc

and do not need to distinguish between the gauge-invariant building block χc = W †c φc and
the collinear scalar field φc. The form of the subleading Lagrangian, which contains xµ and
∂µ explicitly due to the multipole expansion, already resembles the angular momentum
operators appearing in the LBK theorem. There are, however, subtleties related to the
action of the derivatives, which we explain in the following.

The actual derivation of the soft theorem now reduces to the computation and manip-
ulation of three contributions, namely

〈p, k| i
∫
d4x T

{
Â(0),L(0)

χ

}
|0〉 , (3.9)

〈p, k| i
∫
d4x T

{
Â(0),L(2)

χ

}
|0〉 , (3.10)

〈p, k| i
∫
d4x T

{
Â(1),L(1)

χ

}
|0〉 , (3.11)

where k denotes the soft gluon momentum. All other time-ordered products vanish. These
three contributions correspond to the insertion of leading-power and subleading power soft
gluon emissions in the external legs, as depicted in figure 2.

In these computations, the collinear matrix element is proportional to the universal
contraction ∫

d4x ei
1
2n−k n+x〈p| χ†c(0), χ†c(x) [in+∂χc(x)] |0〉 = in+p

2p · k = i

n−k
, (3.12)

which reproduces the eikonal propagator in the LBK theorem. We included the factor
in+∂ acting on the χc(x) field to ensure that, for the specific kinematics chosen here, both
n−x and xµ⊥ vanish for the universal contraction term:∫

d4x ei
1
2n−k n+x n−x 〈p| χ†c(0), χ†c(x) [in+∂χc(x)] |0〉 = 0, (3.13)∫

d4x ei
1
2n−k n+x xµ⊥ 〈p| χ

†
c(0), χ†c(x) [in+∂χc(x)] |0〉

=
∫
d4x ei

1
2n−k n+x+i 1

2n+pn−x xµ⊥

∫
d4q

(2π)4 e
−iqx in+q

q2

= 2
∫

d4q

(2π)4 δ(n−q − n−k)δ(n+q − n+p) i
∂δ(2)(q⊥)
∂q⊥µ

in+q

q2 = 0 , (3.14)

where the last line vanishes by virtue of δ(2)(q⊥) after integration by parts.
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In momentum space, explicit factors of x turn into derivatives with respect to the mo-
mentum, and (3.13), (3.14) ensure that these derivatives do not act on the eikonal propaga-
tor but only on the hard matching coefficients. This is in line with (1.1), where the angular
momentum operator only acts on the non-radiative amplitude. Further, we note that our
choice of external pµ⊥ = 0 allows us to neglect any terms with ⊥-derivative acting on the
χ†c(x) field (but not when acting on χc(x)), since we adopt the outgoing-particle convention,
such that χ†c(x) is contracted with the external state, whereas χc(x) is contracted with the
N -jet operator. In summary, the choice of contraction (3.12) guarantees that collinear par-
ticles have an eikonal propagator. Thus, the momentum derivatives corresponding to the
explicit n−x and x⊥ appearing in the subleading interactions can be moved past these prop-
agators, and only act on the hard matching coefficient, i.e. on the non-radiative amplitude.

With pµi⊥ = 0 and p2
i = 0, which implies ni−pi = 0, the orbital angular momentum

appearing in (1.1) simplifies to

Lµνi = 1
4n

[µ
i+n

ν]
i−ni+pi

∂

ni+pi
+ 1

2ni+pin
[ν
i−

∂

∂pi⊥µ]
, (3.15)

where we defined the anti-symmetrisation n[µ
+n

ν]
− ≡ n

µ
+n

ν
−−nν+n

µ
−. The LBK theorem (1.1)

then takes the form4

Arad = −gs
n∑
i=1

tai

(
pi · εa(k)
pi · k

+
kνε

a
µ(k)Lµνi
pi · k

)
A (3.16)

= −gs
n∑
i=1

tai

(
ni−ε

a(k)
ni−k

A(0) + kµε
a
ν(k)

ni−k

(
1
2n

[µ
i+n

ν]
i−

∂

ni+pi
A(0) + n

[ν
i−

∂

∂pi⊥µ]
A(1)

))
.

We note that A(0) depends only on ni+pi, hence the derivative with respect to pi⊥µ gives the
first non-vanishing contribution only when acting on A(1). In the following, we derive the
operatorial version of these terms directly from the Lagrangian, and show the equivalence
to (3.16) subsequently.

3.2 Leading-power term

The leading term is given by a time-ordered product (3.9) of the leading current Â(0)

with the leading-power Lagrangian (3.2) After integration by parts, we identify the eikonal
interaction

L(0)
eikonal = gsn−A

a
sχ
†
ct
ain+∂χc . (3.17)

The radiative amplitude is then obtained from the time-ordered product

A(0)
rad =∧ i

∫
d4x T

{
Â(0),L(0)

eikonal

}
. (3.18)

We see that the leading eikonal term in (3.16) is simply due to the fact that in the eikonal
interaction (3.17), only n−As appears in combination with n+p, consistent with the soft
gauge symmetry.

4For a scalar field, we have Jµν = Lµν , as there is no spin term, and ui(pi) = 1 as there is no polarisation.
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3.3 Subleading-power/next-to-soft term

Next, we consider the subleading terms and rearrange each term to show the form of the
LBK theorem manifestly. For L(1)

χ , a single integration by parts shifts the n+∂ from the
χ†c to the χc field such that

L(1)
χ = χ†c x

µ
⊥n

ν
−gsF

s
µνin+∂χc , (3.19)

and (3.12) and (3.14) can be applied. This ensures that

i

∫
d4x T

{
Â(0),L(1)

χ

}
=∧ 0 , (3.20)

so there is no contribution at O(λ), consistent with (3.16).
At O(λ2), there are two contributions — one from the time-ordered product

T{Â(0) ,L(2)
χ } and one from T{Â(1) ,L(1)

χ }, see (3.10) and (3.11) and figure 2, corresponding
to the terms proportional to A(0) and A(1), respectively. First, we discuss the contribu-
tion from L(2)

χ given in (3.6)–(3.8). Let us start with L(2a)
χ . We integrate-by-parts the

⊥-derivative acting on the χc field and find

L(2a)
χ = [i∂⊥µχc]†xν⊥gsF sνµχc + 1

2 iχ
†
cη
µν
⊥ gsF

s
νµχc . (3.21)

The second term vanishes due to the anti-symmetry of F sνµ. We can drop the terms
proportional to ∂⊥χ†c(x), which vanish with our choice pµ⊥ = 0. Hence

L(2a)
χ (x) =∧ 0 . (3.22)

Similarly, we get

L(2b)
χ = 1

2χ
†
c n−xn

µ
+n

ν
−gsF

s
µνin+∂χc + 1

2 iχ
†
cn
µ
+n

ν
−gsF

s
µνχc . (3.23)

Finally, we focus on the L(2c)
χ term. First, we use xµ⊥x⊥ρ = [xµ⊥x⊥ρ − 1

2x
2
⊥δ

µ
⊥ρ] + 1

2x
2
⊥δ

µ
⊥ρ

and drop the traceless term in the bracket, which does not contribute when external ⊥-
momentum is set to zero. We can then replace

nν−

[
Dµ
s , gsF

s
µν

]
=∧ −nµ+nν−

1
2n−∂gsF

s
µν , (3.24)

where we used the equation of motion for the soft gluon and dropped non-linear terms in
As, which only contribute to multiple-emission. This leads to

L(2c)
χ =∧ −1

8χ
†
cx

2
⊥n

µ
+n

ν
−

[
n−∂gsF

s
µν

]
in+∂χc . (3.25)

At this point, we integrate-by-parts the n−∂ derivative and use the equation of motion for
the collinear field,

n−∂χc =∧ −
∂2
⊥

n+∂
χc . (3.26)
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It is justified to use the free equation of motion because we neglect terms that contribute
to multiple collinear and soft emissions. In the last step, we integrate-by-parts to remove
∂⊥ acting on the internal line, and we get

L(2c)
χ =∧ −i12χ

†
cn
µ
+n

ν
−gsF

s
µνχc . (3.27)

This term cancels the last term in (3.23) from L(2b)
χ , and in summary we find

L(2)
χ =∧ L(2)

orbital ≡
1
2χ
†
c n−xn

µ
+n

ν
−gsF

s
µν in+∂χc . (3.28)

To identify the subleading term in the Lagrangians derived above with (3.16), we give
the form of the angular momentum operator (3.15) explicitly in position space:

Lµν = x[µ∂ν] = 1
2x

[µn
ν]
−n+ · ∂ + . . . = 1

4n− · xn+ · ∂ n[µ
+n

ν]
−︸ ︷︷ ︸

Lµν+−

+ 1
2x

[µ
⊥n

ν]
−n+ · ∂︸ ︷︷ ︸
Lµν⊥+

. (3.29)

The dots after the first equality represent terms that vanish for pµ⊥ = 0. We can therefore
express the subleading Lagrangians (3.19), (3.28) in terms of the orbital angular momentum
operator as

L(1)
χ = igsF

s a
µν χ

†
ct
a Lµν⊥+ χc , (3.30)

L(2)
orbital = igsF

s a
µν χ

†
ct
a Lµν+− χc . (3.31)

The term in L(1)
χ contributes in the time-ordered product with Â(1) given in (2.26), as

the ∂⊥ of the A1 operator acts on the x⊥ in the Lagrangian. This, in combination with
the form of the A1 coefficient given in (2.27) shows that the matrix element yields the
p⊥-derivative of the non-radiative amplitude A, namely

i

∫
d4x T

{
Â(1),L(1)

χ

}
= i

∫
d4x T

{∫
dt C̃A1

µ (t) i∂µ⊥χ
†
c, χ
†
c

[
xµ⊥n

ν
−gsF

s
µν

]
in+∂χc

}
= −gstai

kµε
a
ν(k)

n−k
n

[ν
−

∂

∂p⊥µ]
A(1) . (3.32)

This contribution reproduces the last term in (3.16).
In summary, we find an operatorial version of the next-to-soft term in the LBK theorem

A(2)
rad =∧

∑
i

i

∫
d4x T

{
Â(1),L(1)

i, χ

}
+ i

∫
d4x T

{
Â(0),L(2)

i, orbital

}
= i

∑
i

∫
d4x T

{
Â, χ†cit

a
i L

µν
i igsF

s a
µν χci

}
, (3.33)

where in the second line, we combined the source and Lagrangian terms using (3.20) and∫
d4x T

{
Â(1),L(2)

χ

}
=∧ 0 . The sum Â(0) + Â(1) = Â+O(λ2) represents the non-radiative

amplitude expanded up to order λ.5 We can view (3.33) as a new and fully equivalent
5Note that here x has typical SCET-scaling, i.e. x⊥ ∼ 1/(λQ) and n−x ∼ 1/Q. However, since the x⊥

term is vanishing when acting on the Â(0), there is no power-enhancement. Thus, effectively, in expres-
sion (3.33), x has a hard O( 1

Q
) scaling, like in the LBK theorem.
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representation of the content of the soft theorem: in the absence of collinear radiation, the
single soft-emission amplitude follows directly from the time-ordered product of the non-
radiative amplitude and an interaction vertex containing the angular momentum operator.

