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the perturbation theory. The massless limit of massive Yang-Mills theory is smooth, as
originally proposed in [21].
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1 Introduction

The massive Yang-Mills theory with mass added by hand has served as one of the starting
points in the construction of the Standard Model [1], and was even considered as a possibility
of avoiding the hierarchy problem [2]. On first sight, it appears that this theory presents
difficulties for small values of mass, when treated by the standard approaches. The
propagator of the vector boson is singular in mass. Thus, at high energies, it approaches a
constant, indicating a power-counting non-renormalizable theory. Nevertheless, such an
argument might be misleading, as a similar propagator appears in the Proca theory [3], which
has been shown to be renormalizable when coupled to a conserved source [4]. Therefore,
as a first step in analysing renormalizability, most authors have applied the non-Abelian
generalisation of a field redefinition a la Stueckelberg [5, 6]. This brings the propagator
into a form indicating a power-counting renormalizable theory. It has been shown that
while the theory is finite for one-loop diagrams, it is not renormalizable for two or more
loops [7-12]. Recently, it was argued that the theory could be renormalizable in the sense
of an effective field theory [13]. Nevertheless, most of the studies have indicated that
besides renormalizability, another problem appears. At a first glance, the theory violates
unitarity. In studying the unitarity of the massive Yang-Mills theory, which was initiated
by the development of the cutting rules [14, 15], there were two interesting cases, based



on the degrees of freedom of the theory. In the first case, only the transverse modes were
set on the external lines of the diagrams. This restriction was justified by the absence of
additional degrees of freedom in the massless theory, the longitudinal modes. It has been
shown that the theory is unitary up to a loop [16]. However, unitarity was violated at two
loops [17]. In the second case, the longitudinal modes were set on the external lines of
the diagrams. Then, the unitarity violation for energies k, ~ % was already evident from

the tree diagrams [18-21]. Nevertheless, in [12], it was found that for two or more loops,

the singularities in the mass form a series in 955, where A is the cut-off scale. The same
series was also given in [16] while analysing the n-point functions which contained only
the longitudinal modes. This raised a question as to whether the re-summation of these
series could cure the mass singularities appearing within the perturbation theory. However,
due to the following argument, this possibility was excluded in [22]. Even when only the
transverse modes are set on the external lines, and tree level and one-loop diagrams are
considered, the massive theory does not smoothly approach the massless one for m — 0 [22—
24]. The reason for this is the difference in the number of degrees of freedom in massive
and massless theories, according to [22]. From the perspective of physical continuity [25],
such a behaviour is unexpected. If we modify a certain theory through the introduction of
a new parameter, once we take the limit back to the original theory, the observable effects
should also smoothly approach those of the original theory. However, one might notice that
a similar kind of issue arises in the context of massive gravity. In massive linearized gravity
with the mass term of the Fierz-Pauli form [26], the discontinuity appears already for tree
level diagrams [22, 27, 28]. As a result, the predictions for Mercury’s perihelion precession
and the deflection of starlight differed from those obtained in General relativity. Similarly
to massive Yang-Mills theory, the reason for this disagreement lies in the longitudinal mode.
However, for massive gravity it was shown that this apparent discontinuity is resolved
through the Vainshtein mechanism [29, 30]. The nonlinear interactions that were not
considered in [22, 27, 28] cause the longitudinal mode to enter a strong coupling regime
at the Vainshtein radius, where they become of the same order as the kinetic term. As it
was demonstrated in [31], the essence of the Vainshtein scale lies in the minimal level of
quantum fluctuations for the fields. Beyond it, the longitudinal modes decouple from the
rest of matter and General relativity is restored up to small corrections [32]. In the case of
massive Yang-Mills theory, a similar conjecture was made in [21] — “... 4t appears highly
probable that outside perturbation theory, a continous zero-mass limit exists and the theory
is renormalizable.”. Using a decomposition of the vector field which resulted in a Lagrangian
containing non-polynomial terms, the authors of [21] have suggested that the massless limit
is smooth, and that the theory might be renormalizable, if these non-polynomial terms are
not perturbatively expanded. However, it was noted in [33] that for such a conclusion to
hold, it is not sufficient that all the terms which contain longitudinal modes vanish in the
massless limit at the level of the Lagrangian, as there is no guarantee that the same applies
to matrix elements. The subsequent studies were hence concerned with finding a way to treat
the Lagrangian which contains non-polynomial terms. In a promising attempt, [34-36] have
deduced conditions for unitarity in the Landau gauge theory and proposed a subtraction
scheme for the divergences. However, these conditions cannot be applied to the unitary



gauge as well [37]. On the other hand, the authors of [38] have shown by applying several
field redefinitions which do not alter the S-matrix, that the non-polynomial theory can be
brought to the polynomial form resembling the one of [10]. This implied that the theory
is not renormalizable and unitary [39]. However, if the non-polynomial theory can be
algebraically reduced to a polynomial one, is that sufficient to conclude that the massless
limit is not smooth? Even though a field redefinition does not necessarily change the
S-matrix, it clearly changes the definition of the degrees of freedom. While the Lagrangian
which is polynomial in fields corresponds to a linear decomposition of the vector field [7-10],
the non-linear one introduces the non-polynomial terms in the Lagrangian [6]. Nevertheless,
we will show that only the non-linear decomposition of the vector field properly defines the
transverse and longitudinal modes. If we would have started with a linear one, we would
encounter an infinite amount of strong coupling scales, which disagree with the scale of the
unitarity violation, and also necessary field redefinitions.

The purpose of this paper is to show that the apparent violation of unitarity, and mass
singularity of the perturbative series are just artefacts of the perturbation theory. First, we
will show that these issues arise due to the properly defined longitudinal modes, which are
absent in the massless theory. Within the perturbation theory, only these modes enter the
strong coupling regime, at a Vainshtein scale which coincides with the scale of unitarity
violation. Evaluating the theory beyond the strong coupling scale, we will find that the
corrections to the transverse modes due to the longitudinal ones become suppressed by
the strong coupling scale, and hence decrease as we approach higher energies. Therefore,
we will show that the initial suggestion made in [21] was correct. The massless theory is
recovered up to a small correction, and the massless limit is smooth.

2 The basics of massive Yang-Mills theory

In this paper we will study the simplest model of massive Yang-Mills theory, in which
the mass term is added “by hand” to the Yang-Mills theory.! The action of this model is
given by
1
S = /d4x [—2 tr(F, F*') +m? tr(A,AM) | (2.1)

where
F. =D,A, —D,A, (2.2)

is the field strength tensor. The covariant derivative is given by
D, =0,+1igA, (2.3)

and g is the coupling constant. We will assume that g < 1. The vector field A, is the 2 x 2
hermitian matrix, which we will expand in terms of the generators of SU(2) as

0_a

Ay, = AT, with T = > and a=1,23. (2.4)

!To address the problems of renormalizability and unitarity arising due to the propagator (2.5), [40] have

initiated the consideration of various modified models of massive Yang-Mills theory (see e.g. [2, 39] for a
review). However, these models will not be of interest in this paper. We will instead focus on the simplest
possible model that is given by (2.1).



