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1 Introduction and main results

Study of AdS;/CFT, integrability revealed a surprisingly simple set of Riemann-Hilbert
equations — quantum spectral curve (QSC) [1, 2]. While, on one hand, it is related to the
system of Q-functions known for a large class of integrable models, its analytic structure, on
the other hand, is rather peculiar and unusual. Unlike in most other cases, Q-functions of
AdS/CFT integrability are non-meromorphic functions of the spectral parameter u. They
have branch points, in fact infinitely many of them, at positions determined by the ’t
Hooft coupling constant. The Riemann-Hilbert equations define the monodromy around
the branch points and we witness a non-trivial interplay between the analytic and the
algebraic properties of the system.

Among many questions to address, one is how unique AdS/CFT integrability is. The
spectral curve for AdS;/CFT, seems to exploit a lot the properties of the underlying
PSU(2,2|4) symmetry. Can we get a similar construction for other (super-)groups? So
far the only other example is AdS;/CFT3 QSC [3, 4] based on OSp(6[4).} It is as well
unclear whether we can build different QSC’s with the same underlying symmetry. In this
paper we propose a systematic approach to address these questions and exhibit it for the
derivation of spectral curves with SU(2|2) and SU(2|2) x SU(2|2) symmetries.? We choose
SU(2]2) because it seems to be the simplest example where one can get non-trivial features.
Higher-rank cases is a subject for future research.

The following strategy which further develops ideas of section 3 in [2] is proposed: first,
we introduce the SU(2|2) Q-system as a purely algebro-geometric object with QQ-relations
understood as fused Pliicker relations. This part of the construction is universal and does
not depend on particular analytic properties of Q’s. In the next step, we introduce basic
analytic properties, mainly the presence of certain branch cuts and certain domains of
analyticity are postulated so as to get an analogy with the AdS;/CFTy case and insure
that the system does not get too complicated. Finally, the cornerstone follows which we
call the monodromy bootstrap: informally, the analytic continuation around the branch
point should result in an automorphism of the Q-system.

While having an automorphism generated by a non-trivial monodromy is a rather
standard idea, here we are dealing with non-local QQ-relations in which case defining of a
consistent analytic continuation is far from obvious: the same function entering a non-local
equation is evaluated at different values of the spectral parameter which can then encircle
different branch points upon the continuation, they are even forced to do so in the case
of AdS/CFT integrability. The problem is illustrated in figure 1 on the next page. The
monodromy bootstrap is equipped with a procedure that overcomes this difficulty.

'Riemann-Hilbert equations for the latter are very similar to those of AdSs/CFTy, it is even tempting
to ask whether it is as a genuinely distinct QSC. There are also ways to formally reduce the symmetry by
introducing boundary effects [5, 6] or to deform the symmetry [7]. We do not consider the resulting QSC’s
as novel because Riemann-Hilbert equations remain the same.

*We follow an imprecise physical jargon and label as SU(2|2) any glyo Q-systems. As we shall see,
concrete real forms are not always compact, they emerge naturally dictated by the monodromy features;
and unimodularity appears only through asymptotic behaviour imposed on Q-functions. Notation SU(2|2)
in the sense of the compact real form appears only in relation to Hubbard model discussed in section 6.



Figure 1. A non-local equation f(Q(u + i/2),Q(u — i/2)) = 0 has a function Q(u) evaluated at
two different values of the spectral parameter (red crosses). The distance between the two values
is the same as the distance between branch points. It seems then meaningless to attempt defining
an analytic continuation of the equation around a branch point as any path (dashed lines) will
inevitably encircle different such points for Q(u + i/2) and Q(u — i/2). A possible way to resolve
the problem is given in section 3.5, figure 2.

In the outcome, the monodromy bootstrap requirement turns out to be very restrictive
and we end up with only as many systems as the number of ‘outer’ automorphism classes.
For Q-systems based on SU(2|2) symmetry we get two results, of type A and B (no physical
meaning behind the labelling). The type-A corresponds to the trivial automorphism class,
whereas the type-B corresponds to Hodge duality (essentially the transposition of the
Dynkin diagram).

Assuming square root cuts, the type-B system becomes a quantum spectral curve
that, as we show, describes Hubbard model. Hubbard model plays an important role in
condensed matter applications and was intensively studied [8]. QSC as a consistent analytic
Q-system was not described for it so far although [9] contains an equivalent set of equations.

For Q-systems based on SU(2|2) x SU(2|2) symmetry, we insist on a nontrivial inter-
play between the left and the right group. Then two QSC’s can be built, we label them
C,D. Assuming zero central charges, cases C and D become equivalent. Furthermore, the
non-compact real form PSU(1,1]2) x PSU(1, 1|2) turns out to be the one consistent with
the monodromy properties. Hence we get the unique QSC with the AdS/CFT-type cut
structure and the stated symmetry. Given its uniqueness, it is natural to conjecture that it
is the quantum spectral curve for AdS3/CF Ty integrability with AdSsxS3xT# background
supported by RR-flux, probably the simplest case in the class of integrable AdS3/CFTs
models [10, 11]. We make first checks towards confirming the conjecture and investigate the
massive sector in the large volume regime comparing it with asymptotic Bethe equations.

An important distinction of the derived low-rank QSC’s compared to the ones for
AdS;/CFT4 and AdS,/CFTj is that they almost never admit Q-functions with square
root branch points, the only exception is Hubbard model. We offer no-go theorems and
their systematic proofs. They guarantee that no opportunities for systems with square root
cuts were missed for cases A,B,C, of course assuming a set of axioms about Q-system that
we propose to use.

The paper is organised as follows: after recalling the algebraic relations of SU(2|2) Q-
system in section 2, we postulate and motivate the basic axioms about analytic properties
of Q-functions (Properties 1-4) and give a precise definition of the monodromy bootstrap in
section 3, in particular we explain how to overcome the controversy between the non-locality



of the equations and the need to unambiguously define the analytic continuation. Section 4
derives, on the example of the type-B system, Riemann-Hilbert equations to be obeyed by
Q-functions as a consequence of the monodromy bootstrap. Section 5 offers these equations
for all four cases A-D presented in the form of Pp-systems analogous to the one in [1]. The
derivation of case A is given in appendix A, we don’t give details about derivations for
cases C and D because they require only cosmetic adjustments obvious from the stated in
the paper equations. Section 6 is dedicated to the specialisation of the type-B model to the
case of square root branch points, we show that the resulting QSC can encode, depending
on the choice of the source term, both the spectrum of (inhomogeneous) Hubbard model
and the corresponding thermodynamic Bethe Ansatz equations. Section 7 considers case C
(or, equivalently, D) under assumption of zero central charge and demonstrates that the
resulting QSC is compatible, in the large volume regime, with asymptotic Bethe equations
of the AdS3/CFTy integrable system, at least in the massive sector. Section 8 is devoted
to conclusions, discussion, and outlook. Appendix B gives proofs of no-go theorems.

2 Algebraic structure of Q-system

In this section we review the algebraic structure of SU(2|2) Q-system using notations tai-
lored to this specific low-rank case. For an in-depth discussion of general gl
e.g. [6, 12, 13].

m|n Systems see

2.1 Geometric construction

Consider a function of the spectral parameter u and four Grassmann variables 1, 62,63, *:

1
B(u;0) = Bg(u+ 1) + By (u+1/2)0™ + 5an(u)emen (2.1)
1
+6Bmm(u —1/2)0™0"0" 4 Biasa(u — 1)00%6%0* .
This function should satisfy the following relation

4+ B(u—1;0)

(2.2)

where we used the standard notation for the shift of spectral parameter: f*(u) := f(u +
1/2), fMl(u) .= f(u+in/2).
Relation (2.2) determines, by recursion, all the homogeneous components of B through

By and B(;) = B;,0™, and there is a clear geometric interpretation: think about B(j) as a
1-form that defines a line in C*. The recursion implies B = %;3(1)’ hence B(y) defines a

o ; . _ B BwBy
2-dimensional plane spanned by B(1) and B(1)v and Bz = — 55 hence B(3) defines
a 3-dimensional plane. So, the homogeneous components of B grew Pliicker coordinates of
Grassmanians of C* and (2.2) summarises fused Pliicker relations.

Now, perform an odd Fourier transform with respect to variables 63, 6*:

Q(u; 01,02, 91, %) = /d93 6% P By, ). (2.3)



@ is explicitly parameterised as:

Q = Quo(w) + Qapo(u — /2)0% + Qji(u+1/2)Y" + Qups (WO V' + ... + Qa2 (u) 010*Y > |
(2.4)
In this way we got what can be called the gly, Q-system: a collection of 2212 = 16 Q-
functions of the spectral parameter u that satisfy (2.2) also known as the QQ-relations in
this context.
Indices a, b, ... will be called bosonic and indices 4, j, ... will be called fermionic. This
naming is a purely terminological convention. Independently of the index structure, all
Q-functions are C-valued functions of the spectral parameter.

2.2 Symmetries

The symmetries of the Q-system, that is transformations that preserve the QQ-relations,
have a transparent meaning in the above-described geometric set up. There are three types
of them:

Hodge duality. Instead of considering hyper-planes, one could consider their Hodge
duals. For instance, instead of parameterising a line by B(j), one could parameterise a
3-dimensional plane in the dual space etc.

To reflect this duality in formulas, it is handy to introduce the Hodge-dual

QU = (—1) PP Qp, (2.5)
with the inverse Hodge-dual given by

Qar = (1) BMlep4e,,QP7 (2.6)

where € is the Levi-Civita symbol with the normalisation ;o = €2 =1, and A, B, I, J are
multi-indices from the set {1,2}.

Hodge-duality is explicitly the following transformation

Qur > Q= Q. (2.7)

All QQ-relations remain valid under this transformation. Note also that it is not exactly
an involution

QZ*\[ = (‘U‘A‘H”QAU- (2.8)

Hodge duality should be thought as a large (discrete) transformation. In bosonic Q-
systems, where Q-functions are arranged in representations of sl,, Hodge duality can be
viewed as the pullback under the outer automorphism originating from the reflection of the
Dynkin diagram, see e.g. [14]. Multiplication by a phase in (2.8) is an example of a contin-
uous transformation, analog of an inner automorphism. The below-introduced H-rotations
and gauge transformations, in contrast to Hodge duality, are symmetries of the continuous
type.

It appears handy to use Q-functions and their Hodge-duals simultaneously and in
particular benefit from rewriting certain QQ-relations in a form containing both upper-



Relations Geometric origin
Non-Local
Q1 Qoo — Q1 Qo = Qapo Quji (2.11) | B x BB, and
(2] (—2]
B( )O(B )B(I)B(l)
QU Q- (QYY) T Q= Q,10QM = Qp Q" 2.12 consequence of other
0[0 0[0 |0 ]
relations
Local
Lower-index version Mixed-index version
e ZQQW Q12112 Qojo QauQ“'_j =67 Q" Qo (2.13) ByB(2)=0
Qa|i QbIZ = 75ab Qm@ Q@l@
_ i Qalj * ald _ Q- * 2.14 B B:t
Qa\12 =+e€ Q(Z)|i (Qm)i QW=— (Qm)i Q(Z)li ( . a) 1) (2) =0
_ Q i (A P Qa|z % o
Quati =+¢Qujo (322 | oere- (£2) Qi )| BB =0
ij Qalj i wt
Qapo = =€ Qi (Qm‘lz) Qajo = (Q ) Q" (2.14¢) BBy =0
Quii = —€*Q ( Qbls )i Qo =+ iQaW) (2.14d) B Bi =0
0l al12 \ G5z 0l = : 1@

Table 1. Explicit QQ-relations. Here e.g. B(l)B(E) = 0 means that the line defined by B(;) belongs
to the plane defined by B(Jg) etc; B* denotes a Hodge-dual object.

and lower-indices. We visually organise all interesting Q-functions in the following (Hasse)

diagram?
—_O%
- Qa\@\ Kbl Q ~_ ”
Qoo Qa|i =-Q" Q 50
~ Qi ~_gi— (2.9)

where short-hand Q%7 stands for €ab€ij @ b7 and similar for Q% QUI9.

We summarise the explicit QQ—relatlons for the Q-functions from the diagram in ta-
ble 1. All the QQ-relations follow from the above-described geometric principle, straight-
forwardly or after short algebraic manipulations.

Hasse diagram for the Hodge-dual system is given by

Q0 +Qg;
Qi Qi = —Qy; Qo 2.10)
~Qli S Qe .

notice the difference in signs compared to (2.9).

H-rotations. Clearly, expansion (2.1) is written in a certain reference frame of C*. How-
ever, the whole construction of B’s is covariant, hence the Pliicker relations do not change
if we perform an arbitrary GL(4) ‘rotation’ By, — H,," B,,. The elements of a 4 x 4 matrix

3The only two functions which are not depicted are Q210 = Q"% and Qo2 = Q"% They can be
found from the QQ-relation Q12/9Qgp = QT\@Q;\@ - QIMQ;FM and the equivalent one for Qg|12. We do not
use these functions in our study.



H can be functions of the spectral parameter and they should be i-periodic, HT = H~, to
comply with (2.2).

Fourier transform (2.3) partially breaks covariance, and the remaining freedom of ro-
tations is GL(2) x GL(2), defined by

Qoo — Qo » Qap — (Hy)a" Qujp Qo — (Hy) Quy » (2.15)

and then extended in the obvious way to the other Q-functions, for instance
Q1912 — det Hy det Hf Qyap12- (2.16)
A reference frame chosen by means of H-rotations will be called a Q-basis.
Gauge transformations. The overall functional rescalings
By — g1(u)By, and By — ga(u)B) (2.17)

induce the corresponding rescalings of all the B-functions by demanding invariance of (2.2)
and are referred to as gauge transformations.* All the geometric objects, i.e. lines and
planes, are not sensible to the choice of a gauge.

We write down transformation (2.17) on the level of Q-functions. Each Q-function on
Hasse diagram is being multiplied by the corresponding combination of g,(u) and gs(u)
shown in the figure below:

+ - + -
/gb 9 ~ 9 9 ~
b gf 9b 9f 9 9f
+ —
where g3, g have the definite functional relation to g1, g2: g2 = g;{g; and g1 = %.

A special interesting case of (2.18) is the transformation which leaves Qg invariant:
gy = g;l with h = g;gg:
h h
1 1 1
N~ h—l/ N h—l/ : (2.19)

Note that rotations are slightly mixed with gauge transformations: the case (Hp).? =
hdeb, (Hp)i? = h7'67 is equivalent to (2.19) with i-periodic function h. Hence,
rotations/gauge=5S(GL(2) x GL(2)).

3 Monodromy bootstrap

3.1 Conventions on analytic continuation

Branch points are essential for this work, most of the functions will be multi-valued func-
tions of the spectral parameter, typically with infinitely many Riemann sheets. This sub-
section is devoted to specifying conventions to address this framework.

4Not to confuse with gauging of H-symmetry which can be used to relate Q-systems and finite-difference
opers [6, 14, 15] and which we won’t use in this paper.



In practice, there are functions (such as P, Q,h, u,w with some indices and other
decorations attached to them) that have branch points at u = +h + iZ at least on some
of the Riemann sheets; and there are functions (such as Qaﬁ’QiW g,9,) that have branch
points at u = 4+h + % +iZ. his a real positive number® that depends on parameters
defining the physical theory. For instance, in AdS;/CFT4 QSC, it is related to the 't Hooft
coupling constant of ' =4 SYM ash = % [16].5 Another example that we shall present is
QSC for Hubbard model where h = 2L with u being the coupling constant of Hamiltonian

u
(2.22) in [8], see section 6.

We say that we are in the physical kinematics if we define a Riemann sheet by
connecting two branch points +h + ic, ¢ € R, by short cuts [-h + ic,h + ic];
and we are in the mirror kinematics’ if we connect these branch points by long cuts
(—oo+ic,—h+icUh+ic,+oo+ic).

To write equations unambiguously, we should introduce simply-connected domains of
spectral parameter u for each of the functions in the mirror/physical kinematics, and the
gluing rule between different domains. Most functions have a bonus property: they are
either UHPA or LHPA. UHPA stands for upper half-plane analytic® meaning there are no
branch points for sufficiently large 3(u) on a certain Riemann sheet. LHPA stands for
lower half-plane analytic with the equivalent meaning.

We glue mirror and physical kinematics in the upper half-plane for UHPA functions
and in the lower half-plane for LHPA functions.? If functions are neither UHPA or LHPA,
which is the case for p,w, we glue the two kinematics through the strip 0 < S(u) < 1.

In the table below we outline the simply-connected domains we agree to pick for
functions encountered in the paper. We shall call them the definition domains and, unless
otherwise is specified, the definition domain means the one from the physical kinematics.

