
J
H
E
P
0
3
(
2
0
2
2
)
1
0
3

Published for SISSA by Springer

Received: December 17, 2021
Accepted: February 17, 2022

Published: March 16, 2022

Non-supersymmetric black holes with α′ corrections

Pablo A. Cano,a Tomás Ortín,b Alejandro Ruipérezc,d and Matteo Zattib
aInstituut voor Theoretische Fysica, KU Leuven,
Celestijnenlaan 200D, Leuven B-3001, Belgium
bInstituto de Física Teórica UAM/CSIC, C.U. Cantoblanco,
C/Nicolás Cabrera, 13–15, Madrid E-28049, Spain
cDipartimento di Fisica ed Astronomia “Galileo Galilei”, Università di Padova,
Via Marzolo 8, Padova 35131, Italy
dINFN, Sezione di Padova,
Via Marzolo 8, Padova 35131, Italy
E-mail: pabloantonio.cano@kuleuven.be, tomas.ortin@csic.es,
alejandro.ruiperez@pd.infn.it, matteo.zatti@estudiante.uam.es

Abstract: We study extremal 5- and 4-dimensional black hole solutions of the Heterotic
Superstring effective action at first order in α′ with, respectively, 3 and 4 charges of ar-
bitrary signs. For a particular choice of the relative signs of these charges the solutions
are supersymmetric, but other signs give rise to non-supersymmetric extremal black holes.
Although at zeroth order all these solutions are formally identical, we show that the α′

corrections are drastically different depending on how we break supersymmetry. We pro-
vide fully analytic O(α′) solutions and we compute their charges, masses and entropies and
check that they are invariant under α′-corrected T-duality transformations. The masses
of some of these black holes are corrected in a complicated way, but we show that the
shift is always negative, in agreement with the Weak Gravity Conjecture. Our formula
for the corrected entropy of the four-dimensional black holes generalizes previous results
obtained from the entropy function method, as we consider a more general way in which
supersymmetry can be broken.

Keywords: Black Holes in String Theory, String Duality

ArXiv ePrint: 2111.15579
Dedicated to the memory of Mees de Roo

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP03(2022)103

mailto:pabloantonio.cano@kuleuven.be
mailto:tomas.ortin@csic.es
mailto:alejandro.ruiperez@pd.infn.it
mailto:matteo.zatti@estudiante.uam.es
https://arxiv.org/abs/2111.15579
https://doi.org/10.1007/JHEP03(2022)103


J
H
E
P
0
3
(
2
0
2
2
)
1
0
3

Contents

1 Introduction 1

2 The heterotic superstring effective action 4

3 3-charge, 5-dimensional black holes 7
3.1 10-dimensional form 7
3.2 Supersymmetry 8
3.3 5-dimensional form 9
3.4 α′ corrections 11
3.5 α′-corrected entropy 14

4 4-charge, 4-dimensional black holes 16
4.1 10-dimensional form 16
4.2 Supersymmetry 17
4.3 4-dimensional form 19
4.4 α′ corrections 21

4.4.1 Case 1: β = β0 22
4.4.2 Case 2: β = −β0 25
4.4.3 Corrections to the extremal mass and area of the horizon for β0 = −β 28
4.4.4 Case 2–1: β = −β0 and q = q0 30

4.5 α′-corrected entropy 31

5 α′-corrected T duality 32
5.1 T duality of the 5-dimensional solutions 33
5.2 T duality of the 4-dimensional solutions 34

6 Discussion 37

A Relation between 10- and 9-dimensional fields at O(α′) 40

B The coset space SU(2)/U(1) 41

1 Introduction

Black holes provide an excellent ground for testing string theory as a quantum theory
of gravity. The statistical derivation of the Bekenstein-Hawking entropy of 5-dimensional
supersymmetric black holes by Strominger and Vafa [1] remains, to this day, one of the
main tests passed by string theory in this direction. Since then, a great deal of work has
been devoted to push this comparison beyond leading order in the large-charge expansion.
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On the microscopic side, this implies that one has to compute corrections to Cardy’s
formula [2, 3]. On the gravitational side, instead, one has to take into account α′ corrections
to supergravity, which encode genuine stringy effects. For this comparison to be possible
and meaningful, several things are needed from the gravitational side:

1. Knowledge of the string effective action to higher order in α′.
2. Black-hole solutions of the higher-order equations derived from those actions.
3. A consistent procedure to compute the analog of the Bekenstein-Hawking entropy in

higher-order theories.
4. A dictionary relating the parameters of the black-hole solutions (mass, angular mo-

menta, charges, moduli) to those of the microscopic system.

Let us comment upon each of these points.

1. Our knowledge of the higher-order in α′ corrections to the string effective action is
very incomplete as they are only known for the first few orders. Among the super-
symmetric string theories, only the heterotic has first-order corrections and these
and the second- and third-order ones are also known [4–7]. This makes this theory
especially well-suited for the computation of α′ corrections to black-hole solutions.
Since the complexity of the calculations increases rapidly with the power of α′, only
the first-order ones have typically been computed.

2. Only a few analytic stringy black hole solutions are known to first order in α′ [8–
14]. Many results on α′ corrections to black-hole entropies are based on the entropy
function formalism [15]. Its main advantage is that only deals with the near-horizon
geometries, circumventing the task of solving the corrected equations of motion. It
has however some limitations because one loses information about the asymptotic
region, and, for instance, one cannot get the mass of the black holes. Also, the
interpretation of the charges is arguably less transparent in this formalism.

One of the main goals of this paper is to increase the number of complete first-
order in α′ black hole solutions known by determining the first-order α′ corrections
to all the most basic 3-charge, 5-dimensional and 4-charge, 4-dimensional extremal
black holes. This implies allowing for all the possible signs of the charges. Only some
combinations of the signs of the charges are compatible with supersymmetry, as it
is well known [16]. Some non-supersymmetric choices have been considered in the
literature [2, 17, 18] but, here, we consider all of them and, as we are going to see,
the α′ corrections to the solutions turn out to be wildly different for different sign
choices.

Besides, these solutions are interesting to test the so-called mild form of the
Weak Gravity Conjecture [19–21], according to which, the corrections to the mass of
extremal black holes should be negative in a consistent theory of quantum gravity.
This conjecture has been applied in a number of scenarios to constrain the parameters
of effective field theories [22–31]. However, by studying the effect of higher-derivative
corrections coming explicitly from string theory, one can in turn test this conjec-
ture [13, 32], as in that case it is expected to be satisfied.
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3. Using the formalism developed in ref. [33], Wald showed that, in a diffeomorphism-
invariant theory of gravity, the black-hole entropy can be identified with the Noether
charge associated to diffeomorphisms evaluated for the Killing vector normal on the
event horizon, because this is the quantity whose variation appears multiplied by
the temperature in the first law of black-hole mechanics [34]. This entropy (Wald
entropy) coincides with the Bekenstein-Hawking entropy for General Relativity but
can also be used in theories of higher order in the curvature such as the higher order
in α′ string effective action. However, this action also contains matter fields, which
were not considered in ref. [34].

In ref. [35] Iyer and Wald considered matter fields, assuming they behave as ten-
sors under diffeomorphisms and gave a recipe for computing the Wald entropy (the
Iyer-Wald entropy formula) which has become standard in the literature. However,
as discussed in more detail in refs. [36–38], the only field in the Standard Model
that transforms as a tensor is the metric. The rest have gauge freedoms and their
transformations under diffeomorphisms always involve “compensating gauge trans-
formations” that have to be properly taken into account. Only then one obtains the
work terms in the first law of black-hole mechanics which, actually, were not derived
in ref. [35].1 These terms arise from additional contributions to the diffeomorphisms
Noether charge, which means that, in general, the entropy is not the Noether charge
and the derivation of the first law with all the terms that contribute to it is a conditio
sine qua non for the identification of the Wald entropy.

In ref. [38] a gauge-invariant entropy formula for the Heterotic Superstring effec-
tive action at first order in α′ was derived after taking into account all the complicated
gauge transformations of the theory. This formula gives unambiguous results and, in
the few examples in which the entropy has been computed by other methods, it gives
the same result.

The second main goal of this paper is to compute the entropy of the α′-corrected
solutions we are going to find using this formula.

4. Finding a stringy interpretation of the parameters occurring in the simplest leading-
order black-hole solutions presents no special problems because, first of all, the Chern-
Simons terms that occur in the 4- and 5-dimensional field strengths vanish and all the
definitions of conserved charge (Page, Maxwell) give the same result. Furthermore,
the potentials that occur in the effective action have a clear stringy interpretation.
One can, then, express the charges in terms of the numbers of certain branes defining
the background in which the string is quantized. These numbers occur in the resulting
CFT whose states are counted and in the microscopic entropy. The comparison with
the macroscopic one is, therefore, straightforward.

When the α′ corrections are switched on, though, the Chern-Simons terms in the
field strengths become active and, on top of this, higher-derivative terms are added to

1Actually, the problem is much worse: as observed in [39, 40], the naive application of the Iyer-Wald
formula to the first-order in α′ Heterotic Superstring effective action gives a gauge-dependent result: the
entropy computed in that form depends on the Lorentz frame used. This is, clearly, unacceptable. On the
other hand, as discussed in ref. [41] if one ignores this problem and makes the calculation in the simplest
frame, the result seems to differ from the one computed by other methods such as Sen’s [17].

– 3 –



J
H
E
P
0
3
(
2
0
2
2
)
1
0
3

the equations of motion of the potentials. The values of the conserved charges are then
different for different definitions and their physical interpretation in terms of branes
is far less clear. We believe this is a problem to which insufficient attention has been
paid so far and which is crucial for having a convincing comparison of macroscopic and
microscopic computations of black-hole entropies. We will investigate it in more depth
elsewhere [42] and, here, we will content ourselves with using simple and intuitive
notions of charge.

This paper is organized as follows: in section 2 we review the Heterotic Superstring
effective action (equations of motion and supersymmetry transformations) to first order in
α′ in the Bergshoeff-de Roo formulation [7]. In section 3 we focus on the 5-dimensional,
static, 3-charge, extremal black hole solutions of the theory, originally studied in refs. [43–
45]. First of all, in section 3.1, we present a 10-dimensional ansatz the encompasses all the
solutions that we are going to study. In section 3.2 we study the unbroken supersymmetries
of the ansatz for different signs of the three charges and the 5-dimensional form of the ansatz
obtained by compactification on a T5 in section 3.3. The α′ corrections are presented in
section 3.4 and the calculation of their Wald entropies is carried out in section 3.5.

In section 4 we focus on 4-dimensional, static, 4-charge, extremal black hole solutions
of the theory, which includes the heterotic version of the black holes studied in refs. [46–
48]. Again, we start by presenting in section 4.1 a general ansatz that encompasses all the
solutions that we are going to consider, in section 4.2 we study its unbroken supersymmetry
for different signs of the charges and in section 4.3 we give the 4-dimensional form of the
ansatz, obtained by compactification on a T6. In section 4.4 we present the α′ corrections,
which now depend very strongly on the relative signs of the charges. We write the fields
of the α′-corrected solutions in a manifestly T duality-invariant form. In section 4.5 we
present the computation of the Wald entropy of the α′-corrected solutions.

In section 5 we explore the use of α′-corrected T duality to help us determine the form
of the α′ corrections to the solutions in the 5- and 4-dimensional cases considered here.
Finally, in section 6 we discuss different aspects of the solutions presented in this paper.

2 The heterotic superstring effective action

For the sake of self-consistency, we are going to give a short description of the Heterotic
Superstring (HST) effective action and the fermionic supersymmetry transformation rules
to first order in α′ as given in [7] using the conventions of ref. [49].2 We remind the reader
that α′ = `2s, where `s is the string length.

The HST effective action describes the massless degrees of freedom of the HST: the
(string-frame) Zehnbein ea = eaµdx

µ, the Kalb-Ramond 2-form B = 1
2Bµνdx

µ ∧ dxν , the
dilaton φ and the Yang-Mills field AA = AAµdx

µ (where A,B,C, . . . take values in the
Lie algebra of the gauge group). In certain cases we will use hats to distinguish the 10-
dimensional fields from those obtained from them by dimensional reduction.

2The relation between the fields used here and those in ref. [7] can be found in ref. [50].
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We start by defining the (torsionless, metric-compatible) Levi-Civita spin connection
1-form ωab = ωµ

a
bdx

µ, which in our conventions satisfies the Cartan structure equation in
the form

Dea ≡ dea − ωab ∧ eb = 0 . (2.1)

The theory is, however, most conveniently described in terms of a pair of torsionful
spin (or Lorentz) connections Ω(0)

(±)
a
b = Ω(0)

(±)µ
a
bdx

µ obtained by adding an extra term to
the Levi-Civita connection

Ω(0)
(±)

a
b = ωab ±

1
2H

(0)
µ

a
bdx

µ . (2.2)

In this definition, H(0)
µ

a
b are the components of the zeroth order Kalb-Ramond 3-form

field strength
H(0) ≡ dB . (2.3)

The curvature 2-forms of these connections and the (Lorentz-) Chern-Simons 3-forms
are defined as3

R
(0)
(±)

a
b = dΩ(0)

(±)
a
b − Ω(0)

(±)
a
c ∧ Ω(0)

(±)
c
b , (2.4)

ω
L (0)
(±) = dΩ(0)

(±)
a
b ∧ Ω(0)

(±)
b
a −

2
3Ω(0)

(±)
a
b ∧ Ω(0)

(±)
b
c ∧ Ω(0)

(±)
c
a . (2.5)

The curvature 2-form and Chern-Simons 3-form of the Yang-Mills field are defined,
respectively, by

FA = dAA + 1
2fBC

AAB ∧AC , (2.6)

ωYM = dAA ∧AA + 1
3fABCA

A ∧AB ∧AC . (2.7)

In the last expression we have used the Killing metric of the gauge group’s Lie algebra in
the relevant representation, KAB (which we assume to be invertible and positive definite)
to lower adjoint indices A,B,C, . . . .

