
J
H
E
P
0
3
(
2
0
2
2
)
1
8
5

Published for SISSA by Springer

Received: October 1, 2021
Revised: February 18, 2022
Accepted: March 13, 2022
Published: March 28, 2022

Next-to-leading-order QCD matching for ∆F = 2
processes in scalar leptoquark models

Andreas Crivellin,a,b,c Jordi Folch Egurend,e and Javier Virtod
aPhysik-Institut, Universität Zürich,
Winterthurerstrasse 190, CH-8057 Zürich, Switzerland
bPaul Scherrer Institut, CH–5232 Villigen PSI, Switzerland
cCERN Theory Division, CH–1211 Geneva 23, Switzerland
dDepartament de Física Quàntica i Astrofísica, Institut de Ciències del Cosmos,
Universitat de Barcelona,
Martí Franquès 1, E08028 Barcelona, Catalunya, Spain
eFakultät für Physik, TU Dortmund,
D-44221 Dortmund, Germany
E-mail: andreas.crivellin@cern.ch, jordi.eguren@tu-dortmund.de,
jvirto@ub.edu

Abstract: Leptoquarks provide viable solutions to the flavour anomalies, i.e. they can
explain the tensions between the measurements and the Standard Model predictions of the
anomalous magnetic moment of the muon as well as b → s`+`− and b → cτν processes.
However, LQs also contribute to other flavour observables, such as ∆F = 2 processes, at
the loop-level. In particular, Bs − B̄s mixing provides a crucial bound in setups addressing
b→ cτν data, often excluding a big portion of the parameter space that could otherwise
account for it. In this article, we first derive the complete leading order matching, including
all five scalar LQ representations, for D0 − D̄0, K0 − K̄0 and Bs,d − B̄s,d mixing (at the
dimension-six level). We then calculate the next-to-leading order αs matching corrections
to these ∆F = 2 processes in generic scalar leptoquark models. We find that the two-loop
corrections increase the effects in ∆F = 2 processes by ∼ 5-10% and significantly reduce
the matching scale uncertainty.

Keywords: Beyond Standard Model, Effective Field Theories, Heavy Quark Physics, Kaon
Physics

ArXiv ePrint: 2109.13600

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP03(2022)185

mailto:andreas.crivellin@cern.ch
mailto:jordi.eguren@tu-dortmund.de
mailto:jvirto@ub.edu
https://arxiv.org/abs/2109.13600
https://doi.org/10.1007/JHEP03(2022)185


J
H
E
P
0
3
(
2
0
2
2
)
1
8
5

Contents

1 Introduction 1

2 Scalar leptoquark models at low energies 2
2.1 Leptoquark interactions with SM fermions 2
2.2 Leptoquark contributions to ∆F = 2 processes at LO 3
2.3 LO matching for ∆F = 2 processes including SU(2) invariance 6

3 Next-to-leading-order calculation 7
3.1 QCD renormalization of the LQ Lagrangian 7
3.2 Set-up of the NLO matching calculation 8
3.3 Calculation of the two-loop contributions 9
3.4 Matching results for the Wilson coefficients at NLO 12

4 Phenomenological analysis 12
4.1 Numerical results 12
4.2 Matching scale dependence and importance of NLO corrections 15

5 Conclusions 16

A Projections 18

B Two-loop ADM in the SUSY basis 20

1 Introduction

Leptoquarks (LQs) are hypothetical beyond the Standard Model (BSM) particles, arising
originally in the context of Grand Unified Theories [1–4]. What makes them special, and
defines them, are their direct (common) couplings to leptons and quarks (i.e. they convert
a quark into a lepton and vice versa). LQs were first systematically classified in ref. [5],
where ten possible LQ representations under the Standard Model (SM) gauge group were
found, of which five are scalar fields (spin 0) and five are vector (spin 1) particles.

While LQs have received varying degrees of attention in the past, they have undergone
a renaissance in recent years. This can be mainly attributed to the emergence of the
flavour anomalies, i.e. the deviations from the SM predictions observed in several flavour
observables. In particular, R(D(∗)) [6–11], b → s`+`− observables [12–18] and the muon
anomalous magnetic moment aµ [19, 20] deviate from their SM predictions by more than
3σ [21–25], 5σ [26–39] and 4.2σ [40–60], respectively.

It has been shown LQ models can account for b→ s`+`− data [61–92], R(D(∗)) [62, 63,
65–69, 72–74, 76, 77, 81–84, 86–90, 93–129] and/or aµ [86, 87, 89, 99, 107, 110, 113, 124, 129–
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149], making them prime candidates in the search for BSM models.1 As such, they have
been studied in direct searches at the LHC [162–180], leptonic observables [181] and
oblique electroweak parameters, Higgs couplings to gauge bosons [182–187], a wide range
of low energy precision probes [134, 152, 154–157, 159, 188–204]. The complete scalar
LQ Lagrangian and the corresponding set of Feynman rules has been presented recently
in ref. [205]. The QCD corrections to LQ production and decay at colliders have been known
for a long time [162, 163, 206] and have been improved to include NLO parton shower [207]
or a large width [208]. Such QCD corrections have also been included in recent analyses
correlating the B anomalies to LHC searches [164, 167, 170, 172, 209, 210]. However, the
calculation for the analogous αs corrections to flavour observables is still incomplete. So
far, only the O(αs) corrections to semi-leptonic processes [79] and `→ `′γ [144] have been
calculated, but the analogous two-loop matching for ∆F = 2 processes is still missing. Here,
specially in models aiming at an explanation of R(D(∗)), but also in models accounting
for b → s`+`− (most importantly in models involving couplings to left-handed fermions
only [86, 211]), Bs − B̄s mixing provides a crucial constraint that limits the possible size of
the new physics contribution.

In this article we calculate the next-to-leading order (NLO) QCD matching for ∆F = 2
processes in scalar LQ models. However, we will first compute the one-loop matching
for D0 − D̄0, K0 − K̄0 and Bs,d − B̄s,d mixing, taking into account all five scalar LQ
representations, which has so far not been presented in the literature. We then compute the
two-loop O(αs) corrections to these ∆F = 2 processes, which, together with the (known)
two-loop QCD evolution of the corresponding effective operators [212, 213], is needed to
reduce significantly the matching-scale uncertainty. This is particularly important in light
of the increasingly tighter constraints placed by ∆F = 2 processes on NP [214–216].

2 Scalar leptoquark models at low energies

2.1 Leptoquark interactions with SM fermions

There are five different representations under the SM gauge group for scalar particles (i.e.
scalar LQs) such that a common coupling to quarks and leptons is possible [5], as given
in table 1.2 The corresponding Lagrangian can be written as

L =
(
λ1R
fj ū

c
f `j + λ1L

fj Q̄
c
f iτ2Lj

)
Φ†1 + λ̃1

fj d̄
c
f `jΦ̃

†
1 + λ2RL

fj ūfΦT
2 iτ2Lj

+ λ2LR
fj Q̄f `jΦ2 + λ̃2

fj d̄f Φ̃T
2 iτ2Lj + λ3

fj Q̄
c
f iτ2(τ · Φ3)†Lj + h.c. . (2.1)

Here Q and L are the quark and lepton SU(2)L doublets while u, d and ` are singlets, τ2 is
the second Pauli matrix and the superscript c denotes charge conjugation.