®Not to confuse with gauge transformation functions of the spectral parameter h, ﬁ, h.

SFor this model, the standard notation is not h but g, however the normalisation of g differs across the
literature: it can be that 2g = %, or V2g= 2—\/3, org= 2—‘/5

"The naming originates from the development of the mirror model of AdS/CFT integrability [17].

8In this work ‘analytic’ and ‘meromorphic’ are used in a loose sense and really mean that a function
does not have branch points at +h + .... The functions might actually have other singularities whose
control/cancellation would depend on a physical model. The presence of other singularities should not play
role in the analysis as we assume that they do not affect the discussed monodromy properties.

°If a function is both UHPA and LHPA, we assign it by default to one of the classes depending on what

is convenient. This assignment is purely technical and is not of physical significance.



UHPA, physical UHPA, mirror
Q Qa‘hg PvFaﬁ P Qa|ivg Q?FvF]
LHPA, physical LHPA, mirror
Q Qal’, 9y P, P, Qul', gy Q
not-HPA physical not-HPA, mirror
1, w [, w

In these diagrams, the blue horisontal lines denote the real axes, they are not branch cuts.
The red crosses denote the values of u (and their vicinities) where the functions attain
the same value both in the physical and the mirror kinematics (i.e. where we glue the two
kinematics).

Large-u asymptotics introduced e.g. in (7.11) is written for the definition domain in
the physical kinematics and R(u) > 0. We do not assume any type of Stokes phenomena
at infinity in this paper, though if a ladder of branch points is going to infinity, we of
course may get different asymptotics from the right or the left of the ladder. This effect
was indeed observed for w;; of AdS5/CFT4 QSC [2], we suggested it by the extra vertical
cut lines in the physical kinematics.

Equations in the paper are written to be valid on the intersection of the defining
domains of functions entering the equations, and by default we pick the physical kinematics.
When the mirror kinematics is used, we say it explicitly.

The notation ]”(u) is always well-defined for the strip 0 < $(u) < 1 and it means, to
choose f in the definition domain of the physical kinematics restricted to this strip and
then analytically continue it clock-wise around branch point h (encircling only this branch
point and no other). We assume that the analytic continuation around the cut [—h,h] has
no effect on the monodromy and so continuation around the branch point —h will be never
considered.'® The counterclock-wise continuation around h shall be denoted by ? It is not
necessarily true that ? = JN‘"

If an equation involves } or 7" then it is valid as stated at least in the strip 0 < S(u) < 1
and when we use the definition domain in the physical kinematics for all involved functions.

A limited number of functions require only two Riemann sheets to be described (the
main example is function F' for monodromy bootstrap involving Hodge duality, more

0P resence of the second branch point is mostly cosmetic for what concerns the monodromy properties
discussed in the paper. The reason to keep it is that we know it is present in the concrete physical systems
where it assures in particular the possibility to have correct large-u behaviour.



emerge in asymptotic limits). For them, it is at time practical to use Zhukovsky vari-
able z related to the spectral parameter by

1 2u

T+ —=—. 3.1

P, (3.1)
Two-sheeted functions of w with branch points at +h become meromorphic functions of
2. Their defining domain in u-variable and the default choice of the branch for x shall be
fixed by the condition |z| > 1.

3.2 Half-plane analyticity

In section 2 we gave a purely algebraic description of the Q-system which is essentially
model-independent. Now we shall be constraining the analytic structure of Q-functions
by requiring step by step several properties. We shall formulate them and also provide
motivation for their significance.

Property 1. It is possible to choose a gauge and a Q-basis in which all Q-functions are
meromorphic in the complex plane for sufficiently large positive value of (u), that
is that they belong to the UHPA class. We further restrict the gauge by adjusting

Qpp = 1.

To understand the importance of this property observe that some of the QQ-relations
are non-local, more precisely they contain the same function evaluated at two different
values of the spectral parameter. If such a function has branch points, the non-local
equation is generically ill-defined as there is no unique path connecting the two different
values. One should either give a preference to one path over another (choose a kinematics)
or assure that there is a domain free from branch points and then define QQ-relations in
this domain. Thanks to Property 1, such domain exists in an appropriate gauge.

Property 2 makes the domain of analyticity more precise:

Property 2. By an appropriate usage of (2.19) one can achieve, without spoiling analytic-
ity in the upper half-plane, that ()4|¢ is meromorphic outside the short cut [—h, h] and
(Qg); is meromorphic outside the long cut with branch points at +h, see the diagrams
for P and Q on page 9.

For the above-introduced analyticity of (Qq), Qp;, QQ-relations directly imply that
Qq)i and Q" are meromorphic for S(u) > —1/2, and Q™ Q% are meromorphic for
S(u) > 0. Now the gauge freedom is constrained: from Qpg = 1 we see that only transfor-
mations (2.19) are allowed, and, furthermore, analytic properties of Qa|p, Qo)i Testrict the
allowed analytic properties of h. We denote the Q-functions in such a basis and gauge by
a calligraphic font Q7. The following short-hand notation will be also used: P, = Q, ¢,
Qi = Qy;-

Property 2 may seem artificial. This is partially true, however there is a reason for
choosing such an approach. In most of the works on quantum integrability, the dependence

,10,



on a spectral parameter is considered to be uniform.'’ The notable exception is AdS/CFT
integrability where an infinite tower of Zhukovsky branch points is introduced and the
functions of the spectral parameter are no longer uniform. This phenomenon requires
better study; one of the aims of this work is to show how to reconcile the non-locality
of the functional equations, e.g. QQ-relations, and the presence of branch points. Our
requirement that some basic Q-functions have a single cut on a certain Riemann sheet
mimics the equivalent property of the AdS;/CFT4 quantum spectral curve. But we also
take an alternative point of view on this property: we give a simple example of how branch
points can be consistently introduced into an integrable model in principle and we do not
attempt to define the most general Q-system with branch points.

Property 1 obviously favours the upper half-plane to the lower half-plane. And Prop-
erty 2 makes preference for the Q-basis compared to the Hodge-dual one as Q,)9, Qg|; have
one cut while their Hodge-dual counterparts QY% QY are only UHPA. It is natural to
expect that these asymmetries are artefacts of a basis and a gauge choice. We reflect this
expectation in the following two requirements:

Property 3. It is possible to apply continuous symmetry transformations to get such a
Q-system that its Hodge-dual satisfies properties 1 and 2.

Property 4. It is possible to apply symmetry transformations to get a Q-system with the
same properties 1-3 but valid in the lower half-plane.

3.3 Hodge-dual system

Let us denote Hodge-dual Q-functions that satisfy properties 1,2 by calligraphic Q4 and,
in particular, we will use P?% = Q“'w, Qi = Qmi. We stress that QA‘I and QAII are
not related just by (2.5) but by (2.5) and, in principle, appropriate H-rotations/gauge
transformations. However, one can simplify the case: as both Q-systems are meromorphic
in the upper half-plane, the H-rotations relating them should be also meromorphic there
and, since H-matrices are i-periodic, they should be meromorphic everywhere. Therefore,
without loss of generality, we can always choose such a basis in which no H-rotations are
needed to relate QAII and Q4.

We therefore need to consider only gauge transformations which will be written in the
following parameterisation: the first transformation is g, = gy = g, the second transfor-
mation is given by function h, see (2.19). Sample relations between Q 4 and QA include

+
1= Q@I@ — 92Q12|12, Pe = QaI@ _4g hg €abgb|12'
We can represent Hasse diagram for the basis Q4 r as follows:

P Q’
/ a \ / thr g*\
= _1 bl 1
]- Qa‘z - 92 Q 92
\ / \ th / (32)
QZ _g+g,

1YWe leave aside the cut structure emerging in the quasi-classical limit. These cuts are dynamic, they
appear from condensation of Bethe roots, whereas we are discussing kinematic branch points which remain
present on the quantum level.
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In this representation, we favoured using functions P, Q with both upper- and lower-indices

because they have the simplest possible analytic properties.

3.4 Connecting upper and lower half-planes

We need to clarify what it entails to use symmetries in the context of Property 4. Because of
the branch points, the Q-system is not uniquely defined in the lower half-plane. Generically,
one expects infinitely many branch points below the real axis. One can see this phenomenon
by solving (2.12) which becomes in the Q4 ; basis

Ot~ Q0o = Pu Q. (3.3)
The solution analytic in the upper half-plane is the sum Q,; = —>272 (P, Qi)[2"+1]. It
might need regularisation but the only thing we need to infer from the sum is that Q,;
has branch points at u = +h — 5 + 1 Z<o.

There are two main ways to deal with this ladder of branch points: to connect each pair
of them by short cuts and then avoid these short cuts while performing analytic continua-
tions (that is use the physical kinematics) or to connect each pair by long cuts (that is to use
the mirror kinematics). We want that Property 4 holds for symmetry transformations re-
specting either mirror or physical kinematics. Choosing kinematics in this non-local set up
is analogous to deciding whether to analytically continue while bypassing the branch point
from the right or from the left (the notion which is well-defined only for local equations).

By Property 4, there is a Q-system with analyticity in the lower half-plane. Denote
such system by Qﬁl' ; and its analytic counterpart in the Hodge-dual basis as QfU . They
are related by a gauge transformation, analogously to the transformation between Q4;
and Q4. The corresponding gauge functions are denoted as g, and hy. For the future
convenience we will introduce the following short-hand notation (with 6/, 6;; being the
multi-index delta-functions)

AlJ

Qulf =o'’ Qﬁw, QY =61y Q¢| , (3.4a)
P;=0,/, P{=0", Q= Q=Qi=c;Qulhglg . (34b)

Hasse diagram for the basis Qi‘l ;s .

P} S

N 0 hglar N
1 or=—ga” ">
~ Qz/ v ~ P~ (3.5)
+ 9 9, '

All functions that appear on the diagram are LHPA (either it is the only natural choice
like for Q,|* or the default that we agree on like for P¥).

Let us focus on the physical kinematics. Property 4 tells us that the bases Q4;
and Qi" ; are related, as functions in physical kinematics, by a combination of symmetry
transformations. We can skip considering Hodge duality for relating these bases because
if it is present we just change the labelling Q:Lax\ ;& Qfll. Since Qpig = Qél@ =1, only
one gauge transformation (2.19) is allowed; we parameterise this gauge transformation
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by the function h. Finally, one should consider H-rotations. One has no need to perform
bosonic H-rotations because P, and P} are both analytic everywhere but on the cut [—h, h].
Hence bosonic H-rotations are always meromorphic'? and one can redefine e.g. Qil ; to not
consider them at all. The fermionic H-rotations are however non-trivial. We denote them
by wi® = 6% (H;),?. w is an i-periodic 2 x 2 matrix in the physical kinematics. It does have
an infinite ladder of short cuts and this is the matrix which transforms the semi-infinite
ladder of cuts of Q; in the lower half-plane to the semi-infinite ladder of cuts of Qi in the
upper half-plane. We can summarise the symmetry transformations as follows

P:=hP,, P = ;P“ , (3.6a)

Q! = hwiy Q7 , Q)= Q. (3.6b)

Qul' = Quj(wi)*, % — Wt (3.6¢)

The factors written in can be ignored by the reader: we shall eventually conclude that

h,h, can be re-absorbed into Q-functions by the appropriate re-definitions, and p,, is set
to p, = 0 for the explicit examples that we study. Appearance of these factors and other
aspects of the derivation of (3.6) shall be now clarified.

First of all, we defined

2 _ ik k
W = 153‘22 Wij wijw] == 51 . (37)
The second relation in (3.6¢) follows from (2.16). As only w? is defined by (3.7), we can
at will choose the sign when taking the square root, and we choose the one to get (3.6¢)
as written. However w can be either periodic or anti-periodic despite the matrix w;; is
periodic: (wt)? = (w™)? implies w* = (—=1)P*w™, p, = 0, 1.1

+ —

1

Furthermore, the full relation between P% and P® should read P? = 1.1 Iy 9y Lpe,
+ hhpgtg- w

+ - A
gi“;{ 23 = (—1)P%, hence P{ = %%P“ x (—1)P«. As h has only

one short cut [—h,h], ’7}1 has also only one short cut. Furthermore, h is UHPA and h is

but now we are aware that

LHPA, and so h,h| each have only one short cut in the physical kinematics.

2Precise reasoning is the following: let P% = E(Hb)abe and hence eabPi[Q"]Pt[zm] =

h2RR™] det H, eabPLQ"]Pl[fm]. Then h2"A2™ det 7, = AAE™ det H,, for any n,m # 0, which is only

possible if h[2"] / h(2"] is the same for any n # 0. There is always exist a periodic function Y in the physical

kinematics such that h1? /A2 = 'f/T Recall that periodic gauge transformations (2.19) with periodic h can
be viewed as H-rotations, hence we can redefine h := H/T, Hy := Y H, (this also changes Hy but the latter
was not constrained by any means so far). After this rescaling, h has only cut [—h, h] in the physical kinemat-
ics and hence ((Hp)o” — (I?b)ab)Pl[fn] = 0 for any n # 0. We conclude that H;, cannot have branch points.

13A similar effect is important for the AdS,/CFTs QSC where pap = Va(O'AB)abe, v, v, are Weyl
spinors, and oap is the anti-symmetrised product of gamma-matrices. Indices A,B =1,...,6 and a,b =
1,...,4 are not related to the indices used in the rest of the paper. While pap is (mirror)-periodic, the
spinors satisfy a relaxed condition in the mirror kinematics: v, = Pyl vt =e P (V“)[Q] with e*” being
a state-dependent phase [4, 18].
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In the following we will consider transformations in the mirror kinematics which imply,
following a similar reasoning, that h, h) have only one long cut in the mirror kinematics.
Therefore we can perform, without spoiling the cut structure, a gauge transformation on
QA7 to absorb h (thus effectively redefining Q?, P%) and a gauge transformation on Qfl‘]
to absorb hy. In this adjusted gauge h = 1, hj = 1. We shall however keep writing h/h
until the relations in the mirror kinematics are introduced explicitly to avoid a potential
loop in the logic.

3.5 Monodromy bootstrap

The construction in the last subsection gave us an explicit realisation of Property 4. There
is a fermionic H-rotation w supplied by a gauge transformation h which relate, through the
physical kinematics, Q 47 and Qi" ; — two bases analytic in the different half-planes. We
can formally denote this relation as ot = wp - Q.

As discussed, we do not intend to give any preference to the physical kinematics, and
so an equivalent relation in the mirror kinematics should exist. Now one should have a
bosonic H-rotation (let us call it p) and a gauge transformation h. The question is: what
is the relation between QF and py, - @7 We demand that they are related by a symmetry
transformation because these two Q-systems analytic in the lower half-plane describe the
same physical system. As all the gauge transformations and rotations can be absorbed into
wy and p; after proper adjustments, there are only two conceptual possibilities. Choosing
and implementing one of them severely constraints the Q-system, this is the key feature of
the monodromy bootstrap idea.

The first option is:

Crossing equation A.
hQ=0' =wp Qo () (wp)-Q=Q. (3.8)

This means that by either going through physical or going through mirror we arrive at the
same (Q-system, after appropriate symmetry adjustments.

Alternatively, we can think about performing a specific-type monodromy procedure
‘around the branch point © = h which we symbolically denote @ and then the crossing equa-
tion above reads CNQ ~ (), where ~ means ‘up to continuous symmetries’. We emphasise that
@ stands here for the whole Q-system and then 52 is not simply an analytic continuation:
we are changing the way to describe Q-system while moving along the contour to resolve
the conflict of non-local equations being continued around branch points, see figure 2.

The second possibility is

Crossing equation B.
Q= =w Qo () () Q=2 (3.9)

where * means taking the Hodge dual.
Using the above-described monodromy procedure, crossing equation B can be symbol-
ically denoted as @ ~ Q*.
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Figure 2. Analytic continuation perspective on the monodromy bootstrap. Crosses represent the
Q-system, there are two of them to emphasise the non-locality of the equations. Q-system can
be parameterised using the physical or the mirror kinematics, and an UHPA or a LHPA basis.
Along the contour of continuation abed, only two out of four descriptions are suitable for each of
the segments a, b, ¢, d. For instance, while on a, we should use an UHPA basis but the kinematics
is irrelevant; while on b, we should use the physical kinematics and either an UHPA or a LHPA
basis are acceptable. Before moving from a segment to the next one, we should use a continuous
symmetry transformation to switch to the description suitable for both segments.

In this paper we focus on the detailed presentation of the B-case because it will even-
tually lead to Hubbard model. Case A although physically different can be studied in full
analogy, we shall summarise its main properties in section 5 and give further clarifications
in appendix A.