Now we can define the first-order Kalb-Ramond 3-form field strength as

H(1) = dB + α′

4
(
ωYM + ω

L (0)
(−)

)
. (2.8)

Replacing H(0) by H(1) in the definition of the torsionful spin connections eq. (2.2) we
obtain the first-order torsionful spin connections Ω(1)

(±)
a
b whose Chern-Simons 3-form ω

L (1)
(±)

can be used in eq. (2.8) to define the second-order Kalb-Ramond 3-form field strength H(2)

etc. In the first-order action we only need H(1), Ω(0)
(−)

a
b and its curvature 2-form R

(0)
(−)

a
b and

Chern-Simons 3-form ω
L (0)
(−) . The kinetic term for H(1) (quadratic) will contain terms of

second order in α′ which contribute to the equations of motion and which we should ignore.
3Analogous formulae apply to the curvature 2-form and Chern-Simons 3-form of the Levi-Civita con-

nection.
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Keeping them, though, makes the action explicitly gauge invariant instead of invariant up
to terms of second order in α′.

The explicit α′ corrections in the action, equations of motion and in the Bianchi identity
of the Kalb-Ramond 3-form field strength can be conveniently described in terms of the
so-called “T -tensors”, defined by

T (4) ≡ α′

4
[
FA ∧ FA +R(−)

a
b ∧R(−)

b
a

]
,

T (2)
µν ≡

α′

4
[
FAµρF

A
ν
ρ +R(−)µρ

a
bR(−) ν

ρ b
a

]
,

T (0) ≡ T (2)µ
µ .

(2.9)

The string-frame HST effective action is, to first order in α′,

S = g2
s

16πG(10)
N

∫
d10x

√
|g| e−2φ

{
R− 4(∂φ)2 + 1

12H
(1) 2 − 1

2T
(0)
}
, (2.10)

where R is the Ricci scalar of the string-frame metric gµν = ηabe
a
µe
b
ν , G(10)

N is the 10-
dimensional Newton constant, gs is the HST coupling constant (the vacuum expectation
value of the dilaton e〈φ〉 which we will identify with the asymptotic value of the dilaton
eφ∞ in asymptotically-flat black-hole solutions).

The 10-dimensional Newton constant depends on the string length and coupling con-
stant in this way:

G
(10)
N = 8π6g2

s`
8
s . (2.11)

The naive variation of the action eq. (2.10) leads to very complicated equations of
motion which contain terms with higher derivatives, all of them coming from the variation
of the torsionful spin connection in different terms. However, the lemma proven in ref. [7]
allows us to consistently ignore all those terms because they give contributions of second
and higher orders in α′. Thus, the equations that we effectively have to solve to first order
in α′ come from the variation of the action with respect to the explicit (i.e. not in the
torsionful spin connection) occurrences of the fields. After some recombinations, they can
be written in the standard form found in the literature

Rµa − 2∇µ∂aφ+ 1
4H

µρσHaρσ − T (2)µ
a = 0 , (2.12)

(∂φ)2 − 1
2∇

2φ− 1
4 · 3!H

2 + 1
8T

(0) = 0 , (2.13)

∇µ
(
e−2φHµνρ

)
= 0 , (2.14)

α′e2φ∇(+)µ
(
e−2φFAµν

)
= 0 . (2.15)

The Einstein equation can be rewritten in a more compact form using the identity

Rµa(Ω(±))− 2∇(±)µ∂aφ = Rµa(ω) + 1
4H

µbcHabc − 2∇µ∂aφ±
1
2e

2φ∇ν
(
e−2φHµν

a

)
,

(2.16)
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and combining it with the Kalb-Ramond equation:

Rµa(Ω(±))− 2∇(±)µ∂aφ− T (2)µ
a = 0 . (2.17)

To first order in α′ and for vanishing fermions, the supersymmetry transformation rules
of the gravitino ψµ, dilatino λ and gaugini χA (all of them 32-component Majorana-Weyl
spinors, ψµ, χA and ε with positive chirality and λ with negative chirality) are

δεψa = ∇(+)
a ε ≡

(
∂a −

1
4Ω(+)

a bcΓbc
)
ε , (2.18)

δελ =
(
∂aφΓa − 1

12HabcΓabc
)
ε , (2.19)

α′δεχ
A = −1

4α
′FAabΓabε . (2.20)

We will not include Yang-Mills fields in our solutions.

3 3-charge, 5-dimensional black holes

3.1 10-dimensional form

The extremal 3-charge, 5-dimensional black holes we want to study were originally obtained
in [43–45]. A common 10-dimensional ansatz for them is

dŝ2 = 1
Z+Z−

dt2 −Z0(dρ2 + ρ2dΩ2
(3))

− k2
∞Z+
Z−

[
dz + β+k

−1
∞

(
Z−1

+ − 1
)
dt
]2
− dymdym , m = 1, . . . , 4 , (3.1a)

Ĥ = d
[
β−k∞

(
Z−1
− − 1

)
dt ∧ dz

]
+ β0ρ

3Z ′0ω(3) , (3.1b)

e−2φ̂ = e−2φ̂∞Z−/Z0 , (3.1c)

where a prime indicates derivation with respect to the radial coordinate ρ,

dΩ2
(3) = 1

4
[
(dψ + cos θdϕ)2 + dΩ2

(2)

]
, (3.2a)

dΩ2
(2) = dθ2 + sin2 θdϕ2 , (3.2b)

are, respectively, the metrics of the round 3- and 2-spheres of unit radius,

ω(3) = 1
8d cos θ ∧ dϕ ∧ dψ , (3.3)

is the volume 3-form of the former and the functions Z0,Z+,Z− are functions of ρ which
have to be determined by imposing the equations of motion at the desired order in α′.

The zeroth-order equations of motion are solved when the functions Z0,Z+,Z− are
given by

Z0,± = 1 + q0,±
ρ2 . (3.4)
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The three parameters q0,±, which are related to the black-hole charges, are assumed
to be positive but, otherwise, arbitrary. The parameters β0±, which can take the values
±1, are related to the signs of the charges. The solution also has two independent moduli:
the asymptotic value of the 10-dimensional dilaton, φ̂∞, and the radius of the compact
dimension parametrized by the coordinate z measured in string-length units, k∞ ≡ Rz/`s.
The signs of the charges are not indifferent: the supersymmetry of the solutions and the
form of the α′ corrections depend very strongly on them, as we are going to see.

3.2 Supersymmetry

Les us determine the unbroken supersymmetries of the field configurations described by
the ansatz in eqs. (3.1) for arbitrary choices of the functions Z0,Z+,Z−.4 We use the
Zehnbein basis

ê0 = 1√
Z+Z−

dt , ê1 =
√
Z0dρ , êi+1 =

√
Z0ρ/2vi ,

ê5 = k∞

√
Z+
Z−

[
dz + β+k

−1
∞

(
Z−1

+ − 1
)
dt
]
, êm = dym ,

(3.5)

where the vi, i = 1, 2, 3 are the SU(2) left-invariant Maurer-Cartan 1-forms, satisfying the
Maurer-Cartan equation

dvi = −1
2ε

ijkvj ∧ vk . ε123 = +1 , (3.6)

Plugging this configuration into the Killing spinor equations δεψa = 0, δελ = 0 and
δεχ

A = 0 with the supersymmetry variations in eqs. (2.18)–(2.20), we immediately see
that the third of them (the gaugini’s) is automatically satisfied. It is not hard to see that
the second (the dilatino’s) is satisfied for supersymmetry parameters satisfying the two
(compatible) conditions

1
2
(
1− β−Γ05

)
ε = 0 , (3.7a)

1
2
(
1 + β0Γ1234

)
ε = 0 . (3.7b)

Solving δεψ0 = 0 with a time-independent spinor, though, demands β− = β+, and
using this condition in δεψ1 = 0 we find that

ε = (Z+Z−)−1/4ε0 , (3.8)

where ε0 is an r-independent spinor that satisfies the above conditions.
The equations δεψi = 0 with i = 2, 3, 4 (the directions in the 3-sphere) take the form(

vi −
1
4(1 + β0)Γi1

)
ε0 = 0 , (3.9)

4See also ref. [11].
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where vi are the vectors dual to the left-invariant Maurer-Cartan 1-forms in SU(2) (S3), vi

defined above in eq. (3.6). When β0 = −1, ε0 is just a constant spinor. When β0 = +1, we
can rewrite the equation, as an equation on SU(2), in the form(

d− viTi
)
ε0 = 0 , (3.10)

where we have defined the SU(2) generators

Ti ≡
1
2Γi1 . (3.11)

Indeed, it can be checked that they satisfy the commutation relations

[Ti, Tj ] = −εijkTk , (3.12)

in the subspace of spinors satisfying eq. (3.7b) with β0 = +1. Since, by definition,5 viTi =
−u−1du, where u is a generic element of SU(2), eq. (3.10) is equivalent to

d(uε0) = 0 , ⇒ ε0 = u−1ε00 , (3.13)

where ε00 may, at most, depend on z. However, δεψ5 = 0 is solved for z-independent
ε00 upon use of the projector eq. (3.7a) with β− = β+, and the rest of the Killing spinor
equations, δεψm = 0, are trivially solved for ym-independent (i.e. constant) ε00.

The conclusion is that the field configurations with β− = β+ (and arbitrary β0 = ±1)
are the only supersymmetric ones, although the Killing spinors are quite different for
β0 = +1 and β0 = −1 cases. This result is true regardless of the values of the functions
Z0,Z+,Z− which means that the α′ corrections that we are going to determine preserve
the unbroken supersymmetries of the zeroth-order solution.

3.3 5-dimensional form

Upon trivial dimensional reduction on T4 (parametrized by the coordinates ym) we get
a 6-dimensional field configuration which is identical to the one described in section 3.1
except for the absence of the −dymdym term in the metric. An additional non-trivial com-
pactification on the S1 parametrized by the coordinate z using the relations in appendix A
gives the 5-dimensional field configuration6,7

ds2 = 1
Z+Z−

dt2 −Z0(dρ2 + ρ2dΩ2
(3)) , (3.15a)

H(1) = β0ρ
3Z ′0ω(3) , (3.15b)

5Here we are using the conventions and results of ref. [51].
6Observe that the definition of the 5-dimensional winding vector B(1), eq. (3.30a), includes explicit α′

corrections, independent of those of the Z functions, that we are going to compute.
7The action that results from this dimensional reduction to leading order in α′ is given in eq. (A.1) of

ref. [37]. In particular, notice that, after compactification on a Tn, the (10−n)-dimensional string coupling
constant g(10−n)

s and Newton constant G(10−n)
N are related to the 10-dimensional ones and to the volume of

the compactification torus, Vn, by

g(10−n)
s = gs/

√
Vn/(2π`s)n ,

G
(10−n)
N = G

(10)
N /Vn .