Here, 0% are the Pauli matrices. Main cause for the discontinuity in the massless limit, along
with the unitarity violation results from the propagator of the vector field. In momentum
space it is given by

(2.5)

- cab
B = (= + 5 )
The term containing the inverse power of mass is clearly problematic. At energy scales
k% > m? it tends to a constant and thus indicates a power counting non-renormalizable
theory. In this section we will show that the origin of this term lies in the longitudinal mode.

We will start our analysis with the free theory, by setting the coupling constant to zero.
In this case, the theory reduces to three Proca theories, one for each a = 1,2,3. Our first
goal is to analyse express the theory only in terms of the physical degrees of freedom. In
order to do so, we will first separate the temporal and spatial components of the vector
field. In addition, we will decompose the spatial part of the vector field according to the
irreducible representations of SO(3) group:

Al = AT +x,;,  where A0 =0. (2.6)

Here, commas denote the derivatives with respect to the corresponding coordinate z*.
The vectors AT® are the transverse modes and scalars x® are the longitudinal modes.
Substituting this decomposition into (2.1), we obtain

§=3 [de [ (~a+m?) 43+ 24505 - (FAX" - miAX)

A (2.7)
(AT = AT T

The point in this equation denotes a time derivative. As none of the time derivatives act on
the Af components, we can conclude that these are not propagating. Therefore, we will
find the constraints that are fulfilled by them and insert the solutions back into the action.
Then, we will obtain the action which consists only of the propagating degrees of freedom.
By varying the action with respect to A%, we find the following constraints

(—A+m?)Af = —AX", (2.8)
whose solutions are given by
-A
Al = ———x°. 2.9
0 A+ m2 X ( )

Here, the operator ﬁ should be understood in terms of the Fourier modes. Substitut-
ing (2.9) back into (2.7), we obtain

m?(—4)

“armeX | (2.10)

1
S=—3 / d'x [AZ-T“(D +m?) AT 4 (O + m?)
Therefore, we can see that this theory has three physical degrees of freedom per colour, two
transverse modes and one longitudinal for each a = 1,2, 3. In this action the longitudinal
mode is not canonically normalized. Defining the normalised variable as

a / —Am? a



(2.10) becomes
1
S = -5 / dz [A?“(D +m?)ATe 42O + mQ)X;ﬂ . (2.12)

Let us now see from where the problematic term in the propagator (2.5) comes from.
Since the modes are now canonically normalised, it is easy to read of the corresponding
propagators from (2.12). They are given by

ab _ 7:5ab Tab o k‘ikj iéab

where the first one corresponds to the propagator of the longitudinal modes, and the second
to the propagator of the transverse modes. Using (2.11), we can now obtain the propagator
of the original longitudinal mode

kP 4+ m? i
C om2[k)2 k2 —m?

AL (k)

(2.14)

This propagator has the same divergence in mass as (2.5). In fact, by considering separately
the components of (2.5), we can easily see that these will reduce to the combinations of
the propagators for the transverse and original longitudinal modes. Hence we can conclude
that the longitudinal modes will be the cause of the discontinuity in the massless limit and
the violation of unitarity.

In order to analyse the interacting theories in the following sections, we will use the
minimal level of the quantum fluctuations of the modes. In the case of a normalised quantum

1
field, the minimal level of quantum fluctuations is given by (5—2) *, where wy, = VA2 + m?2
is the frequency of each mode k [41]. For energy scales k? ~ % > m?, where L is the
corresponding length-scale, the minimal level of quantum fluctuations for the transverse

and normalized longitudinal modes is then given respectively by

1 1
0L~ 2 and O~ g, a=1,23 (2.15)

From here it follows that the minimal level of quantum fluctuations for the longitudinal
mode is given by

1
(SX% ~ R, a = 1, 2,3 (216)

3 From linear to nonlinear decomposition

We will now consider the interacting theory. We begin our analysis with the linear decom-
position of the vector field (2.6). As a first step, we will express the action (2.1) in terms
of these modes. For this purpose, we will first resolve the constraints satisfied by the Ag
components and substitute them into the action. Varying the action (2.1) with respect to
Ap, we obtain the following constraints:

(—A+m?)Af = =AY, —ge™™ AL Af — g™ ALAG  — ge ™ 0 (A} AG) — g/ "l T AG AT AY, (3.1)



whose solution can be evaluated up to O (g°) as

abc
. € ; .
§= DI~ =3 1 [A0ATH(AX +2400,) D[] (32)
925fab€f6d b b 1 Ac 2d c c - d b pc - d

Here, x is the longitudinal component of A?, that we decompose according to (2.6), while
the operator D is given by

—A
D[x| = ——x- 3.3
=—x X (3.3)
Substituting (3.2) into the action (2.1), we obtain the Lagrangian density
L=Ly+ Lint, (3.4)
where
1 2y m*(=4) Lo 2\ AT
[,[) = —EXG(D‘FTTL )mxa— QAZ a(l:H—m )AZ a
and
1 o e
Liny = g™ §XbX§DA?a - XaX,CiK (sz) + XbA?CDA?a]

2
g o . . 1. . 1
+ ng abgfed [x“xcxf’ixi- + (x%xfi + X“Axb) X (xfjxfj + xCAxd) — XXX

2
o gAT3 gm2AT\2 g2 AT\3
L’ L3 B ’

evaluated on scales % ~ k2 > m?. We have retained only the most significant terms and

denoted derivatives in the last line with % The complete expression up to and including
O (9%) can be found in the appendix. As in the free theory, the kinetic term for the
longitudinal modes is not canonically normalised. With respect to the normalised variable
defined in (2.11), the Lagrangian density is given by

L= ‘CO + Einh (35)
where
1 a 2\..a 1 Ta 2 Ta
Ly = —ixn(D +m) Xy — 5141 (0 +m")A;
and
1 1. 1 /. 1
Lin, ~ g™ [WX?LX%JDA?(I - Xy () + xnaloAl
2
g a. ) ) 1 /. .
+ el ohele [X?Lx%x%xi,i + (X + XaAX5) X (3 m + XaAXE)
1 b d
—QXZﬂ'XfL,an,ij] .



Inverse powers of mass indicate that at high energies unitarity will be violated. According
to [21], this corresponds to length scales L, ~ 2. Let us now determine the strong coupling
scale of the theory. It is the scale for which the non-linear terms are of the same order as
the linear terms with respect to the equation of motion. Varying (3.4) with respect to ¥,
we find the equation of motion satisfied by the longitudinal modes to be?