Explicit realisation of My, - o*=0Q'is

. 1
P! = hpg PP, P} = - Py : (3.10a)
A .
Q==q', Q; =-hQ: , (3.10b)
i, bli
Gl = a0 bt W= (3.10c)
Qi = Qpi(u™)™=, 9.9 . . .
(mirror kinematics)
where
p? = det g, Lact® = 6,0 . (3.11)

1<a,b<2

The derivation of (3.10) is analogous to the one for (3.6), with (—=1)P» = p*/u~ in the
mirror kinematics. At this stage we confirm that h and h| are, respectively, UHPA and
LHPA functions both having one short cut in the physical kinematics and one long cut in the
mirror kinematics; hence, as announced, they can be removed by a gauge transformation
without spoiling the analytic properties. We won’t write them any longer from now on .

4 Exploring analytic properties

We shall now explore explicit consequences of implementing the monodromy bootstrap
requirement.
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4.1 Function F and PSU vs SU cases

Consider equations % =wt, g%g = pt. From the periodicity of w in the physical kine-
matics we conclude
+ +
g
L= (-, (4.1)
9, g

and from the periodicity of u in the mirror kinematics we conclude

- +

9 _ (_1)pu97. (4.2)
+ —

‘N g

(mirror kinematics)

Recall that g is LHPA which has no cuts for 3(u) < 1/2 and g is UHPA which has no
cuts for (u) > 1/2. Then F = Z—J_r is very special as we conclude from the above relations
that F' is both UHPA and LHPA and, considered as either, has only one cut in both the
physical and the mirror kinematics. This is only possible if F' is a single-valued function of
variable z (3.1), and moreover from (4.1) and (4.2) we derive

F(x)F(1/z) = (—=1)P« TP, (4.3)

Indeed, consider F' in the upper half-plane and continue it, using the physical kinematics,
to the lower half-plane where it can be computed as (—1)“%; then continue it to the

upper half-plane using the mirror kinematics and use (4.1).
For definiteness, we shall treat F' as UHPA. Introduce an UHPA function f and an
LHPA function f using the relations

1 =
ngj g.=1". (4.4)
The meaning of f, f is that they solve
f_ T
7 = F, (4.5)
a formal solution with the required analyticity properties is f = ﬁ F(z?y | f =
n=0

[e.°]
I1 F (z[_Qn]). While it may need regularisation, it gives the right description of the cut
n=0

structure of f, f and hence of y,w that can be computed as

+oo
w = ff[*Z] — f[Q] f= f[2] Ff[*ﬂ — H F[2n]7 (4.6a)
o= / _F f[z] _r IO—OI F[zn]/F[fZH} (4.6b)
fl=2 fl=2 i ’ '
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We recall that this equation is in the physical kinematics, its version in the mirror kine-
matics reads

w= [ =cxF [ Fe/F=2, (4.7)
n=1
= S o ﬁ Fnl (4.8)
fl=2] e ’

(mirror kinematics)

where the value of constant C depends on how the product is regularised. Of course, we
should be only interested in such expressions where C and regulators cancel out.
It is useful to note the following simple consequence of the above formulae

w F

E=2 s = (-1t (1.9)
How F
and rewrite QQ-relatios (2.13) using Q,P,Q and F
P.= 1.0,,Q = FOL,Q', (4.108)
Q= %Q;‘ZP“ = FQa+|Z.Pa, (4.10Db)
Pe — —F(Q“‘i)_Qi _ _%(Qali)JrQi’ (4.10c¢)
Q = —F(QU) P, _%(Qali)'*‘Pa’ (4.10d)
alongside with
Q.9 =57, Q. Q% = —¢,". (4.11)

Probably the most important conclusion is that (2.12) becomes
; 1
PP, =Q'Q; = T F. (4.12)

For the AdS;/CFT, QSC, the corresponding relation is PP, = Q'Q; = 0 meaning that
F? = 1. This choice of the value for F is of course very special, we shall refer to it as the
zero central charge condition. Implementing it means that we are dealing with PSU but

not SU systems. The intuition is based on two observations: first, in the case of spin chains
+
0|0
choice of scalings, is equal to quantum determinant.'* Second, in the AdS5/CFT, case we
are dealing with PSU(2,2[4) system.

Let us analyse what F2 = 1 implies for Q-functions: ¢ should be periodic and hence

without branch points, it is known that Q7 -/ Qa'@ is related to and, for an appropriate

analytic everywhere. Since PP, = Q'Q; = 0, there exist functions a, @ such that P, =

aep P, Q; = o_zeiij. On the other hand
_ 1 . 1
PrQi=Q; — Q= —W((Qm)+ — Q7)) = RO

1 Using the same notations as in our paper, a derivation is available in [19] and is hinted in [20]; the state-

P2Q2. (4.13)

ment itself is known for a long time under different disguises. Indeed, if one reformulates it using Drinfeld
polynomials, it reduces to basic facts from representation theory of Yangians/quantum affine algebras.

,17,



Therefore a = —(gQ)Jré. Being a ratio of P, « is an UHPA with only one cut in the
physical kinematics. Similarly & is an UHPA with only one cut in the mirror kinematics.
And hence, since g is analytic, a, @ have only one cut in both the physical and the mirror
kinematics. We hence can absorb o, @ by a gauge transformation to P%, Q.

In conclusion, in the zero central charge case there exist a gauge in which Hasse diagram
looks as

__Q
oINS o TN
1 ; =5 .
ali 92 ;
~q~—~ ~ p, — (4.14)

that is, in the worst case up to a rescaling with a periodic function g, Q-system and its
Hodge dual are identical. In particular, the A-case and the B-case of Q-systems are the
same.

In this paper, we do not, as a rule, assume % — F = 0 because some interesting physics
will be missed out otherwise, this is one of the major distinctions compared to AdS;/CFTy.
But of course, zero central charge cases will be also analysed.

4.2 Discontinuity relations for P and Q

We now proceed with systematic elimination of LHPA functions in order to get a closed
set of equations on P, u and Q, w.

First, we derive the monodromy properties of P and Q. Let us explain how it is done
on the example of P,. Start in the upper half-plane and continue to the lower half-plane
using the physical kinematics, then we can use P, = %Pi In the lower half-plane we can
switch to the mirror kinematics using the fact that P} is LHPA. We continue then up to
the upper half-plane and use, in the mirror kinematics, P} = h tapP?. In summary, we
performed a nontrivial analytic continuation of P, around the branch point and concluded

that the result is given by P, = ﬁ/ﬂ tapPP.
In the described procedure f’a is the clock-wise analytic continuation (if we focus on
the right branch point). But we can also first go down through the mirror kinematics and

then go back through the physical kinematics. In the result of this procedure we achieve
the counter-clock-wise analytic continuation P,.

Define

(4.15)

ﬁ
Il

5| o<
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The monodromy data for P and Q derived in the above-described way is summarised
below. The equations are valid as written for 0 < J(u) < 1.

Clock-wise Counterclock-wise
f)a = ’l“ﬂabe 5 f)a = _?]-:)bjaba>< (71)1)/1 P ) (416&)
~ 1 ~ 1.
P — - P, Hbax<*1)l)”’m 7 Pe = 5 Habe7 (4.16b)
~ 1 j~ AN 1 7 Pu+DPw
Q= Qi Qi =~ Q1) (4.16¢)
Q' = a1, Q' =7Q;u. (4.16d)

4.3 Discontinuity relations for pq, and w;;

First we notice that jq, and w;; can be related in a straightforward way. Indeed, take the
first equation in (3.6¢) and (3.10c) and eliminate Qi“. One gets then using (4.11)

T Q. Qi (4.17a)
W = — g, (0 QM) (4.17b)
wij = 7Mang|inf|j7 (4.17¢)
pt = —w; Qi by~ . (4.17d)

In the following we shall mostly focus on the properties of p only sparsely mentioning w.
The properties of the latter can be derived from (4.17).
Assume for the moment that u,, and hence ww have non-vanishing anti-symmetric

parts. Then it follows from (4.17) that det Q ali = € P ligp=2—. On the other hand, we can

e” wWij

also compute (det Qah) = 1? w? and thus conclude that (e : 2‘”’) — ]5”) The Lh.s. is
periodic in the mirror kinematics while the r.h.s. is periodic in the physical kinematics which
implies that both sides are periodic functions without cuts. We shall assume that taking a
square root does not introduce Zhukovsky-type branch points,'® and then eab% = i%

is a function without such branch points. We do not know whether it is periodic or anti-
periodic, however we can conclude from this exercise that

(—1)PrtPe =1, (4.18)

We cannot perform this argumentation for a potentially possible case pgp = pog. This
is one of the reasons to keep the factor (—1)P»*P« in the formulae. Also, the presented
derivation of case B is a basis for a derivation of the later-defined case C,'® where the logic
to cancel similar factors is slightly altered, as explained after (5.3).

An important monodromy property of pg, comes from its periodicity in the mirror
kinematics. When pgp is considered with short cuts, this periodicity transforms into the

15This is the \/-assumption used explicitly or implicitly in several places across the paper, we discuss it
in appendix B.

16The derivation itself for case C is absent from the paper. One needs to simply put bars in the correct
places of the case-B derivation, the conventions are introduced by (5.3), (7.2), (7.3).
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relation [1] "
Eab = lu“a,b . (419)
2]

An analogous relation for w;; exists as an equation in the mirror kinematics: w;; = W -

Consider now the L.h.s. equations in (3.10c) and note that (Q,|°)~ has no cut on the
real axis, therefore A(juq(Q%)~) = 0, where A stands for the discontinuity. Then use

A(ptap(QY)7) = ()T A(pap) — A(apPPQ?) from where we conclude
1

1 ~
Apar) = = (o PPy ) = =4 (P (1.20)

As we departed from A(...) = 0, we can choose both A(f) = f — f and A(f)=f— ?
The first choice yields

- 1 ~ 1 = ~
Hab — Hagp = —FPan + TNPan (421&)
r Fr
1 ~
= = HacP Py = Fliach™PaP* i, (4.21D)
whereas the second one yields

- 1 ~ 1 e~

Hab — Hap = —?Pan + =—P.Ps (4.22a)
r Fr
1 -

= —FuacPch — FP,P i . (4.22b)

The second option is clearly a more concise expression and we can easily spot the reason:
f — f is the discontinuity across the long cut which is preferable to be used for functions
with simpler mirror kinematics, such as piqp.

4.4 The most general Ppu-system
We can explicitly solve (4.22b) for jig

[2] — c lP PC> ( d lPdP ) 4
Hep (5a+F oP?) pea (05 + PPy ) . (4.23)

Above we wrote the solution, using (4.19), as the finite difference equation (an analog of
Baxter equation), but we also can represent it as an explicit Riemann-Hilbert problem

tiap (1 — 30) = <5g 4 %Pa PC> tiea(t + 30) (5;} + ;Pde) . S(u) =0, [R(u)| > .
(4.24)
We wrote this expression as the discontinuity relation on the long cut and for this sake,
contrary to the typical practice across the paper, we mixed the two kinematics: pu is
considered in the mirror kinematics and P, F' are considered in the physical kinematics.
Observe that the obtained relation depends only on the bilinears P, P? of functions P
which is suggestive of writing the discontinuity across the short Zhukovsky cut directly for
these bilinears:

(PoPY) (1 —i0) = —f1ae(PPy)(u+1i0) u®Po (1)« Pr  —h<u<h,. (4.25)

Here again p is taken in the mirror kinematics and P are in the physical kinematics.
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To complete the system, we rewrite (4.3) as
Flu+i0)F(u—1i0)=1x(—1)*"  —h<u<h. (4.26)

Together, equations (4.24), (4.25), (4.26) and PP, = £ — F form the closed system of
equations — Pp-system or quantum spectral curve derived from the type-B monodromy
bootstrap.

To get an explicit solution of the derived QSC, one should supplement it with input
from physics such as asymptotic behaviour at infinity, structure of pole/zeros and similar.
Then one can try applying the ‘density on the cut’ strategy for finding solutions of Riemann-
Hilbert problems, successful examples for other systems can be found e.g. in [21-23]. We
will not attempt executing a similar study for a general type-B QSC as this would be a re-
search project on its own. Instead, we discuss some universal features of this QSC and then,
in the next subsection and section 6, pick up a specific subcase for the detailed analysis.

First, we comment how to recover functions Q,w once P, u, F' are known. The key
observation are the following relations
Qi = Qui = PaQi = %PanQb_“ (4.27)
which can be considered as equations on Q,;. There are two solutions, labelled by i = 1, 2.
We fix Q,; and then compute Q;, Q' and w;; using (4.10) and (4.17). We should also further
verify that Q; and w;; derived in this way indeed have the expected analytic properties
as a consequence of equations on P, u, F'. This exercise is straightforward and we do not
present it here. An equivalent approach was already elaborated for AdS;/CFTy case in [2],
we refer to this paper for further clarifications.

Probably the most important novel feature is that the above-derived P u-system gener-
ically requires more complicated branch point types than square roots, we formulate the
corresponding no-go statements later on. Alongside with appearance of function F', this
is a major qualitative distinction compared to the known examples of AdS;/CFT, and
AdS,/CFT3 QSC’s. Therefore, we won’t assume any particular type of branch points.

Nevertheless, some of the encountered functions or their combinations are forced to
have square root cuts. We recall that det u and F' are examples of this type, F' can even be
uniformised by introduction of Zhukovsky variable. Furthermore, we notice that symmetry
of (4.23) allows to consistently project pqp to either symmetric or antisymmetric matrices.
For the antisymmetrisation it is straightforward to derive

Eabﬁab 1
= =; 4.28
Eab,uab F2° ( )
For symmetrisation, taking the determinant of (4.23) one concludes
det ﬂ+ 1
= — 4.29
detp, F* (4.29)

meaning that branch points of €y, and /det iy are of square-root type. As the full
determinant is computed by det i = det 4 + det u_, there are only two independent com-
binations of four functions pu,;, that are guaranteed to have square-root type branch points.
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Combinations of type P P also have simpler properties. Derivation goes as follows

s 1 Y 1 -
Pou®Py = —P,(QU QM) " Pyw;; = —ﬁpa(ga‘lgbiﬂﬁpb wij = ﬁPa;ﬂbe, (4.30)
and then
Y PP, = PP, , (4.31a)
for T = —ZF4x(—1)P~ P« In a similar way we derive
T
- ap
PP = PP, (4.31D)
and so
P°P,P'P, — P"P,P'P, (4.32)

is a function without branch points on the real axis.

Equations (4.31) have appearance of function r which we have no means to fix in this
general set up. We note in particular that by doing gauge transformations we can redefine
r by maps of type r — rhh and, unless the branch points are of special type and/or other
assumptions are supplied about the system, it is not easy to engineer an invariant under
this transformation. On the other hand, all the observations we made and the experience
with rational spin chains demonstrate that bilinears P,P® (and also P,Q;) are the only
physically relevant combinations. Factor r never appears in this combinations, for instance
it cancels from the product of (4.31) which is (4.32).

4.5 No-go theorem for square root cuts

Let us investigate what happens in the case when branch points are of square root type.
Our first observation is

IfP, = i:V)a then ﬂab = /*lab'

Indeed, (4.31) becomes (1 — T)P*P, = 0. Let us consider first the case PP, = 0
which is equivalent to P,u®Py, = 0. Since pqp is periodic in the mirror kinematics and Py,
is UHPA we conclude

[2n] _ _
P2yP =0 n=1,2,.... (4.33)

a

It is safe to assume that P1/P3 is not periodic (otherwise e.g. Q199 = 0) and then the
last equation can be solved only by an antisymmetric matrix. If gy, is antisymmetric, it
has automatically branch points of square root type, cf. (4.28). If, on the other hand,
P°P, # 0 then Y = 1 which implies # = 7, then r.h.s. of (4.21a) and (4.22a) coincide
implying figy = flab-

In conclusion of this reasoning, we see that if P, have square root-type branch points
then all functions have branch points of this type. We shall attempt therefore a seemingly
weaker requirement that only g, have branch points of the square root type. It appears
to be also very restrictive. We formulate it in the form of a
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No-go theorem. If [igp = Jiap and figy # fap then pap = peqp 5 the only possible
structure of pap-

In particular, if F' = £1 then from (4.9) we see that u has no cuts.!” Hence, assuming
the imposed Properties 1-4, QSC with zero central charge cannot have square root branch
points.

In our proof of the no-go theorem we assume that Pi, Py, P!, P2 apart from con-
straint (4.12), have certain algebraic independence from one another. What this means
exactly is clear in the proof, but we notice that it is sufficient to have Q-functions with
(twisted) power-like large-u asymptotic and with Py and Py having different exponents. A
power-like asymptotics is the most typical for AdS/CFT integrable systems. If dependence
of P on w is periodic like in [7] then the period should be not in a resonance with i —
period of p.