In this case, we are taking the radii of the coordinates ym that parametrize the circles of the T4 to be 1 in
`s units and the radius of the S1 parametrized by z to be Rz, so that V5 = (2π`s)5Rz/`s = (2π`s)5k∞.
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A = β+k
−1
∞

(
−1 + 1

Z+

)
dt , (3.15c)

B(1) = β−k∞

{
−1 + 1

Z−

[
1 + α′

4 (1 + β+β−)
Z ′+Z ′−
Z0Z+Z−

]}
dt , (3.15d)

e−2φ = e−2φ∞
√
Z+Z−/Z0 , (3.15e)

k = k∞

√
Z+/Z− . (3.15f)

The KR 2-form can be dualized into a 1-form A0, whose field strength, F 0 = dA0, is
defined by

F 0 = e−2φ ? H(1) , (3.16)

and it is not difficult to see that, in a convenient gauge,

A0 = β0e
−2φ∞(Z−1

0 − 1) . (3.17)

Finally, the scalar combination k(1) defined in eq. (A.3) is given by

k(1) = k∞

√
Z+/Z−

{
1 + α′

4 (1 + β+β−)
Z ′+Z ′−
Z0Z+Z−

}
. (3.18)

The (modified) Einstein-frame metric [52] is

ds2
E = f2dt2 − f−1(dρ2 + ρ2dΩ2

(3)) , f−3 = Z+Z−Z0 . (3.19)

When the functions Z0,± are given by eqs. (3.4) and we remove the explicit α′ correction
in the winding vector B(1), this field configuration is a solution of the zeroth-order in α′

equations of motion that describes an asymptotically-flat, static, extremal black hole whose
event horizon lies at ρ = 0. In this limit the metric takes the characteristic AdS2×S3 form.
The radii of the two factors is equal to (q+q−q0)1/6 and the Bekenstein-Hawking (BH)
entropy is

S = A

4G(5)
N

= π2

2G(5)
N

√
q+q−q0 , (3.20)

From the asymptotic expansion of the metric at spatial infinity (ρ → ∞) we can read
the mass

M = π

4G(5)
N

(q+ + q− + q0) . (3.21)

The 5-dimensional charges can be defined as

Q+ = g
(5) 2
s `s

16πG(5)
N

∫
S3
∞

e−2φk2 ? F , (3.22a)

Q− = g
(5) 2
s `s

16πG(5)
N

∫
S3
∞

e−2φk−2 ? G(0) , (3.22b)

Q0 = g
(5) 2
s `s

16πG(5)
N

∫
S3
∞

H(0) , (3.22c)
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where the factors of `s have been introduced so that they are dimensionless. Their values
are found to be

Q+ = R2
zβ+q+
g2
s`

4
s

, Q− = β−q−
g2
s`

2
s

, Q0 = −β0q0
`2s

, (3.23)

after use of eqs. (2.11) and (3.14). In fact, defined in this way, these charges are quantized
and represent the number of different stringy objects: Q+ represents the momentum of
a wave along the compact direction z, Q− is winding number of a fundamental string
wrapping that direction, and Q0 stands for the number of solitonic (NS) 5-branes. These
three dimensionless numbers can be positive or negative depending on the constants β0,±.
In terms of these numbers, the mass and BH entropy are given by

M = 1
Rz
|Q+|+

Rz
`2s
|Q−|+

Rz
`2sg

2
s

|Q0| , (3.24a)

S = 2π
√
|Q+Q−Q0| . (3.24b)

3.4 α′ corrections

As shown in refs. [10–13], it is much easier to find the α′-corrected solution working directly
in 10 dimensions since the 10-dimensional action contains less fields and takes a simpler
form. We compute the T -tensors using the zeroth-order solution and make an ansatz for
the corrections based on the form of the T -tensors. In the present case, as suggested by our
previous results, the ansatz has exactly the same form as the original solution in eqs. (3.1)
but now we assume that the Z functions can get corrections which we have to determine
by solving the equations. More explicitly, we assume that the Z functions are given by

Z±,0 = 1 + q±,0
ρ2 + α′δZ±,0(ρ) , (3.25)

and we just have to find the functions δZ±,0(ρ).
Observe that the same functions occur in different fields and they might be corrected

in different forms when they are part of different fields. In other words, the ansatz in terms
if the Z±,0 functions might not be general enough for the corrected solutions, as it contains
too few independent functions. In fact, there is no reason to expect that the form of the
ansatz will be preserved except for supersymmetric solutions, since supersymmetry can
strongly constrain the form of a given solution, see for instance [53–55]. However, for all
our five-dimensional solutions, the ansatz (3.1) turns out to solve all the equations. This
is not the case for the 4-dimensional solutions that we are going to consider later, which
do need a more general ansatz.

The differential equations for the corrections δZ±,0(ρ) have been solved demanding,
as boundary conditions, that the value at spatial infinity of the original function (1 in all
cases) is not modified and, furthermore, that the coefficient of the 1/ρ2 term in the ρ→ 0
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(near-horizon) expansion is not modified, either. The result is

δZ0 = − ρ2 + 2q0
(ρ2 + q0)2 , (3.26a)

δZ+ = (1 + β+β−) q+(ρ2 + q0 + q−)
q0(ρ2 + q−)(ρ2 + q0) , (3.26b)

δZ− = 0 . (3.26c)

It is also interesting to rewrite the corrected Zs as follows:

Z0 = 1 + q̂0
ρ2 + α′

q̂2
0

ρ2(ρ2 + q̂0)2 +O(α′ 2) (3.27a)

Z+ = 1 + q̂+
ρ2 − α

′(1 + β+β−) q̂+q̂−
ρ2(ρ2 + q̂−)(ρ2 + q̂0) +O(α′ 2) , (3.27b)

Z− = 1 + q̂−
ρ2 +O(α′ 2) , (3.27c)

where we have defined, for convenience,

q̂0 ≡ q0 − α′ , (3.28a)

q̂+ ≡ q+

[
1 + α′

(1 + β+β−)
q0

]
, (3.28b)

q̂− ≡ q− , (3.28c)

because they are the coefficients of the 1/ρ2 terms in the asymptotic expansion. Then, not
surprisingly, the mass is now given by

M = π

4G(5)
N

(q̂+ + q̂− + q̂0)

= π

4G(5)
N

{
q+ + q− + q0 + α′

[
1 + (1 + β+β−)q+

q0

]}
.

(3.29)

However, A/(4G(5)
N ) is still given by eq. (3.20) because of the boundary conditions we have

chosen. This is not the entropy of the corrected black hole anymore, though, as we will see
in the next section.

It is interesting to compute the explicit form of the corrected Kaluza-Klein and winding
vector fields Aµ and B(1)

µ:

Aµ = β+δ
t
µk
−1
∞

{
−1 + ρ2

ρ2 + q̂+

[
1 + α′(1 + β+β−) q̂+q̂−

(ρ2 + q̂+)(ρ2 + q̂−)(ρ2 + q̂0)

]}
,

(3.30a)

B(1)
µ = δtµβ−k∞

{
−1 + ρ2

ρ2 + q̂−

[
1 + α′(1 + β+β−) q̂+q̂−

(ρ2 + q̂+)(ρ2 + q̂−)(ρ2 + q̂0)

]}
,

(3.30b)
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as well as the corrected Kaluza-Klein scalars k and k(1) (defined in eq. (A.3)):

k = k∞

√
ρ2 + q̂+
ρ2 + q̂−

[
1− α′ (1 + β+β−)

2
q̂+q̂−

(ρ2 + q̂+)(ρ2 + q̂−)(ρ2 + q̂0)

]
, (3.31a)

k(1) = k∞

√
ρ2 + q̂+
ρ2 + q̂−

[
1 + α′

(1 + β+β−)
2

q̂+q̂−
(ρ2 + q̂+)(ρ2 + q̂−)(ρ2 + q̂0)

]
. (3.31b)

As discussed in [39], the α′-corrected T duality rules derived in [56] are equivalent to
the transformations

A′µ = B(1)
µ , B(1)′

µ = Aµ , k′ = 1/k(1) , (3.32)

of the compactified theory (here, along the S1 parametrized by z). The above expressions
show that the effect of the T duality transformation on this solution is equivalent to the
following transformation of the parameters of the solution:

β′± = β∓ , q̂′± = q̂∓ , k′∞ = 1/k∞ . (3.33)

In terms of these variables it is clear that the mass of the α′-corrected black holes is
invariant under T duality to first order in α′.

In terms of the original parameters q±, the T duality transformations read

β′± = β∓ , q′± = q∓

(
1∓ α′ (1 + β+β−)

q0

)
, k′∞ = 1/k∞ , (3.34)

and the invariance of the mass is not so obvious, although it still holds to first order in α′.
The relation between the charge parameters q0,± or q̂0,± and the conserved charges of

the system is much more complicated than in the zeroth-order case, due to the non-linearity
of the action and the amount of terms in which a given field occurs. The definitions of the
conserved charges and their physical meaning will be investigated elsewhere [42]. For the
purposes of this paper, we find it useful to work with the following set of charges, defined as
in the zeroth-order case (but replacing the field strengths by their first-order expressions),

Q̂+ = g
(5) 2
s `s

16πG(5)
N

∫
S3
∞

e−2φk2 ? F = β+
k2
∞q̂+
g2
s`s

, (3.35a)

Q̂− = g
(5) 2
s `s

16πG(5)
N

∫
S3
∞

e−2φk−2 ? G(1) = β−
q̂−
g2
s`

2
s

, (3.35b)

Q̂0 = g
(5) 2
s `s

16πG(5)
N

∫
S3
∞

H(1) = −β0
q̂0
`2s
. (3.35c)

We call them Q̂0± to distinguish them from the zeroth-order charges Q0±, and to emphasize
that, with this definition, they are proportional to the hatted parameters q̂0± that control
the asymptotic behaviour of the Z0± functions (and hence, of the gauge fields).

– 13 –



J
H
E
P
0
3
(
2
0
2
2
)
1
0
3

3.5 α′-corrected entropy

The gauge-invariant Wald-entropy formula for heterotic black-hole solutions has been re-
cently derived in ref. [38]. In 10-dimensional language, it can be written as an integral over
a spatial section of the horizon8 that we denote by Σ

S = g2
s

8G(10)
N

∫
Σ
e−2φ̂

{[
?̂(êâ ∧ êb̂) + α′

2 ? R̂
(0)
(−)

âb̂
]
n̂âb̂ + (−1)dα

′

2 Πn ∧ ?̂Ĥ(0)
}
, (3.36)

where the 1-form Πn is the vertical Lorentz momentum map associated to the binormal to
the Killing horizon, n̂âb̂

dΠn
Σ= R̂

(0)
(−)

âb̂n̂âb̂ . (3.37)

In all the solutions that we are considering (supersymmetric or not), the following
property is satisfied [18]:

R̂
(0)
(−)

âb̂ H= 0 . (3.38)

(Observe that the spatial section of the horizon Σ is S3×T5.) Furthermore, in the frame
that we are using, [38]

Πn
H= Ω̂(0)

(−)
âb̂n̂âb̂ . (3.39)

so that, for the 10-dimensional solutions under consideration and in the particular frame
that we are using, the entropy is effectively given by the integral

S = g2
s

8G(10)
N

∫
Σ
e−2φ̂

{
?̂(êâ ∧ êb̂)n̂âb̂ −

α′

2 ?̂Ĥ
(0) ∧ Ω̂(0)

(−)
âb̂n̂âb̂

}
. (3.40)

It is worth stressing that this integral is not Lorentz-invariant but we only claim it
to be valid for the kind of Lorentz frames we are using. On the other hand, had we used
the Iyer-Wald prescription [35], we would have obtained an almost identical formula, only
differing from this one by the value of the coefficient of the second term: −α′/4 instead
of −α′/2. However, the formula is, as a matter of fact, radically different from eq. (3.40),
because in the Iyer-Wald case it is supposed to be valid in any reference frame and it is
clearly not.

Let us proceed to evaluate this integral on the 10-dimensional solution that corresponds
to the 5-dimensional α′-corrected black holes.

The first term in this integral gives the Bekenstein-Hawking contribution (i.e., the area
of the horizon measured with the (modified) Einstein frame metric):9

g2
s

8G(10)
N

∫
Σ
e−2φ̂?̂(êâ ∧ êb̂)n̂âb̂ = 1

4G(10)
N

∫
Σ
d8Se−2(φ̂−φ̂∞)

= 1
4G(10)

N

lim
ρ→0

∫
ω(3)dzdy

1 · · · dy4k∞

√
ρ6Z+Z−Z0

8Strictly speaking, this formula has been derived assuming the black hole is non-extremal and, originally,
it takes the form of an integral over the bifurcation sphere. Using the arguments of ref. [57], we can
extrapolate this formula to the extremal case, expressing it as an integral over any spatial section of the
horizon.

9The normalization of the binormal is such that n̂âb̂n̂âb̂=−2. Also, ω(3) is the S3 volume form in eq. (3.3).
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= 1
4G(10)

N

2π2(2π`s)5k∞
√
q+q−q0

= π2

2G(5)
N

√
q+q−q0 ,

(3.41)

which looks identical to the result we obtained at zeroth order, eq. (3.20). It is, however,
different, if we express it in terms of the coefficients of the 1/ρ2 terms in the asymptotic
expansions, defined in eqs. (3.28).

As for the second term, since the only non-vanishing component of the binormal in
our conventions is n̂01 = +1, we have

− g2
sα
′

16G(10)
N

∫
Σ
e−2φ̂?̂Ĥ(0) ∧ Ω̂(0)

(−)
âb̂n̂âb̂ = α′

8G(10)
N

∫
Σ
e−2(φ̂−φ̂∞)?̂Ĥ(0) ∧ Ω̂(0)

(−)
01

= α′

8G(10)
N

∫
Σ
e−2(φ̂−φ̂∞)?̂Ĥ(0) ∧

(
Ω̂(0)

(−) 0
01ê0 + Ω̂(0)

(−) 5
01ê5

)
.

(3.42)
Since the integral is over a spatial section, the first term does not contribute to the

integral and we have

− α′

8G(10)
N

∫
Σ
ω(3) ∧ dy1 ∧ · · · dy4 ∧ dz

(
Z1/2

0 ρ
)3
k∞ (Z+/Z−)1/2 e−2(φ−φ∞)Ĥ

(0)
015Ω̂(0)

(−) 501

= α′π2(1 + β+β−)
2G(5)

N

√
q+q−
q0

,

(3.43)
so

S = π2

2G(5)
N

√
q+q−q0

[
1 + α′

(1 + β+β−)
q0

]
. (3.44)

Our result agrees with previous literature in the supersymmetric (β+β− = +1) [18, 39, 41,
55] and non-supersymmetric (β+β− = −1) cases [18]. Furthermore, in the supersymmetric
case, it agrees with the microscopic calculation performed in ref. [3]. This agreement is
more evident when one expresses the entropy in terms of the charges of the solution, which
is what we do now. To this aim, we first rewrite it in terms of q̂+ and q̂0 as follows,

S = π2

2G(5)
N

√
q+

[
1 + α′

(1 + β+β−)
q0

]
q−q0

[
1 + α′

(1 + β+β−)
q0

]

= π2

2G(5)
N

√
q̂+q− [q̂0 + α′(2 + β+β−)] .

