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1 Introduction

On-shell amplitude methods have proven extremely successful in studying the properties of

four-dimensional elementary particle theories. This is especially true for those theories, like

gauge and gravitational theories, that require the introduction of field redundancies when

described in terms of an ordinary Lagrangian. In the on-shell formalism we are going to use

— where an amplitude is defined through its expression in terms of spinor-helicity variables

— dealing with gauge bosons or gravitons is conceptually and practically the same as with

scalars or Weyl fermions (see e.g. [1-3]).



Recently, a systematic treatment of low-energy effective (field) theories (EFTs) with
amplitude methods has been initiated. This includes the identification of amplitude bases
for higher-dimensional operators [4-12], as well as the use of unitarity methods to study the
renormalization group (RG) structure of EFTs [12-20]. Concerning in particular the study of
quantum effects in EFTS, various interesting structures have emerged, which at the same time
deepen our understanding of the RG and organize and simplify enormously computations:
these include ‘helicity’ selection rules [21] and ‘angular momentum’ selection rules [22].

The purpose of this work is to extend these methods to cover generic EFTs with
gravitons as low energy degrees of freedom, which includes the world we live in [23].
While experimentally the quantum nature of gravity is not yet accessible, assuming that
it is quantized like all other dynamical degrees of freedom in nature is perhaps the most
conservative assumption, whose consequences we study here. (The scales of the operators
in the EFT are experimentally testable however, see e.g. [24]). In particular, we will devote
special attention to the study of gravity’s RG, whose intrinsic theoretical appeal dates back
to the 70s, with the seminal works of t” Hooft, Veltman, Deser and others [25-30], with
many interesting developments since then, especially in the context of supergravity (see
e.g. [31-33] for recent work on the ultraviolet behaviour of N' = 8 supergravity).

The interest in quantum gravitational corrections certainly extends beyond the diver-
gent structure of gravitational theories [34], with implications in the context of inflation,
see [35] and reference therein, modified gravity theories, e.g. [36, 37], or the weak gravity
conjecture [38—41]. On-shell techniques for loop computations in gravity have also been used
in [42-47], and have recently led to a burst of novel calculations in classical gravitational
dynamics motivated by the detection of gravitational waves, with many interesting new
results (see e.g. [48]).

Approaching EFTs including gravitons with on-shell methods allowed us to uncover
very interesting structures, both at tree-level and at one-loop. Concerning tree-level helicity
amplitudes including standard |h;| < 1 degrees of freedom and gravitons, we see a remarkable
extension of the non-trivial fact, observed in ordinary renormalizable gauge theories in [21],
that almost all 4-point amplitudes constructed with marginal couplings, with only one
exception, have h = ), h; = 0. We find that the natural extension of this to amplitudes
including minimally coupled gravitons requires the introduction of a modified helicity, that
we call & (see eq. (2.6)), under which gravitons carry one unit instead of two! Modulo
the same exceptional four-fermion amplitude with |h| = 2 (absent in supersymmetry),
we find that all 4-point amplitudes in a marginal theory minimally coupled to gravity
have h = 0.

This fact, which is highly non obvious as we are going to see, is then successfully em-
ployed for the study of the one-loop renormalization structure of the same class of minimally
coupled theories, including (’)(MPTIQ) effects whose systematic study is new. As a matter of
fact, our bounds on the tree-level helicity structure allows us to simplify the computations
of RG effects enormously, by a priori drastically reducing the number of relevant countert-
erms. As a complementary tool we will systematically take inputs from angular momentum
analysis, which provides further insight into the structure of anomalous dimensions.



As it is emerging more and more clearly, the structure of low energy EFTs which are
consistent with the principles of unitarity, locality and causality is highly constrained [49],
with infinitely many positivity conditions on the Wilson coeflicients of the EFT expansion
(see e.g. [50-53] for some of the latest results) showing up at tree-level and, even more
interestingly, extendable to the loop level. In this direction, we present some results on the
one-loop renormalization of certain dimension-eight operators whose Wilson coefficients are
expected to be strictly positive in the absence of gravity (gravitational positivity bounds
have been recently discussed in e.g. [39, 54-57]). Interestingly, we find that all the dimension-
eight coefficients grow towards the infrared, i.e. their anomalous dimensions are negative,
consistently with the standard positivity constraints.

The paper is organized as follows. In section 2 we discuss bounds on the total helicity
of tree-level amplitudes including minimally coupled gravitons, introducing the modified
helicity h. In section 3 we explain our method to extract UV anomalous dimensions from
on-shell amplitudes, and derive new non-renormalization theorems for theories involving
gravitons. In section 4 we use our findings to derive the renormalization structure of arbitrary
theories coupled to gravity, at the level of 4-point amplitudes and up to dimension-eight
EFT operators. Then we present our conclusions in section 5.

In several appendices we expand on the calculations leading to our results. In appendix A
we show how the gravitational helicity bounds on tree-level amplitudes can be understood
from supersymmetric Ward identities, and in B how Hermite reduction is used to extract the
massive bubble coefficients of the loop amplitudes. We discuss the (non-)renormalization
of the energy momentum tensor and collinear anomalous dimensions in appendix C, non-
minimal gravitational couplings of scalars and fermions in D, and operator mixing and
(loop) power counting in gravity in appendix E.

2 Helicity bounds on gravity amplitudes at tree level

Here and throughout the present paper we will consider scattering amplitudes for massless
states with definite helicity, whose momenta are considered as all-incoming. An n-point
amplitude will be denoted by A(lg,,2s,,--.,ns, ), where ®; specifies the type of particle,
i.e. ¢ for scalars, 1) and 1) for respectively helicity +1/2 fermions, while Vi and h4 will
denote respectively positive and negative helicity gauge bosons and gravitons. When
some labels are not necessary, we will suppress them for simplicity, and will often specify
amplitudes according to just their number of legs, as A,. To write down their explicit
expression, we will use the spinor helicity variables, following the conventions of [17].

The advantages that come from organizing amplitudes according to the helicity of the
external states are enormous and well known. First of all, this allows to systematically take
into account the constraints coming from the little group. Another very fruitful observation
is that, in a marginal theory (in particular, where no 3-point scalar couplings are present),
almost all tree-level 4-point amplitudes \A(1,2,3,4) that are non-zero satisfy the following
condition [21]

hi4+hs+hs+hs =0, (2.1)



where h; is the helicity of state 7. The only exceptions to the above rule are the four-
fermion amplitude A(¢), ¥, 1, 1) and its complex conjugate A(), v, ¥, 1),! with total helicity
h =", h; of respectively 2 and —2. These amplitudes can be zero under some group theoretic
condition but are in general present (e.g. in the SM).

The fact expressed by eq. (2.1) is highly non-trivial, as we are now going to explain. In
a marginal theory all n > 4 point amplitudes, with the exception of four-scalar amplitudes

for which eq. (2.1) is trivially satisfied, are on-shell constructible from lower-point ones,?
and therefore their total helicity satisfies

where A,, and A,,_,, 12 represent any pair of lower-point amplitudes into which A,, factorizes.
The fundamental building blocks in this recursive relation are 3-point amplitudes, which are
completely fixed by the little-group scaling of the external particles. Dimensional analysis
additionally relates the total helicity h(.A3) to the mass dimension of the coupling constant gs

[h(As3)| =1—[gs], (2.3)

implying that 3-point amplitudes in a marginal theory have total helicity |h(A3)| = 1.
The helicity composition rule in eq. (2.2) therefore fixes the helicity of 4-point amplitudes
to be |h(A4)| = 0,2 but does not explain the vanishing of most |h(A4)| = 2 amplitudes.
An explanation requires either direct computation or the use of further tools, such as
supersymmetric Ward identities [58].

Taking |h(A4)| = 0 as an input, and using that |h(A3)| = 1 in a marginal theory,
eq. (2.2) yields a non-trivial bound on the helicity of all n-point amplitudes which do not
contain the exceptional four-fermion amplitude in a factorization channel

h(A)| < n —4 (n>4). (2.4)

This tree-level helicity bound in marginal theories was successfully employed in [21] to
derive powerful non-renormalization theorems for EFTs (especially the SM EFT). In the
following, we are going to provide a very natural generalization of these results — bound
on |h(A,)| and non-renormalization theorems — to theories involving gravitons, as well as
(supersymmetric) theories with gravitons and gravitinos.

!The complex conjugated amplitude of A(1,2,...,n) is A(1,2,...,7), where the bar denotes a state
with opposite quantum numbers, including helicity (but same momentum). In the spinor-helicity formalism,
it is obtained by (-) <> [-] and complex conjugation of all couplings.

*p-point amplitudes have mass dimension [A,] = 4 — n. In a theory with only marginal couplings
the negative mass dimension for n > 4 has to be supplied by kinematic invariants. Locality implies
that configurations in which these kinematic invariants vanish and the amplitude becomes singular must
correspond to a factorization channel of the amplitude into lower-point amplitudes. Therefore all n > 4
amplitudes are on-shell constructible. At n = 4 the only dimensionless amplitude which does not factorize is
a constant, corresponding to a four-scalar amplitude. From a field theory point of view this can be phrased
as the fact that, with the exception of a four-scalar operator, there are no marginal local operators comprised
of n > 4 fields which could generate a contact amplitude.



2.1 Gravity minimally coupled to marginal theories

Including a minimal coupling of gravity to an otherwise marginal theory changes the above
picture, as we now describe. Before presenting our results, it is important to say some
words about precisely what set of amplitudes we are going to make our statements on,
and what are their relevant properties. The most straightforward definition of the set of
amplitudes we are considering (though somewhat outside of the spirit of the paper) is in
terms of a marginal Lagrangian minimally coupled to gravity, called £: we consider all
tree-level on-shell amplitudes constructed from it. Very schematically, these amplitudes are
of the form

A,, = couplings x polarizations x ({poles} + {contact}) , (2.5)

where ‘polarizations’ stands for a numerator, written with the minimal required amount of
spinor-helicity variables, accounting for the external helicities; the terms in parentheses are
functions of Mandelstam invariants, the first being reconstructible from lower amplitudes
with factorization arguments, while the second being purely contact, i.e. with no poles.
Contrary to the analogous problem without gravity, which is reviewed in Footnote 2, the
presence of the dimensionful coupling constant 1/Mp) in gravity makes the characterization
of {contact} somehow complicated. In most cases, like for amplitudes with at least one
external graviton [59, 60] or with |h| > 2, n > 4 [61], the contact term is shown to be absent,
so that the amplitude is on-shell constructible. But this is not always the case, and a subset
of our amplitudes, like for example some of those with h = 0, can come with contact term
ambiguities, for any n.

However, on-shell constructibility — or equivalently the absence of {contact} — is
not needed for our scope, which is to inductively infer the possible range of helicities of
A, like we did in the previous section. The only property which our set of amplitudes
is required to satisfy is the following recursive fact: that the {poles} part factorizes, on a
given pole, to A, X An_mie, with A, and A,_,,,12 being lower-point amplitudes which
are themselves “minimally coupled”, i.e. extracted from L like A, is. But what if A, is a
pure contact amplitude? Once again, we let the Lagrangian guide us. Considering, as we
do here, a minimal coupling of gravity to a marginal theory, and with the only exception of
the four-scalar amplitude that we already discussed, we see that gauge invariant terms in £
with n > 4 that would give rise to a purely {contact} amplitude (i.e. with no {poles}), are
actually absent, and the inductive step can always be invoked.

As we said, gravity comes with a dimensionful coupling constant, the inverse Planck mass
1/Mpy, which introduces a new set of 3-point amplitudes with |h(A3)| = 2 (see figure 1).
Thus a general 4-point amplitude might now have total helicity |h(A4)] = 0,1,2,3,4:
|h| = 0,2 if it factorizes into two marginal amplitudes, |h| = 1,3 in case it factorizes into
one marginal and one gravitational amplitude and |h| = 0,4 if the factorization is into two
gravitational amplitudes. This seems to suggest that a non-trivial bound on the helicity
requires a detailed knowledge of all factorization channels, and in particular of how many
of them contain gravitational amplitudes.

A remedy of this shortcoming of the traditional helicity counting approach requires
the characterization of amplitudes according to a quantity which treats gravitational and
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Figure 1. Three-point amplitudes in a marginal theory minimally coupled to gravity. Amplitudes
exclusively among the matter particles ®, which can be scalars ¢, fermions ¢ or vectors V', carry
total helicity h = £1. Gravitational amplitudes in contrast have helicity h = +2, the sign being
determined by the graviton helicities only. Characterized in terms of a modified helicity h = h — %h‘%
all 3-point amplitudes are on the same footing.

marginal amplitudes on the same footing. Such a quantity can be found by noticing that,
due to the parity conserving nature of minimally coupled gravity, all 3-point amplitudes
are of the form A(h4,®,®) with the total helicity being completely determined by the
helicity of the graviton hy. Taking only half of the graviton’s helicity would put it on the
same footing as an amplitude with gauge bosons (that are always parity preserving and
with h = £1). Motivated by this observation, we define a modified helicity h, which for
all particles with |h| < 1 coincides with the regular helicity, i.e. h = h, but under which
gravitons carry h = £1. For an arbitrary n-point amplitude the modified helicity can be
defined as

B(An) = h(An) - %hg(-An) ) (2'6)

where h9(A,) is the sum of all external graviton helicities in A,. As is shown in figure 1,
the modified helicity puts all 3-point amplitudes on the same footing, such that

|h(A3)| =1 for all 3-point amplitudes (2.7)

in a minimally coupled marginal theory. The benefits of the modified helicity are not limited
to 3-point amplitudes: & is additive with respect to factorization in the same way as the
regular helicity (cf. eq. (2.2)). Thus all 4-point amplitudes, including gravitational ones,
can only come with |h| = 0,2. As previously discussed all 4-point amplitudes containing
exclusively marginal couplings have h = 0, with the exception of the four-fermion amplitude.
The non-trivial vanishing of |B! = 2 amplitudes surprisingly extends to gravitational ones.
Through direct calculation, or more elegantly from supersymmetric Ward identities (see
appendix A), one indeed finds that

0= A(h‘-‘r’ h+7 h-‘r? h-) - A(h+7 h+7 ¢7 ¢) = A<h’+7 h’+7 V+7 V—) - 'A(h-i-v h+71;7¢)

_ 2.8
:A(h+?V+7V+7V*) :A(h+av+7¢v¢) :A(tha,(vD?qub) :A(thaV:vaw)’ ( )



and the same holds for the complex conjugated amplitudes, that is those where particles
and antiparticles are exchanged. Hence

h(Ay) =0 for all 4-point amplitudes, (2.9)

modulo the exceptional one, in a marginal theory minimally coupled to gravity. By
recursively constraining the A of n-point amplitudes from their factorization into lower-point
amplitudes, and using eq. (2.9) as our “base case”, we can straightforwardly generalize
eq. (2.4) to gravitational amplitudes, and find

(A, <n—4 (n>4). (2.10)

This will allow us to formulate unified non-renormalization theorems in the spirit of [21] for
EFTs including gravity, and in particular for the GRSMEFT [23].