3.4 Recovering the LBK amplitude

To verify the operatorial form and recover the LBK amplitude (1.1), we transform the ex-
pression to momentum space and evaluate the time-ordered product in the matrix element.
We can obtain the expansion of the non-radiative amplitude in a generic reference frame
using (2.24) and (2.27) to be

A = CA0(n+p) + pµi⊥C
A1
i, µ(n+p) +O(λ2) , (3.34)

where CA1 can either be computed from the generic non-radiative matching, or from the
leading order coefficient and the RPI relation (2.28). With pµi⊥ = 0, the entire non-radiative
amplitude is given by A(0), and the suppressed terms are only relevant for the angular
momentum term, where the derivative ∂

∂pi⊥
can act on left-over pi⊥.

Evaluating the leading-order expression explicitly, we find

〈p, k| i
∫
d4x T

{
Â(0),L(0)

eikonal

}
|0〉 = −gsta

n−ε
a(k)

n−k
A(0), (3.35)

where we used the universal contraction (3.12) and (2.24), which relates the leading-power
matching coefficient to the non-radiative amplitude. This verifies the operatorial form of
the leading LBK theorem (3.18). For the subleading term, we evaluate

〈p| i
∫
d4x T

{
Â, igsF s aµν (x−)χ†ctaLµνχc

}
|0〉

= −gs kµεaν ta
1
p · k

p[µ ∂

∂pν]

[
CA0(n+p) + pµ⊥C

A1
µ (n+p)

]
= −gs kµεaν ta

1
p · k

LµνA(p) . (3.36)

In the first line of (3.36), the operator Lµν is assumed to be represented in position
space (3.29), while in the second line, we assume momentum space representation for
Lµν , see (1.2). Finally, we sum over all collinear directions and recover the radiative am-
plitude (1.1). Since we already showed that the operatorial statement (3.33) is universal,
and we computed the relation for an arbitrary non-radiative amplitude A, this proves the
LBK theorem. As we can see, working directly within the EFT allows for a short and
simple derivation of the LBK theorem, since due to the multipole expansion, the effective
Lagrangian already contains all the elements of the angular momentum operator. The
derivation gives an intuition for the two universal terms based on the effective gauge-
symmetry, where the first one stems from the gauge-covariant derivative and is thus not
manifestly gauge-invariant. The second term originates from the subleading interactions
that are expressed in terms of the field-strength tensor. We can also immediately see that
a third term would no longer be universal. Here, soft building blocks make an appearance
in the operator basis, and the computation becomes process-dependent.
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In view of the subsequent discussion of the gravitational soft theorem, we emphasise
the following connection between the structure of the soft-collinear effective Lagrangian
and the soft theorem for gauge theory: the effective Lagrangian contains the covariant
derivative n−Ds(x−) of the background gauge field n−As(x−) only at leading power. All
subleading interactions are expressed in terms of the gauge-invariant field strength tensor,
multiplied by explicit factors of position xµ from the multipole expansion of soft fields
around the classical trajectories of the energetic emitters. The covariant derivative in-
teraction is related to the LP eikonal term in the soft theorem, which is gauge-invariant
only after summing over all emitter directions, assuming charge conservation of the non-
radiative process. All subleading terms are gauge-invariant, since the interactions involve
only F sµν . However, universality ends at the NLP, since in higher powers there exist source
operators containing soft field products invariant under the soft gauge symmetry, which
have coefficient functions unrelated to those of the non-radiative process. The coupling to
the angular momentum operator arises naturally from the dipole terms in the multipole
expansion, when the full non-linear Lagrangian is restricted to single emission at tree level.

The following two sections explain how the universal spin term arises for soft gauge-
boson emission. Readers mostly interested in the gravitational soft theorem may jump
directly to section 6 from here.

4 Fermionic QCD

The derivation of the soft theorem in the fermionic case is very similar to the scalar case.
The main difference lies in the subleading term, where the angular momentum operator
contains an additional spin contribution. We briefly discuss the derivation of the orbital
momentum part and then focus on the spin part.

In the effective theory, one splits the full-theory spinor field ψc = ξc + ηc and works
with the leading component ξc, integrating out the subleading component ηc. The leading
component satisfies the projection property

/n−/n+
4 ξc = ξc , (4.1)

which implies /n−ξc = 0. This is similar to non-relativistic spinors, where one only keeps
the leading two components of the spinor field. This also means that in the amplitude, we
have to Taylor-expand the external spinors u(pi), as explained below.

In the N -jet operator (2.15), the building block is now the gauge-invariant fermionic
field χc. As the fields now carry a spinor index, which must be contracted to form Lorentz
scalars, the matching coefficients C̃A0(t1, . . . , tN ) and C̃A1µ(t1, . . . , tN ) become tensors in
spinor space. For the sake of a simpler notation, we omit the spinor indices. Besides this
change, the notation set up in section 2 is still valid. This is one advantage of the SCET
formalism: it works for collinear matter fields regardless of their specific spin or gauge
representation.
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4.1 Non-radiative matching

We proceed with the non-radiative matching, following the outline in section 2. The LP
matching (2.24) now reads

ξc1(p1) . . . ξcN (pN )A(0) = 〈p1, . . . , pN |Â(0)|0〉

=
∫

[dt]N ξc1(p1) . . . ξcN (pN )C̃A0(t1, . . . tN )ei
∑

i
ni+pi ti (4.2)

≡ ξc1(p1) . . . ξcN (pN )CA0(n1+p1, . . . , nN+pN ) .

Thus the CA0(n1+p1, . . . , nN+pN ) can be understood as the LP amplitude with the external
spinors stripped off,

CA0(n1+p1, . . . , nN+pN ) = A(0) . (4.3)

Here ξci(pi) is an i-collinear spinor obtained from the expansion of the full QCD spinor

u(pi) = ξci(pi)
(

1− /pi⊥
ni+pi

/ni+
2

)
. (4.4)

The subleading current can be matched like in the scalar case (2.27). However, now we
take into account the subleading term in the external QCD spinor expansion (4.4). This
additional term is also universal and follows from reparametrisation invariance. Conse-
quently, for spinors, the relation (2.28) reads

CA1µ
i (n1+p1, . . . ,nN+pN ) =

[
−

γµi⊥
ni+pi

/ni+
2 −

∑
j 6= i

2nµj−
ni− ·nj−

∂

∂ni+pi

]
CA0(n1+p1, . . . ,nN+pN )

≡ CA1µ
i,spin(n1+p1, . . . ,nN+pN )+CA1µ

i,orbit(n1+p1, . . . ,nN+pN ) . (4.5)

Following the split performed in the last line, we also split the NLP operator into the orbital
and spin parts proportional to CA1µ

i,orbit(n1+p1, . . . , nN+pN ) and CA1µ
i,spin(n1+p1, . . . , nN+pN ),

respectively, such that
Â(1) = Â(1)

orbit + Â(1)
spin . (4.6)

As for the scalar case, we find the universal contraction (3.12), which now reads∫
d4xei

1
2n−k n+x 〈p| ξc(0), ξc(x)

/n+
2 ξc(x) |0〉 = ξc(p)

in+p

2p · k = ξc(p)
/n+/n−

4
i

n−k
. (4.7)

Thanks to the different normalisation of fermionic fields, we do not need to include n+∂

derivative to achieve (3.13) and (3.14).

4.2 Soft theorem

Like in the scalar case, there are no soft gluon building blocks available for the N -jet
operators, and all contributions must stem from time-ordered products. As in section 3,
we focus on a single external line and choose the kinematics where all pi are aligned with
their reference vectors ni−, i.e., pµi⊥ = 0.
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The Lagrangian for fermionic SCET is [20]

L(1)
ξ = ξc

(
xµ⊥n

ν
−Wc gsF

s
µνW

†
c

) /n+
2 ξc , (4.8)

L(2)
ξ = 1

2 ξc
(
n−x n

µ
+n

ν
−Wc gsF

s
µνW

†
c + xµ⊥x⊥ρn

ν
−Wc

[
Dρ
s , gsF

s
µν

]
W †c

) /n+
2 ξc (4.9)

+ 1
2 ξc

(
i /D⊥

1
in+D

xµ⊥γ
ν
⊥Wc gsF

s
µνW

†
c + xµ⊥γ

ν
⊥Wc gsF

s
µνW

†
c

1
in+D

i /D⊥

)
/n+
2 ξc .

As before, we neglect non-contributing terms and split the Lagrangian into several parts
that we discuss one by one

L(1)
ξ =∧ ξc

(
xµ⊥n

ν
− gsF

s
µν

) /n+
2 ξc , (4.10)

L(2)
ξ =∧ L(2a)

ξ + L(2b)
ξ + L(2c)

ξ + L(2s)
ξ , (4.11)

with analogues of the scalar counterparts (3.4)

L(2a)
ξ = ξcx

µ
⊥gsF

s
µν

i∂ν⊥
in+∂

/n+
2 ξc ,

L(2b)
ξ = 1

2 ξc(n−x)nµ+nν− gsF sµν
/n+
2 ξc ,

L(2c)
ξ = 1

2 ξcx
µ
⊥x⊥ρn

ν
−
[
Dρ
s , gsF

s
µν

] /n+
2 ξc ,

(4.12)

and a new, spin-dependent part

L(2s)
ξ = ξcgsΣ

µν
⊥ iF

s
µν

1
in+∂

/n+
2 ξc . (4.13)

The spin operator Σµν is expressed in terms of the light-cone components

Σµν = 1
4[γµ, γν ] =∧ 1

4
[
γµ⊥, γ

ν
⊥
]

︸ ︷︷ ︸
Σµν⊥

+
(
−1

2
/n+
2 γ

[µ
⊥ n

ν]
−

)
︸ ︷︷ ︸

Σµν⊥+

+
(
−1

4n
[µ
+n

ν]
−

)
︸ ︷︷ ︸

Σµν+−

, (4.14)

where, after =∧, we dropped the terms that vanish due to the projection property (4.1) of
collinear spinors and our choice pµ⊥ = 0.