1
(O+m?)x* Nmi&? [X 0ATe+ AT OATC +m? (XZAX + %G+ XPAX+ X AXC )]

L9 g9 cfab_fed b {6180
m

X' (e XAXT) = XX = XA NGAX X x”]

A
(3.6)
Varying (3.4) with respect to the transverse modes, we obtain
1
(O+m*) AT ~ ge™e P | 50 (xx5) + ATOx + QX?MAJTC’“} , (3.7)
where 5.9
Pi:JF' = 0ij — 1A] (3.8)

is the transverse projector. In both (3.6) and (3.7) we have retained only the relevant terms.
We will now develop the perturbation theory by first expanding the fields into powers of
the coupling constant:

AT = ATO L ATM 4 and =X+ 4 (3.9)
The modes A;-F(O) and x(© satisfy free equations of motion
O4+m)A7O =0 and @O+ mH)x*® =0, (3.10)

whose solutions are plane waves. We will first analyse the transverse modes. The first-order

corrections are given by
Ta(1)  _abe pT c(0),n A Te(0)
(O+m?)A; 9= P (xOXGO + 2 Om 470 (3.11)
Estimating 9, ~ %, we can evaluate these terms as

gxAT

2
be T (- (0 0), gx be pT (. b(0),n g Tc(0
o= P (VIO ~ T amd g (O

Taking into account the minimal level of quantum fluctuations for the modes (2.15), we can

(3.12)

estimate these terms further as

o> g N AT g
L3 (m L)2 L3 L? (mL) L3

(3.13)

Since we consider scales % > m?, the first term among these is most dominant. Therefore,
we can evaluate the first-order corrections for the transverse modes as

AT 9 3.14
’ (mL)* L (3:14)

2The results are independent of whether the original or the normalised longitudinal modes are used.



The scale of the strong coupling is the scale at which these corrections become of the same
order as the linear term AT(®) ~ % Comparing the two terms, we find that the transverse
modes enter the strong coupling regime at scales

LE ~ V9, (3.15)
This scale is larger than the scale characterising the breakdown of unitarity, L, ~ %, which
indicates that the transverse modes enter the strong coupling regime before the unitarity is
violated. Even though these scales usually coincide, their mismatch should not be surprising
given that they are physically distinct. While the scale of strong coupling arises at the
level of the equations of motion, the scale of unitarity violation is defined by the scattering
amplitudes. Still, one might suspect that the results in terms of transverse and longitudinal
modes are not necessarily in agreement with the earlier work of [12, 16, 22]. Nonetheless,
in the appendix, we will reproduce the discontinuity at one loop for the transverse modes
and show that the scale LY, does not appear for either one-loop or two-loop corrections to
the propagator of the transverse modes. The most dominant contribution to the first-order
corrections for the longitudinal modes is given by

(O+ mQ)Xa(l) ~ gsabcx?ﬁo)Axc(o)’“, (3.16)
and can be estimated as
o) o 9 3.17

When these corrections become of the same order as y(©) ~ ﬁ, the longitudinal mode
enters the strong coupling regime. This corresponds to the scale

Lty ~ %, (3.18)

which is smaller than LZ,. Since the transverse modes enter the strong coupling regime ahead
of the longitudinal modes, the corrections (3.17) are no longer trustworthy. Nevertheless,
this should be taken with more caution, since there could be terms from higher order
corrections that might cause the strong coupling of longitudinal modes on the same scale
T

- For second-order corrections, this possibility arises from the following terms:

2
2y,0(2) o, _9__abe bO)7Te(t) _ 9~ _fab_fed pT (, d(0)1 c(0)
O+ m*)x* m25“ X OA; m25 Pl P (X,j X5 ) (3.19)
First, we will set the transverse modes to zero. In this case, only the second term remains
and we can estimate these corrections as follows:

gZ

(mL)®

x? ~ (3.20)

On the scale L., they are of the same order as the linear term, and as a result, the

longitudinal mode enters the strong coupling regime. Below this scale, the minimal level of



quantum fluctuations of the longitudinal mode is determined by the O (92) terms in the

Lagrangian. We can estimate these terms as
2. 4
gX
Lint D i (3.21)
If we define the new canonically normalised variable y, ~ %XQ, we find that the minimal
level of quantum fluctuations for the longitudinal mode in the strong coupling regime is

given by
1
X ~—. 3.22
i~ 75 (3.22)

Let us now consider the case with transverse modes. Substituting (3.11) into (3.19) cancels

the term which caused the strong coupling of the longitudinal modes at scales L%,. This

implies that the longitudinal modes enter the strong coupling regime at scales lower than
LT

wr- However, as soon as the transverse modes enter the strong coupling regime, the

relation (3.11) is no longer valid. Thus, the previous cancellation does not take place and

T

the second-order contributions to the longitudinal modes at the strong coupling scale L.

are given by
g2

(mLE,)"

str

X% ~ (3.23)
This is of the same order of magnitude as the linear term for the longitudinal modes.
Therefore, the longitudinal modes also enter the strong coupling regime at the same scale
as the transverse modes. Below it, the most dominant terms in the interacting part of the
Lagrangian density are given by
2,4
9 _abe b Ta |, 9~ X
Line ~ SeXNGHAT + 5 77 (3.24)
From the last term, it follows that the minimum level of quantum fluctuations for scales
L < LL, is given by (3.22). The quantum fluctuations for the transverse modes are then
determined by the first term. Since we can now evaluate it as
9 _abe. b T Lo
55“ X xGOA; ~ FA ) (3.25)
we see that the minimum level of quantum fluctuations remains the same as before. However,
it can be seen that this term has the same order of magnitude as the kinetic term for the

transverse modes, whereas in the case of the longitudinal modes, the latter term is more

T
str

are no longer properly defined. We can also see this from the equation of motion (3.7). The

dominant than the kinetic term. As a consequence, the transverse modes for scales L < L

first term on the left-hand side is the most dominant, and beyond the strong coupling scale
it can be evaluated as follows

ggabchD (Xbxc ) 1 (3.26)

2 9) 7L
As this term has the same order as the linear one for the transverse modes at scales below
LT

r» we should include it in the kinetic term. In other words, we should redefine the

transverse modes as

ATa = pTa 4 gsabcpg (xx5),  Bl=o, (3.27)



and repeat the whole procedure for the new transverse modes BZ-T ¢, As soon as we replace
the old transverse modes by the new ones, the terms that induced a strong coupling scale
LL will drop out of the Lagrangian. However, a new strong coupling scale will then appear,

2/3

~ g
L;~7;, (3.28)

which will require another redefinition. This shows us that even if we start with a linear
decomposition of the vector field in transverse and longitudinal modes, the theory leads to
a non-linear decomposition.

The analysis so far has shown us that the fields are not correctly defined if the
decomposition of the vector field is linear in fields. This is due to the fact that both
transverse and longitudinal modes enter the strong coupling regime at a scale which does
not match with that of the unitarity violation, as shown in the appendix. Although it is
unphysical for the transverse modes to become strongly coupled, this is resolved for scales
L < LY., since the nonlinear term causing the strong coupling remains of the same order as
the linear term. In other words, this means that the transverse modes have to be redefined.
In fact, the redefinition will be required until the strong coupling scale coincides with the
scale of unitarity violation. Thus, even if we start with a linear decomposition, we will
end up with a non-linear one. In the next section, we will see that the final decomposition
introduces non-polynomial terms into the Lagrangian. This clarifies the conclusions that
have emerged from the analysis of [38]. The fact that the Lagrangian resulting from a
nonlinear decomposition can be algebraically transformed into polynomial form is not
sufficient to conclude that the theory violates unitarity. The polynomial form corresponds
to fields which are not correctly defined.