Before ending this section let us make a few comments about the modified helicity.
The strength of the modified helicity bound in eq. (2.10) is its generality. It applies
to both gravitational and marginal theories and automatically reduces to eq. (2.4), the
bound for the regular helicity, in the absence of gravity. However, this generality comes
with a price: some amplitudes which are allowed by eq. (2.10) are actually forbidden by
regular helicity composition rules. One such example is the graviton-gauge boson amplitude
A(hy, hy,V_,V_), which has h = 0 and therefore seems to be allowed by the modified
helicity bound, but whose actual helicity h = 2 is not consistent with the fact that it has to
factorize into two gravitational 3-point amplitudes (allowing only |h| = 0,4 as discussed
previously). The reason for this shortcoming is the fact that gravitons are effectively treated
as helicity-one particles. If they appear in amplitudes together with actual helicity-one
vectors, an additional piece of information is required to tell if the amplitude is allowed
or not. Such information can be provided by hY, the total helicity in gravitons that the
amplitude carries. At four points |h9(A4)| < 2 and it can at most increase by two units for
each additional external state, implying that

|h9(A,)| <2(n—3). (2.11)

This additional information forbids the A(h4,hs,V_,V_) amplitude. Hence eq. (2.10)
should be seen as a conservative bound which in some cases can be refined by eq. (2.11) or
an explicit study of the factorization channels.?

The idea of using a modified helicity to study gravitational amplitudes has some
resemblance with the famous KLT relations [62] and the double copy structure of gravity
(see [63] for a review), which relate gravity amplitudes to products of two gauge-theory
amplitudes. If one of the gauge-theory amplitudes vanishes due to standard helicity bounds,
so does the gravity amplitude. It seems natural to interpret the modified helicity bounds
in a similar fashion. The modified helicity effectively treats the graviton as a helicity-
one particle and preserves the helicity of the remaining matter, what in the double copy

3Equivalently, the helicity bounds egs. (2.10) and (2.11) can be re-written as |h(Ay)| < 2n — 7 for
|h| > 2|h?| or simply |h(An)| < n—3 = 1|h?(An)| otherwise. In addition, for h,—h? > 0 or —h,h? > 0,
then |h(An)| <n —4.
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Figure 2. Interpretation of the modified helicity bounds for the A(h_, 1,1, ¢) amplitude in terms
of double copy relations. The modified helicity treats the graviton as a helicity-one particle and
preserves the helicity of |h| < 1 matter. Thus splitting the helicity as h = h + $h? implies a
factorization of the amplitude into a helicity h gauge amplitude A including all matter particles
and a helicity %hg gauge amplitude A’ with the matter particles replaced by scalars. The modified
helicity bound |h| < n — 4 corresponds in this picture to the helicity bound for marginal theories
applied to A.

language corresponds to a factorization of gravitons into two vectors, and each matter
particle into a same helicity state and a scalar, similar to the KLT construction in [64].
This is schematically shown in figure 2 for the A(h_,, 1, ¢) amplitude.* The first factor
is a gauge amplitude with total helicity &, which is only non-vanishing for |l~z] <n-4
according to the helicity bounds for marginal theories. This exactly coincides with the
modified helicity bound. In an explicit KLT construction we would also get a helicity bound
from the second factor. However, since the second gauge theory must contain three-scalar
couplings, the 4-point amplitude can have helicity |h| = 0, 1 resulting in a generally weaker
bound of |h| < n — 3. Note that, after we identify h = %hg , this additional bound coincides
with eq. (2.11).

It is important to point out that, while the modified helicity bounds are consistent
with KLT and double copy constructions and might have an interpretation in terms of such
relations, the derivation of the bounds does not depend on them.

Let us finally mention that it is straightforward to extend the definition of the modified
helicity to massless helicity-3/2 particles ¢, that is gravitinos. Note, however, that a
consistent theory with massless gravitinos requires superpartners for all matter particles [65],
i.e. the theory must be fully supersymmetric. All of the leading gravitino 3-point amplitudes
have total helicity |h| = 2 and are of the form A(h, (4, ¢0), A(Ce, Vi, ), A(Cy, 0, 8).
These have the same helicity structure as matter amplitudes in a marginal theory if we treat
the gravitino as a helicity-1/2 particle, i.e. if we assign to it the modified helicity h=1 /2.
With this the definition the modified helicity of any amplitude .4,, is given by

E(An) = h(An) - %hg(An) - %hC(An) ) (2‘12)

“Note that here we do not try to construct explicit KLT relations for such a factorization of gauge
theories. The aim of this discussion is merely to highlight the structural similarity of the modified helicity
to double copy constructions.



where h¢(A,) is the sum of external gravitino helicities. At tree level any 4-point amplitude
satisfies h(A4) = 0 (see appendix A),” implying that the bound in eq. (2.6) also holds for
gravitino amplitudes.

2.2 Beyond minimal coupling

So far we have been focusing on amplitudes which are constructed from either marginal
interactions or minimal coupling with gravity. Following an EFT point of view, we are now
going to include all the interactions that are allowed by the symmetries of the low energy
theory. These new interactions are in one to one correspondence with higher-dimensional
operators in an effective Lagrangian description.

In our approach, “higher-dimensional amplitudes” A; are defined through their expres-
sion in terms of spinor-helicity variables (in an all incoming configuration), and come with a
dimensionless coupling C; that corresponds to a Wilson coefficient in the operator approach.
Being new building blocks of the theory, they are not tied to lower-point amplitudes by
factorization, i.e. they are contact amplitudes.

Similarly as in the operator approach, higher-dimensional amplitudes can be classified
according to the inverse power of some UV-theory scale A that they carry. Notice that,
when involving gravitons as external states, amplitudes are also expected to carry a factor
MP_I1 for each graviton. Beyond the A- and Mpj-scaling, as hinted by the previous analysis
we also find it very convenient to characterize amplitudes by their number of legs n and
their modified helicity h. In figure 3 we organize accordingly all amplitudes at A~2 including
those with gravitons.

As an example of our method, we list here all contact amplitudes at A~' and A~2 that
include at least one graviton. At A~! we only find the following amplitude

[12]*
Ac26(1n, 521, ,3¢) = Cozpr—r5 5 (2.13)
P\ thy + ¢AMI%1
with n = 3 and h = 2. At A2 we have
[12]?[13]?
ACF2(].]1+,2V+,3V+) = CCFQW 5 (214)
[12]*[23]?[13]

AC3(1h+7 2h+7 3h+) = CC3 1\2—]\41?:;1 y (2.15)
with n = 3 and h = 3, the second amplitude being constructed with only gravitons. Finally,
we have

[12]*
A02¢2(1h+,2h+,3¢,4¢) = 002(252[\27]\4_1%1, (216)

that has n = 4 and h = 2. A systematic treatment of this problem goes beyond the scope
of this work and can be found in [23], where the equivalent operator language is adopted.
It is very important to observe that contact amplitudes suppressed by powers of A typically
do not respect the h bounds presented in the previous subsection.

®Note that there is no exception to this rule, since the || = 2 four-fermion amplitude requires non-
holomorphic Yukawa couplings to be non-vanishing. However, in a supersymmetric theory such couplings
are absent.
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Figure 3. Classes of O(A~2) amplitudes in a generic theory including gravity, with gravitational
amplitudes separated by a semicolon. Each class is characterized according to the modified helicity
and number of external particles that the amplitude carries. The non-renormalization theorem in
eq. (3.7) implies that a Wilson coefficient C; can only renormalize a C; on its right, with the further
condition that it lies inside the cone h; < ﬁj %+ (n; —n;). Our notation for contact amplitudes reflects
the operator language, for example A g2 is generated by an operator with a ‘right-handed” Weyl
tensor [23] and two right-handed field strength tensors. A bar denotes the left-handed counterpart,
and D counts the number of derivatives that the operator carries.

As we will see in the following section, the Wilson coefficients C; of higher-dimensional
amplitudes acquire a scale dependence when loop corrections are included. This will be
studied in section 4, and the modified helicity will turn out to be an invaluable tool.

3 Anomalous dimensions from on-shell amplitudes

Having presented the structure of tree-level amplitudes in a generic theory coupled to
gravity, we move on to the study of its properties at one loop, focusing in particular on the
divergence structure, or equivalently on the RG flow.

As we will see, the study of the RG is tightly connected to the properties of the theory
at tree level. This is because the UV-divergent part of a loop amplitude can be expressed in
terms of products of two tree-level amplitudes integrated over some phase space. By virtue
of this fact, quantitatively expressed in eq. (3.1), we can then for example systematically
translate the helicity bounds on tree amplitudes of section 2 to similar bounds on amplitudes
at one loop. We will see that the modified helicity A that we have introduced plays a key
role in the organization of the loop computation.

It was shown in [17] that, when there are no IR divergences, the anomalous dimension
vi = dC;/d1In p, which encodes the RG flow of the coefficient C; in A;, is given by

Ai(1,2,. .., 1 o
’yi(on) = —R Z Z 0'41@2 /dLIPS .AL( .,—fg,—fl)AR(fl,gg,...), (31)

cuts /1,09

~10 -



where Ay r are tree-level on-shell amplitudes with at least four legs and ) stands for

cuts
a sum over all possible ways in which the external legs 1,2,...,n can be distributed in
Ar, and Ag.% The second summation 20,4, 18 over all possible choices of internal legs,
to be chosen consistently in Aj, and Ag, i.e. the internal legs of A7 must carry opposite
sign momentum, helicity and all other quantum numbers with respect to those of Ag. The
factor oy, ¢, is defined by ay,4, = (—i)"41%2, where Fy,p, counts the number of fermions in the
list {¢1,¢2}. This factor arises from the convention in which | — A) =i|\) and | — A] = i|)].
The integral is over the Lorentz Invariant Phase Space (LIPS) associated with ¢; and /s,
and it is normalized as | dLIPS = 7/2. When ¢; and /5 label indistinguishable particles, a
symmetry factor 1/2 must be included in eq. (3.1).

In general loop amplitudes contain IR divergences, which have to be subtracted in order
to extract the UV-divergent part we are interested in. As explained for example in [20], IR
divergences are structurally of two kinds: they can either be associated to triangle and box
integrals, or to massless bubble integrals. The divergences contained in triangles and boxes
are purely IR and can be simply projected out, for example along the lines of appendix B
(for other methods see e.g. [66]). Massless bubbles contain instead both a UV and an IR
part, which are equal and opposite and cancel. To account for the UV part of massless
bubbles, it is enough to add a “collinear” contribution [20]. We then have

1 _ _ -
Wt S Uglg2R/dLIPS Ap(ees =l — B0) Ar(brfo ) + YeonAy(1 . .. ).

cuts
£q,49

(3.2)
Here R takes the rational part of the dLIPS integral (i.e. it “annihilates” all the transcen-
dental functions such as logs and dilogs), an operation that is equivalent to projecting out
triangle and boxes from the loop amplitude and keep only the bubble contribution [17]. The
last term of eq. (3.2) accounts for collinear divergences (or equivalently massless bubbles):
Yeoll 1S given by a sum over the external particles’ collinear anomalous dimensions, that is
Yeoll = D ’yégl, while A; is a tree-level amplitude with the same external legs and same
A and Mp; scaling as A;. In section 4 we will present several examples of the use of
eq. (3.2), which will also clarify the properties and role of A;. In appendix C we present
the computation of collinear anomalous dimensions.

A last comment on egs. (3.1) and (3.2) is that in general there can be many A; with
the same external legs, differing by flavor or Lorentz structure. In these cases their 1.h.s.
becomes a sum over the index 7 of all relevant amplitudes. The choice of the A;’s amounts
to a choice of basis.

The advantages that come from using eq. (3.1) instead of doing a blind loop computation
are huge. Primarily, eq. (3.1) inherits all the transparency and compactness of the on-shell
formalism, these qualities being especially manifest when dealing with massless particles
with helicity 1 or 2, that in an ordinary Lagrangian approach require the introduction

SNotice that, in general, the cut implies a reordering of the external legs in the r.h.s. of eq. (3.1) with
respect to the ordering 1,2, ..., n that is established in the l.h.s. When the reordering implies an odd number
of fermion permutations, the r.h.s. of eq. (3.1), and similarly that of eq. (3.2), must include an additional
minus sign.
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of some degree of gauge redundancy. Second, also connected to the on-shellness of the
various amplitudes entering the formula, eq. (3.1) allows to see how properties of Ay, and
Ap are inherited by the “counterterm” A;, or conversely to constrain the form of relevant
amplitudes Az, g once some a priori knowledge on the form of A; is available. An example
of this are the ‘modified helicity’ selection rules, as we now explain and will come back to
with explicit examples in section 4.

A first, simple but powerful condition coming from eq. (3.1) is that

w; + ki = wy, +wr + ki, + kg, (3.3)

where w(.A) and k(A) are the total powers in respectively A and Mp; that are carried by A,
ie. Ax 1/ A“’M{Sl. A similar yet physically much richer condition holds for the modified
helicity h, which is additive on the cut and imposes

Bi:BL—FiLR. (3.4)
Its simplicity is key to a couple of very powerful results that we are going to present here
and will use in section 4. The first statement is that, when both A; and Ag are amplitudes
constructed out of marginal and minimal gravity couplings, we can combine eq. (3.4) with
eq. (2.10) to get

]ﬁi\§|BL|+|BR\§(m—4)+[(n—m+4)—4]:n—4, (3.5)

where in the first step we used the triangle inequality, while in the second we used eq. (2.10)
twice, for Ay r with respectively m and (n —m + 4) legs. Notice that this remarkable fact
is valid at any order in MFTll. We have in particular

pitteor) — (n=4), (3.6)

7
in any minimally coupled model without trilinear scalar couplings and no exceptional
four-fermion amplitude.