The derivation of the orbital angular momentum term is almost the same as in the
scalar case. As before, we find that L(2a)

ξ (x) =∧ 0 . Furthermore, the form of L(2b)
ξ (x) agrees

with the first term in (3.23), however, the second term is absent, which implies that the con-
tribution from L(2c)

ξ (x) does not cancel. Instead, L(2c)
ξ (x) supplies the longitudinal compo-

nents of the spin as shown below. Thus, we find the orbital angular momentum as in (3.33),

i

∫
d4x T

{
Â(1)

orbit,L
(1)
ξ

}
+ i

∫
d4x T

{
Â(0),L(2a)

ξ + L(2b)
ξ

}
= i

∫
d4x T

{
Âorbit, ξc

/n+
2 LµνigsF

s
µνξc

}
. (4.15)
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Let us focus on the spin part in the soft theorem. We see that the first term in (4.14)
is directly given by T {Â(0),L(2s)

ξ } , while the last term is obtained from the remaining part
L(2c)
ξ . Following the same manipulations, which in the scalar case led us to (3.27), gives

L(2c)
ξ =∧ −i12ξcn

µ
+n

ν
−gsF

s
µν

1
in+∂

/n+
2 ξc . (4.16)

In summary, the second-order Lagrangian takes the form

L(2)
ξ =∧ L(2)

orbit + L(2)
spin , (4.17)

where the orbit part (4.12) and spin parts (4.13), (4.16) are manifest

L(2)
orbit = gsiF

s
µνξcL

µν
+−

/n+
2 ξc , (4.18)

L(2)
spin = gsiF

s
µνξc

(
Σµν
⊥ + Σµν

+−
) 1
in+∂

/n+
2 ξc . (4.19)

Note that here, in both the orbital and the spin part, the mixed transverse-longitudinal
terms are missing. Like in the scalar case, the missing orbital term is reproduced by the
contribution from T{Â(1)

orbit ,L
(1)
ξ }. For the spin term, notice that the Â(0) operator contains

the projection

ξcA(0) = ξc
/n+/n−

4 A(0) . (4.20)

This projection eliminates the mixed transverse-longitudinal contribution, as

Σµν
⊥+

/n+/n−
4 ∝

/n+
2
/n+/n−

4 = 0 . (4.21)

This missing mixed term is related to the new contribution due to T {Â(1)
spin,L

(1)
ξ } . It is im-

portant here that the operator Â(1)
spin is completely fixed by the RPI relation (4.5) and thus

determined solely by the non-radiative amplitude. Using translation-invariance of the prop-
agator and the fact that the SCET fermion propagator anti-commutes with γµ⊥, we derive

T

{
L(1)
ξ ,−ξc

i
←
/∂⊥

in+
←
∂

/n+
2 CA0

}
=∧ T

{
ξc

(
xµ⊥n

ν
− gsF

s
µν

) /n+
2

i/∂⊥
in+∂

ξc , ξc
/n+
2 CA0

}

=∧ T
{
gsiF

s
µνξc Σµν

⊥+
1

in+∂
ξc , ξc

/n+
2 CA0

}
. (4.22)

Summing the contributions from T {Â(0) ,L(2)
spin} using (4.19) and T {Â(1)

spin ,L
(1)
ξ } given

in (4.22), we recover the spin term in the LBK theorem,

i

∫
d4x T

{
Â(1)

spin,L
(1)
ξ

}
+ i

∫
d4x T

{
Â(0),L(2)

spin

}
=∧ i

∫
d4xξc(x) gsF sµν

Σµν
⊥+

1
in+∂

ξc ξc
/n+
2 + (Σµν

+− + Σµν
⊥ ) 1

in+∂

/n+
2 ξc ξc

 CA0(n+p)

= i

∫
d4xξc(x) gsiF sµνΣµν

 1
in+∂

ξc ξc
/n+
2 + 1

in+∂

/n+
2 ξc ξc

 A . (4.23)
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We replaced the matching coefficient CA0 by the stripped non-radiative amplitude accord-
ing to (4.3), and our choice of kinematics implies A = A(0) for the spin-dependent term,
since it does not contain any x-dependent terms. In addition, we used the projection
properties (4.1), (4.21) to pull out the full Σµν . After evaluating the matrix element, the
term inside the bracket becomes equal to the eikonal factor, similarly to our universal
contraction (4.7).

5 Vectorial QCD

We now extend the treatment to the case of vector matter and show in particular how
the spin-1 term arises. While the expressions look quite different at first, the situation is
remarkably similar to the fermionic case. We consider a complex6 vector field V µ

c in some
representation of SU(N), but in principle the discussion also holds for collinear gluons as
emitting particles. The vector components scale as

n+Vc ∼ 1 , Vc⊥ ∼ λ , n−Vc ∼ λ2 (5.1)

in the SCET power-counting parameter. The vector field must come with its own gauge
symmetry, which we call Vc-gauge, to define a consistent theory. However, the details of this
gauge symmetry as well as the collinear gauge symmetry are irrelevant for the soft theorem,
and either by explicit gauge-fixing, or by Wilson-line constructions similar to the case of
the gluon, we can define a manifestly Vc-gauge invariant field. It is only necessary that
this vector transforms like a matter field under the soft gauge transformation. To stress
this, we define the gauge-invariant field Vµc , which satisfies n+Vc = 0 and only transforms
under the soft gauge symmetry. It is advantageous to work with this gauge-invariant vector
field. First, since n+Vc = 0, there is no O(1) building block, and the first possible collinear
vector operator scales as Vc⊥ ∼ O(λ). Second, the n−Vc component is subleading. We can
express this component in terms of the leading Vc⊥ using the equation of motion as

n−Vc = − 2
in+∂

i∂⊥αVαc⊥ +O(V2
c ) . (5.2)

Thus Vc⊥ is the analogue of the spinor ξc in section 4, and (5.2) is the analogue of the
spinor-relation (4.4). The crucial difference to the fermionic theory is that we write the
Lagrangian in terms of the original field Vcµ. For the actual computations, this means that
Vcµ should be expressed in terms of the original field Vcµ. To linear order, they are related as

Vcµ = Vcµ − ∂µ
n+Vc
n+∂

+ . . . . (5.3)

5.1 Non-radiative matching

Again, we consider first the non-radiative matching, following the outline in sections 2
and 4. In the operator basis, we only have Vc⊥ as a building block, which enters at O(λ).

6This toy model is just for convenience, as we can immediately transfer most of the complex scalar
results to the complex vector case. We do not claim that this construction defines a UV-complete non-
linear quantum field theory.
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The LP matching (2.24) now reads

A(0) = ε∗α1(p1) . . . ε∗αN (pN )A(0)α1...αN

= 〈p1, . . . , pN |Â(0)|0〉

= ε̃∗c1α1⊥(p1) . . . ε̃∗cNαN⊥(pN )
∫

[dt]N η
α1β1
⊥ . . . ηαNβN⊥

(
C̃A0

)
β1...βN

ei
∑

i
ni+pi ti

≡ ε̃∗c1α1⊥(p1) . . . ε̃∗cNαN⊥(pN )ηα1β1
⊥ . . . ηαNβN⊥

(
CA0

)
β1...βN

. (5.4)

In the vectorial case, there are a few subtleties to note: first, the amplitude A(0) is written in
terms of the full-theory polarisation vectors εα, which are not necessarily restricted to trans-
verse components, whereas the N -jet operator contains the transverse building block Vc⊥
and the corresponding polarisation tensor ε̃ciαi⊥ , where the first index refers to the collinear
direction, and the second is the Lorentz index. These vectors are related via (5.3) as

ε̃ciµ⊥(k) = εµ⊥(k)− kµ⊥
ni+ε(k)
ni+k

. (5.5)

Next, the full-theory amplitude Aα1...αn is a rank N tensor in Minkowski space, with one
index per external polarisation tensor. Thus, also the matching coefficient CA0 is a ten-
sor, indicated by the brackets. At leading order, only the ⊥ components are relevant. At
subleading order, the other components are also relevant, as will be see in the CA1µ rela-
tion (5.8) below. Hence, we do not restrict the indices of CA0 to be transverse, but rather
write an explicit ηαβ⊥ to indicate this projection. This is essentially the analogue of the pro-
jection properties (4.1) of the spinor ξc in section 4. Just as in the fermionic case (4.4), the
subleading component of the polarisation vector is related to the leading one via (5.2) as

ni−ε̃ci(k) = − 2
ni+k

kα⊥ε̃ciα⊥ . (5.6)

Thus, as in section 4, the
(
CA0

)
β1...βN

corresponds to the LP amplitude with external
polarisation vectors stripped off, (

CA0
)
β1...βN

= A(0)
β1...βN

. (5.7)

The subleading current is related to the leading current in a similar fashion as in the
fermionic case presented in (4.5). Here, we again find the spin-independent contribution
present already in the scalar case (2.28), as well as the contribution from the subleading
n−Vc component, similar to the spin part in (4.5). The relation reads(

CA1µ
i

)
β1...βi...βN

=
[
−

ηµ⊥βi
ni+pi

nρi+ −
∑
j 6= i

ηρi⊥βi
2nµj−

ni− · nj−
∂

∂ni+pi

] (
CA0

)
β1...ρi...βN

≡
(
CA1µ
i, spin

)
β1...βi...βN

+
(
CA1µ
i, orbit

)
β1...βi...βN

.

(5.8)

Here the coefficients of the A1 current are contracted as
(
CA1µ

)
...αi...

i∂⊥µVαi⊥ci . Note the

similarity of the first term to the spin-term in (4.5). We define the corresponding Â(1)
orbit

Â(1)
spin accordingly as in (4.6).
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Just as in the scalar case, the universal contraction (3.12) of the original Vcµ fields
should be defined with n+∂ acting on Vcµ, and it is now given by∫

d4xei
1
2n−k n+x〈p| V †cα(0), V †cν(x) n+∂Vcβ(x) |0〉 = ε∗ν(p)−iηαβ

n−k
, (5.9)

where the soft momentum is denoted by k and we use the propagator in Feynman gauge.
With this understanding we simplify the cluttered notation by dropping the Lorentz in-

dices due to contractions with polarisation tensors in the following. We keep the ones which
are related to contractions with derivatives, e.g. in CA1µ, essentially using the same nota-
tion as in section 4, always keeping in mind the fact that CA0 is actually a rank-N tensor.

5.2 Soft theorem

It is now straightforward to derive the soft theorem. Again, following the discussion in
section 3, we make use of the fact that there are no soft gluon building blocks available,
that we can consider a single leg and sum over the individual contributions, and we can
choose pµi = ni+pi

nµi−
2 . The relevant part of the soft-collinear Lagrangian for the complex

vector field can be conveniently expressed in terms of the linear current, just as in the
scalar case. We define the current

jaµ ≡
[
i∂µV

†
cα

]
taV α

c − V †cαtai∂µV α
c + 2V †cαtai∂αVcµ − 2

[
i∂αV †cµ

]
taVcα . (5.10)

The first two terms look very reminiscent of the scalar Noether current (3.3), while the
last two terms are new, and are relevant for the contributions to the spin operator. Note
that these terms also contain the linear terms of the interaction FµνA V †cµVcν by virtue of
integration by parts. Expressed in terms of the current, the Lagrangian contains the same
structures as in the scalar and fermionic cases (3.4), (3.5) and (4.10), (4.11), respectively,
and is given by

LV = L(0)
V + L(1)

V + L(2)
V . (5.11)

The leading term reads

L(0)
V = −1

2 tr
(
(∂µVcν − ∂νVcµ)†(∂µV ν

c − ∂νV µ
c )
)

+ 1
2gsn−A

a
sn+j

a +O(g2) , (5.12)

and the subleading linear interactions are

L(1)
V = 1

2x
µ
⊥ n+ja n

ν
−gsF

s a
µν (5.13)

L(2)
V =∧ L(2a)

V + L(2b)
V + L(2c)

V , (5.14)

with

L(2a)
V = 1

2x
ν
⊥j

µ⊥
a gsF

s a
νµ , (5.15)

L(2b)
V = 1

4n−xn
µ
+ n+ja n

ν
−gsF

s a
µν , (5.16)

L(2c)
V = 1

4x
µ
⊥x⊥ρ n+ja n

ν
− tr

([
Dρ
s , gsF

s
µν

]
ta
)
. (5.17)
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In this form, we see the complete analogy to the scalar case (3.4). However, we can also
rearrange the terms to bring them into a form similar to the fermionic Lagrangian. To
achieve this, we have to abandon the compact notation in terms of the Noether current
and write the terms explicitly.