After electroweak (EW) symmetry breaking, the SU(2)L doublets are decomposed
into their components with definite electric charge and the quark and lepton fields can be

1The CMS excess in pp→ e+e− [150, 151] could also be explained by LQs [152, 153]. The same is true
of the Cabbibo Angle anomaly [154–159], although some fine tuning in D0 − D̄0 mixing is required [152].
Furthermore, scalar LQs are the only possible candidates for explaining ∆AF B [160] in b→ D∗`ν [161].

2Here we disregard couplings to two quarks, which would lead to proton decay, and can be forbidden by
assigning lepton and baryon numbers to the LQs.
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SU(3) SU(2)L U(1)Y
Φ1 3 1 −1/3
Φ̃1 3 1 −4/3
Φ2 3 2 7/6
Φ̃2 3 2 1/6
Φ3 3 3 −1/3

Table 1. The five possible scalar leptoquark representations under the SM gauge group.

transformed to the physical mass eigenbasis. While the rotations of the lepton and the
right-handed quark fields can be absorbed by a redefinition of the couplings λ, and are thus
unphysical, the CKM matrix unavoidably appears in couplings involving left-handed quark
fields. Working in the down basis, such that the CKM matrix only enters in couplings to
left-handed up-quarks,

LEW =
(
λ1R
fj ū

c
fPR`j + V ∗ff ′λ

1L
f ′j ū

c
fPL`j − λ1L

fj d̄
c
fPLνj

)
Φ−1/3∗

1 + λ̃1
fj d̄

c
fPR`jΦ̃

−4/3∗
1

+ λ2RL
fj

(
ūfPL`jΦ5/3

2 − ūfPLνjΦ2/3
2

)
+ Vff ′λ

2LR
f ′j ūfPR`jΦ

5/3
2 + λ2LR

fj d̄fPR`jΦ2/3
2

+ λ̃2
fj

(
d̄fPL`jΦ̃2/3

2 − d̄fPLνjΦ̃−1/3
2

)
+ V ∗ff ′λ

3
f ′j

(√
2ūcPLνΦ2/3∗

3 − ūcPL`Φ−1/3∗
3

)
− λ3

fj

(
d̄cPLνΦ−1/3∗

3 +
√

2d̄cPL`Φ−4/3∗
3

)
+ h.c. , (2.2)

where the superscripts on the LQ fields indicate the corresponding electric charge.
We can write these interaction terms in a generic manner3

LLQq` =
∑
a

q̄
(
ΓaLq` PL + ΓaRq` PR

)
`Φa + h.c. , (2.3)

with a = 1, 2, . . . running over the different LQ fields (several ‘copies’ of LQs belonging to
the same representation also allowed). In this notation we would have e.g. for Φa = Φ̃2/3

2
the relation

ΓaLq` = ΓaRq` = λ̃2
q` , (2.4)

and similarly for the other LQs. Thus, we will present our results in terms of the generic
couplings Γa(L,R)

q` , and one can derive from them the specific cases in terms of the couplings
in eq. (2.1).

2.2 Leptoquark contributions to ∆F = 2 processes at LO

Due to the relatively low energy scale at which neutral meson mixing takes place, its
physics can be described by an effective field theory (EFT) where SM EW-scale particles
(W,Z, higgs and top) as well as the LQs4 are not dynamical degrees of freedom but are

3The lepton ` here may be a charged lepton of a neutrino. For Φ1, Φ3, ` denotes a charge-conjugated
lepton field. This is inconsequential in our calculation of QCD corrections, since QCD does not see the
charge of the lepton fields.

4We assume that the LQs are heavier than the EW scale as indicated by LHC searches.
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Figure 1. Feynman diagrams depicting leading-order scalar LQ contributions to the Wilson
coefficients C(0)

i .

rather integrated out from the action. Flavour-changing transitions are then mediated by
effective operators of dimension six or higher (see, e.g. [217]). The most general set of
(physical) dimension six operators for ∆F = 2 processes contains eight operators (for a
specific flavour transition)

L∆F=2
eff = −

5∑
i=1

CiOi −
3∑
i=1

C ′iO′i . (2.5)

In the case of Bs − B̄s mixing, the operators in the so-called “SUSY” basis read explicitly

O1 = s̄αγ
µPLbαs̄βγµPLbβ , O5 = s̄αPLbβ s̄βPRbα ,

O2 = s̄αPLbαs̄βPLbβ , O′1 = s̄αγ
µPRbαs̄βγµPRbβ ,

O3 = s̄αPLbβ s̄βPLbα , O′2 = s̄αPRbαs̄βPRbβ , (2.6)
O4 = s̄αPLbαs̄βPRbβ , O′3 = s̄αPRbβ s̄βPRbα .

where α, β are colour indices. The corresponding expressions for K0 − K̄0, D0 − D̄0 and
Bd − B̄d mixing follow by a simple exchange of flavours. The associated Wilson coefficients
C

(′)
i can be calculated from a given UV-complete theory by performing a matching calculation

at the matching scale µ0, which is of the order of the mass of the particles that are integrated
out. The matching calculation is done by equating the (expanded) full-theory and the EFT
amplitudes at the matching scale, order by order in perturbation theory. We therefore write

Ci = C
(0)
i + C

(1)
i +O(α2

s) , (2.7)

where the superscript indicates the order in the strong coupling αs.
The leading-order contributions originating from LQ exchange to the LO Wilson

coefficients C(0)
i arise from the one-loop diagrams shown in figure 1. These results, which

are similar to the ones in the MSSM [218–225] or 2HDMs [226] are known [202, 216, 227, 228],
and the non-zero Wilson coefficients at the matching scale µ0 are given by

C
(0)
1 (µ0) = 1

128π2M2
∑
a,b

ΓRabΓRba
log(xa/xb)
xa − xb

, (2.8)

– 4 –



J
H
E
P
0
3
(
2
0
2
2
)
1
8
5

C
′(0)
1 (µ0) = 1

128π2M2
∑
a,b

ΓLabΓLba
log(xa/xb)
xa − xb

, (2.9)

C
(0)
4 (µ0) = − 1

32π2M2
∑
a,b

ΓLabΓRba
log(xa/xb)
xa − xb

, (2.10)

with
xa = M2

a

M2 , ΓXab =
∑
`

ΓaXs` ΓbX∗b` . (2.11)

In these expressions we have introduced a generic mass M setting scale for the Wilson
coefficients. In the degenerate case where Ma = M (for all a)

C
(0)
1 (µ0) = 1

128π2M2
∑
a

ΓRaaΓRaa , C
′(0)
1 = C1

∣∣
R→L , C

(0)
4 (µ0) = −1

32π2M2
∑
a

ΓLaaΓRaa .