The second statement, similar in nature but slightly different in purpose, concerns the
way in which a Wilson coefficient C; can enter the renormalization of another coefficient Cj.
More specifically, we take Az, = A; to be the amplitude proportional to Cj, and Agr = A
to be an n-point amplitude with modified helicity i constructed out of only marginal and
minimal gravity couplings. Then, we find

|7Li—ﬁj|:|ﬁ|§n—4:ni—nj, (3.7)

where in the first step we have used eq. (3.4) and in the second eq. (2.10), while the last
step is just the topological statement that A makes n; “jump” to n; = n; +n —4. This is a
natural generalization of the non-renormalization theorems of [21] when gravity is included,
and reduces to it for h — h. When applying eq. (3.7), one should pay attention to the fact
that, unlike for the standard scenario in which it has only marginal couplings, A can in
general carry also the dimensional coupling Ml;ll. Therefore it can induce mixing between
coefficients C; associated to a different A-scaling. Indeed, since w = 0, from eq. (3.3)
w; —wj = kj + k — k;, which is non-zero whenever gravitons are exchanged. We will come
back to this point in section 4.3 when discussing explicit examples and in appendix E.
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4 One-loop divergence structure of theories coupled to gravity

Having analysed the general properties of eq. (3.1) and eq. (3.2), and with the aim of
showing their enormous effectiveness, we now move on and focus on some specific problem.
Our purpose is to study the one-loop structure of a gauge theory — with scalars and
fermions transforming under the gauge group and interacting among themselves through
Yukawas and scalar quartics — that is minimally coupled to gravity.

This structure incorporates the world we live in, as the SM (and any other consistent
low-energy theory) is so made. Since the world is quantum, due to the presence of the
negative dimensional coupling M}Tll we expect to generate new interactions at one loop that
are not present at the minimal-coupling level. What is the amplitude/operator spectrum
that is required by consistency of the theory at one loop? This is the first question we are
going to address, providing in sections 4.1 and 4.2 general formulas for divergent 4-point
amplitudes at O(Mp,®) and O(Mp,*) respectively.

As explained in the previous section, in the setup of 4.1 and 4.2 our modified helicity
constraints prove to be extremely powerful. This is because, thanks to eq. (3.1), we see
that one-loop divergences are nothing but convolutions of two tree-level amplitudes of the
minimally coupled model, which are both bounded in (modified) helicity. At 4-point we
then have fLZ(-“OOp)
As a further introductory comment on 4.1 and 4.2, we would like to mention that,

= 0 according to eq. (3.5).

for what concerns one-loop divergent 4-point amplitudes in a minimally coupled theory,
our results are completely exhaustive. In fact, going beyond the marginal level, which is
nothing but the study of renormalizable theories, divergences are found only at (’)(MIZIZ)
and (’)(M1§14). This follows from simple power counting, see appendix E.

In section 4.3 we are going to study a complementary case. If the previous question
regards the minimal operator content required at one loop for consistency with the world
being quantum and gravitational, the next question concerns the leading RG effects on
higher-dimensional amplitudes including gravitons (those of section 2.2), the effects being
induced by marginal SM-like interactions. In this setup we will be able to fruitfully
employ eq. (3.7), that will prove as powerful as the corresponding bound in the usual
SMEFT context.

Some of our results were obtained before with alternative methods. For the comparison
with previous literature, see section 4.4.

Gravitational amplitudes for generic matter particles relevant to the discussion that
follows read

1 tu s 1 s
Amin(15,24,3 ,,4,):(—>+, (4.1)
G0t T 2 s T 6) T MR 6
Ain(15,20, 35, 45) = —— L= U113 109 (4.2)
min e 29 ¢y Fg _Mgl 25 ) .
1 3t—u
Amin(1772¢73¢’747’) = 77<14>[23]7 (43)
¥ VT MR, 4s
1 (13)2[23]2 7 (14)\*"
Amin(1V,72V T 74<I>_L) = 7(_1)6}1’1 ( > ’ (44)
SR L VE s (13)
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where in the first equation we have split the four-scalar amplitude into its J = 2 and
J = 0 partial wave components (in the 1,2 — 3,4 channel), and in the last equation
we have grouped together all amplitudes with at least a pair of opposite-helicity vectors
(h=0,1/2,1).

4.1 Divergences in minimally coupled theories: (’)(Mlglz)

In this section we present our results for the renormalization of minimally coupled gauge
theories at one-loop, n = 4 and (’)(MPTIQ). These are the first effects when going beyond the
renormalizable level. In this section we will talk about € = (4 — d)/2 divergent parts of the
amplitudes, called Ayv, instead of anomalous dimensions. The two pieces of information are
indeed equivalent, as >, v;.A;/C; = —2e Ayy. The advantage of talking about the divergent
part is that we do not need to specify any basis of higher-dimensional amplitudes A;.
The first guidance to the UV-divergent structure of our minimally coupled models
comes from eq. (3.5) that, together with the fact that divergences must be absorbable by
local counterterms, instructs us to look at the coordinates (n = 4, h = 0) of figure 3 and,
especially, forget all other counterterms. Therefore, potentially divergent amplitudes are just

Auv(Lp1 2605 365:464) . Auv(Ly, 2905 365:460) s Auv(ly,s 290,305 45,) . (4.5)

where ¢1. 4 and 114 can be respectively any scalar and any positive helicity fermion in
the theory (distinguishable or not). Notice that the above statement is true only modulo
the exceptional amplitude (and absent three-scalar couplings). In non-holomorphic theories
like the SM, we could also expect a fourth category:

Auv (L s 2y iy 4y, ) - (4.6)

In summary, we find that the external legs of potentially divergent amplitudes are either helic-
ity +1/2 fermions or scalars. The Mp; dependence can then only come from one — and only
one — internal graviton (for the sake of this discussion, it is useful to think in terms of ordi-
nary Feynman diagrams and uncut loop amplitudes). This fact implies that each of the loop
diagrams contributing to some given Ayy can be divided into two categories, characterized
by the topology of the corresponding diagram: a diagram can either (4) remain connected
or (B) get disconnected when the graviton propagator is removed, and this is equivalent
to the propagator being part of the loop or not, respectively. This is shown in figure 4.7
Our first claim, which is proven and thoroughly discussed in appendix C, and that we
also checked by direct computation, is that (almost) all contributions to class (B) cancel
among themselves. This can be seen by noticing that the diagrams in class (B) correspond to

A(1,2,3,4)] 5y = (1, 2/ |2) O (Q| Ry o | 2)O(QITP7 (3, 4) D) 4. (4.7)

where the ellipsis stand for analogous contributions with (1, 2|7 |Q)() and (Q|777|3,4)©),
the suffix denoting the loop order at which the form factor is computed. To get to this expres-
sion, we have used the fact that the graviton couples to matter through h,, T, and split the

"We observe that diagrams in class (A) do not contain corrections to the external legs, which are all in
(B). This means that, when we cut the diagrams of figure 4, the contribution in eq. (3.2) proportional to
~Yeoll Will be entirely part of class (B).
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Figure 4. Some of the Feynman diagrams relevant for section 4.1, with continuous lines for particles
with |h| = 0,1/2,1 and wavy lines for gravitons. Diagrams of class (A) on the left and (B) on the
right respectively remain connected and get disconnected when the unique graviton propagator is
removed. Most of class (B) diagrams, with well understood exceptions in the scalar sector, cancel
among themselves as a consequence of the conservation of the energy momentum tensor T#¥. This
is discussed in appendix C.

relevant set of one loop contributions, i.e. those of class (B), thanks to Wick’s theorem. As
we discuss in appendix C, the conservation of the energy-momentum tensor T implies that
its traceless part is UV-finite. Using eq. (4.7), this implies that, if 1,2 and 3,4 are fermions

AUV(1525374)|(B) = Ov (48)

thanks to the property that their energy-momentum tensor is automatically traceless. The
vanishing of eq. (4.8) holds also when either 1,2 or 3,4 are fermions, thanks to certain
orthogonality property that we are going to discuss at the end of this section and in
appendix C with a slightly different formalism. However, eq. (4.8) is not necessarily true
when both 1,2 and 3,4 are scalars, which admit a T#” with non-vanishing trace. Leaving
the fully scalar exception for the end, we now explore the consequences of the vanishing
of class (B) for the other amplitudes.

The key observation now is that each term in class (A) is in one-to-one correspondence
with a tree-level diagram in the marginal theory with identical external states, whose
amplitude we call Atyee, which is obtained by removing the graviton internal leg. Thanks
to the helicity and flavor preserving nature of the minimal gravitational coupling, the
diagrams in (A) and Agee have the same structure, both flavor and helicity-wise. As we
now show, this observation allows us to present our results in complete generality for any
model, without having to assume a particular flavor/color structure, which is the only
source of model dependence. Once again, we see that what governs the physics of scattering
amplitudes is helicity.
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4.1.1 Divergences of the form Auv (1, ,2y,, 3¢5, 44,)

We start by considering the divergent part of an amplitude with two opposite-helicity
fermions and two scalars. At tree level and with marginal couplings only, i.e. without
gravity, such an amplitude can only be of the following form

Y,

u
u

T, Y
Atree(1w172¢273¢374¢4):( 7t+ )(13)[23], (4.9)

s
where T" and Y are flavor/color tensors whose index structure is governed by the external
legs, and we use different symbols to emphasize their gauge (T') or Yukawa (Y') nature.
They also carry all the marginal coupling dependence. By using eq. (3.2) we find the
(’)(MPTIZ) UV-divergent part of the amplitude to be

7

————— 3Ts+ Y, + Y,) (13)[23]. 4.10

AUV(lila 25 33 4¢4) =

We see that, apart from the loop factor (47)~2 and the Mp; dependence, all the non-trivial

information is encoded in a couple of coefficients: 21/4 for the vector channels and 7/4 for
the Yukawa channels.

Let us give some details on how to go from eq. (4.9) to eq. (4.10) using eq. (3.2). We

focus in particular on the contributions to the s-channel cut which, thanks to our main
formula eq. (3.2), read

AUV(l%,Q%, 365> 44,)
: /
= 5.k / dLIPS 1y {Atreeu o2l )
i (653’ 6;34’ 3¢37 4¢4) * Amin(lil ) 27/)2’ —fwu _eft/_zz) Abree (41/31 ’ 62#2’ 3¢37 4¢4)

DD A, 20, —gs —bhs ) Allhy s B 30, 46,) | (4.11)
Ve =+

s—ch

where we stress again that the above equation is valid because we are only considering cuts
of class (A) amplitudes. One can see that the contributions are of two kinds, corresponding
to the first two lines and third line respectively. Each of the first two terms is a product of
Atree and an amplitude that is mediated by a graviton exchange, that we have called Apip.
Instead, the last term is a product of two amplitudes involving three matter fields and one
graviton. The index a, over which we sum, labels all distinct gauge bosons of the theory.
Another summation is over the possible polarizations of the internal V® and h. The same
structure governs the ¢ and u-channel cuts.

We now consider in turn the three contributions to the r.h.s. of eq. (4.11), which are
also represented in figure 5. The first term gives

R / ALIPS ppr Asree (15, 2950 s> —Lip, ) Amin (€3, %4 35+ 46,)

T Y Y, s L.py 7 27,
—R [ dLIPS;p (=2 1)) x > LT
/ “ ( s +—2£.p1+—2£.p2)< N S Tps ~ 2002,

(13)[23], (4.12)
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Figure 5. Cut diagrams corresponding to the r.h.s. of eq. (4.11).

where we used eq. (4.9) and eq. (4.1). Similarly, for the second term we find

R / dLIPSp Amin(liﬁ s 24095 —gwl, —5222) Atree (51/;1 , EZ#Q, 3 4o,

)
1 3s+20py, <Ts Y; Yu ) /
= dLIPSypy —5 ——=(10)[2¢ — 03)[¢ 4.1
R/ Su M§1 80.p1 (1E)[2] S + 20.p3 + 20.p4 (€316°3] (4.13)

 mI9Ts = 3(Y; +Ya)
2 12 M3,

(13)[23],

using eq. (4.3) and eq. (4.9) to go to the second line. While it is manifest that the above
terms can be written in terms of the tree-level flavor structures Ty, Y; and Y, the same
is not obvious for the cuts with one internal graviton, as they do not contain a “factor”
of Airee. However, we now show that the same tensors are recovered in these cuts after a
couple of manipulations. We first note that all 4-point tree-level amplitudes of a minimally

coupled theory that have one graviton can be written as follows

_ 1 (4i)[i5]{54)
AL,2,3,4) = 3 AL 2,3) T e

(4.14)
where all choices of 4,7 = 1,2, 3 with ¢ # j are equivalent thanks to momentum conservation,
with an analogous expression when the graviton has positive helicity, specifically with angle
and square brackets exchanged. It is understood that A(1,2,3,4;,_) must be allowed to
be non-zero by the helicity bounds of section 2.1. The expression in eq. (4.14), which is
reminiscent of soft behaviour but can be fixed with simple factorization arguments is,® to

8Notice that the spinorial contraction in eq. (4.14) can be rewritten as —(44)%[i5]?(j4)?/stu.