(3.45)

Finally, by using the charges introduced in eq. (3.35), we can recast the entropy in the
following form:

S = 2π
√
|Q̂+Q̂−|

(
|Q̂0|+ 2 + β+β−

)
. (3.46)

– 15 –



J
H
E
P
0
3
(
2
0
2
2
)
1
0
3

4 4-charge, 4-dimensional black holes

4.1 10-dimensional form

The extremal 4-charge 4-dimensional black holes that we want study in this section were
first considered in [46–48]. A common 10-dimensional ansatz to describe them is

dŝ2 = 1
Z+Z−

dt2 −Z0H
(
dr2 + r2dΩ2

(2)

)
− `2∞

Z0
H

(
dw + β`−1

∞ q cos θdϕ
)2

− k2
∞
Z+
Z−

[
dz + β+k

−1
∞

(
Z−1

+ − 1
)
dt
]2
− dyidyi , (4.1a)

Ĥ = d
[
β−k∞

(
Z−1
− − 1

)
dt ∧ dz

]
+ β0`∞r

2Z ′0h ω(2) ∧ dw , (4.1b)

e2φ̂ = −
CφZ0Z ′−r2

Z−q−
, (4.1c)

where a prime indicates a derivative with respect to the radial coordinate r, Cφ is a constant
to be adjusted so that the asymptotic value of the dilaton is e2φ̂∞ ,10

ω(2) = sin θdθ ∧ dϕ , (4.2)

is the volume form of the round 2-sphere of unit radius, and the 5 functions Z0, Z0h, Z+,
Z− and H depend on the radial coordinate r only. These functions are determined by
imposing the equations of motion to the desired order in α′ and, to zeroth order, they must
take the form

Z0,± = 1 + q0,±
r

, (4.3a)

Z0h = Z0 , (4.3b)

H = 1 + q

r
. (4.3c)

Again, the four constants q0,±, q, which are associated to the four independent charges of
the 4-dimensional solution, are assumed to be positive. The constants β0,±, β take care of
the signs of the associated charges. The solution depends on three independent moduli: the
asymptotic value of the 10-dimensional dilaton φ̂∞ and the radii of the compact dimensions
parametrized by the coordinates z and w measured in string-length units k∞ ≡ Rz/`s
and `∞ ≡ Rw/`s.

10The ansatz for the dilaton has a form convenient to handle the α′ corrections because it solves au-
tomatically the Kalb-Ramond equation. It reduces to the standard CφZ0/Z− with Cφ = e2φ∞ at zeroth
order in α′ and whenever Z− gets no α′ corrections.
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4.2 Supersymmetry

It is important to determine which of the field configurations described by the general
ansatz eq. (4.1) are supersymmetric. We use the Zehnbein basis

ê0 = 1√
Z+Z−

dt , ê1 =
√
Z0H dr , ê2 =

√
Z0H rv2 , ê3 =

√
Z0H rv1 ,

ê4 = `∞

√
Z0
H

[
dw + β`−1

∞ q cos θdϕ
]
,

ê5 = k∞

√
Z+
Z−

[
dz + β+k

−1
∞

(
Z−1

+ − 1
)
dt
]
, êm = dym ,

(4.4)

where
v1 = sin θdϕ , v2 = dθ , (4.5)

are horizontal components of the left-invariant Maurer-Cartan 1-form of the SU(2)/U(1)
coset space.11

The dilatino Killing spinor equation (KSE) is δελ = 0 where the supersymmetry vari-
ation of the dilatino with vanishing fermions is given in eq. (2.19). Substituting the values
of the fields, it can be brought to the form{

Z ′0
Z0

[
1 + β0

Z ′0h
Z ′0

Γ1234
]
−
Z ′−
Z−

[
1− β−Γ05

]
+
(
Z ′′−
Z ′−

+ 2
r

)}
ε = 0 . (4.6)

We can solve this equation without demanding any relations between Z0 and Z− if we
demand the following two conditions on the functions:

Z ′0h = Z ′0 , (4.7a)
Z ′− ∝ 1/r2 , (4.7b)

which are satisfied by the zeroth-order solutions, and the following conditions on the Killing
spinors: [

1 + β0Γ1234
]
ε = 0 , (4.8a)[

1− β−Γ05
]
ε = 0 , (4.8b)

which are compatible and reduce the number of independent components of the spinors to
a 1/4 of the total 16 real components.

The zeroth component of the gravitino KSE δεψa = 0, where the supersymmetry
variation of the gravitino with vanishing fermions is given in eq. (2.18), can be brought to
the form ∂0 −

[log (Z+Z−)]′

4(Z0H)1/2

1− β−

[
log (Zβ+β−

+ Z−)
]′

[log (Z+Z−)]′
Γ05


 ε = 0 , (4.9)

11The details of this construction are given in appendix B.
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and can be solved by a spinor satisfying

∂0ε = 0 , (4.10)

and the condition (4.8b) if
β+β− = +1 . (4.11)

The a = 1 component of the gravitino KSE takes the form{
∂r + 1

4β−
[
log (Zβ+β−

+ Z−)
]′

Γ05
}
ε = 0 , (4.12)

and, after use of the conditions (4.8b) and (4.11) it can be solved by

ε = (Z+Z−)−1/4ε0 , (4.13)

where ε0 is an r-independent spinor that satisfies the conditions eqs. (4.8a) and (4.8b).
The a = 4 component takes the form∂4 −

1
2Γ14Ω(+) 414

1 + β0
[log (Z0/H)]′[Z′0h
Z0

+ ββ0
q/r2

H

]Γ1234


 ε = 0 , (4.14)

and, if we demand

ββ0 = +1 , (4.15a)
H′ = −q/r2 , (4.15b)

it is solved by a spinor satisfying eq. (4.8a) and

∂4ε = 0 . (4.16)

The a = 5 component can be written in the form∂5 −
1
2Γ01Ω(+) 501

1− β−
[log (Z+/Z−)]′[

log (Zβ+β−
+ /Z−)

]′Γ05


 ε = 0 , (4.17)

and, if the conditions (4.11) and (4.8b) are satisfied, then it is solved if, in addition,

∂5ε = 0 . (4.18)

Finally, using all the conditions derived so far, the a = 2, 3 equations can be combined
into a single differential equation for the spinor ε0 = ε0(θ, φ),12

{
d+ 1

2Γ13 sin θdϕ+ 1
2Γ12dθ + 1

2Γ23 cos θdϕ
}
ε0 = 0 . (4.19)

12The last 4 components of the gravitino KSE are trivially solved by y-independent spinors and the
conditions ∂0,4,5ε = 0 imply that ε0 is independent of the coordinates r, t, w, z and yi.
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We can make the following identifications with the generators of the su(2) algebra

P1 = 1
2Γ13 , P2 = 1

2Γ12 , M = 1
2Γ23 , (4.20)

because they satisfy the commutation relations eq. (B.2). Then, using the components of
the Maurer-Cartan 1-form in eq. (B.7), the KSE (4.19) can be rewritten in the form

{d+ Pav
a +Mϑ} ε0 = 0 . (4.21)

The 1-forms in this equation can be seen to add up to the left-invariant Maurer-Cartan
1-form V = −u−1du (eq. (B.4)) and the equation can be rewritten in the form{

d− u−1du
}
ε0 = −u−1d(uε0) = 0 . (4.22)

Thus, it is solved by
ε0 = u−1ε00 = e(θ−π/2) 1

2 Γ12
eϕ

1
2 Γ13

ε00 , (4.23)

where ε00 is a constant spinor that satisfies the conditions (4.8a) and (4.8b).
Taking into account that we are considering configurations that, at zeroth order in α′

are determined by the functions given in eqs. (4.3) which may have additional corrections
at the next order, we can summarize our results as follows: only the configurations of the
form eq. (4.1) which satisfy all the conditions

β+ = β− , β0 = β , Z0h = Z0 , Z− = 1 + q−
r
, H = 1 + q

r
, (4.24)

are supersymmetric and their Killing spinors take the form

ε = (Z+Z−)−1/4e(θ−π/2) 1
2 Γ12

eϕ
1
2 Γ13

ε00 , (4.25)

where the constant spinor ε00 satisfies[
1 + β0Γ1234

]
ε00 = 0 ,

[
1− β−Γ05

]
ε00 = 0 . (4.26)

4.3 4-dimensional form

Upon trivial dimensional reduction on T4 (parametrized by the coordinates yi) of the
ansatz in eq. (4.1) we get a 6-dimensional field configuration which is identical except for
the absence of the −dyidyi term in the metric. Further non-trivial compactification on the
T2 parametrized by the coordinates z and w gives13,14

ds2= 1
Z+Z−

dt2−Z0H
(
dr2 +r2dΩ2

(2)

)
, (4.27a)

H(1)=0 , (4.27b)
13This dimensional reduction can be carried out by using the results of ref. [40] or performing two

consecutive dimensional reductions on circles using the results of ref. [39], reproduced in appendix A. In
this particular case, the latter procedure is simpler.

14In order to determine B(1)
mµ we first have to integrate the KR field strength to find the components of

the 10-dimensional KR 2-form potential B̂µ̂ν̂ and, in particular, the component B̂ϕw. In order to determine
the integration constant in B̂ϕw, we have assumed that the constant part of r2Z ′0h at infinity is −(q0+α′δq0).
δq0 will be determined when we solve the equations of motion.
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(Amµdxµ)=
(

βq/`∞ cosθdϕ
β+k

−1
∞
(
Z−1

+ −1
)
dt

)
, (4.27c)

(
B(1)

mµdx
µ
)

=
(
β0`∞(q0 +α′δq0h)cosθdϕ, β−k∞

{
−1+ 1

Z−

[
1+ α′

4 (1+β+β−)
Z ′+Z ′−

Z+Z−Z0H

]}
dt

)
,

(4.27d)

(Gmn)=

 `2
∞Z0/H 0

0 k2
∞Z+/Z−

 ,
(
B(1)

mn

)
=0 , (4.27e)

e2φ=−Cφk−1
∞ `−1
∞
Z ′−r2

q−

√
Z0H
Z+Z−

. (4.27f)

At zeroth order in α′ or whenever Z− gets no corrections, setting C∞ = e2φ̂∞ and

e−2φ∞ = e−2φ̂∞k∞`∞ , (4.28)

the ansatz for the dilaton takes the standard form

e2φ = e2φ∞

√
Z0H
Z+Z−

. (4.29)

The two scalar combinations k(1) and `(1) associated to the two internal directions z and
w and defined by eq. (A.3) applied to these two directions are given by

k(1) = k∞

√
Z+
Z−

[
1 + α′

4 (β+β− + 1)
Z ′+Z ′−

Z+Z−Z0H

]
, (4.30a)

`(1) = `∞

√
Z0
H

{
1− α′

4
1

(Z0H)3

[
(Z ′0H)2 + (Z0H′)2 + (ββ0 − 1)Z ′0H′Z0H

]}
. (4.30b)

The (modified) Einstein-frame metric is given by

ds2
E = F

[
e−2Udt2 − e2U

(
dr2 + r2dΩ2

(2)

)]
,

e2U =
√
Z+Z−Z0H ,

F−1 = −Cφk−1
∞ `−1
∞ e−2φ∞Z

′
−r

2

q−
,

(4.31)

and, in spite of its appearance, by construction it is asymptotically flat with the standard
normalization at spatial infinity if the string-frame metric is. Observe that, for a non-trivial
function F (r), there is no redefinition of the radial coordinate that makes this metric fit
into the general extremal black hole ansatz used in the FGK formalism [58] which is the
basis for most of the research on extremal black-hole attractors.15

15As it is well known, a generic 4-dimensional static spherically-symmetric metric is characterized by two
independent functions of the radial coordinate. The ansatz used in ref. [58] for extremal and non-extremal
black holes contains only one arbitrary function of r. This ansatz certainly encompasses most of the known
asymptotically-flat extremal black-hole solutions, but there is no clear reason why it should encompass
them all, as it has been implicitly assumed in most of the literature on black-hole attractors.
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At zeroth order in α′ the equations of motion are solved by the functions Z±,0,H given
in eqs. (4.3) and, assuming all the constants q±,0, q are positive, the metric describes a
regular extremal black hole whose event horizon lies at r = 0.16 Close to the horizon the
metric takes the characteristic AdS2×S2 form, where the metrics of both factors have radii
equal to (q+q−q0q)1/4. The Bekenstein-Hawking entropy is given by

S = A

4G(5)
N

= π

G
(4)
N

√
q+q−q0 q , (4.32)

and the mass is given by

M = 1
4G(4)

N

(q+ + q− + q0 + q) . (4.33)

The physically relevant charges of the system are in this case defined as

Q+ ≡
g

(4)
s `s

16πG(4)
N

∫
S2
∞

e−2φk2 ? F z = β+
2`∞k2

∞
`sg2

s

q+ , (4.34a)

Q− ≡
g

(4)
s `s

16πG(4)
N

∫
S2
∞

e−2φk−2 ? G(0)
z = β−

2`∞
`sg2

s

q− , (4.34b)

Q0 ≡
g

(4)
s `s

16πG(4)
N

∫
S2
∞

G(0)
w = β0

2`∞
`s

q0 , (4.34c)

Q ≡ g
(4)
s `s

16πG(4)
N

∫
S2
∞

Fw = β
2

`∞`s
q , (4.34d)

where the factor of `s ensures that these are dimensionless. At zeroth order in α′, these
charges are quantized and they represent the winding number (Q−) of a fundamental string,
the momentum of the wave (Q+, the number of S5-branes (Q0 and the topological charge
of the KK monopole (Q). In terms of these, the zeroth-order mass and entropy read

M = k∞
`s
|Q−|+

1
k∞`s

|Q+|+
k∞
g2
s`s
|Q0|+

`2∞k∞
g2
s`s
|Q| , (4.35a)

S = 2π
√
|Q+Q−Q0Q| . (4.35b)

4.4 α′ corrections

The α′ corrections to these solutions depend very strongly on the choice of signs of the
charges, i.e. on the choice of constants β±,0, β. In particular, they are very different for the
β = β0 and β = −β0 cases, which have to be studied separately. We remind the reader that
the first case is supersymmetric if β+ = β− while the second is always non-supersymmetric.