To find the analogue of L(2s)
ξ in (4.13), we manipulate L(2a)

V to obtain

L(2a)
V =∧ −igsF s aµν V †cαtaVcβ

(
ηαµ⊥ ηβν⊥ − η

αν
⊥ ηβµ⊥

)
= −igsF s aµν V †cαtaVcβ(Σµν

⊥ )αβ . (5.18)

We used integration by parts, dropping terms proportional to pµ⊥, the equation of mo-
tion, and ∂µV

µ =∧ 0, and introduced the spin-1 operator (Σµν)αβ =
(
ηµαηνβ − ηµβηνα

)
,

decomposed as

(Σµν)αβ =∧ ηαµ⊥ ηβν⊥ − η
αν
⊥ ηβµ⊥︸ ︷︷ ︸

(Σµν⊥ )αβ

+ 1
2η

α[µ
⊥ n

ν]
−n

β
+ − η

β[µ
⊥ n

ν]
−n

α
+︸ ︷︷ ︸

(Σµν⊥+)αβ

+ n
[µ
+n

ν]
−

4 (nα−n
β
+ − nα+n

β
−)︸ ︷︷ ︸

(Σµν+−)αβ

, (5.19)

where we already neglected the components that do not contribute in the following. Just
as for the fermionic case, we see that we can explicitly read-off the transverse contribution
to the spin angular momentum.

For L(2c)
V , we find, using the same manipulations as for the scalar case (3.27)

L(2c)
V =∧ 1

2 igsF
s a
+−V

†α
c taVcα , (5.20)

where we defined the short-hand notation F s a+− = nµ+n
ν
−F

s a
µν . This term does not have any

interpretation, and it does indeed cancel out with some parts of L(2b)
V . Together, we find

L(2b)
V +L(2c)

V =∧ −1
2n−xgsF

s a
+−

(
V †cαt

ain+∂V
α
c

)
− 1

2 igsF
s a
+−

(
V †c−t

aVc+ − V †c+taVc−
)
. (5.21)

The first term generates the orbital angular momentum component L+−. The second can
be rewritten as

−1
2 igsF

s a
+−

(
n−V

†
c t
an+Vc − n+V

†
c t
an−Vc

)
= −1

4n
[µ
+n

ν]
−

(
nα−n

β
+ − nα+n

β
−

)
V †cαt

aVcβigsF
s a
µν

= −(Σµν
+−)αβigsF s aµν V †cαtaVcβ , (5.22)

and is related to the longitudinal part of the spin term. We now observe that we can
rewrite L(2)

V in the same form as in the fermionic case: L(2b)
V generates the orbital angular

momentum, and we have an explicit spin term L(2a)
V . In summary, we find after these

manipulations

L(2)
V =∧ −1

2n−xn
µ
+n

ν
−gsF

s a
µν

(
V †cαt

ain+∂V
α
c

)
− igsF s aµν V †cαtaVcβ

(
(Σµν
⊥ )αβ + (Σµν

+−)αβ
)
,

(5.23)
and we see that the first term generates the term in the orbital angular momentum propor-
tional to n+∂n−x, just as in the scalar (3.28) and fermionic (4.18) case. The second term
contains two of the three spin terms, like for the fermion (4.19). The two missing terms are
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the two mixed transverse-longitudinal terms, namely the orbital angular momentum piece
proportional to n+∂x

µ
⊥ and the spin piece proportional to Σµν

⊥+. Just as in the scalar and
fermionic cases, these missing pieces stem from the time-ordered product T{Â(1),L(1)

V }.
Indeed, we can rearrange L(1)

V as follows,

L(1)
V =∧ −xµ⊥n

ν
−gsF

s a
µν V

†
cαt

ain+∂V
α
c − igsnν−F s aµ⊥ν

(
V †µ⊥c tan+Vc − n+V

†
c t
aV µ⊥

c

)
=∧ −xµ⊥n

ν
−gsF

s a
µν V

†
cαt

ain+∂V
α
c , (5.24)

which gives a non-vanishing contribution only in the time-ordered product with the A1 cur-
rent. The second term in the first line of (5.24) does not contribute at O(λ) in T{Â(0),L(1)

V },
since it gets projected out by the transverse η⊥ (cf. (5.4)) and can only give a non-vanishing
contribution with the A1 current. In this case, however, it vanishes after setting pµ⊥ = 0.
The first term is essentially the same as the scalar L(1)

χ (3.4) and fermionic L(1)
ξ (4.10), and

it is this term that generates the orbital piece time-ordered product with Â(1)
orbit. Just as

in the fermionic case (4.22), the time-ordered product with Â(1)
spin then yields the missing

transverse-longitudinal spin term.
In summary, the terms contributing to single-soft emission in the Lagrangian are cast

in the form
LV =∧ L(0)

kinetic + L(0)
eikonal + L(1)

V + L(2)
orbit + L(2)

spin , (5.25)

with the soft-collinear interaction Lagrangians given by

L(0)
eikonal = −gsn−Aan+V

†
cαt

ain+∂V
α
c , (5.26)

L(1)
V = −igsF s aµν V †cαtaL

µν
⊥+V

α
c (5.27)

L(2)
orbit = −igsF s aµν V †cαtaL

µν
+−V

α
c (5.28)

L(2)
spin = −igsF s aµν V †cαtaVcβ

(
(Σµν
⊥ )αβ + (Σµν

+−)αβ
)
. (5.29)

We note the similarity to the fermionic interactions (4.18), (4.19).
Combining all contributions, we the subleading next-to-soft term in the soft theorem is

i

∫
d4x T

{
Â(1)

orbit + Â(1)
spin,L

(1)
V

}
+ i

∫
d4x T

{
Â(0),L(2)

orbit + L(2)
spin

}
= i

∫
d4x T

{
Â,−V †cα

(
ηαβLµν + (Σµν)αβ

)
igsF

s a
µν Vβ

}
, (5.30)

and we recover the same structure as for the scalar (3.33) and fermionic (4.23) case.
Although we shall not pursue this further here, the striking similarity of the structure
of the derivation of the fermionic and vectorial case suggests that this procedure and the
corresponding operatorial statement can now be generalised in a straightforward fashion
to matter fields of arbitrary spin.

6 Soft theorem in gravity

Now that we thoroughly discussed the gauge-theory case, we proceed to the gravitational
soft theorem. In gravity, there is an additional next-to-next-to-soft term. Hence, when
deriving the gravitational soft theorem, we go to O(λ4) to obtain the three universal terms.
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In the following, we focus on the gauge principles underlying the terms contributing
to single soft emission, i.e. terms linear in the soft graviton field sµν . This greatly simpli-
fies the discussion, as the complicated structure of the non-linear interactions, as well as
interactions between collinear and soft gravitons are avoided. For the general, non-linear
soft graviton interactions, we refer to the companion work [22].

One major difference to gauge theory is that in gravity the gauge transformations are
inherently inhomogeneous in λ. This is due to the fact that the components of collinear
momenta scale differently in λ, and the momentum generates the gravitational gauge sym-
metry, local translations. Whereas the homogeneous gauge symmetry was the guiding
principle in the construction of soft-collinear gauge-theory beyond leading power, in the
gravitational case we have to relax this constraint and find a gauge symmetry that re-
spects the soft multipole expansion. In the following, we briefly review the salient features
of SCET gravity [22]. We consider a minimally-coupled complex scalar field to make the
connections to the previous sections transparent. In this section, we use the short-hand
notation nα±Aαβ... = A±β··· for the contractions with the collinear reference vectors.

6.1 Soft gravity

In the effective theory, the infinitesimal emergent soft gauge transformation consists of
two parts [22], a local translation and a local Lorentz transformation. Under these, the
collinear field transforms as

φc(x)→ φc(x)− εαs (x−)∂αφc(x)− ωαβs (x− x−)α∂βφc +O(ε2
s, ω

2
s , ωsεs) , (6.1)

where ωαβs (x−) is related to the derivative of the full-theory parameter εs(x) as

ωαβs (x−) = 1
2
([
∂αεβs

]
(x−)−

[
∂βεαs

]
(x−)

)
, (6.2)

and xµ− is defined in (2.10). Let us stress that, since the soft gauge symmetry lives only
on the classical trajectory xµ− of the energetic particle, the parameters εs and ωs must
be viewed as independent objects, as the latter is evaluated at x− only after taking the
derivatives. Hence, we already anticipate that there are two independent gauge fields.
These fields can be used to define a soft-covariant derivative n−Ds, which is non-linear in
the soft graviton field sµν . To first order in sµν , this derivative is given by

n−Ds = n−∂ −
κ

2 sα−∂
α − κ

2 [∂αsβ−] Jαβ +O(s2) , (6.3)

where we introduced the angular momentum

Jαβ = (x− x−)α∂β − (x− x−)β∂α . (6.4)

Just as their corresponding gauge parameters, the soft field sµ−(x−) and its derivative
[∂αsµ−] (x−) are independent objects in the effective theory. We can thus truly interpret
them as independent gauge fields, even though they stem from the same full-theory field,
which couple to momentum and angular momentum, respectively. It is remarkable that the
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soft sector provides a soft-covariant derivative quite naturally, even though the minimally-
coupled scalar field does not contain a gravitational-covariant derivative in the full theory.
We can appreciate the strong similarities to the gauge-theory case outlined in section 2.3.

Besides this soft-covariant derivative, the subleading interactions are expressed entirely
in terms of the Riemann tensor

Rsµναβ = κ

2 (∂µ∂βsνα + ∂ν∂αsµβ − ∂µ∂αsνβ − ∂ν∂βsµα) +O(s2) , (6.5)

and its derivatives, in analogy to the gauge-theory case (3.4), where the subleading inter-
actions are expressed in terms of the field-strength tensor F sµν .