(2.12)
Note that the leading-order Wilson coefficients C(0)

i do not depend explicitly on the matching
scale µ0. However they do carry an implicit dependence through the scale dependence of
the LQ masses Ma and the couplings ΓXab. For the numerical analysis it will be reasonable
to define the parameters inside C(0)

i (µ0) as the renormalized parameters at the scale µ0, i.e.
Ma(µ0) and ΓXab(µ0). Formally, setting a different scale amounts to an αs correction to C(0)

i ,
and thus one could absorb the µ0 dependence into C(1)

i . However, since the renormalization-
scale dependence of Ma and ΓXab is known prior to C(1)

i (which we are calculating in this
article), it is reasonable to include this implicit matching scale dependence in C(0)

i already
at leading order.

Below the matching scale, the renormalization-scale dependence of the Wilson coeffi-
cients is determined by the anomalous dimension matrix (ADM) in the EFT

dCi
d logµ = γjiCj =

(
α̂sγ

(0)
ji + α̂2

sγ
(1)
ji + · · ·

)
Cj , (2.13)

with α̂s ≡ αs/(4π). The leading-order ADM γ(0) is obtained from the one-loop renormal-
ization of the EFT, and it is scheme-independent:5

γ(0) =


4 0 0 0 0
0 −28/3 4/3 0 0
0 16/3 32/3 0 0
0 0 0 −16 0
0 0 0 −6 2

 , (2.14)

for C1−5, with the ADMs for C ′1−3 equal to the ones for the C1−3 sector.
The next-to-leading ADM γ(1) arises at two-loops [212, 213]. It was derived in ref. [213]

using a different basis for physical operators (the “BMU” basis). The Wilson coefficients at
NLO will be scheme-dependent, and it will be important to use the same scheme for γ(1) in

5Here and in the following all elements in the 2–3 sector will appear in gray in order to make it clear
that they do not play any role when C2,3 = 0, as is our case.
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order to get scheme-independent observables. In our basis and scheme, the ADM γ(1) is
given by (see appendix B for details)

γ(1) =



4f
9 − 7 0 0 0 0

0 220f
27 −

476
3 −4f

27 −
4
3 0 0

0 73 + 110f
27

359
3 −

218f
27 0 0

0 0 0 68f
9 −

1343
6 4f − 225

2
0 0 0 22f

3 − 99 71
3 −

22f
9

 , (2.15)

where f is the number of active quark flavours.

2.3 LO matching for ∆F = 2 processes including SU(2) invariance

We now calculate the leading-order effect in ∆F = 2 processes taking into account explicitly
SU(2) invariance for the different LQ representations. For D0 − D̄0 mixing we find

C
D(0)
1 (µ0) = 1

128π2M2
∑
i,j

(
λ̂1L∗

1i λ̂1L
2i λ̂

1L∗
1j λ̂1L

2j f (x1, x1)+λ2LR
1i λ2LR∗

2i λ2LR
1j λ2LR∗

2j f (x2, x2)
+5λ̂3∗

1i λ̂
3
2iλ̂

3∗
1j λ̂

3
2jf (x3, x3)+2λ1L∗

1i λ̂3
2iλ̂

3∗
1jλ

1L
2j f (x1, x3)

)
,

C
D(0)
4 (µ0) = −1

32π2M2
∑
i,j

(
λ̂1L∗

1i λ̂1L
2i λ

1R∗
1j λ1R

2j f (x1, x1)+ λ̂2LR
1i λ̂2LR∗

2i λ̂2RL
1j λ̂2RL∗

2j f (x2, x2)
)
,

C
′D(0)
1 (µ0) = 1

128π2M2
∑
i,j

(
λ1R∗

1i λ1R
2i λ

1R∗
1j λ1R

2j f (x1, x1)+2λ2RL
1i λ2RL∗

2i λ2RL
1j λ2RL∗

2j f (x2, x2)
)
,

(2.16)
with

f (x, y) = log(x/y)
x− y

, (2.17)

and where we have defined

λ̂1L
fj =

3∑
f ′=1

V ∗ff ′λ
1L
f ′j , λ̂2LR

fj =
3∑

f ′=1
Vff ′λ

2LR
f ′j , λ̂3

fj =
3∑

f ′=1
V ∗ff ′λ

3
f ′j . (2.18)

For Kaon mixing we find

C
K(0)
1 (µ0) = 1

128π2M2
∑
i,j

(
λ1L∗

1i λ1L
2i λ

1L∗
1j λ1L

2j f (x1, x1)+λ2LR
1i λ2LR∗

2i λ2LR
1j λ2LR∗

2j f (x2, x2)
+5λ3∗

1iλ
3
2iλ

3∗
1jλ

3
2jf (x3, x3)+2λ1L∗

1i λ3
2iλ

3∗
1jλ

1L
2j f (x1, x3)

)
,

C
′K(0)
1 (µ0) = 1

128π2M2
∑
i,j

(
λ̃1∗

1i λ̃
1
2i λ̃

1∗
1j λ̃

1
2jf (x1̃, x1̃)+2λ̃2∗

1i λ̃
2
2i λ̃

2∗
1j λ̃

2
2jf (x2̃, x2̃)

+2λ2LR
1i λ̃2∗

2i λ̃
2
1jλ

2LR∗
2j f (x2, x2̃)

)
. (2.19)

From this formula, the matching conditions for Bs− B̄s and Bd− B̄d mixing can be obtained
by a trivial exchange of flavour indices.

Comparing these expressions with eqs. (2.8)–(2.10) we can make the following identifi-
cation between the couplings Γ in the generic Lagrangian of eq. (2.4) and the LQ couplings
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in the SU(2)-invariant Lagrangian of eq. (2.1). For the case of D0 − D̄0 mixing we have

∑
a,b

ΓRabΓRbaf (xa, xb) =
∑
i,j

 λ̂1L∗
1i λ̂1L

2i λ̂
1L∗
1j λ̂1L

2j f (x1, x1) + λ2LR
1i λ2LR∗

2i λ2LR
1j λ2LR∗

2j f (x2, x2)
+5λ̂3∗

1i λ̂
3
2iλ̂

3∗
1j λ̂

3
2jf (x3, x3) + 2λ1L∗

1i λ̂3
2iλ̂

3∗
1jλ

1L
2j f (x1, x3)

 ,

∑
a,b

ΓLabΓLbaf (xa, xb) =
∑
i,j

(
λ1R∗

1i λ1R
2i λ

1R∗
1j λ1R

2j f (x1, x1) + 2λ2RL
1i λ2RL∗

2i λ2RL
1j λ2RL∗

2j f (x2, x2)
)
,

∑
a,b

ΓLabΓRbaf (xa, xb) =
∑
i,j

(
λ̂1L∗

1i λ̂1L
2i λ

1R∗
1j λ1R

2j f (x1, x1) + λ̂2LR
1i λ̂2LR∗

2i λ̂2RL
1j λ̂2RL∗

2j f (x2, x2)
)
,

(2.20)

while for K0 − K̄0 mixing we have

∑
a,b

ΓRabΓRbaf (xa, xb) =
∑
i,j

 λ1L∗
1i λ1L

2i λ
1L∗
1j λ1L

2j f (x1, x1) + λ2LR
1i λ2LR∗

2i λ2LR
1j λ2LR∗

2j f (x2, x2)
+5λ3∗

1iλ
3
2iλ

3∗
1jλ

3
2jf (x3, x3) + 2λ1L∗

1i λ3
2iλ

3∗
1jλ

1L
2j f (x1, x3)

 ,

∑
a,b

ΓLabΓLbaf (xa, xb) =
∑
i,j

 λ̃1∗
1i λ̃

1
2i λ̃

1∗
1j λ̃

1
2jf (x1̃, x1̃) + 2λ̃2∗

1i λ̃
2
2i λ̃

2∗
1j λ̃

2
2jf (x2̃, x2̃)

+2λ2LR
1i λ̃2∗

2i λ̃
2
1jλ

2LR∗
2j f (x2, x2̃)

 .
(2.21)

These expressions can be used to write any Wilson coefficient calculated using the generic
Lagrangian of eq. (2.4) in terms of the couplings of the SU(2)-invariant Lagrangian, also
beyond the LO.