The idea of the proof is the following one: we can solve (4.22b) for [i,, giving it as
a function of u, P, F. But because we assumed [ig, = [lep, We can equate the obtained
function to the r.h.s. of (4.23). As a result we get equation H(P*Py, F, pigp) = 0, where H
can be brought to a form polynomial in its arguments. Similarly to (4.33), infinitely many
relations should be satisfied

H(PPy)P F 0y =0, n=0,1,23.... (4.34)

This is very constraining of course and, by analysing the equation, one concludes that (4.33)
is a way to satisfy (4.34) and that it is the only viable way.

Given the small size of the system, an exhaustive analysis of (4.34) can be done by brute
force using symbolic programming, it is probably the fastest way to reach the conclusion.
But to make things less mysterious, we also offer an explicit pen and paper analysis, it is
presented in appendix B.

We proceed now with the case gy = jt€qp. From (4.25) it is clear that P,P® have
branch points of square root type in the discussed set up and hence we can expect that
terms P, PP have square-root branch points separately. This is confirmed by the existence

of  consistent with this choice. Indeed, since p11; = 0 we also have 0 = A(Pﬁif:l) from (4.20)
implying Fr = F#. We can then fix

r=4 (4.35)

up to an analytic function, and the analytic function can be absorbed into P by a gauge
transformation.

To be accurate, the above statement works only if 7 is known to not have branch points
outside of the real axis. In reality though, we only know from the original derivation that r
has no branch points in the lower half-plane of the mirror kinematics. We should addition-
ally assume that r is free from cuts in the upper half-plane, while, to our understanding,
we cannot derive this feature from the already postulated properties. We hence add it to
the list of our assumptions. It is supported by the fact that the physical system has to
obey reality conditions. But setting aside symmetries under complex conjugation, here is

17pu = 0 because u = p12, and for the same reason p,, = 0.
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a different argumentation: both functions P} and P, are analytic outside the cut [~h, h].
However, P} can be used to construct the lower half-plane analytic system whereas P,
generically cannot be used for this goal because ﬁ_lQ% is not necessarily a function with
only one long cut. Following our general idea that all Q-functions are equally good we
impose the demand

Property 5. P, can be used in construction of the lower half-plane analytic system and
vice versa: Pﬁ can be used in construction of the upper half-plane system. The same
property should hold for the pair Q; and Qf as well.

This implies that h and E, as UHPA, should have only one short cut in the defining domain
of the physical kinematics and one long cut in the defining domain of the mirror kinematics.
The desired property of r follows.

5 All SU(2|2) and SU(2|2) x SU(2|2) QSC’s fixed by the monodromy
bootstrap

5.1 Type B: é ~ Q*

In the previous section we described in detail the discontinuity relations originating from
the monodromy bootstrap condition @ ~ @*. Let us now rewrite them in the index-free
form. Denote V = C? and V* its dual space, we shall think about P, as coordinates
of vector P € V and P® as coordinates of the vector P* € V*. Then naturally one has
peVeVandpuy eV oV*18

The QSC equations are then written

PP = —puP @Pp tu (1)t (5.1a)
N 1 1
=(1+=PaP* 1+ —P*@P 5.1b
i ( +pPe )u( +pPre ) ; (5.1b)
1
TPoP = —F, (5.1c)
FF=1x(—1)Prre, (5.1d)

It should be (—1)PrtPe = 1 if €%y, # 0.

Among consequences of these relations, we recall the most important ones: fi_ = ji_ =
%,u,_, det iy = det iy = % det u4 (and the same property for det = det pu— + det py);
also Tr (f’ @ P*P® P*) is free from branch points.

Square root simplification. We derived a strong no-go theorem about possibility of
square root cuts: assuming that p have square root type branch points yields non-trivial
result only in the case F? # 1 (thus PSU systems are excluded) and moreover figy X €qp-
This is the case of a Hubbard-type model discussed in section 6.

81n this section u stands for a 2 x 2 matrix not the square root of the determinant.
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5.2 Type A: é ~Q

We can perform an equivalent analysis using the monodromy bootstrap requirement (3.8)
and arrive to a different set of Riemann-Hilbert equations. The procedure is of the same
style, we hence delegate technical details to appendix A. Now it is convenient to consider
p eV ®V* that is ua” in components. For instance one will find f’a = r 11" Py and so
on. The QSC equations turn out to be the following ones:

PP =uPoP ", (5.2a)
ﬁ_(1+;P®P*)u(1—FP®P*), (5.2b)
TrP®P*:%—F, (5.2¢)
F/F=detp=1. (5.2d)

We note in particular that (1 ++P® P*) (1 - FP ®P*) =1 and therefore Tr i = Tr
which, given periodicity of u, implies that Tr u is a cut-free function. The function F' has
also no cuts anywhere.

Similarly to the case B, if we assume that P, P® have square root branch points then it
follows that p1,° have square root branch points (or no branch points at all). It is therefore
reasonable to attempt square root branch points only for y,° in which case we hit even
stronger no-go theorem:

Square root impossibility. If we assume that p has square root branch points than it
automatically implies that p has no branch points at all.

If 4+ has no branch points, we can then use (5.2b) to conclude that ¢ commutes with
P ®@P*. Then, by (5.2a), P ® P* is free from cuts as well and so there is a gauge choice in
which P, P* are free from cuts separately. From here, it is an easy exercise to propagate
this conclusion to all Q-functions. Hence we recover SU(2|2) Q-system with no cuts, this
could be for instance a rational spin chain.

5.3 Type C: Q ~ Q*, Q ~ Q*
We can also consider two SU(2|2) Q-systems coupled to one another through the analytic
continuation. It basically doubles all the equations, and we are strongly motivated by
AdS3/CFTjy integrability to include this case, to be discussed in section 7.

To formulate the system of equations, we set P € V,P* € V*, P € V, P* € V*. Then
p and fi are gluing functions between V and V: € V@V, i € V ® V. The equations

read

PP = — P @Pa 'x(—1) ' PP =—puP*@Ppu tx(—1) P (5.3a)
1. = 1 - 1 1o, -
i=(1+=PeP* 1+—=P*@P i=(1+=PeP* ) a(1+=P*@P 5.3b
“<+F®>“<+F®>’“(+F®)“(+F®>’( )
1 _ 1 _

TrP®P*:F—F, TrP®P*:F—F, (5.3c)
FFx(—1)PitPe = FFx(—1)PutPo =1, (5.3d)

As before F, F are meromorphic functions of Zhukovsky variable x.
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w, @ can be computed using relations Wit = —flag (Q“'i@d“)_, ot = —laa (@a“ Q“'i)_.
By taking their determinants, we derive detw/detw = det pu/ det . From here we apply
the logic that precedes (4.18) to conclude (—1)P»FPa+PatPu = 1. Hence, if we rescale P*
and F to absorb the factor (—1)Pa*P« the factor (—1)P+TP@ is also removed from the above
equations leaving no sign factors of this type at all.

A curious difference of these equations compared to the single-copy case @ ~ * is that
now u, i cannot be symmetrised /antisymmetrised due to their index structure. Instead, we
see that p and 17 satisfy exactly the same Baxter-type equation (5.3b) and it is conceivable
that the restriction of the system to a case where a linear combination of ; and i vanishes

is consistent.

Square root and no-cut impossibility. It is impossible that u, i have branch points
of the square root type.

Remarkably, by making system larger we did not add but removed the only possibility
to achieve square roots. The basic reason is the following: if in the SU(2|2) case equation
P13 P? = 0 can be saved by assuming that y,p is antisymmetric, in SU(2(2)? we inevitably
arrive to P%uqP? = 0 which cannot have nontrivial solutions assuming P and P are
different functions.

5.4 Type D: 622@*, Q~Q

It is natural now to ask what other outer automorphisms can we employ when considering
two SU(2|2) Q-systems. In total, there are 8 = 23 options: the automorphisms Q
Q% Q < QF, (Q « Q,Q* < Q*) generate the dihedral group with eight elements. But
only the outlined above case D is the one we yet should consider. Indeed, not involving the
swap @Q <> Q leaves the system decoupled, and we can always set @ ~ @Q*, this is basically
the choice of a definition of how to parameterise Q. Then the only freedom remains: to
choose @ as Q or Q* which is, respectively, cases D and C.

To avoid confusion in interpretation, we spell out the explicit crossing equation in

case D:

ﬂ_l-w-Q:@*, ,u_l-(D-@:Q. (5.4)

It is an analog of (3.8) and (3.9), but now 1 € V.® V whereas u € V ® V*. We also muted
the presence of h and h to avoid cluttering, but these gauge-transformation functions are
generically non-trivial.

The corresponding QSC equations are

PP =P @Palx( 1) P@P*=PoP ula( 1) (5.5)
- 1 - = o 1 _ 1 -, =
= 1+FP®P*>/L(1—FP®P*), uz(l—i—FP@P*)u(l—i—FP ®P>, (5.5b)
1 _ 1 =
TPoP =, ~F, TPeP'=_-F (5.5¢)
FFx(—1)PrtPe = ) Fx(—1)Putpe =1, (5.5d)
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Since the classifying automorphism of the case D is cyclic of order four, we won’t ask the
question about existence of a solution with square-root cuts. An analogous question about
fourth-order branch points is of course interesting, but there is no known to us physical
model which would motivate its exploration. Overall, case D remains to us a curious
possibility, understanding of its significance is a subject for separate study.

6 Quantum spectral curve for Hubbard model

In this section, we shall use the developed formalism to describe spectrum of not only the
original Hubbard model but also, and foremost, of its ‘inhomogeneous’ generalisation based
on Beisert’s S-matrix [24]. The original model is recovered in a limit as will be recalled in
subsection 6.3.

Because (two copies of) inhomogeneous Hubbard model emerge from AdS5;/CFT spec-
tral problem at large volume, the corresponding QSC can also in principle be derived from
AdS5/CFT4 QSC in this approximation. Indeed, section 5 of [2] was an important inspi-
ration for us. Yet, the Hubbard model QSC was not explicitly formulated and studied as
a self-contained Q-system before.

There is a novel conceptual aspect which is different from QSC for AdS;/CFTy: we
need to use also gauge transformations as continuous symmetries to successfully close a
system of Riemann-Hilbert problems in Hubbard case. The gauge symmetries manifest
themselves through the necessarily non-trivial function F'; the latter is constrained but
not fully fixed by the monodromy requirements. It plays the role of the source term in

L
Hubbard QSC, similar to the role of Drinfeld polynomial Qy = [] (u — 6;) in Wronskian

Bethe equations W(Q1,Q2) = Qg [19, 25-27] for SU(2) XXX spin_chaim.19

6.1 Riemann-Hilbert problems for Pu- and Qw-systems

Let us summarise our findings for SU(2|2) QSC of type B under the assumption that the
branch points are of square root type. QSC can be formulated in terms of equations for
functions P,, P%, Q;, Q' and y,w, F:

Ppu-system.
~ ~ F - ~ 1
P, = %eabe, Pt Py, p—ji=e"P,Py, PP, =——F, (6.1)
which self-consistently implies
- — (6.2)
B F

Here P,, P% are functions with only one short cut on the defining sheet of the physical
kinematics, p is i-periodic in the mirror kinematics and F' is a single-valued function of
Zhukovsky variable = which satisfies F'(x)F(1/z) = 1.

19Given this analogy, it would be interesting to consider a quantum algebra based on centrally extended
PSU(2|2) and investigate whether F', probably together with other functions, can be used to label its
finite-dimensional irreps.
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Quw-system.
O - Y0 0L oow—dod 00 —L_p 6.3
Qi 76iQ, Q=—e'Qj, v-w=e'QiQ;, QQi= 4 ; (6.3)

which self-consistently implies

= F2. (6.4)

€] €

M|

Here Q;, Q' are functions with only one long cut on the defining sheet of the mirror kine-
matics, w is i-periodic in the physical kinematics and F' is the same function as in the
Pu-system.

One can show that Ppu-system implies Qw-system and vice versa.

Recall that combination u/F appearing in Pu-system can be represented as u/F =
R/ fI22 where f, f satisfy (4.5). We can hide its analytic complexity under the cut by
introducing a dressing factor o which is a function with one short cut on the defining sheet
and with the following monodromy property

. £
Here £, f have the same cuts as f, f, i.e U x £ = f,U x £ = f, where U, U are functions
with no branch points, they are introduced for future convenience.

Then P, = %eabe can be rewritten as

= ——oeaPP. (6.6)

P, U2
5 Ul

The r.h.s. has no branch points outside a short cut on the real axis and it follows that
po = P, /0 is a function defined on a two-sheeted Riemann surface, that is a single-valued
function of Zhukovsky variable x.

Similarly, write Q; = ﬁq,». Then from Q; = —FlFfm fl=2 eijQi it follows that q;

cannot have cuts in the lower half—plane (of physical kmematlcs) Using (6.3) gives 51@ =
1f[2]U[2 e Q7 = _ath
Thus q; is also a function deﬁned on the two-sheeted Riemann surface.

Q which means that ¢; has also only one short cut.

An equivalent factorisation exists also for upper-indexed functions: P* = 1p? Q' =
%q' with the same o.

If we perform gauge transformation (2.19) with h = % then P simplifies to p, although
at price that Q gets complicated. Likewise, the gauge transformation with h = % favours
Q by simplifying them to . In either of the cases, we see that o cancels from gauge-
invariant combinations P,P? and Q;Q7. We shall not be witnessing infinite ladders of cuts
in Bethe equations for some of the gradings. The dressing factor is only needed to get
Q-system in a gauge where both P and Q have simple analytic structure on their defining
sheets (of, respectively, the physical and the mirror kinematics), so the role of ¢ is different
from the AdS;/CFT, case.
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6.2 A chain with centrally extended su(2|2) symmetry

Different physical models are specified by choosing F'. It is straightforward to verify that
the following expressions solve F(z)F (1) = 1:

_ Q- B(+) x — O _ f(a—1)
Fext - Q+ B(_) ) pol + H 1’9k 1 5 Fexp(g) =€ ) (67)
where
M, n
H — ( - yk) , Ry =1[/s=E-vyi), Q" =(-1)"BiRs, (6.8)
2y} =1 VUK

and [y > Lyl + b~y — b= 0.0 CX

In this subsection the choice F' = Fiyt shall be considered. Its salient feature is that f
has only a finite number of zeros on the defining sheet:?!

0o [2n] o [—2n]
o= Fo L o: () ’ B
Q+ n=0 B([Q_)] n=0 BE_? }

This also means that Q910 = Q (£1)2 has a finite amount of zeros on the defining sheet.

Furthermore, if we take complex conjugation gj,f =y then F is a phase Flex Foxy = 1.

With this choice of £, 0 = oggg — the main building block of BES/BHL dressing fac-
tor [28, 29]. Relation (6.5) is essentially [30] Janik’s crossing equation [31]. Also, opgg/f?
is a function with only one long cut in the mirror kinematics, it is the main building block
of the mirror dressing factor [32, 33].

Large-u asymptotics of Feyy is power-like. We shall also assume (twisted) power-
like asymptotics of all Q-functions to solve QSC equations. Furthermore, we will assume
the regularity condition: no poles in Q-functions on the defining sheet of the physical
kinematics.

From the experience with rational spin chains and AdS/CFT integrability we expect
that the exponents of power-like asymptotics of Q-functions relate directly to quantum
numbers. For a twisted supersymmetric Q-system [6], this relation is

P, ~ x, tu" Q; ~ yituvi, (6.10)

when u — oco. Here x,, y; are twist factors and A,, v; are g[2|2 weights of the physical state.??
To get the twist-independent F' = Foy, we must impose the unimodularity condition on
the twist: X1X2 =1.

20 An interesting generalisation is to set y* +oF -y — L = QIT"L with m € N. Note also that if pick

Y
the mirror kinematics convention S(yf) > 0 1nstead of |yf| > 1, then one can represent Fex; as a fusion of

Foot: Fext? o< Fool(Ok =y} ) Fpot Ok = vy, )-

21 Appearance of square roots 1/Q is an artefact of normalisation choices. They are resolved in physically
relevant combinations.

22In the presence of the twist, glyo symmetry of the physical spectrum is broken to Cartan subalgebra. In
the absence or degeneration of the twist, the symmetry is fully or partially restored and then the exponents
Aa, Vi should be replaced with the appropriate shifted weights of the symmetry multiplet [6].
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Two bosonic SU(2) Dynkin labels are given by the differences A\; — Ao, v1 — 5. Since P,
has only one short cut on the main sheet, it must have trivial monodromy around a circle
at infinity so A1, Ao and hence A\; — Ay must be integer.23 To investigate v; — vo, we look
at % which naively has a tower of cuts in the lower half-plane of the physical kinematics.