The full Lagrangian containing all relevant terms up to O(λ4) is given in appendix A.1.
We focus on the terms up to O(λ2) here for brevity. The Lagrangian for a complex gauge-
invariant scalar field χc can be conveniently expressed as

L = 1
2 [n+∂χc]† n−∂χc + 1

2 [n−∂χc]† n+∂χc +
[
∂µ⊥χ

†
c

]
∂µ⊥χc

− κ

4 s−µT
µ+ − κ

4
[
∂[µsν]−

]
(x− x−)µT ν+ − 1

8x
α
⊥x

β
⊥R

s
α−β−T++ +O(x3) ,

(6.6)

where we introduced the energy-momentum tensor

Tµν = [∂µχc]† ∂νχc + [∂νχc]† ∂µχc − ηµν [∂αχc]† ∂αχc . (6.7)

In this form, we see quite transparently the coupling of sµ− to the energy-momentum tensor
Tµν , as well as the coupling of its derivative ∂[αsβ]−, which is an independent gauge field
in the effective theory, to the angular momentum density

J αβµ = (x− x−)αT βµ − (x− x−)βTαµ . (6.8)

However, the Lagrangian (6.6) is not homogeneous in λ, as the scaling of the collinear
momenta leads to inhomogeneous contractions between soft fields and collinear derivatives.
Expanding in powers of λ, we find

L = L(0) + L(1) + L(2) +O(λ3) , (6.9)

where

L(0) = 1
2 [n+∂χc]† n−∂χc + 1

2 [n−∂χc]† n+∂χc + [∂µ⊥χc]
† ∂µ⊥χc −

κ

8 s−−T++ , (6.10)

L(1) = −κ4 s−µ⊥T
µ⊥

+ −
κ

8
[
∂[µs−]−

]
xµ⊥T++ , (6.11)

L(2) = −κ8 s+−T+− −
κ

4
[
∂[µ⊥sν⊥]−

]
xµ⊥T

ν⊥
+ −

κ

16
[
∂[+s−]−

]
n−xT++

− 1
8x

α
⊥x

β
⊥R

s
α−β−T++ . (6.12)

In the soft theorem, the structure of the Lagrangian (6.6) manifests itself as follows:
the leading interaction generates the eikonal term

εµ− p
µ n+p

p · k
, (6.13)
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where the first factor pµ is due to the coupling, and the second factor is the eikonal prop-
agator. εµν denotes the polarisation tensor of the emitted graviton. The next interaction
in (6.6) generates the subleading term

kρεµ−J
ρµ n+p

p · k
, (6.14)

where we can see that the coupling to the angular momentum in the Lagrangian already pro-
vides the correct form. Here, just as in the gauge-theory case, the term counts as O(λ2), and
the terms in L(1) only contribute in time-ordered products with suppressed N -jet operators,
like T{Â(1),L(1)}. These first two terms are the exact analogues of the leading eikonal term
in QCD, and they also stem from the gravitational covariant derivative. Finally, the Rie-
mann tensor terms which are present in L(2),L(3) and L(4) generate the sub-subleading term

1
2εµνkρkσJ

ρµ J
σν

p · k
, (6.15)

which starts to contribute at O(λ4). Here, one factor of J is due to the coupling, while
the second factor is from the eikonal propagator in combination with the explicit x⊥, just
as in the second term in QCD. In the following, we make these ideas explicit and derive
the soft theorem to O(λ4), following closely the derivation in the gauge-theory case.

6.2 N-jet operators

Most of the concepts introduced in section 2 can be carried over to the gravitational case,
but there are some differences.

The first difference to the gauge-theory case concerns the N -jet operator (2.15). For
gravity, these operators are defined in a translationally-invariant fashion as

Â =
∫
d4x Â(x) =

∫
d4x TxÂ(0)T−1

x , (6.16)

where Â(0) is the same N -jet operator as defined in (2.15),

Â(0) =
∑
X

∫
[dt]N C̃X(t1, . . . tN )

(
N∏
i=1

JXi (ti)
)
JXs (0) , (6.17)

and Tx denotes a translation to the point x. Once we evaluate the matrix element, the
integral over x turns into the momentum-conserving δ-function. We can therefore adopt
the convention that we drop the integral over x, work with the unintegrated N -jet op-
erators (6.17) as in the previous sections, and impose momentum conservation by hand
in the final amplitude. This simplifies the notation greatly. The operator basis can be
constructed analogously to the QCD case, and the generic building blocks are given by the
analogues of (2.16). Note that this time, the A2 building block

JA2µν
∂2χ†i

= i∂µi⊥i∂
ν
i⊥χ
†
i (tini+) (6.18)

is relevant for the O(λ4) contributions, as it is related to the second derivative

A(2) = pµi⊥p
ν
i⊥

(
∂2

∂pµi⊥∂p
ν
i⊥
A
)∣∣∣∣∣

pµi =ni+pi nµi−/2
, (6.19)
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of the non-radiative amplitude,7 and the amplitude is expanded as

A = CA0(n+p) + pµi⊥C
A1
i, µ(n+p) + pµi⊥p

ν
i⊥C

A2
i, µν(n+p) +O(λ3) . (6.20)

The soft building blocks differ slightly from the gauge-theory case. In gravity, the
covariant derivative n−Ds contains two independent gauge fields, one linked to local trans-
lations and the other to local Lorentz transformations. As in the gauge-theory case, this
covariant derivative can be eliminated using the equations of motion. The next allowed
soft building block is then the Riemann tensor Rsµναβ , the analogue of the field-strength
tensor F sµν . However, the Riemann tensor contains two derivatives of the soft field, and
thus counts as O(λ6). Hence, in gravity, there are no soft graviton building blocks in the
operator basis until O(λ6). In other words, the first three terms in gravity are universal
for all processes, and only at O(λ6), process-dependent building blocks can enter. This al-
ready proves that the gravitational soft theorem contains three universal pieces, including a
next-to-next-to soft term, and we determine them in the same fashion as the gauge-theory
case presented in section 3.

To sum up, the entire soft emission process up to O(λ4) can be described with purely
collinear building blocks (2.18) and time-ordered products with the Lagrangian. The non-
radiative matching works exactly as discussed in section 2, and there is no adaptation
needed.

We can now proceed with the derivation of the soft theorem. This derivation is com-
pletely analogous to the one presented in section 3, but we extend the discussion and go to
O(λ4) to also find the universal sub-subleading (next-to-next-to-soft) term. For the scalar
field, the gravitational soft theorem (1.3) is given by

Arad = κ

2
∑
i

(
εµν(k)pµi pνi

pi · k
+ εµν(k)pµi kρL

νρ
i

pi · k
+ 1

2
εµν(k)kρkσLρµi Lσνi

pi · k

)
A . (6.21)

We make use of the same manipulations and choices as we did in the previous sections,
explained in detail in section 3.1. Most importantly, we choose a reference frame where the
external collinear momenta satisfy pµ⊥ = 0 and make use of =∧ to drop terms that do not
contribute to the single soft-emission matrix element. Due to the absence of soft graviton
building blocks, we can consider the emission off a single leg. In the following, we present
the terms contributing to the soft emission and skip most of the computations, which are
essentially the same as performed in detail in section 3.3. For the interested reader, the
full Lagrangian contributing to single soft emission up to O(λ4) as well as details regarding
the computation can be found in section A.

6.3 Leading-power term

Just as in the gauge-theory case, the leading contribution can already be read-off from the
Lagrangian. It is given by the time-ordered product of the leading current Â(0) with the
leading-power Lagrangian, which we rewrite as

L(0)
eikonal = κ

4 s−− χ
†
cn+∂ n+∂χc . (6.22)

7Note that we can eliminate n−p via n−p = − p2
⊥

n+p
, so we can expand the amplitude using only p⊥.
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Here, the first n+∂ is the analogue of the colour-generator ta in QCD, and the second n+∂

generates the eikonal propagator, as in section 3, (3.17). We obtain the leading contribution
to the radiative amplitude as

A(0)
rad =∧ i

∫
d4x T

{
Â(0),L(0)

eikonal

}
(6.23)

= i

∫
d4x T

{
Â(0),−κ4χ

†
c s−−in+∂ in+∂χc

}
, (6.24)

where we can immediately read off the eikonal term proportional to n+∂ (s−−n+∂χc). Note
that s−− depends only on x−, and hence n+∂ commutes with s−−.

6.4 Subleading-power/next-to-soft term

Just as in the gauge-theory case, with pµ⊥ = 0, there is no contribution at O(λ) in (6.21),
and the subleading term, given by

κ

2
εµν(k) pµkρLνρ

p · k
A , (6.25)

enters at O(λ2). The angular momentum is given by the two terms in (3.29) and these
two terms are reproduced analogous to the scalar QCD case, the first one stemming from
T{Â(0) ,L(2)} and the second one from T{Â(1) ,L(1)}.

First, we check that there is no contribution from T{Â(0) ,L(1)}: in L(1), (6.11), we
integrate by parts to write it as

L(1) = −κ2 s−µ⊥
[
∂µ⊥χc

]†
n+∂χc −

κ

4
[
∂[µsν]−

]
xµ⊥n

ν
− [n+∂χc]† n+∂χc , (6.26)

and we see that there is no contribution at O(λ), as∫
d4x T

{
Â(0),L(1)

}
=∧ 0 . (6.27)

However, just as in the gauge-theory case, there is a non-vanishing contribution of the
second term from the time-ordered product with Â(1).

We can split L(2) in a similar fashion as in the gauge-theory case (3.4) as

L(2a) = −κ4 [∂µsν− − ∂νsµ−]xµ⊥
(
[∂ν⊥χc]† n+∂χc + [n+∂χc]† ∂ν⊥χc

)
, (6.28)

L(2b) = −κ8 [∂µsν−]n[µ
+n

ν]
−n−x [n+∂χc]† n+∂χc , (6.29)

L(2c) = −1
4x

α
⊥x

β
⊥R

s
α−β− [n+∂χc]† n+∂χc , (6.30)

L(2d) = κ

4 s+− [∂α⊥χc]† ∂⊥αχc . (6.31)

Using integrations by parts and pµ⊥ = 0, we find for the first contribution

L(2a) =∧ −κ4
[
∂[µsν]−

]
ηµν⊥ χ

†
cn+∂χc =∧ 0 , (6.32)
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which vanishes by symmetry. For L(2b), no additional manipulations are needed and we
find the Lµν+− orbital angular momentum term

L(2b) =∧ κ

8 [∂µsν−]n[µ
+n

ν]
−χ
†
c [n+∂n−xn+∂χc] . (6.33)

Next, we have L(2c) with the two x⊥ factors. Again, we write xα⊥x
β
⊥ in terms of a trace

and a traceless part to get

L(2c) =∧ −1
8x

2
⊥η

αβ
⊥ Rsα⊥−β⊥−

[
n+∂χ

†
c

]
n+∂χc , (6.34)

where we dropped non-linear terms in sµν . With ηαβ⊥ Rsα⊥−β⊥− = ηαβRsα−β− and using
the source-less equation of motion Rs−− = 0, we find that this term vanishes. At the linear
order in sµν , this is equivalent to working with the transverse-traceless external polarisation
tensor. Finally, L(2d) =∧ 0 because pµ⊥ = 0.