16When some of those parameters are not positive, as a general rule, the solution has naked singularities
at leading order in α′ which, sometimes, can be removed by the first-order corrections as in ref. [59], where a
regular black hole which works as a one-way wormhole connecting two asymptotically-flat universes arises.
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4.4.1 Case 1: β = β0

In this case in which the S5-brane and KK monopole charges have the same sign the
corrections take a relatively simple form:

δZ+ = (β+β− + 1)q+
4qq0(r + q0)(r + q−)(r + q)

[
r2 + (q0 + q + q−)r + qq0 + q−q0 + qq−

]
, (4.36a)

δZ− = 0 , (4.36b)

δZ0,0h = −q
2 + (2q + r)(q + r)

4q(q + r)3 − q2
0 + (2q0 + r)(q + r)
4q(q0 + r)2(q + r) , (4.36c)

δH = 0 , (4.36d)

Cφ = e2φ̂∞ . (4.36e)

Note that, since in this case there are no corrections to Z−, the expression of the dilaton
can be simplified to

e2φ̂ = e2φ̂∞ Z0
Z−

, (4.37)

and the function F (r) that occurs in the modified Einstein frame metric eq. (4.31) equals 1.
We observe that, in the supersymmetric case, corresponding to β+β− = 1, we recover

the solution of ref. [12]. On the other hand, just like for the 5-dimensional black holes, the
correction to Z+ vanishes identically for the non-supersymmetric black holes β+β− = −1.

As we did in the 5-dimensional case, we can define the hatted parameters q̂±,0,0h, q̂ as
the coefficients of 1/r in the asymptotic expansions of the corrected functions Z±,0,0h,H.17

In this case, since Z0 = Z0h, we have q̂0 = q̂0h and we will denote them both by q̂0. In
terms of the unhatted charge parameters, they are given by

q̂+ = q+

[
1 + α′

(β+β− + 1)
4qq0

]
, (4.38a)

q̂− = q− , (4.38b)

q̂0 = q̂0h = q0 −
α′

2q , (4.38c)

q̂ = q . (4.38d)

This determines δq0 in B(1)
wϕ to be

δq0 = − 1
2q . (4.39)

17Note that not all these parameters can be identified with charges. In the case of q0, the relevant charge
parameter is q̂0h, which is the one appearing in the asymptotic expansion of Z0h. This is the function that
controls the winding vector B(1)

wµ, rather than Z0. On the other hand, the asymptotic coefficient of the
1/r term in the function H, which we call q̂, is not a charge. Instead, the corresponding charge is related
to the coefficient that appears in the KK vector Awµ, which is always q.

– 22 –



J
H
E
P
0
3
(
2
0
2
2
)
1
0
3

In terms of the hatted charge parameters, the corrected functions Z±,0,H take the form

Z+ = 1 + q̂+
r
− α′

4 (β+β− + 1) q̂+q̂−
r(r + q̂0)(r + q̂)(r + q̂−) , (4.40a)

Z− = 1 + q̂−
r
, (4.40b)

Z0 = Z0h = 1 + q̂0
r

+ α′

4
q̂ 2(r + q̂0)2 + q̂2

0(r + q̂)2

r(r + q̂0)2(r + q̂)3 , (4.40c)

H = 1 + q̂

r
. (4.40d)

Again, it is interesting to write explicitly the corrected Kaluza-Klein and winding
vectors which should be interchanged by T duality in the w and z directions, respectively

Awµ = βδϕµq/`∞ cos θ , (4.41a)

B(1)
wµ = β0δ

ϕ
µ`∞q̂0 cos θ , (4.41b)

and

Azµ = β+k
−1
∞

{
−1 + r

r + q̂+

[
1 + α′

4 (β+β− + 1) q̂+q̂−
(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂)

]}
,

(4.42a)

B(1)
z µ = β−k∞

{
−1 + r

r + q̂−

[
1 + α′

4 (β+β− + 1) q̂+q̂−
(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂)

]}
,

(4.42b)

as well as the scalars which are interchanged under the same transformations, respectively

` = `∞

√
(r + q̂0)
(r + q̂)

{
1 + α′

8
q̂ 2(r + q̂0)2 + q̂2

0(r + q̂)2

(r + q̂0)3(r + q̂)3

}
, (4.43a)

`(1) = `∞

√
(r + q̂0)
(r + q̂)

{
1− α′

8
q̂ 2(r + q̂0)2 + q̂2

0(r + q̂)2

(r + q̂0)3(r + q̂)3

}
, (4.43b)

and

k = k∞

√
(r + q̂+)
(r + q̂−)

[
1− α′

8 (β+β− + 1) q̂+q̂−
(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂)

]
, (4.44a)

k(1) = k∞

√
(r + q̂+)
(r + q̂−)

[
1 + α′

8 (β+β− + 1) q̂+q̂−
(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂)

]
. (4.44b)

T duality in the w direction interchanges the 1-forms Aw and B(1)
w and the scalar

combinations ` and `(1)−1 and it is equivalent to the following transformations in the
parameters of the solution:

Tw : β0 � β , q̂0 � q̂ , `∞ � `−1
∞ . (4.45)
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T duality in the z direction interchanges the 1-forms Az and B(1)
z and the scalar

combinations k and k(1)−1 and it is equivalent to the following transformations in the
parameters of the solution:

Tz : β+ � β− , q̂+ � q̂− , k∞ � k−1
∞ . (4.46)

The 4-dimensional dilaton and the metric function e2U are manifestly invariant under these
transformations

e−2φ = e−2φ∞

√
(r + q̂+)(r + q̂−)
(r + q̂0)(r + q̂)

{
1− α′

8

[
q̂ 2(r + q̂0)2 + q̂2

0(r + q̂)2

(r + q̂0)3(r + q̂)3

+(β+β− + 1) q̂+q̂−
(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂)

]}
, (4.47a)

e2U = 1
r2

√
(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂)

{
1 + α′

8

[
q̂ 2(r + q̂0)2 + q̂2

0(r + q̂)2

(r + q̂0)3(r + q̂)3

− (β+β− + 1) q̂+q̂−
(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂)

]}
. (4.47b)

In terms of the q̂ charge parameters, the mass and the area of the horizon are T-duality
invariant:18

M = 1
4G(4)

N

(q̂+ + q̂− + q̂0 + q̂) , (4.48a)

A = 4π√q+q−q0q

= 4π
√
q̂+q̂−q̂0 q̂

{
1− α′

8
β+β− − 1

q̂0q̂

}
. (4.48b)

We can define, in analogy with the zeroth-order case in eq. (4.34), the asymptotic charges19

Q̂+ ≡
g

(4)
s `s

16πG(4)
N

∫
S2
∞

e−2φk2 ? F z = β+
2`∞k2

∞
`sg2

s

q̂+ , (4.49a)

Q̂− ≡
g

(4)
s `s

16πG(4)
N

∫
S2
∞

e−2φk−2 ? G(1)
z = β−

2`∞
`sg2

s

q̂− , (4.49b)

Q̂0 ≡
g

(4)
s `s

16πG(4)
N

∫
S2
∞

G(1)
w = β0

2`∞
`s

q̂0h , (4.49c)

Q̂ ≡ g
(4)
s `s

16πG(4)
N

∫
S2
∞

Fw = β
2

`∞`s
q , (4.49d)

18One should remember that one of the boundary conditions imposed to determine the α′ corrections was
that the near-horizon behaviour of the Z±,0,0h,H functions (and, hence, of the solution) is not modified.
Therefore, the coefficients of the their 1/r terms in the r → 0 limit are the same they were at zeroth order,
namely the unhatted charge parameters q. The area of the horizon is naturally given in terms of them. On
the other hand, the mass depends on the coefficients of the 1/r terms in the r → ∞ limit, which in this
case are the hatted charge parameters.

19Note that in the case of the KK monopole charge Q̂, we have q in the right-hand-side, not q̂. This is
because Q̂ is a magnetic charge, and its definition is unrelated to the asymptotic behavior of H.
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The interpretation of these quantities in the presence of α′ corrections is more involved
and deserves further attention. We will nevertheless use these parameters to compare with
previous results for the entropy, as this matches the definition of the charges often used in
the literature [2, 17, 18, 41, 55]. In terms of these, the mass and the area of the horizon of
these solutions are given by

M = k∞
`s
|Q̂−|+

1
k∞`s

|Q̂+|+
k∞
g2
s`s
|Q̂0|+

`2∞k∞
g2
s`s
|Q̂| , (4.50a)

A

4G(4)
N

= 2π
√
|Q̂+Q̂−Q̂0Q̂|

{
1− (β+β− − 1)

2|Q̂0Q̂|

}
. (4.50b)

These expressions are invariant under the two T duality transformations, which act on the
charges and moduli that occur in it as follows:

Tw : Q̂0 � Q̂ , `∞ � `−1
∞ , gs � gs`

−1
∞ , (4.51a)

Tz : Q̂+ � Q̂− , k∞ � k−1
∞ , gs � gsk

−1
∞ . (4.51b)

4.4.2 Case 2: β = −β0

In this case, obtaining the α′ corrections to the solution in (4.1) is more complicated, as we
find that all of the functions in that ansatz receive corrections. Remarkably, it is possible
to explicitly solve the equations of motion and we get the following lengthy but analytic
solution:

δZ0 = 1
4(q0 − q)5

{
− q(q0 − q)5

(r + q)3 + (q0 − q)4(q + q0)
(r + q)2 + (q − q0)4 q0

(r + q0)2

+ (2q0 − q)(q0 − q)3

r + q0
− (q0 − q)3(8q0 + q)

r + q
− 2q0(2q3 + 29q2q0 + 12qq2

0 − 3q3
0)

r

− 4qq2
0
(
q2 + 3q0 (2q + q0)

)
r2 + 2qq0

(q0 − q)r3

{
qq0 log

(
q0
q

)[
3qr(q + 12r)

+ q0
[
2
(
q2 + 18qr + 12r2

)
+ 3q0 (4q + 7r + 2q0)

] ]
− log

(
r + q0
r + q

)[
9q2r3 + 3q0qr

(
q2 + 12qr + 4r2

)

+ q2
0
[
2q3 + 36q2r + 24qr2 − r3 + 3qq0 (4q + 7r + 2q0)

]]}}
, (4.52a)

δZ0h = (q0 − q)[q0(r + q) + q(r + q0)]
4(r + q)3(r + q0)2 , (4.52b)

δH = 1
2(q0 − q)5

{
q

r

(
12q0q

2 + 29q2
0q + 2q3

0 − 3q3
)

+ 2q0q
2

r2

(
6q0q + q2

0 + 3q2
)
− q0(q0 − q)3

r + q
− 3q(q0 − q)3

r + q0
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+ q0q

r3(q0 − q)

[
r3
(
12q0q + 9q2

0 − q2
)

log
(
r + q0
r + q

)
+ q0q

[
12q0

(
3r2 + 3rq + q2

)
+ q2

0(3r + 2q) + 3q
(
8r2 + 7rq + 2q2

) ]
×

×
[
log

(
r + q0
r + q

)
− log

(
q0
q

)] ]}
, (4.52c)

δZ+ = q+
q−
δZ− + (β+β− + 1)q+ [(r + q−)(r + q + q0) + qq0]

4qq0(r + q−)(r + q0)(r + q) , (4.52d)

δZ− = q−
4r3(q0 − q)5

{
8q0qr

3 log
(
r + q0
r + q

)

+ (q0 + q)
[
2q0q(q0q − 3r2) log

( 1 + r/q

1 + r/q0

)
+ r(q0 − q) [r(q0 + q)− 2q0q]

]}
,

(4.52e)

Cφ = e2φ̂∞
{

1 + α′

4 Υ
}
, (4.52f)

where we have defined20

Υ = 1
(q0 − q)5

[
6q0q(q0 + q) log

(
q0
q

)
− (q0 − q)(q2

0 + q2 + 10q0q)
]
. (4.53)

As usual, in this solution the integration constants have been fixed so that the δZ±,0,0h
and δH functions vanish at infinity and that they do not have a pole at r = 0.