Qi _
However % = @

also an integer and hence the type-B quantum spectral curve with branch points of square

so the ratio has only one short cut on the real axis. Therefore vy — 15 is

root type is compatible with the compact real form SU(2|2).

With F' = Fy and the above-stated assumptions on Q-functions, the further analysis
follows almost word by word section 5 of [2]. For completeness we provide the bare minimum
of details to reach the exact Bethe equations of the system. Using the ansatz P,

0BES Pa, Qi % q; and allowing for twisted asymptotics, we can write
A~ —i . . qi(
Pa = X, o pa(l')7 q; = y;u X Bz( ) . (611)
=)
The Pp- and Qw-systems imply Qgj1p o< —;éils f)a and Qjg); UBESB(+)aif[Q]- From the

regularity condition it follows that p,(z) and q;(x) are regular on both sheets. Furthermore,
compatibility with QQ-relations forces x1xo = 1, y1y2 = 1 which shows that the monodromy
bootstrap does not allow for an arbitrary twist.

From regularity, p; should be a Zhukovsky polynomial and can then be parameterised

as
Myp ® M2 1 ®)
p1 X H (x — :Elm) H <a: - a:1|12> , (6.12)
k=1 k=1

where we have split the zeros between the first and the second sheet. Similar parameteri-
sations can be introduced for ps and q; but we won’t use them explicitly.

To find Q,); recall that Q,); is UHPA while Qul' = Qa|j(wji)+ is LHPA. Due to the
anti-symmetry, w* has only one analytically non-trivial component as an overall prefactor.

Then the ratio 3;‘“? has this prefactor cancelled out, and now it is easy to see that it cannot
J

have any cuts. Thus gzl‘f must be, up to a twist, a rational function of u. Parameterise

J

Qali X (?) o Qqupp x €. (6.13)

From the QQ-relation Qqy Qo2 — Q112921 = Q1212 it follows that £ = £. Then Q,; is a
polynomial in u by the regularity assumption.

Bethe equations follow from QQ-relations after shifting and evaluation at zeros of an
appropriate Q-function. Here we will consider the following set of nested Bethe equations

" 2 o0 o -

A _1 Qi1 L2 _ 1 Q912910 _1

Q, - a7 o9 IR oo S
11 ) 1Q11p=0 Qi ==z ) 1Q=0 12)12%11 ) 1Q1)12=0

(6.14)

ZIntegrality of A can be relaxed depending on a gauge choice, it is only the invariant combinations
P,P? that must always have the stated property. This is enough to insure that A\; — X2 is integer.
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The first equation written out explicitly is

4 My [ U = Map () (R s

A 1 e (Y © e rr Y T Y T2 B 1

o _ L 5 N — -, (6.15)
11 1Q119=0 Y121 \ Yk Yk 20 k=1 Y Tt T 3

For the middle node Bethe equations, all factors of £ cancel, the Bethe equations become

OB My () _ (k) _ 1 M (i) (k) _ i
1 1|1 Uy +1 o Uy —Ugp — 2 Sk Ui — U2 — 2 1 6.16
TH (k) H @) _ k) H NG (k) i (6.16)
YT k=1 1|1 T U T k=1 Uy T Yy +35 kol Uyp — Uy T 3
The last equation is almost identical to (6.15):
(1) + My (3) k) | i
Ziae i H yk 9”1!12 —U Wty 1. (6.17)
Ky i 77 ’
Q12|12 Q1|1 sz—o Np i} yk $1|12 Yp k=1 “ﬁ)u “5\1) 2

These equations are well known as part of the asymptotic Bethe equations for
AdS5/CFTy [34]. In their own right, they describe a spin chain with centrally extended
su(2|2) symmetry [35] (a.k.a. inhomogeneous Hubbard model).

6.3 Lieb-Wu equations

To study the original ‘homogeneous’ Hubbard model we can take F' = ﬁ = Fpo1(6; — o).
The above derivation goes through with minor modifications. Instead of repeating it, we
use the procedure from [35]: introduce the parameterisation

ik;

4 ) . ; 1
x% =ie ki 51)12 = eT , u% = hsink; , ugl‘)w =hsink;, A= 51\)1 ; (6.18)
Fix the twist y; = y2 = 1,x1 = Hk 1 1 and take the limit yk %, Y, ~ €,¢€—0to
obtain
MoNi =N+ ¢ XN —sink; — &
[[+—>2 Y i=1,...,M, (6.19a)
j=1 )\1 )‘j I j=1 )\z sin ]Cj + h
M i
sink; — A\j + = .
I1 L 2h _ oiMoki i=1,...,N, (6.19D)
i1 sink; — Aj — o

where M = M,;; and N = My + Myj1o. These are exactly Lieb-Wu equations [36]
describing the spectrum of homogeneous Hubbard model. Comparing with equations
(3.95) — (3.96) from [8] shows that u = ﬁ is the coupling constant appearing in the
Hamiltonian

Hyubbard = Z Z C;.aCi+la + C]+1 oG, a) + UZ 1- 277,3 T ZnM) . (6.20)
j=la=1,|

We refer to [8] for an in-depth treatment of the model and explanation of the notation used
n (6.20).
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o : _ /- Bw) _ [/R-By 1
The limit € — 0 gives the source term F' = UTBL — VB R T o Of course the

choice to send y T, y% to infinity was arbitrary, we could equally well consider y%, Yp — 00
k

which would lead to F' = 2™, We remark that the limit is non-trivial. For one thing, it vio-
lates |y, | > 1 requiring continuing the inhomogeneities under the cut and changing the real-
ity property of Foyi to Foyt = Foyxt. For another, the centrally extended symmetry undergoes
a type of contraction, only the bosonic subalgebra survives manifestly in the limit [37].

There exist other interesting choices of y* and y~ apart from the homogeneous Hub-
bard limit. In particular, [38] studied the cases yty~ = —1 and z—f = —1 which are
Hermitian parity-invariant models. It would be interesting to investigate the thermody-
namic limit of these models using QSC.

6.4 T- and Y-systems

Among suggested source terms (6.7), we still have to consider Fix,(#). It exhibits non-
polynomial behaviour natural to the case of thermodynamic Bethe Ansatz (TBA).

TBA for Hubbard model was first developed in the work of Takahashi [39]. Later
on, this approach became a part of technology in derivations of mirror TBA equations
and Y-/T-systems of AdS;/CFT, integrability [40-43]. These equations, by a meticulous
analysis of the discontinuity properties [23, 44] of Y- and T-functions superposed on the
Wronskian solution [20] of T-functions in terms of Q-functions, were eventually reduced to
AdS;/CFT4 QSC [1, 2.

One of the original motivations that launched our work was to circumvent this laboured
approach to derive QSC’s. We presumably succeeded for the example of Hubbard model,
yet the question remains whether the derived QSC by the monodromy bootstrap can be also
derived via the TBA route. Fortunately, we do not need to repeat the full TBA computation
as most of the work had been carried out in [9] by Cavaglia, Cornagliotto, Mattelliano, and
Tateo. In fact, the discontinuity relations equivalent to (6.1) are already present in that
paper, we just need to make a proper decoding of functions (which is done at the end of
this section). What was not done in [9] is connecting analytic properties of the full gly,
Q-system and of the corresponding T-system, and we shall focus mainly on this task.

Relation between Q- and T-functions is purely algebraic and is valid independently of
whether we discuss TBA or not. Hence, our general discussion will be done without any
assumption on function F. At the end of the section, we return to the concrete choices of
F, and in particular explicitly relate Fixp(0) to Hubbard model at finite temperature.

SU(2|2) T-functions are functions Tj s defined on the SU(2|2) L-hook, {(a,s)|s €
[0,2],a >0} U {(a,s)|a €0,2],s > 0}. They satisfy the T-system:

T;:ST(ZS - Ta,s—i—lTa,s—l + Ta+1,sTa—1,s . (6.21)
Like Q-functions, T-functions shall also have branch points, and then one needs to specify
whether (6.21) is valid in the physical or the mirror kinematics. To distinguish the two cases
we use the notation 7, a,s for T-functions of the mirror T-system, and Ta, s for T-functions of
the physical T-system. No check or hat over T, s shall refer to general discussion. There is
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no guarantee that T—system and T—System are related by a direct analytic continuation pre-
cisely due to the recurring stumbling block of the paper: equation (6.21) is non-local. Never-
theless, we shall see that certain T- and T-functions are indeed related by the continuation,
somewhat surprisingly and due to the specific nature of Riemann-Hilbert problems (6.1).
Given a solution to the T-system one can construct another one using gauge transfor-

mations
Tus = 9096005 9 s (6.22)
implying that not T s but rather their invariant combinations
Ta sflTa s+1
Yos= 777" 6.23
“e Tafl,sTaJrl,s ( )

encode physical properties. Just as we distinguish physical and mirror T-functions, we
should distinguish Ya,s and }7@,5.

There exist a well-established procedure to generate a solution of the T-system using
Q-functions [12]. In the specific case of SU(2|2) it reads

Tosso = (—1)°QuhQiilys i1 = (1) e®QUQL, Towo = (-1)°Q10,Q013
(6.24a)

— [—d]
Taz00 = (— )Q12|12Q@|0 v Tz =~ ]Q12|ZQ®| ) Taz22 = (= )Q12|®Q®|12
(6.24b)

The signs are picked following [6]. As a default, we evaluate T-functions on the real axis.
Hence, assuming UHPA Q-functions, it is important to specify kinematics when evaluating
QE;G]: evaluating them in the physical kinematics yields Tcus while the mirror kinematics

evaluation yields Ta,s-
Gauge transformations of the Q-system generate two gauge transformations of the
T-system:

[a+s] [—a—s] [s—a] [—s+a]T

[l AI=[1]] [ |A\+|IH
9y Qar All Tas_>g( B 9 Y 9 a,s - (6.25)

Qar — 9(4)

Wronskian solution (6.24) is not invariant under Hodge transformation of the underly-
ing Q-system but the transformation rule is not difficult: switching the Q-system with its
Hodge dual is equivalent, up to overall signs, to sending all shifts in (6.24) to their negative
values. We will denote the T-functions obtained using Hodge duality by T,

Using Wronskian solution (6.24), we can deduce the analytic properties of the T- and
Y-system from Q-functions. There does not exist a global gauge in which all T-functions
have the simplest possible analytic properties. It is then advantageous to focus either on
the right (s > a) or the upper (a > s) band of the L-hook.

Consider first the right band. From the Q-system we know that Qg o< Pa, Qgj12 X f)a,
where all omitted factors are independent of the index of the Q-functions. It follows that
it is possible to do a gauge transformation of T-functions such that

Tosso=1, Tis1= e“bf)([f]f)l[)_s} , Thsso = (e“bp;;f)_)[s}(e p+ A_)[_ sl (6.26a)
Toazo =1, Tier =iy, Troo =101 (6.26b)
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This gauge transformation is not of Wronskian type (6.25) because no such transformation
can set Tp s>0 = 1. Since P, is a single-valued function of Zhukovsky variable, T s>1 has
only two cuts. It’s interesting to notice that the four different sheets of 77 ¢>1 can be
interpreted as a choice of the kinematics and Hodge duality:

v

Tio=eplIpl ), D= epllp) ), Ty, = epllpy . Ty, = etplpy .
(6.27a)

Hence deciding what is the right kinematics is to a large extent artificial (although it is of
course necessary to make the discussion concrete).

Turning to the upper-band a > s, it is worth remembering that there is a gauge where
Q; become q; - single-valued functions of Zhukovsky variable. We can then simply repeat
all the above argumentation for the upper band using Q; instead of P,. It is hence more
informative to keep using the same gauge as for the right band and check what are the
upper-band T-functions:

U[Q} 1 [a]D U+ [a]D 1 [_a] L~ } [7 ]
— — a . — — _ 1) A 'a A ' a
Ta>00 = (—1) <0[_2] F) » Tu>11 o (FU[—Q]UM) €’q; q; .

(6.28)
The negative shifts are considered in the physical kinematics to obtain physical T-functions,
and in the mirror kinematics to get Ta,s- We also use the following notation: flalp =
f[a—l]f[a—3] o f[—a-i—l]‘
We discuss now properties of Y7 1,Y292. Recall the explicit expressions in terms of
T-functions
_ TioThp _ ToaTas

1,1 2,2

_ , - . 6.29
’ Toa1To1 ’ T1 2132 (6.29)

Using the gauge of the Wronskian solution (6.24), we have Th 3 = T3 2 and so the product
of Y11 and Y3 is given by

Tio Tho @ 2y
ViYas — 110 _ Tho Sz (f 2) -1 (6.30)
TO,l TO,l Q12|12 f F

where all expressions are evaluated slightly above the real axis.
Clearly Y71Y22 have a cut on the real axis and furthermore, using the Wronskian
parameterisation, we can deduce that this cut is present in both Y;; and Y2. To find

the analytic continuation around this cut we use that Y50 = % in the Wronskian gauge

and substitute in the explicit form of Q-functions: Qg1 = —U[_2}U%ff[2], Quii = f[Q]%.

Then the analytic continuation around this cut is computed as

~ 1
Yoo =F Vo9 = —. (6.31)
Yiq1
Let us now comment on reality. To constrain to real solutions, we shall demand that
complex conjugation of Q-functions is a symmetry of the Q-system and can then include

a combination of a gauge transformation, H-rotation, and possibly Hodge duality. Since
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complex conjugation changes the positive shifts to negative we must also include extra
signs to preserve QQ-relations. Explicitly

— UAI+HHIDAAI+I=1)

Qur = (1) 2 S-Qur, (6.32)
where S is a symmetry transformation.

As usual, working either with or without Hodge duality gives two distinct options.
Moreover, we have to decide in which kinematics we demand the reality property, which a
priory further doubles the possibilities giving us in total four options to consider. We shall
pick one case for now and focus on the physical kinematics and no Hodge duality:

1 ~ _ 1
Hy)iFe;Q7 F=, (6.33)

_ 1 A
P, =h(H)'"Py, Q= o (Hy)i’'Q; = —w )

where the fermionic H-rotation is performed by the matrix H; with coefficients (Hy);/ =
l(H]’c)ij, we pulled out the factor 1/w for future convenience. To derive the last relation
use Qo2 = 2 to find % = det(H} )det(H+)/( +)2 Periodicity of HY, Hy and w in the
physical kinematics results in @ g so that F =

Let us find the analytic propertles of Hp and H f Following the steps detailed in
footnote 12 with P, playing the role of P} we find that it is always possible to reparametrise
h and Hp so that h has only one short cut on the real axis and Hp has no branch points.
Recall then that QZ is analytic in the lower half-plane. Because Q; is analytic there as
well, we use periodicity of H 7 to derive that H’ 7 cannot have any cuts. In summary both
Hy and H } are periodic functions without cuts.

Now we turn to the analytic structure of h. It is useful to write down the relations
that follow from compatibility with Q=0Q:%

hhHyH,=1, hlhwwaHf_l (6.34)
Multiplying these two consistency conditions results in ww = Hy Hy H } H }' and thus
ww has no cuts. Analytic continuation of A through its single cut follows from the
Pu-system: éam = —%Qam. We take the complex conjugation of this equation and
use that the analytic continuation commutes with complex conjugation. Since Qg2 =
—ﬁ det H} (Hb)abe|12, we find

1
hh = —— det H}. (6.35)

ww

We conclude that h is a single-valued function of Zhukovsky variable and that hh is a
periodic function.

24To derive the relation for HyHp we use that HyH,PP2" = PP and assume that P and PP

1
a (hh)[2n]
are linearly-independent vectors. Since HyHp is a 2 X 2 matrix it has 2 eigenvalues. If the eigenvalue is
degenerate then (hi_z)m = hh and hﬁﬁbe = 1 as claimed. If there are two distinct eigenvalues then use
also Hbef’ = %ﬁ It must be that either hh = hh or hh = (hiz) @ If hh = hh then PeP = 0 but this is
hh

a contradiction because PeP o + — F # 0; if hh = (hh) 2 then hh = (hh)® because h, h only have cuts
on the real axis. We conclude that hhH, H = 1, the same argumentation also gives %I_{fo =1
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Perform now a symmetry transformation
T BACT N\ b L sa 5\
Py — haPy (Ay)a Py, Qi — B*Pf (Ap)i’ Qy s (6.36)
A

with Ay i-periodic matrices with unit determinant, P,f} 7 periodic functions without cuts

and h4 a single-valued function of Zhukovsky variable. Our goal is to simplify h Hy, % H ]’c

It will be convenient to factorise expressions: h H, = h+/det H, % det ik ,11 H } =
1 7 H} . . H}e
5 4/ det H RS Ja T and furthermore we shall define M, = i 7det My=i T

Matrices My, My are Hermitian due to consistency conditions (6.34) and they change
under transformation (6.36) following the rule

My, — AyM,A My — ApMpAL (6.37)

Use the standard trick M,/ = z,0",0" = (Lax2,0'="??) to identify M, ; with the 4-
vector z,. Recall that the action (6.37) in the case A € SL(2,C) is equivalent to Lorentz
transformations of x,,. Since det M;,; = —1 the 4-vector z, is space-like and we can bring
it to any Pauli-matrix using Ay, ;.