In summary, the subleading Lagrangian is expressed as

L(1) =∧ κ

2 [∂µsν−]χ†c
←
Lµν+⊥n+∂χc , (6.35)

L(2)
orbital =

∧ κ

2 [∂µsν−]χ†c
←
Lµν+−n+∂χc , (6.36)

where we identified the angular momentum using (3.29) and defined the short-hand nota-
tion

←
Lµν =

←
∂ [µxν] , (6.37)

where χ
←
∂ µ = − [∂µχ]. In this form, we see the universal contraction and the coupling to

the angular momentum. Alternatively, we can write e.g. (6.35) as

L(1) =∧ κ

2 [∂µsν−]χ†cn+∂L
µν
+⊥χc , (6.38)

where we immediately recognise the structure of (6.25).
The operatorial version of the subleading term is then given by

Â(2)
rad =∧ i

∫
d4x T

{
Â(1),L(1)

}
+ i

∫
d4x T

{
Â(0),L(2)

orbital

}
=
∫
d4x T

{
Â, κ2χ

†
c

←
Lµν [∂µsν−] in+∂χc

}
. (6.39)

Upon evaluating the matrix element, we find the eikonal propagator and a coupling to the
angular momentum. Unlike the gauge theory case (3.33), where the field-strength tensor
F sµν appeared, this time the subleading term takes the form of an eikonal term, just as the
leading term, where the analogue of the charge is given by the orbital angular momentum
Lµν , and the gauge field corresponds to ∂[µsν]−. Indeed, this term is linked to the second
group of terms in the Lagrangian, which are coupled to the angular momentum tensor,
and is only gauge-invariant once we impose angular momentum conservation. Hence the
two-fold soft gauge symmetry immediately implies two eikonal terms in the soft theorem.
Only the third term is then expressed in a manifestly gauge-invariant fashion, via the
Riemann tensor.
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6.5 Sub-subleading/next-to-next-to-soft term

We proceed with the derivation of the next-to-next-to-soft term. We highlight only the
main points of its derivation and relegate the detailed computation to section A.3. There
is no contribution at O(λ3) for pµ⊥ = 0, so we turn to the sub-subleading term from (6.21),

κ

4
εµν(k)kρkσLρµLσν

p · k
A . (6.40)

When evaluating an on-shell amplitude, the two angular momenta Lµν can be taken to act
only on the amplitude [7]. In position space, at the Lagrangian level, it is convenient to
thus define the combination

←
Lµρ

→
Lνσ ≡

(←
∂ [µxρ]

)(
x[ν
→
∂ σ]

)
. (6.41)

Expanding the product of angular momenta, we find four terms given by

←
Lµρ

→
Lνσ = 1

16n
[µ
+n

ρ]
−n

[ν
+n

σ]
− n+

←
∂n−xn−xn+∂ + 1

4x
[µ
⊥n

ρ]
−x

[ν
⊥n

σ]
−n+

←
∂n+∂

+ 1
8n

[ν
+n

σ]
− x

[µ
⊥n

ρ]
−n+

←
∂n−xn+∂ + 1

8n
[µ
+n

ρ]
− x

[ν
⊥n

σ]
−n+

←
∂n−xn+∂ . (6.42)

Identifying the linear single-emission terms in the Riemann tensor as

Rsµανβ = −κ2 (kνkαεµβ + kµkβενα − kαkβεµν − kµkνεαβ) +O(ε2) , (6.43)

we can write

κεµν(k)kρkσ
←
Lρµ

→
Lσν = −1

8R
s
+−+−n+∂(n−x)2n+∂ −

1
2R

s
µ−+−n+∂x

µ
⊥n−xn+∂

− 1
2R

s
µ−ν−n+∂x

µ
⊥x

ν
⊥n+∂ . (6.44)

These three terms originate from three different time-ordered products, which we recognise
from their explicit x-dependence. The first term, containing (n−x)2, contributes in the
time-ordered product T{Â(0) ,L(4)}, so this term has to be identified inside L(4). The
second term contains one x⊥, so it yields a non-vanishing contribution only with at least
one ∂⊥ inside the current, i.e. it contributes inside T{Â(1) ,L(3)}. Finally, the last term
contains two factors of x⊥, so it needs to act on ∂2

⊥ to give a contribution. It appears in
the product T{Â(2) ,L(2)}. We can immediately identify the relevant terms in the respective
Lagrangians. After some manipulations (details in appendix A.3), we find

L(4) =∧ 1
16R

s
+−+−χ

†
cn+∂(n−x)2n+∂χc = 1

4R
s
µανβ χ

†
c

←
Lµα+−

→
Lνβ+−χc , (6.45)

L(3) =∧ 1
4R

s
α−β−χ

†
cn+∂x

α
⊥n−xn

β
+n+∂χc = 1

4R
s
µανβ χ

†
c(
←
Lµα+−

→
Lνβ+⊥ +

←
Lµα+⊥

→
Lνβ+−)χc , (6.46)

L(2) =∧ 1
4R

s
α−β−χ

†
cn+∂x

α
⊥x

β
⊥n+∂χc = 1

4R
s
µανβ χ

†
c

←
Lµα+⊥

→
Lνβ+⊥χc , (6.47)
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and the sub-subleading-power term of the soft theorem can be cast into the operatorial
statement

Â(4) =∧ i
∫
d4x T

{
Â(2),L(2)

ξ

}
+ i

∫
d4x T

{
Â(1),L(3)

ξ

}
+ i

∫
d4x T

{
Â(0),L(4)

ξ

}
= i

∫
d4x T

{
Â, 1

4χ
†
c

←
Lµν

→
LαβRsµανβχc

}
=∧ i

∫
d4x T

{
Â, 1

4χ
†
cL

µνLαβRsµανβχc

}
, (6.48)

which exhibits the desired form. In the last line, we transformed the left-right angular
momenta

←
Lµν

→
Lαβ into the standard form LµνLαβ using on-shell properties and equations

of motion similar to the proof given in [7].
In summary, we see that all three terms of the soft theorem can be cast into an

operatorial statement. In view of the derivation provided here, the individual terms acquire
a new interpretation. The first two terms (6.24), (6.39) take the form of an eikonal term and
generalise the leading term (3.18) in gauge theory. This follows because the effective theory
for soft-collinear gravitational interactions contains two soft background-gauge fields, one,
sα−(x−), coupled to the momentum, and another, ∂[αsβ]−(x−) to the angular momentum.
These two gauge fields appear in the soft-covariant derivative of soft-collinear gravity, and
in turn these interactions determine the first two terms of the soft theorem. This explains
why in the gravitational soft theorem, the first two terms are gauge invariant only after
summing over all emitters, and assuming the conservation of the corresponding charges,
momentum and angular momentum, in the non-radiative process. All further subleading
soft-collinear interactions can be expressed in terms of the gauge-invariant Riemann tensor
at x−. However, unlike in gauge theory, the Riemann tensor contains two derivatives
and arises only at second (quadrupole) order in the multipole expansion, that is, at sub-
subleading order. (In gravity, the dipole terms are related to the gauge field coupling to
angular momentum.) The universality of soft emission ends at this sub-subleading order,
since in higher powers there exist source operators containing soft field products involving
the soft Riemann tensor invariant under the soft gauge symmetries, which have coefficient
functions unrelated to those of the non-radiative process. The two factors of angular
momenta in the sub-subleading soft theorem are seen to have different interpretations. One
factor is related to the charge of the soft theorem, similar to the one in the subleading term,
while the second relates to the coupling to the Riemann tensor, similar to the appearance of
Jµν from the coupling to F sµν in the gauge-theory soft theorem. In this way, the gravitational
soft theorem is directly linked to the structure of the soft-collinear gravity Lagrangian,
restricted to single-emission at tree level.

6.6 Loop corrections to the soft theorem

Both the gauge-theory and the gravitational soft theorem are modified by loop correc-
tions [28, 37]. However, in gravity, the structure of these modifications is quite different,
as can easily be seen from power-counting in the EFT perspective.

In SCET, loop contributions arise from three different loop momentum regions, the
hard, the collinear and the soft region, corresponding to the hard, collinear and soft modes
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Figure 3. Diagram classes modifying the soft emission process with loop correction to a single
collinear leg. Collinear interaction vertices are power-suppressed by at least one order in λ, so
a, b ≥ 1, suppressing the collinear loop by λ2. For soft loops, one can fix soft light-cone gauge in
the direction of the collinear leg, effectively decoupling the soft modes. This means that a, b ≥ 2
and the soft loop is suppressed by λ4. In addition, the soft loop is scaleless unless the graviton is
emitted via a purely-soft vertex, as depicted in the last diagram. This process is further suppressed
by c ≥ 2, yielding a total suppression by λ6.

in the effective theory. The hard modes are integrated out, thus the contributions of
the hard loops are inside the matching coefficients C̃X(ti) and part of the non-radiative
amplitude. Hence, hard loops never affect the soft theorem, insofar as they modify the
underlying non-radiative process.

In the following, we therefore focus on collinear and soft loops. Gravity differs from
gauge theory in two important aspects in the soft and collinear sector [22], ultimately due
to the dimensionful coupling:

i) In the purely-collinear sector, that is in the Lagrangian terms containing only collinear
but no soft fields, there are no leading power interactions. The λ expansion corre-
sponds to the weak-field expansion, and the first collinear interaction appears in
O(λ). Roughly speaking, we expand collinear gravity in collinear momenta p⊥ ∼ λ.

ii) In the purely-soft sector, that is in the Lagrangian terms containing only soft but
no collinear fields, there are also no leading power interactions. Here, the weak-
field expansion agrees with the λ2 expansion, corresponding to an expansion in soft
momenta k ∼ λ2. Purely-soft interaction vertices thus start at O(λ2).

Hence, whenever a purely-collinear or a purely-soft interaction takes place, the contribution
is already suppressed by at least one order of λ or λ2, respectively. In gravity, only soft-
collinear interactions exist at leading power.

This has a drastic impact on the loop corrections to the three universal terms in the
soft theorem. In the remainder of this subsection, we show within the EFT framework that
the leading-power eikonal term is not modified, the subleading term is only corrected at
one-loop, and the sub-subleading term by one- and two-loop contributions. These conclu-
sions agree with [37] and sharpen the all-order power-counting of soft and collinear loop
corrections.

