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ABSTRACT: We compute non-perturbative flow equations for the couplings of quantum
gravity in fourth order of a derivative expansion. The gauge invariant functional flow
equation for arbitrary metrics allows us to extract S-functions for all couplings. In our
truncation we find two fixed points. One corresponds to asymptotically free higher derivative
gravity, the other is an extension of the asymptotically safe fixed point in the Einstein-
Hilbert truncation or extensions thereof. The infrared limit of the flow equations entails only
unobservably small modifications of Einstein gravity coupled to a scalar field. Quantum
gravity can be asymptotically free, based on a flow trajectory from the corresponding
ultraviolet fixed point to the infrared region. This flow can also be realized by a scaling
solution for varying values of a scalar field. As an alternative possibility, quantum gravity
can be realized by asymptotic safety at the other fixed point. There may exist a critical
trajectory between the two fixed points, starting in the extreme ultraviolet from asymptotic
freedom. We compute critical exponents and determine the number of relevant parameters
for the two fixed points. Evaluating the flow equation for constant scalar fields yields the
universal gravitational contribution to the effective potential for the scalars.
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1 Introduction

Quantum gravity can be formulated as a consistent quantum field theory for the metric if a
fixed point for the flow of (generalized) couplings exists. If this fixed point is approached in
the extreme ultraviolet, the quantum field theory is complete in the sense that it can be
extrapolated to arbitrary short distances [1]. In short, one defines the microscopic theory
by such a fixed point. The relevant parameters for small deviations from the fixed point
correspond to the free parameters of the model, reflected by “renormalizable couplings”.
Their number is typically finite, such that the model is predictive. The fixed point can
be either a free theory — this is the case for asymptotic freedom. In contrast, the case of
non-vanishing interactions at the fixed point is called asymptotic safety [1-3]. See refs. [4-16]
for reviews. For asymptotic freedom the model is perturbatively renormalizable, while the
case of asymptotic safety corresponds to a non-perturbatively renormalizable theory unless
all dimensionless couplings at the fixed point are small.

For pure higher derivative gravity, based on terms quadratic in the curvature tensor
R, and the curvature scalar R,

S= /d%:\/g {— ((; 4 1;) R®+ DR, R"| . (1.1)



Stelle has shown perturbative renormalizability for the couplings C~! and D~! [17]. (In
addition, the coefficient of a term linear in the curvature scalar and a cosmological constant
are renormalizable couplings.) The perturbative renormalization flow for the couplings C~*
and D~! has been computed by Fradkin and Tseytlin [18-20], and reads

5 5 5
HC' = —=C 7+ —D?+ —C'D! 1.2
! R T EC A T ’ (12)
133
Dl=- -2 L.
% 16072 (13)
These equations show a fixed point with asymptotic freedom,
SFT: cC;'=0, D;'=o0, (1.4)

to which we refer as the SFT-fixed point.

Quantum corrections will lead to a quantum effective action I" which involves additional
terms. In particular, a term linear in the curvature scalar is needed for any realistic theory
of gravity. Expanding up to fourth order in derivatives (and omitting the Gauss-Bonnet
topological invariant) a diffeomorphism invariant action for pure gravity takes the form

2
I = /d%\/g [V - ]\ng - (C; + l;) R? + DRWRW] : (1.5)
where the (reduced) Planck mass M, and the cosmological constant V' are additional
relevant parameters beyond C~! and D~!. At the fixed point the role of V and MS is
negligible if these couplings are finite. Flowing away from the fixed point, however, C' and D
become finite. In this case Mg is no longer negligible. For both signs of Mg and arbitrary V'
the effective action (1.5) leads to tachyons and/or ghosts, such that Minkowski space is no
longer a stable approximate solution of the field equations for V' <« Mé‘ . As a consequence,
the effective action (1.5) seems not to be compatible with observation. A priori, it is not
known if this is a shortcoming of the approximation to the effective action (truncation) or a
basic flaw of quantum gravity based on the SFT-fixed point. Indeed, ghosts and tachyons
can be artifacts of insufficient truncations [21, 22].

There has been recently an intense discussion of perturbative quantum gravity based
on the SFT-fixed point, dubbed “agravity” [23, 24]. See also refs. [25-27]. The conclusions
are severely limited, however, by the simple fact that the couplings C~! and D! flow
outside the perturbative domain as the renormalization scale is lowered. For a judgement
of the fate of higher derivative gravity it seems compulsory to understand the flow of
couplings in the non-perturbative domain. Only this can give an answer to the question
of stability for the effective action. Non-perturbative flow equations based on functional
renormalization [2, 28, 29] seem the appropriate tool for such an investigation.

A simple “Einstein-Hilbert truncation” of the flowing effective action or average action
[’y omits the quartic terms ~ C, D in eq. (1.5). One finds a fixed point in the flow of the
dimensionless couplings w = MS /2k? and u = V/k*, often called Reuter fixed point and
named here R-fixed point. The R-fixed point is associated to asymptotic safety and the



gravitational interactions do not vanish at the fixed point. Its existence corresponds to non-
perturbative renormalizability of quantum gravity as a quantum field theory for the metric.
The R-fixed point remains present for large classes of extended truncations [30-73]. It is
also present if matter couples to gravity [74-96], as for the minimal standard model coupled
to gravity. The non-perturbative character of the fixed point implies that the number of
relevant parameters is no longer determined by the canonical dimension of couplings. This
leads to an enhanced predictivity, as demonstrated by the successful prediction of the mass
of the Higgs boson [97]. It is well possible that other parameters of the standard model
may become predictable [98-117].

In the present paper we ask what is the relation between the SF'T- and R-fixed points.
We will use a truncation for which both fixed points are found. This opens the terrain
for many interesting questions. Is the SFT-fixed point viable for a definition of quantum
gravity? Is there a critical trajectory from the SFT-fixed point to the R-fixed point? What
are the implications for the predictivity of quantum gravity coupled to matter? The present
paper will not yet fully answer all these questions. It focusses on the derivation of the
relevant flow equations for higher derivative gravity and provides for partial answers to
these questions within the given truncation.

The minimum truncation needed for these questions takes for the effective average
action the from (1.5), with four running couplings C, D, MS and V depending on the
renormalization scale k. Deriving these flow equations within functional renormalization
is a technical challenge. There has been previous work for reproducing the perturbative
B-functions for C' and D [18-20, 118-123], circumventing the technical issues by a rather
special field-dependent gauge [55] or using directly expansions in small C~! and D~ [30, 36].
We aim here for an understanding of the full non-perturbative flow equations for arbitrary
values of the couplings C, D, Mg and V. This is needed in order to see both the SFT-
and R-fixed points. The use of the gauge invariant flow equation [124-126] constitutes an
important advantage, since the contributions from the physical fluctuations in the metric
can be separated from the universal “measure contribution” of the gauge fluctuations. Still,
a major technical issue is related to mode mixing. For particular classes of metrics, as
Einstein spaces, the transverse-traceless (TT) fluctuations (¢-fluctuations) cannot mix with
the physical scalar degree in the metric (o-fluctuations) due to symmetry. Deriving flow
equations for Einstein spaces permits a rather straightforward application of known heat
kernel expansions. One can, however, only obtain a flow equation for the linear combination
D + 6C in this way. The required flow equations for C' and D separately require geometries
beyond Einstein spaces for which the ¢- and o-modes mix.

We display the more technical parts in various appendices and concentrate in the main
part on summaries of results and a discussion of crucial features for the derivation of the
flow equations. In section 2 we present the setup, the characteristic features of the flow
equations and the fixed points. Section 3 summarizes the heat kernel method and the flow
contributions from matter fluctuations. In section 4 we exhibit our central result on the
flow contributions from the metric fluctuations. Section 5 discusses asymptotic safety for
the R-fixed point. In section 6 we address the infrared region and conclusions are presented
in section 7.



2 Summary: setup, flow equations and fixed point structure

In this section, we summarize our setup, the resulting flow equations and the corresponding
fixed points or scaling solutions. The degrees of freedom are the metric and scalar fields. For
the effective action we choose a truncation with five coupling functions U(p), F(p), C(p),
D(p) and E(p), where p is an invariant formed from the scalar fields without derivatives. The
function U(p) constitutes the effective potential for scalar fields, F'(p) is a field-dependent
effective squared Planck mass, and C(p), D(p), E(p) are coupling functions multiplying
the gravitational invariants involving four derivatives of the metric. For a setting without
a scalar field background one simply omits the dependence of U, F', C, D and F on p.
Besides the metric and scalar fields we also include the fluctuations of fermions and gauge
bosons. For the matter fields (scalars, fermions, gauge bosons) we do not compute the flow
of derivative terms (kinetic terms), or interaction terms as Yukawa couplings.

2.1 Effective action for gravity

Our ansatz for the truncated effective average action consists of a gravity part and a matter
part

[}, = DIV | pipatter (2.1)

For the gravity part, we consider the following truncated effective action,

FiraVity = /d4$ VY [U(p) - F(2p> R— C;p) R + Dép) CovpeC*?” + Lap| + Dgs + Tan s

(2.2)
where R is the curvature scalar, C),,s is the Weyl tensor whose squared form is given by
ClvpeCHP7 = Ry pe RMP7 —2R,,, RM +R? /3. For the computation of the universal measure
contribution to the gauge invariant flow equation we use the equivalent physical gauge
fixing for which I'yt and I'yy, are the gauge fixing and the ghost action for diffeomorphisms.
These are given in appendix A, egs. (A.5) and (A.6). The last term in the square brackets
in eq. (2.2) is the Gauss-Bonnet term which reads

Lap = B(p) (B? = ARy, R" + Ryps R*7) = E(p) Ga (2.3)

For constant F this is a topological invariant, while for a dynamical scalar field it contributes
to the field equations. The effective action (2.2) contains the most general diffeomorphisms
invariant terms for the metric with up to four derivatives. In appendix B.1 we present the
same action in terms of different linear combinations of invariants.

The coefficients U(p), F'(p), C(p), D(p) and E(p) are functions of real singlet-fields ¢,
p = 2, N-component real fields ¢%, p = ¢*¢*/2, or complex scalar fields ¢,, p = @l @,.
One can expand these coefficient functions into polynomials of p:

N
=

~— ~— ~— ~—  ~—

(p)

(p)
Clp)=Co+Cip+---,

(p)

(p)

~~ ~~ ~~ —~~
0 J O Ot



Here V is the cosmological constant, m? is the scalar mass parameter and \ is the quartic
scalar coupling. In the gravitational sector Mg is the Planck mass squared for p = 0 and &
is the non-minimal coupling between the scalar field and the curvature scalar. The latter
plays a crucial role for the realization of Higgs inflation [127-131].

The matter part ['"***" consists of canonical kinetic terms for all matter fields. We
also include gauge and Yukawa couplings, but set the effects of interactions and masses to
zero in many parts of this work. We consider Ng scalar bosons, Ny vector bosons and Np
Weyl fermions. The explicit form of the action for the matter part is given in section 3.

2.2 Flow equations

The coupling functions U, F, C', D, E depend on the renormalization scale k. Their k-
dependence is determined by a truncation of the exact functional flow equation [28, 29, 132
135]. The result of our computation can be written in the form

oy, = [Nsm™ + Ny (7l = o) + Npr] + 27 — 62 (2.9)

Here the last two terms are contributions from metric fluctuations, where 7(t) denotes
contributions from the TT tensor (t-mode) and the physical scalar metric fluctuation
(o-mode), while contributions from the gauge modes (the longitudinal modes in metric
fluctuations and the ghost fields) are included in 6(9). We employ dimensionless quantities

u:%, w:;%, F=15- (2.10)

The flow equations at fixed p read for 0; = kO
Oru = Py = 2p0pu— 4u+ 55— (N5 + 2Ny — 2Np + My) | (2.11)
dw = B = 259w — 2w — ﬁ (Ns — 4Ny + Np + Mp) | (2.12)
0:C = Bc =2p0;C — 576 sons (Ns+ Mc) (2.13)
0D = fp =2p0; D+96(1) ——— (N5 + 12Ny + 3Np + Mp) , (2.14)
8tE:ﬁE:258ﬁE—ﬁ (N5+62Nv+121NF—|—ME) . (2.15)

Here M; denote the contributions from metric fluctuations. Their explicit form is displayed
in section 4.2.

The structure of the gravitational contributions to the flow equations can be understood
by writing them in the form

20 _ 8 (o), ~ 13
My = gLSRm%) + 5L(U><m )= 5 04(0). (2.16)
_ 12570052 L DB o2y 2
- 9 (6),~ - 29

Me = 20L¢) (m3) + §L2><m2> L (3 ) = S-5(0), (2.18)
I (o), o N

M = 82018 () — 2 L) (m2) ~ 0L (o, m2) + L8(0), (2.19)
161 2

Mg = 1660LY (m?) — %Lg( 72) — 30L ) (2, m2) — geg(o). (2.20)



The interpolating functions Lf.”(m%), Lga) (m?2) and Lffl;f) (m?,m2) represent contributions
from the t-mode, the o-mode and the ¢ — ¢ mixing, respectively. They are functions of the

dimensionless mass terms for the ¢- and o-modes

D u 3C U v
~ 9 ~ 2
= — = — = — = — — — = —_ = .1
mp == d—wv, Mo =~ 1w 3c 1 (2.21)
where
C D
v="2 c=2, == (2.22)
w w w

The interpolating functions are linear combinations of the “threshold functions”, with
2

— =2
x = 1mj or mg,
1 1

2 (z) = PR (2.23)
whose explicit form can be read off from section 4.2, egs. (4.14)—(4.29). The explicit forms
of LZ@, LEU) and L!™7 are given in eqs. (4.14)—(4.32). The threshold functions can account
for the decoupling of heavy modes for which z > 1. The functions Lgt) (m?), Lgo) (m2) and
Lgli_xg) (m?,m2) have poles at m? = —1 and m2 = —1. The validity of the flow equations is
restricted to m? > —1, while the issue for 712 is more complex.

For Einstein spaces, one has R, = (R/4)gu, such that C,,0C*"?° = Ry, po RFP7 —

R?/6 and G4 = R, po R*P?. For these geometries one has only two independent invariants

C

D 1 D D
—532 + 5 Clwpo O + EGa = —3 (C + ) R+ ( + E) Ruupe RMP7 . (2.24)

6 2
In turn, an evaluation of the flow equation on Einstein spaces, which is done in most work
in the literature, only yields flow equations for D + 6C and D + 2E. One finds that for

(t=0)(~2 ~2
mix (mt y Mg

these linear combinations, the mixing terms L ) cancel out. A computation of
separate flow equations for C and D is not possible in this way. For their extraction more
general geometries have to be included, and the mixing term plays a role.

The coupling functions depend on two variables p and k. We will restrict the discussion
here to the case where either the k-dependence or the p-dependence is neglected, such
that the coupling functions depend either on p or on k. The k-independent functions u(p),
w(p) etc. define a “scaling solution”, that generalizes the notion of a fixed point for a finite
number of couplings. On the other hand, we may evaluate the flow with k at p = 0, such
that the terms ~ pdsu etc. can be omitted in egs. (2.11)—(2.15). In this case, which we
discuss in the following, one is left with the S-functions for five couplings. Fixed points
correspond to zeros of these g-functions. We emphasize that the flow with k at p = 0
can be directly mapped to the g-dependence of the scaling solution. One simply replaces
O¢ by —2p05. Thus the flow away from fixed points at p = 0 translates directly to the
p-dependence of the scaling solution. Keeping this connection in mind, we omit in the
following the term ~ p0; etc. in the flow equations. Then the coupling E does not appear

in the flow equations for the other couplings, as appropriate for a topological invariant.



2.3 Asymptotic freedom
The flow equations (2.11)—(2.15) admit the SFT-fixed point

cl=o, Dt =0. (2.25)
Since w remains finite at the fixed point, this also implies
;1 =0, d;t=0. (2.26)

Finite values of w and v play no role precisely at the fixed point since their relative
contribution to m? and 2 vanishes. Close to the SFT-fixed point we can evaluate the
flow equations in the limit w — 0, u — 0 or Mm? — oo, M2 — +o0o. In this limit, the beta
functions for the higher derivative couplings in egs. (2.18)-(2.20) read

1 2
U= "em2 s ~ 2827r2 - 165;2 (1%2 - g) ’ (2:27)
0D = —— (Ng + 12Ny + 3Np) + —o2_ (2.28)
96072 16072’
11 49

These results agree with the perturbative computation [123] in higher derivative gravity.
They are universal, i.e. independent of regularization and gauge parameter choice. One
infers the flow equation for the perturbative coupling D~*

oD~ ! =

~560-2 (798 + N + 12Ny + 3Npp) D2, (2.30)
For vanishing matter effects (Ng = Ny = Np = 0), eq. (1.3) is reproduced. For arbitrary
numbers of matter particles this is of the asymptotically free form with positive D!
increasing as k is lowered. There is unavoidably a range where D~! becomes large and the
perturbative result is no longer valid.