The main difference between this case and all the preceding cases is that, now, the
corrections make Z0h different from Z0 and, therefore, the solution depends on five different
functions instead of four, even though it only has four different charge parameters. Also,
this is the only case in which H receives corrections. Observe that it is q̂0h ≡ q0+α′δq0h that
occurs in B(1)

w, and not q̂0 ≡ q0 +α′δq0. Thus, the charge parameter which is relevant for
T duality in the w direction is q̂0h, which turns out to be equal to q0 because δq0h vanishes.
On the other hand, it is the charge parameter q, that occurs in Aw and is interchanged
with q0 under T duality in the w direction. Therefore, we will keep using q0 and q, but we
will define

q̂+ = q+

{
1− α′

4

[
Υ− (β+β− + 1) 1

q0q

]}
, (4.54a)

q̂− = q−

{
1− α′

4 Υ
}
, (4.54b)

where Υ is given by eq. (4.53). As we will see, these are the changes interchanged by a
T duality along the z direction. Thus, it is convenient to rewrite the solution in terms of

20This quantity is proportional to the correction to the attractor value of the dilaton.
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these charges. The functions Z+ and Z− are given by

Z+ = 1 + q̂+
r

+ α′

4

[
q̂+G(r)− (β+β− + 1) q̂+q̂−

r(r + q̂−)(r + q̂0)(r + q̂)

]
, (4.55a)

Z− = 1 + q̂−
r

+ α′

4 q̂−G(r) , (4.55b)

where we have defined

G(r) = 1
(q0 − q)5r3

{
8q0qr

3
[
log

(
r + q0
r + q

)
− q0 − q

r

]
+ 2q2

0q
2(q0 + q) log

( 1 + r/q

1 + r/q0

)

+ 6q0q(q0 + q)r2 log
(
r + q0
r + q

)
− 2q0q(q2

0 − q2)r
}
.

(4.56)
The rest of the functions of the solution do not change, because they depend on q0 and q,
only. Nevertheless, let us quote the value of the corrections to the coefficients of 1/r in the
expansions of Z0 and H at spatial infinity, δq0 and δq respectively. They are defined by

Z0
ρ→∞∼ 1 + q0 + α′δq0

r
+O

( 1
r2

)
, (4.57a)

H ρ→∞∼ 1 + q + α′δq

r
+O

( 1
r2

)
, (4.57b)

and take the form

δq0 = 1
2(q0 − q)5

{
q4 − 11q0q

3 − 47q2
0q

2 − 3q3
0q + 12 q0q

(q0 − q)
log (q0/q)

}
, (4.58a)

δq = − 1
2(q0 − q)5

{
q4

0 − 11q3
0q − 47q2

0q
2 − 3q0q

3 − 12 q0q

(q0 − q)
log (q0/q)

}
. (4.58b)

These quantities determine the correction to the mass of the solution, which will be com-
puted in section 4.4.3, but we remark that q0 + α′δq0 and q + α′δq are not charges (the
asymptotic charges are q̂0h = q0 and q, as we stressed earlier),

The Kaluza-Klein and winding vectors associated to the internal z direction are in this
case given by

Azµ = β+k
−1
∞

{
−1 + r

r+ q̂+

[
1− α

′

4

[
q̂+r

r+ q̂+
G(r) + (β+β−+ 1)q̂+q̂−

(r+ q̂+)(r+ q̂−)(r+ q0)(r+ q)

]]}
,

(4.59a)

B(1)
z µ = β−k∞

{
−1 + r

r+ q̂−

[
1− α

′

4

[
q̂−r

r+ q̂−
G(r) + (β+β−+ 1)q̂+q̂−

(r+ q̂+)(r+ q̂−)(r+ q0)(r+ q)

]]}
,

(4.59b)
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while the Kaluza-Klein scalar k and the scalar combination k(1) are given by

k = k∞

√
r + q̂+
r + q̂−

{
1 + α′

8

[
r2(q̂+ − q̂−)

(r + q̂+)(r + q̂−)G(r)− (β+β− + 1)q̂+q̂−
(r + q̂+)(r + q̂−)(r + q0)(r + q)

]}
,

(4.60a)

k(1) = k∞

√
r + q̂+
r + q̂−

{
1 + α′

8

[
r2(q̂+ − q̂−)

(r + q̂+)(r + q̂−)G(r) + (β+β− + 1)q̂+q̂−
(r + q̂+)(r + q̂−)(r + q0)(r + q)

]}
.

(4.60b)

The dilaton and metric function are given by

e2φ = e2φ∞

√
(r + q0)(r + q)

(r + q̂+)(r + q̂−)

{
1 + α′

2

[
δZ0
Z0

+ δH
H
− 1

2r
2G(r)′

+(q̂+ + q̂−)r2 + 2q̂+q̂−r

4(r + q̂+)(r + q̂−) G(r) + (β+β− + 1)q̂+q̂−
4(r + q̂+)(r + q̂−)(r + q0)(r + q)

]}
, (4.61a)

Fe2U = 1
r2

√
(r + q̂+)(r + q̂−)(r + q0)(r + q)

{
1 + α′

2

[
δZ0
Z0

+ δH
H
− 1

2r
2G(r)′

−(q̂+ + q̂−)r2 + 2q̂+q̂−r

4(r + q̂+)(r + q̂−) G(r)− (β+β− + 1)q̂+q̂−
4(r + q̂+)(r + q̂−)(r + q0)(r + q)

]}
, (4.61b)

and the Kaluza-Klein scalar ` and the scalar combination `(1) are given by

` = `∞

√
(r + q̂0)
(r + q̂)

{
1 + α′

2

[
δZ0
Z0
− δH
H

]}
, (4.62a)

`(1) = `∞

√
(r + q0)
(r + q)

{
1 + α′

2

[
δZ0
Z0
− δH
H
− [q0(r + q)− q(r + q0)]2

2(r + q0)3(r + q)3

]}
. (4.62b)

It can be seen that T dualities along the w and z directions are equivalent to the
transformation of parameters:

Tw : β0 � β , q0 � q , `∞ � `−1
∞ , (4.63a)

Tz : β+ � β− , q̂+ � q̂− , k∞ � k−1
∞ . (4.63b)

4.4.3 Corrections to the extremal mass and area of the horizon for β0 = −β

A very interesting property of the non-supersymmetric solution with β0 = −β is that the
function H gets α′ corrections, while the corrections to Z0 are different from those of Z0h.
This in turn implies that, unlike for the rest of the 4-dimensional and 5-dimensional black
hole solutions we have studied in this paper, the mass of these non-supersymmetric black
holes receives a non-trivial correction when expressed in terms of the charges. From the
asymptotic behavior of the gtt component of the metric,

gtt ∼ 1− 1
2
[
q̂+ + q̂− + (q0 + α′δq0) + (q + α′δq)

] 1
r

+O
( 1
r2

)
, (4.64)
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we obtain

M = 1
4G(4)

N

{
q̂+ + q̂− + q0 + q

− α′

2(q0 − q)5

[
(q2

0 − q2)(q2
0 + q2 − 8q0q) + 12q2

0q
2 log (q0/q)

]}
,

(4.65)

after making use of eqs. (4.58a) and (4.58b). It is straightforward to check that the mass
is invariant under both T dualities (4.63a) and (4.63b).

Let us now rewrite the mass in terms of the charges defined in eqs. (4.49). The
expression of these charges in terms of the q̂+, q̂−, q̂0h and q does not change. However,
one has to bear in mind that the relation between the latter and q+, q− and q0 is different
from the β0 = β case. Taking this into account, we obtain

M = k∞
`s
|Q̂−|+

1
`sk∞

|Q̂+|+
k∞
`sg2

s

|Q̂0|+
`2∞k∞
`sg2

s

|Q̂|+ δM , (4.66)

where the mass shift reads
δM = −16`2∞k∞

`sg2
s |Q̂0|

f(v) , (4.67)

and f(v) is

f(v) = v4 − 8v3 + 8v − 1 + 12v2 log (v)
(v − 1)5 , v = |Q̂|

|Q̂0|
`2∞ . (4.68)

This result deserves further comments. First of all, let us note that, despite the
apparent singularity of f(v) for v = 1, this function is actually smooth for every v ≥ 0, as
illustrated in figure 1. In fact, we have limv→1 f(v) = 2/5. Second, the higher-derivative
corrections to the mass of extremal black holes are a matter of interest in the context
of the weak gravity conjecture [13, 20, 21, 23, 25–32]. Originally, this conjecture has
been formulated for black holes charged under a single U(1) field, and it states that, in a
consistent theory of quantum gravity, the corrections to the extremal charge-to-mass ratio
Q/M should be positive. The logic of this statement lies in the fact that, in this way, the
decay of extremal black holes is possible in terms of energy and charge conservation. The
extension of this conjecture to the case of black holes with multiple charges is subtle [61],
but as a general rule, one can see that the corrections to the mass should be negative in
order to allow for the decay of extremal black holes. Now, since our black holes are an
explicit solution of string theory, they should satisfy the WGC, assuming it is correct. We
check that, indeed, f(v) > 0 for every v ≥ 0 (see figure 1), which implies that δM < 0
for all the values of the charges. Thus, this is a quite non-trivial test of the validity of the
WGC in string theory, that adds up to the ones already found in refs. [13, 32].

Finally, the area of the event horizon is easily found to be

A = 4π√q+q−q0q

{
1− α′

4 Υ
}
, (4.69)

where Υ is given in eq. (4.53). This expression is also invariant under the T duality
interchanges q̂+ � q̂− and q0 � q. In terms of the charges defined in (4.49), it takes
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Figure 1. Function f(v) defined in (4.68) that controls the shift to the mass (4.67). Observe that
it is smooth everywhere and that it is positive, meaning that the mass is corrected negatively, in
agreement with the mild form of the WGC.

the form
A

4G(4)
N

= 2π
√
|Q̂+Q̂−Q̂0Q̂|

{
1− π(β+β− + 1)

2|Q̂0Q̂|

}
. (4.70)

4.4.4 Case 2–1: β = −β0 and q = q0

It is worth mentioning that, despite the apparent singularity of the previous solution at
q = q0, the limit q → q0 is well-defined, and the solution simplifies greatly in that case:21

δZ0 = − 1
120q0(r + q0)3

(
12r2 + 45q0r + 65q2

0

)
, (4.71a)

δZ0h = 0 , (4.71b)

δH = δZ0 , (4.71c)

δZ+ = q+
q−
δZ− + (β+β− + 1)q+

[
(r + q−) (2r + q0) + q2

0)
]

4q2
0(r + q−)(r + q0)2 , (4.71d)

δZ− = q−
120q2

0(r + q0)3

(
8r2 + 9q0r + 3q2

0

)
, (4.71e)

Cφ = e2φ̂∞
(

1− α′

40q2
0

)
. (4.71f)

The mass and the area of the horizon are given by

M = 1
4G(4)

N

{
q̂+ + q̂− + 2q0 −

α′

5q0

}
, (4.72a)

A = 4π
√
q̂+q̂−q0q

{
1− α′

40q2
0

}
. (4.72b)

21A useful result is
lim
q→q0

Υ = − 1
10q2

0
.