3 Next-to-leading-order calculation

3.1 QCD renormalization of the LQ Lagrangian

In the presence of next-to-leading order (NLO) QCD corrections, the LQ Lagrangian must
be renormalized. Thus, the couplings and fields in eq. (2.4) are to be understood as bare
(divergent) quantities. Using multiplicative renormalization, the Lagrangian reads

LLQ =−ZΦ∂
µΦ∗∂µΦ−ZMM2Φ∗Φ

− ZG4 GAµνGAµν + iZgsgs [Φ∗α∂µΦβ−(∂µΦ∗α)Φβ)]GAµTAαβ−Z2
gs
g2
sΦ∗αΦβG

AµGBµ T
A
ασT

B
σβ

+Zq q̄α(i/∂)qβδαβ+Zgsgsq̄α /G
A
qβT

A
αβ+

[
ZΓ q̄

(
ΓaLq` PL+ΓaRq` PR

)
`Φ∗a+h.c.

]
, (3.1)

where we have considered massless quarks, only a single LQ as well as only one generation
of quark and leptons. However, as QCD is flavour blind, this trivially generalizes to the
case of multiple generations of quarks and leptons as well as several LQ components. The
renormalization constants Zi = 1 + δi contain the counterterms δi. At one loop order, these
counterterms are fixed by subtracting the 1/ε poles originating from the diagrams shown
in figure 2 (as well as the quark self-energy) within the MS scheme, which we will use
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Figure 2. One-loop diagrams leading to the renormalization of the LQ mass and the LQ coupling
to quarks and leptons.

throughout this article, resulting in

δM = −α̂sCF
1
ε
, δΦ = α̂sCF

2
ε
,

δΓ = −α̂sCF
1
ε
, δq = −α̂sCF

1
ε
,

δgs = −α̂s
(
−CF −

CA
2

) 1
ε
.

(3.2)

The renormalized LQ mass and the couplings thus obey a renormalization group (RG)
equation which determines their renormalization scale dependence:

dMa

d logµ = −3CF α̂sMa +O(α̂2
s) ,

dΓaXq`
d logµ = −3CF α̂sΓaXq` +O(α̂2

s) , (3.3)

dα̂s
d logµ = O(α̂2

s) ,

where α̂s ≡ αs/(4π) and CF = 4/3.

3.2 Set-up of the NLO matching calculation

The set-up for the NLO matching calculation is the same as the one described e.g. in ref. [220].
We match the amplitudes of the full theory onto the ones arising in the EFT at NLO in αs
at the matching scale µ0 to determine C(1)

i . The amplitudes in the EFT are given by

Aeff =
∑
i,j

Ci
(
δij + α̂s rij +O(α2

s)
)
〈Oj〉(0) , (3.4)

where 〈Oi〉(0) are tree-level matrix elements, and rij is given by [220]

r =


4/3 0 0 0 0
0 44/3 −4/3 0 0
0 −16/3 −16/3 0 0
0 0 0 64/3 0
0 0 0 6 10/3

 log(µ/λ) +


−5 0 0 0 0
0 1/3 −1 0 0
0 −15/2 −25/6 0 0
0 0 0 19/3 −3
0 0 0 −1/2 −7/6

 ,

(3.5)
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with the elements in the 3 × 3 primed sector equal to the ones in the i = 1, 2, 3 sector.
The parameter λ, an artificial gluon mass, is an infrared (IR) regulator needed to separate
ultraviolet (UV) and IR divergences. The λ dependence must cancel in the matching
procedure such that the Wilson coefficients do not depend on it. This also provides a
cross-check of the calculation. The log-independent term (the second matrix in eq. (3.5))
depends on the renormalization scheme. In this case the chosen scheme is the MS-NDR
scheme with the evanescent operators given in appendix A of ref. [213]. It is important to
use the same scheme in the calculation of the NLO full-theory amplitude in order to get
consistent results.

The amplitudes in the full theory at NLO are the sum of the LO contributions from
the diagrams in figure 1 and the NLO contributions from the two-loop diagrams shown
in figure 3. It can be written as

ALQ =
∑
i

(
F

(0)
i + α̂s F

(1)
i +O(α2

s)
)
〈Oi〉(0) , (3.6)

again in terms of tree-level matrix elements. Requiring equality of EFT and full-theory
amplitudes at the matching scale µ0 order-by-order in αs(µ0), and writing

Ci(µ0) = C
(0)
i (µ0) + C

(1)
i (µ0) +O(αs(µ0)2) , (3.7)

gives

C
(0)
i = F

(0)
i , (3.8)

C
(1)
i = α̂s F

(1)
i − α̂s

∑
j

F
(0)
j rji . (3.9)

The coefficients C(0)
i = F

(0)
i have been given in section 2.2. The only missing pieces are

thus the NLO functions F (1)
i , which are obtained from the evaluation of the genuine two-

loop Feynman diagrams and one-loop diagrams with counterterms to be discussed in the
next section.

3.3 Calculation of the two-loop contributions

In order to extract the NLO functions F (1)
i , we compute the O(αs) part of the (renormalized)

amplitude in the full theory A(bαs̄β → sδ b̄γ), at vanishing external momenta. We express
this part of the amplitude as a sum of the two-loop Feynman diagrams (Dx) and one-loop
Feynman diagrams with counterterms (Cx), shown in figure 3,

iANLO
LQ =

∑
x∈{NLO diagrams}

(
Dx + Cx

)
. (3.10)

The counterterm diagrams have the structure of a one-loop box diagram with a 1/ε vertex
or propagator insertion, and thus the corresponding one-loop integral must be calculated up
to and including terms of order ε. The pairs (Dx + Cx) are UV-finite, and can be written as

Dx + Cx = α̂sfx(mj , λ)(ūsδΓxubα)(v̄sβΓ̃xvbγ) + α̂sf
′
x(mj , λ)(ūsδΓ′xvbγ)(v̄sβΓ̃′xubα) . (3.11)
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The parameter λ is a gluon mass that we have introduced to regularize IR divergencies in
diagrams where the gluon connects the external (massless) quark legs. This is the same IR
regulator appearing in eq. (3.5).