For the flow equation for C~! one has

5 5
D724

1
-1 _ -2
KO = 5 (104 No)O ™2 4 0 T

—1py-1
= D . 2.31
57672 ¢ (2.31)

Setting Ng = 0 yields eq. (1.2). For C, D > 0 all terms are positive, driving C~! towards
smaller values as k-decreases while C' increases according to eq. (2.27). In the range of
negative C~! the ratio

3C
= 2.32
w=55 (2.32)
has two fixed points according to the flow equation
1 10+ N, 1 Ng + 12N N 1
Ohw = 0+ Ns 1098+ Ns+ 120Ny + 3N, 102 (2.33)

167m2D 24 60 3



Both fixed points occur for negative w and therefore negative C' for positive D. For pure
gravity the numerical values are

W = _5.467, W) = —0.023. (2.34)

At the fixed point the ratio w is not determined since the r.h.s. of eq. (2.33) vanishes
~ D~ for arbitrary values of w. For the flow trajectories away from the fixed point w

(UV)

increases with decreasing k for all trajectories with “initial values” w > wy close to the
fixed point. For initial values w < wiUv) the trajectories are attracted towards ng). We
conclude that the fixed points (2.34) concern the behavior of trajectories away from the
fixed point, but do not fix the ratio C'/D at the fixed point. Starting close to the fixed point
with C' < 0, D > 0 seems to be rather natural since in this case the Euclidean action (2.1)
is bounded from below. We conclude that both C~! and D~! are independent (marginally)
relevant parameters. For the Gauss-Bonnet coupling one has at the fixed point

E,
0, =——=0.3274. 2.
D 0.327 (2.35)

These values agree with that found in ref. [123].
At the fixed point the ratios Mg /k? and V/k* take finite non-zero values, given for
pure gravity by

My Mp 3My
« =, = ——, = 2.36
BRRTTES YT T g2 T oM, (2.36)
At the fixed point one finds
93 1471 40
My = — Mp=—""-—-——w. 2.
V=900 F="%60 3" (2:37)
Thus w, and v, depend on w and therefore on the particular trajectory away from the fixed
point. For w = wV one finds the numerical values
(SET, UV) : wu, = 0.0069, wy = 0.0127, v = 0.544 , (2.38)
where for w = wim) one obtains
(SFT, IR) : u, = 0.0069, wy = —0.0257, v = —0.269. (2.39)

Both u and w correspond to relevant parameters, with critical exponents 4 and 2 following
from egs. (2.11) and (2.12) for My and Mp not depending on u and w.

Taking things together the SFT-fixed point has a free undetermined parameter w. For
pure gravity it has four relevant or marginal couplings, with critical exponents given by

0, =4, 0o =2, 05 =0, 0,=0. (2.40)

The Gaussian fixed point characterizes asymptotic freedom of higher derivative gravity [18-
20, 118-123].
Finally, we mention the limit of the Weyl invariance which is realized for U — 0, F' — 0
and C' — 0 in the action (2.2). For that limit in the pure gravity system, one has
875’11,:2/385’11,—4"&#-%;2, 8,511}:2/38’510—210-1-%, 8tC:_W57TQ.
Therefore, finite values of u, w and C are induced by quantum effects and the Weyl

(2.41)

invariance is not conserved in our current setting.



2.4 Asymptotic safety

Solving Sy = Br = Bo = Bp = 0 simultaneously, we find a further non-trivial fixed point
(R) : u, =0.000281, wy = 0.0218, C. =0.204, D, =-0.0132. (2.42)

For this fixed point the dimensionless ratios read
ve = 0.0129, cx = 9.324, d. = —0.60479, wye = —23.1, (2.43)

resulting in

m7, = —0.618, m2, = 28.0. (2.44)
The critical exponents are given as
0 =31, 0y =24, 03 =10.9, 04 = —88.1. (2.45)

Hence, there are three relevant directions and one irrelevant one. This result agrees with the
cases of higher derivative truncations in maximally symmetric spaces, e.g. [53], in Einstein
spaces [31], in an arbitrary space within a strong gravity expansion [55] and in a flat space
within the vertex expansion scheme [42].

We will argue in section 5 that this fixed point is the extension of the R-fixed point for
one truncation. The huge absolute values of the critical exponents 63 and 8, are presumably
artifacts of the truncation. Similar high values are observed in a truncation which omits
the term ~ D [48, 49]. Including higher order curvature invariants ~ R™ the high value
of 03 is reduced to a quantity of the order one, and further critical exponents become
negative, corresponding to irrelevant parameters [50-54]. The small negative value of D,
is not necessarily a cause of worry either. Taking the four-derivative truncation at face
value it would imply a tachyon in the ¢-sector and therefore an instability. The derivative
expansion yields, however, only a Taylor expansion of the inverse graviton propagator for
small momenta. In the momentum range of the possible instability higher order terms can
cure this issue. Furthermore, extended truncations could shift D, to positive values.

2.5 Interpolating functions

For the flow away from the fixed points and for the question of a possible critical trajectory
from the SFT- to the R-fixed point we need some understanding of the interpolating
functions. They depend on the couplings ¢, d and v, or equivalently 7, 2 and v. The
functions Lgt) arise from the t-fluctuations and depend dominantly on the corresponding
mass term M7, while LEU) are due to the o-fluctuations and depend dominantly on 2.

We plot in figure 1 the interpolating functions L%) (m?), Lg) (m2), L(Ct) (m?) and L(Ca) (m2).

These functions are rather smooth until they reach the poles for m? — —1 or m2 — —1.

(®)

For a plot of L;” (mm?) we need to fix the two other parameters that we take as w and v.

We show two sets, one for the values of v and w at the SFT-fixed point with w = w,(kUV),

and the other for the R-fixed point. The same procedure is used for Ll(-a) (m?2). The mixing

t—a(~2 ~

contribution L' 7 (m?,m2) is displayed in figure 2. The curves are shown with v taken from



the SE'T- or R-fixed point, and w = 0.5 for both curves. Figures for the other interpolating
functions can be found in section 4.
We have chosen normalizations for the interpolating functions such that their overall

(t—0)

mix  for the R-parameter set. This allows for a

size is of the order one, except for L
judgement of the size of the different contributions from the prefactors in egs. (2.16)—(2.20).
In particular, for the asymptotically free SFT-fixed point the ¢t-fluctuations dominate, and
the t — o- mixing gives only a small contribution of around 15 percent. In this region an
omission of the ¢ — o- mixing contributions, which are technically the hardest part, does
only lead to rather minor errors. For pure gravity (Ng = Ny = Nrp = 0) and at p = 0 one

obtains at the SFT-fixed point for fixed constant m2/m? = 3C/D,

Bo = =573 (2008 () +5 L& () = LG (i imd) = 546(0))

m2—o00
- {_ 142772 B 16?3; B 10?§SD} + [_ 12;7r2 B 15525;2(1} * [43;7?20 + 1552520} + 1152>g7r2
- 72855%2 - 1657r2 <JC;Z+1C)) ’ (2.46)
Bp = 5= (8202 (1) — 2L (1) —10LU7) (i) + 563(0))
m2—o00
- {4181712 + 7257rC2D} * [_ 6410771'2 + 25952220] + [_ 725716;D B 25952220} + 192707r2 - 1égi2 - (247)

Here the first, second and third square bracket are contributions from the ¢ and ¢ modes
and their mixing, respectively, while the last terms are the measure contributions. The flow
of D and C is dominated by the t-fluctuations.

The coupling D decreases until the negative contributions to Sp from the mixing
and o-fluctuations get large enough to compensate the positive contribution from the
t-fluctuations. In our truncation this happens for negative d and negative m?. For the
R-fixed point 77 is indeed negative, cf. eq. (2.42). At the R-fixed point the interpolating
functions remain of the order one,

L (m2) = 0243, LY (m2) = 1240
LY (m2) = 0548 LY (m2) = 1350
LY (m?) = 3038 LY (m2) = 1057,
L (m2) = 1194 L9 (m2) = 0916,
LY (m2) iy = 1356, LY (m2) iy = 0:920, (2.48)

with the exception of the mixing contribution,

L7 (m2)| ) = 97.579. (2.49)

mix
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Figure 1. Behavior of L{" (m?) and L{”)(m2) as functions of the dimensionless masses m2 and

m2. For w and v we display two cases: (R) v = 0.0128638, w = —23.1264 and (SFT) v = 0.544229,
w = —0.0228639.
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Figure 2. Behavior of L](Htl;:’)(ﬁzf) as functions of the dimensionless mass 7. We use the values of
v =0.0129 in (R): (2.42) and v = 0.544 (SFT): (2.38) and fix w = 1/2.

A fixed point with finite D can only occur for negative D since the decrease of D with
decreasing k has to be stopped. The rather large value (2.49), together with a rather large

negative m?, may cast same doubts on the robustness of the R-fixed point with respect to
extended truncations.
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2.6 Gravity contributions to the flow of the effective potential for scalars

The flow equations (2.11)—(2.15) are valid for arbitrary constant scalar fields, or arbitrary
constant p. In particular, eq. (2.11) describes the flow of the scalar potential. In principle,
Ng, Ny and Np depend on p, reflecting the flow-contributions from matter loops [84]. We
focus here on the gravitational contributions encoded in My (p). The central quantity is
the gravity induced scalar anomalous dimension A. For A > 0 the quartic scalar couplings
become irrelevant parameters. Together with the assumption that the flow of couplings
below the Planck scale does not deviate much from the one of the standard model this leads
to the successful prediction of the mass of the Higgs boson [97], or more precisely for the
mass ratio between top quark and Higgs boson [11, 108]. For A > 2 also the scalar mass
terms become irrelevant couplings, driving all scalar masses rapidly to zero. This is the basis
for a possible solution of the gauge hierarchy problem by the running of couplings [136, 137].

The metric-fluctuation induced scalar anomalous dimension is given by the derivative
of My with respect to u for p — 0,

1

p—0 487T2Mg

1 oMy
3272 Ou

(2.50)

201+ 3d) o1+ 5@]
p—0

(1+m2)?2 (14 m2)?

Here the first and second term correspond to contributions from the ¢-mode (graviton) and o-
mode in the metric, respectively. In our previous papers [83, 84] within the Einstein-Hilbert
truncation (C'— 0, D — 0 and E — 0), we have found

1 20 1
Agn = 48W2M§ [(1 — 7)0)2 + (1 _ 00/4)2] . (2.51)
The dominant graviton (the t-mode) contribution agrees with eq. (2.50) for D — 0, while
the part of the scalar mode has a difference of a factor 9/20 for C — 0. This difference
arises from the different regularization scheme for the propagator of the scalar mode.
At the SFT-fixed point the gravity induced scalar anomalous dimension vanishes
according to

1 15 2

On the other hand, for the R-fixed point one finds

(R): A=0.618. (2.53)

This is positive and below two. Adding contributions from matter fluctuations can change
the value of A. In particular, a decrease of the fixed point value for w leads to an increase
of A. Our investigation gives further support to the prediction for the mass of the Higgs
boson, while the question of the gauge hierarchy will depend on the precise matter content.

3 Flow generator and heat kernel method

We compute the flow equations (2.11)—(2.15) by the heat kernel method. For this purpose
we consider arbitrary geometries close to flat space. Geometries beyond Einstein spaces

- 12 —



are needed for the extraction of the gravitational contributions to the individual coupling
functions for the higher derivative terms in the gravitational effective action. The evaluation
of the heat kernels for the differential operators needed in this context is technically new
terrain and will be described in the next section. In this section we introduce the method
and present the flow-contributions of matter fluctuations that can be obtained by more
standard techniques.

We want to evaluate the flow generator

as a general functional of the (“background”)-metric field. The sum Y, is over fluctuation
contributions of degrees of freedom that do not mix. For our application the metric is closed
to flat space, but not restricted otherwise. For the heat kernel method (; is represented as
a trace over suitable differential operators, ¢; = tr W(z = A;) where A, is an appropriate
Laplacian acting on the degree of freedom i. The flow generator can be expanded as

G =5 W) = 5oz [ Va QWA + @I + oWl -] (32

Here tr ;) acts on the space for the degree of freedom 4, and the coefficients céi), cg) and

cff) are given by

Wb, R, ) bR 4 0 R B 4+ B R R, (33)
where the values of the heat kernel coefficients bg) depend on the degrees of freedom of a
field on which the Laplacian acts. The coefficients of (1, —%R, —%RQ, %CWWC’W’”, G4)
yield (0.U, O.F, 0,C, 0yD, O, F) at fixed p. Switching to dimensionless couplings yields the
terms —4u and —2w, and the change to the dimensionless scalar invariant p induces the
terms ~ 2p0; in the flow equations (2.11)—(2.15).

The detailed steps of these calculations are displayed in the appendices A-E. In the
main text we summarize the most important points. For the evaluation of eq. (3.2) the
explicit heat kernel coefficients are summarized in appendix C. The threshold functions @,
are given by

oW

1 o0
Qn[W] = F(n)/o dz2""'W(z) forn>1, Q_,[W]=(-1) 5an . forn >0.
(3.4)
The contributions to the flow generator take typically the form
Wy.e(z) = OR(2) (3.5)

(k221426 4 b22+26 4 k422 + Ry (2))pHL 7

where a, b, ¢ are dimensionless couplings and R constitutes the infrared cutoff. The
quantity € depends on the normalization of the fields. For contributions from the ¢-mode
and matter modes, one has ¢ = 0, while ¢ = 1 is used for the c-mode contributions. For the
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cutoff function Ry(z) we employ a generalization of the Litim cutoff [138] such that z in the
denominator of W (z) is replaced by Py(z) = z + Ri(2) = 2 + (k* — 2)0(k? — z). This yields

Qnlp;€;a,b,c] = Qn[Wp,e]

_ (+2¢)(n+2+4+2¢) (I+e)(n+1+2¢) b
= i ¢ P2 omear20. T2

€(n+2+2¢) (n+1+2¢) ¢
(n+2€)(14+2¢)(n+2+2¢) a

x |2k =2 bt c/a)|  (n>0), (3.6)

where we neglected the anomalous dimensions, i.e. d;a = 0:b = Jc = 0. The full expressions
for @,[W] with the anomalous dimensions can be found in eq. (C.9) in appendix C. For
more details on the heat kernel technique we refer to refs. [7, 84]. Our general setting
will become more explicit once we evaluate next the individual contributions from the
fluctuations of free and massless scalar fields, fermions and gauge bosons.

3.1 Scalar bosons

We start by evaluating contributions from a scalar field whose effective action is given by
(p =%

0 = [ V3|5 @uP + U)] (3.7)

The second functional derivative with respect to ¢ yields

52
i =g (As + mi(w)) , (3.8)
where Ag = —D? is the Laplacian acting on a spin-0 scalar field and we define the mass
term,
0?U

2
m,(p) = == - 3.9
(6) = 53 (39)

In order to compute the flow-contributions, an appropriate IR cutoff function Ry(Ag)
is added so that the Laplacian Ag in eq. (3.8) is replaced to P, = Ag + Ri(Ag). The flow
equation for the scalar contribution reads

1
Oy =7l = 5t oW (Ag) (3.10)

where the flow kernel is

OtRK(Ag) O Rk (As)
9) _ , Ri(As _ k
W (As) As+ Rp(As) +m2  Pu(Ag) +m - (3.11)

Using the heat kernel expansion (3.2) with the corresponding heat kernel coefficients to Ag
(see table 1 in section C.3), one obtains

n) = g [V K (72) + R (72) R i (52— By B+ B R ) 83102 |
(3.12)

where mg = mi /k2. For the Litim cutoff the threshold functions are given by eq. (2.23).

For Ng massless scalars (mi = 0) this yields in egs. (2.11)—(2.15) the contributions ~ Ng.
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3.2 (Gauge bosons

We employ the effective action for a gauge theory as
/ VaFsF 1) 4 1) (3.13)

where FJj, is the field strength of the gauge field Ay,. Here, Fgf/) and I‘g}f) are the actions of
the gauge fixing and ghost fields (c,, ¢,) associated with the gauge field A, and are given
respectively by

-3 / doyg (D7), T = / A2 /G50 0u(D e, (3.14)
2aV g

with ay the gauge fixing parameter.
The Hessian of Af, i.e. the second-order functional derivative of eq. (3.13) with respect
to Ajj, is computed as

(r"™)™ = v [g’“’D2 - (1 - alv) D“DV} . (3.15)

In the Landau gauge ary — 0, the flow equation for eq. (3.13) reads
1 1
oy, = ¢V =7V 507 — ST W) = S WV () . (3.16)
For vanishing gauge couplings the r.h.s. of eq. (3.16) becomes the sum of contributions from

individual gauge bosons. For a single gauge boson the flow kernel is given by

OiRp(Arp1)  OuRi(Ary)

M(A =
W (An) = A+ Ri(Arr) Pr(Arr)

(3.17)

where the regulator Ry(z) replaces the Lichnerowicz Laplacian z = Ap; (defined in
eq. (C.27)) to Py(z) = z + Ri(z). The use of the Litim cutoff and the heat kernel
expansion yields the contribution from the physical mode in A as

1
7'('](6‘/) = itr( )W(V)(ALl)

o |V [3’“254 (0) - 5O R 10 (- 15Rz+58RuvR“”—8RuupaR“”’”)68(0)]‘
(3.18)

The contribution of the gauge mode and ghost yields for the “physical” Landau gauge the
universal measure contribution,

1
5]9/) = §tr (O)W(V) (ALI)

1 1 1 /5 5 oo
= o2 / N {k‘*eg(o) + 6k:?eg(o) R+ T <2R2 — Ry R*™ + Ry po RMP )43(0)] .