– 30 –



J
H
E
P
0
3
(
2
0
2
2
)
1
0
3

4.5 α′-corrected entropy

The computation of the black hole entropy parallels that of section 3.5. From the equa-
tion (3.36), one can see that the Wald entropy can be expressed as

S = A

4G(4)
N

+ ∆S . (4.73)

The area term A/(4G(4)
N ) has been computed in eqs. (4.50b) and (4.70) for the β = β0 and

β = −β0 cases, respectively. In terms of the original charge parameters, it is given by

A = 4πe2φ̂∞

Cφ

√
q+q−q0q , (4.74)

where the constant Cφ is given by (4.36d) and (4.52f) in each case. On the other hand,
∆S, the correction to the Bekenstein-Hawking entropy, is given by

∆S = − α′

16G(10)
N

∫
Σ
e−2(φ̂−φ̂∞)?̂Ĥ(0) ∧ Ω̂(0)

(−)
abn̂ab , (4.75)

where the integral is taken at r = 0 and where, in the Zehnbein basis in eqs. (4.4), the only
non-vanishing component of the binormal is n̂01 = −n̂01 = +1. It is important to note
that, in the limit r → 0, we have

lim
r→0

Ω̂(0)
(−)

01 = 1
√
q0q

êt − (β+ + β−)
√
q0q

êz , (4.76)

lim
r→0

e−2(φ̂−φ̂∞) = q−
q0
e2φ̂∞C−1

φ . (4.77)

Integrating over the angular and compact variables we obtain that, for both cases β0β = ±1,
∆S is given by

∆S = α′πe2φ̂∞

4CφG
(4)
N

√
q+q−
q0q

(β+β− + 1) . (4.78)

Putting together both contributions, we find that the entropy reads

S = πe2φ̂∞

CφG
(4)
N

√
q+q−q0q

(
1 + α′(β+β− + 1)

4q0q

)
, (4.79)

and we need to express it in terms of the charges Q̂i, which are defined by eq. (4.49).
The relations between the charges and the qi parameters can be written jointly for the
β0β = +1 and β0β = −1 cases as

Q̂+ = β+
2`∞k2

∞
`sCφ

q+

[
1 + α′(β+β− + 1)

4q0q

]
,

Q̂− = β−
2`∞
`sCφ

q− ,

Q̂0 = β0
2`∞
`s

q0

[
1− α′(β0β + 1)

4q0q

]
,

Q̂ = β
2

`∞`s
q ,

(4.80)
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Inserting these relations in eq. (4.79), we find the following expression for the entropy,22

S = 2π
√
|Q̂+Q̂−|(|Q̂0Q̂|+ 2 + β+β− + β0β) . (4.81)

Let us comment on this result. First, observe that the entropy is trivially invariant
under the T duality transformations Q̂+ � Q̂− or Q̂0 � Q̂. Second, note that in the
supersymmetric case β+β− = β0β = 1, our result matches exactly the microscopic value of
the entropy that can be obtained from [62], which is supposed to be α′-exact. In fact, we
reproduce the famous +4 term of [62] inside the square root. This result also matches those
of refs. [2, 17, 18, 41, 55] obtained from the application of the entropy function method
and the one in [40] from the application of the Lorentz-invariant Wald formula (3.36). The
supersymmetry-breaking case β+β− = −1, β0β = 1 has also been studied in the literature
by means of the entropy function method, and our result matches the +2 factor of ref. [2]
(see also [17, 18]). Finally the cases with β0β = −1 do not seem to have been studied in
the literature, but we see that when β+β− = 1 we get again the +2 factor, while if we
break supersymmetry twice, β+β− = −1, then there is no correction to the zeroth-order
entropy. Thus, the more ways we break supersymmetry, the smaller the entropy. For a
fixed value of the absolute values of the charges, the supersymmetric solution is the most
entropic one.

5 α′-corrected T duality

During the last three decades, the invariance of the zeroth-order in α′ string effective action
under Buscher’s T duality transformations [63, 64] and its type II generalizations [65] has
been profusely used as a solution-generating technique. In contrast, the generalization of
the rules to first order in α′ in the context of the heterotic superstring effective action [56]
(see also [39]) has not, essentially because almost no solutions to the first-order equations
had been found until the α′ corrections to the Strominger-Vafa black hole were computed
in ref. [10]. The first-order in α′ T duality rules of ref. [56] were tested in this solution as
well as in the 4-dimensional 4-charge solution of ref. [12]. Since these solutions, as a family,
are expected to be invariant under T duality (only the charges and moduli are transformed,
while the functional form of the solution remains invariant) T duality provided a test of
the transformations and of the corrections.

The solutions considered in this paper are various non-supersymmetric generalizations
of the solutions considered in refs. [10, 12]. They are expected to be invariant under
T duality and this condition can, again, be used to test the corrections found. We have,
indeed, checked that the solutions can be written in manifestly T duality-invariant forms
in a highly non-trivial way.

Inspired by our results, in this section we are going to show that T duality can be
used to constrain the form of the first-order in α′ corrections when we do not know them.
In some cases, these constraints essentially determine the corrections. This fact can be
used to simplify the problem of finding the corrections. The key to this result is the fact

22Interestingly, there is no approximation implied from eq. (4.79) to eq. (4.81).
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that the definitions of some of the lower-dimensional fields that transform nicely under
T duality (actually, all those descending from the 10-dimensional Kalb-Ramond 2-form)
contain α′ corrections while the rest, do not. This means that the corrections to the latter
in the solutions must be related to the corrections to the definitions of the former. This
mechanism will become clearer when we study the particular cases.

Let us consider the 5-dimensional case first.

5.1 T duality of the 5-dimensional solutions

We are going to start by assuming that there is a choice of charge parameters whose
T duality transformations do not involve α′ corrections. In the case at hands, these are the
hatted charge parameters q̂±,0 and they are such that the Z±,0 functions can be written in
the form23

Z±,0 = 1 + q̂±,0
ρ2 + α′δZ±,0 ≡ Z(0)

±,0 + α′δZ±,0 . (5.1)

Substituting this expression into the 5-dimensional form of the ansatz eqs. (3.15) and
in eqs. (3.18) and using the modified-Einstein-frame metric (3.19), we find

ds2
E = f (0) 2

1− 2α′

3

δZ+

Z(0)
+

+ δZ−
Z(0)
−

+ δZ0

Z(0)
0

 dt2

− f (0)−1

1 + α′

3

δZ+

Z(0)
+

+ δZ−
Z(0)
−

+ δZ0

Z(0)
0

(dρ2 + ρ2dΩ2
(3)

)
, (5.2a)

H(1) = −β0
(
q̂0 − α′ρ3δZ ′0

)
ω(3) , (5.2b)

A = β+k
−1
∞

−1 + 1
Z(0)

+

1− α′ δZ+

Z(0)
+

 dt , (5.2c)

B(1) = β−k∞

−1 + 1
Z(0)
−

1 + α′

∆(0) − δZ−
Z(0)
−

 dt , (5.2d)

e−2φ = e−2φ∞

√
Z(0)

+ Z
(0)
−

Z(0)
0

1 + α′

2

δZ+

Z(0)
+

+ δZ−
Z(0)
−
− 2 δZ0

Z(0)
0

 , (5.2e)

k = k∞

√√√√Z(0)
+

Z(0)
−

1 + α′

2

δZ+

Z(0)
+
− δZ−
Z(0)
−

 , (5.2f)

k(1) = k∞

√√√√Z(0)
+

Z(0)
−

1 + α′

2

δZ+

Z(0)
+
− δZ−
Z(0)
−

+ 2∆(0)

 . (5.2g)

23The corrections δZ±,0 do not necessarily coincide with the ones we have directly obtained. If the hatted
parameters are different from the unhatted ones, the redefinition modifies the corrections δZ±,0.
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where

f (0)−1 =
(
Z(0)

+ Z
(0)
− Z

(0)
0

)1/3
= 1
ρ2

[
(ρ2 + q̂+)(ρ2 + q̂−)(ρ2 + q̂0)

]1/3
, (5.3a)

∆(0) = 1
4(1 + β+β−)

Z(0) ′
+ Z(0) ′

−

Z(0)
0 Z

(0)
+ Z

(0)
−

= (1 + β+β−)q̂+q̂−
(ρ2 + q̂+)(ρ2 + q̂−)(ρ2 + q̂0) . (5.3b)

T duality along the internal z direction interchanges the 5-dimensional KK and winding
vectors A and B(1) and transforms k into k(1)−1, leaving the rest of the fields invariant [39].
The invariance of the ansatz under these transformations implies that they are equivalent
to the transformations of the parameters in eq. (3.33). The functions f (0) and ∆(0) are
invariant under these transformations. As for the corrections δZ±,0, they must transform
according to

δZ ′± = δZ∓ ∓∆(0)Z(0)
∓ , (5.4)

while δZ0 remains invariant, in agreement with eq. (3.27a). An equivalent expression of
the same result is that the combination

δZ+

Z(0)
+
− δZ−
Z(0)
−

+ ∆(0) , (5.5)

must be odd under T duality.
Then, if we find that δZ− = 0, we automatically know δZ+, which is given by

δZ+ = ∆(0)Z(0)
− , (5.6)

in agreement with eq. (3.27b).

5.2 T duality of the 4-dimensional solutions

Under the same assumptions made in the 5-dimensional case for the functions Z±,0,H,24

and expanding the constant Cφ as

Cφ = e2φ∞ (1 + α′δC
)
, (5.7)

we can rewrite the non-vanishing fields of the ansatz for the 4-dimensional solutions in
eqs. (4.27) as

ds2
E = e2U(0)

1− α′

2

−2δC − 2δq−
q−

+ 2
r2δZ ′−
q̂−

+ δZ+

Z(0)
+

+ δZ−
Z(0)
−

+ δZ0

Z(0)
0

+ δH
H(0)

 dt2

− e2U(0)

1 + α′

2

2δC + 2δq−
q−
− 2

r2δZ ′−
q̂−

+ δZ+

Z(0)
+

+ δZ−
Z(0)
−

+ δZ0

Z(0)
0

+ δH
H(0)

×
×
(
dr2 + r2dΩ2

(2)

)
, (5.8a)

Aw = βq`−1
∞ cos θdϕ , (5.8b)

24Again, the corrections δZ±,0 are not necessarily the ones we have defined originally.
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Az = β+k
−1
∞

−1 + 1
Z(0)

+

1− α′ δZ+

Z(0)
+

 dt , (5.8c)

B(1)
w = β0`∞q̂0h cos θdϕ , (5.8d)

B(1)
z = β−k∞

−1 + 1
Z(0)
−

1 + α′

∆(0) − δZ−
Z(0)
−

 dt , (5.8e)

` = `∞

√
Z(0)

0
H(0)

[
1 + α′

2

(
δZ0

Z(0)
0
− δH
H(0)

)]
, (5.8f)

`(1) = `∞

√
Z(0)

0
H(0)

[
1 + α′

2

(
δZ0

Z(0)
0
− δH
H(0) + 2Σ(0)

)]
, (5.8g)

k = k∞

√√√√Z(0)
+

Z(0)
−

1 + α′

2

δZ+

Z(0)
+
− δZ−
Z(0)
−

 , (5.8h)

k(1) = k∞

√√√√Z(0)
+

Z(0)
−

1 + α′

2

δZ+

Z(0)
+
− δZ−
Z(0)
−

+ 2∆(0)

 , (5.8i)

e2φ = e2φ(0)

1 + α′

2

2δC + 2δq−
q−
− 2

r2δZ ′−
q̂−

+ δZ0

Z(0)
0

+ δH
H(0) −

δZ+

Z(0)
+
− δZ−
Z(0)
−

 , (5.8j)

where we have defined

e2U(0) =
(
Z(0)

+ Z
(0)
− Z

(0)
0 H

(0)
)1/2

= 1
r2 [(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂)] , (5.9a)

∆(0) = 1
4(1 + β+β−) q̂+q̂−

(r + q̂+)(r + q̂−)(r + q̂0)(r + q̂) , (5.9b)

Σ(0) = − 1
4(Z(0)

0 H(0))3

[
(Z(0) ′

0 H(0))2 + (Z(0)
0 H

(0) ′)2 + (ββ0 − 1)Z(0) ′
0 H(0) ′Z(0)

0 H
(0)
]

= − 1
4(r + q̂0)3(r + q̂)3

[
q̂2

0(r + q̂)2 + q̂2(r + q̂0)2 + (ββ0 − 1)q̂0q̂(r + q̂0)(r + q̂)
]
,

(5.9c)

e2φ(0) = e2φ∞

√√√√Z(0)
0 H(0)

Z(0)
+ Z

(0)
−

= e2φ∞

√
(r + q̂0)(r + q̂)

(r + q̂+)(r + q̂−) . (5.9d)

Observe that, since, in general, Z0 6= Z0h, we have to distinguish between q̂0 and q̂0h.
The latter only occurs in B(1)

w.
Furthermore, observe that the asymptotic behaviour of the metric and dilaton field

are correct only if25

δC + δq−
q−

= 0 . (5.10)

25In the solutions that we have found, δC = δq− = 0 for the β0 = β one and δC = − δq−
q−

= 1
4Y .
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The solutions described by this ansatz are expected to be invariant under T duality
transformations in the internal circles parametrized by the coordinates w and z (Tw and
Tz). Let us start with Tw.

Invariance under Tw interchanges Aw and B(1)
w and ` and `(1)−1, leaving the rest of

the fields invariant. The interchange between Aw and B(1)
w implies that q̂ = q and the

following transformation

β 
 β0 q̂ 
 q̂0h , `∞ 
 `(1)−1
∞ . (5.11)

The interchange of ` and `(1)−1 demands, at the level of charge parameters, the inter-
change between q̂ and q̂0 which, in its turn, implies q̂0h = q̂0. Furthermore, the transfor-
mations of the corrections δZ0 and δH must be such that the combination

δZ0

Z(0)
0
− δH
H(0) + Σ(0) , (5.12)

is odd under Tw.
The invariance of Az and Bz leads to the invariance of the corrections δZ± under Tw:

δZ ′± = δZ± . (5.13)

This relation makes k automatically invariant under Tw as well.
Finally, taking into account the previous results, the invariance of the dilaton and of

the metric function lead to the invariance of the combination

δZ0

Z(0)
0

+ δH
H(0) . (5.14)

Combining this condition with eq. (5.12) we find

δZ ′0 = δH− 2Σ(0)H , (5.15a)

δH′ = δZ0 + 2Σ(0)Z0 . (5.15b)

It can be checked that these relations are satisfied by the corrections we have found.
If we use in them additional information such as the vanishing of δH, these relations can
be used to determine some of the corrections in terms of Σ(0).