In order to extract the functions F (1)
i we must write the spinor structures in eq. (3.11)

as a linear combination of tree-level matrix elements 〈Oi〉(0). We do this by applying suitable
Dirac projectors Pi = P

(i)
A S(i) ⊗ P (i)

B S(i) which act on the spinor structures as

vbγ ūsδ → P
(k)
A S

(k)
δγ , ubαv̄sβ → P

(k)
B S

(k)
αβ . (3.12)

Here P (k) are Dirac matrices and S(k) colour structures (δ or TA). These projectors are
defined such that

Pi〈Oj〉(0) = δij +O(ε2) . (3.13)

Specific details about these projections are given in appendix A. In this way, the contribution
to the function F (1)

i from the pair (Dx + Cx) is given by

αsF
(1)
i

∣∣∣
x

= Pi[Dx + Cx] . (3.14)

The advantage of this approach is that the projection can be performed before evaluating
the loop integrals, transforming the integrands into scalar functions of the loop momenta.
The scalar two-loop integrals can now be computed as in ref. [220]: first, loop momenta in
the numerators are reduced by expressing them in the form of the denominators; second,
the denominators are decomposed using partial fraction, after which the integral can be
expressed as a sum of terms of the form

f(Mi, λ)
∫
ddq1 ddq2

(2π)2d
1

(q2
1 −m2

1)n1(q2
2 −m2

2)n2 [(q1 − q2)2 −m2
3]n3

. (3.15)

The solution of these scalar integrals is known [229].
The contributions from each pair (Dx+Cx) to the functions F (1)

i are separately UV-finite,
and this provides a non-trivial check of the two-loop integrals (note that the individual
expressions for the scalar integrals in eq. (3.15) contain 1/ε and 1/ε2 poles). The results for
the functions F (1)

i still depend on the IR regulator λ. This dependence is cancelled in the
combination F (1)

i − F
(0)
j rji. This cancellation is also non-trivial and constitutes yet another

check of the two-loop calculation.
All types of two-loop diagrams are shown in figure 3. It is useful to classify these

diagrams into finite, UV divergent and IR divergent ones. The first two diagrams are finite
and thus no renormalization is required. The following two diagrams are UV divergent,
and correspond precisely to the one-loop renormalization of the LQ self-energy and vertex
correction from figure 2. Their corresponding counterterm diagrams are shown in the last
row of figure 3. The remaining diagrams, in which the gluon connects external quarks,
are IR divergent. Such diagrams will have a λ dependence which will contribute to the
function F (1)

i . As mentioned before, this λ dependence will cancel with the one from the
EFT contained in eq. (3.5) when performing the matching.
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s b

sb

`′

Φb

`

Φa g

s b

sb

`′

Φb

`

Φa
g

s b

sb

`′

Φb

`

Φag

s b

sb

`′

Φb

`

Φa
g

s b

sb

`′

Φb

`

Φag

s b

sb

`′

Φb

`

Φa

g

s b

sb

`′

Φb

`

Φa

δM

s b

sb

`′

Φb

`

Φa

δΓ

Figure 3. A sample of two-loop diagrams, and one-loop diagrams with counterterm insertions
(indicated by the cross), contributing to the NLO QCD matching for Bs − B̄s mixing.
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3.4 Matching results for the Wilson coefficients at NLO

The final results for the (non-zero) NLO Wilson Coefficients C(1)
i at the matching scale are

C
(1)
1 (µ0) = αsΓRabΓRba

4608π3M2x2
ax

2
b(xa−xb)

2

×
[
x3
ax

2
b

(
30Li2 (1−Xa

b )+log(Xa
b )
(
54log

(
Xµ
b

)
+69

)
−12log2 (Xa

b )−5π2+36
)

−x4
axb

(
6Li2 (1−Xa

b )+3log2 (Xa
b )+36log(Xa

b )+π2+36
)

+6x5
a

(
6Li2 (1−Xa

b )+3log2 (Xa
b )+π2

)
+a↔ b

]
, (3.16)

C
(1)
4 (µ0) =− αsΓLabΓRba

1152π3M2xaxb(xa−xb)2

×
[
x2
axb

(
12Li2 (1−Xa

b )+6log(Xa
b )
(
4log(Xa

b )−3
(
log(Xµ

a )+log
(
Xµ
b

))
+10

)
+π2

)
−x3

b

(
π2−6Li2 (1−Xa

b )
)

+a↔ b
]
, (3.17)

C
(1)
5 (µ0) =− αsΓLabΓRba

384π3M2xaxb(xa−xb)2 (3.18)

×
[
x3
b

(
π2−6Li2 (1−Xa

b )
)

+xax2
b

(
12Li2 (1−Xa

b )−12log(Xa
b )−π2

)
+a↔ b

]
,

with
Xa
b = M2

a

M2
b

, Xµ
a = µ2

0
M2
a

, xa = M2
a

M2 . (3.19)

Note that the dependence on M drops out. In the equal LQ mass limit one has

C
(1)
1 (µ0) = αs

ΓRaaΓRaa
4608π3M2

(
108 log µ0

M
+ 34π2 − 273

)
, (3.20)

C
(1)
4 (µ0) = αs

ΓLaaΓRaa
1152π3M2

(
72 log µ0

M
+ 2π2 − 105

)
, (3.21)

C
(1)
5 (µ0) = −αs

ΓLaaΓRaa
384π3M2

(
2π2 + 3

)
. (3.22)

The result for C ′(1)
1 (µ0) is equal to that of C(1)

1 (µ0) with the replacement ΓRab → ΓLab.
The results derived here can be easily translated into a matching to the SMEFT above

the EW scale. For the necessary formulas we refer to e.g. ref. [216].

4 Phenomenological analysis

4.1 Numerical results

Let us now derive simple numerical results from the analytic expressions obtained in the
previous section for K0− K̄0, D0− D̄0 and Bs,d− B̄s,d mixing as a function of the couplings
Γ (for µ0 = M).

The relevant quantity is the matrix element of the ∆F = 2 effective Hamiltonian,

〈P 0|H∆F=2
eff |P̄ 0〉 =

∑
i

Ci(µ)〈Oi(µ)〉 , (4.1)
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K0 − K̄0 D0 − D̄0 Bd − B̄d Bs − B̄s

B
(1)
P (µ) 0.506(17) 0.757(27) 0.913(86) 0.952(66)

B
(2)
P (µ) 0.46(3) 0.65(4) 0.761(76) 0.806(59)

B
(3)
P (µ) 0.79(5) 0.96(8) 1.07(22) 1.10(16)

B
(4)
P (µ) 0.78(5) 0.87(6) 1.040(87) 1.022(66)

B
(5)
P (µ) 0.47(4) 0.68(5) 0.96(10) 0.943(75)

Table 2. Bag parameters calculated within lattice QCD, adapted from refs. [230, 231]. The
renormalization scale is µ = {3, 3, 4.18, 4.18}GeV for P = {K0, D0, Bd, Bs}.