We are left with prefactors, we parametrise these as hy/det Hy = i\/EPb, %, /det H } =
h

iy %Pf with P,/ ¢ periodic functions. We consider first the non-periodic factor %, un-

%

der (6.36) we find % Z—‘: % By taking hg = (%)% we set this factor to 1 since

haha = 1. Finally, the periodic factors transform as

P, leP Lp AAP 6.38
— == — Py — .
b= palh il o (6.38)

Here we have used that w — ' = (]5}4)%). By picking PbA and PJf‘ appropriately we can
send P, — 1, Py — 1. This is possible since PP, =1, Pf = Py which can be verified using

Vdet i, | /det I,
%v = Vw as follows from (6.35).2

In conclusion we can pick hHy, = + H 4 = (7 - &)e with 77 a unit vector. It follows that

the explicit expressions P, =

ww =1, = pand Tw, in gauge (6.26b), are manifestly real, and so Yfa,s are real. A choice

of 77 amounts to picking a specific basis of Q-functions. There exists a preferred basis in

physical systems singled out by asymptotic conditions offering a natural choice for 7.
One of the natural choices is 76 = 0% which results in

L L . . 1

P, = |ew|Py, Q, = lfzj‘Qj , F= ik (physical kinematics), (6.39a)
w

P, = %(—1)“P“ ., Q,=F(-1)"'Q", F=F (mirror kinematics) , (6.39b)

where |€gp| = da10p2 + 0q20p1 -

%5The sign choice when taking the square root of (6.35) is irrelevant because it can be reabsorbed by an
Ay rotation.
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Relations (6.39a) is an outcome of the analysis departing from the reality de-
mand (6.32) with no Hodge duality and in the physical kinematics. Then one can use
Pu- and Quw-relations to derive (6.39b) from (6.39a), and we can easily spot that this is a
reality demand (6.32) with Hodge duality and in the mirror kinematics. In fact, assuming
the most general reality demand (6.32) with Hodge duality and the mirror kinematics,
we can simplify it to (6.39b) and then use Pu- and Quw-equations to get to (6.39a) as
well. Hence changing the kinematics in (6.32) is equivalent to the change of the choice
of whether to take Hodge dual. So there are only two different reality demands, not four
which was our original expectation.

The analysis of the Hodge dual case in the physical kinematics (or of the no-Hodge
dual case in the mirror kinematics) is analogous. The reality condition, in a basis similar
to the one in (6.39), simplifies to

P, = (-1)"P® Q, = w(-1)'Q’ F=F, (physical kinematics),  (6.40a)

— F — 1 — 1
P,=—|ew|Py, Q;=-=l€6/Qj, F=—, (mirror kinematics). (6.40b)

I F F
With these reality conditions, T1,821 (6.26a) are real up to the gauge factor %,

and }7@,5 are real.
Now we comment on concrete examples. The simplest possible solution to a twisted

SU(2|2) Q-system, and so equivalently to the T-system, is the character solution. In this
—iu

case, all Q-functions are simply proportional to the twist factors, Q47 o (’;—;‘) - Using

the unimodularity condition x;x2/y1y2 = 1, it follows that all T- and Y-functions do not

depend on u. Furthermore [6, 45]

Tos X AXa,s s (6.41)

where x,,s(G) is the character and A = det Xal_yi is the Cauchy double alternant. Also,
using additionally x1xs = y1y2 = 1 imposed by Pu-equations, we observe that Hodge
duality acts trivially on the character solution: 77 & = T,s.?® There exists a natural
basis for the Q-functions of the character solution: Qup = x, ™, Qp; = y;*. If %1,y are
positive, the basis (6.39) is defined by Q;W) = Qa0 QEW = ﬁgﬂli' If instead x1,y; are
phases, Q,im = %(Q”@ +1Qy), Q/Q)H: = \/%(Qﬂll + 1Qy)2) gives the basis (6.39).
Analytic properties of T-system (and of some of Q-functions) emerging from TBA
were derived in [9]. Our results perfectly match and further complement those findings
thus demonstrating that the monodromy bootstrap works also for derivation of QSC’s
describing TBA equations. Comparing the expressions for Y7 ;Y5 2, equation (3.1) in [9]
and (6.30), we see that the relevant source term is F' = Foxp(—#) for the finite-temperature
Hubbard model. To match other expressions in [9] with ours, we should identify

(—D)™P o py,  (“D)™PR xpy, PLxVFG, PLxVFa @ (642)

261f no constraints on X1,X2,¥1,y2 are imposed, T-functions of the character solution are of the form

Toys = (;1;;)7MT§?§‘S° with T,ff’S“St being independent of u. Hodge duality acts non-trivially by sending
1

TP (%a, i) — T;f’s’m(g, i) which corresponds to the map from a covariant to the corresponding contra-

variant representation.
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as single-valued functions of Zhukovsky variable. The proportionality oc used in this match-
ing is simply proportionality up to a complex number. Clearly F = % and furthermore
the Q-functions obey conjugation properties (6.39).2”

T-system is known to emerge not only as a result of TBA but also in algebraic Bethe
Ansatz for spin chains. Indeed, T-system exists for any F and we already saw that F' = 2Me
describes the finite-size Hubbard model; an equivalent statement was made in [9]. The
choice F' = Foy also allows building T-systems, now for inhomogeneous Hubbard models
discussed in previous sections.

In the spin chain case, T-functions are expected to have interpretation of transfer
matrices. For a centrally extended su(2|2) spin, eigenvalues for the transfer matrix T} ; were
proposed in [35] and later derived from algebraic Bethe Ansatz in [46]. Our expressions for
Tl,l match these eigenvalues up to an overall gauge prefactor.

The basis which realises (6.39) is in general not appropriate for studying spin chains
without twist, the reason being that there exist a distinguished basis with P, having
different asymptotic. To match this basis we should pick 7 - & = o'. This gives p, =
(—1)*p, and §; = (—1)’6&%. The extra factors in the conjugation property of §;
suggest redefining §,. Indeed, for an SU(2|2) spin chain this is exactly what we did in (6.11),
this definition leads to purely imaginary/real q;(z). Notice that to have a sensible definition
of reality we need to restrict to all twists being phases and pick y,f appropriately so that
F = % T(l,s, including TM, are not real, this is the typical case for e.g. rational spin chains

if the symmetry is larger than SU(2).

7 Asymptotic Q-systems for the massive sector of AdS3/CFT, integra-
bility

The relevant to us study of integrability in AdS3/CFTy correspondence was initiated
in [47] where a set of Bethe equations was proposed. An important feature in AdS3/CFT,
is that the isometry group of space-time splits as a product and one obtains two
coupled sets of Bethe equations. Using the S-matrices found in [48] it was realised in
AdS3xS3xS3xS! [49] that the relative grading between the two sets of Bethe equations
should be different. This analysis was then extended [50] to AdS3xS?*xT? where the
following set of Bethe equations was found

1

Mo - M; 1— ——F

Yik — L Yi kT
1:Hy 7x+ 1_ 1 R (71&)

]_1 Z,k‘ J j:l yi,kig

1

M; =t My 1 — ——

Yik — 25 Yi kT
1= I T I (7.1b)

2TThis reality property as stated has only been verified for the ground state and with real twist, see the
resolvent parametrisation in section 4.3 of [9].
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L M; 1 L1 L
+ : 2 T R
X U — Wi +1 x x| T
k _ k yi o0 2 k"3 k3 ~00
— - H . (U (xk7x])) H 1 1 (J (xkvx]))
Ty S Uk — uj — 1 _11— — 1 ——
J= J= T, T, x, :c]
J#k
€T Y1 x ys‘Mil_wly Mgl_:r‘ly
k 5] k 5] k71, kY3,
I | | P e | e (719
=10k I =1 Tk IS =1 S Ty =T gy
=\ * Méf_—f“l_zli— Mgl_flm 1_m+la:
k k 7 kg ° 2 k3 k ~00 (—
f— = — 1 (U ($k3$])) H 1 1 (J ($k7xj))
P | 1— 1-—
L, 1L T =7 i1 — 7 =7
J J T, T, J T, T ERE
JFk
My —+ M; —+ M1 — A My 1 —
Ty — Y14 T, — Ys i o1 FTua
k 1,5 k 3,7 kYL, L Y3,j
I | | Sy an
i=1"k 1,j j=1"k 3,7 j=1 Ty y1,; J=1 T Ys,j

Here z; and 7; are distinct momentum-carrying roots; y; , y; ;. ¢ = 1, 3 are auxiliary roots;
and 0°*® and 6°** are dressing phases. These phases are constrained by crossing equations
considered in [51].

An important ingredient in AdS3/CFTy correspondence are massless modes, there also
exist a full set of Bethe equations incorporating them [52].

One should expect that Bethe equations can be obtained from QQ-relations and that
there thus should exist a Q-system of type PSU(1,1|2)? to reflect the symmetry of the full
theory. In the language of Q-systems the P of PSU is the zero central charge condition and
the specified non-compact real form means that the monodromy properties of fermionic
Q-functions should be compatible with non-integer asymptotics.

Bethe equations describe the spectrum only asymptotically and hence the Q-system
that reproduces them should do the same, we shall refer to it as the asymptotic Q-system.
Given the success in AdS5/CFTy [2] and AdSs/CFTj3 [4] integrability, one could expect
that the asymptotic Q-system might be improved to become a quantum spectral curve
describing the spectrum of the theory at finite value of the coupling constant and charges.
In this work, we derived two non-trivial SU(2|2) x SU(2|2) quantum spectral curves which
would be natural candidates for this role. Because we are interested only in a system
with zero central charge, the two quantum spectral curves cannot be distinguished, see
section 4.1. We therefore have the unique QSC coming from the monodromy bootstrap. It
is the natural candidate for exact QSC of AdS3/CFTs integrability.

AdS3/CFT; QSC conjecture. The QSC of AdS3 x S? x T* is given by model C in the
special case of F = F = det 14, = det figq = det wit = det @' = 1L, po=pPu=pPs =Dz =0
and a power-like asymptotic behaviour of Q-functions at infinity.

In component form, Pu-system (5.3) is

. le = 1. = N 1= 1o =
Haa — Haa = *Pan - IPan y Haa — Haa = iPaPa - IPdPa 5 (723)
T r T r
~ _ . ~ 1= .
P, = rjigaP?, P — _-P, (7.2b)
T
~ >~ 1 .
Py = Tua P, P¢=——P,u"*. (7.2¢)
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Quw-system reads

il 1~.-- 1 Pongt} ~ [ 1= . |
G-l = l@Qi- liQl,  GU-oi=1QiQ- Qi (7.3a)
T r r r
e~ 1 —_ e~ . o —
Q= —20;Q, Q = (7.3b)
T
foind 1 . . - .
G = Lo, Q - Q. (730
T

For systems of PSU-type,  and 7 can be eliminated using a gauge transformation. Indeed,
from P,P® = 0 it follows that P, = ae,,P?. We can compute then

o S & 4. = @A =,
’I"/LadPa = Pa = OéEabe = —;EQdeuab = —;6ab€ab6bc,ud')Pa = TMadPa7 (74)

and so

<
Il
o)
Qi
-
Il
()
Qn

(7.5)

Analyticity of o was studied in section 4.1. It is possible to pick a gauge such that r =7 =
41, and we can enforce the plus sign for r, 7 by changing the sign of u, i and w, @.

Setting » = 1 is basically the same as enforcing re-definitions like P — P1P2.
This may introduce extra square root branch points (that are typically not correlated to
Zhukovsky ones). To avoid this potentially unwanted drawback in explicit computations,
we shall keep r unfixed.

In this section we shall demonstrate that the proposed exact system is compatible,
in the asymptotic limit, with the above Bethe equations and furthermore we will attempt
to gain better understanding of how the square root property may fail. Thus we will
assume the existence of two exact Q-systems, Q, Q with a well-defined asymptotic limit
reproducing (7.1). We will use the font Q to distinguish asymptotic Q-functions from
Q-functions of the exact theory. In terms of Q, (7.1) becomes

a5 + a- +
Qi Q) Qi Q)
- |_ = =1, - |_ e =1,
Qii 1aj4=0 Q11 fag=0 Qi 1j15=0 Q1 la30p=0
2l - - ol=2 5+ 7+

Qn Qo Qo Qi QipQi)iz

2 gF o =-L == =-1l

Qi Mol ™1201 19r=0 Qij; QijoQyjis ;=0

There also exist different versions of Bethe equations corresponding to other gradings of
PSU(1, 1|2) Kac-Dynkin diagram, see [53]. Using also these additional equations, or equiv-
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alently fermionic QQ-relations, we find the asymptotic Q-functions

Qi x QfFET, Qg2 =1,

Qg :E_L/QB,RQIUE, Q12 X x_L/QB+R~ 03,

f 1 £
Qo o wL/QBifRylj ;o Quop o wh?— [Q]Rya =
+ oo B+ oo

= = _ (7.6)
Qjjj c QETET, Qigjis =1,
Gi\@ X x_L/QBfoﬁ&, Gmg X x_L/2B+By366,
= f - 1 _ f _ 1
Coc k2 = - RN 475 Rp L
Q@‘l Xz B+fB§1 6_5_ 9 Q12|1 X T B+f B:’jd 6—6— .

The notation, mirroring the standard notation from AdSs;/CFTy, is as follows for objects
related to momentum-carrying nodes

By = H Qﬁ( wf); H MF( x;F), (7.72)

Mé
_ h
_ T — _ (r — 7T
Ry = H 2&; (x—af), Ry = ]1;[1 2 (z—7)), (7.7b)
[2n] R(2n]
o B o B
£=]] Bg 2 f= Bg")] . (7.7¢)
n=02(-) n=02(-)
For the auxiliary roots y1 k, Y3k, Y1 x» Y3 5> We have used
Mi Mf 1 Mf Mi 1
Ry =e-uo Il (5-we):  Bu=Te-woIl(5-wa). @9
k=1 k=1 k=1 k=1

so that in particular }Niyi = By,. The auxiliary roots are not independent, for example
QQ-relation Qq)gQp; = Q1+\1 — Qil = —Qq|12Q2)1 enforces the relation R§1Ryl x Ryngg-
Also note that we have assumed the zero-momentum condition

My + My —+

TES IR (7.9)

k=1 Tk k=1

in order to fully reproduce (7.1).
For convenience we will also use fio; = ff. Finally we note that the dressing phases
can be computed as

/\

ot(z) 1P (z) &
= H o**(x,zL) , H (x,zp) (7.10)

ZL‘

q\
&
b
I
Q>

with the natural generalisation for the right-moving quantities. We did not impose any
constraints on ¢ and & so far, deriving crossing equations for them from comparison with
the exact QSC will be an important check.
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We now turn to the proposed exact quantum spectral curve. From symmetry princi-
ples [2], Q-functions in the large-u limit should scale as

3L SL_ L . L
P, ~u? P~ yta Tt Qi ~u Tt Q' ~uli | (7.11)
_ _3R _ . SR_ ~ _LR_ _ SR
Pawuka, PaNu)\a 1’ QZNUVZ 1’ QZN’U,V’L,

where A\, 0 are shifted weights of the left and the right symmetry algebra. In the current
SU(2) x SL(2) grading, we find A\§ = A} 4 0a.1,, A\§ = \§+0a.p, 0 = U§ — 81, 0§ = 12— b4 R,
see appendix C in [2] for more details. These expressions also follow from quasi-momentum
that defines the classical spectral curve of AdS3/CFTs [54]. We can express the weights in
terms of the energy and the spin, A, S of AdS3 as well as the two angular momenta of S3,

J, K:

Af:%(JJrK)JFAL, A%:—%(JJFK)JFAL, yf:—%(A+S)—AL,
VQL:%(AJFS)—AL, /\f:%(J—K)—l—AR, /\§:—%(J—K)+AR,
Vﬁz—%(A—S)—AR, @:%(A—S)—AR.

Explicit expressions for charges in terms of Bethe roots [50] set AL = 1(M; — Ms), AR =
—3 (Mg — Ms).