17 -



our knowledge, new. Then the last cut reads
R / ALIPS e (L, 20, o, ) Alln e, 35y, 45,)

_ 1 , (D2 1 [£3](34)[4¢]
= 'R,/dLIPSgg/ FA(1w1,2¢2,— +) [51]< >[2£] X MPI.A( Vg,3¢3,4¢4)m

1 e )l @3y . [63)(34)40
= g ) S Tt iy e ¢ ey R () B

T 21a 1a
- 2%32%11? (13)[23], (4.15)

plus an analogous contribution with hy,V_ < h_, V), which gives the same result.
In eq. (4.15) we introduced the generators t} p that govern the interaction of V* with
respectively ¢ and ¢34, and g, which fixes the strength of the coupling. After summing
upon all the vectors of the theory as dictated by eq. (4.11), the flavor/color part becomes

Yo gatith =T, (4.16)

a

and we recover the same tensor that enters in eq. (4.9). The fact that the above corre-
spondence must hold in general can be seen explicitly by factorization of eq. (4.9). In fact,
factorization in the s-channel imposes

T5<13> [23] = lim SAtree(lfJ,l y 21/127 3¢>37 4¢4)

(12)—0
= — Z A(llzl s 2¢2, —Ev_’t}) X A(fvg, 3¢3, 4¢4)
. —[20)? o (€3)(04 waa
St x et =Y R, (@0

where we used the fact that £ = p; + p2 = —p3 — p4. When we finally put everything
together, we get that the s-channel contribution to eq. (4.10) is given by

(13)[23]

smch 647r2M}2>16(Yt +Yu - 13T). (4.18)

AUV(llzl ) 21[)27 3¢37 4¢4)

Analogously we can proceed for the t-channel cut, whose result we quote directly after
giving the expression for the phase space integral:

AUV(IQZ ) 21[)27 3(;537 4(}54) —ch

87r3 |:-Atroc( w1,3¢3, —lopy, — )
X Amin (€5, €5, 202 460) + Amin(L, . 365, =Ly, —05,) Avwee (U, s oy 20546,
+ 2 Ay, B~ =) Al Ly 25, 45.)

1672 M3e

Yy —3Y; —Ty). (4.19)
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The sum that appears in the last term is over all possible fermions &; in the theory that
can mediate a Yukawa interaction between 1), ¢3 on one side and 12¢4 on the other. By
summing over &; one reconstructs the tensor Y;, similarly as for T in the s-channel. The
helicity structure of the u-channel is exactly the same as that of the ¢-channel, and we get
__(13)[23]
u—ch 1671'27]\41%16

Aoy (L5, 20+ 305s 46) (Y; - 3Y, —T.). (4.20)

By summing over all channels, we then obtain eq. (4.10).

4.1.2 Fully fermionic divergences

We now consider divergences in the fully fermionic sector, starting with the “exceptional”
h = —2 amplitudes, i.e. those of the form of eq. (4.6). In non-holomorphic theories this
amplitude can have a contribution at the marginal level, with the tree-level amplitude being
given by
[12]

Atree(1w1’2¢2’3¢374¢4) = (YS + Y, + Kf) @ . (4-21)
This structure may look surprising at first sight due to the apparent absence of ¢t- and
u-channel poles, which is not expected in general since scalars can be exchanged in all
channels. However, using kinematic identities like [12](24) + [13](34) = 0, one can show for
example that a t-channel pole like [13]/(24) can be rewritten as —[12]/(34). This is why
eq. (4.21) turns out to be crossing symmetric.

If present at the marginal level, this amplitude could generate a non-vanishing contribu-
tion to the divergence of Auy (Ly;, 2y, , 3y, 4y,) at O(1/MB)). A divergence in this |h| =2
amplitude is the only allowed exception to the helicity non-renormalization rule in eq. (3.6).
However, as we now show, the one-loop contributions from eq. (4.21) to eq. (4.6) add up to
zero, such that the rule eq. (3.6) is exact in any marginal theory minimally coupled to gravity.

We proceed by giving the expression for the s-channel cuts contributing to eq. (4.6).
We note that a contribution with one cut graviton is absent here, because one would need a
tree-level amplitude with h = 0 containing one graviton, which is not allowed according to
the tree-level helicity rules of section 2. We therefore have

Auv Ly 20, g 4pa) | _en

1
- 87r3eR / dLIPSw {Atree(lwl 22 —Lys, _6%4)"4@“ (6153’ 6254’ 3y 4#}4)

+ Amin(lwly 2¢2, —&Zl, —K;;Z) Atree (Ewl , apQ, 31/,3, 4w4) . (4.22)

The two terms are structurally equivalent and they give the same result. Let us quote here
the result of the relevant phase space integration:

R / QLIPS o Ain (Lo 26—, —5.) Avreo (B Uy B )

B 1 s+60.p2 y [34]

R / LIPSy 3 Y0 X (Vo4 Yo ¥0)

Y, +Y,+Y; 3 s 3n(Ys+Y,+Ys)

=——112{|34 LIPS | —— = 12|134]. 4.2
v 2 R Py (G5 ) =S s (423)
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In the first step we just gave the explicit expression of the phase space integrand. In the
second step we reduced the integrand to the sum of a pure bubble and a pure triangle, which
is a baby example of the Passarino-Veltman integral reduction. Thanks to the properties
of R, we could then project out the triangle, what leaves us with a trivial phase space
integral. A reduction like this is always possible but often complicated, so that most of the
times we let R do it automatically as explained in appendix B. Due to the identical helicity
structure, the ¢- and u-channel cuts can be obtained in a similar way. Paying attention to
the signs, one can see that sum over the three cuts is proportional to the crossing invariant
combination

AUV (Lyns 2+ By, ) o [121[34] + [14][28] + [13][42], (4.24)

which is zero thanks to the Schouten identity. This result can be traced back to the crossing
symmetry of eq. (4.21), which minimal gravity does not spoil being color/flavor blind. All
in all we find that

Auvv (1¢1’ 211227 31/)3? 41!)4) =0. (4‘25)

While the all-minus fermionic amplitude is not renormalized, the combination with total
helicity A = 0 is renormalized. Since the procedure should be clear by now, we just quote in
turn the tree-level amplitude and the corresponding UV-divergent amplitude. At tree level,
the most general amplitude for two positive and two negative helicity fermions is given by

T T Y,
Avee(Ly, 220,35, 45,) = (SS-+ . +—J‘) (14)[23], (4.26)

while the minimal gravity induced UV-divergence is found to be

55

Auv(Ly,5 290, 3. 45,) =
the relevant coefficients being 55/12 for the vector channels and, perhaps more interestingly,
zero for the Yukawa channel. Our methods cannot explain why the Yukawa channel, which
is mediated by a scalar, is not associated to any UV divergence.

4.1.3 Fully scalar divergences

Let us now present our results for the divergences of purely scalar amplitudes
A(L41, 265, 3¢354¢,). The topological splitting into class (A) and (B) in figure 4 is still valid,
but there is a novelty here with respect to the previous cases, as class (B) does not vanish
completely.

We first consider (A ), and start as usual by quoting the relevant tree-level amplitude
in the marginal theory, which on general grounds takes the form

—u uU—S s—t
T, + T; + T, (4.28)
S t U

t
Atree(qul y 2¢>27 3¢374¢4) =C+

where C'is a contact term coming from quartic scalar couplings. By using eq. (3.2), we can
then compute the loop divergent part of the amplitude at (’)(M1§12), which is found to be

5
AU\/(1¢ s 2605 33,4 )’ = [(t—u)TS +(u—9)T; + (S—t)Tu] . (4.29)
e Teer TOTHA) T 12w M e
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We see that the quartic term is not associated to any UV divergence, as one can show by a
simple readaptation of eq. (4.23). In this case, the term proportional to C' vanishes thanks
to s +t + u = 0 after summing over all cuts.

We move now to class (B), elaborating on eq. (4.7). As a preliminary observation, we
note that, because of the flavor/color-blindness of gravity, particles 1,2,3,4 must come in
particle antiparticle pairs to possibly contribute to (B). We will therefore take 1,2 and 3,4
to be particle antiparticle pairs, respectively ¢, ¢ and ¢, ¢'. We will also take 3 and 4 not
to be 1’s antiparticle.

Like we said previously, the crucial point is that scalars couple to gravity through a
stress tensor T"” with non-vanishing trace. We therefore split T+ = T} + T4, where T 2
are “purely trace” and traceless, both conserved (see appendix C for the precise definitions).
In particular we have at tree level

(L2170 = (1217310 + (1, 21737 |2) ). (4.30)

As a consequence of the conservation of T, we show in appendix C that the UV-divergent
part of (Q|7%7|3,4)(M) in which we are interested as it enters the UV-divergent part of (B),
reads

/

(¢)
po13 4\ — 70 P13 4)(0)
@3 | = -1 (T3, 49, (4.31)
where 78¢/) is the UV anomalous dimensions of T in the ¢’ sector. Notice that only Tj
enters the r.h.s. By using the harmonic gauge, we can then compute

vo + NuoNvp — NuvNpo
QB b |Q)(©) = il polve i lps | 4.32
< ’M P| > 2(p1+p2)2 ( 3)

When we put things together as dictated by eq. (4.7), we get after dropping the (0) suffix
and using P = p1 + ps

(¢")
v v 2n pMve — NMuvTpo Yo -
(L2ITy" + T3"|Q) === 55 5 (QUTE713.4)
(¢")
’y 174 v 1 p
— o (L2 + (D)™ QUT)13.4) — 3L 2T QAT D)
'Y(gd) 1
S ((1,2|(T0)W\Q><Q](TO)W]3,4) - 2(1,2\(T0)5|Q><91(T0)g\3,4>)
(¢) (¢)
_To (J=0) e s
= 26 Amm (1¢, 2¢,3¢/74¢ ) 726 76M1%1 . (433)

This result requires several explanations. From the algebraic point of view, we used (Tg)ﬁ =

and that (1,2|(72)"|2)(Q|(Tb)uw|3,4) = 0. This last orthogonality property comes from
the fact that Ty and 715 transform differently under rotations, in a spin 0 and a spin 2
representation, respectively (cf. appendix C). In the final step we recovered the J = 0
component of eq. (4.1). In fact, with similar considerations to those that lead to eq. (4.7),

we have

v v 2 vo — v
Anmin(Ls: 25,35, 4gr) = (1, 2T4" + T4 |q2) “ee’t ‘;PQW oo 1QTE” + 7713, 4),  (4.34)
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Figure 6. Feynman diagrams of class (B) that “survive” the cancellation. They are all proportional
to the J = 0 component of the gravity mediated amplitude Apmin (14,2 B 3 4,4). The analogous
terms proportional to the J = 2 component of A,,;, cancel among themselves, as we explain in
appendix C.

where all quantities are tree-level. The above expression can be decomposed as a term
with 75 x T3 and a term with Ty x Tp, corresponding precisely to the J = 2,0 components
of eq. (4.1).

When we add the terms coming from loops inserted on the 1,2 side instead of the 3,4
side (see figure 4), we finally get

—— (7 ++5") - (4.35)

15,223, 45)  =—
Auv (14,25, 35, 44) 5 1202 ¢

The above, very general, derivation tracks the class (B) UV-divergent contributions of
the fully scalar amplitude to the UV anomalous dimension of Ty in the ¢ and ¢’ sector. A
more direct derivation goes through the computation of diagrams like those of figure 6.7

We close this section by noticing that eq. (4.35) becomes zero when the scalar is coupled
to gravity conformally instead of minimally, since the J = 0 piece of eq. (4.1) vanishes in
this case. We stress however that, for conformally coupled scalars, also the other divergences
that we computed get modified. In appendix D we extend all our results to a conformal
coupling of gravity to scalars (as well as to non-vanishing torsion, in the form of a contact
four-fermion gravitational interaction).

4.2 Divergences and positivity in minimally coupled theories: O(M1§14)

In this section we continue our analysis of the one-loop divergence structure of a generic
minimally coupled theory, moving to (’)(ME{*) and focusing on 4-point amplitudes. At this
level, only the gravitational interactions matter, so that marginal couplings do not play any
role. Like in the previous section, eq. (3.6) plays a leading role by leaving only a handful
of amplitude renormalizations to compute, all with A = 0. The flavor structure is also
extremely constrained, allowing only amplitudes involving particle-antiparticle pairs, that is
of the form A(15,24, 34,45/ ), where ®, @ have helicity 0,1/2,1. We will fix h(®) > h(P')
and assume that 1 and 4 are distinguishable particles, as the identical case is simply
recovered with crossing arguments.

It is convenient to parameterize the relevant contact amplitudes in terms of an amplitude
basis with definite angular momentum in the 1,2 — 3,4 channel, i.e. in the so-called angular

9We note here that the amplitude Ac242, that we study in section 4.3, undergoes a self renormalization
which has many similarities to figure 6.
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momentum basis (see e.g. [22]). We have

A(15,24, 3¢, 45) = le%l lcgﬁ 52_66“‘ +ci) S(tz_“) +cl) 32] : (4.36)
AL 2y, 34,43) = — le%l [Cffdf ! = +C5 s} (13)[23], (4.37)
ALy, 20, 3y, 45) = — Mlgl [cﬁg, 3’5; “ o, s] (14)[23] (4.38)
Ally 2y, 30, 4g) = _i%(_ném@ (13)2[23]2 (83)2% , (4.39)

where the part of the amplitude proportional to C/), that we call AY), has angular
momentum J in the 1,2 — 3,4 channel.'”