where 〈Oi(µ)〉 ≡ 〈P 0|Oi(µ)|P̄ 0〉 can be expressed in terms of non-perturbative “bag param-
eters” B(i)

P (see e.g. ref. [230]),

〈O(′)
1 (µ)〉 = 2

3f
2
PM

2
PB

(1)
P (µ) , (4.2)

〈O(′)
2 (µ)〉 = − 5

12

(
MP

mh(µ) +ml(µ)

)2
f2
PM

2
PB

(2)
P (µ) , (4.3)

〈O(′)
3 (µ)〉 = 1

12

(
MP

mh(µ) +ml(µ)

)2
f2
PM

2
PB

(3)
P (µ) , (4.4)

〈O4(µ)〉 = 1
2

[(
MP

mh(µ) +ml(µ)

)2
+ 1

6

]
f2
PM

2
PB

(4)
P (µ) , (4.5)

〈O5(µ)〉 = 1
6

[(
MP

mh(µ) +ml(µ)

)2
+ 3

2

]
f2
PM

2
PB

(5)
P (µ) , (4.6)

where P = {K0, D0, Bd, Bs} and (mh,ml) = {(ms,md), (mc,mu), (mb,md), (mb,ms)} are
running MS masses. The numerical values for the bag parameters B(i)

P (µ) are calculated
using lattice QCD and can be found in refs. [230, 231].6 For convenience we reproduce these
numbers in table 2 adjusted to the conventions used in eqs. (4.2)–(4.6). The quoted results
for the bag parameters are given at the renormalization scales µ = {3, 3, 4.18, 4.18}GeV
for P = {K0, D0, Bd, Bs}, and in the renormalization scheme of ref. [213], which is the
same one used here in the calculation of the Wilson coefficients. The numerical values of
the various quantities appearing in eqs. (4.2)–(4.6) are collected in table 3. The resulting
numbers for the matrix elements 〈Oi(µ)〉 at the relevant renormalization scales are collected
in table 4.

In order to provide numerical formulas for the matrix element in eq. (4.1) we also need
the matching result Ci(µ0) and the evolution matrix U(µ, µ0), defined by

Ci(µ) = U(µ, µ0)ijCj(µ0) . (4.7)

The evolution matrix is calculated by solving the RGE in eq. (2.13) numerically, using the
LO and NLO ADMs in eqs. (2.14) and (2.15). For the evolution of the strong coupling

6Other recent determinations can be found in refs. [215, 232, 233].
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MK0 = 497.611(13) MeV [234] MD0 = 1.86484(5) GeV [234]
MBd

= 5.27965(12) GeV [234] MBs = 5.36688(14) GeV [234]
mu(3 GeV) = 2.3(2) MeV †† md(3 GeV) = 4.4(2) MeV ††

ms(3 GeV) = 84.4(6) MeV †† mc(3 GeV) = 0.988(7) GeV [235]
mb(mb) = 4.18(3) GeV [234]
md(mb) = 4.1(2) MeV †† ms(mb) = 78.9(6) MeV ††

fK = 155.7(3) MeV [235] fD = 212.0(7) MeV [235]
fBd

= 190.0(1.3) MeV [235] fBs = 230.3(1.3) MeV [235]

Table 3. Set of inputs used in the numerical analysis. The inputs marked †† have been obtained
from the values at the scale of 2 GeV given in ref. [235], by running them to 3 GeV and 4.18 GeV
using RunDec [237] at four loops in 4-flavour QCD.

αs(µ) we use the four loop result from RunDec [237]. We find

U(4.18 GeV, 1 TeV) =


0.794 0 0 0 0

0 1.886 −0.392 0 0
0 −0.079 0.520 0 0
0 0 0 2.909 0.666
0 0 0 0.114 0.902

 , (4.8)

U(3 GeV, 1 TeV) =


0.775 0 0 0 0

0 2.034 −0.445 0 0
0 −0.089 0.484 0 0
0 0 0 3.299 0.798
0 0 0 0.148 0.898

 . (4.9)

Note that the evolution for C ′1,2,3 is the same as the one for C1,2,3.
For the LQ contribution to the Wilson coefficients at the matching scale Ci(µ0) =

Ci(1 TeV) we use the formulas in eqs. (2.12) and (3.20)–(3.22) with M = µ0 = 1 TeV (the
matching scale dependence will be discussed in the following section). We find:

C1(1 TeV) = 7.92 · 10−10 ΓRaaΓRaa
[
1LO + 0.05NLO

]
GeV−2 = 8.30 · 10−10 ΓRaaΓRaa GeV−2 ,

(4.10)
C ′1(1 TeV) = 7.92 · 10−10 ΓLaaΓLaa

[
1LO + 0.05NLO

]
GeV−2 = 8.30 · 10−10 ΓLaaΓLaa GeV−2 ,

(4.11)
C4(1 TeV) = −3.17 · 10−9 ΓLaaΓRaa

[
1LO + 0.07NLO

]
GeV−2 = −3.38 · 10−9 ΓLaaΓRaa GeV−2 ,

(4.12)
C5(1 TeV) = −1.69 · 10−10 ΓLaaΓRaa

[
0LO + 1NLO

]
GeV−2 = −1.69 · 10−10 ΓLaaΓRaa GeV−2 .

(4.13)
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K0 − K̄0 D0 − D̄0 Bd − B̄d Bs − B̄s

〈O(′)
1 (µ)〉 0.00202(0.00007) 0.079(0.003) 0.611(0.058) 0.967(0.068)

〈O(′)
2 (µ)〉 −0.0361(0.0024) −0.150(0.010) −0.508(0.051) −0.813(0.061)

〈O(′)
3 (µ)〉 0.0124(0.0008) 0.044(0.004) 0.142(0.030) 0.222(0.033)
〈O4(µ)〉 0.0739(0.0048) 0.252(0.018) 0.921(0.079) 1.367(0.092)
〈O5(µ)〉 0.0154(0.0013) 0.089(0.007) 0.498(0.052) 0.739(0.059)

Table 4. Values for the matrix elements of ∆F = 2 operators, in units of GeV4. The renormalization
scale is µ = {3, 3, 4.18, 4.18}GeV for P = {K,D,Bd, Bs}.

Putting everything together, we have

〈K0|H∆F=2
eff |K̄0〉=

[
(0.131±0.004)(ΓLaaΓLaa+ΓRaaΓRaa)+(−84.5±5.5)ΓLaaΓRaa

]
·10−11 GeV2 ,

〈D0|H∆F=2
eff |D̄0〉=

[
(0.051±0.002)(ΓLaaΓLaa+ΓRaaΓRaa)+(−2.91±0.20)ΓLaaΓRaa

]
·10−9 GeV2 ,

〈Bd|H∆F=2
eff |B̄d〉=

[
(0.41±0.38)(ΓLaaΓLaa+ΓRaaΓRaa)+(−9.41±0.81)ΓLaaΓRaa

]
·10−9 GeV2 ,

〈Bs|H∆F=2
eff |B̄s〉=

[
(0.64±0.04)(ΓLaaΓLaa+ΓRaaΓRaa)+(−13.98±0.94)ΓLaaΓRaa

]
·10−9 GeV2 .