(3.19)
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The two terms sum up to
C(V) (V) _ 5}(€V)

1 2 1
=162 /x v {2k453(0)—3k2€o( )R+@( 25R2+88RWR””—13RW,,UR“”W) eg(o)}
(3.20)
For Ny gauge bosons this yields in egs. (2.11)—(2.15) the contributions ~ Ny.

3.3 Weyl fermions

We next consider the contributions from Weyl fermions to the flow of the gravitational
interactions. Spinor fields in curved spacetime involve the vierbein fields e, The covariant
o Wlth D = +"D,, and
e = det(e);’) the effective action with a Yukawa coupling to a scalar field ¢ reads

derivative D, involves the spin connection constructed from ef}*

ry) = / Ve [Biy + yeur Y] . (3.21)
One obtains the Hessian as
%
(F2) _ 7 o _
=5 ry 50 = Ve|iP+ye’). (3.22)
The squared covariant derivative becomes —@2 = -D?*+ R/4 = A, 1 which is the

Lichnerowicz Laplacian acting on a spinor field. Thus, we regulate z = A; 1 by employing
2
the regular Ry(z) to obtain the flow generator

O Ri(A; 1) ORp(Ap1)
L ) = i AL AR
9 (2) 3 2 (Q)ALl +Rk’(ALl) 2 (2) Pk(ALl)
2 2 2

From the heat kernel technique, one finds

= / f{ el (m3) — KR (m3) R s (577 8RM,,R“”—7RWMR”””")ég(mfp)},
(3.24)

with mfp = y?p/k%. The terms ~ Np in eqgs. (2.11)(2.15) account for the contributions
form Np massless Weyl fermions (mi =0).

4 Flow generators from metric fluctuations

This section summarizes the main technical achievement of this work, namely the compu-
tation of the metric fluctuations to the functional flow of all coupling functions of higher
derivative gravity in fourth order. To this end, we use the heat kernel method again. The
two-point function (Hessian) of the ghost fields can be written in terms of the form in
the so-called non-minimal operator Dy = Ay 6% — D*D,, — R*,, for which we use the heat
kernel coefficients obtained in refs. [139-141]. On the other hand, the Hessian for the metric
field becomes complicated and cannot be simplified to be in such a non-minimal operator.
Therefore, we use the off-diagonal heat kernel expansion introduced in ref. [33] to evaluate
the heat kernel coefficients for e.g. tr [e_SAR‘“’DuDV] appearing in the flow kernel for metric
fluctuations.
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4.1 Physical metric decomposition and gauge invariant flow
Our starting point for the derivation of the flow equations is to employ the “physical
decomposition” [124-126] of the metric fluctuations.

I = G + Py hyw = fuw + o, auw = Dya, + Dyay, (4.1)

with g,, the argument of the effective action (often referred to as “background field”).
Hereafter we omit the bar on the background field. The physical metric fluctuation f,,
satisfies the transverse condition, i.e. D*f,,, = 0. The “gauge fluctuations” a,, denote the
directions in field space generated by infinitesimal gauge transformations (diffeomorphisms).
In a physical gauge they decouple from the physical fluctuations.

In second order in f,, the expansion of the effective action (2.2) yields

1 ~ T T T eT
T () = Z/x\@fw {(Df)w/’ U (T — L") + (M(R, AT))W }fm, (4.2)
where the covariant derivative operator acting on the physical metric fluctuations f is
given by
~ F F 8 1
(D)™ = {QAT + DA%] T, " =3 {QAT + §CA2T + QDAQT] L, (4.3)

The “interaction piece” M(R, Ar) is a tensor depending on curvature tensors and the
covariant derivatives. With

1 1
lep‘r - EquT - IMVPT ) EMVPT - 5(5/6517/- + 5;55) ’ IIWPT - Eglwgp‘r ’ (4'4)

one sees that 7" is orthogonal to I, namely 7},,°" 1, pTO‘B = 0. The part ~ T is the kinetic part
of the inverse graviton propagator. The flow equation for the system (with the physical
gauge fixing action (A.5) for « — 0 and § = —1) takes the form

N (4.5)

where 7T](€f ) is contributions from the physical modes f,,,,, whereas 5,29) contains contributions

from the gauge modes a,, and the ghost fields.

4.2 Physical metric fluctuations

The physical metric fluctuations f,, can be further decomposed as
fow =t + Suo. (4.6)

Here t,, is the TT tensor, i.e. satisfies D¥t,, = 0 and ¢"t,, = 0, and o is the scalar
physical fluctuation of the metric defined by

o=g"fu. (4.7)
The tensor S’W obeys

S, = (guwAs + D,D, — R,,)(3As — R) 1, (4.8)
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such that D”S’W =0 and g“”S’W = 1. With aS"“’tW = —0(3Ag — R)*lR‘“’tW one has,

in a general spacetime, mixing effects between ¢,, and ¢. Only in an Einstein spacetime,

R, = (R/4)g,w, the TT tensor mode (t-mode) decouples from the scalar mode (o-mode).
The Hessian for the physical metric fluctuations takes the following structure:

po 1 . po 8 -
(ff))uu =5 [Ko(P)w” +(M<t>(R’AT))W _§(K<0>+M<0><R’AS>)IWP

+ (Mo (R, AT))WQW + gy (Mo (R, AT))W] , (4.9)

where Ar = —D? is the Laplacian acting on tensor fields. The kinetic parts are defined by
F F U
Ky = 5 A7 + DAL - U, Koy = 5 As +3CA5 = 7. (4.10)

They correspond to the inverse propagators of the t-mode and o-mode. The interaction
parts M are lengthy. Their explicit forms are shown in appendix B: see egs. (B.20)—(B.24).
The last terms involve the mixing between the ¢- and o-mode. This vanishes for Einstein
spaces due to the different transformation of these modes under rotation symmetry.

For the particular case of flat spacetime we can perform a Fourier transformation. The
propagators of the graviton and o-mode are given respectively by

1 D! 1 1
Gy(¢?) = = ~———— U—0), (411
g(q ) §q2+Dq4—U q2(q2+Mf)—U/D q2 q2+M,52 ( ) ( )
-1
Golq®) = . 39) SN (U—0), (4.12)

E@ 300 —U ~ A(@+MZ)-U/BC) " @ ¢?+M

with M? = F/(2D) and M2 = F/(6C). The last terms are taken for U — 0, where we
observe the usual ghost for the t-mode of fourth-order gravity. We also note the negative
sign of the kinetic term for the o-mode in eq. (4.9). Functional renormalization deals with
these well known problematic feature by introducing an infrared cutoff.

For the two-point functions, we employ the regulator such that A; is replaced by Py (A;)
in the kinetic terms K(;) and K, in eq. (4.10). The contribution to the flow generator
from the physical metric fluctuations reads

g 1 O¢ Ry ‘
T ==ty
k 9 ( F;(f)+73k i
1 O Ry, 1 O Ry, (t) (o)
= —tr (o) = | =ty —m—— | A Jgavok =T AT + Jgravop . (4.13)
2 N Fng)—l—Rk tt 2 © Fl(f)—f'Rk oo ¢ g g ¢

Due to the regulator functions for the t-mode and o-mode the Laplacians (A7 and Ag) are
replaced to Py(A;) = A; + Ri(4;). The last term in eq. (4.13) arises from the regulated
Jacobian which accounts in the functional integral for the decomposition of the metric
fluctuations into physical modes and gauge modes. Computations are given in appendix E.
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Here, we list the explicit forms of contributions from the ¢- and o-modes to the beta

functions (2.11)—(2.15): one obtains from 7T](:)

9
M = £(3d+2)£g(m§)

20 1), -
= gL(Ut) (1m?), (4.14)
5 40 15
MY = 7(4d+3)€3(m3)+§(3d+2)ﬁ%(mf)+?(20+d)(5+8d)f?(m§)
125 (1), -
41
MO = 770(d 163 (m?)+ 70(4d+3)€%(m) 27(3d+2)(5’>c+7d)€4( ;)
1120 80
+T(3d+2)£4(mt)+§(8d+5)(9c+5d)€g(mf)
+432(5d-+3) (26 +2cd+d?) (5(3)
=202 (m2), (4.16)
(o) BA+3 oo d(12047) g o) A00(Td+4)(d=6c) o o
¢ = 5otz LM F 5y ) 2(img) L) WD)
1 2
MY = 0930(d+1)€0( )+?(4d+3)£2( )+%0(3d+2)(6c—13d)€1*(m?)
2
+—800(3d+2)e4( )+—600d(8d+5)£6(mt)+4080d2(5d+3)e§(m§)
= 820L§3) (m2), (4.18)
Y 5d+3 oy 2d(12d+T7)030(m?)  4000(7d+4)(d—6c)? 15, .
o) _ 90+ 8o 1 \my) 12132 4.1
b 5(1+~2)€1(mt)+ 3(1+m32) A(rmy) v (19
4 200
MY — 30(d+1)£0( 2) 4 520(4d+3)e2(~2) 200 5149 (604 5d) A (m2)
+$(3d+2)z4( 2) 4 400d(8d+5)¢8 (1 )+6480d2(5d+3)€§(mt)
=1660L) (1m?), (4.20)
(1—0) _ 3(5d+3) g oy 2d(12d47T) 19 _p)  4000(Td+4)(d—60) 15,
My = Sirmz) AT g ) rmg)
N
—360(d+1)—£(m2), (4.21)
XE
and from W,(:) + Jgravo k>
MY = 130(24+8Oc 5v) A (m2)
8 (o), -
= L7 (m3), (4.22)
o1 1
M) = 5(1440—10v+45)€(2)(m(2,)—;—0(1200—70—#35)@(7%3)+§(1260—7U+36)E?(m3)
2
+ 22 (2240 120+63)1°(m2) ~ S4(0)
193 o ~
== %)(mg), (4.23)
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o 3 7 o 11 N
Aﬁg):(120—U+4M80n§)—Afv&mc—5v+24M%0n§)+150200—7v+35M?0n3)

8 2 3 20 8/ ~2
— 53 (183¢—10d)(126c—Tv+36) (1 (17 2+ o7 (21e=d)(126c—Tv+36)5(my)

%v (126¢c—Tv+36)65(m )—;v(224c—12v+63)£§0(m3)
36(2880 15v+80) 43 (~§)—4§Ocv(2880 150-+80)£32 (1h2)
8—306(10800 550-+297) 634 (1 3)+%“180 ¢?(220c—11v+60)£5% (1m2)

_ ngﬂ (m2), (4.24)

e e =

~ 25(d—6¢)*(288¢— 15v+80)€12(~2) 1750(0) (4.25)

9(1+m?)
M) = (12— v+4)£0(~2)+5v( 80c+5v—24) 0% (m2) + §(120c—7v+35)e§3(m3)

20 5
— 53 (183c—10d)(126¢ - Tv+36)05 (m?2) + ﬁ7;(224c—12v+63)€§0(m%;)

25 5
+%(2880— 15v+80)€%2(m§)+@02(1260—7v+36)€g(m3)

50 80
+§cv(288c—15v+80)£§2(m3)+Ec(1080C—55u+297)£§4(m§)

| 60480 ,

11

= —EL}))(W), (4.26)

2 g

(126c—Tv+36) o _o.  3d(224c—120+63) 14, o

Y ¢

2L(1+m?) 1(mg)+ 4(1+m2) ! ()

~ 250(d—6¢)*(288c—150+80) A2(m2)— 341
9(1+m?) 1A

1
M) = (12c—u+4)£8(m?,)+fu(—80c+5v—24)£§(m§)+13(120c—7v+35)£?(m§)

(220c—11v+60)£38 (1m?2)

M(Do—t) _

zﬂ( ) (4.27)

2 1
——0(183c 10d)(126¢—Tv+36) 65 (m?2) + év(224c—12v+63)€%0(m3)

21
2
+1—g(288c—15v+80)e;2(m§,)+%v2(126c—7v+36)£§(m?,)
+50cv(288¢— 150480) 022 (12 ) +80¢(1080c — 550 +297) 424 (m2)
18144
811 0 ¢?(220c—11v+60)£3° (12
=17 (m2), (4.28)
(0— t) (1266 71}‘1‘36) 8/ ~ 92 9d(224c_120+63) 10/ ~2
My, ng(mo)+ (1 m2) 6" (myg)
250(d—6¢)?(288¢—150+80) 15, 5. 317 0
- ‘ = 4.29
3(1+m2) 1 (g ) ———£o(0). (4.29)
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We also define the interpolating functions for the mixing effects as

ME™? + METY = L2 (m2,m?), (4.30)
My~ + MY = —10LL (m2,m2), (4.31)
MY 4 MY = —30LL 7 (m?,m2) . (4.32)

In eq. (4.20), the Euler characteristic and the number of Killing vectors and conformal ones
are denoted by xg and N, respectively. For geometries with a topology of Euclidean flat
space they are given by xg =1, N =d(d+1)/2.

The expressions (1 +m2)~! and (1 +m2)~!, with m? = d — v, m2 = 3c —v/4 as in
eq. (2.21), correspond to the regularized propagators of the ¢- and o-modes, multiplied
with Dk* and 3Ck*, respectively. For the particular Litim-type regulator employed here
the combination Pj(4;) is effectively replaced by k2. By virtue of the gauge invariant
formulation, or equivalent physical gauge fixing, the contribution of the different physical
modes is well visible and separated from the sector of the gauge modes. Despite the
somewhat lengthy expressions the structure of the contributions to the flow generator is
well visible. The terms involving both factors of (1 +m?)~! and (1 + m2)~! are due to the
mixing of the ¢- and o-modes for geometries that do not exhibit rotation symmetry.

The contributions from the ¢ — o-mixing correspond to Lr(mx ) in egs. (2.18)—(2.20),
which can be read off directly from the explicit expressions in egs. (4.16)—(4.20) and (4.24)—
(4.29). The remaining parts in these equations define the interpolating functions Lg),
L%), Lg) that we show for particular values of the couplings in figure 1. Similarly,
egs. (4.14), (4.15), (4.22), (4.23) define the interpolating functions Lg) and L%) in egs. (2.16)
and (2.17). We show these interpolating functions in figure 3 for the same parameter sets
as for figure 1. The flow generator for the effective scalar potential ~ My is particularly
simple and has a simple expression in terms of one loop diagrams in figure 4. It can
be equivalently evaluated in flat space, with propagators taken for constant scalar fields.
For the other expressions the t- and o-propagators in figure 4 have to be evaluated in a
curved background, and there is propagator mixing in the absence of rotation symmetry.
A perturbative computation would expand the propagators in deviations from flat space,
introducing external legs for metric fluctuations in figure 4. The increasing number of
legs needed for the flow of higher derivative couplings is directly related to the increasing
complexity of the expressions in eqgs. (4.14)—(4.29). A Taylor expansion of the functional
flow equation in the number of external fluctuation fields produces the vertex expansion for
the flow equations, which has been investigated extensively for quantum gravity [38—47].
In comparison to this work the gauge invariant flow equation has additional contributions
from the field dependence of the infrared regulator and requires a particular physical gauge
fixing. A more detailed discussion of these issues can be found in refs. [142, 143].

4.3 Measure contribution

The measure contribution includes the spin-1 gauge modes a, in the metric fluctuations
(aW = Dya, + Dyau) and the ghost modes C, é;u as well as the Jacobian arising from
the decomposition (4.1). The gauge invariant formulation tells us that there is a simple
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m?2. For w and v we display two cases: (R) v = 0.0128638, w = —23.1264 and (SFT) v = 0.544229,
w = —0.0228639.
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Figure 4. One loop diagram for the gravitational contribution to the flow of the effective potential

relation [125, 126] between the metric fluctuations 6l(€g ) and the ghost ones el(f) such that

6}6 ) = 2615C ). Thanks to these relations, the total measure contribution takes the simple form

W — 59 — —fT 9:Fi(D1) 4.33
Mk k ) Pk:(Dl) ’ ( )

with the differential operator acting on a vector field,

(D1)*, = Ayé” — DD, — RV, . (4.34)
Here Ay = —D? is the Laplacian acting on vector fields. In eq. (4.33), we employ a

regulator which replaces Dy by P;. More explicit calculations using the heat kernel method
are presented in appendix E.2. Here we show only the result:

29 67 11
k4£4 7]6262 < 2, 20 5 pwy o oo ,ul/pa) EO :| .
167 2/*[[ 0(0)+ 24 0(0) i+ 144R 360R“ R 180R“ polt 0(0)

(4.35)

g)
oy,
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As an important advantage of the gauge invariant formulation the gauge sector decouples
from the physical sector. As a consequence, this measure contribution is universal in the
sense that it does not depend on the couplings in the physical sector. The expression (4.35)
does not involve the coupling function u, w, ¢, d.