We assume as in [2] that the large-u scaling dictates, at least on the defining sheet,
the large volume scaling. We define the large volume regime as the limit A ~ J — co. To
keep track of the scaling, we introduce the parameter ¢ = w3 Using the explicit scalings
given in (7.11), we find

P,~P?’~e, Pyo~Ploel, Qi ~Q ~el, Qy~Ql'~e, (7.12a)
PiNPQNE, PQNPiNG_l, QiNine_l, QQNQiNE. (7.12b)
Use the relations

figq = —w" Q Qi faa = —@" Qyp; Qp (7.13)

ali ali *

Now, since wii,@ii are periodic, they should scale as constants at large u or decrease

exponentially. At the same time, from the scaling of Q-functions and the QQ-relation
_ _\NL_,L .

P.Q; = Qz‘i — Qah. we find that Q,; ~ u Ad=7 In particular

Qip~1, Qupp ~ €%, Qo ~e 2, Qop~ 1, (7.14)

with the same scaling for Q, :. Plugging this into (7.13), we deduce

ali

(ﬁas)a(z - _(was)liaalﬁai ; (,U'as)aa = _(‘Das)ilﬁ(iiqal 5 (7~15)

where we write (fias)qa for the asymptotic versions of igq and so on. It is reassuring to see
that from the scaling of Q,; it follows that

(ﬂas)li ~ u—j\f—ﬁf—;\{%—ﬁﬁ ~ UA_J, (716)
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and, using the definition of ., one reproduces the standard expression for the energy in
terms of Bethe roots [23]. We focus now on (fas)iq, (ftas);i as they depend on Q-functions
that appear directly in asymptotic Bethe equations. From periodicity of w we find

_ _ _ 2
o] G000 (1)

— 7.17
(Fashii Q@5  Q Q- (47

fiot

where we have used the explicit expressions for the asymptotic Q-functions in the second
expression. It follows that (jias);j and (fas)i; must have square-root branch cuts to match
the proposed asymptotic Q-system.

We also have

_ = N N i £
(Has)1i o (ftas)i; < Q”Q (ftot)(ftot)[ 2, (@as) ' 0 (was) ! o ﬁv (7.18)
O
o pl-2nl gl-2n]
where f{, = ]] i% These expressions are clearly similar to those in (4.6) but

[—2n] 7
n=0 By By
fiot is not related to any gauge transformation.
We next compute the asymptotic approximation of exact P-functions on their next-to-
the defining Riemann sheets (in the physical kinematics). It will be instructive to calculate

both clock-wise and counter-clock-wise:

P, = riigP* = —TwﬁQ;‘i@;ﬁf’a = —Twi%Q;‘ng ~ T(Was)HQ;‘lﬁmi y (7.19a)
*f,a _ —?f""ﬁaa _ ;“:@ii@;LliQ;ipa _ ;“:@%iQiQ;rli ~ %(@as)hQ;ﬁlQ@Ii ) (7.19b)

Can we assume (13)as = (}:5)7 In general, taking the asymptotic limit does not commute
with the analytic continuation across the cut. However we expect this to be the case
for Py = Qq)p and P? x Q112 because these Q-functions are small in the asymptotic
limit. In Stokes-type phenomena (and crossing the branch have similar features), analytic
continuation of the small solution across the Stokes line can be trusted, while analytic
continuation of a large solution cannot be.

We summarise

~ P ~ 1 P
Qujp o< 7(was) Q7 , Qi » Quj12 o ~(was) "' Q7;, Qs » (7.20a)

SNiFl =3

51|(2) X f(@as)llahﬁmi , 61|12 X *(@as)llQﬁlﬁigu , (7.20b)

and with the clear generalisation for Gi\@v Qi\i?'
We use these expressions to compute the analytic continuation of ¢a. It is useful to
combine QqoQ|12 and Q1)9Qy 12 because factors of r,7 will cancel then. This gives

.. : 2 _ e a2 o
Qo2 o ((was)105,) QoiBizi = (o) ™) (@) Ty Tizyi
B

2 5 2
£ v 1 27 — * _ 2 R — _ — —
Gyjolijn2 > ((wa) 101 ) TyyaBizgi = ((Eior) %) <sz> <Bi+;> (Q7)* Qi Qi

— 43 —



We see that these equations are compatible with the relation Rgles = Bnggg. We can
then plug in our asymptotic Q-functions to find the following crossing equations for the
dressing phases

— R_,B — R_yB
2(56)2 = (£ g -22 200) 2(H) ’ 56)2(06)2 = (£ gr1-2y2 2 (0) () ’ 791
(00)*(06) (frotfor ) Ry B (60)%(00) (frotfot ) R B, ( )
[ EN2 a2 2] o+l-2y2 B B (A N2( 232 2] o+-2y2 B B
(00)°(06)" = (fiotfior ) B (60)7(00)" = (fiotfor ) R, B (7.22)
(=) P+ (=) 2H)
We notice that the factor of f@tfrg;m is a familiar BES-type of a phase. Absorb this factor
by a redefinition:
(00)% = (oBrs)?o' ™, (56)% = (opgs)?a ™ (7.23)

so that we can summarise the remaining equations as

— D n — D n
P _ <R<—>B<+>> , o) — <R<—>B<+>> , (7.24)
R(+) B(,) R(H B(—)

where n = £1 for clock-wise/counter-clock-wise crossing. Clearly we have two different
results and we conclude that with our current assumptions the branch-cut cannot be of
square root type. Instead if we compute what happens when we cross the cut twice

— » 2n
o <B<—> R<+>> e (7.95)
B+ Ry

we see that the cut is of a logarithmic type. The crossing equations found here match
exactly those of [51], see also [55]. This is a non-trivial result that supports our conjecture.

Let us now turn to the question of cut structure for pg, and fiqq in the asymptotic
limit. We already know that (fias)i, (1as)i; have square root cuts. However, consider now

(Mtas)oi- To compute this object, we need Qy; which can be obtained from the QQ-relation
Q2pQp1 = Q2+|1 — Qyy- We find Qg from

Q19 Qg9 — Qyjp Qapp = Quapo » Qo Qujg — Qg Ol = QupQuzpo s (7.26)
.. . . _ _ 0o h [2n+1]
Combining these equations and using fT ¢~ — f"¢g" =h = f=—-g>22, (W)
gives
Qi)
Q)

where the suppressed terms do not have cuts on the real axis. We see that the dressing
factors in QggQp; do not cancel out as happens for QqgQp;. This immediately implies
5;‘1 # Qy; and so from (7.15) it follows that (fias),j does not have a square-root cut.
Thus the no-square root property can be seen in the large volume limit, not only for some
Q-functions but also for some [iqg.
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Before closing this section we comment on the appearance of massless modes. Turning

+1 ar

off all massive excitations, Bethe equations sourced by massless modes z,:f = (zk) e

My
T4 =1 (7.28)
k=1 Yi — Zk

QJr
One can notice that these will be auxiliary equations, Ql‘l =1, in the type-B QSC with

11
F = F,,1, under the replacement 0, — zj, and assuming momentum conservation [] z; = 1.

]

o0
This suggests that redefining fior — fior [ Fﬁ? might be a way to include massless modes
n=0

into the above analysis.

8 Conclusions and discussion

In this paper we proposed a method to derive quantum spectral curves of AdS/CFT
type. The method consists of the special prescription for analytic continuation and the
monodromy requirement: Q-system, a fused flag encoding conserved charges, transforms
by a symmetry after the continuation. In the considered examples, and we believe that
the statement is general, the resulting QSC’s are labelled by the equivalence classes
Out ~ Aut/Inn, where Inn is the group of continuous symmetries (H-rotations and gauge
transformations) and Aut are all symmetries (including also the discrete ones: Hodge
duality and the swap of left and right Lie groups). For the SU(2|2) case, there are two
options (cases A and B), and for the SU(2|2) x SU(2|2) there are eight options out of
which the two are interesting (cases C and D).

The focus of the proposed classification is to distinguish between the emerging
Riemann-Hilbert problems. On top of them, extra analytic requirements such as asymp-
totic behaviour at infinity or additional periodicity features are needed to nail down the
concrete physical system, and different systems are possible with the same type of mon-
odromy behaviour. For instance, we explained in section 6 that the type-B system with
square root cuts can encode Lieb-Wu equations, their inhomogeneous generalisation, and
also thermodynamic Bethe Ansatz equations for Hubbard model, depending on which
additional analytic requirements do we choose. These options are unlikely to form the ex-
haustive set of possible physics described by the type-B QSC. For one more possibility, let
us mention g-deformation of the inhomogeneous Hubbard model [56]. We expect that the
same QSC should describe it, an explicit analysis verifying this proposal is yet to be done.

A situation when an automorphism of the system of conserved charges (Q-system or
T-system) is emerging in the result of ‘large’ change of spectral parameter appears also in
other integrable systems. For instance, in the case of integrable spin chains with boundary
described as representations of twisted Yangians or quantum twisted affine algebras (or
related systems, e.g. in the context of ODE/IM), the automorphism is due when one makes
a reflection u — —u (rational case) or the half-way rotation z — '™z (trigonometric case),
see for instance [57-60]. These examples deal with functions of the spectral parameter
that do not have branch points so the stated large change of v or z is achieved by the
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unambiguous analytic continuation. Furthermore, since v = 0 and z = 0 are regular
points in these examples, all possible automorphisms should become ‘inner’ (continuous)
which forces folding of Dynkin diagram if one attempts on the automorphism involving the
reflection of this diagram.?®

By contrast in our case, the large change of u is the encircling of the branch point
u = h, and a naive attempt of the analytic continuation interferes with the non-locality
of Q-system. We circumvent this difficulty by performing symmetry transformations while
doing the continuation. In the result, we get a very non-trivial representative in Aut of the
equivalence class in Out. For instance, a representative of the class [Hodge] defining the
type-B system is Hodge transformation supplemented with gauge transformations, with
physically relevant information packaged in function F, and with H-rotations encoded
through matrices p and w. Note that the mentioned continuous symmetries are even not
global ones but defined either in the mirror or in the physical kinematics. Typically, the
representative of the equivalence class does not square to the identity operation, taking
higher powers does not generically become the identity either. A similar effect is observed
in Janik’s crossing equation [31], and essentially due to the same reason — non-locality in
the cut structure of the scattering matrix. In fact, the monodromy bootstrap is a rather
natural development of the crossing equation idea.

The non-triviality of the equivalence class representative, although it does not imply
per se, nicely correlates with the observation that Q-functions almost never have branch
points of square root type (i.e. of the second order). While it was possible in higher-
dimensional examples of AdS/CFT integrability, here we prove the no-go theorems that
show that Hubbard model is the only possible exception in cases A,B,C.

The equivalence class is nearly fully fixed, in terms of the discontinuity relations on
p and w. This allows us to close the system of Riemann-Hilbert problems that constitute
a concrete realisation of QSC to solve. Function F' is only partially constrained by the
monodromy requirements, it plays the role of a source term similar to the role of Drinfeld
polynomials in more conventional integrable systems. It is very appealing to provide a
more solid justification to this so far rather casual observation, for instance to relate F' and
the evaluation representations in [61].

From a physicist’s perspective, the developed approach offers a possibility of deriv-
ing QSC’s while circumventing tedious and not always available TBA computations. We
demonstrated that this is clearly the case on the example of Hubbard model where a
plethora of other methods are available allowing us to make comparisons; and we used the
monodromy bootstrap to give the concrete conjecture for the spectral curve of AdS3/CFTy
integrability with AdSzx S*xT* background supported by RR-flux. In the latter case, a
possibility to derive QSC from the currently available rather incomplete TBA data [62, 63]%°
is unlikely. Presence of the massless modes considerably complicates all steps of the TBA
analysis, from formulation of the initial assumptions till the explicit computations of the

28 An alternative is to create two copies of Q-system and fold them into one by the relation of style

QCOPY 1(“‘) = Q:opy 2(7’”)'
2There are also some TBA results for the NS-NS case [64] which one cannot use for an immediate
comparison.
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spectrum. We believe that the quantum spectral curve derived from the monodromy boot-
strap should capture correctly both massive and massless modes. In the present paper, we
only made checks against the asymptotic Bethe Ansatz in the massive sector, although the
gained experience with Hubbard model offered us a hint towards incorporating the mass-
less modes, we mention it at the end of section 7. With no doubts, this QSC conjecture
requires further considerable verification both in massless and massive sectors, its status is
much less established compared to its higher-dimensional cousins.

Applying the same arguments as for AdS3/CFTs, we can conjecture that the type-
B system at zero central charge (i.e. when F? = 1 in which case it also coincides with
the type-A system) describes spectrum of AdSy/CFT; integrability. We have performed
a similar analysis to the one of section 7 for this scenario and obtained asymptotic Bethe
equations that are not consistent with either the Bethe equations proposed in [65] or with
the finite gap equations in the same paper that were used to conjecture the Bethe equations.
The reason for the discrepancy is not entirely clear and we decided to not include the
AdSs/CFEFT; computation in the current work postponing it for future publications.

From a mathematician’s perspective, our approach seems to offer a possibility to de-
rive many different QSC’s of AdS/CFT type thus changing a perspective on AdS/CFT
integrability: if previously the known examples were often viewed as isolated points, now
these points start to fit into a landscape of novel-type integrable systems which is compa-
rable in variability to well-established rational or trigonometric cases. We note that these
AdS/CFT integrable systems are not of elliptic type either, we should rather expect that
they are built on top of rational, trigonometric, and probably elliptic cases by introducing
a possibility for branch points.

In future research, it would be important to explicitly verify whether the monodromy
bootstrap works indeed for a variety of other groups to support the above claim. The
equations presented in section 5 do not depend on the group rank and hence we expect them
to be valid for SU(N|N) and SU(N|N) x SU(N|N) systems. Whether we can also assume
non-zero Coxeter number and consider SU(NN|M) systems remains unclear. Departing
from A-series and considering orthosymplectic groups is even more intriguing because less
is known there about the fully extended Q-system needed to properly describe the group
of symmetry transformations. Two constructions are available in the literature that can
be used for guidance in this research: QSC for AdS;/CFT3 integrability [4], and the
reproduction procedure on Bethe equations [66] which should be equivalent to applying
Weyl reflections on Q-system, see e.g. explanations in [14]. Almost no information exists
about extension of the D(2,1; a) Q-system, doing this case has a clear physical motivation
as it should describe AdS/CFT integrability with AdS3xS3xS?xT*! background.

Of course, QSC provides only information about the spectrum. Probably the most
fundamental question to ask what is the underlying quantum algebra®’ whose representa-
tion is the physical model and whose Bethe algebra, a maximal commutative subalgebra
of conserved charges, is encoded by QSC. This quantum algebra would be an analog of

30For AdSs/CFTy there are doubts whether it is even a Hopf algebra, if yes then with highly non-trivial
braiding, hence we avoid using the term ‘quantum group’.
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Yangian or quantum affine algebra, or their twisted versions. The best handle we have to
date is inhomogeneous Hubbard model where the looked-for algebra is presumably known:
it is Yangian for centrally extended su(2|2). Its first Drinfeld and RTT realisations are
known, and some basic examples of fusion were performed [61, 67, 68].3! Yet, the universal
R-matrix is unknown and neither systematic representation theory was developed. Also,
Q-functions seem to be constructible as eigenvalues of Q-operators in ‘prefundamental’
representations [71], but more research should be done to confirm this point. Having at
hand Hubbard QSC derived in this paper can be a valuable organising principle to guide
future study of these questions.
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Note for vl. We learned that A. Cavaglia, N. Gromov, A. Torrielli, and B. Stefanski
have been working on a related topic. We agreed to synchronise the publications. At the
stage of publishing v1, we are not aware how large the overlap between the two works will
eventually be.

Note for v2. The quantum spectral curve for AdS3x S®x T proposed independently
in [72] agrees with our proposal. There are substantial additions in v2 of our paper, but
not in sections where overlap with [72] exists: there we did not add new results but only
corrected typos and improved clarity of explanations.

Note for v3. A paper by S. Frolov and A. Sfondrini appeared recently [73] where the
authors suggest that dressing factors for AdS3/CFTy scattering matrix should be different
from those in [51]. Their approach does not rely on QSC. In section 7, we verified consis-
tency of QSC with crossing equations but not with their solutions (the dressing factors).
Hence, the discrepancy between the two proposals cannot be settled from the analysis
presented in section 7. However, QSC offers more information about the dressing factors
than the crossing equations and is capable of resolving the discrepancy. The corresponding
analysis goes well beyond the intended scope of this work and is planned for a separate
publication.