(4.14)

In a first approximation (neglecting logarithmic effects) these matrix elements scale like
1 TeV2/M2. Thus after inserting the explicit expressions for the couplings Γ, they can be
easily applied to set bounds on LQ models.

4.2 Matching scale dependence and importance of NLO corrections

The renormalization-scale dependence of the Wilson coefficients is given by the Renormal-
ization Group Equation (RGE)[

∂

∂ logµ + dαs
d logµ

∂

∂αs
+ dMa

d logµ
∂

∂Ma
+

dΓaXq`
d logµ

∂

∂ΓaXq`
− γT

]
~C(µ) = 0 , (4.15)

where a sum over the indices a, q, ` and X = L,R is understood. It is easy to check that
the matching conditions given in eqs. (2.8)–(2.10) and (3.16)–(3.18) satisfy this RGE up to
higher order O(α2

s) terms. More explicitly, using the beta functions in eq. (3.3),

∂C
(1)
i

∂ logµ = α̂s

[
3CFMa

∂C
(0)
i

∂Ma
+ 3CFΓaXq`

∂C
(0)
i

∂ΓaXq`
+ γ

(0)
ji C

(0)
j

]
. (4.16)

As discussed already in the previous section, even though the LO Wilson coefficients C(0)
i

do not depend explicitly on the matching scale µ0, they do depend on it implicitly through
the running masses and couplings. This means we treat M(µ0) and ΓXij (µ0) as functions
of the matching scale µ0. Then, one can calculate the matrix element for the ∆F = 2
process in question, taking into account that µ0 is at the same time the initial scale for
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the renormalization-group evolution of the Wilson coefficients down to the hadronic scale.
The running of the masses and couplings cancels the matching-scale dependence of physical
observables order-by-order in αs(µ0). For the evolution down to the hadronic scale we will
use the NLO anomalous dimensions also for the LO estimate (even though this is higher
order αs) since these results were known previously to our calculation.

In order to illustrate both the relative size of the NLO matching corrections and the
reduction of the matching-scale dependence of physical observables, we focus on the case of
B̄s −Bs mixing and consider the quantity

R(µ0) = Ci(µb)〈Oi(µb)〉
C

(0)
i (µb)〈Oi(µb)〉|µ0=1 TeV

. (4.17)

The numerator in R depends on the matching scale µ0 via the starting scale of the RGE,
the LQ mass M(µ0), the LQ couplings to fermions ΓL,R(µ0) and the explicit µ0 dependence
of C(1)

i , which contains a logarithm of the matching scale. In the denominator the matching
scale is fixed to the reference value µ0 = 1 TeV.

In figure 4 we plot separately the contributions to R with ΓRΓL = 0, ΓRΓR = ΓLΓL and
ΓRΓR = ΓLΓL = 0, which are called R1 and R4,5, respectively, as they are related to the
corresponding Wilson coefficients. We also show separately the LO and NLO contributions
to R. The LO effect is obtained by setting Ci = C

(0)
i in the numerator of eq. (4.17),

understanding M and ΓL,R in the expression for C(0)
i as running parameters at the scale

µ0 derived from their reference values M(1 TeV) = 1 TeV and ΓL,R(1 TeV). We see that
the LO result has a sizable matching scale dependence, both in the C1 contribution (or
equivalently C ′1) and in the C4,5 contribution. This scale dependence is, as expected and
required, significantly reduced once the NLO matching effects are included. One can also
see from figure 4 that the NLO corrections lead to a constructive effect of the order of 5%
(8%) for the case of C1 (C4,5).

5 Conclusions

Leptoquarks are prime candidates for an explanation of the flavour anomalies, in particular
of the hints for NP in b → s`+`− and b → cτν transitions. While contributing to these
processes, other flavour observables, such as ∆F = 2 processes, are unavoidably also
modified. Thus, viable explanations of the flavour anomalies must also satisfy these
experimental bounds.

In this article we have studied the ∆F = 2 processes D0− D̄0, K0− K̄0 and Bs,d− B̄s,d
mixing in models with scalar LQs. We have first obtained the complete LO matching
for all five representations of scalar LQs under the SM gauge group (including mixed
contributions). Then we have calculated the NLO αs corrections to the matching. This
allows for a consistent use of the existing two-loop anomalous dimensions in the EFT and
significantly reduces the matching scale uncertainty in the calculation of physical observables.
We find that the NLO matching corrections lead to a constructive effect of the order of
5% (8%) for the case of C1 (C4, C5). We have also provided easy-to-use semi-numerical
formulas for the neutral meson mixing amplitudes (at the meson level).
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Figure 4. Matching-scale dependence of the ratios R1 and R4,5 for M(1 TeV) = 1 TeV. The upper
plot shows the case in which C1 is generated (the ΓRΓR contribution to the mass difference), while
the lower plot shows the case in which C4 and C5 are generated (the ΓLΓR contribution to the
mass difference).
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A Projections

We describe the method used in the evaluation of both the EFT and full theory amplitudes
in our calculation. As explained in section 3.3 we construct projectors Pi, i = 1, . . . , 8
defined as

Pi〈Oj〉(0) = δij +O(ε2) , (A.1)

for a consistent method up to order O(ε) as this is the order of the divergences (see
section 3.1). In order to illustrate the approach, we first consider the full theory amplitude.
A generic two-loop amplitude can be expressed as

D =
∫

dnk

(2π)n
∫

dnq

(2π)n
ūsδΓA(k, q, µ, ν)ubα ⊗ v̄sβΓB(k, q, µ, ν)vbγ
(k2 −m2

1)n1(q2 −m2
2)n2((k − q)2 −m2

3)n3
, (A.2)

where Greek letters are colour indices and the s(b) index indicates the s(b) quark. The
objects ΓA,B represent strings of gamma matrices and loop momenta with saturated Lorentz
indices.7 Once the integration is performed (following ref. [229]) the amplitude is expressed
in terms of strings of gamma matrices with structures Λ(i)

A ⊗ Λ(i)
B together with coefficients

ai(m) which only depend on masses (generically denoted by m)

D =
∑
i

ai(m)
[
ūsδΛ

(i)
A ubα ⊗ v̄sβΛ(i)

B vbγ
]
. (A.3)

The coefficients ai(m) are UV finite because the full theory has been renormalized. The
Dirac structure ūsδΛ

(i)
A ubα ⊗ v̄sβΛ(i)

B vbγ corresponds to the tree-level matrix element of a
physical operator 〈Oi〉(0), which is always possible after some four-dimensional Dirac algebra.