5 R-fixed point and critical exponents

The fixed points of the flow equations (2.11)—(2.15) obtain by setting the terms ~ 9; and
~ p0; to zero. For pure gravity, with Ng = Np = Ny = 0, the fixed point conditions are

My Mp 3 My

u=-——:, W= ——, =
12872 19272 2Mp

These are four non-linear equations for the four couplings u, v, ¢ and d that we have solved

Mc=Mp=0, =

(5.1)

numerically. The numerical investigation finds several fixed points. Part of them are outside
the validity of our truncation, occurring for example at m? < —1. We have selected the
R-fixed point (2.42). We will next argue that this fixed point corresponds to the fixed
point of asymptotic safety found earlier for other truncations of the effective average action.
For this purpose we compute these truncations in our setting for the gauge invariant flow
equation and the particular infrared regulator employed in this paper. This allows for
comparison with earlier results, and shows how the R-fixed point depends on the truncation.

5.1 Einstein-Hilbert truncation

We first show the result of the Einstein-Hilbert truncation (C'= D = E = 0) in our scheme
without matter effects Ng = Ny = Np = 0. Solving Sy = fr = 0, we find a non-trivial
fixed point

uy, = 0.0061, w,=0.022, v,=0279, m’=-028, m2, =-0070, (5.2)

ox —

at which the critical exponents read
012 =2.63£1.39. (5.3)

These values are in a range found for the R-fixed point within earlier truncations. The
value for w, is similar to eq. (2.42), while u, is substantially larger. This is due to the
difference of the values for m? and m2 between egs. (2.42) and (5.2). For the values in
eq. (5.2) the g-function for D remains positive, “destabilizing” the fixed point (5.2) once
the higher derivative terms are included. As we have argued before, substantially more
negative values for m? are needed in order to find a fixed point for D. This is the main
reason for the shift in the fixed point values between egs. (2.42) and (5.2). The fixed point
wy in eq. (5.2) corresponds to the dimensionless Newton constant gy, = 1/(167w,) = 0.92.

Let us finally look at the flow equation for E evaluated for the fixed point (5.2). Since
the Gauss-Bonnet term is topological, its coefficient E does not contribute to any beta
functions, whereas the beta function of E depends on other couplings. It takes into account
the number of (normal and conformal) Killing vectors, and therefore monitors topological
features of the background geometry. We find a vanishing g for Ng = 3.1xg, but we will
not impose Sr = 0 for the search of fixed points.
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5.2 R?2 truncation

Next, we analyze the R? truncation for pure gravity. The earlier works on that truncation
have been done in the Einstein spacetime R, = (R/4)g,. (31, 32, 81] or the maximally
symmetric spacetime R0 = (R/12)(9up9ve — Guo9vp) [49, 52-54]. In the present work,
we do not assume such a special spacetime background. We first consider the R? truncation
defined by setting D = E = 0 and then solving 8y = Br = Bc = 0. We find a fixed point for

u, = 0.00018,  w, =0.0095, C,=-0.00292, wv,=0.0187, ¢, =—0.307,
mZ, = —0.0187, m2, =—0.93, (5.4)

at which we have the critical exponents
01,2 = 2.48 £0.342¢, 03 = 306.6. (5.5)

The critical exponents for F' and U are close to those of the Einstein-Hilbert truncation,
whereas the R? coupling has a huge value of the critical exponent. Such a situation has
been actually seen in the previous works and indicates the insufficiency of the truncation.
By improving the truncation, i.e. including higher order operators such as R3, R*, etc., the
critical exponents converge to reasonable values [53, 54].

As an alternative R2-truncation, we can look at the flow of the linear combination
C=C+ D/6, setting C = C for the flow generators. This corresponds to the previous
investigations for Einstein spaces. For this procedure we find a fixed point at

ux = 0.00098, w,=0.011, C,=-0.00342, v, =0.0859, c,=-0.300. (5.6)
This fixed point value gives the critical exponents
012 =2.47+0.709 , 03 = 188.4. (5.7)

Comparison with eq. (5.4) demonstrates that the fixed point values depend substantially on
the choice of the precise truncation, while the first two critical exponents are more robust.
The extraction of the flow of C' is ambiguous and needs a specification of assumptions on
the ratio D/C.

5.3 Vanishing cosmological constant

Another interesting approximation or truncation neglects the scalar potential or cosmological
constant. A numerical search for simultaneous zeros of the beta functions Bg, 8¢, 8p for
u=v =0 and Ng = Ny = Nr = 0 shows three fixed points

FP;: w,=0.0198, C,=0.174, D,=-0.012, ¢, =882,  d,=-0.605,
m2, =—0.605, m2, =264, (5.8)

FPs: =0.0033, C,=-0.00101, D,=-0.00242, c¢,=-0.304, d,=—0.724,
m2, =—0.725, m2,=—-0911, (5.9)

FP3: w,=0.0033, C,=0.00085, D,=-0.0022, ¢,=0.259, d.=-0.674,
m?, = —0.674, m2,=0.778. (5.10)
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Figure 5. The behavior of the beta function of D as a function of D. For the other couplings we
use the values at the R-fixed point in eq. (2.42). The blue point is just its fixed point value of D,.

For these fixed points the critical exponents are found as

FP; : 0, = 2.10, 0o = 9.51, 05 = —87.8, (5.11)
FP, : 0, =2.33, 05 = 357.0, 05 = —1700.2, (5.12)
FPs : 6, =1.89, 0y = —20.3, 05 = —588.7. (5.13)

The fixed point FP; is close to the R-fixed point in eq. (2.42), while the critical exponents
are sensitive to the omission of u.

5.4 Full system

For a numerical search of the fixed points for the full system, we look for solutions
Bu = Br = Bc = Bp = 0. This yields the R-fixed point in eq. (2.42). While m? takes
substantial negative values as necessary for a stop of the flow of D, there is no sign of a
problematic behavior. This is exemplified by the flow of D for which we show the behavior
of Bp = Mp/9607? as a function of D in figure 5. For all couplings except for D, we use
the fixed point value (2.42). The location of the fixed point value D, is shown by a fat
blue dot. While the vicinity of the pole at m? = —1 yields the needed substantial negative
contributions to Sp, the effect is not dramatic. In the current setup we have found no other
fixed point with m? > —1. The fixed points FPs and FPj3 in the truncation for u = 0 may
therefore be considered as artifacts due to the truncation.

6 Infrared region

The coupling w corresponds to a relevant parameter, both at the SFT- and R-fixed points.
Away from the fixed points w typically increases and one enters the infrared region of large
w. In this region the Einstein-Hilbert action becomes a very good approximation. We will
discuss this issue by investigating the scaling solution in the region of large p. Equivalently,
the infrared region can be discussed at p = 0 for the k-dependence of the coupling constants.
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The scaling solution for large p is characterized by w ~ p, i.e.

1. .
w = 5goop%—woo, oo >0, (6.1)

with constant £, and ws. If for p — oo the coupling functions u, C'; D remain finite or
increase only slowly with g, the leading behavior in the infrared region is given by

v=0, c=0, d=0. (6.2)

In this limit the gravitational contributions to the flow generators simplify considerably
since m? and 2 vanish. One finds (with M l()m) the measure contribution)

2 o 1 m
5270 M()_ 9589 ()_7

) _
Mp'=—g~ D7 9268 Mp™ =3 (6.3)

such that Mp and §8p take constant values

1316389 . 1316389
Mp = —229%7  580.4 =245 = 0227 L 0.061. A
D= —5oag 0804, B D= S17rogonz = 006 (6-4)

Here §; obtains from f3; by omitting the term ~ p0j. Similarly, one obtains

1574 12487 29
M(t) — M(U) — M(m) - _ -
¢ 9 ¢ 2268 ’ c 27
376249 - 376249
= 2 " 2 165.9 = 240 ="~ 0.029 6.5
¢~ 79968 ’ fe ¢ = 7130636872 ’ (6.5)
and
361 301
Mp=——— =~ 25. My = — ~5.02
F 13 =258, U= gy 002
N 361 8 301
2w = 2oy = — 2 0.027, du = gy = ——— ~0.016. .
Br + 2w = 2w 134472 0.027 Bu + 4u = 4u 19502 0.016 (6.6)

The scaling solution exists for a constant value of u = s, such that v = u/w ~ 5!

vanishes indeed for p — oco. The coupling C increases logarithmically,
C(p)=C+ Aclnp, (6.7)

with constant C' adjusted such that the asymptotic behavior (6.7) for large 5 matches the
behavior at the SFT-fixed point for p — 0. This increase is rather slow, according to the
value Ag ~ 0.015 from eq. (6.5). Similarly, the coupling function D(p) for the squared
Weyl tensor decreases logarithmically (Ap ~ 0.031 > 0)

D(p)=D—Aplnp. (6.8)

For p — oo both ¢ and d vanish ~ In p/p.
With F = 0? 4 2wsok? the effective Planck mass depends on the scalar field ¢.
For the cosmology of this type of models it becomes dynamical. For typical solutions ¢

and F' diverge for infinitely increasing time [144, 145]. The observed Planck mass can be
associated with the present value of the scalar field, M? = F(tg) = £x00%(to). If we choose
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the renormalization scale k such that us.k?* coincides roughly with the present dark energy
density, usk* =~ (2-1073eV)?, the increasing scalar field has reached today a large value
©%(to) /K% = p(to) ~ 100, This large value is connected to the huge age of the universe in
Planck units. The infrared limit for p — oo becomes a very good approximation.

For processes involving finite length scales the associated non-zero momenta typically
act as an additional infrared cutoff, replacing effectively in the logarithms of eqs. (6.7)
and (6.8), Inp — In(p?/(k? + ¢?)), resulting in

2, .2
D=D+Apln (kj\;q ) . (6.9)
The corrections of higher derivative gravity to Einstein’s gravity are suppressed by
DCuypeCHP? IM2R or CR/M?. Associating R ~ ¢%, CpypeC*P7 ~ ¢*, and using M?/¢* ~
wk?/q?, the suppression factor Dq?/M? ~ (D/w)(¢*/k?) = dq?/k? ~ 10739 Dq? /k? is tiny
for all momenta sufficiently below the Planck mass. Modifications of the ghost pole for the
graviton propagator in higher derivative gravity due to the logarithmic running of D in
eq. (6.9) have been discussed in ref. [11]. Instead of a ghost pole on the real axis for g2
there is a pair of poles in the complex plane. It is not clear if this is compatible with an
acceptable graviton propagator.

Leaving the issue of the graviton propagator open, a model of quantum gravity based
on a scaling solution with a flow in p from the SFT-fixed point for p — 0 to the infrared
limit for p — oo seems acceptable. This would realize “fundamental scale invariance” [146].
The observable gravitational interactions on length scales smaller than the present horizon
would agree with the predictions of Einstein gravity if the matter sector is also characterized
by a scaling solution, with all particle masses proportional to the scalar field ¢ and ¢-
independent dimensionless couplings. Observable mass ratios are then time independent
despite a cosmological time evolution of . On cosmological scales the scaling solution with
U = Uso, W ~ p gives rise to dynamical dark energy [144]. By a Weyl scaling to the Einstein
frame the effective Planck mass and particle masses become constants and all dependence
on the renormalization scale k is eliminated [146].

7 Conclusions

Within functional renormalization we have computed the flow of higher derivative gravity
with up to four derivatives of the metric. We have coped with this technical challenge by
use of the gauge invariant flow equation (or equivalent physical gauge fixing). This has
permitted us a decomposition into fluctuation modes for which the individual contributions
can be separated, helping for a qualitative understanding of different effects.

In the double limit C~' — 0, D~! — 0 we recover the perturbative -functions and
the associated asymptotic freedom at the SFT-fixed point. According to the perturbative
[-functions the coupling D! increases as the renormalization scale k is lowered and runs
outside the perturbative domain. The non-perturbative character of the functional flow
equation allows us to follow the flow of D~ and C~! in the non-perturbative domain where
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D and C are no longer large. We find that for D > 0 nothing stops the decrease of D with
decreasing k. As a consequence, D reaches zero at some k.

For negative D the sign of the S-function for D can change. The zero of Sp at D < 0
permits an additional fixed point with small finite D, < 0. This fixed point lies outside the
perturbative domain of higher derivative gravity. At the fixed point also C, the dimensionless
effective Planck mass w and the dimensionless effective cosmological constant u take fixed
values. This additional R-fixed point can be associated with asymptotic safety. It is possible
to formulate a consistent quantum field theory for gravity based on the R-fixed point.

The negative value of D, as well as the effective mass term M7 being not very far from
the breakdown of the truncation at m? = —1, may cast same doubts on the reliability of
our truncation. An extended truncation would be much welcome for a test of robustness.
On the other hand, investigations of the momentum dependence of the graviton propagator
by different functional renormalization approaches [42, 47| suggest that the R-fixed point
persists for an arbitrary momentum dependence of the inverse graviton propagator beyond
the terms in fourth order in momentum included in the present paper. It is an interesting
question if a critical flow trajectory connects the SFT- and R-fixed points.

The existence of the R-fixed point seems not mandatory for a consistent quantum field
theory of metric gravity. The microscopic theory may be defined as well at the SFT-fixed
point and be characterized by asymptotic freedom. The trajectories away from the SFT-
fixed point may join directly the “infrared region” for which an effective theory of gravity
based on the Einstein-Hilbert action becomes a very good approximation.

It is possible that the effective action for quantum gravity is described by a scaling
solution for which the functions u, w, D and C' depend on the dimensionless scalar invariant
p, without explicit dependence on k. In this case, the limit p — oo defines an infrared fixed
point, and flow trajectories could connect directly the SFT- and infrared fixed points. The
behavior of this scaling solution for large p is given by

1
w = iﬁooﬁ—l—woo, U= Uso , (7.1)
with constant £, and us,. While C' and D depend logarithmically on p for large p
C=C+Aclnp, D=D-Aplp, (7.2)

the ratios d = D/w, ¢ = C//w vanish ~ In p/p. These ratios are the relevant quantities to
measure the deviations from an effective action based on the Einstein-Hilbert truncation.
We may replace for the logarithmic flow of C' and D the renormalization scale k? by
k% + ¢, with ¢? a typical squared momentum ¢ or corresponding covariant (negative)
Laplacian A = —D?. Taking p = »?/k? with ¢ a scalar singlet field, the gravitational
effective action according to the scaling solution is given for ¢*> < ¢? and k? < 2 by

- 1 (A 2
ookt — <§2go2+wook2> R-ZR <C+Aoln¢> R

F:/x\/g At k2

(7.3)

1 N 302 WV po
+ 5o | D=Apn =5 | €
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Together with a suitable kinetic term for ¢, and particle masses ~ ¢ as appropriate for the
quantum scale symmetry at an IR-fixed point, this effective action seems compatible with
observation. The scale k is the only overall scale and we may choose it as k ~ 2- 1073 eV.
The present effective value of the Planck mass is ~ 5;4290. It is dynamical and reaches for
present cosmology the value 2 - 10'® GeV, such that k?/¢? ~ 107% explains the weakness
of gravity. The scalar field ¢ can be associated with the cosmon, providing for dynamical
dark energy.
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Note added. After submitting our paper on arXiv, a recent paper [147] has computed
the heat kernel coefficients for a more general non-minimal forth-order derivative operator,
D* + QabCDanDc + ﬁabDan + H*D, + P. Because gravitational systems with higher
derivative operators could contain such a type of derivative in the two-point functions, those
results may make computations simple and then may be quite useful for investigations of
asymptotically safe gravity and its extended systems.

A Setup

Our main tool in this work is the functional renormalization group [28, 29, 133, 135]. A
central object is the scale-dependent 1PI effective action (or effective average action) I'.
For k — 0, one obtains the full 1PI effective action I'y—y = I'. The scale change of I'; is
described by the following functional differential equation [28]:

1 1
Ty = 5 Tx {(r,(f) + R aﬂzk] . (A1)

Here, Ry is a regulator which suppress low momentum modes with [p| < k such that
high momentum modes with |[p| > k are integrated out, 0; = kdj is the dimensionless
scale derivative, and F,(f) is the Hessian, i.e. the full two-point function defined by the
second-order functional derivative with respect to field variables. Tr denotes the functional
trace acting on all internal spaces of fields such as momenta (eigenvalues of the covariant
derivative), flavor and color. See refs. [148-159] on the derivation and technical aspects of
the flow equation (A.1) and its applications to various systems.

Although the flow equation (A.1) is exact, namely it is derived without any approxima-
tions, one needs to make approximations to solve eq. (A.1) even for a simple system. In
general, the effective average action I'y includes an infinite number of effective operators
generated by quantum effects. Therefore, approximations can be made by restricting an
infinite-dimensional theory space into a finite subspace.
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In this appendix, we explain our setups and techniques to derive the flow generators
or beta functions for the coupling functions in a derivative expansion for quantum gravity
in fourth order in derivatives. Firstly, we give the specific form of the effective average
action for the gravitational system in order to investigate the asymptotic freedom and
asymptotic safety scenarios for quantum gravity. Secondly, properties of the decomposed
metric fluctuation field are summarized. Thirdly, we list useful identities for the covariant
derivatives acting on various spin fields which are used to evaluate the trace for spacetime
indices in the flow equation (A.1). Finally, we show the expanded projectors into polynomials
of curvature invariants. The decomposition of the metric fluctuation field is realized by
acting appropriate projectors on the metric fluctuation field. Those involve generally an
infinite number of the covariant derivatives and curvature operators. For our purpose in
this work, it is convenient to expand the projectors in polynomials of curvature invariants
up to its squared forms.