4 The final strong coupling scale and beyond

Now we will consider the full non-linear decomposition of the vector field into transverse
and longitudinal modes. We will decompose the spatial part of the vector field as

i
Ai= AT+t (4.1)
Here, ¢ is the unitary matrix given by
¢ =e WX, (4.2)

and the transverse modes satisfy

Al =0 (4.3)

Expanding ¢, the spatial component of the vector field becomes

1 2 1
A% = AT 4 X% — gee (Ainxc + 2X2XC> — %Ef“bstd (XbA;TFCXd + 3XbX§Xd> . (44)

We can see that the first redefinition of the transverse modes (3.27) coincides with the
transverse part of the second term at O (g). In contrast, both the longitudinal and transverse

~10 -



modes are now properly defined. If we denote the fields of the linear decomposition from
the previous section as x and [liT, the relation between the two pairs of fields is as follows:

_ 0 1 ~ i
= Flearet e el ama AT =PRfeaTd v o] @)

Following the same procedure as before, we will now express the action (2.1) only in terms
of the physical degrees of freedom. In matrix notation, the constraint (3.1) satisfied by the
Ap component has the following form:

(—A + mQ) Ao = —Aii +iglAi, Al +ig (2 [Ai, Aoa] + [Aii, Aol) + 97 [Ai, [Ao, Ail], (4.6)

where |, | is the commutator. The solution of (4.6) is given by
A= (—E2eté o [AT AT]) ¢t 4 Léet
g g
with 1 1

S . 4.8
D —A+m?—2ig[AT ;e ] + g2[AT, [AT e]] (48)

Here, o denotes the place where the expression acted upon by % is to be inserted, once

% is perturbatively evaluated. Substituting (4.7) into the action (2.1), we obtain the
Lagrangian density

L=CF+oy+ch +olx (4.9)

£l =tr (A.TAT — AL AT —m? AT AT)

R e (1 W
Lh= 2“;‘ tr {—A?ﬂgi emcle [T — a1}

— it { (AT, ATV LAT AT (1) + mPT

A p—
£ =t {-2igAT AT (AT~ AT,)+? [AT, AT] 5 [T, 7]

e (AZ-TAJTAZTAJTA?AZ.TAJTAJT)}.

We can see that now all terms containing the longitudinal modes appear multiplied by a
mass term. If we set m = 0, we obtain the massless theory, which agrees with [21].

4.1 The strong coupling scale

In order to verify the Vainshtein scale within the perturbative regime we will first expand
% and (. From the kinetic term of transverse modes, we can easily see that the expansion
in % is possible at high energies as long as ¢ < 1. On the other hand, the expansion in ¢
stops being valid for x ~ %. Assuming that x < %, and expanding both % and (, we obtain
the Lagrangian density at energies k2 > m?

L =Ly + Lint, (4.10)

- 11 -



where

Lo=tr|—x (D + m2> __AmQ

A—l—mQX_

AT (O+m?) Af]
2

. a1 . T m° . .
Ling ~ tr {zgm4 Al 5 (0 — 2igm® Al o — 2ig AT AT 75 (0) — 2igAT A (AT, - AT))

A

m292

6

2,2
gm
(™ = xx*) - A7 Do b x]]} :

+

Here, we have kept only the most relevant terms. For simplicity, we will analyse the terms
of the Lagrangian with the original longitudinal modes, which are connected with the
canonically normalised ones via (2.11). Estimating the derivatives as 8, ~ +, we can
evaluate the interacting terms as

. L1 . gm? AT \?

igm’ [, X] 5 (0) ~ gm*x®, 2igm* AT XX ~ =
2 T3
T m* . . gA
2ig [A?,Aﬂ X (x) ~ gm? ATy ZngiTA?A% ~ (4.11)

2 9 2, 2.4 2. 9 2 94T 3

m gemex g‘m g m-At x
o XXX~ T and S AT P e o~y

Taking into account the minimal level of quantum fluctuations for the fields (2.15), these
terms become

2 AT 2
4.3 _gm gmAXNi 272, ., 9M
gmX ~ T i3 7 gmATIX ~ T
(4.12)
gAT3 9 g2m?y ! N g2 o g2m2AT3 N g2
L LY L? (mL)2 A L (mL) L*

The terms at O(g) will always be smaller than the kinetic terms for the longitudinal and

transverse modes due to the assumption for the coupling constant g < 1, and since we are

considering scales # ~ m?. However, this does not hold for the terms at O(g?). Among

these, the most dominant term contains the quartic power of the longitudinal mode. If one
compares it with the kinetic term, one then finds that the longitudinal modes enter the

strong coupling regime at scales
g

Lgty ~ —. 4.13
str m ( )
For the transverse modes, the last term is most dominant. This term becomes of the same

order as the kinetic term at scale

2
~9 (4.14)

m

which is smaller than Lgt,, and is therefore not trustworthy. Given that the most dominant
nonlinear terms correspond to O (92), we will confirm the strong coupling scale also on
the level of the equations of motion. Varying the action corresponding to the Lagrangian
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density (4.10) with respect to the longitudinal modes, we obtain
2 . T . m? . . 2 1 1 .
(O+m?) x ~ 2ig [T, . =g (Do XD) +igm™ 3 2%, £ (0| + . 5 (X)
(4.15)

+ 2@'9% ([4F, af]) + 962 (2 D Do X1+ I Do OXDD

while by variation with respect to the transverse modes we obtain
1 |
(0 m?) AT = P {29 (~mboi+ m? | AT, 5 (0] + 2 [ AT, 5 ()

(4.16)
2

+2 [AJT?AZ?:J} + [AfwAJTD - gQ;n b [X’“XH}'

In order to develop the perturbation theory, we will expand the longitudinal and transverse
modes in powers of the coupling constant:

x=xQ+xO 4. and AT =ATO L 4TO 4 (4.17)

where x(© and A;TF(O) satisfy

(D + m2) X9 =0 and (D + m2) ATO — g (4.18)

i
The most dominant contributions to the first-order corrections are given by

9

2) (D) L 95 Tl 7
(D +m ) X 2ig [AZ 7X,z} (L) L2 (4.19)
for the longitudinal modes. Hence, we can estimate
MO (4.20)

mL’
1
mL’
that g > 1. The first-order corrections to the transverse modes are given by
2\ 4T(1) - pT 2. (0),,(0) T(0) 47(0) T(0) 4T(0) 9
(D+m )Ak ~ 2igPy; {—m X( )xﬁ- + 2 [Aj ,Ai’j ] + {Aj,i ,A]- H ~ 73
(4.21)

Since x(© ~ we can see that these corrections are smaller than the kinetic term provided

Therefore, we can estimate them as
ATW 9 (4.22)

This term is always smaller than the linear term. The second-order corrections to the
longitudinal modes are given by

2 2
2\ 2 L9 [ [LOo opu]] 9
(O+m?)x 3 D, [, x| (L)L (4.23)
Therefore we can estimate them as
2
@9 4.24
X (mL)S ( )
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They become of the same order as the linear term at the scale

Lty ~ %, (4.25)

which agrees with the strong coupling scale obtained from the Lagrangian density. The
second-order corrections to the transverse modes satisfy

2 2 2
2) AT 9T pr (10 [LO @], 9"
and hence can be estimated as )
T(2) g
AL~ (D)L (4.27)

(0)

They become of the same order as the linear term AZT at the scales

2
9
~ . 4.28

However, this scale is smaller than one of the longitudinal modes. As the perturbation
theory for the longitudinal modes breaks down before this scale is reached, it can no longer
be trusted. In order to find the true corrections for the transverse modes, we need to
evaluate the theory beyond the strong coupling scale of the longitudinal modes.