Let us now present how to obtain the one-loop anomalous dimensions WED‘Q, = dC’C(I;Q,/ dlnp
from eq. (3.2). Taking into account that gravitational interactions do not generate collinear
anomalous dimensions, i.e. .1 =0, eq. (3.2) reduces to the sum over the cuts in the s-, ¢-
and u-channels

(1) A (13,20, 30/, 43:)

Tow o)
J Cq)qy

_ _47;3 R / dLIPS[(s-cut) + (t-cut) + (u-cut)].  (4.40)

We first consider the s-channel cut, whose many contributions are depicted in the leftmost
panel of figure 7. The first contribution is given by the graviton cut, that reads

(s-cut)y = A(lé, 29, —gthr, —lp_) .A(chr,f/;L , 37, 4@) , (4.41)
where the relevant two-graviton amplitudes are given by

1 ((14)[23])%= ((13)[32])* 2
B M3, stu ’

A(ln_,2n, 30, 45) = (4.42)

which can be derived as a special case of eq. (4.14). The second contribution, that we
dub (s-cut)g~ and corresponds to the second diagram in the first row of figure 7, is of the
following form

(S—Cut)qw = Z U@//@//Amin(lé, 2p, — &)//, _E@’) Amin(f@u, E&),,, 3/, 4@/) , (4.43)
OALD, P

where the sum runs over all particle-antiparticle pairs that are different from both ®® and
®'®’. Finally, we have the contribution corresponding to the second and third line of the
s-cut panel of figure 7, that reads

(s-cut)p.or = 0o Amin(1g, 20, —Lp, —L5) Amin(lo, L5, 3o/, 45/)
+ U@’@’Amin(lcfn 2@7 - :waa —Eé,) Amin(eq)’a zif,/a 3<I>’ ’ 4<f>/) . (444)

9The coefficients of the polynomials in eqs. (4.36)—(4.39) are fixed as follows. Considering for example
J =2, we want A® to match the corresponding amplitude among eqs. (4.1)-(4.4) under the substitution
C? — —M3,/s (with the J = 0 component of the four-scalar amplitude set to zero, or a = 0 in eq. (D.1)).
Similarly for the AM’s and the corresponding amplitudes mediated by annihilation into a vector boson,
that are obtained by CV) — — Mg g2/s>.
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Figure 7. Cut diagrams entering the computation of the anomalous dimensions at O(M1§14) in
eq. (4.40), with solid lines for matter and wavy lines for gravitons. To avoid clutter, we label 1 = @,
2 = &' and 3 = ®”. Diagrams are divided into s-, t- and u-cut. The right column of the s-cut panel
corresponds to the universal contribution in egs. (4.47)—(4.50), proportional to the factor K defined
in eq. (4.51).

As depicted in figure 7, each of these last two contributions can be further split into two
terms corresponding to diagrams with different topology, respectively in the left and right
side of the second and third line of the s-cut panel. It should be clear from the picture that
eq. (4.43) and the two contributions of eq. (4.44) corresponding to the rightmost diagrams
in the s-cut panel of figure 7 (that is, collectively, the whole second column of figure 7) can
be grouped together, as they are all corrections to the graviton propagator. Indeed, in the
Lagrangian formulation they result in a renormalization of operators with two Ricci scalars

or Ricci tensors of the form R? and R?,. Applying then the equations of motion to these

uv
operators gives a universal contribution to on-shell 4-point scattering amplitudes of matter
particles. This universal contribution, which is sensitive to the full matter content of the

theory, is known (see e.g. [67, 68]) and will provide a non-trivial partial check of our results.

Also note that the tree amplitudes corresponding to the second column of figure 7
proceed through s-channel graviton exchange which, except for the minimally coupled four-
scalar amplitude, carries angular momentum J = 2. Thus in general only the renormalization
of the J = 2 Wilson coefficients C’Z«(2) is sensitive to the full particle spectrum of the theory,
the exception being Cg;)), which gets renormalized by all scalars due to the J = 0 component
of the minimally coupled four-scalar amplitude (see appendix C).

The first column of figure 7 corresponds instead to contributions that only depend on
the external legs. As can be seen from the rightmost panels of figure 7, the same is true for
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the t- and u-channel cuts, given by

(t—cut) == U@@’Amin(lc}a 3.:1)/, —fﬁi, —qu) Amin(&i,/, ip, 2(}, 4&,;) s (445)
(U'CUt) = U@@’Amin(léa 4&)’7 - :In _€¢’> Amin(&iﬂa gij): 2<I>a 3@’) ’ (446)
with additional minus signs to account for Fermi statistics in amplitudes involving fermions,

as the external legs are not ordered as 1,2,3,4.
With these ingredients, we then obtain the anomalous dimensions

Yooy = —$ (K + ?g) : ¥ =0, 7 = —48;2 (]\é‘z’ + ;) o (447)
o = —$ <K + 122(?) . =0, (4.48)
W = _ﬁ (K * 1‘501) T = 1617r2 % ’ (4.49)
We = —817T2(K + 1;)01) : (4.50)

where K parameterizes the full matter content of the theory, and is given by

Ny Ny Ny
=t T (4.51)
Ng counts the number of complex scalar, Weyl fermion and vector degrees of freedom for
® = ¢,1), V respectively.!! Interestingly, we see that all yy¢ turn out to be equal, for any ®.
Before moving on let us comment on these results. We have chosen the amplitude basis
such that all non-vanishing anomalous dimensions are negative. This causes the Wilson
coefficients to become increasingly positive due to RG running from a high scale A to an IR

scale p < A
A

G (1) = Cip(A) =7 n (4.52)
If the scale separation is large enough the logarithmic running will dominate over the initial
value C’C(I)J),(A), what implies that regardless of the UV completion the Wilson coefficients
will be positive if evaluated deep in the IR. Note that this conclusion is independent of the
matter content, as all particle species contribute to K with the same sign. Similar arguments
have recently been used to argue that, due to quantum corrections, the mild form of the
weak gravity conjecture is asymptotically satisfied in a large class of non-supersymmetric
low-energy EFTs containing a photon and a graviton [38—41].

More generally, the negativity of the anomalous dimensions is interesting when con-
trasted with the positivity bounds on Wilson coefficients obtained from dispersion relations,
in particular from the analyticity properties of elastic 2 — 2 scattering amplitudes, see
e.g. [49]. In the presence of gravity it is yet unclear how robust these bounds are, as the
t-channel massless graviton pole in tree-level amplitudes (or in general the presence of
singular terms in the ¢ — 0 limit) prevents one from taking the forward limit of the elastic

"For real scalars ¢ one has to make the replacement N, — N, /2.
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scattering amplitude. For this reason, it is important to check if the positivity of Wilson
coefficients due to gravitational quantum effects aligns with the consistency conditions
which are derived neglecting the t-channel graviton pole. For the amplitudes in eqs. (4.36)
to (4.39), these positivity bounds take the form
@) @) (0) 2 (1) (2
C¢¢>/ >0, 2C¢¢/ +3C¢¢, >0, C¢¢, +C¢¢, >0, CW, >0, (4.53)
(2) (2) (1) (2) ’
wa/ >0, pr' + wa >0, Cye >0,

which have been obtained by requiring that the s>-term of the elastic forward amplitude
A(ab — ab)|;—0 is positive for a,b = ¢,¢',1,9',V and their antiparticles.!? Eq. (4.53)
coincides with the bounds found in [69] after converting to their operator basis.

It therefore appears that all positivity bounds in eq. (4.53) are indeed not spoiled at low
energy scales, on the contrary the gravitational RG running makes the Wilson coefficients
more positive. In this regard, we can understand why some of the cuts in figure 7 are
negative from the fact that they can be related to a cross section. Specifically, the s-channel
cuts in the first row of figure 7, for 1 and 2 of the same helicity, can be simply derived from
eq. (3.1) after taking its forward limit. For instance, eq. (4.43) leads to

2 _ _
(s-cut)grli—0 = —fa@@ — "3, (4.54)

and similarly for the graviton cut eq. (4.41). This is regardless of ® and @’ being distinguish-
able species, i.e. of different flavor/color (yet same helicity), since they couple to gravity in
the same way. Despite the simplicity of this argument, let us stress that it does not hold
for the rest of the cuts in figure 7. In light of this, it would be interesting to gain further
understanding on the negativity of the anomalous dimensions in eqs. (4.47)—(4.50).

4.3 RG mixing of operators including gravitons

Now we would like to show how our methods allow to efficiently study the running of higher-
dimensional amplitudes that include gravitons, which have been presented in section 2.2.
The relevant question here is the following: given a “spectrum” of higher-dimensional
amplitudes (including gravitons), what are the leading contributions to the RG flow of their
Wilson coefficients?

Our analysis starts from eq. (3.3). As one can see, the powers of A and Mp; in general
do not have to match separately in the left and right hand sides of eq. (3.1). This is what we
saw in the previous sections, with minimally coupled amplitudes — suppressed by powers
of Mp, — contributing to the running of A=2? and A~* amplitudes. However, when we
focus on the leading contributions to the running of a given higher-dimensional amplitude,
assuming a large separation between the EFT and Planck scale, i.e. A < Mp;, we should
only keep the contributions on the r.h.s. of eq. (3.1) with the smallest kz, + kg, that is those
which are less Mp) suppressed.

2Note that in order to obtain all the bounds for the scalar Wilson coefficients one has to scatter states
which are superpositions of ¢, ¢,¢’, ¢’ (see e.g. [69]).
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In order to characterize these leading contributions, we first observe that all tree-level
amplitudes carry at least one power of ]\/.I'P_l1 for each external graviton,'® while, as we
pointed out in section 2.2, higher-dimensional amplitudes come with exactly as many powers
of MFTll as external gravitons. Take then A; in the Lh.s. of eq. (3.1) with a given k;, i.e. with
exactly k; external gravitons. The legs of Aj and Apg are either external or inside the cut.
The external ones must overall match those of A;, and in particular there will be exactly k;
gravitons. The cut legs can be gravitons or |h| < 1 particles. If some of them are gravitons,
we will have necessarily kz, + kr > k;. On the contrary, if all the cut particles have |h| < 1,
then it is possible to satisfy kr, + kr = k;, which is also the minimum possible k7, + kr.'
In summary, the dominant contributions to the renormalization of A; in the limit A < Mp
will be those without cut gravitons, in which case the following equality can be satisfied

w; = wr, + WwR . (4.55)

As an example, we provide now all the anomalous dimensions involving 3- and 4-point
higher-dimensional amplitudes that include at least one graviton, at order A=2 (see figure 3).
At leading order in Mpy, following eq. (4.55) we could have either wy = wgr = 1, which turns
out to be empty, or w;, = 2, wr = 0, on which we focus from now on. This corresponds to
mixings among amplitudes in figure 3.

In this setup, we can state very simple renormalization rules that reduce the computa-
tional work to the minimum. First, we have eq. (3.7), which is the natural extension of
the non-renormalization theorems of [21] to our enlarged playground. An amplitude A;
can renormalize A; only if the latter is in the left “light cone” of the former. Second, since
gravitons can only be external, their number n(® can only increase, meaning that

17 jtil

h h
™ >l (4.56)

This leaves us with only a few renormalizations to compute: F? — CF?, CF? — CF?,
CF? — C?¢? and C?¢?> — C?¢?. The self-renormalization C3 — C3 is zero because some
gravitons are necessarily in the cut.

To specify the problem, we need to fix the field content that enters the above mixings. We
take from now on a simple non-abelian gauge group G with vector bosons V%, and a complex
scalar multiplet ¢ that transforms irreducibly under it, and comment on generalizations
later on.

The relevant amplitudes are given in eq. (2.14), augmented with color indices 2y, — 2ve,
v, — Svﬁ and Cope — Cop26®, and eq. (2.16). We need as well the amplitude

[12][23][13]

AF3(1V_¢:,2V£,3Vi) = CFSifabc 2 :

(4.57)

where %€ are the structure constants of G. In all cases, there will be only one relevant cut
up to crossing, making the extraction of the anomalous dimensions quite simple (see figure 8).

13The only exception are amplitudes with just gravitons, like An_,2n_ 30y, 40, ) MFTIZ, However our
conclusions do not change after we include these particular cases.

141t is possible but not automatic, as Ay, and Ag could also carry additional powers of MP_ll7 not due to
external gravitons but instead to internal ones, like for example in eq. (4.1). This is discussed in appendix E.
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Figure 8. Diagrams relevant for mixings among operators containing at least one graviton at O(A~2).

We first consider the 3 — 3 renormalizations (that is those among operators with n = 3,
see figure 3), which involve gauge bosons and gravitons. The relevant diagrams are (a) and
(b) of figure 8. To lift the degeneracies associated to the 3-point kinematics, we use a trick
that consists in studying the renormalization of the following A2 amplitudes

- rabe 112]]23][13
Aps (v 2y 8v 4,) = O ifore LA (4.58)
_ ab [12]2[13]2
ACF2¢(1h+a2V_ﬁa 3V+ba4go) = C'C‘F2<p(5 m , (4.59)

with an additional scalar ¢ that has no tree-level couplings other than the two above.
Thanks to this last property, it behaves as a spectator in the renormalizations among Aps,,
and Agp2,, implying in particular that yop2 = yop2,-

We start with (a) and the V¢ <+ V?® crossed topology, which have no IR divergences
since they describe non-diagonal mixing. The contribution from the cut (a) shown in figure 8
to the anomalous dimension of Cpp2,, is given by

[14]2[34]2 5ab
() A3 Mp

11
=5 / ALIPS 0 Apsg Ly, 20—y, —Cra) A(bve, 6o, Bys, 4i,)

YCoF2yp

__ : aca (LALLLNCCT  ig cean (00)° [43)(30)[¢4]
= —ﬁ/dLIPSM iCps,f d e X Mp1f @ (3)(£'3) (43)[3¢] (¢4)
— gCFBSO [14]2[34}2facdfcdb — CF gCA [14]2[34]26&7’ (460)

1672 A3 Mp, P 16m2 A3 Mpy

where the factor of 1/2 in the first line accounts for the indistinguishable particles in the
cut, and we made use of eq. (4.14). We also used f2?fed — C,§% C, being the Casimir
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of the adjoint. The t-channel contribution can be obtained by replacing 1 <> 3, what gives
the same result. The full anomalous dimension from the (a) topology is given by the sum
of both contributions.

In a similar fashion, but now paying attention to IR divergences as it is a self-
renormalization, we get for the contribution to yo g2, from diagram (b) of figure 8:

[13]*[14]* (s
(’YCF%; (b) — Yeoll CCF2¢> W @
11
= _ﬁgn/ dLIPSgr Acr2p(1hy s 20, —lve, —%f)Atree(KVf,%g,3Vg,4v+b)

_ 1 [LPe o, [34]* ab
- 8?R/ LIPS Core 3y ATes][3¢][e'4] [45]5
39%C [13]%[14]?