A.1 Effective average action

The starting point to derive the flow equations for the gravitational system is to split the
metric field g, into a background field g,, and a fluctuation fields h,,,:

v = Guv + hyw - (A.2)

Hereafter, quantities, variables and operators contracted by the background field are
presented by a bar on them.
The effective average action as a truncated system reads

T, = Finatter + I—\%ravity + Fgf 4 Pgh . (A?))

Here the action for the gravity part is parametrized with

i F C D
rEriy _ / d'z /g [U(p) - ép)RJr 2”) R+ ép) Ry R +5(p)RWpaRWpo]
F C D
- / diz /g [U(p) - gp)R - ép) R+ é”) CoupoC1P7 + E(p) G4} . (A4)
where the Gauss-Bonnet term G4 = R? — 4R, R + R, pe R*P? is topological in four
dimensional space, and C,,cC**7 = G4 + 2R, R* — 2/3R* = R2, . — 2R%, + 1/3R?

is the squared Weyl tensor. The gauge and ghost actions for diffeomorphisms are given
respectively by

1 = v
[y = %/d‘lx\/gg“ I I (A.5)

_ _ 1—8 - _ _
Tgp = — / d*z\/3C, [g“”DQ - TBD“D” +RM | Cy, (A.6)
where C,, and C_’“ are the ghost and anti-ghost fields and the gauge fixing function obeys

_ 1_
%, = D"h,, — %Duh, (A7)
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with h = g"”h,, the trace mode of the metric fluctuation. The constants o and 3 are the
gauge fixing parameters. In this work, we use the physical gauge fixing 5 = —1 and o« — 0
for which the gauge fixing action (A.5) deals with the path integral for the gauge field on
the gauge orbit satisfying D”h,,u = 0. The physical gauge fixing acts only on the gauge
modes which are generated by the action of a gauge transformation on the background
metric g,,,. For the matter part, we give the action for free Ng-scalars, Np-Weyl fermions,
Ny-gauge bosons,

g = [ G [Soueemed] + L [ Varsp i rer) s [ Va[Gipeueite]
(A8)

where /e denotes the determinant of vierbein e,*. The gauge fixing and the ghost action
for the gauge symmetries read

V) = L/d4x\/§(]juA”)2, h = /d z+/ged,D'e, (A.9)
20y, g

where ayy is the (dimensionless) gauge fixing parameter for the additional gauge symmetries
in the matter sector beyond diffeomorphisms.

A.2 Physical metric decomposition

In general, the fluctuating metric h,, is a second rank symmetric tensor, namely it has
10 degrees of freedom in four dimensional spacetime. This tensor can be decomposed
into physical and gauge degrees of freedom. In this work, we employ the physical metric
decomposition [124] which is given by

huy = fﬂ” + G’UV 5 au,/ = DMCLV + Dyal, y (Alo)

where f,,, is the physical metric satisfying the transverse condition, i.e. D fuw =0, and a,
is the spin-1 vector gauge mode. Thus the physical metric f,, has 6 degrees of freedom,
while there are 4 degrees of freedom in the gauge mode a,, corresponding to infinitesimal
diffeomorphism transformations.

We introduce the trace mode (the physical spin-0 scalar mode), o := g"” f,,,,, and split
the physical metric fluctuations,

1

fMV = TMVprpU + IHVprPO' = bMV + Zguy(f . (All)

The two parts read

1
T,uu'm-fpr = (Elwp‘r - I,uupT)pr f,uu - Q,WU b,uu7 I,ul/'OTpr = 19uu0'7 (A~12)

where we have introduced the unit matrix acting on symmetric tensors and the projection
tensors,

1
E. T = 5(556; +4,070), T," =E," — 1,7, L, " = —gug"" . (A.13)
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The projection tensors satisfy the conditions as the orthogonal basis,
TwaﬁTang =T.,", IWO‘BIQBPT =1,"", TWPTIPTO‘B =0. (A.14)

Using these projections, one can define the projection operators P, and Py on the gauge
and physical modes,

(Pah),, = (Dl)w B (ﬁ;l)a B(=D")E,4”° hyo = Dyay, + Dya, = a,u, (A.15)

(Pfh)lw = (E - Pa)uupohpo = f,uu, (A.lﬁ)
where

(D), “=Duss+Dusy. (DY) Y= (GAv = DD~ RS) . (A7)

These projectors satisfy

(Pf)lWaB(Pf)Oéﬁpo = (Pf)w/pa s (Pa)MVaB(Pa)ocﬁpa = (Pa),ul/pa ) (Pa),uuaﬂ(Pf)aﬁpa =0,
(A.18)

and, at the lowest order,
trP, =4, tr P =6. (A.19)

In eq. (A.17) and the following we denote the Laplacian A = —D“D” acting on scalars,
vectors or tensors by Ag, Ay and Ar, respectively.

The physical metric fluctuations and the gauge modes are further decomposed into
irreducible representations of the Lorentz group,

fur =tw + gw,a =t + ]5,“,(./\/’_10) , auy = Duli,, + D,,Iﬁu + DMD,/U, (A.20)

where t,,, is the transverse-traceless (TT) tensor and &, a transverse vector D“nu =0,
while o(= g" fu) is the spin-0 scalar field defined above. The projector on the physical
fluctuations is defined by

S,uu = (gw/AS + D,uDV - Ruu) Nfl = PMVNil ) N =3 (AS - 3> . (A.21)
This operator satisfies tr & = g S'W = 1. The decomposition (A.12) can be written as

1_ . 1_
Juw = b + (w0 = tuw + 8,0 + 1m0 (A.22)

where 5, satisfies the traceless condition, i.e. g*”5,,, = 0 and is explicitly given by

-1 _ 1. -
8,0 = [(DuDV — 4gu,,D2> — <R,W — 4g,wR)] Nl

=: (DW — RW) N7l = ﬁu,,/\/'fla. (A.23)
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We will later need further identities for the physical scalar metric fluctuation o, as

N 1 Juv _
Swo = <§W + 4§W> o= (ﬁuv + gz./\/) N7lo. (A.24)

For an expansion linear in the curvature tensor one has

- 1, -
Do = § (Guv +4D,Du(Bs) ™" ) Ao
1/~ _ _ N - _ _ _
=3 (Puv +3Du(Av) ™' D,) Ago — Du(Av) Do Ago + O(R?),  (A.25)
and
D DL L PRIV T
DD = (As)No + R Do, (A.26)
where we define the transverse projector,
ﬁ,uu = guu + DH(AV)_IDV . (A27)

The projection operators which project out ¢, and SW,O' from hy,, are

(P = (B = 5,057 ) (Prag” = (B = L™ = 55"?) (Pplag®” . (A.28)

(Po)u™ = S g™” (Pp)as’ (A.29)
where
tr P = (P) " =5, tr Py = (Py) ! = 1. (A.30)

Under infinitesimal diffeomorphism transformations for the metric fluctuations, the TT
tensor ¢, and the physical spin-0 scalar field o are invariant, whereas the transverse vector
field k,, and the gauge spin-0 scalar field u are not. Here explicitly the transformations of
the infinitesimal diffeomorphisms metric fluctuations are given by

By — By + D&y + Doy, (A.31)

where the gauge parameters §,, are decomposed as &, = §j + Duﬁ with D“ft = 0 and
D¢D,§ = D*,. The physical metric fluctuations are invariant under the transforma-
tion (A.31), i.e., {4, — tu and 0 — o, whereas the gauge modes are transformed as
Ky — Ky + fj and u — u + 2£. Hence, the physical metric fluctuations are gauge invariant.

A.3 Identities for covariant derivatives

We summarize some identities for covariant derivative which are needed to evaluate the flow
generators. We start with the commutator of two covariant derivatives acting on arbitrary

tensor ¢a1a2.‘.an7

n
[D/u Dl/kbalag...an - Z Ruua16¢a1...ai_1ﬁai+1...an . (A32)

=1
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From this, one obtains

[D;u A]¢ = Ruybu¢a (A.33)
[D/u A]¢P = RuVDu¢p - QRVu/\pDIKb)\ - (DuRyuAp)¢)\ ) (A'34)
[D;u A]¢pa = RMVDV¢pU - 4RV}L>\(pDV¢U)>\ - (DuRyuk(p)gbo))\ s (A'35)

where A(, B,y = (A, B,—B,A,)/2. In this work we assume covariantly constant background
curvature and drop the term D, R¥ #Ap'
From the identity

[A.D,D,)é = (D,[A,D,) +[A,D,lD,) ¢

= (=00R./ = R,°0) + 2R,P,) DDy = —®,,° DaDs,  (A.36)
one obtains
A, S0 =—8,,“°DyDsN o A.37
[ y P 7 B )
(A%, S,)0 = @,,°%® 45" D,DoN o — 20,,°° Do, DsAN "o, (A.38)
[RaﬂDaDB, ,SA'W,]O' = RQ'B (gqu)aﬁpcr + 5ZRO‘V60 + Rauﬂgéle — 252RM5V0> DPDUN_IU .
(A.39)
The tensor <I>W“f3 satisfies
§"®,,*" = R*? + R —2R*% = 0. (A.40)

Then, one can define useful Laplacians, called “Lichnerowicz Laplacians” [160] acting on a
spin-2 tensor field,

Apahyy = (AL2) " hpoe = =D’ Eu hpo + Ry 65 hpe + R0 hps — 2Ry L hpe
= (ArEw"" = ®,7) hyo (A.41)
which obeys
Ar2(D,D,¢) = DD, Agé, AL2Guw® = Guwlsd, (A.42)
while in a general background one has
ALQ(RMVU) = RWASJ - CIJW”URPU , (A.43)
and then
Ar2(S0) = SwAso + @4, RNl (A.44)
Now we see that
/x \/§J§WAT5‘,WJ = /x Vo (S“”S'WAS — g“”(l)u,,aﬁl_)al_%/\f_l) o
_ / Vo (8% 8uAs — " R,*,* Do DsN ) o, (A.45)

where we have used D“S’W =0.
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A.4 Expansion of projectors

To calculate the traces in the flow generators, we expand the projectors into polynomials of
curvature operators. In this work, we calculate contributions up to the quadratic order of
the curvature invariants, i.e. R?, RWR‘“’ and RWWRWW. As one can see from eq. (B.20)
and (B.21), the interaction parts involve at least one curvature scalar. Therefore, it is
enough to have the linear order of curvature operators.

We start by expanding the inverse of D; defined in eq. (A.17):

1 11 1 11 = s = = - _

=|—0+-=—D,D"—+—R," L RuoaD*D¥+-=——R*D,DgD, D" | &,+O(R?

[AV 2 Ay Ay AV A3 2 A%, e ]g ()
—| Lot Lpp, b L R L RWDUDY 4L L RUD,DsD,DY |6+ O(R?)
T Ay Ay A, T 2A2 A3 e QAL TR Y '

(A.46)

Then, from egs. (A.15) and (A.16), one has
(P)u? = —+ ( Dy=—DPSS + D, —— D760+ D, —— DP6% + D,,—— D7 6"

a/my 2 'uAV v HAV v VAV ® VAV #

(p. L pep, L poyp, L pop, L pr

. (DMAVD Dy=-D7+Dyz-D°Dy 2D )

n s o) (_L el p sl prep B PB\ (L po
+(DM5V+DV5H)<2NVRQ + xy Rar D" D5 17 R7“D; D Do D )( D) E,g
+0O(R?)

(PO) ro4(PMV) P74 O(RY), (A.47)
nv uv
P =B, —(Py) " = B, — (PO} ro_(pl)) roy R
( f)u Iz ( a)u B ( a )/w ( a )/w (R7)
. (0) o (1) o D2
= (P} )Wﬂ + (P} )WP +O(RY), (A.48)

where superscripts, (0) and (1), on the projectors denote the order of curvature operators,
and we have defined PJSO) =F— cho) and P}l) = —Pa(l). Here and hereafter, it is supposed
that all projectors act on h,s, i.e., indices p and o are contracted and thus those are not

(0)

open-indices. In particular, the projector Pf reads

0 o Li5,5 o D oD
(P} >)Wﬂ =3 (PP + B7BS) (A.49)
(1) po _ (D so N s - Y] 17 TK B
(Pr"),, 7 =~ (Duds + Dudy) <2A2 Ro + A L Re D7D+ 2AVR D.D,D,D )
x (=D E,5" , (A.50)

where 15// is defined in eq. (A.27). The physical scalar projector is expanded as

A 1~
Sﬂuzgpl“/_

_ 1- 1 1~ -1
u(Av) Dok, = S Ry, R +O(RY), (A.51)

W =
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from which the projector for o given in eq. (A.29), reads
(Po)y?” = 8§ (Pp)ag” = (318" + L") (Pr)as™

1~ = 1 - 1o 1 1-=~ 1)Y\=
— gp,wpﬂ“ + (—BDM(Av)zDaRaV - -Ry—+ RPW_) P/

2. _ _
- -pP,,D* R,P + = RMDTDﬁ + _—RT“DTDN

3 <2A2 A} 2AY
+O(R?). (A.52)

Thus one has the traceless-transverse projector so that

(P’ = (EWO‘B _ ]Waﬂ _ gwgaﬁ) (pf)aﬂpo _. (Pt(O))W po (Pt(l)) po 4 (’)(RQ),

Qv
(A.53)
where
(Pt(0)>uv "= % (ﬁ“pﬁva+ﬁﬂaﬁvp) - % PP (A.54)
(Pt(1)>w/ po _ _ [( 7“53 —|—Dy(5l‘f) + gﬁwl)a] RT"

1 1 11 - - - = _
X <2A2 gan5 +A%/ganD D +2D7DnDaDﬁ> (_D’Y)E'yﬁpa

D (A N D = 1~ 1 — /1~ 1~ 1
+DH(AV)_2DaRay (3Pp0) +Ru1/ 3PPU> ——R (PMV> (Pp0> -

Ag 3 3 Ag
(A.55)
We should note here that although the lowest order projectors P](CO) and Pt(o) have no

apparent dependence on curvatures, commutators between the covariant derivatives and
Laplacians could yield terms with curvatures.

B Inverse two-point functions

To derive the beta functions using the flow equation (A.1), we need the inverse two-point
functions which are second functional derivatives with respect to metric fluctuation fields.
We first summarize the relations between the three couplings in the higher derivative
operators for different bases. Using the fact that the Gauss-Bonnet term is topological we
will only need the second functional derivative for the squared Ricci scalar curvature and
the squared Ricci tensor. For these invariants we will list the explicit forms of Hessians for
the physical metric fluctuations f,,, and the decomposed ones t,,, o, a,..

B.1 Basis of gravitational interactions

For the higher derivative operators, one can write different bases. As given in eq. (2.2), one
of the bases for the higher derivative terms is the Weyl basis which reads

C ., D
Stp = /m NG [—QRQ + 2 Coarpr O + EG| (B.1)
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On the other hand, the calculations of the beta functions using the heat kernel method
yield results in the basis spanned by R? wa and wapa rather than the operator basis in
eq. (B.1). Therefore, one recasts (B.1) as

c, D
Sup = /x Vg [2}22 + 5 R R + ERyupa R | (B.2)

In order to obtain the loop contributions for the squared Weyl tensor and the Gauss-Bonnet
term (2.3), we compare between the actions (B.1) and (B.2) and the read the relations
between these coupling constants such that

D D
C=-C+ 5 +2E, D=-2D - 8E, E=5+E, (B.3)

or equivalently

1. 2 1 D
C=-C-3D-3E, D= 3D +4E, E=-7-¢. (B.4)

Once the beta function for C, D and £ are computed, we can obtain the beta functions for
C, D and F using these relations.