4.2 Beyond the strong coupling scale

Let us now consider the theory at the Vainshtein scale Lg,. The analysis of the higher
order terms shows that on this scale there is an infinite number of terms of the form

o n, 2
g m- ni2

'Cint D L2

(4.29)
n=2

which are just as relevant as the term n = 2, despite being suppressed for L > Lg,. The

reason for this is the minimal level of quantum fluctuations of the longitudinal mode at the

strong coupling scale:
1

OXLetr ™~ (4.30)
g

which implies that the expansion of ( is no longer valid. Therefore, to analyse the theory
beyond the strong coupling scale, we should leave ( intact and return to the original
Lagrangian density (4.9).> As a first step in determining the corrections to the transverse
modes, we will estimate the minimum level of quantum fluctuations of the longitudinal
modes. For energies k? > m?, the corresponding kinetic term is that of the nonlinear sigma
model, and is given by

2
m
£y ~ A (gjugvﬂ) (4.31)
Instead of working with the SU(2) matrix ¢ which we have parametrized as

¢ =e "X, (4.32)

3Note that it is still possible to expand the % operator.
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we will now consider its matrix elements

G G
(= . (4.33)
=1 G2
Here, ¢; and (o are two complex fields which satisfy
Gl + 1Gf? = 1. (4.34)
Furthermore, we will substitute
G = predh and  (y = pae'®2, (4.35)

Inserting (4.35) into (4.34), we obtain

o1” + |pa2|* = 1. (4.36)
Substituting further
p1 = pcos(go) and p2 = psin(go), (4.37)
(4.34) becomes
Ip> = 1. (4.38)
Setting p = 1, we obtain
(1 = cos(go)et9d and (o = sin(go)e™92, (4.39)

In terms of the fields o, ¢; and (s, the Lagrangian density (4.31) becomes

1
=3 {4m2auoa“a + £2(0)0,6010"0, + pQ(U)aMGQaﬂGQ} , (4.40)
where
f2(o) = 4m? cos® (go) and p*(0) = 4m?sin? (go) . (4.41)
Clearly, these fields are not canonically normalised. In terms of the canonically normalised
variables
Op = 2ma, a,ﬁln = f(O')auel, and 8u62n = p(O’)aMQQ, (4.42)

the Lagrangian density is given by

1
Eg)( = 5 [auanaudn + 6M91n8“91n + 8#62,18“92”] . (4.43)
The minimal level of quantum fluctuations of the normalised fields for scales k2 ~ % > m?
is given by
5 ! §01s, ~ d G0 ~ (4.44)
~ — ~ — an ~ —. .
OnL I’ nlL I n2L I



Estimating sin(go) ~ cos(go) ~ O(1), we find the minimal level of quantum fluctuations of
the original fields:

, and 00a1, ~ — (4.45)

Since we are considering the elements of (, it is natural that we also consider the matrix
elements of the transverse modes. We can write them in the following way:

G w
-4 -
AT = , (4.46)
W; Gz
-5 S

where G is the real and VVZ-jE complex vector fields, which are transverse:
Gii=0 and W =0. (4.47)

Substituting (4.46) into £, we obtain

o= % [0,C:0"Ci — iG] + W 0w, — mP W, (4.48)

The kinetic terms imply

1 1
§GL, ~ — d Wi~ 4.49
L L an L L ( )
Let us now analyse the interacting terms. We will start with the most problematic interaction.
The leading divergences for the transverse modes within perturbation theory are due to the

following term:
2im?

Lix o5

int

tr (AZ’(* g) . (4.50)

Expressed in the form of matrix elements, it is given by

c0n2 . . .
— QZZ‘ tr (Az‘TCTC,i> = 2im? { 9. {Wf ¢19(01+02) _Wi+€—zg(91+02)}

V2 i
P __cos(go)sin(go) — ig(01+62) +—ig(61+62)
+i61, {Glcos (go) NG (WZ eI LW e )
2 sin(go) cos(go) — ig(61+62) + —ig(61462)
+i62; [GZ sin”(go)+ 7 (VVZ eI\ T2 LT et ) :

(4.51)

Or, in terms of the normalized fields, we have

2im? T ot . Ongirrr— N gon . (90n
— p tr (Az C C,z) ~ —zm{ \/i [Wl h—Wi h ]+ZG¢ |:91n,i COS <2WL) —1—92”71' Sin <2Tn>:|

{ ) 9on\ o gon — +7,%
—F—\/§ [HQW cos <2m) 617, sin (Qmﬂ (W, h+W;"h ]}
(4.52)
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with
h ~ e9(01102) (4.53)

Estimating
sin(go) ~ O(1), cos(go) ~ O(1) and h ~ O(1), (4.54)

and taking into account the minimal level of quantum fluctuations for the fields (4.44), we
can evaluate this term as

L 1
gLstr L4 ‘

2im?

tr (AT ¢T¢) ~ (4.55)
We can see that the divergences in mass obtained in the framework of perturbation theory
have now disappeared. For scales L < Lg,, the most problematic term is now suppressed
by the coupling constant and the ratio of the scale L with the scale of the strong coupling.
Therefore, this term decreases as we approach smaller scales or higher energies. Furthermore,
this term also decreases as we approach a smaller mass, as in this case Ly, increases. We
will now show that the remaining interactions between longitudinal and transverse modes
give a smaller contribution in comparison to the interaction we have now considered. First
of all, we can see that these interactions contain the operator %. Taking into account the
minimal level of quantum fluctuations for the transverse modes, this operator can always
be expanded with each term in higher powers of the coupling constant being smaller than

the previous one. Therefore, we can estimate this operator as

1 1
e 4.
7~ A (4.56)
Defining
0 = ¢¢, (4.57)
we can write these interactions as
2im* 1. 1 1, 1 1
Tx AT = (Qq 200 = AT AT —miQa— | AT | 4T —
chx Dtr{ ;3 [Al ,A(Qoﬂ)}—i—Qm Q% AT, AT] -m Qo (AT, |A] ,A(QO)”}.
(4.58)
First we must to estimate Qg. Let
o Po
Qo = , (4.59)
— 05 —tho

with 4 =0,1,2,3. The components of this matrix are given by

Yo = —ig(0y cos?(go) + by sin’(go)) = —%(91,1 cos(go) + Oy, sin(go)) ~ I (4.60)

and

®, = g[—o+ 1(01 — 92) cos(go) sin(ga)]ewﬁg2 ~ # (4.61)
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Therefore, we can estimate