= Cerzg 872 A3 Mp

5 (4.61)
where we directly used the contracted expression

6 Aree(1ve, 2070, 3ya, 4y ) = ¢°C [34° ab 4.62
ee(lve, 2y, v, dyy ) = 9°Cas (4.62)

13][32][24][41]

in the second line. The amplitude A p2,, also receives divergent contributions from scaleless
bubbles on the external legs, these divergences being accounted for by the collinear term in
the above equation. In this particular case, Yeon = 27", where v(V) = (3—22Ca)g%/19272.
Putting everything together (and getting rid of the spectator particle ¢), we finally get

gCa

WCF@ ‘l‘

YOF2 = GCFQ . (463)

We have assumed a simple gauge group G for the above derivation. In general, the gauge
group will be [[; Gi x []; U(1),. Bose symmetry and gauge invariance dictate that Aps can
either involve vectors in the same non-abelian factor Gj;, or vectors in three distinct U(1)
factors. In the latter case Cp2 is however not renormalized by Cps, since A(V_,V_,V hy)
is non-zero only when all three vectors belong to the same G;. Similarly, A-p2 has either
two vectors in the same G; or two vectors belonging to two U(1) factors, not necessarily
distinct. Nevertheless, also in this case only those Cop2 with vectors in the same G; get a
non-zero anomalous dimension, because A(V_,V_,Vy, V) is non-zero only when all four
vectors belong to the same G;. This means that our results are exhaustive and can be easily
promoted to a generic gauge theory.

Let us now move to the renormalization Copz — Cp242, which is a 3 — 4 process that
involves the box depicted in figure 8(c). Due to the flavor preserving nature of gravity and
gauge interactions, one can see that the external scalars must be particle-antiparticle pairs,
i.e. ¢ and &.

The interaction between ¢ and gauge bosons is fixed by A(1ve, 25, 34) = gt*[12][31]/[23].
The diagrams which are relevant for Cop2 — Cp242 are then all proportional to gttt =
92C¢, where Cy is the Casimir of the G-representation that is carried by ¢. Having fixed
the group theory structure, the remaining task — which is the non trivial part — is to

~ 99 —



determine the overall coefficient, that depends just on the kinematic structure. Thanks to
eq. (3.1), we can extract the contribution to yo242 coming from Cep2 by evaluating

14)* 1 -
70%2[\[2]\]41%1 = —R/dLIPSw Acr2(1h,, 24, —lva, —Eig)«‘\(ﬁvg,%,?@ﬁlm)
1 N
o m / dLIPSM’ ACF2(1h+a 3¢§a _EV_,‘}’ —EZZ)).A(ZVLZ, f;—), 2¢, 4h+)

_9°Cy [14]"
82 A2M3,

Cor2, (4.64)
the two phase space integrals being the same up to crossing. The necessary amplitudes are

provided by eq. (4.14) and by the following expression

gt* Cope [12]2[13][14](34)
AQMpl S ’

Acr2(1ny,2ve, 3¢, 45) = (4.65)
which is completely fixed by factorization into eq. (2.14) and A(V?, ¢, ¢), whose complex
conjugated amplitude was defined above.

We finally get to the self-renormalization of Cc242, whose relevant cut is depicted in
figure 8(d), and gives

Yezg2l(d) — Yoot Cozge

m R / dLIPS o Acag2 (T s 2hss —Cgts =g, ) Auee(Cg, Lyrs 350, 45,)
_if;g’; R / LIPS s 0] Auee (€5, Cys 3515 43,)

_ ngf » / dLIPS 0 . [A((;;c(s;‘. +aka1) — g* (1)} (ta)th — g2 (t"); (ta)thS
_2A(Ny TGW); 9°Co Conge - (4.66)

Note that Agee is parametrized slightly differently than in eq. (4.28), according to the
simplified assumptions on the group-theory structure of ¢ that we specified before. When
we put everything together, we find yc242 to be

2 2
Y22 = 987TC2¢ Copz + (2)\(N¢ —;61732 39°Co + 27(¢)’y2> Ce242 (4.67)
where we used Yeon = 279, with (¢ = 7(¢)\y2 — g°C,/87?%, the l,2 term arising from
Yukawa interactions that we do not specify.

The above result can be generalized to more complicated group structures by making
the replacement g°Cy, — 3, g7 Cé,. Let us for example take ¢ to be the SM Higgs H and
G = Gsm- One should be careful in defining the coupling and generator normalizations. We
take generators t® with tr(t?t?) = §%°/2, and the gauge coupling g; to enter the covariant
derivative as D = 0 — igt®A®/+/2, as is standard with amplitude methods. Finally, the
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quartic coupling is fixed by £ = —Ag|H|?/2. We then get

)\H(NH—I—l) 2

21

g:C Y

i “H ) CCQH2+ E 8771]_02002}[2
f

3
Yorp? = 82 (CCFZ.Q - 20021{2) +
7

1
3272

9

g%) CC2H2 (468)

1 3
(9%0032 + 393 CCW2) + ) (yt2 +3 g — =g} — 3

8
where we used that the Casimir of the SU(2) fundamental is 3/4 and that the generalization
of Cy to an abelian factor is simply the charge squared, and in this case Y2 = 1/4. We also
used Ny = 2, and 'y(H)|y2 = y]%/167r2 ~ 42 /1672 to very good approximation.

As a final comment, we would like to stress that, even though the results in this section
do not cover all the possible flavor/color structures that a generic model can have, we
nevertheless covered all possible helicity (or kinematic) structures that are allowed at this
order. In a more general situation, one should first ‘strip off’ the index structure of the
relevant amplitudes, then recycle our integrals and finally plug back in the proper tensors
that carry the flavor indices.

4.4 Comparison with the literature

Some of the results presented in section 4.2 are not new. The one-loop UV divergences of
(only) scalars [25], fermions [26, 27] and vectors [28, 29] minimally coupled to gravity were
systematically studied in the 1970s employing background-field methods and later revisited
from an amplitude point of view in [42, 43]. Our results generalize these findings to an
arbitrary particle content consisting of N4 complex scalars, N, Weyl fermions and Ny
vectors, and in particular include amplitudes with multiple particle species. Here we shortly
demonstrate that these classic results are contained as special cases in egs. (4.36) to (4.39).

The only one-loop divergent non-factorizable amplitude in a theory of one massless real
scalar minimally coupled to gravity, i.e. Ny = 1/2 and Ny, = Ny = 0, is A(14, 24, 34, 44) [25].
The corresponding UV divergence can be extracted from eq. (4.36) and eq. (4.47) after
adding the crossed channels ps <+ p3 and py <+ p4 to account for ¢/ = ¢ and ¢ = ¢

Avv (14,24, 30, 4¢) = 167r21.7\4§162£)3 (52 + 12+ u2> : (4.69)

This is exactly canceled by the amplitude induced by the counterterm in [25] after applying
the equations of motion and also agrees with the result in [42].1° If the spectrum is extended
to N > 1 distinguishable real scalars the numerical prefactor in eq. (4.69) is changed
as 203/40 — (202 + N)/40 and there are further divergences in amplitudes of the form
A(1g,24,34,44), which are directly given by eq. (4.36) with Ny = N/2, N, = Ny = 0. We
have checked that this is consistent with the corresponding counterterm Lagrangian in [42].
Minimally coupling a Yang-Mills theory of a simple gauge group to gravity generates UV
divergences at one loop in amplitudes of the form A(1ysa, 2Vj , 3Vi , 4V_d). The UV divergence

5Note that [25, 42] work in units where Mp; = v/2 and use the abbreviation 1/ = 1/(87%(d — 4)) =
—1/(167%¢) for d = 4 — 2¢. After reinstating Mp) by dimensional analysis the results in [25, 42] agree with
eq. (4.69).
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can be obtained from eq. (4.39) and eq. (4.50) by dressing the amplitude with flavor indices
and adding the ps <+ p3 crossed channel, which for Ny = N, = 0 takes the form

1 137+6(Ny—1)
167T2Mf;1.16 30

Auv(Lve, 2y, 3ve,dya) = (6°bge+g7e57) (14)2[28]2. (4.70)
This is consistent with the counterterm for Einstein-Yang-Mills theory in [29], and for
a=0b=c=dand Ny =1 it reduces to the one for Einstein-Maxwell theory as detailed
in [28]. In this limit the UV-divergent part of the amplitude also agrees with [43].

Last but not least we consider a single Weyl fermion minimally coupled to gravity,
i.e. Ny =1, Ny = Ny = 0. In this case the one-loop UV divergence in the four-fermion
amplitude is extracted from the sum of eq. (4.38) and the py <> p3 crossed amplitude, which
comes with a minus sign due to Fermi statistics, and the anomalous dimensions in eq. (4.49).
The resulting divergent part of the amplitude takes the form

1 65

17,24,30,47) = ——F——u (14)[23] . 4.71

The corresponding counterterm was derived in [27] using functional methods and is consistent
with the divergence in eq. (4.71). Note that in [43] an independent computation applying
amplitude methods was performed and arrived at a different result with a prefactor of
59/8 instead of the 65/8 in eq. (4.71). Since our computation, which also uses amplitude
methods, exactly agrees with the completely unrelated functional approach in [27], we are
confident that the result in eq. (4.71) is correct.

Let us stress again that our findings in section 4.2 do not only reproduce these classic
results, but also hold in more general setups with an arbitrary number of scalars, fermions
and vectors simultaneously coupled to gravity. In particular, also amplitudes among different
particle species are UV-divergent in such a general setup. Eqgs. (4.36) to (4.39) represent
the exhaustive set of one-loop UV divergences in 4-point amplitudes at O(Mgﬁ) of theories
with Ny complex scalars, Ny, Weyl fermions and Ny real vectors minimally coupled to
gravity. Besides, the results presented in sections 4.1 and 4.3 are completely new to our
knowledge.

5 Conclusions

The analysis presented here has shown how on-shell methods provide extremely efficient tools
for studying loop effects within theories involving gravitons. We systematically explored the
RG structure of minimally coupled theories, computing all corrections arising at 4-points
and at any order in inverse powers of Mpj. In particular, we considered the leading effects,
arising at order Ml§12, where previous literature mostly focused on theories which are free in
the limit Mp; — oo, in which case the first effects arise at order MP714. We also considered
the renormalization of higher-dimensional operators involving gravitons in generic EFTs, in
particular the RG of all such dimension-six operators. All of these results are completely
new, in contrast to previous on-shell analyses of the SM EFT at one loop.

To organize our computations, we found the ‘modified helicity’ h, whose use and
definition we introduced in this work, to be an invaluable tool. This quantity has a number
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of important properties: (1) it reduces to the standard total helicity h in the absence
of gravitons, (2) it is zero for all tree-level 4-point amplitudes of any minimally coupled
marginal theory (except for the notorious * ‘exceptional’ amplitude) and (3) it provides,
together with the usual A~ power counting, the most convenient “coordinates” in the space
of higher-dimensional amplitudes (this is illustrated in figure 3). These coordinates are in
fact the most transparent in order to state the new non-renormalization results that we
provided here. In addition, we pointed out the similarity between the modified helicity and
the KLT relations, a connection that would be interesting to explore further.

With respect to the ordinary Feynman-Dyson approach, our method has several
advantages. Instead of dealing with hundreds of Feynman diagrams, our extraction of one-
loop anomalous dimensions always reduces to the computation of a handful of cuts (often
just one). These are nothing but phase space integrals of a product of tree-level amplitudes,
that can be reduced to simple (6, ¢) angle integrals which can be easily automatized or
even computed with pen and paper in half a page in many cases.

The methods we employed here are extremely versatile and can be extended to more
complicated topologies (i.e. more legs or more loops), to higher orders in the A and Mp;
expansion, and to more general theories, like supergravity (the method is in principle exactly
the same, with the gravitinos carrying modified helicity h( L ==£1/2).

Our results can be considered as a step towards a better quantitative knowledge of
UV physics from a purely IR perspective. In this regard, we also showed the non-trivial
compatibility between the IR gravitational running and the positivity constraints on EFT
Wilson coeflicients derived from very general assumptions on the UV dynamics. We hope
to report more in the future on this fascinating UV-IR connection.
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A Selection rules from supersymmetry

A crucial ingredient for the tree-level modified helicity bounds in section 2 is the fact that all
]ﬁ\ = 2 4-point amplitudes, with the exception of the four-fermion amplitude A(1), 1, ¥, 1))
and its complex conjugate, vanish on-shell. This non-trivial statement has been shown
with a combination of direct computation, supersymmetric Ward identities (SWI) and KLT
relations to hold for marginal theories [21, 58|, pure gravity [70, 71] and minimally coupled
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gravity with two external gravitons [72]. Here we complete the proof along the lines of [58] us-
ing SWIs and show that all “Nl’ = 2 4-point amplitudes with one external graviton vanish, i.e.

0=A(hy, Vi, Vi, Vo) = A(hy Vi, 6,07) = A(hy, 9,0, 0) = A(hy, Vi, 0, 9) . (A)

The proof is based on the observation that a marginal theory minimally coupled to gravity
that has holomorphic Yukawa couplings can be embedded in a N' = 1 supergravity theory
with an R-parity, the particles of the original theory being even under it.' Amplitudes
in the supersymmetric theory that have only the original particles (including the gravitons)
as external states coincide with the amplitudes of the original minimally coupled theory,
since the R-parity prevents superpartners, which are odd under R, to appear in internal
lines at tree level. Global invariance under supersymmetry (SUSY) transformations yields
then non-trivial relations between amplitudes via SWIs (see e.g. [73-75]).

Consider an operator O = ®; --- ®,, containing a product of arbitrary fields ®; and
define Q(§) = £*Q, as the supercharge multiplied by a Grassmann spinor parameter £.
Then the SWI for O takes the form

0= (0[[Q(£), 0][0) = > (0|®1---[Q(E), ®y] - - - $]0) . (A.2)

)

The SUSY transformations of the fields are given by

Q). &' (k)] = 0 (k&) ¥(k), [Q(€), (k)] = 0 (k) p(k) , (A.3)
[Q(€); AK)] = 0 (k) Vi (k) , [Q(€), V-(k)] = 6 (k) A(k) (A4
[Q(€), ¢+ (F)] = 0 (k&) hy (k) [Q(€), h—(k)] = 0 (k) C-(k), (A5

where particle pairs in the same chiral or vector supermultiplet are denoted respectively by
¢, and A, V, while { and h are the gravitino and graviton. We also split the Grassmann
spinor parameter fo‘ = 0&“ into a Grassmann parameter 6 and a spinor variable £¢,
corresponding physically to an arbitrary massless vector £#. The commutators for the
remaining fields are obtained by inverting the helicities and substituting ({k) — [k€].