Let us consider the variations for the effective action (A.4). The term E(p) Ry po R*P7
is written in term of the Gauss-Bonnet term such that

[ VW) By R0
_ /x VGE(p) [ARy R~ R2+.G|
= [Vaew (1R -1+ [ Vag(o) 0.8,
_ / VE(p) [AR R™ —R?) - / V3 (0,E(p)) Tt + (total derivative term),  (B.5)

where we used the fact that the Gauss-Bonnet term is topological, i.e. this term can be
written as a total derivative. The second term on the right-hand side does not contribute
to the Hessians for a constant £(p). The effective action (A.4) is written as

ey — /x Vi UG - F;’))R + é (Clp) = 2E(p)) B? + é (D(p) +8E(p)) RWRMV]

total derivative term)

+
= [ va v - TR~ 3 (o) + 3D0) B2 + Do) R
+

3
total derivative term),
[ F C D
= / Va|U(p) — ;p)R - ;p) R? + ;p) C’W,,UCW""} + (total derivative term),
T L
(B.6)
where we used the relations (B.3) in the second equality, and the squared Weyl tensor is
given as
1 uvpo uv 1 2 1
icuupac = R[,I,VR - gR + §G4 . (B7)
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Therefore, we do not have to calculate the variation for R, ,R**7. It is sufficient to
evaluate variations for the effect action,

IS /:E NG {U(p) - ng)R - Hép)Rz +D(p) R R™ | (B.8)
where we define
H(p) = C(p) + 2D(p) (B.9)

B.2 Variations

We list the second variations for the effective action in terms of the physical metric

fluctuations f,, around a general background g, i.e. for the action (B.8) we show

N = [ oW -5 (o - g (var), 0 (vam) ||

_. 1@ (R) (R?) (RL.)
= Tun+tTup T len +Tun (B.10)
The second variations for each part are computed as
FE?}) 7U/m \/5 __fWEWprPT 2}
1 —[ v T 1 1 ouv & SpT va
=;U \/5_—#‘ E,.° tpT+a{g+(§—S“ S’,“,)}J—USP tpr —t" SWU} , (B.11)

*- v A D T D T D T A R 0T
Fé?}) /\/g_fl»’« {(AT+R) El“’p _QRHP5U_2R;LPU }pr_U<AS+2> 0'+20'Rp fp'r:|

1F __l,—f  aD per oD o T 2~ /1 awa ) x

775/ﬁ 07 { (Ag+ R) By —2R, 5T —2R,°, }tpTU{SAer(SS“ $0) As
(55 S ) R428% (Ru?078 e — Ry ) +28" B2, (S~ D, DN 1) }0
0 (877 A+ RSP+ R —281 R,P0 ~25" Ry, ) e
v (ATS‘W—FRS‘W—kRW—QR#pcSZS'pT—QR#p,,TSPT) 0} : (B.12)
. D2 _ _ _ R
— 3 H / NG [f‘“’ { (RAT+IZ> EW”T—2RR#p6§—QRWR”T—2RRM”,,T} for
x

_ 5 _ 2 _ _ 5
—20 (A%+§AS+}Z> o+40RP" (AT—F};) for

,H/\/

_0{2A3+;RAS+ (5-5"8,) RAs+ (=58, ) Z 42R5 (R,2675,— R,

t“”{(RAT+ >Eﬂ,,p —2RR,, 57— 2RWRPT—2RR#PJ}75PT
PRSP R, (Sy— Dy DN ) 4259 Ry, (RIS, 205 }a

SpT D DT\ A QpT D PPT R
a{(sp R+2R7) Ag+ (87 R+2R7) 5

—28m RR 067 —QS‘WRRHPVT—QS’“”RWRPT} '
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v {AT (S*WRHRW) +§ (S*WRHRW)
CRRP6TS,, —2RR, S _mwfws,ﬁ} g] 7 (B.13)
()

2 — _ _ _ _ _ — _ _ _
F(Rw)ip/\/glfﬂ”{ (A24+2R**DgDy—R*® Rog) Eu” —AAT R, +4R,%, P Ro? 57

+2RMPRV‘F_2]§#QR&T§5+4RPHTQRV& +45ﬁRuaTﬁRaﬂ }pr

40 (BB Dy Dyt AR R ) 040 (AR Ra? ") fr

:iD/I\/g

t“”{ (A2 4289 Dy Do — B Rog) By —ARr Ry 2,7 +4R,", P Rt 57
+2RH"RJ—2RuaR°‘T65+4Ry°‘RPHTQ+4R“ﬁRWT/355}tm
+04 583 (588, ) Ax—2(5-8"8,, ) R DD+ (5 - 5" ) RR
3 S 3 1324 S 2 j224 B a 2 j% af
+5wu (Zq)AthT (ng+RpTN71> As—l—fbuyaﬁ‘paﬂmgm— —(I)Waﬂq)aﬂmém—/\/'*l
+2q>waﬁq>aﬂﬂ71§zp7/\/—1)
—28" R*P (60 Raws” + Rapup” 08 —260 Rup," ) DyDeN ™' 48" R,P,"

X (85 Bst 0y (Sugt RapN "))
+§“”(4RM%"RQ”BT+2RHPRVT—QRWRM§5+4RPHTQRVQ+45ﬁRngR°‘ﬁ)S’m}a
to (gm (A2 4+2R%° Do D) —45" Ap Ry, — 57 R Ros—2R°P Rol ™

+gm (4}_2“0‘1/31_%&’357—&—2]?“”]?,,7—2RHQR“T6{,’+4RV‘1RPHTQ+4R°‘B}_2m756ﬁ)>tpT

s ( (A2428° D, Dg) S — ARG R, S — B Ry Sy 2Ry R,

+(4}?“%/3}?&”@%2}?”/’}?;—QRMQR“755+4RVC“R/’MTQ+4Raﬁfzm7ﬂ5§)Sm)a] :

(B.14)
where the tensor ®,,”7 is defined in eq. (A.36).
B.3 Hessians
B.3.1 Metric fluctuations
The Hessians F,(f) for the action (B.8) is defined by
tpo
2 _1 G (1 5 a7 (2) 7
r,’ = 3 NG (t oa (p) (Fgrav) . (B.15)
x ags
14
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For the physical metric decomposition (4.1), it has a simple the structure,

(re),, (), o (18h),

Y NG S I b

grav - 2 (B16)

(tey)”  (t) (ng)@)d I,

The two-point functions of the physical metric fluctuation read

0 (V) e — 2o (T )a+t“”(r Y, a+g(r<2>) tpo

:t“V[KUEwp + (Mo (R.A7) 1 ‘*‘7

—|—tuV(M(w)(R, AS))WHJ(MW) T)) o (B.17)

Here the regulated kinetic terms for the t-mode and the physical scalar o-mode read,
respectively,

F - _
Ky = 5 Ar+ DAL - U, (B.18)

F 2 U
Ki) = 505 +3CA% - . (B.19)

The interacting parts, denoted by M are computed up to the squared order of curvature
operators. For the t-mode we find

po

(M(t)(f_?, AT))

F _ _ _ . H_ _
= [2R+HRAT+2DR“5DQD5+2R2—DRQ5RQ4 (Py)w”

1%

—2X {(Pt),u,yaﬁ (Rawg) (pt)ww} 9 [X+2DAT} [(Pt)uya,BRa'yB(S(Pt)’y(Spa}
—2H {(Pt),waﬁ <RaﬁR75> (Pt),ygpa} +D {(Pt)wjaﬁ (4RTQHBRTWA6+2RQWR56 —QRQTRT65g

FAR RO+ AR Ry, 5] (pww} , (B.20)
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while for the o-mode one finds
9 _ o
M) (R, As)
F . ) F_ e N
= |( §As+DAY-U )+ 5 R+ HRAs+2DR* DaDy | ( 55" Sy
1 D, pafBmy 1 2 D QUY A 1 172 QU D DPT G
+3 [XR+2DR Dapg}JrgH[R—GSﬂ Ry As—3H | R —65" Ry RS,
+2X 5 (RyP57 8, Ry ) +2[ X +2DAs] 8" Ry2,7 (Spr — D, DN )
1_- .- _ _ R _ PO N _
-D [61%“51%&5 +ARY 5 Rya” 5 (Spr = DpDeN 1) 45" R Ry (Spr+ Dy DN 1)
+ 51 (20,,," Dy Dr AGN 1 4+, @ 57" D, DN 1)
TS AR Ral 5+ 2R, Ry —2R0 RS, gm} . (B.21)

In egs. (B.20) and (B.21) we have defined the shorthand

X—§+<C+§D)R—§+HR, (B.22)

and N is given by eq. (A.21). The off-diagonal parts read

= = po U 2 F - 5 <~ 1am0
(M(ot) (R, AT)) = |:?ﬁlg ~ 339 +2HAg — gDAS R, (B23)
(M) (R, A5)) = (Mo (R A7) - (B.24)

In this work we employ the physical gauge fixing 8 = —1 and o — 0. For this choice,
the gauge fixing action (A.5) with (A.7) takes the form,

1 = A L=
Tt = oo [ d0v/G (DI (Dhy) = —Ty, (B-25)

so that the Hessian for the physical mode f,, does not involve the gauge parameter . The
Hessian for the gauge mode is given by

(), = (), L (), o2

The propagator appearing in the flow equation involves the inverse of the (regulated)
Hessian. The Landau gauge a@ — 0 decouples the gauge mode in the propagator matrix.
For a — 0 we do not have to specify the explicit form of F%Zwity’@). Then the Hessian for
the spin-1 gauge mode a,, takes a simple form

a (TEZZ)): - (fé?)): = (62Ay = DD~ R,*) (85Av — Do D"~ Ro")

I
/
(ol
=
~—
=
Q
/
(ol
=
~—
R
AN
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The remaining Hessian for the physical modes is given by

(th)))wpg (Ten) ., (T6h),,

(2 po
r® _ @) @) (@) B.28
phys (Tt L' Go) Loy (B.28)
@\ @ @)
(ri2) L' (oo) L0

In the limit of constant scalar fields considered in the present work the mixing terms between
¢ and metric fluctuations (¢,,, and o) vanish. The Hessian (B.28) becomes block-diagonal,
with a separate two-point function for the scalar ¢ given by

@

(o) = ZpDs +m?. (B.29)

Here we define the effective derivative dependent scalar mass term

R T A
m? = m? — é"R + 7“’}%2 + ?“"wa +eoR 0 s (B.30)
with
0?U - O°F 0C 0*°D %€
2 _ — — — —
Mo STom TeTom eTgm Semgm (B
B.3.2 Ghost

We next consider the Hessians for the ghost fields. From the ghost action (A.6) with § = —1,
one finds

(2) YV wa 1-0 = Y 5 v B=—1 A N Y DU _ v
(th,éc>“ =0, Ay — D,D"” - R, —— §,Ay — D, D" - R, _(D1>u .
(B.32)

This differential operator is the same as the gauge modes in the metric, see eq. (B.27).

B.3.3 Jacobian

Finally we evaluate Jacobians arising from the physical metric decompositions (A.10). To
this end, we first compute the product of two metric fluctuations,

(o) )

= [ VGLE

= /x V3| (1) + Dual) + Dyal)) (£ + DHa + Dva(2)u>]

_ / Vi | D @m 4 26 <§W Ay — DiDY — RW) a(yz)]

= /x \/E tE}V)t(Q)m/ +cf(1)§m,§“”o—(2) —|—tE}V)§WJ(2) +U(l)§uut(2)w +2a£}) (ﬁl)lw al(/Q)}

FHv _RuuN—l t(Q)PU _
(1) po ¢! 2)
(tp,z/ 0'(1)) <—N1RPU Saﬁga,g ) < 0_(2) + QCZM) (Dl) (I£ :| y (B33)
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— ‘uJ/ — — — — A —
where (Dl) = g" Ay — DFDY — R* | and we have used t,,5" 0 = —tWR“”N'_la since
Dﬂt’“’ = 0 and g"t,, = 0. Note that in an Einstein spacetime, RW = gm,}_%/él, the mixing
terms vanish.
In order to obtain the Jacobian arising from the metric decomposition, we consider the
Gaussian path integral for the metric fluctuation

1= /Dhuy exp<_;<h’“” hlw>)
1 EMV _Ry,l/N—l tPo
B s (1) 7
= Jgrav/Dt“”DaDa“ P [ 2 /x \/E{ (tW J> (—,/\/'1}?.’,,)0 S’aﬁgaﬁ ) ( o )
+ 261# (ﬁl)wj au}]
v D - ~1/2
_ -1/2 E" o —RWN! 1
= Jerav [det (1) (D1>} [det (2) (_N(f)lpR §aB g 3 >‘| ’ (B.34)
po a

where E(; is the identical matrix (A.13) acting on the space satisfying the T'T condition.
One finds the Jacobian arising from the decomposition of the metric fluctuation,

v 5 —1\71/2
_\11/2 EY o —RMWNL
Jgrav = {det (1) (Dl)} [det (2) (-N(i)lpﬁpg S’O‘BS' 5 = Jgravl : Jgrav? . (B35)

The differential operator has already appeared in the Hessians for the gauge modes (B.27)
in the metric and the ghost field (B.32). The Jacobian for spin 1 mode can be eliminated
by the redefinitions of the vector fluctuation

a, = (D1)?a,, . (B.36)

In the basis a,, the Jacobian does not arise, while its Hessian has to be appropriately
modified. In this work, we do not use this redefined field (B.36). In section E.1.5, we
evaluate the flow contributions from the regulated Jacobian explicitly.

C Heat kernel method

C.1 Basics of heat kernel method

We summarize the heat kernel techniques and coefficients in order to evaluate the flow
generators. The flow generator for a spin-¢ mode takes the following form:

(= %tr (z’)W(Ai) - /_OO dsW(s)tr {6_5&}
1
2(4m)?

[ Va0 Qul W18 RQuWT+ () B2 45 By R ) B 77 ) Q1Y)

1 =t ) A i) 5o 20
22(4W)2/\/§[b(())QﬂW]ﬂng)RQl[W]wL<b§1)R2+bi)

Cuupacuypo+l;4(1i)G4) QO [W]:| )
(C.1)
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where the heat kernel trace is expanded as

tr gy [e7%] = 4m / Vo [bh) + b5 sR+ 8% (8 R 4 0 Ry R + 5 Ry R )|

4m / NG { DsR 4 s <fo)}_%2+ 8 Cpe C197 4 Eff)@)].
(C.2)

Note that tr ;) denotes
tr)[0] = tr[O], trq)[Ow] = tr(0)[Owg™’], tr(9)[Op] = tr(0)[Ope" En’]. (C.3)
The threshold functions @, [W] are given by
_ /O T ds s (s), (C.4)

for which the Mellin transformation yields

1 o n— o n
Qn[W] = F(n)/o dz 2" 'W (2) forn>1, Q_,[W]=(-1) forn >0.

z=0

(C.5)

In particular, when the flow kernel takes the form, (A;)™W (A;), the threshold function
reads

I'(n+m)

@V = ")

———Qnm[W], n+m>0. (C.6)

The flow kernel in this work takes typically the form,

O Ry(2)
(Apk(z)1+2e + BPk(Z)2+2€ + Cpk(2)2e)p+1 )

Whel2) = (1)

with k-dependent constants A, B and C. Here Py is the regulated momentum, i.e. P, =
2+ Ry, (z) and the regulator function in the numerator of eq. (C.7) is introduced such that A,
is replaced to Py, namely one gives Ry = A (P (2)172¢ — 21%2¢) + B (P (2)?12¢ — 2212 +
C (Py(2)% — 22¢) for which the derivative with respect to ¢ yields

O Ri(2) = (0,A) (Pkl-i-2e . Z1+26) + (9,B) (Pk2+2€ . Z2+26) + (8,C) (Per _ 226)

+ ((1 +2€) APZ + (2 + 2¢) BP T + 2eCP,f€‘1)8tRk : (C.8)

— 44 —



Let us now calculate the threshold functions (C.5). To this end, we employ the Litim-type
cutoff function [138], i.e. Ry(z) = (k* — 2)0(k* — 2). Thus, for n > 1, one finds

Qn[Wp.

T R (2)
~ 1) J, (AP (2) 72+ B Py (2)2+ 2+ C Py ()20 )P

2 k4+2n74p5 9 4
e e ((1+26)Ak 12(146)B+2ek 40+

2 k2n74p74pe

nl'(n) (a+b+c)pt!