Let us first add one collinear loop to the emission process. The first possibility is to
connect the i-collinear loop only to the i-collinear leg (or legs, if one considers multiple
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Figure 4. Diagram classes modifying the soft emission process, where the soft loop connects two
legs of different directions. The soft-collinear interactions are present starting from a = b = 0.
Due to multipole expansion, soft-collinear vertices are only sensitive to the ni−k component. For
on-shell legs, the soft loop vanishes unless a soft scale, provided by the injection of the full soft
momentum k, is present. This can only happen by a purely-soft interaction vertex. Hence, only
the last diagram has a non-vanishing contribution. Here, c ≥ 2 as it is a purely-soft interaction,
and the loop is suppressed by λ2 in total.

i-collinear particles), as depicted in figure 3. Due to the aforementioned point i), these
attachments must stem from the subleading purely-collinear Lagrangian L(k)

i , k ≥ 1. As we
need to attach the loop twice, this yields a suppression of at least O(λ2). Alternatively, one
can form a tadpole using a vertex containing two gravitons. These vertices start at O(λ2).
The second possibility is to attach the loop to the hard scattering, by adding an additional
i-collinear building block to the N -jet operator, and then connecting it to the i-collinear
leg. However, these building blocks are also suppressed by another power in λ, so this
contribution also counts at least as O(λ2). In summary, the collinear one-loop contribution
is suppressed at least by O(λ2), thus it cannot affect the leading term of the soft theorem.

Next, let us consider the soft one-loop contributions. Here, it is important to note two
major simplifications: first, if the soft loop connects only a single i-collinear leg, as depicted
in figure 3, one can fix soft light-cone gauge in the ni− direction, effectively decoupling the
soft-covariant derivative. For gravity, this implies that the first possible soft-collinear vertex
is the Riemann-tensor term in L(2)

i , thus suppressed by at least O(λ2). To attach the loop to
the leg, one needs two such vertices, so this loop is already suppressed by O(λ4), without
considering the soft emission itself. Therefore, these types of diagrams are too power-
suppressed and not important for the discussion. The only relevant soft-loop contribution
arises from a loop connecting two legs of different collinear sectors, depicted in figure 4,
which can already appear at O(1) using the leading-power interactions.8 However, we shall
now argue that these contributions vanish unless the external soft graviton is connected
to the loop through a purely-soft interaction, as shown in the last diagram in the figure.
The loop depicted in figure 4, with the soft graviton emission removed, is given by the
(dimensionally regulated) integral

A ∼ iκ2

16

∫
ddl

(2π)d
p2
i+

p2
i + ni+pini−l + i0

p2
j+

p2
j − nj+pjnj−l + i0

(ni−nj−)2

l2 + i0 . (6.49)

8See appendix of [38] for a similar discussion for soft interactions in gauge theory at next-to-leading
power.
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Figure 5. An example of a non-vanishing soft two-loop contribution. In order for the soft scale k
to be present in both loop momenta, the loops must be attached via purely-soft interactions to the
emitted graviton, so c, d ≥ 2. Any soft loop yields an additional λ2 suppression, and the two-loop
contribution therefore starts at sub-subleading order λ4.

For on-shell external particles, p2
i = p2

j = 0, this simplifies to

A ∼ − iκ
2

16 pi+pj+(ni−nj−)2
∫

ddl

(2π)d
1

l2 + i0
1

ni−l + i0
1

nj−l + i0 . (6.50)

The integral is scaleless, and vanishes. If one now attaches the soft graviton to one of the
collinear lines (see first three diagrams in figure 4), one can always route the k-momentum
such that it appears in the eikonal propagators of only one of the legs, say i. In this
way, the loop integral (6.50) may be modified to include eikonal propagators of the form
(ni−(l+k) + i0)−1. Since only the ni−k component of the soft momentum can ever appear
in the denominator, one cannot form a soft invariant and the soft loop integral will remain
scaleless and vanishing.9 In order for soft loops to yield a non-zero contribution, one needs
to bring the full external soft momentum k into the loop integral. This requires the external
soft graviton to couple to the loop through a purely-soft interaction (as in the last diagram
in the figure). Such interaction vertices involve the full momentum conservation delta
function and lead to propagators 1/(l + k)2. However, by point ii) above, such a purely-
soft vertex comes at the cost of power-suppression by at least λ2. Hence, soft one-loop
corrections can also not affect the leading term in the soft theorem.

These considerations easily generalise to any loop order. The key results from the
above discussion can be summarised as follows:

i) A collinear loop can only be connected by purely-collinear vertices, which are power-
suppressed in gravity. Thus, adding a collinear loop always brings suppression of at
least O(λ2).

ii) A soft loop is scaleless, unless it is directly connected to the external soft graviton
by a purely-soft interaction vertex, due to the multipole expansion in soft-collinear
vertices. Since purely-soft interactions are power-suppressed in gravity by a factor of
λ2, adding a soft loop yields a suppression of at least O(λ2).

9From the Lagrangian perspective, this follows from the multipole expansion of the soft-collinear La-
grangian, after which soft fields are evaluated at xi−, which implies that only ni−k n

µ
i+/2 enters the

momentum-conservation delta-function at a soft-collinear vertex.
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For purely-collinear loops, the suppression by O(λ2) per loop immediately allows us
to conclude that the subleading soft factor can only be modified at the one-loop order but
not by collinear two- or higher-loop contributions. Similarly, the sub-subleading factor can
only be modified by collinear one- and two-loop processes, since three-loop is suppressed
by at least λ6.

For purely soft, as well as mixed soft and collinear loops, one again needs to inject the
full external soft momentum k into the loops, otherwise they are scaleless and vanish. For
multiple soft loops, this is only possible if the soft emission is attached to the soft particle in
the loop, and each additional soft loop is also directly connected to this loop via purely-soft
emission vertices, as depicted in figure 5. If a loop is not directly connected (via purely-soft
vertices) to the soft emission, it is scaleless and vanishes. Thus, effectively, as was the case
for collinear loops, each additional soft loop comes with at least O(λ2) from the purely-soft
vertex. We can again conclude that the subleading term can only be affected by one-loop
processes, and the sub-subleading term is modified by one- and two-loop diagrams.

In summary, the power-counting and multipole expansion of soft-collinear effective
theory, combined with the necessity of a soft scale in soft loops for them to not vanish,
immediately imply the following result, already obtained in [37]: the leading soft factor
is never modified by loops, the subleading factor is only corrected by one-loop, and the
sub-subleading factor is only modified by one- and two-loop contributions. Higher loop-
corrections cannot affect the terms of the gravitational soft theorem.

7 Summary and outlook

Despite over 60 years of history, soft theorems are still an active field of research. Adopting
the perspective of effective Lagrangians, we connect the structure of the NLP terms in
the soft theorems for gauge theories and perturbative gravity to the emergent soft gauge
theories of the respective Lagrangians. This point of view is especially revealing for gravity:

• It explains without calculation why soft graviton emission is universal to sub-sub-
leading order (rather than subleading order only as for gauge bosons). Since one
constructs soft-gauge invariant sources with soft fields to these orders, the emission
is controlled by Lagrangian interactions, which are independent of the hard process.

• The leading and subleading terms, despite resembling the two gauge-theory terms
after substituting colour charge by momentum, should in fact both be interpreted as
eikonal terms, stemming from the covariant derivative of soft-collinear gravity and
representing the coupling to the charges of the soft gauge symmetry. This explains
why, unlike in gauge theory, the first two terms in the soft theorem require charge
conservation of the hard process in order to be gauge invariant.

• The two angular momentum factors in the sub-subleading term, while representing
the same mathematical expressions, have different interpretations. One factor is
related to the charge of one of the soft gauge symmetries, while the other arises from
the kinematic multipole expansion, in analogy with gauge theory.
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The EFT formalism allows us to cast the soft theorem into an operatorial form, since it
follows from simple manipulations of the Lagrangian, which makes the universal nature of
the theorem manifest, including the origin of the spin term (as demonstrated here for the
case of gauge theories). Power-counting and general properties of soft-collinear Lagrangian
further allow for a classification of loop corrections to the soft factors. In addition, it can
immediately be applied to extensions of QCD, the Einstein-Hilbert theory, and matter
theories with non-minimal coupling, as long as the underlying gauge or diffeomorphism
symmetry is respected. In this way, one can immediately judge from power-counting and
the Lagrangian if a higher-order effective operator, like the chromomagnetic ψσµνFµνψ, the
gravitational √−gR2 or a non-minimal matter coupling √−gR2φ affects the soft theorem.
Importantly, since these extensions do not affect the soft gauge symmetry, it follows that
there will always be two universal terms in gauge theory, and three universal terms in
gravity, as the number of these terms is only linked to the effective soft gauge symmetry,
and not to the actual form of the Lagrangian.

The present work derives from recent progress on the formulation of the SCET for grav-
ity beyond leading power [22]. The general construction of this EFT reveals the intricate
structure of soft-collinear gravity as a gauge theory, which explains why the soft theorem
looks the way it does. In this respect, it is worth noting that the soft-collinear effective La-
grangian automatically provides rules to generalise soft amplitudes to multiple emissions,
including quantum corrections. This perspective complements the insights obtained from
spinor-helicity methods [6] or the double-copy mapping [26], and ties them more closely to
the properties of (effective) field theories. It would be interesting to further explore the
connection of the EFT formulation of soft physics to asymptotic symmetries [13, 14, 39–41].
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A Details for gravity

A.1 SCET gravity Lagrangian

The Lagrangian for SCET gravity is given by a power series [22]

L = Lkinetic + L(0) + L(1) + L(2) + L(3) + L(4) . (A.1)

The terms linear in the soft graviton can be expressed via the energy-momentum tensor

Tµν = [∂µχc]† ∂νχc + [∂νχc]† ∂µχc − ηµν [∂αχc]† ∂αχc . (A.2)
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We use the short-hand notation nα±Aαβ... = A±β··· for the contractions with the collinear
reference vectors. For the single-emission terms, we find

L(0) = −κ8 s−−T++ , (A.3)

L(1) = −κ4 s−µ⊥T
µ⊥

+ −
κ

8
[
∂[µsν]−

]
nν−x

µ
⊥ T++ , (A.4)

L(2) = −κ2
[
∂[µsν]−

]
xµ⊥T

ν⊥
+ −

κ

16
[
∂[µsν]−

]
nµ+n

ν
−n−xT++

− 1
8x

α
⊥x

β
⊥R

s
α−β−T++ −

κ

8 s+− T+− , (A.5)

L(3) = −1
8x

α
⊥n−xn

β
+R

s
α−β−T++ −

1
24x

α
⊥x

β
⊥x

ν
⊥

[
∂νR

s
α−β−

]
T++

− 1
8
[
∂[µsν]−

]
nν+n−xT

µ⊥
+ −

1
8
[
∂[µsν]−

]
xµ⊥n

ν
+T+− −

1
3x

α
⊥x

β
⊥R

s
αµ⊥β−T

µ⊥
+ , (A.6)