g
Qo ~ —. 4.62
0™ L2 (4.62)
However, we have to be careful, because the interactions (4.58) include also the derivatives
of Qy. Each derivative acting on it adds a factor of mgLQ. For example, we have
g2
0,82 ~ 4.63
w2t (mL)2 L? ( )
Having this in mind, we can evaluate the interactions (4.58) as
2im* 1 [ 1 s L\’
t Qo— | AT, — Q)|+ ~ ¢° ( )
I‘{ g OA ) A ( O,l)]} g Lstr )
17, L \?
200. 2 [AT AT\ o 2 4.64
tr{Qm QOA {Az ,Az}} g (Lstr) (4.64)

and tr {—m4901 [AT {AT 1 (QO)”} ~ gt <L)6.
A v v A Lstr

It should be noted that we have here taken into account that we are evaluating the corrections
for the transverse modes. Hence, in this case, the estimates must be equivalent to the
equations of motion. As a result, all derivatives and i must act on €y. As we can see,
these corrections are clearly subdominant compared to (4.55). Therefore, the leading order
corrections to the transverse modes due to the longitudinal modes are given by (4.55).
Equivalently, the corrections at the level of the equations of motion are given by

A7 ~ —imfZCTCi ~E L

(4.65)

Therefore, we have obtained the massless Yang-Mills theory up to small corrections that
disappear in the massless limit.

5 Conclusion

It is well-established that both massless and massive Yang-Mills theories are unitary and
renormalizable, if the mass of the gauge bosons is generated by the Brout-Englert-Higgs
mechanism [427 —45]. If, on the other hand, a mass term is added by hand, the standard
perturbative approach suggests that the theory is neither renormalizable nor unitary, since the
perturbative series is singular in the massless limit. In other words, there is a discontinuity
when mass is set to zero. This can be observed already from the propagator of the vector
fields, that tends to a constant at high energies and becomes infinite in the case of vanishing
mass. Although in [12] it was proposed that the perturbative series might be re-summed,
this proposal was soon discarded in [22] because of the existence of a discontinuity in the
1-loop corrections to the propagator. As a consequence, the massless limit appeared not to
be smooth. This is due to the longitudinal mode, a degree of freedom which is absent in
the massless theory.

Nevertheless, the purpose of this paper was to show that these issues are merely an
artefact of the standard perturbative approach. To begin with, we have pursued a conjecture
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given in [21], namely, a smooth massless limit could be possible outside of the perturbation
theory. We showed that, due to the nonlinear terms, the properly defined longitudinal
modes become strongly coupled at the scale coinciding with the unitarity violation scale.
As a result, singularities in mass that have emerged in the corrections to the transverse
mode can no longer be trusted — the perturbation theory for the longitudinal modes breaks
down before these singularities would become even relevant at all.

It is interesting to compare this theory to the one that in addition contains also a Higgs
field. If we were to rewrite the latter theory in terms of the gauge invariant variables [47],
and set the Higgs field to a constant, both theories would coincide. However, with a non-
constant field, the two theories differ because of the non-linear structure of the Lagrangian,
resulting from a constraint (4.34). Whereas this constraint is absent in the presence of
the Higgs field, in the theory with a mass term added by hand it remains, and hence the
resulting Lagrangian for the longitudinal modes corresponds to a nonlinear sigma model.

At the Vainshtein scale, this model cannot be perturbatively expanded. Nonetheless,
using the minimal level of quantum fluctuations of the fields, we found that it is still possible
to develop the perturbation theory for transverse modes beyond the strong coupling scale.
In fact, their corrections which were previously singular in the mass are now suppressed by
the strong coupling scale. When the mass approaches zero, the Vainshtein scale approaches
infinity and these corrections disappear. Thus, at high energies, the longitudinal modes
completely decouple from the transverse modes, which remain in the weakly coupled regime.
Therefore, the massless theory is restored up to small corrections. This leads us to the
conclusion that the conjecture made in [21] was correct. The massless limit of the massive
Yang-Mills theory is smooth.
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A The full Lagrangian density up to O (g?) and the Feynman rules

Here we will present the full Lagrangian density up to O (g?) for linearly defined transverse
and longitudinal modes, without the k? > m? approximation. We will also present the
corresponding Feynman rules. The following shorthand notation will be used:

—A A +m?
D[x] = A2 (x) and  Flx] = AT X (A1)
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where ﬁ should be understood in the momentum space. Then, the Lagrangian density
up to O(g?) is given by

L=Lo+Ly+ Ly, (A.2)
where
Lo= £0X+£0AT
m2 a 2 a 1 Ta 2 Ta
ﬁoxz—TX (O+m=)D[x"] £0AT:—§Ai (O+m~)4;
ﬁg — ng +[, AT +£92XAT +£9X2AT
aoc 1 * (& aoc a (&
Lgy = gm*e"**D[x A e (sz) Xii Loar =g ATFAT AT
aoc . a m (& C a
Loy AT = gE b {D[X ] “ATm? ( )AT —i—ATb —i-AjTZ szX,]}
Lovaar = ge™ (DA AT + ATe A7)
c‘g == EQQX +£ 2AT +£923XAT +£g22X2AT +£g2X3AT
]' al C - ° 1 ° C * C
Ly = 507! NP~ AP —x g (XSG - A DT |
1 - a ° C 1 a (&
+ g%l el [D[x X5 DIXEIXG — 2X,¢xf}x,¢x‘,ﬂ
Lyoyr=— 1 e fab_fed { { ATa ATb} 1 { ATe ATd} } ATa ATb gTc ATd}
A 2 ) i A-i— 9 M 9 ) 7
2 fab fed | ATa. b Th - a 1 d e d . C
L g23yAT = —9g € {Ai X,i+Ai F[Xz]} ﬁ {X,jF[X,j] —A(x")D[x ]}
+g2 fab fcd{ X ]ATbD[ ] AZTb j}
L 2 fab_jed iTa 4Tb 1 Teod | ATd
Lopaxaar = =597 Z[Ai Ai}m[/l X5 +A;“Flx ]}
. 1 .
Ta. b Tb - a Tc. d Td e
+ [Ai X+ Ai F[X,i” A [Aj X5+ A; F[X,jﬂ}
1
2g2€fab fcd{ D[)'(“]AinAl-TdD[ ]+ATaATb CXJ

ATaATcX ATaATde X }

Lopyaar =—g°eT® f"d{{AiT“AiT"} [ATC +ATIF[R]| + AT AT ATex }

—A+m?
Let us now consider the Feynman rules. We can see that the longitudinal modes are
not normalised, and normalisation according to (2.11) would put the kinetic term into
the form of a standard massive scalar field. However, substituting the normalised vari-
ables in the interacting part of the Lagrangian would complicate the expressions for the
vertices. Therefore, we will work with the original longitudinal mode and express the
Feynman rules through it. It is easy to verify that the resulting expressions for the
diagrams are independent of this choice. To define the asymptotic states and find the
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expression for the propagator of the original longitudinal mode, one simply performs a
canonical normalisation and then rewrites the expressions in terms of the original mode.
In the following, we will only present the Feynman rules up to and including O(g). The
propagators for the longitudinal and transverse modes are each given in momentum space by

CRRm2 i

Aab k _
X( ) m2\k|2 k?_mQ a——b
kik;\  ioab
Tab _ LA I ) '
Ajj (k) = (513 |E2> k2 — m2 ai-----oes jb

At O(g) we have the following vertices, with all momenta outgoing which have been ordered
according to the number of the longitudinal lines.

a

b c b/\c bi- e bJ

Vibe(k,p, q) = igm®e**

’E‘Qk(]pi(h'( Po Q )
B2 +m2 \[pI* +m? [ + m?