2(n+142e¢) n+2+2e n+2e

(1+26)(8ta+2a)+(1+e)8tb €(Orc+4c)
2(n+1+2¢) n+2+42¢ n+2e

(14+26)k720,A | (1+¢)8,B ek*‘*atc)

((1+26)a+2(1+6)b+250+

_ (1420(n+2+20) _p<1+2 (146 (n+142¢) b e(n+2+2€) (n+142¢) c)

n+1+2e a (142€)(n+2+2¢) a (n+2€)(1+2¢) (n+2+2¢) a
X <1—m> [2k2n—4p—4p662n(b/a+c/a)} (C9)

where a = Ak™2, B = b and ¢ = Ck~*. Here the anomalous dimension is defined as

1+e n+142e¢ b € n+l42ec
ora 2 (1 +2 1+2e n+2+2€e a +2 14+2e n+2e a)

T =——""— I+e n+1+2eb +1+2 (C.10)
a L4+ 29 ot 5ea T 25 nioe @
We define the dimensionless threshold function as
1 1
2n _ =
gp (33) - n' (1 +l’)p+1 ’ (C]_l)

where nI'(n) = I'(n + 1) = n! is used. Note that the threshold functions for p > 1 can be
obtained from £¢ so that

pL O yaiy (C.12)

Eﬁ(w) =(-1) ZT!% 0

For n = 0, one has

QO [Wp,e]

= il_ﬂ% Wp.e(2)

k474ep L » B »
= AT BT ((24+4€) Ak 4 (4+4€) B+4eCk™ + (9, A)k ™+ (0, B) +(2,.C)k ™)
k.—4p—4ep
- W ((2+4€)a+(4+4€)b+460+(2a+3ta)+(8tb)+(4c+8tc))
_ b ¢ o 2k—4p—4ep
= p 2.t _
2(1+¢€)a (1+a+a> (1 4(1+6)> (ATb/atc/a)r T’ (C.13)
with the anomalous dimension of field
da O(l+b+e
770__M—() (C.14)

a 1+g+§

Indeed, this result agrees with setting n = 0 for eq. (C.9).
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C.2 Projected heat kernel

We specify the heat kernel expansion (C.2) for each spin mode, We start with the symmetric
spin-2-mode case:

tr (2) [€_SAT} =tr (2) [e_SATE}

1 - D B, 7 D DUV | T D DLV PO
= i VA R (o R Ry B0 Ry )
(C.15)
with the heat kernel coefficients,
(2) _ 2 _5 2 _ 5 i@ _ 1 72 _ 4
by’ =10, by =3 b, =36 by’ = 13’ by = 5 (C.16)

Let us now consider the case where the projection operator P, given in eq. (A.15) is
inserted, namely, tr (o1, {e_SAT} =1tr (g {e_SAT Pa] Here, the evaluation of the heat kernel
coefficients is performed as follows:

tr o) |¢ 57 Pa)
Ctrg {GSAT {(Dl)uua (Dl—l)aﬁ(_DW)EwpUH
=tr(g [G_SAT} Tirq H(_DW)’ e_SAV} {<D1)vﬁa (@11)046}]

_ _ _ 2 _ —_
= tr (g {e*SAT] +tr () leSAV {—s[—D'y, Ay] + %[[—D'y, Ay, Ay] + (’)(33)}

{0, (o),

= e L VAR s R (0 B2 Ry B 4 B Ry )
(

} .
C.17)

(2L)

Once obtaining the heat kernel coefficients b;”, we obtain the heat kernel expansion for

the physical 2T-mode from

tr 21) [efsAT}
=tr(g [6_SATPf} =tr (9 [G_SAT} —tr (g [G_SAT Pa]
1

B (47s)? /x \/5 {b((?T) * bé2T)S R+ s (b‘(lzT) R? + BEET) RuuR“V + BELQT) Ruz/paR“VP0>] .
(C.18)
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Here the first term corresponds to eq. (C.15) and the second to eq. (C.17). In the same
manner, we can evaluate the heat kernel expansion for the spin 0 and TT cases,

tr (o) [G*SAS} =tr(g) [G’SATPU]
1 — 0 0 — 0) = ~(0) = — w707 -
= W~/:c\/§ [bé )—i—bé )s R+ 52 (bfL )R2-1-bf1 )RWR# 09 R s po RHP )} :
(C.19)

i 211 [eisAT} =) [eisATPt} =tr(y {efsAT (Pf—Pg)} =tr (o1) {efsAT} —tr (o) {64&5}
- (4735)2 / \/a[ngTT) n béQTT)S B

1 g2 (b512TT) B2y BZ(IQTT) R;w RV +5512TT) RWM R,U,l/pa)i| _
(C.20)

(2TT)

In the next subsection, we exhibit the heat kernel coefficients b; and bgo). Using them,

one can obtain also bz(-ZT) and ngL).
C.3 Heat kernel coefficients
C.3.1 Coefficients for each mode in metric fluctuations

The heat kernel coefficients for the Laplacian Ar acting on the TT tensor in a general
background spacetime was computed in ref. [33], and result in

p2TD) 5 p2TT) _ 137 N 52TT) 17 2N

p2TT) _ 5 __2 _ AV __ 2 &V

0 T2 6> 4 216 ' 2yp 14 108 xg’

- 5 N

pETD _ 2 (C21-1)

18 ' 2yg’

where the superscript (2TT) stands for the TT spin-2 field, xg is the Euler characteristic
associated to zero modes involved in the metric decompositions, and N is the sum of the
number of Killing vectors and conformal ones. In the Weyl bases (C.1) and (C.2) this yields

!

385 ~2TT) 103 (2TT) 43 N
p2TT) _ b _ 2t 21-11
~ 648 ° ~ 216 216 2xE (C21-I)

IS

For the Laplacian Ag acting on spin-0 scalar field, heat kernel coefficients are well-known as

1 1 - 1 - 1
p© _ 4 0 _ 0 _ po _ _ L jo _ 1 991
0 ’ 2 6’ 4 72’ 4 180’ 4 180 ° (C22-1)

implying for the Weyl bases

o 1 ~0) 1 =(0) 1
951):5’ [ — B =55 (C22-11)

Next, we give a formula in order to evaluate the flow contribution from the (spin-1)
measure modes, i.e., a,, Cy, éu and the Jacobian. As we have derived in the last section,
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the measure mode in the physical gauge fixing (8 = —1, o — 0) takes the following uniform
differential operator:

(151)“” — 8"Ay — DD" — R,” . (C.23)

For differential operators taking the typical form <751) Y- 5ZAV + aD#D” — RH” with a
o

constant a, the heat kernel coefficients have been evaluated [139-141] so that

pM) _ 4—6a+3a? a=—113 aM) 10—13a+6a> a=—129
0 T T (1-a2 ~ 41’ 27 6(1-a)? 24
8—10a+5a* a=—1 23 ;amy  43—26a—2a% =1 67 () 11
pIM) _ O7 VAT a=—1 29 M) 20T LVAT A a=—1 DL (M) 11 oy
1 36(1—a)2 1447 14 90(1—a)2 3607 4 150 (C2D)

Again, we can translate to the Weyl basis

(M) _ 13 — 12a + 4a* o=—1 29 (M) T+6a+8a =01 T
T 36(1—-a)2 0 1447 T 60(1—a)2 240

~(1M) —32+4a+13a% =1 23

by =-— = —. C24-11
- 180(1 — a)? 720 ( )

C.3.2 Heat kernel coefficients for Lichnerowicz Laplacians

For free matter fields (vector, Weyl spinor and scalar), it is convenient to define the following

Laplacians, called the “Lichnerowicz Laplacians” [160],

ApgS=-D*S=AgS, (C.25)
_ R _
Apiy = (—D2 + 4> = —D%, (C.26)
AV, =-D*V, + RV, = AyV, + RV, (C.27)

These Laplacians in an Einstein spacetime obey
Ap1D,S = D,ALoS, DAL VH = ApoD,V*. (C.28)
The heat kernel coefficients for the Lichnerowicz Laplacians are summarized in table 1.

C.4 Off-diagonal heat kernel expansion

The Hessians include the following operator:

D (C.29)

(a1 """ Hagg) s

n
0 =3 Merenp
k
for which the off-diagonal heat kernel method [33] is used to evaluate the flow generator,

_ o __ - _ _
tI‘Z[W(Az)O] = /0 ds W(s)tri leSAi Z ]\4041'“0(2’“19(0[1 oo Da2k)‘|
k

:/x\@/ooo ds W (s)tr li;:Mal"'%ka...m] : (C.30)
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Vector (1 =1) | T-vector (i = 1T) Weyl spinor (i = 1) Scalar (i = 0)
(Ay) (4%) (1) (a,0, )
Ar; —61D? + R¥, —61D? + R, D2+ B -D?
by 4 3 2 1
by (R) -5 . 5 ;
180" (R2) —20 —4 5 5
18001 (R2,) 86 87 —2 -1
7(0)

1800, (waw) —11 —-12 -1 1
180" (R2) 5 5 0 2
180b4 (02) 21 3 -2 3
1805 (E) 32 —8 u 1

Table 1. Heat kernel coefficients for the Lichnerowicz Laplacians A i acting on individual matter
fields in a general four dimensional constant background. The abbreviation “T” denotes “transverse”.

Here we have

1 e ) (2n)! 1 -
Hal---OéQn = W {(_23) (gawzz o 'ga(zn—l)cwn + ( anpl _1> perm. ) (1+68R)
1 e _ _ (2n)!
+6( ) (n=1) <ga1042 ga2n73a2n72Ra2n71a2n + (2"(71—1)' - 1) perm. ) }
+0O(R?). (C.31)

The first two lowest order terms read

1 1 1 -\ 1
Hog = g (14~ “Ros b C.32
8= (4ns)? { 25908 ( * 6SR> Tk 5} (C-32)

1 1 _ o 1 -
1

128 (gauRﬁV + gauRﬁu + gﬁuRau + gﬁuRau + gozBR,uzz + g,ul/R ,6’)} . (0'33)

For instance, one can compute the flow generators as follows:

tr (o) [W(AS)RWDMD”}

—/\// ds T (s ) a2 { 218R(1+6 R) 6R°‘5Ra5}
{ 1?’/[ 125 2/\[ * 12/ﬁéaﬁéaﬁ}
_ (4W)2{—2Q3[W]/36\/§R—Q2 ) [ V3R QW) [ VERRa ) . (C3)
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One can see from this that the lowest order term is obtained by the replacement R*” DHDV —
—(RAg)/4 (equivalently Ry, — guR/4 or —D,D, — GuAg/4). Indeed, at the lowest
order, one has

o [Asw(Bs)] L - TRl [ VAR = 50w [ ViR,

A(4) 2
(C.35)

where we have used eq. (C.6), and the values of the Gamma function, I'(3) =2 and I'(2) = 1
Using the off-diagonal heat kernel expansion for a curvature tensor O***? of order of
R?, e.g., R™ RP? one can calculate

A Voo p D O(R) ]- _ _ Voo
tr(o) [W(As)0"" By Byo| = / V9 { 24 9m 9ot 55 (gupgwwuogup)}(?“ "7,

(C.36)

where we have performed the following computations:

A vpo = s A -1 O(RQ)
tr o) [W(A5)0" gpe D,u(Bs)7'D,) 7= —

ORvPT | (C.37)

and

tr (o) [W(Ag)0"" Dy(As) ™ D, Dy(As) ' D]

O(R?) Qz

/ f 51 (GupGvo + Guodup + GuvGpe ) OMP7 . (C.38)

Using eq. (C.36), the flow generator with the TT projected operator is given by

o 00 (1),

O(R —~ 1/~ = ~ 1~ =~
) tr gy |W (Ag)OHvee {2 (PWPW + P,MPVP) - 3PWPWH
— LQ [W]/d‘lx\[{l a _|_i* a _{_i* = }O,uupcr (C 39)
- (477)2 2 g 36g,uugpa 189MP9VU 18guagyp . .

We have the projected curvature tensors by P; and P, (or S,,S,,) given in eq. (A.52)
and eq. (A.53). Here we show explicit forms of tensor products up to of order of R? which
appear in the flow generators. The Hessian for the T'T metric fluctuation involves the
following terms:

tr o) o3 (P, 57RO gy {5 [(Pf)),w = (PE”) el oz m,e)

_ 1 P E _ P2 HV}
= (47T)2/m\/§ {45 1081? + R,WR (C.40)
_sA Vi p o] OB —sA 0  po
t BT (B o MR =t {ST{P P
1"(0) [6 ( t)pa W } I"(O) € ( t >HV
_[ 5 - 2. Ph ¢
g {_123 ——108}2 4RWR } (C.41)
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We have also the following tensor products of order of R?:
i o), a
5 =
o Vo g+ g

—sA D vV po UORQ —sA D v papfBo
tr (o) [e Ar Repso (Pt)pau RoPB } (A )tr 0 [e Ar Ropso (Pt(O))pUu RorB }

_ 2
tr ©) |:€—SAT RrC (Pt) } O(R )

HY D
po RIW

RM”} , (C.42)

= 5 5 DUV 5 5 PUY PO
g [—%RWR“ + ERWWR“ r } ,

(C.43)
tr (o) [e7*37 Ry? (B, " R, o) o [esAT R’ (P(0)>po WRVU}

=1 471r)2 /m V3 {158}?2 ?ZRWRW} : (C.44)

tr ) [0 By (P), B8] O ) |57 Ry (PO) R3]
= (471r)2/mﬁ1[i _,WRW} , (C.45)

trw [T (P R R7]) O b [0 (R R
= (471r)2 [c V3 [—EZRWRW} , (C.46)

0 [e77 R (P R 58] O 010 6750 R (V) Rua )

= (4;)2 /x NG BRWRW] . (C.47)

In the Hessian for the spin-0 mode, we have

SN 1 _ - R _
SH S =N [NQ ~R"D,Dy—— +R“”RW] N

1 _ 1 1~ = 2 oo 1 -
11 gwp D,D,~—+-—R"R,,————RR"D,D,— ——R?,
3 9Ag "As  9AY 2TAY 27A%
(C.48)
A 1~ = 1~ = 1 == =
S“VRIW = gP“VR/W_ KR#VRMV‘{'QTPW/RMVR, (049)

SR Paaspg_épﬂ” (Ry pé") ~pg—3TR‘“’ (R 050) pg+9TPWR (Ra 05“) P -
(C.50)

These terms involve inverse Laplacians (Ag)~" (n > 0). These inverse Laplacians cause an
IR divergence (corresponding to zero eigenvalue of AS) when performing the integration
for z ~ Ag within the flow equations. To avoid it, we will employ a field redefinition for o
as given in eq. (E.4).
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In the flow kernel of o, we calculate the following tensor-product terms of order of R2:

— ~ _ ~ _ 72 — —~ _ —~ _
tr 0) [e_SAS S“VRHVSpURpg] (9(;% ) tr (0) |:€_SAS (;PIWRHV) <;Pp0Rpa>]

_ MY
[216 +108RWR }, (C.51)

_ R - -~ . 52 _
r (o) [efsAs SuuRaM(S;'RapSpa] 0(2 ) tr (o) |:68A5 (BPMVROW> 59 (3 pURap>:|

47r /\/ [12 Ry R } (C.52)

_ . _ _ =2 _ - _ _
tr o) [e7935 87 R, Roo)] 72 tr ) {e_SAS <3P“”Ruo‘Ral,>}
1 M -
= (4)2/90\/5 [4Rm/R” } ; (C.53)

_ B —o _ 1 -
tr (0) |:€_SAS Suuq)“ypaRpU] O(ﬁ ) tr (o) |:€—5As <3PMV(I)LWPURPU):| =0, (C.54)

— ~ _ “ D2 — 1 -~ -~
tr (o) [e7935 8678,,% RasSp0| T2 tr ) [e—sﬂs (319“”@” )50 (3 Raﬁﬂ 0.
(C.55)

D Summary of matter contributions

We briefly summarize the matter contributions. For massless Ng-scalars, Ny -vector bosons
and Np-Weyl fermions (corresponding to Np = Np/2 Dirac fermions), one finds

F. Coy Do -
) / NG <U — SR+ R+ SRR+ 5RWURWW>

= Nol® 1 Ny (n) — o) + Nyl

1 _
~ 1672 / \/5[(]\75 + 2Ny = 2Np) K'65(0) + ¢ (N — 4Ny + Np) k*£5(0) R

1 Np\ - _
+ 365 {(5N5 — 50Ny — 52F> R? + (~2Ng + 176Ny + 4Np) R?,

(QNS — 26Ny + 7NF> Ri,,pa} 58(0)] . (D.1)

Projecting it on each curvature operator and using the definition of the threshold func-
tions (2.23), one obtains

O | patter = 32 3om? (NS + 2Ny —2NF) , (D.2)
0L agter = _%22 (Ns — 4Ny + Np) , (D.3)
ac| .. = 2880 s (5Ns — 50Ny — 25F) | (D.4)
0D patier = 2880 srr0=2 (—2Ng + 176Ny +4Np) | (D.5)
KE| er = 55027 (2Ns — 26Ny + 55 ) . (D.6)
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For U and F, their matter dependence agrees with ref. [74] and our last paper [84]. With
the relations (B.4) among coupling constants, one infers the beta functions for R2, the
squared Weyl tensor and the Gauss-Bonnet term,

1

atc}matter = _57671'2 Ng, (D7)
1
0tD‘matter = 9607T2 (NS + 12NV + 3NF) ’ (DS)

OF =

1 11

For the higher derivative terms, we obtain the same result in ref. [161].

E Contributions from metric fluctuations

For the gravitational system (A.4) with egs. (A.5) and (A.6), the flow equation with the
metric decomposition (A.10) reads

8tRk 1 8{Rk atRk

Stra + Jgravik — tr(q .
DO Relea  ® DO Ry lee

—_— (E.1)
F,(f)JrRk ff 2

1
oLy, = Etr (2)

Here, the first term on the right-hand side is the contribution from the physical metric
fluctuations, while the remaining terms are the measure contributions coming from the
measure modes of metric fluctuations with the Jacobian and the ghost fields. As one will
see in appendix E.2, the measure contribution takes a simple form

1 O'R R
Lok + Jgravl,k —tr (1)(2;7]6 )
I+ Rilce

(E.2)

= —tr ) —e
measure 2 ( )P](€2) + Rk aa

with the differential operator D; defined in eq. (A.17). Below, we evaluate the different
contributions to eq. (E.1).

E.1 Physical metric contribution

We evaluate the physical metric contribution in eq. (E.1), whose flow generator reads

7T(f) . 1tI‘ atRk 1t1“ atRk 1 r 8tRk + J
=St ——| =5 o Stro)y—m——— rav0,k
U0 m T 2 P p 2 PO Ry,
= ﬂ-lgzt) + 771(;) + JgravO,k: . (E3)

The explicit form of Jgravo i is presented in eq. (E.32). The Hessian for the TT mode, F,(C2) |+
is given in eq. (B.17).
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E.1.1 Full propagator and cutoff function

As we will see later, the second term in eq. (B.19) causes an IR divergence due to Agl in
the denominator of S* S’W. To avoid this divergence, we adopt a redefinition

— (ASY 5, (E.4)

with € a positive parameter. In the truncation which we employ in this work, the choice
€ = 1 is enough to remove the IR divergence.