L(4) = − 1
32(n−x)2Rs+−+−T++ −

1
24x

α
⊥n−xn

β
+x

ν
⊥

[
∂νR

s
α−β−

]
T++

− 1
48x

α
⊥x

β
⊥n−xn

ν
+

[
∂νR

s
α−β−

]
T++ −

1
96x

α
⊥x

β
⊥x

ρ
⊥x

σ
⊥

[
∂ρ∂σR

s
α−β−

]
T++

− 1
6x

α
⊥n−xn

β
+(Rsαµ⊥β− +Rsβµ⊥α−)Tµ⊥+

− 1
16x

α
⊥x

β
⊥x

ν
⊥

[
∂νR

s
αµ⊥β−

]
Tµ⊥+ −

1
6x

α
⊥x

β
⊥R

s
αµ⊥βν⊥

Tµ⊥ν⊥

+ 1
12x

α
⊥x

β
⊥R

s
α+β−T+− . (A.7)

A.2 Expansion of the soft theorem

The soft theorem (1.3) reads

Arad = κ

2
∑
i

(
εµν(k)pµi pνi

pi · k
+ εµν(k)pµi kρL

νρ
i

pi · k
+ 1

2
εµν(k)kρkσLρµi Lσνi

pi · k

)
A . (A.8)

With our choice of reference vectors ni± such that pµi = pi+
nµi−

2 , the first term in the sum
is simply given by

κ

4
ε−−(pi+)2

pi+k−
A(0) , (A.9)

and since pµi⊥ = 0, there is no higher-order term generated by its expansion. The second
term is given by

κ

2
εµν(k)pµi kρL

νρ
i

pi · k
A =∧ κ

4
ε−−pi+kρ − ε−ρpi+k+

k−

(
1
2n

ρ
i+

∂

∂pi+
A(0) + ∂

∂pi⊥ρ
A(1)

)
(A.10)

and counts as O(λ2), as ∂
∂pi⊥

∼ λ−1 can only act on the suppressed A(1) piece. There is no
contribution at O(λ3). For the third term

κ

4
εµν(k)kρkσLρµi Lσνi

pi · k
A , (A.11)
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we insert the angular momentum Lµν and find that it is given by the sum of the three
terms

κ

32(k2
+ε−− − 2k+k−ε+− + k2

−ε++) 1
pi+k−

p2
i+

∂

∂pi+

∂

∂pi+
A(0) , (A.12)

κ

8 (kρk+ε−− − k−k+ε−ρ − kρk−ε+− + k2
−ερ+) 1

pi+k−
p2
i+

∂

∂pi+

∂

∂pi⊥ρ
A(1) , (A.13)

κ

8 (kρkσε−− − 2k−kρεσ− + k2
−ερσ) 1

pi+k−
p2
i+

∂

∂pi⊥ρ

∂

∂pi⊥σ
A(2) , (A.14)

which all count as O(λ4).

A.3 Details for the sub-subleading-power term

First, it is easy to convince oneself that there is no O(λ3) contribution from T {Â(0),L(3)}
and T {Â(1),L(2)} when pµi⊥ = 0. The O(λ4) term we seek is the operatorial analogue of

κ

4
εµν(k)kρkσJρµi Jσνi

pi · k
A , (A.15)

which has three corresponding terms (A.12)–(A.14). The possible contributions stem from
the time-ordered products T {Â(0),L(4)}, T {Â(1),L(3)} and T {Â(2),L(2)}, which we com-
pute in the following. The terms corresponding to (A.12) are proportional to A(0), so they
stem from the first time-ordered product. Similarly for the other two terms (A.13), (A.14),
which are given by the second and third time-ordered product, respectively.

A.3.1 Contribution from T {Â(0) , L(4)}

In T {Â(0) ,L(4)}, we first have

L(4a) = − 1
16(n−x)2Rs+−+− [n+∂χc]† n+∂χc . (A.16)

This term is already in the right form and contributes to the sub-subleading term. Thus,
we show in the following that all other terms in this time-ordered product either cancel
against each other, or give a vanishing contribution.

We start with

L(4b) = − 1
12x

α
⊥n−xn

β
+x

ν
⊥

[
∂νR

s
α−β−

]
[∂+χc]† ∂+χc

− 1
24x

α
⊥x

β
⊥n−xn

ν
+

[
∂νR

s
α−β−

]
[∂+χc]† ∂+χc . (A.17)

We obtain for the first term

− 1
12n−xn

β
+x

α
⊥x

ν
⊥

[
∂νR

s
α−β−

]
[∂+χc]† ∂+χc = − 1

24x
2
⊥n−x

[
∂α⊥Rsα⊥−+−

]
[∂+χc]† ∂+χc

= − 1
24 x

2
⊥n−x

[
∂αRsα−+− −

1
2∂−R

s
+−+−

]
[∂+χc]† ∂+χc

= 1
48n−x [∂−R+−+−] [∂+χc]† ∂+χc = − 1

48n−xR+−+− [∂+χc]† [∂−∂+χc]

= 1
48x

2
⊥n−xR+−+− [∂+χc]†

[
∂2
⊥χc

]
= 1

12n−xR+−+− [∂+χc]† χc , (A.18)
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using ∂µRsµ−ν− = 0 and x2
⊥∂

2
⊥ = 4 + . . . . For the second term, we find

− 1
24x

α
⊥x

β
⊥n−x

[
∂+R

s
α−β−

]
[∂+χc]† ∂+χc = − 1

48x
2
⊥n−x

[
∂+R

s
−−
]
[∂+χc]† ∂+χc , (A.19)

which is in fact zero, as the graviton equation of motion reads Rs−− = 0. In short, we have

L(4b) =∧ 1
12n−xR

s
+−+− [∂+χc]† χc . (A.20)

Next, there is

L(4c) = − 1
48x

α
⊥x

β
⊥x

ρ
⊥x

σ
⊥

[
∂ρ∂σR

s
α−β−

]
[n+∂χc]† n+∂χc . (A.21)

We use
xα⊥x

β
⊥x

ρ
⊥x

σ
⊥ =∧ 1

8x
4
⊥(ηαβ⊥ ηρσ⊥ + ηαρ⊥ η

βσ
⊥ + ηασ⊥ ηβρ⊥ ) , (A.22)

as well as
x4
⊥∂

4
⊥ =∧ 64 + (∂⊥x⊥ . . . ) (A.23)

and the scalar equation of motion

n−∂χc =∧ −
∂2
⊥

n+∂
χc , (A.24)

to find
L(4c) =∧ 1

12R
s
+−+− χ

†
cχc . (A.25)

The next contribution stems from

L(4d) = −1
6x

α
⊥n−xn

β
+(Rsαµ⊥β− +Rsβµ⊥α−)

(
[∂µ⊥χc]† ∂+χc + [n+∂χc]† ∂µ⊥χc

)
. (A.26)

We can immediately see that the first term in the bracket vanishes by pµ⊥ = 0. For the
second one we integrate by parts and obtain

L(4d) = − 1
12n−xR

s
+−+− [n+∂χc]† χc , (A.27)

which cancels with (A.20) from L(4b). Next, there is

L(4e) = 1
12x

α
⊥x

β
⊥η

µν
⊥ R

s
µ⊥αν⊥β

[n+∂χc]† n−∂χc , (A.28)

which, after using the scalar equation of motion, dropping the traceless term and integration
by parts, yields

L(4e) =∧ − 1
12R

s
+−+−χ

†
cχc . (A.29)

This cancels with (A.25) from L(4c). Finally, there are the left-over terms

L(4f) = − 1
16x

α
⊥x

β
⊥x

ν
⊥

[
∂νR

s
αµ⊥β−

] (
[∂µ⊥χc]† n+∂χc + [n+∂χc]† ∂µ⊥χc

)
− 1

6x
α
⊥x

β
⊥R

s
αµ⊥βν⊥

[∂µ⊥χc]† ∂ν⊥χc + 1
6x

α
⊥x

β
⊥R

s
α+β−

[
∂µ⊥χ

†
c

]
∂µ⊥χc

+ 1
12x

α
⊥x

β
⊥R

sµ⊥
αµ⊥β

[∂ν⊥χc]
† ∂ν⊥χc . (A.30)
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We can immediately see that the last three terms in (A.30) give no contribution, as there
is always one external pµ⊥ = 0. For the first term, we integrate by parts and drop the
traceless contribution to see the cancellation. In total we have

L(4f) =∧ 0 . (A.31)

To summarise, the entire contribution from T {Â(0) ,L(4)} is given by (A.16), so

Â(4) ⊃ i
∫
d4x T

{
Â(0) ,

κ

16χ
†
cn+∂

(
(n−x)2Rs+−+−n+∂χc

)}
. (A.32)

A.3.2 Contribution from T {Â(1) , L(3)}

In T {Â(1) ,L(3)}, the first term

L(3a) = −1
4x

α
⊥n−xn

β
+R

s
α−β− [n+∂χc]† n+∂χc , (A.33)

already gives the correct orbital momentum contribution. Again, we show that all other
terms cancel out. First,

L(3b) = − 1
12x

α
⊥x

β
⊥x

ν
⊥

[
∂νR

s
α−β−

]
[n+∂χc]† n+∂χc

− 1
3x

α
⊥x

β
⊥R

s
αµ⊥β−

(
[∂µ⊥χc]† n+∂χc + [n+∂χc]† ∂µ⊥χc

)
, (A.34)

gives a vanishing contribution, using the same manipulations as before. Concretely, the
first term enters as

− 1
12x

α
⊥x

β
⊥x

ν
⊥

[
∂νR

s
α−β−

]
CA1µ⊥ [n+∂χc]† [∂µ⊥n+∂χc] =∧ −

1
6R

s
+−β⊥−C

A1β⊥ [n+∂χc]† χc ,
(A.35)

and the second one yields

− 1
3x

α
⊥x

β
⊥R

s
αµ⊥β−C

A1ρ⊥ [n+∂χc]† [∂µ⊥∂ρ⊥χc] =∧
1
6R

s
+−α⊥−C

A1α⊥ [n+∂χc]† χc , (A.36)

hence L(3b) =∧ 0. For all other terms in L(3), we immediately see that they do not contribute.
In summary, the only surviving term is (A.33), so

Â(4) ⊃ i
∫
d4x T

{
Â(1) ,

1
4χ
†
cn+∂

(
xα⊥n−xn

β
+R

s
α−β−n+χc

)}
. (A.37)

A.3.3 Contribution from T {Â(2) , L(2)}

Finally, there is only one contribution to T {Â(2) ,L(2)}, given by

L(2c) = −1
8x

α
⊥x

β
⊥R

s
α−β− [∂+χc]† ∂+χc . (A.38)

We immediately notice that the x2
⊥ term eliminates ∂2

⊥ of the A2 current and we find the
second ⊥-derivative contribution to the sub-subleading-power term. There are no further
contributions.
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In summary, the contributing terms to the emission are given by

L(2)
orbital = 1

4R
s
αµβνχ

†
c

←
Lαµ⊥+L

βν
⊥+χc , (A.39)

L(3)
orbital = 1

2R
s
αµβνχ

†
c

←
Lαµ⊥+L

βν
+−χc (A.40)

L(4)
orbital = 1

4R
s
αµβνχ

†
c

←
Lµα+−L

νβ
+−χc , (A.41)

as claimed in (6.45)–(6.47).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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