1P)%pokig; ( qo ko )

[P +m? \[q2 +m?  [E]2 4 m?
n |41 qokip; ko po
@12 +m? \ |k +m2 [P+ m?

abc abc L Poq; qopi (Ag)
Vi (kay,pq) = —ge™ lku (¢"'pi — P! Qi)+m2k0< 0 S L )

o+ m? 1P+ m?

N m2poqo (|P1%qi — Icﬂsz-)]

(P12 +m?)(1q1* + m?)

k|2k
‘E||2|+Omg(po —qo) — ki(p— Q)zl

Vi (k. p, @) = g™ [6u(k — q); + 6i(p — k)i + 650(q — p)i]

V'L'?,b)?(kvp(iﬁQ(j)) = —igaabcézj

B Massless Yang-Mills theory

In the massive Yang-Mills theory, we will only work with longitudinal and transverse modes.
When calculating the corrections to the propagator of the transverse modes, we want to
compare these contributions with the massless theory. We can see that the propagator of the
transverse modes in the massive case corresponds to the propagator of the Coulomb gauge
in the massless limit. The massless theory is evaluated along these lines in the radiation
gauge, where only the propagating degrees of freedom are taken into account. The action is
given by

S— —% / d'a tr(Fy ). (B.1)
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First, we will decompose the vector field in terms of temporal and spatial part, Af and A¢
with @ = 1,2,3. Then, we obtain

ALV

S = /d4{ [A5(—D) Ag+245 4| + (A“Aa+Aa A¢,— A%, A%

+g abC( AbAcAa AbACAOz AbAcAa )_

2
CAY ) —Eoetheered(— 2A3A§A3A§+A§A;A§A;i)}.

4
(B.2)
As a next step, we can impose the radiation gauge condition:

As in the massive case, the temporal part does not propagate because no time derivatives
act on it. Therefore, the theory has only two propagation modes. Let us integrate out the
non-propagating component like in the massive case. The component A, satisfies a system
of constraints (one for each a = 1,2, 3):

— AAf = —A?; — ge™ AVAT — ge ™ APAG ; — g™ 0;(ALAG) — gPelPeef i AFACAY (B.3)

Up to O (g), the solution of the constraints can be can be evaluated as

a_ L oribge fab_fed 1 1 b c ad 3
Al = —geabe A[AA]+2g5 — |t A(AA) +0(g%), (B.4)
and the Lagrangian density is given by
L=Ly+ Lint, (B.5)

where
1
£o = —5 AT (D) AT
and

1 . 1
‘Cint — ggabcA}:gA?bA?c _ 292€fab fcd { [AZTaAZTb} -

. 1
Tc ATd Ta pTb p\Tc ATd
—A[Aj Aj}—kiAi A;VACA; }

We can see from the kinetic term that the minimal level of quantum fluctuations of the
transverse modes is given by

1
SATe 7 a=123 (B.6)

Also, we can notice that the vertex at O(g) exactly agrees with the vertex V“bc(k, p,q) of
the massive theory, while the propagator corresponds to the one of transverse modes in the
massive case with mass set to zero:

kik:\ i6%0
Tab _ )
Aij (k) = (513 ]E2> L2
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C Can we estimate LT from the Feynman diagrams?

We have seen that for a linear decomposition of the vector field, the transverse modes enter

T

- However, the literature has so far had no mention

the strong coupling regime at scales L
of unitarity breakdown at the same scales. Rather, it has been shown that the unitarity
breakdown occurs at energies k, ~ % [17]. This corresponds to the two-loop correction of
the propagator of transverse modes, while at one loop there are no inverse powers of mass,
but the amplitude does not coincide with that of the corresponding massless theory [22].
With this in mind, one might wonder whether the Feynman rules we obtained for the theory
with linearly defined transverse and longitudinal modes would lead to different results. The
strong coupling was found at the level of the equations of motion for the transverse modes.
Therefore, it is reasonable to suspect that the violation of unitarity corresponding to the
same energies could occur as a result of the corrections to the propagator of the transverse
modes. First, we will analyse the one-loop contribution to the transverse modes, and show
that the results agree with [22]. After confirming that there is no violation of unitarity for
one-loop corrections, we will outline the proof of the absence of L% for two loops.

In a first step, we will show that the imaginary part of the corrections to the propagator
of the transverse modes in the massless limit does not agree with the massless theory. In
this search, we will follow an approach similar to [16, 17, 22] and calculate the imaginary
part of the corrections at the propagator of the vector field using the cutting rules [15]. The
reason why we focus on the imaginary part of the diagrams is its close connection to the
unitarity of the S-matrix. The condition that the S-matrix is unitary means that

STs =1 (C.1)

is satisfied, where S denotes the S-matrix. We can express the S-matrix through the
T-matrix by
S=1+1T. (C.2)

Then, if |a),|b),|c) denote the states of the system, the unitarity condition can be ex-
pressed as

2Im (B T |a) = —>_ (B T|e) {c| T |a) . (C.3)

C

From the perspective of diagrams, this corresponds to a cutting equation. Therefore, this
statement is equivalent to saying that the imaginary part of the diagram is given by the
sum over all possible cuts of the diagram [48]. This is just another way of expressing the
Optical theorem [49]. Let us now analyse the corrections to the propagator of transverse
modes at one loop in massive and massless case. The Feynman diagrams for the massive
theory are given in A. The massless theory will be evaluated in the Coulomb gauge, with
the Feynman rules given in B. In the massive case there are five diagrams contributing to
the corrections to the transverse modes:
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Here, the dotted line represents the propagator for the transverse modes, while the full
line corresponds to the longitudinal modes. In the massless case only the first diagram
is present. The imaginary part of the diagrams corresponds to the sum over all possible
cuts [48]. Hence, the imaginary part of the last two diagrams automatically vanishes, and
we are left with the following cuts:

e D

Cutting a certain propagator line corresponds to a replacement of the propagator with

|| + m?