We now employ the regulator functions for the TT mode and the physical scalar mode
such that Laplacians in eqs. (B.18) and (B.19) are replaced to Py(A;) = A; + Ri(A;),

OF _ F
oR — (pk_AT)—i—@t (Pg—A%)+<2+2DPk>atRk,
(U) 8?5 1+2e (A N142¢ 242 (A \242¢ 875U 2€ (A )2€
R = S (P — (B9)+%) + 30,0 (PF — (Bg)**) — 2 (PE - (Bs)™)
F
+<2(1+2e)+3(2+26)CPk—(4](26)]3 )Pk Ry . (E.5)

E.1.2 Expansion of flow generator

Let us here calculate the propagator, i.e. the inverse of eq. (B.17). One finds the propagators
for each field,

—1
% (T +Re) L ]p%t) - pi) M(tnpi) + IF%MW%MWPL)
+ E%M&o)]p(la)M(at)Pi) e (E.6)
—1
% (7 =4) o ]P’(lff) P;M(”) P;) i Pza Mo Pir)M(”) Pir)
+ P(IU)M(UQIP%M@U)P?) e (E.7)

Then the flow generator (E.3) is evaluated so that

1 O Ry,

(f) (t) (o) 1 OR 1
2" O @)

T =Ty +7Tk +Jgravk tr(?) ()—|—R
k't

+ Jgrav,k - (E.8)

oo

Here the flow generators for the TT mode and the spin 0 physical scalar mode are given,
respectively, by

1

(t)
tr(2)[5%7314 Py - M- E?t)}‘

tt

1 O -1 1
+ 5t ) [atR Py M P -M(t)-IP’(t)}

1 (t) p-1 -1 -1
+ 5t [aﬂzk Py M) - P - Moy -P(t)] )

:ﬁm+ﬁm+ﬁ@+ﬁw7 (E.9)

~ 54 —



() 1 8tR,(f)

1
T, = Stro) P(o—) -z

o) AR Py M) L))

oo oo

1 () m—1 1 -1
+ 5T o) [aﬂzk -IP(U)-M(U)-P(U)-M(G)-P(o)}

oo

1 (0) m—1 —1 —1
+ 5T ) [agzk Y Moy Pt - Mg -P(U)}

—. 7;(1) + 7('7(2) + 7('7(3) + 7;(4) ) (E.10)

E.1.3 Transverse-traceless mode

The each contribution from the TT mode is calculated as follows: the lowest order term is

simply evaluated by using only the heat kernel technique such that

R

1 —
) By | = 3 @ Wio(Ar)

tt

~ i [V l5Q2[Wt,oJ2RQ1{Wt,O]

,E L P2 fifﬂ » PLY E l D DUV PO
+{< 216Jr >R+( 108 XE>R/“’R +<18+2XE)R’“W’MR Qo[Wto]| -

1 1

(E.11)
Here we define the flow kernel of the TT mode, (with e = 0 in eq. (C.7))
_ o R(t)
Wip(Ar) = L (E.12)

(5pc+DP2-U)"

In the next order, we need to calculate the tensor products between the projection

operator and the curvature tensors. One has
1
T = —Str ) [ORY By My B ‘
1 A > pafy .. H 52 Hof w
= —5tr |Wea(Ar) 5R+HRAT+2DR DoDgt 75 R* DR Raj ( (P,
1 _ F, - - _
—5t {Wm(AT){ -25 (67 R+ Ru#,7) —ADAT R,
“HR (SR, +R,0,7) ~2H Ry R

D (4R ROV 2R, R, 2R ROV AR, Ry o + AR Ry 507 } (P),, w}

__;16:;.2/\/§|:{(100+5D)Q3[Wt,1]+];)WkQQQ[WtJ]}R
+{< C+35D> Q2[Wr, 1],%5110]{ Q1 [W4, 1}}R2

H (50~ 52 D) @l kv, ﬂ}z:zwﬁm{gp@[wt,ﬂ}RWRW] |

27
(E.13)
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The next-to-next order reads
@3 _ 1 () p-1 1 1
T = gt [ORY P My B My <Py
1 A A B A paB P T po

= 5tr [Wea(Ar) ¢ |5 R+ HRA7 + D (2R*?DaDg) | Ep

F
— —25”R p—2[ +2DAr R "}
F _ __ o
X { [QR + HRAT+ D <2R°‘ﬁDaDg>} Epo"ﬂs

F - F . ,
- 5252307 -2 [2 + 2DAT} R,ﬂg‘s} (Pr),s" ]

EEN (e

tt

1+ wk? ( C + 890D) Q3[Wi o] + g(wlﬂg)QQz[Wt,z]}RQ

{10D Qu[Wia] — @wk2DQ3[Wt o] + 190 (wkz)QQg[Wm]} R, RM™

40 5 _ _
+ {40D2Q4[Wt72] + gkaDQg[Wt,Q] + g(wkz)QQQ [Wm]} Ryupo RM™P ] .

(E.14)
The mixing term is given by

4 t _ _ _
T = Str o) [OR) P Moy P Mo Py} }

1
2 Ag 32

3 o~ (= ( U 2F 5
(_2) tr (o) [Wtat[As]As{Rpa (3——+2HA3—DAS> }
U 2F 5 . o Suw
x{ <3AS—32+2HAS—DAS) Raﬁ}AS (P)*P ,, E* ,M]

= 216n 2/\[[{ <40002_4000D D >Q6[ Woto]

60~ DYk Qs W]+ (2(wh?)+ (6C— D)) Q[ Woro]
20

2
R0+ kP (R ) .

(E.15)
where the flow kernel is defined as
_ (t)
Wiot(Ag) = - Oy, - 5 - (E.16)
(5P +3CP2 = Y](P)>) (5P + DPE - U)
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E.1.4 Physical spin-0 mode

Let us evaluate the contribution from the spin-0 physical scalar mode. To this end, we
define the flow kernel as
- R

B (T s

PZ¢ in the denominator of eq. (E.17) comes from the redefinition of o as given in eq. (E.4).
In order to remove divergences arising from 1/Ag in the Hessian ngg), setting e = 1 is

(E.17)

sufficient in the current truncation.
The lowest order term reads

1 R 1 A
7 = 5“(0) Ew:) - 5“<0>W"’°’1(AS)

Q2[We0,1] + Q1[ Wo,1]

2167r2 / Vo

v 1 =
(72R2_180R VB + g Ruor B )QO[ "01]] (£.18)

We next calculate the next order contributions for which we need to use the formulae (C.40)—
(C.47).

__1 R
T2 = —5tr )[R P M) P (E-19)

=—5atr [Wo11(As) A3 {[(5A5+DAY—U) +5 Rt HRAg+2D R Do Dy
x (5-5"8) }]
1(Ag)AL { XR+2DR* DoDj| +2H [R—65" R, | As H
~13y [Wa 11(Ag)AL {2)(5/” (Ru#07Spr— Ry ) +2 [ X +2DAs| 8" R,P,7
% (8yr ~D,D-N 1)~ L H [{R*~65" R, R" 3]
_D [éR“ﬁ Rop+108" Ryyu6] RS, — 48 R, Reyy +28" @, " R,y
+288 Ry R (Spr 2D, DN 1) 289570, Rap S,

_25md,, 050 Ry (SPT—D,,DTN*” H

:;1622/\/5[{311’0]{:2@4[“/0’1’1] Q?,[ 071,1]4—120@5[ 011]}R
+{—wk2Q3[ o1 ]+ CQ4[ Woia]— 36DQ4[ Wo 1]+ uk Qo 011]}32

{ wk*Q3[Wy1.1]— CQ4[ Woaal+g DQ4[ Woi1]— Uk Q2 0,1,1]}RWRW]-
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The next-to-next order contribution reads

1
3) _ (@)  p-1
7% = 5tr ) R B M) P M) - P

@l |
2 o _ _ -
. (3> tr Wi 1(A5)A‘§{ (FAS + DAZ — U) (1 - sws,w)
2 2 2 2 3
e IS U A ot A (1 awa
H | 3R 48" Ry | As + | 3R+ HRAs + 2DR*DoDs | (5 — 5" S

+2X8% (R,P07 5 — Ry

+2[X +2DAg| S R,*," (S, — D,D,N ) }T

2167T2 / Vo

4
{w’fZ <367~Uk2Q6[ Wy 1] +200Q7[Wy21] — ﬂ@d 0,271]>

+ 84002 Qs[Wya1] + uk? < Qu[Wy21) — 7CQ6[ 0,2,1]> }32

144

4
+ {wk2 ( 8wk2Q6[ 02.1] +40CQ7 Wy 21] + %Qd We.2 1])

+ 1680C2Qs[Wy2,1] + uk? < Q4] 021]—1- CQG[ a21]> }RWR“V].

(E.20)
Finally we evaluate the mixing effect which reads
1
4) _ R
T =5t ) [OR PR Moy Py M) P}
1 3 = i U 2F 5 _
=—(-= AslAgS [ — —S=+2HAg—-DAg | R } (P,), *#
2( 2)tr(0) [Waw[ s] S{ <3A5 3 2-1— 573 S)R }( t)pg
_ U 2F 5
—— — - 42HAg—ZDA A
X{R (35532855 S>} S]
400 100
400C*? D+
2167r /\[H< 0em=57¢ )QG[ Werto]
80 10
(60 D)wk?Qs| gtg]+§ (2(wk;2) +(6C — D)uk4) Qu[Worto]
_20 9 4 5 4 RQ_ v
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(E.21)
where the flow kernel is given by
_ aR(U)
WO’tO’[AS] = ok (E22)

(5P + DPE—U) (5P +30P2 — U)(Po)
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E.1.5 Jacobian
We have seen in section B.3.3 that the decomposition of the physical metric fluctuation (B.35)

and the field redefinition (E.4) with € = 1 yield the Jacobian as

B —RN-1AG)]Y? 1/2
— (t) P _. (2)
@M‘F“@QAm%@aaﬁwaﬁs = [t (02)]. (B23)

Here the (2,2)-component and the off-diagonal parts are

N (Y 2 I (R 2 _ D, D

AgS*S sAg~ =A% - -R*"D,D, — -R?>+ =R"R,, + - RR" —I"Y

5 pes 3( 573 " o't gl g Ag
(E.24)

1 _
= g(A% + Mjaco)
(E.25)

_ _ 1 -
—RpUN_lAS >~ _ngO"
One can write the Jacobian (E.23) by using auxiliary fields as

et (r2)] " = [t (2] et (22)]

Jac
- [oxopo e | - [ Vix (1) - [ Vo' ()]

(E.26)

where ¥, x are Grassmannian variables, while 6 is an ordinary real variable. These field can
be decomposed into the TT mode and a scalar mode, i.e. x* = (x, ,X) and 67 = (0,5,0).

We insert regulators for these fields as
1
+RJaC) X‘f‘*/ \/.59 (I gQa)c ;aiac) 6.

— 1 — —
[V (r) ek [ Vas (r2) e [ Vax (rRari)
(E.27)

Here R} replaces the squared Laplacian in eq. (E.24) to P,(Ag). More specifically, we give

1 v
Rl — <(Ri“2)“”pa 0 ) _ (2 Eyee o) (E.28)
0 1Rjac 0 §(P2-A3)
Then, the Jacobian (E.23) as a flow generator reads
a RJac 1 8 RJac 1 a RJaC
Jgrava i = —tr (o) —5r——— ) = ——tT gy — (E.29)
= gt 2O e 2 O e
We evaluate the inverse matrix
1 puv 1 puv -1
(P + R = t_ (2B R . (E-30)
ac _%R %(P;? + MJaCO)
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As in eq. (E.28), the regulator matrix R} has only a finite term in the (2,2)-component
(i.e. scalar-mode component), so that it is enough to take the same component in the inverse
matrix, i.e. up to the squared curvature operators, one has

8tRJaC atRiaCO 1 15 15 Jaco
T e~ IO a0 | 1 (R RO (F R 0

Jac

aRJaCO 2 8RJ&CO _ > _
=T (0) By Afy T30 p | Roo (P R, (E.31)

where the product between the off-diagonal parts and the unity matrix in the (1,1)-
component has to be understood as that between the off-diagonal parts and the TT-mode
projector.
Then, the flow equation from these contributions reads
; _ _ltr 8tRiaCO(AS) B ltr atRiacO(AS)
grav0,k (0) P2 + MJacO 3 (0) P4

2
B 2167r/\[

(RW<Pt)WpoRpJ)

QZ WJac 0] + = {Ql [WJac 0] Q3[WJac 1]} R

+ 5z {SQO[WJaC 0} 4Q2[WJac 1] + 6Q4 [WJac 2]} R2

216
540 { 3QO[WJac 0] - 50QZ[WJac 1] + 30@4 [WJaC 2]} R,uzlew
1 _ _
+ 180QO[WJaC7O}Ryup0RMVpU‘|
1 5 o R2
- o pwy T
16772/z\/§27Q2[WJaC71] (RHVR 4 ) ) (E.32)
where the flow kernel of the Jacobian is
n iR (As)
WiacplAs] = W (E.33)

E.2 Measure contribution

Let us first evaluate the measure contribution without decomposing into the transverse
spin-1 vector mode and spin-0 scalar mode, i.e.,

R
+ Jgravl,k - tr(l)(Q)tik

_ g0 o _ Ly O _
+ Relae

1 (E.34)
F](f) + Ri |l e

The contribution from the spin-1 metric fluctuation (first term on the right-hand side) has
the squared differential operator, (D;)2, as given in eq. (B.27), so that one finds

OiRy;

F Dy + Ry,

= tr(y) —pe— (E.35)
2~ ].“,(62) + Ry

1
+ Jgravl,k t T'1)

aa

where the regularized Jacobian arising from the decomposition (B.35) is evaluated as

1 Oy Ry,
Jgravl,k =5 !

tr) =——— . E.36
2 r(l)D1 + Ry, ( )
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The spin-1 ghost contribution are given by the same form,

O Ry, O Ry
Thus, we see the relation e,(gg ) — 25,(69), so that the measure contribution takes a simple
form,
5(9) 1 O Ry,
=-§7 =

——tr

_ E.38
2 (M D1+ Ri ( )

Let us choose the regulator such that the differential operator D; is replaced by k2. Using
the heat kernel method with the coefficients (C24-1) or (C24-II), one can evaluate the
measure contribution,

1 01 Py (ﬁ1)

Ng = —%rmm =: —ltr(l)Wg [AV]
- 2 1672 / Vo 13@2 o+ 24RQ1[ H(144R2+ 350 T B = %RM”P”RWM) QO[WQH
- _167 /m Vg 14T3k4£61 0)+ ﬂk%o (144 360 Ry R = %RH””"RWW) ES(O)}
:_1617r2 /x\/ﬂ?k%gm)‘L%kzéo (144R2 340 G O = 720G4) 6(0 )}

(E.39)

We note a difference between the present result and ref. [84] where we have considered
the Einstein-Hilbert truncation in the maximally symmetric spacetime and have derived
the beta functions of U and F'. In ref. [84] we have decomposed the gauge mode a, and the
ghost field C), into the transverse modes and the scalar modes such that V,, = VMT + BMV
where V#T > {Kpu, CE, ég}, V 3 {u,C,C}, and D“VHT = 0. For these decompositions, the
differential operator (C.23) acts on these fields as

] R
vi (D) V=V (AV - 4) vi+v

2Ag (AS - f)] v, (E.40)

where we have used Ry, = (R/4)g,,. The differential operator Ag in the Hessian for the
spin-0 field is subtracted by the Jacobians arising from the field decomposition and the
overall factor 2 in the spin-0 measure mode does not contribute in the flow generators.
In ref. [84] we have individually regularized Dt = Ay — R/4 and Dy = Ag — R/4 and
obtained measure contributions to the flow generators of the spin-1 and spin-0 measure
modes, separately

1 0y Py, (751T)

1 — 4 p4 292 D
M= —tr gyl = /@ 3K404(0) + k262(0) R] | (E.41)
2 Py (D1T) 1672 Jz { }
1 0y Py (750) 5 _
Ny = ——tr > = / \[ [/{3464 7k2€2(0) R:| . (E42)
2 O p (Do) 1672 12" 0
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Thus, the total measure contribution was obtained in ref. [84] as

1 17 —
_ _ _ ala 4 p4 242 ) E.4
Ng = M1+ 1o 162 /I \/5[ k*45(0) + 12k GO) R (E.43)

This result differs from eq. (E.39). This disagreement arises from an overall factor
2 in the measure contribution of the spin-0 mode: in the present work we regularize
the differential operator (C.23), which corresponds to regularizing 2Dy rather than Dy in
eq. (E.42). Hence, the result in this study can be reproduced by replacing k? — k2?/2 in
the spin-0 contribution 79 in eq. (E.42), namely,

2\ 2 2
=1 | V3 (’;) eé<0>+f’2<’;> (3(0) R| . (E.44)

Then, the contribution from the total measure mode (sum of eq. (E.41) and eq. (E.44)) is
modified to be

Ng = 167T2/xfg{4k EO(O)+24I<: G(0)R| . (E.45)
This result agrees now with eq. (E.39). We conclude that the difference in results arises
from different regularization procedures. The regularization of the operator (C.23) seems

more universal and will be adopted here.
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