In order to prove eq. (A.1), we consider in turn the two operators 07 = h4 V3 AV_ and
Oy = h Aot At the level of scattering amplitudes, the SWI for the first operator yields

0=—[£1]A(1e,, 2v,, 3n,4v ) — [E2JA(Th, 22,30, 4v)

(A.6)
- <£3>A(1h+7 2V+7 3V+74V,) + <£4>A(1h+, 2V+, 3)\, 45\) .

In a supersymmetrized version of a marginal theory minimally coupled to gravity, there
are two classes of 3-point amplitudes: graviton and gravitino 3-point amplitudes with
|h(A3)| = 2 (see e.g. [65]), and marginal 3-point amplitudes with |h(A3)| = 1. This implies
that the first two amplitudes in eq. (A.6), which have total helicity h = 2, do not factorize
into 3-point amplitudes and can only be contact amplitudes, corresponding to a Lorentz
invariant higher-dimensional effective operator. However, as we assume minimal coupling

1For the SM this is the case in the limit in which either all up-type or down-type Yukawa couplings
vanish.
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of gravity to a marginal theory, there are no higher-dimensional operators which could give
rise to these amplitudes. Hence they must vanish. Now we have the freedom to choose the
kinematic configurations { = ks or & = k4, where respectively (£3) and (£4) in eq. (A.6)
vanish. Then it must be

A1y, 2v,,3v,,4v.) =0, A(1n,2v,,35,45) =0. (A.7)
Similarly, the Ward identity for Oo
0=—[§1]A(1¢c,, 20, 3¢, 441) — (§2)A(Lny, 2v, 5 3¢, 4yt)
+ €3] A(Ln, 5 25,35, 41) — (€4)A(Lhy, 25, 36, 4y)

contains two amplitudes with h = 2, i.e. A(1¢,,2x,3¢,441) and A(1p,,2x,3;,441), which
trivially vanish since there are no interactions that mediate it. Taking & = kg or £ = k4 we

(A.8)

then find that also the other two amplitudes vanish
A(1h+,2v+,3¢,4¢f) =0, A(1p,,25,34,4y) =0. (A.9)

In order to complete the proof we note that helicity amplitudes factorize into color and
Lorentz structure. This, in combination with the fact that gauge groups commute with
the SUSY algebra, implies that eqs. (A.7) and (A.9) do not only hold for gauginos in the
adjoint or matter fermions in the fundamental representation, but for fermions in general
representations [58]. This completes the proof that all amplitudes in eq. (A.1) vanish.

A.1 Gravitino amplitudes

In section 2.1 we commented on the definition of a modified helicity in the presence of
gravitinos. If we define h = h—1h,— 2h¢ all 3-point amplitudes satisfy |h(A3)| = 1, allowing
for |h(A4)] = 0,2. In the previous discussion we showed that |h(A4)| = 2 amplitudes with
matter or graviton external states vanish on shell. The same is true for [h(A4)| = 2 ampli-
tudes with external gravitinos, such that |h(A4)| = 0 for arbitrary amplitudes.'” A simple
proof uses SWI to relate |(A4)| = 2 gravitino amplitudes to vanishing graviton amplitudes.

As an explicit example consider amplitudes of the form A((;, X, Y, Z) with X, Y, Z being
scalars, fermions or vectors with a combined helicity of h = 3/2. These amplitudes could
naively be constructed, yet do not satisfy |h(.A4)| = 0. Using the operator O = hy XY Z,
one obtains the Ward identity

0= _[fl]A(1C+72X73Y74Z)+~-- s (AlO)

where the ellipsis stand for amplitudes of the form A(1y,,...) with one graviton plus three
matter particles with combined helicity h = 1, 2, such that the modified helicity of the full
amplitudes is 7 = 2,3, which we have shown to vanish in the previous discussion. Thus
eq. (A.10) implies that amplitudes of the form A(1¢,,2x,3y,47) with h(X,Y,Z) = 3/2
vanish on-shell. The remaining |h(A4)| = 2 amplitudes with additional external gravitinos
can be shown to vanish in a similar fashion.

17A consistent theory with gravitinos must be completely supersymmetric. This forbids non-holomorphic
Yukawa couplings, thus there is no exceptional four-fermion amplitude that does not respect the helic-
ity bound.
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B Cut computation with Hermite reduction

In this appendix we present the method we used in this work to calculate the rational
part of the dLIPS integrals in eq. (3.2), an operation that corresponds to extracting the
massive bubble coefficients of the loop amplitude (see e.g. [17, 20]). This method was first
reported in [66]. Here we present a slightly modified version which employs a different
parameterization of the two-particle phase space.

The main point is that the action of R in eq. (3.2) can be algorithmically implemented
at the level of the phase space integrand using the Hermite Polynomial Reduction method
(see [66]), in a way that we now explain.

For internal massless momenta ¢; and #s satisfying ¢; + ¢o = p + ¢, p and ¢ being
massless external momenta (or combinations of external momenta with p? = ¢* = 0), we
can parameterize the two-particle phase space by relating [¢;) and |f2) to |p) and |q) as

101) = cos @ |p) —sinfe™®|q), 02) = sin 6 e™*|p) + cosblq), (B.1)

with the square brackets given by the complex conjugate of these expressions. The phase
space integral in this parameterization is then given by [13]

27 d¢ w/2
/dLIPS =3 / df2sinf cosh. (B.2)
Substituting z = €*® and t = tan, we can then formally re-express the dLIPS integral as
- s dz [ 2tdt
dLIPS R 2 T 4 li,lo,...) = = — B.3
/ AL( , 2 I)AR( 1,42, ) 2 |z‘:1 27_”/0 (1 +t2)2f( )7 ( )
where we defined ]
f(Z7t) = ;AL('“7_627_61)“41%(617627"‘)7 (B4)

with ¢1 and ¢35 expressed in terms of p and ¢ according to eq. (B.1).
We first perform the z integral along the contour |z| = 1, which yields a sum over the
residues of all simple poles z;(t) of f(z,t) that are within the unit circle

72_1 1 =32 600~ DResscsy (210, (B.5)
with the Heaviside step function enforcing the condition that the pole z;(t), whose position
in the complex plane is a function of ¢, lies in the region |z| < 1.

We are now left with the dt integration. Because both A; and Ag are tree-level
amplitudes, f(z,t) and therefore also Res,_., ) f(2,t) are rational functions of t. The key
fact now is that the primitive of any rational function has a well defined decomposition into
a rational and a logarithmic part [76], so that in our case we have

/dt (142_22)2 Res,_., (1) f(2,t) = pi(t) + Li(t), (B.6)

where by p;(t) and L;(t) we denote respectively the purely rational and purely log parts of
the indefinite integral. The Hermite Polynomial Reduction method comes in at this point
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to efficiently obtain p;(t) without having to solve the full integral [66, 76]. For this work,
we have adopted a Mathematica implementation of the algorithm that can be found at [77].

Once we have the rational part of eq. (B.6), as a final step we must plug in the correct
integration boundaries t;,,x and ty,;, which are dictated by the Heaviside functions, to
finally obtain

R/dLIPSAL(...,—ZZ,—Zl)AR(el,zz,...) = g 3 [pi(tggx) —pi(tgn)} . (B

KA
C Renormalization of T*” and collinear anomalous dimensions

The aim of this appendix is manifold. The main objective is to give a proof of the cancellation
of UV divergences among class (B) diagrams of section 4.1, that relies on the conservation
of the energy momentum tensor T#. In the construction of the proof, we will however
touch on other topics which could be interesting per se. Specifically, we will define a partial
wave expansion for Lorentz-covariant operators’ form factors, and we will also provide a
simple formula to express collinear anomalous dimensions in an arbitrary theory in terms
of certain partial wave coefficients with J = 2.

The cancellation of divergences among the diagrams in class (B) has a very well known
analogue in terms of global symmetries, where the conservation of the symmetry current j*
implies, via Ward identities, the combined cancellation of vertex and propagator corrections.
This phenomenon can be stated as the ‘non-renormalization’ of the current operator j*,
that is v; = 0. However, strictly speaking the operator that does not get renormalized is
the divergence of the current, i.e. 9,j" (see appendix A13 of [78] for a nice review of the
quantum consequences of the conservation of j# and T*”). This distinction turns out to be
crucial in QED where the vector current mixes with the divergence of the field strength
0, F"* and therefore acquires a non-zero anomalous dimension in the presence of a photon
(see e.g. [79]). However, it is possible to define an improved current out of the vector current
j* and 9, F"* which does not get renormalized.'®

This observation is also important for our analysis of the renormalization of TH*”. In
fact in a generic scalar theory, while the operator 9, T"" has zero anomalous dimension,
one cannot exclude that 7" undergoes a renormalization like [78, 81]

A
Ty = T + = (0% — 0"0") §2. (C.1)
€

ren

By taking the 0, of the above, we get as expected

0, ™| = 0,T" (C.2)

ren

i.e. 9, is not renormalized. However, the very existence of a Lorentz-invariant divergence-
free combination like n**9? — O*9” does not allow us to extend the non-renormalization
property to the full T#”. This incomplete T#” non-renormalization is related, as we will

18Similar comments should apply to T*" and the operator 9,0,C*#*° constructed out of the Weyl tensor
C*HPY7 (see [80] for a related discussion). However this mixing will not be relevant for the following discussion,
since power counting dictates that it is a two-loop effect. We refrain from further studying this problem here.
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see, to the fact that cancellation of class (B) diagrams in the scalar sector is similarly not
complete (when scalars are minimally coupled).

With these generalities in mind, we move now to their concrete implementation. Our
central object, whose renormalization we will study, is the form factor

T (19,24) = (1e,25|TH|Q) , (C.3)

where ®® is a particle-antiparticle pair, that for later convenience we take as outgoing. We
have for example for vectors

(0,)° ()PP TH (1y,2y,) = TPF (1, 2y,) = —2 A8 MJAFAY (C.4)
where A\§ = (2 and A{ = 1]. Similarly we find for fermions
af,63 1 «a &y p « 183a « Tay 0 ayaif
TP (1y,25) = 5 (ASATAERS + XEATATAS = AEATMEAS — AASAEAS) (C.5)

Notice that both eq. (C.4) and eq. (C.5) are symmetric in the dotted and undotted SL(2,C)
indices, which is equivalent to the tracelessness of T, that is 7%, = 0. In both “languages”,
this means that the energy-momentum tensor transforms irreducibly under the Lorentz
group. It is also important to stress that both of the above expressions are uniquely fixed
by little group scaling, the requirement that p,T"” = 0 and the requirement that the T#"
operator should give back the momentum of the state [13]: meaning that the stress tensor
is automatically traceless in the fermion and vector sectors.

The same is not true for scalars. For a minimally coupled scalar, the energy momentum
that couples to gravity is of the form

T (z) = 9" 0" — %n””aaqﬁ@aqb T (C.6)

where the ellipsis stand for terms with more fields, and one gets
TP (14,25) = —p?7py” — p1"p3”, (C.7)

which is not symmetric in the SL(2,C) indices and therefore not transforming irreducibly.
However, by coupling the scalar conformally instead of minimally, one gets a stress tensor
that reads

T (2) = O"pd" o — %n““@aqbaagé + % (rvo? —0n0") 6* + ..., (C.8)

which is traceless. Notice that the ‘pure trace’ that we are effectively subtracting from
eq. (C.6) by coupling conformally instead of minimally has precisely the form of the divergent
term in eq. (C.1). The two-scalar form factor of T+ (z) reads

T (14, 25) = 5 (p1P7° +98°p5" = p0py" = p8%pl” = pi"05" —p{*p5")  (C9)
which is symmetric in the SL(2, C) indices as expected (remember that p®® = A*A%).

Having become familiar with the relevant T+ form factors, we are finally ready to
study their one-loop renormalization. We will focus in particular on the renormalization
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of eq. (C.7). In light of the previous discussion, and anticipating future notation, we split
T = Ty + Ty, where Ty = —(n**9% — 9*9")¢?/6 and Tp = T. With a natural generalization
of eq. (3.2) that allows to include form factor renormalizations (see [13] for details), we get
at one loop

Y2 15" (14, 25) + 70 15" (14, 25) = ’YcouT “(14,25)

4773 Z R/ dLIPS T“V(ll )Atree(l 2/ — 1¢,2 ),
17,2/

(C.10)

where the r.h.s. is summed over all relevant particle pairs 1’,2’ as in eq. (3.2). Notice that
in this particular case 1,2’ are always particle-antiparticle pairs. Crucially, we split the
L.h.s. into two pieces as we expect the ‘pure trace’ Ty to undergo a separate renormalization
with respect to the traceless part T, as we see from eq. (C.1). Actually, the conservation of
TH implies the stronger statement that

12 =0. (C.11)

As we are going to see, the components Ty and 75 do not mix under the dLIPS convolution,
and eq. (C.10) can be equivalently rewritten as the following system of two equations

Yool T3 (19, 25) = +7 5 ZR/ dLIPS T§"(1',2) Awee(1',2' = 14,25),  (C.12)
17,2/

(0 = Yeo) T8 (14 25) = 15 Ly R/ dLIPS T4 (1,2) Aee(1,2 = 14,2;),  (C.13)
1,2/

where we have also enforced eq. (C.11). The possibility of breaking eq. (C.10) in this way
will be rigorously proven through a partial wave analysis of T (and of the phase space
integral), that will also explain the choice of suffix for its irreducible components. Before
going into the details of this, we notice that eq. (C.12) provides a formula to compute the
collinear anomalous dimensions (that we are going to further massage later), while vy in
eq. (C.13), which will turn out to be non-vanishing, directly translates into the coefficient
of eq. (4.35).

The partial wave expansion of a generic amplitude A is defined for example in [20],
whose notation and definitions we use here. In the following we present the analogous steps
to define an angular decomposition for Lorentz-covariant operators like T, which to our
knowledge is new.