A% (E) = 270(ko)d (k% — m? =
¥ (k) (ko)d( ) EITHE

)

- ki

AL (k) = 2760(ko)d (k* — m?)5°° <5ij 1 é;) :
in the case of longitudinal and transverse modes respectively, and for a positive energy
flow [48]. In other words, cutting a propagator line sets the momenta corresponding to it
on-shell. This is the generalisation of the Cutkosky rules for our case. In the massless case
one has to make a following replacement

A (k) = 276 (ko)3 (k)0 (5“ ) Tk]; ) |

In all of the diagrams, we will denote the external momenta with p. These are already

on-shell, meaning that p;e?(p) = 0, where the €% (p) are polarisation vectors appearing due
to the transverse modes. The polarisation vectors satisfy

S et leh, () = (55 - P2 ) o

o=1,2 ’]512

First we will analyse the diagram containing only transverse modes. The imaginary part is

given by
Iml'” = Ak [ dlg (2m) 20 (p—k—q)0(ko) 5 (k> —m?)0(q0)d(q> —m?)ed (p)eb(—p) T
= (27[_)3 (27‘(‘)3 p q 0 q0)0\q i \P)E;\=P)Li5
where
ab _ 1racd bed Kk, Q4=
T‘ij _‘/;kl (_p?k7Q)V}nz(p7_k‘a_Q) 6kn_ V;|2 5lz_W ) (04)

for the massive case, and

4 4
r” = [ 55 [ em s o — k= 00020 a)d (e ) (0T (C5)

for the massless fields, with Ti‘}b given in the expression for the massive fields. We can see
that the vertex, which contains only transverse modes, coincides in both the massive and
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massless cases. As expected, there are no mass divergences in these expressions because
there are no longitudinal modes. Consequently, the first diagram exactly cancels with the
corresponding massless diagram for m — 0.

The last diagram only provides terms that are multiplied by powers of the mass and
thus, it will disappear in the massless limit. This can be easily seen from the vertices of the
diagram. Let g be the internal moments corresponding to the longitudinal propagator and
k correspond to the transverse ones. These are put on-shell, as the cut passes through their
propagator lines, i.e. k2 = ¢> = m?2. Therefore, one of the vertices takes the form

cad 5

Ve = —igm?2e (2an + m?|q)> ) (C.6)

g2+ m? 12
This cancels with the # term arising from the longitudinal modes. However, since we
have two vertices, the second one will give an additional m?, and thus the contribution will
vanish in the massless limit.

In contrast to the first and last diagrams, the second one will give a difference when
compared to the massless theory. It’s imaginary part is given by

4 4
', = | (“ / (d _(2m) 46 (p— k— g)0(ko)d (k2 — m2)0(q0)8 (g% — m2)e (p)el (—p) 122,

2m)3 ) (2m)3
(C.7)
where )
ab _ ce ¢d] ’k‘ +m |Cﬂ +m acd bef
For k% = ¢> = m? we have
2m2koqo
Vs (—p, k, q) = —gm2e®Uk; |1+ — , (C.9)
= (I + m2)(1gf? + m?)
and similar for the other vertex. Keeping only the relevant terms, we obtain
1
I = 5925abkikj. (C.10)

This contribution, which is purely due to the longitudinal modes, is clearly preserved in
the massless limit. With this result, we are in agreement with the [22]. Moreover, we
can observe that the inverse powers of the mass are not present, and therefore there is no
possibility of the unitarity violation. We can note that the vertices that constitute the
second diagram correspond to the term in the Lagrangian which was responsible for the
strong coupling scale. Therefore, we will now examine whether there is a possibility that
the unitarity scale arises at the level of the two loops, where the diagrams are formed from
this vertex.

At two loops, there are two diagrams that could give us the unitarity violation corre-
sponding to the energy scales of the strong coupling. These are
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The cuts of the first diagram are given by

T
‘ | /

while for the second diagram we have

N o U Q)

The largest possible mass divergence for these diagrams is ~ T%, which means that there
is a possibility for the existence of L1 . However, it is easy to show that this is not the
case. To show it, we need to confirm that at least one of the vertices Vbef((k(i), p,q) will
be proportional to m? at the lowest order. Let us consider the first diagram. Let p be the
external momenta, and k and [ the internal momenta over which we integrate, with k on

the lowest line and [ on the line above. We can first do a trick by inserting

/d4/-c/d4l = /d4k/d4z/d4q5<4> (p—k—1—q) (C.11)

into the expression for the imaginary part of the diagram. Cutting a line means that the
corresponding momenta are set on-shell. In all three cases with cuts we therefore have
k? = m2. Let us now look at the first vertex appearing in the first two diagrams. Neglecting
the terms proportional in to m?, it is given by

VS (—pGiys b p = k) ~ 9= (=pukt'pi — phs) = —ge™em?k;, (C.12)

where we have used that the external momentum is on-shell, meaning that ¢(p)p; = 0 and
p?> = m?. An analogous calculation applies to the last diagram, except that it is now more
convenient to look at the last vertex rather than the first. Therefore, the first diagram
cannot provide the scale of the unitarity scale which would match the strong coupling scale.

Let us now look at the second diagram, and perform the same trick (C.11) to analyse the

T

cuts. The last two cuts cannot give L, .

This is due to the first (or last) vertex, next to
which a cut is being made. This sets all three lines around the vertex on-shell, which makes
the vertex contain only the terms with m?. The first two cuts for the second diagram are
again equivalent. Let [ lie on the line which passes through the loop. The cut over it leaves

us with the transverse projector in momentum space, for which we have

I (5 _ T;g) —0. (C.13)

Let us now consider the vertex at the bottom of this line. If & is the loop momentum exiting
the vertex, we have

Vi Ly, by =1 — k) ~ ge®™l, (I"k; — k"1;) . (C.14)
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The last term vanishes since it is contracted with the transverse projector. Since the cut is
made through the middle line, this sets [ on shell, and hence this vertex does not have terms

which are multiplied by mass. The analysis of the two loop corrections for the transverse

T
str

Note that the diagrams presented here refer to A7 and y components, with the A

modes therefore suggests that L}, does not appear in the diagrams.
component integrated out. To rewrite the results in terms of the A, fields, one can consult
the following section.

D Conversion of diagrams

Here we will present the rules of transforming a manifestly covariant diagram into a set of
manifestly non-covariant ones, rewritten only in terms of the longitudinal and transverse
modes (We will refer to the latter one as A’y formulation) For simplicity, here we will
ignore the colour indices.

In order to do it, we first have to take into account that the ex-
ternal lines of manifestly covariant diagram carry external indices

uw=0,1,2,3. Based on this, there are 3 relevant types of external O
propagators in ATy formulation

1. transverse i HO

2. longitudinal with a cross, which comes with a factor —ip;
3. longitudinal with a circle, which comes with a factor —ipgA(p) °—©

where A(p) = I% and big grey circle corresponds to the rest of the diagram. These
factors should be multiplied with the corresponding type of the propagator

Ag; (p) = (65 — E—;)m for transverse modes
1 .
Ay = mZA (k) I _l - for longitudinal modes

(D.1)

For the longitudinal modes there are two kinds, since they come from A; and Ay. Now,
in an manifestly covariant theory, the diagram can be decomposed into transverse and
longitudinal parts according to the following rules

e Draw all combinations of the external propagators.
e Connect them with all possible vertices.

e The value of a given diagram then follows the usual Feynman rules, the only differ-
ence being that a diagram should now be multiplied by factors from three types of
propagators.
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Let’s consider as an example 1-loop diagram. Then all possible diagrams one could

form are given by

I
|
)

iX— —J
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