A  Monodromy without Hodge duality

In this appendix we fill in details for the monodromy bootstrap of type A, when the prop-
erly defined analytic continuation around the branch point leads at most to a continuous

31See also [69, 70] and references therein for derivations of the mentioned Yangian as contraction from
0(2,1; a) case.
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symmetry transformation of the physical system. We parameterise LHPA Q-system Qﬁ” I
simply in the same way as we parameterise Q 4r:

P, = Q.. pe =g, Q; = Qy; Q' =", (Ala)
Pi = Qa|(2)7 P¢ = Qam’ QJ’ = sz Q¢ = QWZ . (Alb)

Hasse diagram is still given by (3.2), and the LHPA Q-system is described by exactly the
same diagram but with all objects being sub- or super-scripted with |.

Rotation in the physical kinematics is required to act on bosonic indices only. Together
with gauge transformations, we have P} = E,uabe. Rotation in the mirror kinematics is
required to act on fermionic indices only, and we introduce it by Qf = hlw Q;. Denote

det po? =p?, det w7 =w? Then it follows

1<a,b<2 1<i,j<2
— — +\7 — + Cx
=5 =(w") =(u . —1/2<S(u) < 1/2. (A.2)
Q2 9} ( ) ( )

Consider p(u) and w(u) for u slightly above real axis. According to (A.2), these two

functions are equal. Now, if we shift the argument by i up in the mirror kinematics,

2 won’t change due to the periodicity of x?. And, similarly, it won’t

2

the value of p? = w
change if we shift the argument by i in the physical kinematics where w*® is periodic.
Now it is not difficult to deduce that pu? = w? are just i-periodic functions without any
cuts. By an appropriate H-rotation of Q|-system, we can set p? = w? =1, and we choose
the sign of square root to get 4 = w = 1. Then we also have ¢ = gf and therefore
QIQ‘IQ Q12‘12

Recall the 1mportant invariant combination

% a 1 g+

We see that, unlike in the type-B scenario, F' is simply analytic everywhere.

With the choice to normalise 4 = w = 1, we can write the full set of relations between

Q and Q%:

Mirror Physical
P! =hul Py (A.4a) P! =hP, (A.5a)
Q =h"'qQ (A.4b) Q =h"w/Q; (A5b)
Pi = hfP” (b1 (A.4c) P{=h"'P" (A.5¢)
Q =hqQ' (A.4d) Q) =hQ/(w™);" (A5d)
Q‘W ( ab)+ Qb|z (A'4e) Qi‘z ( ) Qa|j (A'5e)

We derive further consequences in full analogy with the type-B case.
With 5
h
r=—, (A.6)
h

— 49 —



the monodromy properties of P and Q are

Clock-wise Counterclock-wise

f)a = Tﬂab Pb ) (A'7a) i:V)a i (N 1) b Pb ) (A'Sa)
5a 1 by, —1\ a " ’
Pe=—P"(u"" )", (A.TD) P =7P"ji," (A.8h)
~ 1 . -

Qi = ; wi] Q] s (A7C> =T ( ) J Q] ’ (ASC)
Qi =rQi (ml) L (ATd) Qi = L QJ . (A.8d)

J

From comparison of equations (A.4e) and (A.5e) for Qiﬁ we get

wil = —pia’ (QbuQa‘j)i ; (wfl)ij = - (lfl)ab (Qb\i Qalj)i ; 0<S(u) <1. (A9)

Then it follows

PPy, = P, Py, and hence PP, = ;l*saPa , (A.10a)
P )PPy = PO(i~1),'Py  and hence PP, = - PP, (A.10b)
T
From 0 = (Qah )= A(uang'i) one gets
" F F -
pa — jia" = — PP’ +Pa P’ = F (ja“P.P" — PP | (A.1la)
b ~ b F 5 pb F 5 Db c b ~c d er,,—1\ b
pa = jia” = PP’ = ZPP = F (4o PP — i PaP (u)") . (A1D)

B Proof of no-go theorems

In this appendix we prove the no-go theorems that restrict considerably or forbid completely
the possibility of branch points of square root type. By being a branch point of this type
we mean the property ]NC = *f’ We shall use mostly tensor notation of section 5. Hence p
shall denote a matrix not a square root of its determinant.

We shall not study case D because fourth-order monodromies are more natural to be
asked about for it. From the remaining cases, it is in principle enough to consider case C.
Indeed, A is reproduced for Q* = @ and B is reproduced for Q = Q. However A and B
have simpler proofs that use extra symmetries, while case C is considerably more technical.
We therefore decided to outline the proofs for the three cases separately.

Two assumptions are being used: algebraic independence of P-functions in the sense
explained below, and also the following one: if a function R is free from Zhukovsky branch
points then /R is free from them as well, this shall be referred to as y/ -assumption.
A supportive observation for it is that appearance of such branch points is only possible
if R has a pole or a zero at this very specific non-dynamical position. Moreover, the
assumption will be only used when R is periodic in which case it means the presence of
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infinite ladders of such poles/zeros to violate \/ -assumption. In fact, we already used this
type of assumption by claiming that F' has only one branch cut: only the ratio (g*/ g_)2
is guaranteed to be UHPA from the postulated analytic properties of Q-functions, while

we relied on analyticity of g% /g~ = 1/(g+/g~)? in the arguments.

Case B. Equation (4.21) in tensor notations reads

1 1 T
b= p (1+FP*®P> (1—|—FuP*®P,u_1> . (B.1)

We remind that 1 — FP* ® P is the inverse of 1 + %P* ® P, this guarantees that these
matrices are invertible. We also shall use that p is invertible as it realises an H-symmetry.
It is handy to define A = pu (1 + %P* ® P). Then, using (B.1) and (5.1b), equation

[l = Ji becomes after matrix rearrangements
At ptA=Ap™t AT, (B.2)

Let us decompose A into symmetric and antisymmetric parts A = Ay + A_. Then one
gets A, p~' A_ = A_p~' A, and, by adding the tautological A_ ' A=A "t A_,
we conclude

AptA=A_ptA. (B.3)

Now two-dimensionality of the problem is going to be used. Define e = ( % §). Any 2 x 2
anti-symmetric matrix is proportional to € which implies, if A_ # 0, Ap~'e = e~ ! A. Re-
call now the definition of A to simplify the equation to the explicit linear in y equality p P*®
P = —eP* ® Pep. Contracting from the left with P*, the r.h.s. vanishes leaving us with

P*uP* =0 (B.4)

which is (4.33) implying that p is antisymmetric.
Let us assume now that P* uP* #£ 0 but instead A_ = 0. Explicitly, A_ = 0 reads

ba b ca [2n]
(Fe —|—PPce) oy =0, n=0,1,2..., (B.5)

where we added the shifts by n using that u is periodic in the mirror kinematics. Introduce
single-index parameterisation u; = pi1, 42 = p12, 43 = po1, 43 = poo. Then the last
equation can be understood as the matrix equation M, 4o = 0, where M is the matrix
with semi-infinite number of rows.

Prior to continue the main analysis, we need to show that the kernel of M can be
spanned by periodic in u functions without branch points, this is a rather general statement
not specific to the details of the problem. Indeed, let » < 4 is the rank of M. Then there

exist a (r+1) X (r + 1) submatrix of M with n =0,...,r and some subset of a’s that has
precisely one zero mode. For definiteness, let this subset is a = 1,...,7 + 1.32 Denote the
M 1, . Tl @\ [2! T+l )\ [2
zero mode by cy’. It is clear that > M, 11.q (ca ) = 0 and hence > M, (ca ) =0
a=1 a=1

32If not, we can use re-labelling or even make a linear transformation on pia, so no loss of generality for
this choice.

— 51 —



1)) 12

2
for any n, therefore (ca ) is a zero mode, but because there is only one zero mode of the

2
(r+1) x (r+ 1) submatrix, it must be (c&l))[ I A(u) V). We can normalise at will and

set e.g. cgl =1 (if 05,21 = 0, pick any other non-zero coefficient) getting the periodicity

2] . .
property (cfﬁ) = c&l). Now, recall that any eigenvector of a matrix can be represented,

up to a normalisation, as a rational combination of matrix entries and the eigenvalue.
Because M, depends only on P and F' who are UHPA, we conclude that c((ll) in the
chosen normalisation is also UHPA and, by its periodicity, is free from cuts everywhere.

If r < 3, pick (r + 2) x (r + 2) submatrix of M with two zero modes. One zero mode
shall be c((xl) with 0222 = 0 and another shall be denoted as ¢,, we normalise it to have
Cr+2 = 1 (this coefficient cannot be zero because ¢ is linearly independent from c(l)). The
most general periodicity property with this normalisation is ¢ = ¢ + A(u) ). Notice
now that A(u) = E,[i]rl — Gr41, hence we can introduce ¢(?) := ¢ — ¢, 1¢(), this vector is a
zero mode of M which is linearly independent from ¢) and is periodic in u. By the same
argument as above, it is free from cuts.

If needed, we can keep reasoning in the same manner and construct linearly inde-
pendent ¢ which span the kernel of M and are free from branch points. One then has
Lo = ZAi(u)cg).

If juab is a symmetric matrix or if M has more than one zero modes, there must exist
a zero mode c such that cg is a symmetric matrix which therefore satisfies

(Pcheca)[Q"] cap = 0. (B.6)

Introduce v = (P1P! — PoP2 PoP!, P1P?). The last equation has a non-trivial solution
only if 2 AvRM AYEE] = 0 for any n, m, k € Z. Our assumption on algebraic independence
on P is that this property cannot be fulfilled. For instance, if Q-functions have power-like
large-u behaviour and P, ~ u~?e then P% ~ y*etomt which, for A; # Ao, is already
enough to verify the assumed algebraic independence.

We therefore end up with the case when there is exactly one zero mode of M and
such that g, = Acgp is a matrix which has both non-zero symmetric and antisymmetric
parts. The discontinuity properties of ji,, are now concentrated in the scalar function A.
Using (4.28), we see A/K = F? and then (4.30) implies F? = 1. But this immediately tells
us that A and hence pq; have no branch points on the real axis. By periodicity, pqp is then
free from any branch points.

In conclusion, (B.5) cannot be satisfied by p,, with branch points and therefore the
only non-trivial option to satisfy fiep = flap iS flap X €qb-

Case A. First let us comment on why P ® P*=P ® P* implies branch points of square
root type for u. The idea is to use relations (A.10) which, under this assumption on the cut
structure of P ® P*, imply r/7 = £1 that in turn implies, using (A.11), equality of clock-
and counter-clock-wise discontinuities A(pqp). A possible escape from this conclusion is
P?1,"Py = 0, but for this equation we shall assume algebraic independence of P in the
sense of the previous subsection. Then (P“Pb)pn} e’ = 0 can have potentially only one
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b

zero mode which constraints p to the form ,uab = A(u)cab, where ¢,” is analytic. Then

A? = det p1/ det ¢ is analytic and we use \/ -assumption to state that A(u) is also analytic.
To prove the no-go theorem for square root cuts of u, let us introduce matrix I =
1+ %P ® P*. Using it, QSC equations become even more elegant

D=plp™, j=HOpll". (B.7)

Relation (A.11b) can be re-written in this conventions as ji = uII-! u Tl =1, and then the
square root cut assumption /i = [ leads to

(I = (I ). (B.8)

Now we shall apply Hamilton-Cayley using the two-dimensionality of the problem: any
2 x 2 matrix satisfies M2 — M Tr M + det M = 0. It simplifies the last equation to

[, T Tr(pITY) = 0. (B.9)

Using the same assumptions on independence of P,, P® as before, we get that Tr(uI1~!) =
0 implies x = A ¢, we already explained why this leads to p without branch points. As for
the possibility of [, II71] = 0, we can readily use (B.7) to get i = p.

Case C. Using matrices II = 1+ %P QP " II=1+ %13 @P”", the QSC equations become

II

Il
=I

mTut, M=pl Tyt (B.10a)
e p=Ma0", (B.10b)

Il
=

1L
where M ~T means the inverse transpose of M.

Equivalence of square root cut assumptions. An easy consequence of the above rewriting
of QSC is

O '=put. (B.11)
From here it is clear that conditions II = II and ft = [ are equivalent (and the same holds
for the pair II, j1). Property P="Pis potentially a slightly stronger condition than that
for II. However, in the proof of this appendix, only relations of Pu-system shall be of
relevance while analytic properties of Q shall not be appealed to. For this reason we can
pick a gauge where functions P, P have square root cuts (the choice Py = Pi =1 will
do), in this gauge branch cut properties of IT and P, P are the same.

Non-vanishing of bilinear combinations. As we already covered cases A,B, we will assume
there is no particular algebraic relation between P and P meaning that the combinations
P ,uP* = f’d,u,-mPa o PP and all other bilinears PuP PP (with all consistent arrange-
ments of bars and stars in PuP, and including inverses of i) shall be non-vanishing. The
argument is of the same type as used for (B.6).
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Case F? = 1. This one is special because P ® P* becomes nilpotent in the presence of
the zero charge constraint. By using y/ -assumption and redefining P,P we can reach
precisely all the normalisations stated for AdS3/CFT5 conjecture, and hence we can use
relations (7.2).33 We also choose a gauge with » = # = 1. Then we conclude, from (7.2a)
assuming square root branch cut, that u+i" = G is an everywhere analytic function. If G is
non-zero, it should satisfy GII-T = II G which is impossible given algebraic independence
of P and P (note that we check a matrix equation and so algebraic relations P,P" =
P,P" = 0 are not enough to get non-vanishing G).

Then o = —ji", from here there are many ways to show impossibility of square root
branch points. For instance, we can use (B.10a) to deduce that wo Lli commutes with T
and then use (B.11) to decide that [IL, II] = 0. Then equality P @ P* = AP ® P~ for some
A is implied, but it is impossible to satisfy it: contract from the left with P", we agreed
on P*P # 0 while PP = 0.

Case F? # 1. Introduce the following notation

PeP’
7

This is a matrix with eigenvalues A1, Ay and, respectively, eigenvectors eP”, P. Matrices
II[A1, Ag] form a commutative family whose members are described faithfully by Aj, Ao
(faithfulness is specific to the two-dimensionality of the problem). In the co-moving frame
with zweibein €P”, P, they are diagonal. Note also that II[\, \] = A1, i.e. matrices II[A1, Ag]
diagonalise at coinciding eigenvalues but not become of a Jordan block type, here condition
F? # 1 is important. Finally, we notice that if the entries of TI[A1, A2] as a 2 x 2 matrix
have branch points of square root type, so do A1, A2 due to linearity of (B.12).

Apart from obvious IT[A1, Ag| II] /1, )\/2] =TII[\ )\/1, Ao )\’2], II[A1, Ao] +10] /1, )\/2] =TII[\ +

N, A2 + 5], one has also simple behaviour under conjugation with e = (% {)

eI\, Xo] et =TT Mg, \]. (B.13)

Introduce also II[A1, Ag] = Ay + (Ao — /\1)P®P We have in particular I = II[1,1/F?],
T =1I[1,1/F?], and equations (B.10a) can be generalised to

A, o] = ITT (A Ao 2, I, Ag] = pIT [ Ag, Ao] ot (B.14)

Under square root cut hypothesis we can also write H[/\l, o] = ptHT [)\1, /\2] T, Equat-

=—1

ing to H from (B.14), we see that the combination pT ! commutes with matrices of type

II[A\1, A2] and hence itself is a matrix of this type.

33While reaching these normalisations, we perform rescaling 1 — \/leu. By +/ -assumption, \/det p is
et

analytic but it is potentially anti-periodic. Hence such a rescaling could create an anti-periodic . This is
not an issue for the current proof because periodicity of u is only used for arguments of type (B.6), these
arguments work for p having any period and not only i. The remark applies for similar rescalings in other
parts of the proof.
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The ratio det pu/ det i1 is an analytic function as follows from (B.10b). We rescale det
to set the ratio to one. Then det(uTp) = det(u i) = F2F2. Hence

~ F2F?
Wit =1, (B.15)
B
for some 8 (who has branch points of square root type, as all other functions). We then
get
F?2| __
pt =10 [ﬁ, 5 pIIT . (B.16)

Another interesting combination is T i~ whose analytic continuation is isospectral

prp b =Tp et (B.17)

We substitute (B.16) to the right of this equation, and we substitute y* ! = I1[g, %]ﬁ_l
to its left. After processing the obtained relation using (B.10a) and (B.16), equality (B.17)

rearranges to
1F? —r |~ 1 F? 1F?

Conjugation by i is an isospectral operation, hence it must be that 6 B or B ﬁ%.
However, we can discard the second option: a check to do is to contract (B.18) with Pe from
the left and with ¢P” from the right; usmg the agreement PP’ # 0, we get dlrectly 8= B

Now that it is established that ﬁ B, it is easy from (B.18) that -+ #P ® P has no
branch points unless possibly in the case § = +54 7 Taking these options for value of 3, we
can rewrite (B.16) as

Flip' =+Fpit. (B.19)

Now we use the assumption about algebraic independence of P and P to conclude that the
last matrix equality cannot be satisfied.
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