We define it operatively. Take an expression written in terms of spinors like eq. (C.4),
and rewrite the spinors in terms of some reference (* (Zenith) and v (Nadir), as follows

1) = cp/alC) — sgrae™ ) |1] = cosalC] — sg2€"?|V]

9 s . (C.14)
2) = 50/2€"?|C) +copalv)  [2] = sg/2e7"?|C] + o 2]V
The expression that one obtains can then be expanded into angular functions
Taﬂ,dﬁ(l’ 2) — 6—i(h1—h2)¢ Z C(JL?) X Z eiMd’d%th_hQ (9) T?%QB , (0.15)
M
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where d‘,jnm, are Wigner functions and ¢, 7 are defined by the expression itself (we do not
bother to fix the normalization of 7, as only its ‘group-theoretic’ properties will enter here).
For example, eq. (C.4) can be expanded as

TSRy 2y,) = =2 (4955 5O CPrD7 4 4 e VPP (C.16)

where we quoted only the simplest terms, that have M = 2 and M = —2 respectively, the
ellipsis standing for those with M = —1,0,1. We see that indeed 83/2 o d%’,z(ﬁ), while
& 2 X d*, 5(0), both with J = 2! The reader is invited to check that the presence of
only d? functions extends to all the terms of eq. (C.16) that we did not write, as well as to
eq. (C.5) when it is expanded according to eq. (C.14).

Perhaps unsurprisingly at this point, the story of the scalar sector is different, and a
J = 0 component is in general present. This is actually the case for T*” in eq. (C.6) — but
not for T in eq. (C.8) —. One has in fact

To74A(14,25)

1 o e o s o s
= {yau%%hgagﬂgagﬁ—g%ﬁg%ﬂ—yagﬁﬁag@muagﬂgaaﬁwg%%agﬂ

1 . s . L . L 32_1
+§ [—Vayﬁﬁaﬁﬁ—CQ(BC(J‘Cﬁ—i—VO‘CBCaDB+VO‘CBI7QC5+C°‘VBC°‘DB+Ca1/617a§5] 7692 +...
= 37—07€7 ﬁd870(0)+3 Zg 6d070(9)+ (017)

which has both a J = 2 and a J = 0 component, while 7" has only the second term
proportional to d§,(f) (with the same coefficient). The ellipsis stand for terms with
M = £1,42. As another important point, let us mention that 79 and o are orthogonal.
Indeed, as one can easily check,

(TO,O)Qﬂ’dﬂ(Tzo)a@w =0. (C.18)

The decomposition in eq. (C.15) into components with different J (the different M com-
ponents of a given J are fixed by Lorentz symmetry) is equivalent to the decomposition
of the conserved stress tensor into a traceless part and a ‘conserved trace’, and it can be
used in a more general setup to automatize the familiar splitting of covariant tensors into
irreducible pieces.

Now, similarly to what was done in [20] for a dLIPS integral of two amplitudes, we can
combine in eq. (C.10) the angular decomposition defined by eq. (C.15) with the partial wave
decomposition of Aee. Thanks to the orthogonality properties of the Wigner d-functions
and of the ¢ exponentials, and using dLIPS= d¢ dfsy/8, eq. (C.10) reduces to

S i X a0

Je{0,2}
S 5,68
_ iMdo 3J a Ke'
= Z (¢ ¢)'700H oy ) Z 1/ ,2) CL(l, 2,_>¢¢ reg Z e ¢d ,M s (019)
Je{0,2} 17,2/ M=—J
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where the IR-regularized partial wave coefficients are defined in [20], the necessary IR
subtraction being provided in eq. (C.10) by the ‘projector’ R. Now, for the above equation
to be valid for any ¢ and 6, it must be

1 —1
—oa@) — = (2 _ 2 2 -
e =200 = 5 (y.5) 122: Cw2) H1,2-54,9)

(C.20)

9y
reg

(C.21)

1

70 = TYeoll — 23 1/22/ a((]ll,Q/ﬁd),d;) reg ’
where we used eq. (C.11) in the first equality. The relation between 7o and J = 2 partial
wave coefficients provided by eq. (C.20) is practically useful and, to our knowledge, new.
The value of the coefficients 0%1,2,) — where we remind the reader that 2’ is 1’s antiparticle
— in eq. (C.20) will be provided in eq. (C.24). We stress that, while we focused on the richer
scalar sector, all the analysis can be extended to fermions and vectors as well, with obvious
modifications in the formulas that we provided. Let us also point out that we simplified
the second equation after considering that 1,2’ can only be scalars in order for a® to be
non-zero, and that 0?1',2/) depends just on helicities and not on other quantum numbers.
We see that the splitting into a J = 2 and a J = 0 equation, which is mirrored by eq. (C.12)
and eq. (C.13), crucially relies in the conservation of J across the cut, analogously to what
was studied in [20].

We finally come back to proving the claims of section 4.1. We do this in the partial
wave language, as we believe it is the most informative although perhaps not the most
direct. We prove the cancellation of class (B) diagrams in the conformal limit, and at the
same time we deduce eq. (4.35).

The partial wave coefficients of the gravitational amplitudes in eqs. (4.1)—(4.4) are
given by

9 1 1 1

(1(@7&,%4,/7&,/) :_fh¢th>/7 fozﬁa f1/2: \/72>0’ b5l :_%7 (C22)

: 0 —
while QoG g3y = 1/6.

Consider then the (’)(MFTI2) renormalization of the scalar amplitude A(1,2 535 4gr),
and focus on those diagrams of class (B) that, as in figure 4, have matter loops inserted
in the ¢, ¢’ line. Performing a partial wave decomposition of the corresponding terms in

eq. (3.2), as explained for example in [20], one gets

1,2

) dpo (0)
reg

reg) 5dgo(0) + ...

(B) B N as 1 0
AUV(1¢7 2¢ — 3¢”4¢/) - _m (70011 - 8? Z a(1/72/*>¢/7¢_)/)

S 1 ;9
- mfo (fO Yeoll — @ 122/ f a(l/,2’ﬁ\¢/,¢_>/)
_ —an’s

= — 4 ... 2
126]\41%1 + ’ (C-23)
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where the ellipsis stand for the analogous terms where the roles of ¢ and ¢ are exchanged.
The parameter « is defined in eq. (D.1), f' = fu, = fh,, and in the last step we used
eq. (C.20) and eq. (C.21) together with the fact that

10
Cad) =\ 3 he (C.24)

as the reader can check. For all other class (B) amplitudes, i.e. with not just scalars as
external legs, there is no d” component and the amplitude completely vanishes.

D Generalization to non-minimal coupling

The tree-level gravitational 4-point amplitudes of matter particles must reduce to products
of 3-point amplitudes in all factorization channels. While this is a powerful consistency
condition it does not fix all leading order amplitudes completely. In particular the four-scalar
and four-fermion amplitude, which at O(MEE) in full generality have the form

1 [tu s a s
A(15,24,34,45) = —5 ( - ) +— =, (D.1)
¢ T M \s  6) M6
1 3t—u 1 B
AL, 2y, 3y, 4g)) = —5 ———(14)[23] + — = (14)[23] (D.2)
v VT MR, 4s M} 4

depend on two free parameters « and 8 whose contribution to the amplitude vanishes in all
factorization channels. They can be fixed e.g. by matching to a Feynman diagrammatic
computation starting from a specific action. For minimal coupling to gravity one finds
a =1 and g = 0, for which the amplitudes reduce to eq. (4.1) and (4.3). Different
values of « originate from a non-minimal coupling of the scalar field to gravity of the form
~ R¢lT¢, where R is the Ricci scalar. A particularly interesting scenario is o = 0, the
so-called conformal coupling, which makes the scalar energy-momentum tensor traceless
(cf. appendix C). Deviations from 8 = 0 can be interpreted as an effect of non-vanishing
torsion which can be captured in an effective four-fermion operator (see e.g. [82] for the
exact relation to torsion). Note that splitting the amplitudes as in eq. (D.1) and (D.2)
allows for an interpretation in terms of angular momentum J in the 1,2 — 3,4 channel.
The first term in both expressions corresponds to the J = 2 component of the amplitude
what one would expect from the exchange of an on-shell graviton. «, 8 # 0 induce a J =0
and J = 1 component for the scalar and fermion amplitude, respectively.'?

All previous results were obtained assuming minimal coupling to gravity, i.e. a = 1,
B = 0. In this appendix we generalize the main results of section 4.1 and 4.2 to generic
values of a and . Note that the discussion on the RG mixing in section 4.3 is insensitive
to a and 3.

19This explains why a and 8 cannot be fixed by factorization arguments. On the factorization channel
the internal graviton goes on-shell and can, due to angular momentum conservation, only contribute to the
J > 2 part of the amplitude and the J =0 and J = 1 components must vanish.
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D.1 Results at O(Mp;)

The divergent parts of the 4-point amplitudes at C’)(Mgf) are sensitive to a and 8. The
corresponding expressions with generic o and /3 are given by

(190 —a+38)Ts+3(20+a—353) (Vi +Y,)

Auv (L7, 205305, 404) = — (13)[23],  (D.3)

576m2 M2 e
11 (548) (Ts+Ty) —123Y,
1,2 4;)=— 14)[2 D.4
’AUV( w17 1112’31/137 1/14) 1927T2M1%l€ < >[ 3]7 ( )
Aoy (Las, 260,300,404 = — IO VT (u—s) T+ (s—1)Tu],  (D.5)
UVALe1: 2259035 %da)l(4) = 127T2n[§16 12 s t ul .
5Q . (§) (¢
1:,24,35.45)  =— . D.6
Auvv( @1 4199 ¢) (B) 12M1:2)16(70 +% ) ( )

Note that Auv (1, 2y, 3y, 4y,) contains a term proportional to Y, only for 8 # 0.

D.2 Results at O(Mp,")

As we have discussed at length in section 4.2, the J # 2 parts of the tree-level amplitudes only
affect the running of the Wilson coefficients in the four-scalar and four-fermion amplitudes.
For generic values of a and 5 these take the form

Yooy = _4817r? @"5 g a10_81 (143 +18(1 + ) Ny — 17a)> ’ (-5
v = —871r2(K + % + W) : (D.9)
Yo = _1(;2(;2 + 2/6;1(15+,8Nw+45)>. (D.10)

The remaining anomalous dimensions in section 4.2 are independent of a and £.

E Operator mixing and power counting

In section 4.3 we discussed the RG mixing among dimension-six operators in the GRSMEFT,

that is contributions to anomalous dimensions of the form 7(6)

BNe's C](-ﬁ). However, due to

the dimensionful nature of the gravitational coupling also mixing into higher-dimensional
operators occurs, for example of the form 7.(8) x C’J(.6). These mixing contributions, where the
anomalous dimension is linear in the Wilson coefficients, can be again restricted with the help
of the non-renormalization theorem in eq. (3.7), i.e. an operator O; can only be renormalized
by another operator O; if the modified helicity and number of external legs of their minimal
amplitudes satisfy ]ﬁz — ilj‘ < n; —nj. This condition applies irrespectively of the operator
dimensions. Thus in order to classify all allowed mixings it is necessary to consider operators
of different dimension simultaneously in combination with a power counting rule.

As we already mentioned in section 4.3, in order to have mixing among operators of

the same dimension there can be no gravitons crossing the unitarity cut or internally in
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the factorized tree-level amplitudes as this would introduce additional powers of 1/Mp;.
This directly leads to the requirement that the number of external gravitons must stay
constant or increase. Instead, if there are internal gravitons the operator dimension jumps
by Aw = w; — w; which we found to be bounded by

Aw < 2L+ Ang,, (E.1)

where L is the number of loops and An,,, = ny, ; — 1y, ; is the change in the number of
external matter particles. Equality is reached if all involved couplings are gravitational.
Indeed, in general the jump in operator dimension due to gravitational interactions is given by

Aw = 2L+ An,, — ka (M, & — 2) (E.2)
k

where vy, is the number of vertices with n,, , > 2 matter particles (in our hypotheses,
this means including all marginal /minimal-gravity interactions, but excluding the 3-point
interactions with just gravitons). If all vy are minimal 3-point gravitational interactions,
with n,, ;= 2, then eq. (E.1) becomes an equality.

We should note that in addition to RG mixing into higher-dimensional operators due to
minimally coupled gravity there are also contributions from multiple insertions of effective
operators, for example 71.(%—1—4) x C'J(-wj ) C,gwk+4) with w; = w; +wy,. If such a contribution
exists and if there is a large separation between the cutoff of the EFT and the Planck
scale, i.e. A < Mpj, this contribution is enhanced with respect to the gravitational one by
(Mpy/A)A®.

As an explicit example let us consider the dimension-six and -eight operator classes of
the GRSMEFT which are shown in figure 9 in blue and black, respectively. In section 4.3 we
computed all allowed mixings among the gravitational dimension-six operators. For instance
we found that the C® operator with coordinates (n,h) = (3,3) cannot renormalize any
other dimension-six operator since it has the maximal number of external graviton fields at
dimension six. However, the picture changes when dimension-eight operators are included.
Both the helicity selection rule and the power counting rule allow for it to renormalize,
among others, C*, C?F? (4,4) and C?¢?D? (4,2), and we see that the number of external
gravitons is now allowed to increase or decrease. Similar conclusions also hold for the other
gravitational dimension-six operators.

Note that the power counting rule also allows the renormalization of dimension-eight
pure matter operators by dimension-six pure matter operators. For instance, ¢*D? (4,0)
renormalizes ¢*D* (4,0) and 12¢> (5,1) renormalizes ¥?¢3D? (5,1). Also note that, as
mentioned above, these contributions are often subleading for A < Mpy, since in general there
can be additional contributions with two insertions of dimension-six operators. Indeed, the
anomalous dimension of the dimension-eight Wilson coefficient is schematically of the form

2
A — e C + ancC, (£
Pl
where a; and ag are constants. In the limit A < Mp the first term is negligible. This is
e.g. the case for ¢*D? — ¢*D*, where the Yprpr ~ (Cpa p2)? contribution dominates.
These arguments can be straightforwardly extended to higher operator dimensions.
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Figure 9. Classes of independent dimension-six (blue) and -eight (black) operators in the GRSMEFT
labeled according to the modified helicity and number of external particles of the minimal amplitude
they induce. The non-renormalization theorem in eq. (3.7) implies that a Wilson coefficient C; can
only renormalize a C; that lies inside the cone izlv < /~1j + (n; — n;). This holds irrespectively of the
considered operator dimensions and also allows mixing into higher-dimensional operators according
to the power counting rule in eq. (E.1).
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