Let us now consider the effect of Tz. This transformation interchanges Az and B(1)
z,

which implies the following transformation on the parameters of the solution:

q̂± 
 q̂∓ , β± 
 β∓ , k∞ 
 k−1
∞ , (5.16)

and the same relations between the corrections δZ± that we obtained in the 5-dimen-
sional case26

δZ ′± = δZ∓ ∓∆(0)Z(0)
∓ , (5.17)

26Notice that ∆(0) is different, though.
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These relations imply the relation we would obtain from the transformation of the
KK scalar k and allows the determination of δZ+ if we know that δZ− = 0, for instance.
Furthermore, it implies the invariance of the combination

δZ+

Z(0)
+

+ δZ−
Z(0)
−

, (5.18)

which occurs in the dilaton and metric function. The invariance of these two fields requires

δZ ′0
Z(0)

0
+ δH′

H(0) = δZ0
Z(0) + δH

H(0) − 2r2 d

dr

[
δZ−
q−
− δZ+

q+
−∆(0)Z+

q+

]
, (5.19)

while the invariance of the KK scalar ` requires that of

δZ0

Z(0)
0
− δH
H(0) . (5.20)

Combining these two conditions, we get conditions for δZ0 and δH separately

δZ ′0 = δZ0 − r2 d

dr

[
δZ−
q−
− δZ+

q+
−∆(0)Z+

q+

]
Z(0)

0 , (5.21a)

δH′ = δH− r2 d

dr

[
δZ−
q−
− δZ+

q+
−∆(0)Z+

q+

]
H(0) . (5.21b)

In the solutions we have found, these conditions are satisfied in an almost trivial fashion,
since the term in the derivative vanishes identically and δZ0 and δH are invariant under Tz.

6 Discussion

We have computed the α′ corrections to a general family of 3- and 4- charge black hole
solutions of the heterotic superstring effective action. These corrections are more eas-
ily obtained in ten dimensions, where the solutions can be interpreted as a superposition
of fundamental strings, momentum waves, solitonic 5-branes, and (in the 4-charge case)
Kaluza-Klein monopoles.27 We have then derived the form of the 4- and 5-dimensional
fields by using the results of ref. [40]. As we have shown, a particular choice of the signs of
the charges corresponds to supersymmetric solutions, in which case we recover the results
of refs. [10, 12]. However, any other choice does not preserve any supersymmetry. Inter-
estingly, while at zeroth order in α′ all these solutions have the same form, the first-order
corrections are drastically different depending on the way we break supersymmetry. These
differences not only affect the profile of the fields, but also the values of the mass, area,
entropy and charges of these extremal black holes. In fact, as we have argued in the text,
the identification of the physically relevant charges becomes a non-trivial problem in the
presence of α′ terms. As a practical solution, we have introduced the charge parameters
Q̂i as one would define them in the zeroth-order theory (see eqs. (3.22) and (4.49)). These
charges correspond to the leading coefficients in the asymptotic expansion of the gauge

27This interpretation is correct at least in the supersymmetric case.
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fields in four or five dimensions and they would in principle correspond to Maxwell charges
as introduced in [60]. Moreover, it has been checked [41, 55] that these charges match
those used in the computation of near-horizon geometries [2, 17, 18], at least in the su-
persymmetric cases. Thus, they serve us to make contact with previous results. There
are, nevertheless, other possible definitions of charges due to the presence of Chen-Simons
terms, and it is not clear which ones should be quantized. All these issues clearly deserve
further attention.

One of the most important results of this paper is the computation of the black hole
entropy in terms of these asymptotic charges. As explained in the introduction, obtaining
the α′-corrected entropy in heterotic string theory has been traditionally problematic due
to the Lorentz-Chern-Simons terms in the definition of 3-form field-strength H. Here
we have performed a rigorous computation of the entropy by using the gauge-invariant
generalization of Wald’s formula provided in ref. [38]. The result, that we repeat here for
convenience, reads

S = 2π
√
|Q̂+Q̂−| (k + 2 + β+β−) , (6.1)

where

k =

|Q̂0| if D = 5
|Q̂0Q̂|+ β0β if D = 4 ,

(6.2)

and where βi = sign (Q̂i) is the sign of the corresponding charge. The D = 5 result matches
the one in ref. [18] using the entropy function method, provided one relates |Q̂0| with the
number of S5-branes correctly.28 The supersymmetric case also matches the corrections to
the statistical entropy obtained in ref. [3]. The D = 4 result in the supersymmetric case
β0β = β+β− = 1 matches exactly previous microscopic results [2, 62, 67]. It also matches
the results of refs. [2, 17, 18, 41, 55] that applied the entropy function method for the cases
β0β = 1 and arbitrary β+β−. To the best of our knowledge, the case β0β = −1 is new.
Although this entropy has been computed from the first-order in α′ action, it can be argued
that it could be exact in the α′ expansion [2, 67, 68]. As a matter of fact, the value of
the entropy can be determined from the near-horizon geometry only, and for all the black
holes considered here, this is an AdS3×S3/Zn×T4 geometry with the peculiarity that the
curvature of the torsionful spin connection vanishes, R(−) = 0. Hence, any higher-order
term in the action that contains more than one factor of R(−) will be irrelevant for the
entropy. This is certainly the case for the O(α′3) terms introduced by supersymmetry [7].
However, it is known that the string effective actions also contain an O(R4) term with
a coupling constant proportional to ζ(3) [7, 69]. This term cannot be completed to a
density formed only with R(−) [70], and furthermore, it seems to be incompatible with
supersymmetry [69].29 Hence, this ζ(3)R4 term would introduce an additional correction
to the entropy at order α′3. Nevertheless, the status of this term and the absence of a
supersymmetric completion to it are unclear matters and we cannot establish a definitive

28Ref. [18] expresses the five-dimensional result in terms of the number of S5-branes N obtained by
integrating the brane-source charge, and in fact we have |Q̂0| = N − 1, see [41, 55, 66].

29It appears that, in addition to supersymmetry, one needs to rely on other symmetries and dualities of
string theory to constrain the higher-order terms in the string effective actions [71].
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conclusion with our current knowledge of the α′ corrections of the HST effective action
beyond leading order.

It is also interesting to look at the mass of these solutions, which receives α′ corrections.
We can analyze this from the viewpoint of the Weak Gravity Conjecture (WGC), according
to which, the corrections to the extremality bound should be such that the decay of an
extremal black hole into a set of smaller black holes should be possible in terms of charge
and energy conservation [19–21]. This has mostly been applied to theories with a single
U(1) field [13, 22–31], in which case this is rephrased as the condition that the charge-
to-mass ratio of extremal black holes is corrected positively. For dimensionality reasons,
four-derivative corrections always modify the charge-to-mass ratio as Q/M = 1+c/Q2+. . . ,
for a certain constant c. However, when there are several charges involved, the corrections
to the extremal mass can take a more complicated form. Also, in that case one needs to
formulate the WGC appropriately [61]. For our black holes we have found that, in most
instances, the mass is not corrected when expressed in terms of the asymptotic charges
Q̂i. This is the case in particular for supersymmetric black holes. However, the non-
supersymmetric solution with β0β = −1 does contain an interesting correction to the
mass, given by eq. (4.67). This depends non-trivially on the charges Q̂0 and Q̂, and we
have checked that it is negative for any of their values. Having a negative shift to the mass
seems to be the natural generalization of the WGC for this class of black holes, so this
result provides a non-trivial check of the validity of the WGC in string theory.

The zeroth-order solutions we have started from, as families of solutions, are invariant
under T duality. We have seen how this property is preserved at first order when the
first-order T-duality rules of ref. [56] are used. As a matter of fact, the lower-dimensional
solutions can be written in a manifestly T-duality-invariant form using the relations be-
tween the higher- and lower-dimensional fields of ref. [39]. A fundamental property of those
relations is the presence of α′ corrections in them for all the fields descending from the 10-
dimensional Kalb-Ramond 2-form. Since these corrections depend only on the zeroth-order
fields (at first order) they, automatically, determine part of the α′ corrections to the so-
lutions and, as we have discussed in section 5, this fact and T duality can be used to
determine some of the first-order α′ corrections to all the fields.

Finally, we find it worth remarking that, interestingly, some of the solutions that break
supersymmetry are simpler than their supersymmetric counterparts. We are referring
to the case β+β− = −1, and β0β = 1. For that choice of signs, only the function Z0
receives corrections. In addition, we know that those corrections can be cancelled by
turning on the non-Abelian gauge fields and introducing one (in D = 5) or two (in D =
4) SU(2) instantons [10–12]. In that situation, the zeroth-order solution receives no α′

corrections whatsoever, (except for the presence of the instantons), and this is because the
T -tensors defined in eq. (2.9), and that control the α′ corrections, are identically vanishing.
Interestingly, the next-order supersymmetry-related corrections appear at O(α′3) and they
are again built out of these T -tensors [7], so they do not modify these solutions either. One
could speculate that the full tower of supersymmetric α′ terms is built out of these tensors,
in which case these black holes would be α′-exact solutions of the Heterotic Superstring
effective action. However, here we have to remind again the existence of the ζ(3)R4 term

– 39 –



J
H
E
P
0
3
(
2
0
2
2
)
1
0
3

which is not related to supersymmetry. Since it is not related to the T -tensors, this
correction would change these solutions at order α′3.
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A Relation between 10- and 9-dimensional fields at O(α′)

At first order in α′, the 10-dimensional fields can be expressed in terms of the 9-dimensional
ones as follows:

ĝµν = gµν − k2AµAν ,

ĝµz = −k2Aµ ,

ĝzz = −k2 ,

B̂µν = B(1)
µν −A[µ

[
B(1)

ν] + α′

2 k
(
ϕAA

A
|ν] + 1

2Ω(0)
(−) |ν]

abK(+)
ab −K(−)

|ν]
a∂a log k

)]
,

B̂µz = B(1)
µ + α′

4 k
(
ϕAA

A
µ + 1

2Ω(0)
(−)µ

abK(+)
ab −K(−)

µ
a∂a log k

)
,

φ̂ = φ+ 1
2 log k ,

ÂAµ = AAµ + kϕAAµ ,

ÂAz = kϕA .

(A.1)
The inverse relations are

gµν = ĝµν − ĝzµĝzν/ĝzz ,

Aµ = ĝµz/ĝzz ,

k = |ĝzz|1/2 ,

B(1)
µν = B̂µν + ĝz[µ

[
B̂|ν] z + α′

4
(
ÂA|ν]ÂAz + Ω̂(0)

(−) |ν]
â
b̂Ω̂

(0)
(−) z

b̂
â

)]/
ĝzz ,
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B(1)
µ = B̂µ z −

α′

4
[
ÂAµÂAz + Ω̂(0)

(−)µ
â
b̂Ω̂

(0)
(−) z

b̂
â

−ĝµz
(
ÂAzÂAz + Ω̂(0)

(−) z
â
b̂Ω̂

(0)
(−) z

b̂
â

)/
ĝzz
]
,

φ = φ̂− 1
4 log (−ĝzz) ,

AAµ = ÂAµ − ÂAz ĝµz/ĝzz ,

ϕA = ÂAz
/

(−ĝzz)1/2 .

(A.2)

We also use the scalar combination k(1), which is defined as follows:

k(1) ≡ k
[
1 + α′

4

(
ϕ2 − 1

4K
(+) 2 + 2(∂ log k)2

)]
. (A.3)

In terms of the 10-dimensional fields

k(1) ≡ k
[
1− α′

4
(
ÂAzÂ

A
z + Ω̂(0)

(−) z
â
b̂Ω̂

(0)
(−) z

b̂
â

)/
ĝzz

]
. (A.4)

Some of these expressions contain implicit O(α′2) terms which give them a nicer or
simpler form. They should be consistently ignored.

B The coset space SU(2)/U(1)

The su(2) algebra
[Ti, Tj ] = −εijkTk , i, j, k = 1, 2, 3 , (B.1)

can be split into horizontal (Pa) and vertical (M) components with the commutation
relations

[Pa, Pb] = −εabM , [M,Pa] = −εabPb , a, b = 1, 2 . (B.2)

A SU(2)/U(1) corset representative, u can be constructed by exponentiation

u = ex
1P1ex

2P2 , (B.3)

where xa are two coordinates unrelated to those of the main body of this paper.
The left-invariant Maurer-Cartan 1-form is

V = −u−1du

= (− cosx2dx1)P1 + (−dx2)P2 + sin x2dx1M

≡ vaPa + ϑM .

(B.4)

The horizontal components va will be used as Zweibeins while the vertical component
ϑ will play the role of U(1) connection. The Maurer-Cartan equations are

dV − V ∧ V = 0 , ⇒

 dva = −εabvb ∧ ϑ ,
dϑ = −1

2εabv
a ∧ vb .

(B.5)
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The coordinates xa are related to the standard θ, ϕ by

x2 = π/2− θ , x1 = −ϕ , (B.6)

and, in terms of these coordinates

v1 = sin θdϕ , v2 = dθ , ϑ = − cos θdϕ . (B.7)

Using the invariant metric δab, we get

ds2 = δabv
a ⊗ vb = dΩ2

(2) , (B.8a)

ω(2) = −1
2εabv

a ∧ vb = sin θdθ ∧ dϕ , (B.8b)

dϑ = ω(2) . (B.8c)
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