Therefore, the projectors are constructed such that the coefficients ai(m) are projected
out whenever Pi is applied to the amplitude in eq. (A.3). For Pi = P

(i)
A ⊗ P

(i)
B , we require

Tr
[
Λ(i)
A P

(j)
A Λ(i)

B P
(j)
B

]
= δij , (A.4)

and the projection on the amplitude is defined by the following replacement:

ubαv̄sβ → P
(i)
B δαβ , vbγ ūsδ → P

(i)
A δδγ . (A.5)

7External quark legs are taken massless and with zero momenta.
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Using eq. (A.4) we find the projectors

P1 = − i

384p1 , P2 = − i

64p2 + i

2304p5 , P3 = i

192p2 + 5i
2304p5 ,

P4 = − i

192p3 −
i

32p4 , P5 = i

64p3 + i

96p4 , (A.6)

which are given as linear combinations of the following more basic ones,

p1 = γµPR ⊗ γµPR , p2 = PL ⊗ PL , p3 = γµPL ⊗ γµPR ,
p4 = PL ⊗ PR , p5 = σµνPL ⊗ σµνPL . (A.7)

The projectors P ′1,2,3 projecting onto C ′1,2,3 are equal to P1,2,3 with the replacement PR ↔ PL.
One can verify that the projectors of eq. (A.6) fulfill the condition in eq. (A.1), and so when
one applies Pi to an amplitude it projects out the coefficient of the 〈Oi〉(0) term.

In the EFT, the Dirac algebra cannot be carried out in four dimensions because the
presence of 1/ε poles in the loop integrals requires keeping ε terms in the Dirac Algebra
(see e.g. ref. [213]). Thus, when reducing the spinor structures in the EFT amplitudes to
tree-level matrix elements one is forced to introduce Evanescent operators E = EA ⊗ EB.
For the basis of Evanescent operators relevant for ∆F = 2 processes we use the ones given
in appendix A of ref. [213]. In this case we require the projectors to project out these terms:

Tr
[
E

(i)
A P

(j)
A E

(i)
B P

(j)
B

]
= O(ε2) ∀ i, j . (A.8)

This implies that for the EFT the projectors must be calculated to order O(ε) explicitly,8
and as a consequence the list of projectors pi includes further Dirac structures and colour
structures. Now, the replacement is

ubαv̄sβ → P
(k)
B Sαβ , vbγ ūsδ → P

(k)
A Sδγ , (A.9)

where Sαβ(δγ) is the colour structure which can either be δαβ(δγ) or TAαβ(δγ). Using the
corresponding conditions for the projectors, we find

P1 = − 455i
2304p1 −

193i
384 p9 + i

1152p8 + 323i
12288p13 + ε

149i
256 p1 , (A.10)

P2 = −2520983i
273888 p2 + 1489i

45648p7 −
655699i
45648 p10 + 10229i

365184p15 + 7i
4608p16

− 105617i
1095552p5 + ε

(31272625i
1643328 p2 + 4117901i

136944 p10

)
, (A.11)

P3 = −1257571i
136944 p2 + 373i

11412p7 −
655645i
45648 p10 + 10157i

365184p15 + 7i
4608p16

− 51817i
547776p5 + ε

(15625897i
821664 p2 + 2056349i

68472 p10

)
, (A.12)

P4 = − i

16p11 + i

144p6 + i

16p12 −
i

192p14 −
i

12p4 − ε
( 3i

16p12 + i

24p3

)
, (A.13)

P5 = − 3i
16p12 + i

48p11 −
i

36p3 + i

64p14 + iε

16p12 , (A.14)

8The traces with γ5 are performed in D dimensions in the Larin scheme [238].
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with the following list of projectors pi: for Sαβ(δγ) = δαβ(δγ),

p6 = γµγνγρPR ⊗ γµγνγρPR ,
p7 = σµνPL ⊗ σµνPR , (A.15)
p8 = γµγνγργσγλPR ⊗ γµγνγργσγλPR ,

and for Sαβ(δγ) = TAαβ(δγ),

p9 = γµPR ⊗ γµPR , p13 = γµγνγρPR ⊗ γµγνγρPR ,
p10 = PL ⊗ PL , p14 = γµγνγρPL ⊗ γµγνγρPR ,
p11 = γµPL ⊗ γµPR , p15 = σµνPL ⊗ σµνPR ,
p12 = PL ⊗ PR , p16 = γµγνγργσγλγδPL ⊗ γµγνγργσγλγδPL .

(A.16)

B Two-loop ADM in the SUSY basis

Our NLO matching calculation has been performed in the SUSY basis. A byproduct of this
calculation is the LO ADM γ(0) (which is scheme-independent). However, in order to perform
NLL resummation, the NLO ADM γ(1) is needed, which arises from the renormalization of
the EFT at two-loop order. This calculation has been performed in ref. [213], in a different
basis (the “BMU” basis) for physical operators,

Q =
(
QVLL

1 , QSLL
1 , QSLL

2 , QLR
1 , QLR

2 , QVRR
1 , QSRR

1 , QSRR
2

)T
. (B.1)

Therefore, we must rotate the result in ref. [213] to our basis. The SUSY (O) and BMU
(Q) bases are related in the following way

~O = R
(
~Q+W ~E

)
, (B.2)

where the Fierz-evanescent operators ~ET =
(
?,ESLL

1 , ?, ELR
1 , ?

)
are defined in ref. [213] and

R =


1 0 0 0 0
0 1 0 0 0
0 −1/2 1/8 0 0
0 0 0 0 1
0 0 0 −1/2 0

 , W =


0 0 0 0 0
0 0 0 0 0
0 8 0 0 0
0 0 0 −2 0
0 0 0 0 0

 . (B.3)

(The corresponding results for the sector O′1−3 vs VRR/SRR are the same as the 1–3 sector
above.) Due to the presence of evanescent operators ( ~E) and their mixing with the physical
operators, the transformation for γ(1) from the BMU basis to the SUSY basis corresponds
to a rotation plus a change of scheme, given by (e.g. [240, 241])

γ
(1)
O = R

(
γ

(1)
Q −

[
rQ, γ

(0)
Q

]
− 2β0rQ

)
R−1 +

[
rO, γ

(0)
O
]

+ 2β0rO, (B.4)

where the matrices rO and rQ are defined in eq. (3.4) in their corresponding bases. The LO
ADM γ(0) is scheme-independent and thus it holds that γ(0)

O = Rγ
(0)
Q R−1.
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We compute rQ from scratch directly in the BMU basis (along the lines of section 3.2),
and obtain

rQ =


4/3 0 0 0 0
0 46/3 −1/6 0 0
0 40 −6 0 0
0 0 0 10/3 −12
0 0 0 0 64/3

 log(µ/λ) +


−5 0 0 0 0
0 5/6 −1/8 0 0
0 −46/3 1/6 0 0
0 0 0 −7/6 1
0 0 0 3/2 19/3

 , (B.5)

where again we have indicated in gray the sector that does not impact our SU(2)-invariant
model. Using eq. (B.4) and taking γ(1)

Q from ref. [213], we find

γ
(1)
O =



4f
9 − 7 0 0 0 0

0 220f
27 −

476
3 −4f

27 −
4
3 0 0

0 73 + 110f
27

359
3 −

218f
27 0 0

0 0 0 68f
9 −

1343
6 4f − 225

2
0 0 0 22f

3 − 99 71
3 −

22f
9

 , (B.6)

in accordance with eq. (2.15).
The SLL/SRR sector (in gray) can be reproduced using the formulas given in section

C.1 of ref. [239], leading to a result in agreement with eq. (B.6).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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